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ABSTRACT

Distributionally Robust Optimization (DRO) has been proposed as an alternative
to Empirical Risk Minimization (ERM) in order to account for potential biases in
the training data distribution. However, its use in deep learning has been severely
restricted due to the relative inefficiency of the optimizers available for DRO in
comparison to the wide-spread Stochastic Gradient Descent (SGD) based opti-
mizers for deep learning with ERM. In this work, we propose SGD with hardness
weighted sampling, a principled and efficient optimization method for DRO in
machine learning that is particularly suited in the context of deep learning. Sim-
ilar to an online hard example mining strategy in essence and in practice, the
proposed algorithm is straightforward to implement and computationally as effi-
cient as SGD-based optimizers used for deep learning. It only requires adding a
softmax layer and maintaining a history of the loss values for each training exam-
ple to compute adaptive sampling probabilities. In contrast to typical ad hoc hard
mining approaches, and exploiting recent theoretical results in deep learning opti-
mization, we prove the convergence of our DRO algorithm for over-parameterized
deep learning networks with ReLU activation and finite number of layers and pa-
rameters. Preliminary results demonstrate the feasibility and usefulness of our
approach.

1 INTRODUCTION

In standard deep learning pipelines, a neural network i with parameters 6 is trained by minimizing
the mean of a per-example loss £ over a training dataset {(x;,y;)},—,, where x; are the inputs and y;
are the labels. This corresponds to Empirical Risk Minimization (ERM), defined as the non-convex

optimization problem
1 n
argmin — » L (h(x;;0),y; (L
gin 2 32 £ (h(s:6).3)

Since the empirical risk is equal to the expectation of the per-example loss over the empirical training
data distribution, an approximate solution of (1)) can be obtained efficiently by Stochastic Gradient
Descent (SGD) with a uniform sampling over the training data (Bottou et al., 2018)).

This approach has led to remarkable results in terms of average performance, but may lead to outliers
with high loss values compared to the average loss. Such cases can even be observed for elements
belonging to the training data set. This is because solutions of ERM are prone to ignore a few hard
examples in order to obtain a low mean per-example loss.

In practice, outlier results have, for example, been consistently reported in the context of deep learn-
ing for brain tumor segmentation, as illustrated in the recent annual BRATS challenges (Bakas et al.,
2018)). For safety-critical systems, such as those used in healthcare, where outliers must be avoided,
this is not satisfactory.

Efficient biased sampling methods, including Online Hard Example Mining (OHEM) (Shrivastava
et al.,[2016} Loshchilov & Hutter, | 2015;|Chang et al.,2017) and weighted sampling (Bouchard et al.,
2015} Berger et al., [2018}; (Gibson et al., [2018)), have been proposed to mitigate this issue. However,
even though these works typically start from an ERM formulation, it is not clear how those heuristics
actually relate to ERM in theory.
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Distributionally Robust Optimization (DRO) is an alternative to ERM () that takes into account
uncertainty in the empirical data distribution. Formally, training a deep neural network with DRO
corresponds to the min-max non-convex-concave optimization problem

n 1 n 1
arg min max (Z 0 L(h(x::0).) = 5D~ (nqi)> @)
=1

i=1

where ¢ is a convex function that defines a ¢-divergence (Csiszar et al., [2004), ¢ = (qi)?zl cor-
responds to an arbitrary sampling distribution over the training data, and 5 > 0 is a robustness
parameter. Instead of minimizing the mean per-example loss on the training dataset, DRO seeks the
hardest weighted empirical training data distribution around the (uniform) empirical training data
distribution. This suggests a link between DRO and OHEM.

The parameter S allows DRO to interpolate between ERM (8 — 0) and the minimization of the
maximum per-example loss (8 — +00). Motivations for using the minimization of the maximum
per-example loss for safety-critical applications have been discussed in (Shalev-Shwartz & Wexler,
2016).

DRO as a generalization of ERM for machine learning has been studied in (Duchi et al.| 2016;
Rafique et al.,|2018; Namkoong & Duchi, [2016; |(Chouzenoux et al., [2019), but still lacks optimiza-
tion methods that are computationally as efficient as SGD in the non-convex setting of deep learning.

If one could efficiently solve the inner maximization problem in (2) for a given 6, DRO could be
addressed by alternating between this maximization problem and a minimization scheme akin to
the standard ERM (TJ), but over an adaptively weighted empirical distribution. However, even when
a closed-form solution is available for the inner maximization problem, it requires performing a
forward pass over the entire training dataset at each iteration. This cannot be done efficiently for
large dataset.

Previously proposed optimization methods for large-scale non-convex-concave problem of the form
of (2)) are based on the min-max structure of the problem, and consist in alternating between approx-
imate maximization and minimization steps (Rafique et al., 2018 |Lin et al., 2019; Jin et al.,[2019).
However, they differ from SGD methods for ERM by the introduction of additional hyperparame-
ters for the optimizer such as a second learning rate and a ratio between the number of minimization
and maximization steps. As a result, DRO is difficult to use as a replacement of ERM in practice.
In addition, those min-max methods do not use the link between DRO and adaptive weighted sam-
pling, therefore departing from efficient heuristics used in hard example mining. From a theoretical
perspective, they further make the assumption that the model is either smooth or weakly-convex, but
none of those properties are true for deep neural networks with ReLU activation functions that are
largely used in practice.

In this work, we propose SGD with hardness weighted sampling, a novel, principled optimization
method for training deep neural networks with DRO (2)) and inspired by OHEM. Compared to SGD,
our method only requires introducing an additional softmax layer and maintaining a history of the
stale per-example loss to compute sampling probabilities over the training data. Since the loss is
already computed at each iteration for SGD, our SGD with hardness weighted sampling for DRO
is computationally as efficient as SGD for ERM. In practice, we show that our method performs
favorably to SGD in the case of class imbalance.

We also formally link DRO in our method with OHEM (Shrivastava et al., 2016). As a result, our
method can be seen as a principled OHEM approach. In this context, the robustness parameter (3
controls the trade-off between exploitation and exploration in the OHEM process.

Last but not least, we generalize recent results in the convergence theory of SGD with ERM and
over-parameterized deep learning networks with ReLU activation functions (Allen-Zhu et al., 2019
2018 |Cao & Gul 2019; Zou & Gul 2019) to our SGD with hardness weighted sampling for DRO.
This is, to the best of our knowledge, the first convergence result for deep learning networks with
ReLU trained with DRO.
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2  RELATED WORK IN DRO WITH A WASSERSTEIN DISTANCE

In this work, we focus on DRO with a ¢-divergence (Csiszar et al., [2004). In this case, the data
distributions that are considered in the DRO problem (2)) are restricted to sharing the support of the
empirical training distribution. In other words, the weights assigned to the training data can change,
but the training data itself remains unchanged.

Another popular formulation is DRO with a Wasserstein distance (Sinha et al., 2017} |[Duchi et al.,
20165 |Staib & Jegelkal [2017;(Chouzenoux et al.,2019). In contrast to ¢-divergences, using a Wasser-
stein distance in DRO seeks to apply small data augmentation to the training data to make the deep
learning model robust to small deformation of the data, but the sampling weights of the training data
distribution typically remains unchanged. In this sense, DRO with a ¢-divergence and DRO with a
Wasserstein distance can be considered as orthogonal endeavours.

While we show that DRO with ¢-divergence can be seen as a principled OHEM method, it has
been shown that DRO with a Wasserstein distance can be seen as a principled adversarial training
method (Sinha et al.| 2017} Staib & Jegelkal, 2017).

3 MACHINE LEARNING WITH DRO AND ¢-DIVERGENCE

In machine learning based on Empirical Risk Minimization (ERM), a predictor A is trained using
a training dataset {(x;,y;)}"_; to perform well on average on a task for which the performance is
measured on a per-example basis by a smooth criteria £. Note that parameter regularization terms
can easily be embedded in L since they are independent of the example. For ease of presentation, we
focus on the supervised machine learning setting ,where h :  — y, and omit explicitly mentioning
any parameter regularisation term.

Let A, C R"™ be the set of empirical weighted training data distributions defined according to a

given training dataset
A, = {p = (p)iy €10,1" | D pi = 1} 3)

i=1
and let Pyata be the uniform empirical training data distribution, i.e. for all 7, paata; = -
Let 6 be the set of parameters of the predictor h(.;0) :  — y we want to train, and h : 6 —
(h(z;;0));_, be the vector of inferred outputs from the training data. We assume £ is a smooth and
potentially non-convex function. We also denote £(h(0)) = (L(h(zi;0), ;).

Definition 3.1 (Mean Loss).

n

LS 2 (h(x:0), i) @)

n

M(L(h(O))) = Ep,,.. [£ (h(x;0),y)] =
i=1
The ERM predictor, as used in most learning settings, is obtained by minimizing the mean loss (#).
Definition 3.2 (Empirical Risk Minimization (ERM) predictor).
6 = argmin M(L(h(0))) (5)
0

However, pqata 1s typically biased compared to the true data distribution. Therefore, predictors
trained with ERM are prone to fail on new examples that are not well represented in the training
dataset.

Distributionally Robust Optimization (DRO) is an alternative to ERM that mitigates this issue by
encouraging robustness to bias in the empirical training data distribution. DRO, in its simplest form,
is based on the notion of ¢-divergence that we use to induce robustness with respect to the set of all
the empirical distributions of the training dataset A,,.

Definition 3.3 (¢-divergence). Let ¢ : Ry — RU{+o0} be a closed, convex, lower semi-continuous
function such thatVz € Ry, ¢(z) > ¢(1) = 0. The ¢-divergence Dy is defined as, for all p =

(pi)?zla q= (QZ);':l € An .
Dy (allp) = 3 pio (;) ©)
i=1 v
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Example 3.1. For ¢ : z — zlog(z), Dy is the Kullback-Leibler (KL) divergence:

Dy(gllp) = Dxw(qllp) = Zqﬂog(ql) @)

And, for ¢ : z — (z — 1), Dy is the Pearson x? divergence:

n

Dy(qllp) = x*(qllp) = Z ()

i=1
Definition 3.4 (Distributionally Robust Loss).
1 .
R(L(h(9))) = max B, [L (h(x; 6),y)] - §D¢(qllpdam)
9)
— ;relﬁx Z qz Xza yl B Z ¢ nq"

where 3 > 0 is a hyperparameter that controls the amount of robustness.

For a given ¢-divergence, we define the DRO predictor, that is obtained by minimizing the distribu-
tionally robust loss (9) instead of the mean loss ().

Definition 3.5 (Distributionally Robust Optimization (DRO) predictor).
6 = argmin R(L(h(8))) (10)
0

DRO interpolates between ERM as 5 — 0 and the minimization of the maximum loss as § — oo,
and is equivalent to a mean-variance trade-off when 8 — 0 small (Gotoh et al.|[2018), i.e.

1
max (Eq [ﬁ(h (X7 0) 7Y)] - Dd>(q||ﬁdata)) = Eﬁdata [E(h (X7 0) ,Y)]
qEA, 15}
B :
+ gy Vs [£0050) 9]+ 0(5) A1)
1
(?elaA)i (Eq [E(h (X; 0) ay)] - 6D¢(Q||ﬁdata)) m mza“X£(h (Xi; 0) 7yi)
where V. is the empirical variance.

Furthermore, we observe that the distributionally robust loss (9) is an upper bound to the mean loss
(@) (independently to the choice of ¢ and f3), i.e. for all ¢-divergence and all 8 > 0

Vo, M(L(h(0))) < R(L(h(6))) (12)

We now make assumptions for the ¢-divergence to simplify the derivations of our optimization
method for DRO (T0) in the remainder of the paper.

Assumption 3.1 (Regularity of ¢). ¢ : Ry — R is two times continuously differentiable on [0, n),
p-strongly convex on [0,n), i.e.: 3p > 0,Vz, 2 € [0,n], ¢(z') > ¢(2) +¢'(2)(z' —2) + (2 —2')?
and satisfies (see|D.1|for a justification): Yz € R, ¢(z) > ¢(1) =0, ¢'(1) = 0.

These assumptions are verified by most ¢-divergences used in practice (e.g. the KL divergence).

4 SGD WITH HARDNESS WEIGHTED SAMPLING

4.1 DISTRIBUTIONALLY ROBUST OPTIMIZATION WITH SGD AND ADAPTIVE SAMPLING

Existing optimization methods for DRO with a non-convex predictor i alternate between approxi-
mate minimization and maximization steps (Rafique et al.,|2018}; Jin et al., 2019; [Lin et al.,|2019),
requiring the introduction of additional hyperparameters compared to SGD. These are difficult to
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tune in practice and convergence has not been proven for deep neural networks with ReLU activa-
tion functions.

In this section, we highlight properties that allows us to link DRO with SGD combined with adap-
tive sampling. Our analysis relies on Fenchel duality (Moreau, [1965) and the notion of Fenchel
conjugate (Fenchel, |1949) that we now define.

Definition 4.1 (Fenchel Conjugate Function). Let f : R™ — R U {400} be a proper function. The
Fenchel conjugate of f is defined as Vv € R™, f*(v) = maxgerm (v, ) — f(x).

Let

1
= BD¢(pHptrain) +da, (p) (13)

where 0, is the characteristic function of the closed convex set A,,, i.e.

Vp € R", 5An(p)={ 0 ifpean

VpeR", G(p)

+00 otherwise (14)

One can remark that the distributionally robust loss R (9) can be rewritten using the Fenchel conju-
gate function of G. This allows us to obtain regularity properties for R.

Lemma 4.1 (Regularity of R). If ¢ satisfies Assumption[3.1] then G and R satisfy the following:

Gis (nﬁp) -strongly convex (15)
v9,  R(L(h(0))) = max ((L(h(0)),q) — G(q)) = G" (L(R(6))) (16)
Ris (nﬁp> -gradient Lipschitz continuous. 17

Equation follows from Definition Proofs of and can be found in Appendix [D.3]

According to (T3], the optimization problem (T6) is strictly convex and admit a unique solution in
A,,. Let us denote this solution
P(L(h(0))) = arg max ((L(h(0)),q) — G(q)) (18)
geER™

The following lemma shows that the gradient, with respect to 0, of the distributionally robust loss (9
at a given 6 can be rewritten as the expectation, with respect to the weighted empirical distribution
p(L(h(0))), of the per-example loss gradient. We further show that straightforward analytical for-
mulas exist for p when relying on classical ¢-divergences. This result motivates our Algorithm
for efficient training with the distributionally robust loss.

Lemma 4.2 (Stochastic Gradient of the Distributionally Robust Loss). For all 8, we have
p(L(h(0))) = Vo, R(L(h(8)))
Vo(Ro Lo h)(0)=E;smney) Ve L (h(x;0),y)]
where Vo, R is the gradient of R with respect to its input.

19)

The proof is found in Appendix It is apparent from that, given p, an estimate of V(R o
L oh) could easily be provided by sampling a batch according to p and estimating the per-example
loss gradients in the batch as per standard practice. We now provide closed-form formulas for p
given L(h(8)) for the KL divergence and the Pearson x? divergence.

Example 4.1. For the KL divergence (i.e. ¢ : z — zlog(z) — z + 1), we have (see @for a proof)

P(L(h(0))) = softmax (5 L(h(0))) (20)
And for the Pearson x? divergence (i.e. ¢ : z + (z — 1)2), we have:
Vi, pi;(L(h(0))) = ReLU 1 14 5 L(h(0)); — 1 zn:,C(h(H)) 2n
v Pi = he n 9 i, = J
In both cases, we can verify consistency with as
. _ 1
Vie{l,...,n}, p;(L(h(O))) m) -~ (22)
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Algorithm 1 SGD-HWS: SGD with Hardness Weighted Sampling for Kullback-Leibler DRO

1: Input: Training data {(z;,y;)};_,, number of epochs 7' > 1, robustness parameter 3 > 0,
learning rate 7 > 0, batch size b € {1,...,n}.

2: Initialization:

3: Initialise @ randomly

4: Initialise the loss history £ = —1
5: Warm start:
6
7
8

. // Split the training data into batches 3 and run one epoch with classic SGD
. for {(xi,yi)}iel in B do
: // Run forward pass and store losses for all the samples in the batch

9: fori c I do

10: Li « L(h(zi;0),yi)

11: /I Run backward pass and update the parameters of the model

12: 0+ 0—77% > icr Vo L(h(z;0),v:)

13: SGD with dynamic hardness weighted sampling:

14: forepoch=2, ..., T'do

15: for iteration? =1, ..., Q%J + 1) do

16: // Run softmax to update the sampling probabilities of the samples
17: P = softmax(8L)

18: // Draw a batch with replacement using the probability distribution p
19: {(i,v:) }icr such that I "% b and I =b

20: /I Run forward pass and update losses for all the samples in the batch
21: fori € I do

22: Li = L(h(xi;0), ;)

23: /I Run backward pass and update the parameters of the model

24: 0+ 0—n3>c; Vo L(h(zi;0),y:)

25: Qutput: 0

4.2 EFFICIENT ALGORITHM FOR DISTRIBUTIONALLY ROBUST DEEP LEARNING

The second equality in (T9) implies that Vg L£(h;(0), y;) is an unbiased estimator of the distribu-
tionally robust loss gradient when 4 is sampled with respect to p(£(h(6))). This suggests that the
distributionally robust loss can be minimized efficiently by SGD by sampling mini-batches with re-
spect to p(L(h(0))) at each iteration. However, even though closed-form formulas were provided
for p, evaluating exactly £(h(6)), i.e. doing one forward pass on the whole training dataset at each
iteration, is computationally prohibitive for large training dataset.

In practice, we propose to use a stale version of £(h(8)) by maintaining an online history of the loss
values of the training examples during training (£ (h(;; 0(t)), y;)). Where for all 4, t; is the last
iteration at which the per-example loss of example ¢ has been computed. Using the Kullback-Leibler
divergence as ¢-divergence, this leads to the SGD with hardness weighted sampling algorithm pro-
posed in Algorithm This would also apply to the Pearson x? divergence mutatis mutandis.

In contrast to alternate min-max optimization methods, our SGD with an adaptive sampling strategy
is similar to the SGD-based optimizers used by the vast majority of deep learning practitioners.
Compared to standard SGD-based training optimizers for the mean loss, our algorithm requires only
an additional softmax operation per iteration and to store an additional vector of size n (number of
training examples), thereby making it ideally suited for deep learning applications.

4.3 CONVERGENCE OF SGD wWITH HARDNESS WEIGHTED SAMPLING FOR
OVER-PARAMETERIZED DEEP NEURAL NETWORKS WITH ReLU

Convergence results for over-parameterized deep learning has recently been proposed in (Allen-
Zhu et al.| 2019). Their work gives convergence guarantees for deep neural networks h with any
activation functions (including ReL.U), and with any (finite) number of layers L and parameters m,
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under the assumption that m is large enough. At the time of writing, this is the most realistic setting
for which a convergence theory of deep learning exists.

In this section, we extend the convergence theory developed by (Allen-Zhu et al.||2019) for ERM and
SGD to DRO and the proposed SGD with hardness weighted sampling (as stated in Algorithm 4.T)).

Theorem 4.1 (Convergence of Algorithm [.1| for over-parameterized neural networks with ReLU).
Let L be a smooth per-sample loss function, b € {1,...,n} be the batch size, and ¢ > 0. If m is
large enough, and the learning rate is small enough, then, with high probability over the randomness
of the initialization and the mini-batches, Algorithm{d.1|finds ||V (R o L oh)(0)|| < € after a finite
number of iterations.

A more detailed version of this theorem is described in[B.2]and the proof can be found in[D.§]

4.4 DRO AS PRINCIPLED ONLINE HARD EXAMPLE MINING

In this section, we discuss the relationship between DRO and Online Hard Example Mining
(OHEM) (Shrivastava et al., 2016). SGD with an ad hoc adaptive sampling strategy is already
used in practice while starting from a mean loss optimization formulation in the OHEM litera-
ture (Loshchilov & Hutter, 2015} [Shrivastava et al., [2016). Similarly to our algorithm, in OHEM
heuristics, the hard examples, those training examples with relatively high values of the loss, are
sampled more often. We formalize this in the following definition for OHEM sampling.

Definition 4.2 (Online Hard Example Mining Sampling). Any adaptive sampling method such that
the probability p; of sampling example X; is an non-decreasing function of the (potentially stale)
loss value associated with X;.

Theorem 4.2. The proposed hardness weighted sampling is a hard example mining sampling for
any ¢-divergence that satisfies Assumption In addition, the probability p; of sampling example
X; Is an non-increasing function of the loss value associated with x; for all j # 1.

See Appendix [D.5] for the proof. The second part of Theorem [4.2] implies that as the loss of an
example diminishes, the sampling probabilities of all the other examples increase. As a result, the
proposed SGD with hardness weighted sampling balances exploitation (i.e. sampling the identified
hard examples) and exploration (i.e. sampling any example to keep the record of hard examples up
to date).

5 EXPERIMENTS

We now illustrate the properties of our SGD with hardness weighted sampling described in Algo-
rithm [d.1] for training deep neural networks with ReLU activation functions for DRO (I0).

5.1 ROBUSTNESS TO DOMAIN GAP

We create a bias between training and testing data distribution of MNIST (LeCunl [1998)) by keep-
ing only 1% of the digits 3 in the training dataset, while the testing dataset remains unchanged.
Implementation details can be found in Appendix [A.T]

Comparison of ERM with SGD and DRO with our SGD with hardness weighted sampling for 5 =
10 at testing can be found in Figure|I} More values of S and the learning curves during training can
be found in Figure

Our experiment suggests that DRO and ERM lead to different optima. Indeed, DRO for f = 10
outperforms ERM by more than 10% of accuracy on the under-represented class, as illustrated in
Figure[I] This suggests that DRO leads to better generalization than ERM. Especially, it appears that
DRO is more robust than ERM to domain gaps between the training and the testing dataset. In addi-
tion, Figure [T suggests that DRO with our SGD with hardness weighted sampling can convergence
faster than ERM with SGD.

Furthermore, the variations of learning curves with /3 that can be found in Figure [2] are consistent
with our theoretical insight. As 8 decreases to 0, the learning curve of DRO with our Algorithm
converges to the learning curve of ERM with SGD.
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Figure 1: Comparison of learning curves for ERM with SGD (blue) and DRO with our SGD with
hardness weighted sampling (red). The models are trained on an imbalanced MNIST dataset (only
1% of the digits 3 kept in the training datatset) and evaluated on the original MNIST testing dataset.
This suggests that our SGD with hardness weighted sampling is more robust than SGD to a domain
gap between the training and the testing dataset.

5.2 STABILITY OF DRO

For large values of S (here S > 10), instabilities appear in the testing learning curves at the
begining of training, as illustrated in Figure [T] and in the top panels of Figure 2] For ERM this
usually suggests that the learning rate is too high.

However, we observed that reducing the learning rate does not reduce those instabilities. The bottom
left panel of Figure [2]shows that the training loss curves for 5 > 10 were actually stable there. We
also observe that during the iterations for which instabilities appear on the testing set, the standard
deviation of the per-sample loss on the training set increases and then decreases. Following (20) the
higher the standard deviation of the per-sample loss history, the more our weighted sampler focuses
on hard examples. Therefore, instabilities on the testing set during training with DRO are due to the
sampler focusing on hard examples.

6 CONCLUSION AND DISCUSSION

We have shown that efficient training of deep neural networks with Distributionally Robust Opti-
mization (DRO) with a ¢-divergence @) is possible. Our Stochastic Gradient Descent (SGD) with
hardness weighted sampling is a principled Online Hard Example Mining (OHEM) method. It is
as straightforward to implement, and as computationally efficient as SGD for Empirical Risk Min-
imization (ERM). It can be used for deep neural networks with any activation function (including
ReLU), and with any per-example loss function. We have shown that the proposed approach can
formally be described as a principled online hard example mining strategy. In addition, we prove
the convergence of our method for over-parameterized deep neural networks. Thereby, extending
the convergence theory of deep learning of (Allen-Zhu et al.l 2019). This is, to the best of our
knowledge, the first convergence result for training a deep neural network based on DRO.

Our experiments on an imbalanced MNIST dataset illustrate the practical usefulness and feasibility
of our methods. SGD with hardness weighted sampling is more robust to domain gaps between the
training and the testing dataset and converges faster than SGD.

However, adapting acceleration methods for ERM with SGD, like momentum updates, to DRO
remains non-trivial because of the inner maximization of DRO. Investigating accelerated extension
of our method is left for future work.



Under review as a conference paper at ICLR 2020

REFERENCES

Zeyuan Allen-Zhu, Yuanzhi Li, and Zhao Song. On the convergence rate of training recurrent neural
networks. arXiv preprint arXiv:1810.12065, 2018.

Zeyuan Allen-Zhu, Yuanzhi Li, and Zhao Song. A convergence theory for deep learning via over-
parameterization. In /ICML, pp. 242-252, 2019.

Spyridon Bakas, Mauricio Reyes, Andras Jakab, Stefan Bauer, Markus Rempfler, Alessandro Crimi,
Russell Takeshi Shinohara, Christoph Berger, Sung Min Ha, Martin Rozycki, et al. Identifying
the best machine learning algorithms for brain tumor segmentation, progression assessment, and
overall survival prediction in the brats challenge. arXiv preprint arXiv:1811.02629, 2018.

Yoshua Bengio. Practical recommendations for gradient-based training of deep architectures. In
Neural networks: Tricks of the trade, pp. 437-478. Springer, 2012.

Lorenz Berger, Hyde Eoin, M Jorge Cardoso, and Sébastien Ourselin. An adaptive sampling scheme
to efficiently train fully convolutional networks for semantic segmentation. In Annual Conference
on Medical Image Understanding and Analysis, pp. 277-286. Springer, 2018.

Léon Bottou, Frank E Curtis, and Jorge Nocedal. Optimization methods for large-scale machine
learning. Siam Review, 60(2):223-311, 2018.

Guillaume Bouchard, Théo Trouillon, Julien Perez, and Adrien Gaidon. Online learning to sample.
arXiv preprint arXiv:1506.09016, 2015.

Yuan Cao and Quanquan Gu. A generalization theory of gradient descent for learning over-
parameterized deep relu networks. arXiv preprint arXiv:1902.01384, 2019.

Haw-Shiuan Chang, Erik Learned-Miller, and Andrew McCallum. Active bias: Training more accu-
rate neural networks by emphasizing high variance samples. In Advances in Neural Information
Processing Systems, pp. 1002-1012, 2017.

Emilie Chouzenoux, Henri Gérard, and Jean-Christophe Pesquet. General risk measures for robust
machine learning. arXiv preprint arXiv:1904.11707, 2019.

Imre Csiszér, Paul C Shields, et al. Information theory and statistics: A tutorial. Foundations and
Trends®) in Communications and Information Theory, 1(4):417-528, 2004.

John Duchi, Peter Glynn, and Hongseok Namkoong. Statistics of robust optimization: A generalized
empirical likelihood approach. arXiv preprint arXiv:1610.03425, 2016.

Werner Fenchel. On conjugate convex functions. Canadian Journal of Mathematics, 1(1):73-77,
1949.

Eli Gibson, Wenqi Li, Carole Sudre, Lucas Fidon, Dzhoshkun I Shakir, Guotai Wang, Zach Eaton-
Rosen, Robert Gray, Tom Doel, Yipeng Hu, et al. Niftynet: a deep-learning platform for medical
imaging. Computer methods and programs in biomedicine, 158:113—-122, 2018.

Jun-ya Gotoh, Michael Jong Kim, and Andrew EB Lim. Robust empirical optimization is almost
the same as mean—variance optimization. Operations research letters, 46(4):448-452, 2018.

Jean-Baptiste Hiriart-Urruty and Claude Lemaréchal. Convex analysis and minimization algorithms
I: Fundamentals, volume 305. Springer science & business media, 2013.

Chi Jin, Praneeth Netrapalli, and Michael I Jordan. Minmax optimization: Stable limit points of
gradient descent ascent are locally optimal. arXiv preprint arXiv:1902.00618, 2019.

Yann LeCun. The mnist database of handwritten digits. http://yann. lecun. com/exdb/mnist/, 1998.

Tianyi Lin, Chi Jin, and Michael I Jordan. On gradient descent ascent for nonconvex-concave
minimax problems. arXiv preprint arXiv:1906.00331, 2019.

Ilya Loshchilov and Frank Hutter. Online batch selection for faster training of neural networks.
arXiv preprint arXiv:1511.06343, 2015.



Under review as a conference paper at ICLR 2020

Jean-Jacques Moreau. Proximité et dualité dans un espace hilbertien. Bulletin de la Société
mathématique de France, 93:273-299, 1965.

Hongseok Namkoong and John C Duchi. Stochastic gradient methods for distributionally robust

optimization with f-divergences. In Advances in Neural Information Processing Systems, pp.
2208-2216, 2016.

Hassan Rafique, Mingrui Liu, Qihang Lin, and Tianbao Yang. Non-convex min-max optimization:

Provable algorithms and applications in machine learning. arXiv preprint arXiv:1810.02060,
2018.

Shai Shalev-Shwartz and Yonatan Wexler. Minimizing the maximal loss: How and why. In ICML,
pp. 793-801, 2016.

Abhinav Shrivastava, Abhinav Gupta, and Ross Girshick. Training region-based object detectors
with online hard example mining. In Proceedings of the IEEE conference on computer vision and
pattern recognition, pp. 761-769, 2016.

Aman Sinha, Hongseok Namkoong, and John Duchi. Certifying some distributional robustness with
principled adversarial training. arXiv preprint arXiv:1710.10571, 2017.

Matthew Staib and Stefanie Jegelka. Distributionally robust deep learning as a generalization of
adversarial training. In NIPS workshop on Machine Learning and Computer Security, 2017.

Sergey Zagoruyko and Nikos Komodakis. Wide residual networks. arXiv preprint
arXiv:1605.07146, 2016.

Difan Zou and Quanquan Gu. An improved analysis of training over-parameterized deep neural
networks. arXiv preprint arXiv:1906.04688, 2019.

10



Under review as a conference paper at ICLR 2020

A MORE ON OUR EXPERIMENTS

A.1 EXPERIMENTS ON MNIST

Testing Accuracy for All Digits (in %) Testing Accuracy for Digit 3 (in %)
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Figure 2: Comparison of learning curves at testing (top panels) and at training (bottom panels) for
ERM with SGD (blue) and DRO with our SGD with hardness weighted sampling for different values
of S on MNIST (7 = 0.1, § = 1, B = 10, 8 = 100). The models are trained on an imbalanced
MNIST dataset (only 1% of the digits 3 kept in the training datatset) and evaluated on the original
MNIST testing dataset.

A.1.1 IMPLEMENTATION DETAILS

For our experiments on MNIST, we used a Wide Residual Network (WRN) (Zagoruyko & Ko-|
[2016). The familly of WRN models has proved to be very efficient and flexible, achieving
state-of-the-art accuracy on several dataset. More specifically, we used WRN-16-1 (see
& Komodakis, 2016, section 2.3).

For the optimization we used a learning rate of 0.01. No momentum or weight decay were used. No
data augmentation was used.

A.1.2 COMMENT ON EARLY-STOPPING WITH ERM AND DRO

It is worth noting that we do not use the knowledge of the training dataset bias in our method. For
a less obvious bias, we would have access to the accuracy on the under-representated subset of the
training set. As a result, in general, convergence criteria can be based only on the global measure of
accuracy (in our case the top left panel of Figure [2).
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Early-stopping is a widely used heuristic for selecting the optimal number of epochs to prevent
overfitting (Bengio, 2012). Early-stopping crucially depends on the patience parameter. In the top
left panel of Figure there is no improvement of the accuracy of ERM of more than 0.04% between
epoch 20 and 30. As a result, if the patience parameter is too low, ERM might be considered to
plateau at an epoch at which it ERM achieves an accuracy of 0% on the under-represented class.

This suggests two things. First, the mean accuracy is not a good criteria to decide when to stop the
training of ERM for safety-critical systems. Second, our SGD with hardness weighted sampling
converge faster than SGD to a safe solution, and is more robust to the hyperparameters of early-

stopping.

B CONVERGENCE OF SGD WITH HARDNESS WEIGHTED SAMPLING FOR
OVER-PARAMETERIZED DEEP NEURAL NETWORKS WITH ReLU
(DETAILED STATEMENT)

In this section, we give a detailed statement of the convergence results presented in[4.3]

Our analysis is based on the results developed in (Allen-Zhu et al., [2019) which is a simplified
version of (Allen-Zhu et al.l [2018). Improving on those theoretical results would automatically
improve our results as well. We focus on providing theoretical tools that could be used to generalize
any convergence result for ERM using SGD to DRO using Algorithm[4.1] In addition, we compared
our conditions and results the one obtained for ERM and SGD in (Allen-Zhu et al., 2019) and discuss
the implication of those differences.

Let us first state our assumptions on the neural network h, and the per-example loss function L.

Assumption B.1 (Deep Neural Network). In this section, we use the following notations and as-
sumptions similar to (Allen-Zhu et al.| |2019):

o N is a fully connected neural network with L + 2 layers, ReLU activation function, and m
nodes in each hidden layers

e Foralli € {1,...,n}, we denote h; : @ — h;(x;;0) the output d dimensional scores of h
applied to example x; of dimension 0.

e 0= (Ol)leol is the set of parameters of the neural network h, where 0, is the set of weights
for layer L with 8y € R**™, 01,1 € R™*% and §; € R™*™ for any other .

e (Data separation) It exists 6 > 0 such that forall i,j € {1,...,n}, ifi # j, |x; — ;|| > 6.

o We assume m > (d x poly(n, L,5~1)) for some sufficiently large polynomial poly, and
0>0 (%) We refer the reader to (Allen-Zhu et al.||2019) for details about poly.

o The parameters 6 = (Ol)lL:'El are initialized at random such that:

- [60); ~N (0, 2) forevery (i,j) € {1,...,m} x {1,...,0}
- [0, ; ~ N (0, 2) forevery (i,§) € {1,...,m}*and l € {1,..., L}
= [0r+1]; ~N(0,%) forevery (i,7) € {1,...,d} x {1,...,m}

Assumption B.2 (Regularity of £). Foralli, L; is a C(V L)-gradient Lipschitz continuous, C'(L)-
Lipschitz continuous, and bounded (potentially non-convex) function.

We first generalize the convergence of SGD in (Allen-Zhu et al., 2019 Theorem 2) to the minimiza-
tion of the distributionally robust loss using SGD and an exact hardness weighted sampling (T9), i.e.
with an exact non-stale loss history.

Theorem B.1 (Convergence of Robust SGD with exact Loss History). Let batch size 1 < b <
n, and € > 0. Suppose there exists constants Cy, Co, C5 > 0 such that the number of hidden
units satisfies m > Cj(de=! x poly(n, L,d71)), § > (%) and the learning rate be Negqet =

. an’p bod
Cs <mln (1’ BC(L)24+2npC(V [,)) X poly(n,L)mlog?(m)

). There exists constants Cy, Cs5 > 0 such

12
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that with probability at least 1 — exp (—C'4(log2 (m))) over the randomness of the initialization
and the mini-batches, Robust SGD with exact loss vector finds ||Vg(R o Loh)(0)|| < e after T =

Cs (m) iterations.

where @« = ming min; p;(£(0)) is lower bound on the sampling probabilities. For the Kullback-
Leibler ¢-divergence, and for any ¢-divergence satisfying assumption [3.1) with a robustness param-
eter 3 small enough, we have o > 0. We refer the reader to (Allen-Zhu et al., 2019} Theorem 2) for
the values of the constants C, Cy, C3, Cy, C5 and the definitions of the polynomials. Compared
to (Allen-Zhu et al.,[2019, Theorem 2) only the learning rate differs. The min(1, .) operation in the
formula for 7ezqc¢ allows us to guarantee that 9eqqc: < 7' Where 7’ is the learning rate of (Allen-Zhu
et all 2019, Theorem 2). The proof can be found in Appendix [D.7.3]

It is worth noting that for the KL ¢-divergence, p = l In addition, in the limit § — 0, which

corresponds to ERM, we have @ — l. As a result, We recover exactly Theorem 2 of (Allen-

Zhu et al. 2019) as extended in their Appendlx A for any L that satisfies assumption [B.2] with
c(VL) =

When the amount of distributionally robustness increases the sampling differs more and more from
the uniform sampling and becomes more sensitive to changes of the loss distribution. One way to
mitigate this issue is to reduce the learning rate. The conditions of Theorem B.T|are consistent with
this observation since when f3 increases, o and 7.4+ decreases.

In practice in algorithm .1 we have access only to a stale loss history. We know restate the conver-
gence of Robust SGD with a stale loss history and a warm-up as in Algorithm

Theorem B.2 (Convergence of Robust SGD with Stale Loss History and warm-up). Let batch size

1 < b < n, and € > 0. Under the conditions of Theorem @] the same notations, and with the
apd®/?sblog(25)

» BC(L)A(V L)Lm3/2n3/2log?(m)

learning rate 1ggq1e = Cegmin | 1 X Negact for a constant Cg > 0.

With probability at least 1 — exp (—C’4(10g2 (m))) over the randomness of the initialization and
the mini-batches, Robust SGD with exact loss vector finds ||Vo(R o Loh)(0)| < € after T =

Cs (m) iterations.

Where C(£) > 0 is a constant such that £ is C(L£)-Lipschitz continuous, and A(V L) > 0 is a
constant that bound the gradient of £ with respect to its input. C'(£) and A(V L) are guaranteed to
exist under assumptions [B.1I] The proof can be found in Appendix [D.§]

Compared to Theorem only the learning rate differs. Similarly to Theorem when S tends
to zero we recover Theorem 2 of (Allen-Zhu et al.| 2019).

apd®/?5blog(15)
> BC(L)A(V L)Lm3/2n3/2 log?(m)
7Nstale decreases faster than 7., When (3 increases. This was to be expected since the error that is
made by using the stale loss history instead of the exact loss increases when /3 increases.

It is worth noting that when /3 increases decreases. This implies that

C SUMMARY OF THE NOTATIONS USED IN THE PROOFS
For the ease of following the proofs we first summarize our notations.

C.1 PROBABILITY THEORY NOTATIONS
o A, = {p = (Pi)?zl € [0, 1]117 Zipi = 1}
e Letq = (¢;) € Ay, and f afunction, we denote E,[f(x)] := >0, i f ().
e Letg € A, and f a function, we denote V,[f(x)] := > i, ¢i || f () — IEq[f(x)]H2

® Pdata is the uniform training data distribution, i.e. Pdata = (%)Ll €A,

C.2 MACHINE LEARNING NOTATIONS

e 1 is the number of training examples

13
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e d is the dimension of the output

e 0 is the dimension of the input

e training data: {(z;,y;)}",, where foralli € {1,...,n},z; € R® and y; € R¢

e h:x +— y is the predictor

e 0 is the set of parameters of the predictor

e Forall i, h; : @ — h(x;;0) is the output of the network for example i as a function of 6
e [ is the objective function

e L;: h; = L(h;,y;) is the objective function for example .

e By abuse of notation we also denote by L the function £ : (h;)?_; — (L£i(hi))7—4
e be{l,...,n}is the batch size

e 1) > 0 is the learning rate

e ERM is short for Empirical Risk Minimization

C.3 DISTRIBUTIONALLY ROBUST OPTIMISATION NOTATIONS

e Forall 6, R(L(h(0))) = maxgena, Eq [L(h(x;0),y)] — %Dqg(qH]ﬁdata) is the Distribu-
tionally Robust Loss evaluated at 8, where 5 > 0 is the parameter that adjusts the distri-

butionally robustness (see (9) for more details). For short, we also used the term Robust
Loss for R(L(h(0)))

e DRO is short for Distributionally Robust Optimisation
C.4 MISCELLANEOUS
By abuse of notation, and similarly to (Allen-Zhu et al.,|2019), we use the Bachmann-Landau nota-

tions to hide constants that do not depend on our main hyper-parameters. Let f and g be two scalars,
we note:

[<0(g) <= e >0 s.t. f<cg
{ [>Q9) <= e >0 s.t. f>cg
f=0(g) <= deg>0anddes >c¢; st g < f<ecag

D PROOFS

D.1 ASSUMPTIONS FOR THE ¢-DIVERGENCE

Let Dy be a ¢-Divergence, and ¢ € R. One can note that for ¢, : z — ¢(z) + ¢ (1 — z), we have
forall p = (pi)iy,q = (¢:)izy € An,

Dy, (allp) = anbc (%)

:;pi (¢<§Z>+C<1_§i>) 23)

=Dy (qllp) +¢ (sz - Z%)
=1 i=1
= Dy (qllp)

In other words, Dy, is not uniquely defined by ¢ under the deﬁnition If ¢ is differentiable, one
can assume without loss of generality that ¢/(1) = 0.

For more detailed discussion, we refer the interested reader to (Csiszar et al., [2004).

14
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D.2 PROOF OF EXAMPLE[4.1} FORMULA OF THE SAMPLING PROBABILITIES FOR THE KL
DIVERGENCE

We give here a simple proof of the formula of the sampling probabilities for the KL divergence as
¢-divergence (i.e. ¢ : z +— zlog(z) —z+ 1)

V0, p(L(h(9))) = softmax (8 L(h(6))
For any 6, the distributionally robust loss (9) for the KL divergence at 0 is given by

Ro Lo h(f) = max (Z i £ohi(0) — % Z(h log (n(h)>
i=1 i=1

q€A,
- 1
= max (qiliio hi(0) — 5 log (n%:))
To simplify the notations, let us denote v = (v;)’-y = Lo h(0) = (L;0h;(0));_,, and p =
(Pi)izy = D(L(R(D))).
Thus p(L(h(0))) is, by definition, solution of the optimization problem
- 1
arg max qivi — —q; log (ng; ) (24)
o (vl

First, let us remark that the function ¢ — Y., ¢;log (ng;) is strictly convex on the non empty
closed convex set A,, as a sum of strictly convex functions. This implies that the optimization (24)
has a unique solution and as a result p(L(h(80))) is well defined.

We now reformulate the optimization problem (24) as a convex smooth constrained optimization
problem by writing the condition ¢ € A,, as constraints.

n 1
arg maxz (qﬂ)i — 5% log (mh)>

a€RY
. (25)
s.t. Z q; = 1
i=1
There exists a Lagrange multiplier A € R, such that the solution p of (23) is characterized by
1
Vie{l,...,n}, v;— B(log(nﬁi)—i—l)—l—)\zo
n (26)
> pi=1
i=1
Which we can rewrite as
1
Vi€ {L"'an}a ﬁz = ﬁexp(ﬂ(vl+)‘) 71)
27

IS e (Bt N -1 =1
=1

The last equality gives
n

exp (BA—1) = m

And by replacing in the formula of the p;
_ 1
Vie{l,...,n}, b = exp (Bv;) exp (BA—1)

__ exp (Bv;)
i1 exp (Bu;)
Which corresponds exactly to
P = softmax (fv)
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D.3 PROOF OF LEMMA 4.1} REGULARITY PROPERTIES OF R

For the ease of reading, let us first recall that given a ¢-Divergence that satisfies assumptions [3.1]
we have defined in (9)

R:R" =R
1 (28)
i — =D )
U= anl%)i ; q;V; 5 d)(q”ptrazn)
And in (T3)
G:R" =R
1 29)
p— BD¢ (p”ptrain) + 5An (p)
where da, is the characteristic function of the closed convex set A,,, i.e.
n _ 0 ifpeA,
Vp €R", 04, (p) = { 400 otherwise (30)

We now prove Lemma[&.T|on the regularity of R.

Lemma D.1 (Regularity of R — Restated from Lemma[1). Let ¢ that satisfies Assumption 3.1} G
and R satisfy

Gis (nﬁp) -strongly convex 3D
R(£(1(9))) = max ({L(h(8)), ) — G(q)) = G (L((8))) (32)
Ris (fp) -gradient Lipschitz continuous. (33)

¢ is p-strongly convex on [0, n] so
2O

Va,y € [0,n]%, YA € [0,1],¢ (Az + (1 = N)y) < A(z) + (1= N)o(y) 5 ly—z> (34)
Letp = (pi)i—y. ¢ = (¢i)i—y € Ay, and X € [0, 1], using (34) and the convexity of d,,,, we obtain:
1 n
GOp+(1-Ng) = 2 D "¢ (nApi +n(l = Ngi) +a, (Ap+ (1= N)q)
i=1

<2G0) + (1= N6 - 52 Y- P g~ 39
<2G() + (1= N6l - LA g

This proves that G is %-strongly CONnvex.

Since G is convex, R = G* is also convex, and R* = (G*)* = G (Hiriart-Urruty & Lemaréchall
2013).

We obtain (32) using Definition [&.1]

We now show that R is Frechet differentiable on R"™. Let v € R™.

G is strongly-convex, so in particular G is strictly convex. This implies that the following optimiza-
tion problem has a unique solution that we denote p(v).

argmax ((v,q) — G(q)) (36)
qER™

In addition
p € A, solution of 36) <= 0 € v — IG(p)
<~ v € 0G(p)
<~ p € 0G*(v)
< p € OR(v)
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where we have used (Hiriart-Urruty & Lemaréchall 2013 Proposition 6.1.2 p.39) for the third equiv-
alence, and for the last equivalence.

As aresult, OR(v) = {p(v)}. this implies that R admit a gradient at v, and
Vi R(v) = p(v) 37)

Since this holds for any v € R”, we deduce that R is Frechet differentiable on R”.

We are now ready to show that R is n%—gradient Lipchitz continuous by using the following lemma
(Hiriart-Urruty & Lemaréchal, 2013 Theorem 6.1.2 p.280).

Lemma D.2. A necessary and sufficient condition for a convex function f : R™ — R to be c-
strongly convex on a convex set C' is that for all v1,x9 € C

(s9 — s1,T2 — 1) > c||m2 — x1|\2 Sforall s; € Of(x;),i=1,2.

Using this lemma for f = G, ¢ = %, and C' = A,,, we obtain:

For all p;,ps € A, forall v; € G (p1), v2 € G (p2),
np
(v2 —v1,p2 —p1) = 5 lp2 — p1®
In addition, for i € {1, 2}, v; € 0G(p;) <= p; € OR(v1) = {V,R(v;)}.
And using Cauchy Schwarz inequality

[lve — vi||llp2 — pill > (v —v1,p2 — p1)

We conclude that np
5 [VoR(v2) = Vo R(v1)| < [lve — va|

. . . . ﬁ . . . .
Which implies that R is n—p-gradlent Lipchitz continuous.

D.4 PROOF OF LEMMA[4.2} FORMULA OF THE DISTRIBUTIONALLY ROBUST LOSS GRADIENT

We prove Lemma[4.2] that we restate here for the ease of reading.

Lemma D.3 (Stochastic Gradient of the Distributionally Robust Loss — Restated from Lemma 4.2)).
For all 8, we have

P(L(h(0))) = Vo R(L(R(0))) (38)
Vo(Ro Loh)(0) =Epsr(ne)) [Ve L (h(x;0),y)] (39
where V,, R is the gradient of R with respect to its input.
For a given 0, equality (38) is a special case of (37) for v = L(h(0)).
Then using the chain rule and (38),
R

Vs

Vo(Ro Loh)(6) =

(Sl

(Lo h(6)))Vo(Lo hi)(6)

1

o
Il

I
M3

pi(L(h(6))) V(Lo hi)(6)
1
(c(h(0)) [Ve L (h(x;0),y)]

.
Il

=E

el

D.5 PROOF OF THEOREM[4.2} DISTRIBUTIONALLY ROBUST OPTIMIZATION AS PRINCIPLED
HARD EXAMPLE MINING

Let Dy an ¢-divergence satisfying Assumption[3.1} and v = (v;);_, € R™. v will play the role of a
generic loss vector.
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¢ is strongly convex, and A" is closed and convex, so the following optimization problem has one
and only one solution:
1 n
max  {(v,p) — — Z o(np;) (40)

p=(pi)j_, EA™ Bn P

Making the constraints associated with p € A,, explicit, this can be rewritten as

max_ (0.p) = 5= > o)
=1

p=(pi)j—, ER™

st.Vie{l,...,n}, p; >0 41)
S.t. Zpl =1
i=1

There exists KKT multipliers A\ € R and Vi, p; > 0 such that the solution p = (p;);-_, satisfies:

1
ViE{l,...,n}, Ui_B¢/(nﬁi)+)‘_Ui:O
ViE{l,...,n}, wip; =0
Vie{l,...,n}, p;>0 (42)
Zﬁizl
i=1

Since ¢ is continuously differentiable and strongly convex, we have (¢/) "' = (¢*)’, where ¢* is
the Fenchel conjugate of ¢ (see Hiriart-Urruty & Lemaréchal, [2013|, Proposition 6.1.2). As a result,
can be rewritten has:

Vie{l,...,n}, p;= % (0") (B(vi + X — )

vie{l,...,n}, wpi=0
Vie{l,...,n}, p; >0 (43)

S @) (Bl + A= ) = 1
i=1

We now show that the KKT multipliers are uniquely defined.

The u;’s are uniquely defined by v and \:
Since Vi € {1,...,n}, wip; =0, p; > 0and p; > 0, forall Vi € {1,...,n}, either p; = 0 or

In the case p; = 0, using @3)) it comes (¢*)" (B(v; + X — p;)) = 0.

According to assumption[3.1] ¢ is strongly convex and continuously differentiable, so ¢’ and (¢*)’ =
(¢’)~* are continuous and strictly increasing functions. As a result, it exists a unique z; (dependent
to v and \) such that:

(@) (Bvi + X = pi)) =0
And can be rewritten as:
Vie{l,...,n}, p; =ReLU (i (¢") (B(vi + /\))> = %ReLU ((¢) (B(vi +A)))

L& (44)
~ > _ReLU ((¢")' (B(vi + 1)) =1
i=1
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) is uniquely defined by v and a continuous function of v:
Let A € R that satisfies (@4).

We have 1 3™ | ReLU ((¢*)’ (B(v; + A))) = 1. So there exists at least one index iy such that

ReLU ((¢")" (B(vi, +A))) = (¢") (B(vi, + X)) > 1
Since (¢*) ! is continuous and striclty increasing, ' — ReLU ((¢*)" (8(vs, + X'))) is continuous
and strictly increasing on a neighborhood of \.

In addition ReLU is continuous and increasing, so for all ¢ € {1,...,n}, X —
ReLU ((¢*)" (B(v; + X'))) is a continuous and increasing function.

Asaresult, \' — 25" ReLU ((¢*)" (B(v; + \'))) is a continuous function that is increasing on
R, and strictly increasing on a neighborhood of .

This implies that A is uniquely defined by v, and that v — A(v) is continuous.

Hard Example Mining Sampling:

n

For any pseudo loss vector v = (v;),_; € R", there exists a unique A and a unique p that satisfies
(#4), so we can define the mapping:

p: R"—= A,
_ (45)
v = p(v; A(v))
where for all v, A\(v) is the unique A € R satisfying (@4).
We will now demonstrate that each p;, (v) for ig € {1,...,n} is an increasing function of v; and a

decreasing function of the v; for 7 # iy. Without loss of generality we assume i = 1.
Letv = (v;);—, € R", and € > 0.
Let us define o' = (v})!_, € R™, such that v{ = vy +eand Vi € {2,...,n}, v; = v,.

Similarly as in the proof of the uniqueness of A above, we can show that there exists 7 > 0 such that
the function

F:MNes % Z ReLU ((¢*)" (B(v; + X))

is continuous and strictly increasing on [A(v) — 0, A(v) + 1], and F(A(v)) = 1.
v — A(v) is continuous, so for € small enough A(v') € [A(v) — 1, A(v) + 7]

Let us now prove by contradiction that A(v’) < A(v). Therefore, let us assume that A(v') > A(v).
Then, as ReLU o (¢*)" is an increasing function and F s strictly increasing on [A(v) — 1, A(v) + 1],
and € > 0 we obtain

1= %ZReLU ((¢*) (B, + A@))))

> %ZReLU ((¢7) (Bvi + A(W)))

> F(A(V'))
> F(A(v))
> 1
which is a contradiction. As a result
A(') < A(v) (46)
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Using (@6), @), and the fact that ReLU o (¢*)" is an increasing function, we obtain for all i €
{2,...,n}

Pi(v') = SReLU (6% (B(0} + M)
= TReLU ((6) (B(ui + A())))

(47)
< %ReLU ((¢") (Bvi + A(v))))
< pi(v)
In addition n n
S ) =1=3 piw)
So necessarily . h
pi(v') > pa(v) “%)

This holds for any ¢y and any v, which concludes the proof.

D.6 PROOF THAT R o £ IS ONE-SIDED GRADIENT LIPCHITZ

This property that R o £ is one-sided gradient Lipschitz is a key element for the proof of the semi-
smoothness theorem for the distributionally robust loss Theorem [D.T]

Under assumptlon . we have shown that R* is ——gradlent Lipchitz continuous. And under as-
sumption|B.2] for all 1, L; is C(L£)-Lipschitz continuous and C(V L£)-gradient Lipschitz continuous.

Let z = ()", 2 = (2/), € R,

We want to show that R o L is one-sided gradient Lipschitz, i.e. we want to prove the existence of a
constant C' > 0, independent to z and 2/, such that:

(Vo(Ro L)(2) = Va(Ro L)(2'),2—2') < Cllz — |
‘We have

i=1
Where for all ¢ € {1,...,n} we have used the chain rule
8R*
Ve, (Ro L) Z 2)V= £(z) = Pi(£(2)) V-, £(2)

Let
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For all i, £; is C(V L)-gradient Lipchitz continuous, so using Cauchy-Schwarz inequality
ASY OOz - = (VL) = - 2 (50)
i=1
Let
B =

> BilL(2) = PilL(EN) (Va £(27), 21 = 2)
i=1

Using the triangular inequality:

B < |30 (L) - pi(£E)) (£z) - £(:)
|30 BiL()) = L)) (L) + (T, L2021 — 2) = £(z4)
< (V(RY)(L(2)) = V(R)(E(), £(2) ~ £(2)
n (5D

< 2 1) - e + 2552 -2
5C(£)2 2
< (np +c<vc>) == 2|

Combining (@9), (30) and (51)) we finally obtain:

pC(L)

(V.(RoL)(z) = V.(RoL)(Z),z—2") < ( ” +2C(V £)> |z — z’||2 (52)

From there, we can obtain the following inequality that will be used for the proof of the semi-
smoothness property in Theorem [D.T}

R(L(2")) = R(L(2)) = (Vz(Ro L)(2), 2 — 2)

- /t (Vo(RoL)(z+t(z' —2)) = Vo(Ro L)(2),2" — 2)dt (53)

=0

C(L)?
< % (5 n<p) +20(V£)> lz — 2|”

D.7 PROOF OF THE CONVERGENCE OF ROBUST SGD

In this part, we prove the results of Therem [B.1]and [B.2}

They are generalizations of the convergence result for SGD presented in Theorem 2 of (Allen-Zhu
et al.l[2019).

For the ease of reading the proof, we remind here the chain rules for the distributionally robust loss

() that we are going to use intensively in the following proofs.

Chain rule for the derivative of R o £ with respect to the network outputs h:

V(R o L)(1(8)) = (Vi,(Ro L)(h(0)));—,

Vie{L..n}, Va(RoL)(A(6) =Y gjj(z(h(emvm £(h;(0)) (54)

Jj=1

= pi(L(1(8)))Va, L(hi(6))

7

21
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Chain rule for the derivative of R o L oh with respect to the network parameters 0:

Vo(RoLoh)(6) = Vohi(8)Vi,(Ro £)(h(6))

-

©
I
—

[
NE

pi(L(1(0)))Vehi(8)Vh, {%(hz‘(g)) (55)

1

.
Il

-

Pi(L(1(0))Vo(£ ohy)(6))

s
Il
N

where for all i € {1,...n}, Vyh;(0) is the transpose of the Jacobian matrix of h; as a function of

0.

D.7.1 SEMI-SMOOTHNESS PROPERTY FOR THE DISTRIBUTIONALLY ROBUST LOSS

We prove the following lemma which is a generalization of Theorem 4 in (Allen-Zhu et al.l [2019)
for the distributionally robust loss (9).

Theorem D.1 (Semi-smoothness of the Distributionally Robust Loss).
Letw € [Q (Wﬁgg/z(m)) ,O (ﬁﬁm))] and the 0©) being initialized randomly as de-
scribed in assumption With probability as least 1 — exp (—Q(mw?/2L)) over the initialization,
we have for all 6,0' € (R™*™)" yith 16 — 0O, <w, and |6 — 6'||, <w

R(L(N(0)) < R(L(1(0)) + (Vo(Ro Loh)(6),0" —6)

mlog(m)

o' -6

Lo ((W + ZC(V,C)) ”L2m> o' - 0|2 .

2,1/
T [Va(Ro L)(R(O))]5, O (L :

d

where for all layer [ € {1,..., L}, 6; is the vector of parameters for layer [, and

16 = 6, . = max 6] — i,

2
2 2 2
10017 = (s 05~ 0113) = max0f — 0

IVa(R 0 L)(A(O))llzy = D Vi (R0 L)(1(8))]

=1

n ’
=1

Pi(L(1(8))) Vi, £(hi(9)) H2 (chain rule (5))

To compare this semi-smoothness result to the one in (Allen-Zhu et al.l 2019, Theorem 4), let us
first remark that

IVi(R o L)(1(0)]ly < VR l[Vi(R o L)(1(8))ly,

As a result, our result is analogous to (Allen-Zhu et al., 2019, Theorem 4), up to an additional
2
BCE) | o (V /.Z)) in the last term of the right-hand side. It is worth noting

np
that there is also implicitly an additional multiplicative factor C(V L) in Theorem 3 of (Allen-Zhu
et al.l 2019) since (Allen-Zhu et al., 2019) make the assumption that C(V £) = 1 (see |Allen-Zhu
et al.,|2019, Appendix A).

Let 0,0’ € (Rme)L verifying the conditions of Theorem
Let A = R(L(h(0")) — R(L(h(6)) — (Vo(Ro Loh)(6),0" — 0) , the quantity we want to bound.

multiplicative factor (

22
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Using (53)) for z = h(0) and 2’ = h(0’), we obtain

2
a3 (L 20w o) i) - o)
T (Va(Ro £)(h(6)), h(8') — h(8)) o7
— (Vo(Ro Loh)(8),6' — 6)
Then using the chain rule (53))
2
Ay (FUE e o) o) - no)l:
(58)

+ > (Vi (Ro L)(h(8)), hi(8') — hi(0) — (Vehi(6))" (6" - 6))

IvE

i=1

Forall i € {1,...,n}, let us denote loss; := Vj,(R o £)(h(8)) to match the notations used in
(Allen-Zhu et al., [2019) for the derivative of the loss with respect to the output of the network for
example i of the training set.

With this notation, we obtain exactly equation (11.3) in (Allen-Zhu et al.,2019) up to the multiplica-
2
tive factor (% +20(V L)) for the distributionally robust loss.

From there the proof of Theorem 4 in (Allen-Zhu et al.,|2019) being independent to the formula for
loss;, we can conclude the proof of our Theorem (as in|Allen-Zhu et al.} 2019, Appendix A).

D.7.2 GRADIENT BOUNDS FOR THE DISTRIBUTIONALLY ROBUST LOSS

We prove the following lemma which is a generalization of Theorem 3 in (Allen-Zhu et al., [2019)
for the distributionally robust loss (9).

Theorem D.2 (Gradient Bounds for the Distributionally Robust Loss).

Let w € O (Wﬁ;g(m)) and 0 being initialized randomly as described in assump-

tion With probability as least 1 — exp (—Q(mw?3/2L)) over the initialization, we have for
all @ € (R™™)" with |6 — 00|, < w
Vie{l,...,n}, Vle{l,...,L}, VL e R"

N 2 N
;ls,;(c)v@l(goh,;)(a)H2 go(d ] (L)Y H >
Vie{l,...,L}, VL€ R"
2 n , (59)
<0 <”;" Bi(L)Vn, L(h (0)>H2>
2 i=1

2>Q<gg D)V H)

It is worth noting that the loss vector L used for computing the robust probabilities ]3(2:) =
(ﬁi(ﬁ)) does not have to be equal to L(h(8)).
i=1

sz L£)Ve, (L oh:)(8)

i=1

We will use this for the proof of the Robust SGD with stale loss history.
The adaptation of the proof of Theorem 3 in (Allen-Zhu et al., [2019) is straightforward.

Let 0 (Rme)L satisfying the conditions of Theorem and £ € R".

23
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Let us denote v := (pi(Z)vh,i Li(h; (0))) , applying the proof of Theorem 3 in (Allen-Zhu et al.,
i=1
2019) to our v gives:

Vie{l,....n}, Vie{l,...,L},
_ 2 m
p(eVagono) <o (%]

vie{l,...,L}, VL e R"

pi(L)Vn, §(hi(g))Hz)

<0 (”;" > i), 201 <9>>HZ>

s (% Jpiren o[

s (e, cou@))[) = 13- e

This allows us to conclude the proof of our Theorem [D.2]

S~ Bi(L) Ve, (Loh:)(6)

=1

sz )V, (Lohi)(6)

In addition

2

£(hi(0))|

2

D.7.3 CONVERGENCE OF ROBUST SGD WITH EXACT LOSS HISTORY

We can now prove Theorem [B.1]
Theorem D.3 (Convergence of Robust SGD with exact Loss History — Restated from Theorem|B.IJ).
Suppose batch size 1 < b < n, number of hidden units m > Q(de=* x poly(n, L,571)), and § >

1 . _ 2 bdd
O (Z) Let € > 0, and the learning rate be Negqer = © <BC(£)2T2L¢LppC(VL) ETICNATATTS (m))

with probability at least 1 — exp (—Q(log2 (m))) over the randomness of the initialization and the
mini-batches, Robust SGD with exact loss vector finds |[Vg(R o f o h)(0)| < eafterT = O (née )
iterations.

Similarly to the proof of the convergence of SGD for the mean loss @) (Theorem 2 in (Allen-Zhu
et al] [2019)), the convergence of SGD for the distributionally robust loss (9) will mainly rely on
the semi-smoothness property (Theorem [D.T)) and the gradient bound (Theorem [D.2)) that we have
proved previously for the distributionally robust loss.

Let 8 € (Rmxm) satisfying the conditions of Theorem [B.1} and L be the exact loss history at 0,
ie.

L= (o)) (60)

K2

For the batch size b € {1,...,n}, let S = {i; }?:1 a batch of indices drawn from 7(£) without
replacement, i.e.

Vie{1,...b}, i; & p(L) (61)

Let 0’ € (Rmxm)L be the values of the parameters after a stochastic gradient descent step at 6 for
the batch S, i.e.

6/ =007 > Vo(Loh)(O) (©2)

i€S

where 1 > 0 is the learning rate.
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Assuming that 6 and 0’ satisfies the conditions of Theorem|D.1} we obtain

R(L(H(@)) <R(L(O)) ~n(Vo(Ro Loh)B), 3 3 Vo(Lohi)(0))
€S

2W1/ m 10
+n¢ﬁ||vh<Ro£><h<e>>||2,2o(L "Vmlog(m )

Vd
+ 720 ((Bcn(p> +2C(V£)> nl” m)

ZVg/.Zoh

ZGS

2,00
2

ng EOh

ZES

2,00
(63)
where we refer to (33)) for the form of Vg(Ro L oh)(8) and to (54) for the form of Vj,(Ro L) (h(8)).

In addition, we make the assumption that for the set of values of 6 considered the hardness weighted
sampling probabilities admit an upper-bound

o= mein min p;(L£(0)) > 0 (64)

Which is always satisfied under assumption for Kullback-Leibler ¢-divergence, and for any
¢-divergence satisfying assumption [3.1] with a robustness parameter 5 small enough.

Let Eg be the expectation with respect to S. Applying Eg to (63), we obtain
Es [R(L(n(0"))]
<R(L(h(6)) 1 [[Vo(Ro Loh)(B)[3,

nL?w'/3\/mlo
+n HV}L(RO‘C)(}]’(O))HQ,QO ( & 3W> \lzma"

\/a
+n*0 ((BCn(;) +2C(V L) )

“)a Zmax

(65)
where we have used the following results:
e For any integer k > 1, and all (a;)_, € (R¥)", we have (see the proof in|D.7.4)
Z a; 5(2) [a;] (66)
ZES

e Using (66) for (a;);—, = (Vo(Lioh;)(0));_,, and the chain rule (33)
1
Es [b > va(gon) ] sz )Vo(Lohi)(8) = Vo(RoLo)(B) (67
e Using the triangular inequality

S Valeon)©®) <33 |Vacono), (©8)
ics 2,00 i€s ’
And using (66) for (a;);_, = (||V9(Ci Ohi)(e)”z,oo)j:l’
s [ 1" VoL on)0) ] W] LA
ies 2,00 1=1 '
<Y max|Vo it cono)]| @)
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where we have used Cauchy-Schwarz inequality for the last inequality.
e Using (68) and the convexity of the function z +— 22

H ng (Loh;) 0)
And using (66) for (a;);_; = <||Vg(£i ohi)(0)||§7oo> o,

=1
. 2
3 Z Ve(g oh;)()
i€S

bZHVg (Lohy) H N (70)

2,00 €S

2

< iﬁi(ﬁ) HV9(§°’“)(0)H2,OO
<y L

1
i=1 pi(ﬁ)

< =~ Zmlax HVQ, (pz('&)'gohz)(a)u

max [V, pz(ﬁ)gohi)(ﬁ)Hz (71)

2

2

Important Remark: It is worth noting the apparition of « (64)) in (7T)). If we Were using a uniform
sampling as for ERM (i.e. for DRO in the limit 3 — 0), we would have & = --. So although our
inequality (71) may seem brutal, it is consistent with equation (13.2) in (Allen- Zhu etal.2019) and
the correspondlng inequality in the case of ERM.

The rest of the proof of convergence will consist in proving that 7 || Vg (R o £ oh)(0) ng dominates

the two last terms in @I} As a result, we can already state that either the robustness parameter 3,
or the learning rate 1 will have to be small enough to control a. This is consistent with what we
observed in our experiments.

Indeed, combining (63)) with the chain rule (53), and the gradient bound Theorem[D.2] where we use
our £ defined in (60)

Es [RC(h(6'))] < R(L(H(6)) - © (ZZ”) ‘

’ 2

(hs())|

00 <nL2w1/3\/amlog(m)> ([)Z‘
+n20<(ﬂ(’;(§)2+20(v,6)) nl” m) ( )

< r(e(no) - o (15 ) 3 |m@iwn, £
i=1

2

2

Pi(L)Vn, £ zw))H?

L)V, £0(6)||

2

hz-(e))H

2

2 1/3 ’m =
o T ) o
- (72)
where we have used 2
K= 20 o) =

There are only two differences with equation (13.2) in (Allen-Zhu et al.,|2019):

e in the last fraction we have n/« instead of n? (see remark for more details), and an
additional multiplicative term K. So in total, this term differs by a multiplicative factor %*
from the analogous term in the proof of (Allen-Zhu et al.,2019).

. 2
e we have > ., ’f)i(ﬁ)vhi L’i(hi(e))H instead of F(W (). In fact they are analogous
2

since in equation (13.2) in (Allen-Zhu et al., 2019), F(W(t)) is the squared norm of the

26



Under review as a conference paper at ICLR 2020

mean loss for the L? loss. We don’t make such a strong assumption on the choice of £ (see
assumption . It is worth noting that the same analogy is used in (Allen-Zhu et al., 2019}
Appendix A) where they extend their result to the mean loss with other objective function
than the L? loss.

Our choice of learning rate in Theorem [B.2]can be rewritten as

. _o ( an?p " béd )
Jewact BC(L)2+2npC(V L) poly(n, Lym log?(m)
_o (an " bid ) (74)
2
K™ poly(n, Lym log?(m)
<y
Sx n
And we also have
nemact S 77/ (75)

where 7’ is the learning rate chosen in the proof of Theorem 2 in (Allen-Zhu et al.l[2019). We refer
the reader to (Allen-Zhu et al.| 2019) for the details of the constant in ”©” and the exact form of the
polynom poly(n, L).

As a result, for 7 = negqct, the term €2 (27;25 ) dominates the other term of the right-hand side of

inequality as in the proof of Theorem 2 in (Allen-Zhu et al. [2019).

This implies that the conditions of Theorem are satisfied for all @), and that we have for all
iteration t > 0

[reewe )] < mewe) - o (32) S [a@wi, coen]) as

%

Eg

i=1

And using a result in Appendix A of (Allen-Zhu et al., 2019), since under assumption the
distributionally robust loss is non-convex and bounded, we obtain for all ¢’ > 0

dn?
ol 7o (G
th(Roﬁ)(h(O N, << it 7=0 (n5m6,2> (77)
where according to (54)
n N 2
|Vao o)™ = |5(2) V0, £(hi0D))] (78)
2,2 =1 7 2
However, we are interested in a bound on ||[Vg(Ro £Oh)(0(T))H 5o Tather than
[Vh(Ro c)(h(0<T>))||272.
Using the gradient bound of Theorem [D.2]and the chain rules (53) and (54)
L
[Votro cony@™)| < er /=5 [Vutro Lyme™))| (79)

where ¢; > 0 is the constant hidden in O (\ / %)

. | d :
So with ¢ = i\ Tmn €& We finally obtain

frane oo, </ B2 i oo

Lmn , (80)
< c1yf €

<e€

dn? dn® Lmn Ln3
T=0(——7]= —5 )= I
¢ <n5me’2> X (n5m de? ) X (77562) e

which concludes the proof.

If
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D.7.4 PROOF OF TECHNICAL LEMMA 1

For any integer k¥ > 1, and all (a;);_, € (Rk)", we have

Esl})z] 5 (pr))iz

ies 1<iy,...,ip<n

(82)

D.8 CONVERGENCE OF ROBUST SGD WITH STALE L0OSS HISTORY

The proof of the convergence of Algorithm {.T] under the conditions of Theorem [B.2] follows the
same structure as the proof of the convergence of Robust SGD with exact loss history We
will reuse the intermediate results of when possible and focus on the differences between the
two proofs due to the inexactness of the loss history.

Let an iteration number ¢, so that the warm-up of Algorithm[@.1]is already over at ¢.

Let () ¢ (Rme)L the parameters of the deep neural network at iteration ¢.

We define the stale loss history at iteration ¢ as
A n
£ = (£(hi(e" ) (83)
i i=1
where for all 4, ¢;(¢) < t corresponds to the latest iteration before ¢ at which the loss for example 4

has been updated. Or equivalently, it corresponds to the last iteration before ¢ when example ¢ was
drawn to be part of a mini-batch.

Thanks to the warm-up stage of Algorithm 4.1} it is guaranteed that the loss value of every example
has been computed at least once before we start using the adaptive sampling. As a result, for all

iteration after the warm-up, the stale loss history L is well defined.

We also define the exact loss history that is unknown in Algorithm[.1] as

L= (ci(6™))" (84

(3

Remark on the warm-up stage of Algorithm[d.1I; The iterations performed during the warm-up
stage amounts to classic SGD to minimize the mean loss [@). As a result, the convergence results of
(Allen-Zhu et al.| 2019, Theorem 2) apply during the warm-up. This guarantees that the condition on
0 of Theorem [B.2|remains satisfied during the warm-up if it was satisfied by the initial parameters.
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Similarly to (62)) we define

1
01T =9 — 5= " Vg(Lohs) (") (85)
b 4 i
i€S
and using Theorem [D.T] similarly to (63), we obtain
RIE((OCD)) SRIEGBOY)) — (To(Ro Loh)(0), 3 S To(£oh,)(0?)

ZGS

+nth<Roc><h<e<t>>>H120(mw m10g<m>>

5> Ve(Leh)(6)

\/E €S 2,00
8C(L)?2 nL?m ’
20 <( +2C(v.c)> ) ng (L ohy) (D)
np 165 2,00
(86)
We can still define « as in (64)
a= mein min p; (£(0)) >0 (87)
where we are guaranteed that o > 0 under assumptions[B.T]
Since Theorem is independent to the choice of L, taking the expectation with respect to S,
similarly to (72)), we obtain
Es [R(c(h((a(”l)))} < R(L(W(OD)) — (Ve (R o L£oh)(6D) Z L)Vo(£ohi)(8)))
L2w'/3\/nm log(m 2
+1|[VaR o £)(h(OV))| 0< Lihi(00))|
1,2 Vd 2
2 BO(L)? nL2 (t)
+ 120 ((np +20(V L) o= ) hi(0 ))H2

(88)

where the differences with respect to comes from the fact that £ is not the exact loss history
here, i.e. £ # L, which leads to

hc

Vo(Ro Loh)(0) = pi(L)Ve(L oh:)(8)))

(89)

And

(90)

2

Let

3/2 1052
K = o)A £y o | —LBEm losT(m) 1)
anl/2pd3/2blog (1%)

Where C(L£) > 0 is a constant such that £ is C(L£)-Lipschitz continuous, and A(V L) > 0 is a
constant that bound the gradient of £ with respect to its input.
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C(L) and A(V L) are guaranteed to exist under assumptions
We can prove that, with probability at least 1 — exp (—€2 (log?(m))),

e according to lemma[D.8.]|

#E) = D), = | 3 ()~ (D)) < nakc” @)

e according to lemma[D.82]

(Vo(Ro Lon)(0") = > pi(L)Ve(Lohi)(0)). ) pi(L)Voe(L ohi>(0<t>))>|

93)
2

Pi(£)Vo(£ohi)(61)|

2

e according to lemma[D.83|

n

|vn@o L)), < (Vi +nK') J >

i=1

R(L)Vo(Lon) )] %

Combining those three inequalities with (88) we obtain

Es [R(L(A(OU))] = R(L(h(6)) <

-0 (7”5> L0 (nL2mw1/3m>] En:‘

2
dn d P

o (KPP (1)) 5

2

n

L)V, £(i(8)|

2

2

B(L)Vi, £(hs(6)|

2

95)
One can see that compared to (72)), there is only the additional term (1 + %) K’
Using our choice of 7,
0
1 = MNstale S @) (Tmnexact> (96)
where 7)czqct 1 the learning rate of Theorem@ we have
nmo 2 m ’
0 >0 (n? (1+2) K) 97
( in? ) =20 {1+ o7
As aresult, n? (1 + %) K’ is dominated by the term (Z’;}f )

In addition, since 7s¢are < Nezact> 2 (Z’;’Zf ) still dominates also the ther terms as in the proof of

Theorem [B.1]

As a consequence, we obtain as in (76) that for any iteration ¢ > 0 (after the end of the warm-up)

Es, [R(£(n(OCV)] < RLBOD)) -2 (’Zl’;‘f ) S |l5(2)v, g(hi(e@)))uz (98)
i=1

This concludes the proof using the same arguments as in the end of the proof of Theorem|[B.T|starting

from (76).
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D.8.1 PROOF OF TECHNICAL LEMMA 2

Using Lemmal4.2]and Lemma#.T| we obtain
0 ) ,

I
<
S
=
D>

|
<
<
=3
D(

99)

IN
|

Using assumptions [B.2]and (Allen-Zhu et al.| 2019, Claim 11.2)

(L) —B(L)

np i=1

np

< 5c<c>0<h>¢ D[l - o], (100
=1

BLm 1/2
<Cwo ( npd!/? ) \JZ Hg(t) — ol (t))H

Where C'(L) is the constant of Lipschitz continuity of the per-example loss £ (see assumptions [B.2)
and C'(h) is the constant of Lipschitz continuity of the deep neural network h with respect to its
parameters 6.

By developing the recurrence formula of ) (83)), we obtain

2

ﬁLml/Z n ‘ t—1 77 . .
’2 < C(L)O ( Z ot (1) — Z ) Z Vol ,Coh DO | — o)

1/2
npd =1 r=ti(t)  jES,

BLm!/? ~ 1
< =)D E ) h;) (0
= nCLo ( npd'/2 i=1 ||r=t:(t) b jes vl EO :

(L) —H(L)

2,2

= 2,2

Let A(V L) a bound on the gradient of the per-example loss function. Using Theorem and the
chain rule

vj, V1 Hve(c,o h;)(0))
J

< AV L)O (%) (101)

2,2

And using the triangular inequality

Z ngcoh (67) Z Z

T=t;(t) jGS' 99 T=ti(t) jGS'

Gl (102)

< 3 AvLo (%)

T=t;(t)

<AV L)0 () (t =)

‘Vg (Lohj) 9 )

2,2

As a result, we obtain

(103)

. y m3/2
B(E) - (L) “)

npd3/2

|, <nC0AV £)0 (

For all 7 and for any 7 the probability that the sample ¢ is not in batch S is lesser than (1 — a)b.
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Therefore, for any &k > 1 and for any ¢,

P(t—t;(t) > k) < (1—a)* (104)

Fork > 10 < lzg((l)) ), we have (1 — a)™ < exp (— (log?(1m))), and thus with probability at
11—«

least 1 — exp (— (log®(m))),

2
v, t—tty <o | e m) (105)
blog (ﬁ)

As a result, we finally obtain that with probability at least 1 — exp (—Q (log2 (m))),

‘2 < nC(L)A(V L)O (%) VnO (M”f)))

3/2 2 (106)
< a0 BLm>/?log”(m)
anl/2pd3/2blog (%)
< nakK'’
D.8.2 PROOF OF TECHNICAL LEMMA 3
Let us first denote
A= |(Vg(Ro Loh)(61) Z L)Ve(Loh:)(0))) Z L)Ve(Loh; )(0“)))>‘
. =t =t (107)
= | (B(£) = (D)) V(L ohi) sz )Ve(Loh: >(0<t>)>>‘
i=1
Using Cauchy-Schwarz inequality
A= Z( (L) — ) (Vo (L oh:)(8")) Z L)Vo(Loh; )(0“>)>>|
=1 j=1
- 5 (108)
< o) - w2 Z(va (Coh,) Z E)Va(Loh;)(0 >>>>)
=1 7=1
Let
= (Vo(Lohi) Z L)V coh PICA) (109)
Using again Cauchy-Schwarz inequality
B< HV" (L oh;)(6M)) H E)Va(£oh;)(0) (110)
2,2
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As aresult, A becomes

. . n R n 2
A<l =), | m(DVa(£on) @) |3 |Va(Lon@@)|
j=1 2,2 i=1 ’
o L N L TR 2
< o2 - 5@0)|| | Yo (2)Vatcon) @) > =5 [(L)Ve(£on)0®))|
= j I = 2,2
2
Tila o noo
< ~||p(d) D), | Yo7 (B)Va(£ohy)(6))
=1 20
(111)
Using the triangular inequality, Theorem[D.2] and Lemma[D.8.1] we finally obtain
n 2
Mmoo .
A< o) = D), 3 25 (£)Vn, £, (69))
— 2.2
. =1 ) (112)
m = (7 ¢
< GK Y [ 00|
Jj=1 )
D.8.3 PROOF OF TECHNICAL LEMMA 4
We have
| o L BE)| = 55|V, £y (6))
j=1 2,2
=Y 5(L) ‘th L(h;(6)) (113)
=1 2,2
S (5i(L) — p;(L A
+Z< i 1 )) (D) 93, 200y (0)
j=1 p;(£) 2,2

|vairoopem)| < VA > (pj(ﬁ Ap“f")) S [s259s, 2ins00)
j=1 p;(£) j=1 / 2,2
(114)
Using Lemma[D.8.1]
(BB -BE)Y L
;( pi(L) ) < & [IPE) = 2LE) ‘2 (115)
<nK’
Therefore, we finally obtain
th(Roﬁ)(h(O“)))H < (\/ﬁ+nK’)JZ Pi(L)Vh, L(h; (D)) (116)
i=1 2,2
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