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Abstract

Achieving a balance between image quality (precision) and diversity (recall) is
a significant challenge in the domain of generative models. Current state-of-the-
art models primarily rely on optimizing heuristics, such as the Fréchet Inception
Distance. While recent developments have introduced principled methods for
evaluating precision and recall, they have yet to be successfully integrated into
the training of generative models. Our main contribution is a novel training
method for generative models, such as Generative Adversarial Networks and
Normalizing Flows, which explicitly optimizes a user-defined trade-off between
precision and recall. More precisely, we show that achieving a specified precision-
recall trade-off corresponds to minimizing a unique f-divergence from a family
we call the PR-divergences. Conversely, any f-divergence can be written as a
linear combination of PR-divergences and corresponds to a weighted precision-
recall trade-off. Through comprehensive evaluations, we show that our approach
improves the performance of existing state-of-the-art models like BigGAN in terms
of either precision or recall when tested on datasets such as ImageNet.

1 Introduction

Evaluation of generative models has always been a challenging task. The metric used must reflect
both the quality of the sample generated (precision) and how much the sample covers the targeted
probability distribution (recall). Inception Score (IS) or Fréchet Inception Distance (FID) have
been introduced and are now widely used by the community to select the best models. Typically,
these metrics are favored because they "correlate well with the visual fidelity of the samples" and
are "sensitive to both the addition of spurious modes as well as mode dropping" [44]. However as
pointed by Kynkddnniemi et al. [28], FID and IS group these two aspects into a single value without
a clear trade-off. Depending on the use-case, generative models might require a good precision
(high-resolution image and video generation, artistic synthesis, 3D model design) or a good recall
(data augmentation, drug discovery, anomaly detection). For that reason, a number of more principled
methods [9, 15, 28, 44, 47] have emerged to assess precision and recall (hereafter abbreviated by
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P&R) independently, however these methods cannot be optimized during training, because they are
not differentiable or because they are too computationally demanding.

To enhance either the precision or the recall of a particular model, an array of strategies and techniques
have been employed. Usually these techniques involve altering the latent distribution a posteriori (e.g.
truncation and temperature post-training). Other methods exists such as through rejection sampling,
boosting, or instance selection [3, 12, 13, 19, 23, 33, 49]. Although these approaches may utilize
proxies of P&R, they are not theoretically grounded in the principled methods of evaluating these
metrics, leaving their alignment with the foundational concepts of P&R unverified. This leads to the
following question.

Question 1: Is it possible to train a generative model that achieves a specified trade-off between
precision and recall?

In addition to this question, another of our goals is to understand existing generative models in
terms of P&R. Modern generative models, such as Generative Adversarial Networks (GANs) or
Normalizing Flows (NFs), are typically designed to minimize specific divergence measures. Given a
target distribution P and a set of parameterized distributions { Py|6 € @} a generative model aims to

find the best fit P = Py~ that minimizes a divergence between P and P. These divergences induce
different behaviors at convergence. For instance, optimizing the Kullback-Leibler (KL) divergence
tends to favor mass-covering models [35], contrasting with the mode-seeking behavior observed
with other generative models, leading to the infamous problem of mode collapse. Transitioning
from one divergence to another does indeed alter the model’s behavior in terms of precision and
recall, however, the implicit trade-offs made during the optimization of a general divergence remain
somewhat ambiguous. This motivates the following question.

Question 2: What precision-recall trade-off does an arbitrary f-divergence minimize?

In this paper, we bridge the gap between principled methods of P&R evaluation and controlling their
trade-off. In doing so, we address Questions 1 and 2 by making the following contributions:

* We show that achieving a specified precision-recall trade-off corresponds to minimizing a

particular f-divergence between P and p. Specifically, in Theorem 4.3 we give a family of
f-divergences (denoted by Dy i, A € [0, 00]) that are associated with various points along
the precision-recall curve of the generative model.

e We show that any arbitrary f-divergence can be written as a linear combination of f-
divergences from the D, ., family. This result makes explicit, the implicit precision-recall
trade-offs made by generative models that minimize an arbitrary f-divergence.

* We propose a novel approach to train or fine-tune a generative model on notoriously hard to
train f-divergences, with guarantees on divergences defined by the lipschitz constant of f.

* We use this approach to train models on a user specified trade-off between P&R by minimizing
D vy, for any given A. We specifically focus on GANs and NFs. For instance, Figure 1 shows
how our model performs under various settings of A. With a high A, we can train the model to
favor precision over recall and vice-versa.

» Through extensive experiments, we show that our approach enables effective model training
to minimize the PR-Divergence, particularly for fine-tuning pre-trained models, with a notable
impact from the choice of trade-off parameters A, while also demonstrating scalability with
larger dimensions and datasets.

2 Related works

Generative model evaluation metrics: IS or FID are widely adopted due to their ability to assess
visual fidelity and sensitivity to mode variations. However, these metrics fall short in providing a
trade-off between P&R. Principled approaches were introduced by Djolonga et al. [15] and Sajjadi
et al. [44], and later extended by Simon et al. [47], providing a definition P&R independently using
PR-Curves detailed in Section 3.3. We adopt this extended approach in our work. In image generative
modeling, the current consensus for P&R evaluation are two methods. First, the method presented
by Kynk&édnniemi et al. [28], which provides a simpler evaluation of P&R based on the estimation
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Figure 1: NFs - RealNVP [14] trained on 2D Gaussians. Fig. 1(a) to Fig. 1(c): models trained to
minimize D) .. Fig. 1(d) and Fig. 1(e): models trained to minimize Dky, and D,k7, respectively.
Samples drawn from the true distribution P are shown in black, samples drawn from the estimated

distribution P are shown in green and the log-likelihood of P is shown in blue (darker means higher
density). (a) A = 0.1, favors recall over precision. (b) A = 1, balanced precision vs. recall trade-off.
(c) A = 10, which favors precision over recall. As observed in [35], and demonstrated in Theorem 4.5,
the Dk, (1(d)) is mass covering and the D, k1, (1(e)) in mode-seeking. The corresponding PR-Curve
are presented in Figure 2(c).

of the support of the distribution using a k-NN algorithm, akin to the most recent work by Cheema
and Urner [9]. Second, a method introduced by [36], computing the Density (D) and the Coverage
(C) which account for local density and are robust to outliers in contrast to [28]. In natural language
processing, one popular method, MAUVE [41], consists of the area under PR-Curves defined by [15].
However, because of their mathematical foundation, these methods remain unsuitable for training
due to non-differentiability and high computational requirements.

Trade-offs and techniques in generative model: The challenge of balancing P&R in generative
model training has led to a variety of techniques. Methods for enhancing precision often involve
manipulating the latent distribution post-training, such as hard truncation [7, 24, 25, 46] or standard
deviation adjustment, also called soft truncation [27]. One can also use rejection sampling in the
image space [4, 50], in the latent space [23, 49], or in the dataset [13]. There are also numerous
strategies to prevent mode collapse and boost recall [8, 31, 32], gradient-boosting methods [12, 16, 19]
and mixture based latent models [6, 40]. However, it should be noted that these approaches lack a
foundation in the principled methods of P&R evaluation. This underscores the need for a theoretically
grounded approach to balance these crucial aspects in generative models, a gap that our current work
aims to address. Note also that all these methods can be applied to any model, and in particular to the
one trained using our proposed method.

Divergence training in generative models: Modern generative models, such as GANs and NFs,
often employ specific divergence measures for model optimization. With works such as Grover et al.
[20], Nowozin et al. [39], models can be trained with a variety of divergences such as f-divergence,
thus observing different results of P&R. Another notable work by Midgley et al. [34] proposed
training with a-Divergence, under the assumption of access to data density. The work of [29], closely
aligned with our approach, defines different orders of mode seeking and evaluates the corresponding
f-divergences at these levels. Although its methodology employs the training of f-GAN models on
simple datasets to illustrate the mode-seeking property, it does not offer the flexibility to establish a
user-defined trade-off. The implicit trade-offs made by these divergence measures is still a challenge:
the recent work of [48] shows the links between P&R and any DeGroot’s divergences.

3 Background

Notation: Throughout the paper, we use X C R? to refer to the input space and Z C R™ to the
latent space of the model we consider. We also denote P (X)) and P(Z) the set of all probability
measures over measurable subsets of X’ and Z respectively. P and P are consistently used to denote
the target and estimated distributions (both members of P(X)). We also assume that P and P share
the same support in X', and that they admit densities denoted by the corresponding lower case letters
p and D, respectively. Finally, for any function f € R — R, we define the convex conjugate (or
Fenchel transform) of f given by f*(¢) = sup,cp {tu — f(u)}.



3.1 f-divergences

Given a convex lower semi-continuous (l.s.c) function f : RT — R satisfying f(1) = 0, the
f-divergence between two probability distributions P and P is defined as follows.

Dy(PIP) = [ Ale)s (gﬁg) dz. M

Dy is invariant to an affine transformation in f i.e., Dy (P|P) = D+ (P||P) for fl(u) =
f(u) + e(u — 1) for any constant ¢ € R. Many well-known statistical divergences such as the
KL divergence (Dx1,), the reverse KL (D,k1,) or the Total Variation (Dyv) are f-divergences (see
Table 1). Importantly, any D; admits a dual variational form [37], with 7 denoting the set of all
measurable functions X — R:

Dy (P||P) = ;ggD?FI(PHP% where DY (P||P) = Exp [T(x)] — E, 5 [f*(T())]

We use T°P* € T to denote the function that achieves the supremum in (15).

Table 1: List of common f-divergences. The generator f is given with its Fenchel conjugate f*. The
optimal discriminator 7°P* is given to compute the likelihood ratio p(x)/p(x) = V f*(T°P'(x)).
Then f”(1/X)/A3 is given to compute the D as a combination of D) ., using Theorem 4.4.

DIVERGENCE NOTATION flu) IR0 TP () (/023
KL Dk ulogu exp(t — 1) 1+ log p(x)/p(x) 1/X2
REVERSE KL DKL —logu —1—log—t —p(x)p(x) 1/A
X2-PEARSON D, (u—1)2 t?/A+t 2 (p(x)p(x) — 1) 2/\3

3.2 Generative models

Generative Adversarial Networks (GANs): A GAN consists of two functions, generator G :
Z — X, discriminator T : X — R, as well as a prior distribution Q € P(Z) which is usually the
standard normal N(0,Z,,). The estimated data distribution Pg is the push-forward distribution of @
by G. In the original work of Goodfellow et al. [17], a specific Dy is used to optimize the divergence

between P and ﬁg. In this paper, we consider the more general framework of Nowozin et al. [39] that
can be used to train a GAN with any D/ by solving the following min-max optimization problem:

mén m%XD?}?l(PHJBG) = mGin m%xEmwp [T(x)] —E, p, [/ (T(x))], 3)

Normalizing Flows (NFs): An NF consists of an invertible function G : Z — X and a prior
distribution Q € P(Z). As for GANS, the estimated distribution Py is the push-forward of @ by G.
However, because G is invertible, it is possible to compute the density p(-) using a simple change
of variable formula, p(x) = ¢(G~!(z))| det Jacg-1(x)|, where det Jacg-1 () is the determinant
of the Jacobian matrix of G~! at «, and train the generator using the Dk, between P and ﬁp, or
equivalently, by maximizing the log-likelihood:

min DkL(P||Pg) = H(P) — max Eqp [log e ()] (4)

where H(P) is the continuous entropy of P. In practice, the generator function G is typically
represented by neural networks such as GLOW [27], RealNVP [42], or ResFlow [5, 10] for which
det Jacg—1 () is easy to compute. Grover et al. [20] showed that it is possible to train an NF using
most f-divergences. In practice, the log-likelihood is added to the min-max objective to stabilize
learning. This gives us the following optimization problem:

mén max D?}’T‘?I(PHﬁg) — YEg~p [log pa(x)], (5
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Figure 2: PR curves for two models P1 and P2 of P. Figure 2(a) shows Pl, P2 and P. Figure 2(b)
shows PR curves for P1, Pg against P. P1 has good recall since it covers both modes of P, but

low precision since it generates points between the modes. P2 has good precision since it does not
generate samples outside of P but low recall since it can generate samples from only one mode.
Figure 2(c) are the PR curves corresponding to Figure 1 and are detailed in Section 6.

3.3 Precision-Recall curve for generative models

Generative models are usually evaluated using a single criterion such as the IS [45] or the FID [21].
However, these criteria are unable to distinguish between the distinct failure modes of low precision
(i.e., failure to produce quality samples) and low recall (i.e., failure to cover all modes of P). The
following definition was introduced by Sajjadi et al. [44] and later extended by Simon et al. [47].

Definition 3.1 (PRD set, adapted from Simon et al. [47]). For P, Pe P(X), the P&R set PRD(P, ]3)
is defined as the set of pairs of precision o and recall  in Rt x RY such that there exist

u € P(X) for which P > Bu and P > ay. The precision -recall curve (or PR curve) is defined as
OPRD(P, P) = {(a, B) € PRD(P, P) | #(c/, B') with o' > v and ' > B}.

An equivalent definition of PRD(P, P) is found in Sajjadi et al. [44], where (o, 8) € PRD(P, P) if

P and P can be decomposed as in (6) for some common component x4 € P(X’) and complementary
components vp,vs € P(X).

P=oapu+ (1 —a)yvp and ﬁ:ﬂ,u+(lfﬂ)z/13. (6)

Simon et al. [47] show that the PR curve is parameterized by A € [0,+oc] as 9PRD(P, P) =
{aa(PIP), BA(PIP) | A € [0, +0c] b, with ax(P|P) = [, min (Ap(@), () dz and

Br(P|| P) = ax(P| P)/A. Here, X is called the trade-off parameter and can be used to adjust the
sensitivity to precision or recall.

An illustration of the PR curve is given in Flgure 2 for a target distribution P that i isa mixture of
two Gaussians and two candidate models P1 and P2 We can see on Fi gure 2 that P1 offers better

results for large values of A (with high sensitivity to precision) whereas Pg offers better results for
low values of A (with high sensitivity to recall).

4 Precision and Recall trade-off as an f-divergence

In this section, we formalize the link between P&R trade-off and f-divergences, and address Ques-
tion 2. We will exploit this link in Section 5 to train models that optimize a particular P&R trade-off.

4.1 Precision-Recall as an f-divergence

We start by introducing the PR-Divergence as follows.



Definition 4.1 (PR-divergence). Given a trade-off parameter A € [0,40c], the PR-divergence
(denoted by Dy ) is defined as Dy, for fx : R — R given by f(u) = max(Au, 1) — max(\, 1)
for X € R" and fy(u) = 0 for A = +o0.

Note that f) is continuous, convex, and satisfies f(1) = 0 for all A\. A graphical representation of
/> can be found in Appendix B.2. The following proposition gives some properties of D) _py.

Proposition 4.2 (Properties of the PR-Divergence).

* The Fenchel conjugate 5 of fx is defined on dom (f¥) = [0, \] and given by, {5 (t) =t/\
for X < 1and f5 (t) =t/A+ X\ — 1 otherwise.

e The optimal discriminator for the dual form is T°P*(x) = Asign {p(x)/p(x) — 1}.
¢ Dyu(P|IP) = XDy, (P| P).

Observe that Dy (P||P) # Daen(P||P) in general, but for A = 1, Dy (P||P) = Dyon(P||P) =
Drv(P||P)/2. Having defined the PR-divergence, we can now show that P&R w.r.t A can be
expressed as a function of the divergence between P and P.

Theorem 4.3 (P&R as a function of D). Given P, Pe P(X) and X € [0, 40|, the PR curve
OPRD(P, P) is related to the PR-divergence D (P||P) as follows.

ax(P| P) = min(1, \) — Deu( P P). (7)
Conversely, suppose that there exists a strictly decreasing linear function h : [0,1] — R and
an f-divergence Dy such that h(a(P|| P)) = Df(PHﬁ) for all P,P € P(X), then f(u) =
crfa(u) + c2(u —1).

A direct consequence of Theorem 4.3 is that minimizing D), is equivalent to maximizing a.
In a more explicit way, Theorem 4.3 suggests that D _,; is the only f-divergence (up to an affine
transformation) for which this property holds. This makes D), a uniquely suitable candidate
for training a generative model with a specific P&R trade-off. The proof of Theorem 4.3 is in
Appendix B.1

4.2 Relation between PR-divergences and other f-divergences

In the previous subsection, we showed that for each trade-off parameter )\, there exists a D), that
corresponds to optimizing for it. This raises the converse question of what trade-off is achieved by
optimizing for an arbitrary f-divergence. We answer this by showing in the following theorem that
any f-divergence can be expressed as a weighted sum of PR-divergences.

Theorem 4.4 ( f-divergence as weighted sums of PR-divergences). ! For any P, Pe P(X) supported
on all of X and any A € RT, withm = miny (p(x)/p(x)) and M = maxx (p(x)/p(x)):

PP = [ 5t (A) Da (PPN, ®)
As a sanity check, observe that the weights f/(1/))/A3 remain invariant under an affine transforma-
tion in f much like Dy.

Corollary 4.5 (Dk1, and D;k1, as an average of D)y ). The Dxr, Divergence and the D,x1, can be
written as a weighted average of PR-Divergence Dy .y, :

N M 4
PalPIP)= [

M

1 ~
—Dy(P||P)dX. (9)

Dan(PIP)AN, and Dac(PIP) = [

m

As we can see in this Corollary, both Dk, and D, k1, can be decomposed into a sum of PR-divergences
terms Dy, each weighted with 1/\2 and 1/ respectively. Note that if A < 1 then 1/\ > 1/\2,
and conversely, if A > 1. Dy, is thus associating more weights on recall than D;kr,. This explains
the mass covering behavior observed in NFs trained with Dky,. Comparatively, the D, k1, assigns
more weight to terms with a large lambda, leading to the mode seeking behavior empirically observed
with flows trained with the D, k1, [33]. However, as it will be observed in the Section 6, D, kr, is still
favoring low values of A. Other weights for other f-divergences are in Appendix A.1.

' An equivalent result can be found in Corollary 19 of [48]



5 Minimizing the Precision-Recall divergence

In this section, we address Question 1 by introducing a new method that can be used to optimize a
model with a specific precision-recall trade-off A. A first naive strategy to achieve this is to use the
f-GAN framework introduced by Nowozin et al. [39], and minimize the dual variational form of
D pr presented in Theorem 4.3. Together, this results in solving the min-max problem:

mén made“a1 L(P|P) = mCi:n max Eg~p [T(x)] —E_ 5 [fx(T(x))], (10)

where G and T are both represented using neural networks. In practice, this strategy would fail
because training a neural network with loss functions such as f7+; (or in this case f3) is notoriously
difficult due to vanishing gradients? that lead to poor training performance [20, 39]. Instead, training
neural networks on functions f* such as fy; or f;z,, results in much better empirical performance
[29, 39, 51].

To avoid these issues, we show how to train the discriminator using an auxiliary divergence (based on
a function g # f) to better estimate the target f-divergence. The main idea is to choose an auxiliary
g-divergence that is adequate for training 7' (e.g. Dx1, or D,2) and use it to compute the likelihood

ratio p(x) /p(x).

Because, at optimality, we have Vg*(T°P*(x)) = p(x)/p(x), we can then compute the f-divergence
as follows:

D,(PIP) = [ piw)s (’;Eg) da = [ Bla)f(Vy (17 @) (an

In practice, we do not have access to T°P*. Instead, we have a discriminator 7" trained to maximize
Dd‘“l At any time during training, we can estimate the f-divergence based on T using the primal
estlmate which we define as follows.

Definition 5.1 (Primal estimate Dp“mal) Let P,P € P(X). For any function T : X — R,
f:RY = R and g : Rt — R, we define the primal estimate Dp”mdl as follows.

Dy PIP) = [ B@)f (@) da, (12
wherer : X — R is given by, r(x) = Vg*(T(x)).

The success of this approach depends on how well r approximates p(x)/p(x), which depends on
T. We first show that the approximation error of r measured in terms of the Bregman divergence
[2] (also defined in Appendix A.2). It corresponds exactly to the approximation error of Dg“Tal, NY)

minimizing the latter will also minimize the former.

Theorem 5.2 (Error of the estimation of an f-divergence under the dual form.). For any discriminator
T:X = Randr(x)=V[f*(T(x)),

D,y(P|P) — D% (P|P) = E; [Bregg <r(sc), ggg)] . (13)

On the basis of this result, the quality of the approximation will crucially depend on Vg. We can

prlmal

show that if the auxiliary g is strongly convex, the error in the estimation of D is bounded:

Theorem 5.3 (Bound on the estimation of an f-divergence using an aux111ary g—divergence). Let
frg : R™ — R be such that g is u-strongly convex and f is o-Lipschitz. For the discriminator

T:X >R letr(xz)=Vg* (T(x)). Then

5 ua 5 rima. 5 2¢
D,y(P||P) — DI < ¢ = |Dy(P|P) - D}h 1<PHP>\SU./;

The explanation for this vanishing gradient phenomenon primarily relies on the fact that the optimal
discriminator for these functions is 7°*(z) = sign(p(x)/p(x) — 1). To approximate it, [39] recommends the
use of a fanh activation function that is known to induce vanishing gradients.




If T successfully maximizes Dd}?l, then the primal estimation converges to Dy. To implement this
approach, we propose the following simplified version of the algorithm: Repeat until convergence
these 3 steps:

1. Letzieal . gl ~ Pand zfke | glake o Py

2. Update the parameters of 7' by ascending the gradient

1 N rea N * ake
Ver = oV {SNT @) - 2, g" (TEH) }.
3. Update the parameters of GG by descending the gradient

Veg = VSN (Ve (Tal)) ).

This method closely parallels the GAN training procedure, with the key distinction that T and G
optimize objectives based on different f. In practice, our implementation uses a stochastic gradient
descent, fully detailed in Algorithm 1 in Appendix C.

6 Experiments

In this section, we employ the auxiliary loss approach outlined in Section 5 to train various models.

Specifically, we train NFs on 2D synthetic data, MNIST and FashionMNIST, while we train BigGAN
on CIFAR-10, CelebA64, ImageNet128, and FFHQ256. All models are tested in terms of IS and FID
with 50k samples, and on P&R with 10k samples using the method of Kynkdidnniemi et al. [28] with
k = 3 for MNIST and FashionMNIST and with k£ = 5 for CelebA64, ImageNet128 and FFHQ256.
Also, we test every model in terms of Density and Coverage [36] on 10k samples with & = 5. In this
paper, we present a selection of experimental results. For a comprehensive set of results, including
model parameters, optimizers, learning rates, and samples, please refer to Appendix D. We also
included in this Appendix a set of experiments run using the naive approach based on Equation 10,
thus showing that the discriminator fails to train as explained in Section 5. To ensure reproducibility,
our models and code are available on the GitHub repository of the project.

We show that: 1) the auxiliary loss approach effectively enables the training of a model to minimize
the PR-Divergence, 2) this method is suitable for fine-tuning pre-trained models, 3) the choice of
trade-off parameter A significantly influences the results on P&R, and finally, 4) our method scales
well with larger dimensions and datasets.

Normalizing Flows on synthetic data:  NFs are typically trained to minimize Dxy,, in addition
to their structural limitation [11, 52], resulting in good recall but poor precision. Prior work has
employed various techniques [27, 49] to improve model precision post-training, we use our method
to directly train the model on a given trade-off. We demonstrate our approach by training RealNVP
models on a 2D synthetic dataset using D) ., with various A values and using Dk, and D,k;, for
baseline comparison. As we can see in Figure 1, increasing A leads to an increase in precision in the
resulting models. Using our D) ., estimation, we compute the corresponding PR curves (Figure 2(c)).
The A = 0.1 model, while best at g 1, performs poorly at oy and ag, clearly demonstrating
the impact of maximizing «.This pattern across models validates the efficacy of our method in
minimizing the desired trade-off.

Using D1, vs D, 2 on MNIST and FashionMNIST: We now demonstrate that we can improve the
precision by directly minimizing the D, p; with the correct A using pre-trained GLOW models [27]
on both MNIST [54] and FashionMNIST [53]. Figure 3 and Figure 4 present the samples obtained.
First, we observe that while X increases, the visual quality improves, but the models focus on a few
modes only (0, 1, 7, 6, 9 for MNIST and "Trouser" for FashionMNIST). Then training with both Dk,
and D, k1, divergences aligns with our expectations: D, training leads to high recall, while D,kr,, to
higher precision. However, according to Corollary 4.5, Dk, still favors low A values; consequently,
our models trained with A > 0.1 demonstrate better precision than standard flow-GAN models.
Furthermore, we find that both auxiliary g functions ( fki, and f,2) used to train the discriminator T’
perform well. In practice, training with f,» proves to be more stable, particularly for FashionMNIST,
with results reported in Appendix D.3. For larger models, we use exclusively g = f,2.

*https://github.com/AlexVerine/PrecisionRecallBigGan
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Figure 3: Samples from NFs - GLOW trained on MNIST
(3(a) to 3(c)) and FashionMNIST (3(d) to 3(f)). Recall

decreases as precision increases for A between 0.1 and 10.
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Figure 4: Precision and Recall as a func-
tion on A for GLOW trained on MNIST
with T' trained with fxp, or f,2, and for
models trained Dk1,, D;k1, and MLE.

Training BigGAN on CIFAR-10 and CelebA64 Now we demonstrate that our method can also be
used to train large generative models. Our choice to adopt the BigGAN architecture [7] was informed
by several factors: its competitive performance close to state-of-the-art models; its versatility,
permitting diverse experimental explorations; and the fact that it is

publicly accessible, ensuring experiment reproducibility. We train Big-

GAN using both the baseline method (i.e., hinge loss) and our proposed 10 Recall
method on CIFAR-10 [1] and CelebA64 [30]. A notable observation el | 238 o
when training with different precision-recall trade-offs is the early elim- y T 3% 00
ination of modes from the target distribution at higher values of \. As “ ~
illustrated in Figure 5, models with low values of \ converge to achieve .

maximum recall, while those with A > 1 rapidly saturate to a lower 0z

recall value. A similar behavior can be observed for models trained on b
CelebA, as shown in Figure D.18. In Table 2, we present the quanti- Tterations

tative metrics (Precision, Recall, and FID) for the baseline BigGAN, Fig.u.re 5: Re.call during
the BigGAN models trained with varying trade-offs and the current  training of BigGAN op-
state-of-the-art models: EDM-G++ [26] for CIFAR-10 and ADM-IP  timizing different trade-
[38] for CelebA64. Employing our proposed method enables us to ad-  off on CIFAR-10. Mod-
just the trade-off, allowing us to train models that closely approach the els for high A saturates in
state-of-the-art recall and, for high )\, even outperform state-of-the-art ~ an early stage at decreas-

models in terms of precision.

ing values of recall.

Table 2: BigGAN trained with the vanilla approach [7] and with a variety of )\ using our approach on
CIFAR-10 and CelebA64. We compare our approach with hard truncation on the baseline model.
FID ({), Precision (1), Recall (1), Density (1) and Coverage (1) are reported. In bold, our best model
is highlighted and the state-of-the-art FID is marked with an exponent *.

MODEL CIFAR-10 32 x 32 CELEBA 64 x 64
FID P R D FID P R D C
BASELINE BIGGAN  13.37 8651 65.66 0.76 0.81 0.16 7841 51.42 089 0.48
HARD ¢ = 2.0 13.95 86.82 6358 0.77 0.79 10.60 80.81 48.21 0096 0.50
HARD 1) = 1.0 17.23 88.03 53.63 0.83 0.75 17.97 84.30 37.46 1.11 0.49
HARD 1) = 0.5 20.11 87.87 4498 0.83 0.70 25.70 83.70 2881 1.08 0.42
X =005 1329 81.10 7063 061 080 - - - - -
A=0.1 11.62 81.78 7458 0.66 0.83 - - - - -
A=02 13.36  84.85 65.13 0.74 0.82 879 83.37 44.07 1.09 0.54
A=05 1450 8327 6823 0.70 081 6.03 77.60 5598 0.88 0.50
A=1.0 14.03 83.04 6935 0.68 0.79 13.07 8170 36.85 1.00 0.47
A=20 16.94 84.93 59.79 0.75 0.78 1423 82.98 32.87 1.16 0.49
A=50 3254 83.39 56.94 0.68 0.73 2245 83.96 2581 1.21 0.43
A=10.0 39.69 84.11 3929 0.75 0.67 - - - - -
A =200 67.03 90.03 2181 098 056 - - - - -
DENSEFLOW [18] — 8890 6081 086 071 —  85.83 3822 117 0.82
ADM-IP [38] 3.25 80.67 83.65 0.65 0.87 1.53° 2342 6448 0.09 0.24
EDM G++ [26] 1.77° 7848 85.83 0.60 087 - - - - -

STYLEGAN-XL [46] 1.85 85.11 70.04 0.75 0.85 - - - - -




In every experiment, we compare our approach with traditional post-training techniques. In Table 2,
we give the results for the hard truncation (also called the truncation trick in [7]) of the latent
distribution @) for different ¢). We observe that this method enables to improve solely the precision
by trading off the recall; however, note that the truncation can be use in addition to our approach.

Fine-tuning BigGAN on Imagenet128 and FFHQ Finally, we apply our method to pre-trained
BigGAN models. To accomplish this, we implement a straightforward technique: initially, we train
the discriminator for a brief period, allowing the model to transition from the vanilla training objective
to the Dgual. This approach enables us to train BigGAN on large datasets such as ImageNet128
[43] and datasets with high dimensions such as FFHQ256 [24]. We compare our method with both
hard truncation and soft truncation (also denoted temperature in [27]). Both methods can be used
in addition to our approach. The metrics presented in Table 3 demonstrate that (1) we enhance
a given model’s precision (by +2.83%) or recall (by +1.17%) on ImageNet, thereby achieving
state-of-the-art precision, and (2) our method compromises less on the trade-off than truncation. For
instance, in FFHQ, for a similar precision improvement (~ +15.5%), recall is decreased by more
than 5% for truncation methods and only by 1.65% with our approach.

Table 3: BigGAN fine-tune with the vanilla approach [7] and with a variety of A using our approach
on ImageNet128 and FFHQ256. We compare our approach with hard truncation on the baseline
model. FID ({), Precision (1), Recall (1), Density (1) and Coverage (1) are reported. In bold, our
best model is highlighted and the state-of-the-art FID is marked with an exponent *.

MODEL IMAGENET 128 x 128 FFHQ 256 x 256
FID P R D C FID P R D C

BASELINE BIGGAN  9.83 28.04 41.21 0.14 0.17 41.41 65.57 10.17 0.52 0.47
SOFT ¢ = 0.7 11.39 23.04 31.13 0.11 0.15 56.43 76.59 487 0.70 041
SOFT ¢ = 0.5 15.49 20.20 19.83 0.10 0.14 82.05 84.48 158 0.89 0.32
HARD ¢ = 2.0 9.69 2583 39.89 0.13 0.18 4332 6884 866 0.58 0.47
HARD ¢ = 1.0 12.12 2186 3542 0.11 0.15 56.19 7644 476 0.75 044
HARD ¢ = 0.5 1521 21.13 2955 0.10 0.13 71.32 80.99 484 0.84 0.36
A=0.2 9.92  26.69 42.04 0.13 0.17 3566 7870 9.45 0.88 0.60
A=0.5 10.82 26.83 42.38 0.13 0.16 35.24 7841 9.66 0.89 0.60
A=1.0 2042 29.72 2821 0.15 0.15 3591 7895 832 090 0.57
A=20 20.21 30.27 3049 0.14 0.14 36.33 81.10 869 1.05 0.64
A=5.0 20.76 30.87 2838 0.15 0.15 3816 8431 852 1.15 0.63
ADM [22] 297 26.63 6854 0.14 0.16

STYLEGAN-XL [46] 1.81" 11.35 68.04 0.04 0.09 219" 7991 3879 0.86 0.73

7 Conclusion

In this paper, we present a novel method for training generative models using a new PR-divergence,
Dy pr- Our approach offers a unique advantage over existing methods as it allows for explicit control
of the precision-recall trade-off in generative models. By varying the trade-off parameter A, one
can train a variety of models ranging from mode seeking (high precision) to mode covering (high
recall), as well as more balanced models that may be more suitable for various applications. Through
extensive experiments, we demonstrate the validity of our method and show that it scales well with
larger dimensions and datasets. Our approach also provides insights into the implicit P&R trade-offs
made by models trained with other f-divergences. By introducing the D, .., divergence and providing
a systematic approach for training generative models based on user-specified trade-offs, we contribute
to the development of more customizable generative models. Our method currently applies to GANs
and NFs only, it is still unclear if a similar approach can be applied to trained diffusion models: a
promising work [26] uses a discriminator to refine diffusion models, and could be used to estimate
the Dy px.
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A Supplementary background

A.1 f-divergences

f-divergence between two probability distributions P and () over a common support X is defined as:
D(P|Q) = / a(@)f (p(m)) da, (14)
x q(x)

where p(x) and ¢(x) denote the densities of P and @, respectively, and f is a convex function such
that f(1) = 0. Any Dy admits a dual variational form [37], with 7 denoting the set of all measurable
functions X — R:

Ds(P|P) (Ep [T(2)] - Ep [f*(T(2))]) , (15)

= sup
TeT
The properties of f-divergence are as follows:

» Non-Negativity: For any two probability distributions P and P on X, we have D J (P||]3) >
0. The equality holds if and only if P = P.

* Convexity in f: If f(u) is a convex function, then D;(P ||]3) is convex in the input
distributions P and P.

* Non-Symmetry: Generally, f-divergence is not symmetric, i.e., Dy (P |P)#D f(]3||P)

* Linearity: f-divergence is linear in f, i.e., for any two convex functions f;(u) and fo(u),
and for any two real numbers a and b, the divergence Dy, yu 5, (P||P) = aDy, (P||P) +
bDy, (P[|P).

Specific choices of the function f in the f-divergence definition can yield various well-known
divergence measures. We will review some of them of the principal properties. For every divergence,
we report here the generator function f, its convex conjugate f*, the domain of the convex conjugate
dom( f*), the typical activation function used to ensure that T'(x) € dom(f*) and finally the optimal
discriminator T*.

Kullback Leibler:

¢ Notation: Dkr,,

* Generator Function: f(u) = ulog(u),

* Convex Conjugate domain: dom(f*) =R,
* Convex Conjugate: f*(t) = exp(t — 1),

* Activation: v — v,

* Optimal discriminator: 7*(x) = 1 + log (%).

Reverse Kullback Leibler:

¢ Notation: D,k1,,

* Generator Function: f(u) = —log(u),

* Convex Conjugate domain: dom(f*) =R,
» Convex Conjugate: f*(t) = —1 — log —t,

e Activation: v — —expuv,

* Optimal discriminator: T*(x) = —%.
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x? Pearson:

* Notation: D,z,

* Generator Function: f(u) = (u — 1)2,

* Convex Conjugate domain: dom(f*) = R,
 Convex Conjugate: f*(t) =t2/4 +t,

e Activation: v — v,

* Optimal discriminator: T*(x) = 2 (% — 1).

GAN:

¢ Notation: Dgan,

* Generator Function: f(u) = ulog(u) — (u + 1) log(u + 1),
 Convex Conjugate domain: dom(f*) =R™,

 Convex Conjugate: f*(t) = —log (1 — exp(t)),

* Activation: v — — exp — log (1 — exp(v)),

* Optimal discriminator: 7*(z) = log #ﬁg(m).

Total Variation:

¢ Notation: Drv,

* Generator Function: f(u) = |u — 1],

« Convex Conjugate domain: dom(f*) = [—1,1],
 Convex Conjugate: f*(t) = t,

* Activation: v — tanh(v),

+ Optimal discriminator: T* () = $sign (% - 1).

PR-Divergence:

¢ Notation: Dy_py for A > 0,

* Generator Function: f(u) = max(Au, 1) — max(A, 1),

» Convex Conjugate domain: dom(f*) = [0, A],

* Convex Conjugate: f3 (t) =t/Afor A < 1and f} (t) =t/ + X — 1 otherwise,

* Activation: v — Ao (v), where o is the sigmoid function,

* Optimal discriminator: 7% (x) = Asign (% - )

A.2 Bregman Divernce
The Bregman Divergence under a strictly convex function f : R®” — R with a continuously

differentiable interior, between two points « and y in the interior of the domain of f, is denoted by
Breg and is defined as:

Breg(z,y) = f(z) — f(y) = (VI (y),z —y)

where V f(y) is the gradient of f at y, and (., .) is the inner product in R™. It follows some properties
as a distance metrics:

» Non-Negativity: For any «, y in the interior of the domain of f, we have Breg f(ac7 y) > 0.
The equality holds if and only if x = y.
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* Convexity: The Bregman Divergence Breg;(z, y) is convex in its first argument. That is,
for any @1, @2, y in the interior of the domain of f and any ¢ € [0, 1], we have:

Breg(t@y + (1 — t)x2,y) < tBregs(z1,y) + (1 — t)Breg (@2,y)
* Non-Symmetry: Unlike some other distances or divergences, the Bregman Divergence is
not symmetric, meaning that in general, Breg ;(z, y) # Breg(y, ).

o Additivity: If f(x) = fi(x1) + - + fa(zq) where each f; is a convex function, then the
Bregman Divergence decomposes into a sum of Bregman Divergences, i.e., Breg,(x,y) =

Bregf1 (T1,91) + -+ Bregfd (Ta,Ya)-

» Taylor Approximation: Bregman Divergence is essentially the error of the first-order
Taylor approximation of f around the point y at the point .

* Connection with Dual Functions: If f is convex, then it has a convex conjugate (or dual
function) f*. The Bregman Divergence Breg ;(x,y) is related to the Bregman Divergence
Breg . (Vf(y), Vf(z)) between the gradients of f at z and y, where the gradient map
V f serves as a Legendre transformation between the primal and dual spaces.

B Proof and supplementary for Section 4

B.1 Proof for Theorem 4.3

We have to prove that a(\) can be written as a function of an f-divergence for any A € R™. First we
can develop the expression of a/(\):

N = [ min(p(a).5(z) de (16)

- /Xﬁ(m)min (Ag&’;@) dz (17)

For this integral to be considered as an f-divergence, we need f to be first convex lower semi-
continuous and then to satisfy f(1) = 0. However, for every a,b € R, the min satisfies min(a, b) =
a + b — max(a, b). Therefore,

a()) :/ ) {Ap(“’) 41 —max< A(m;, )} de (18)
)
()

p(e)
) 1) (19)

_)\/ d:]c—&—l—/max()\p(i

:)\+1—/ ﬁ(:v)max( )dw (20)
X

Thus, we can take f(u) = max(Au, 1) — max(A, 1) such that f(1) = 0. The precision becomes:

(A)—AH—/X (g;) max)\l/ 1)

= min(\, 1) — / ple)f( (A()> da = min(\, 1) — Dy (P, P). (22)
X p(x)

Consequently, a(\) can be written as a function of an f-divergence D), with f(u) = max (Au, 1)—

max (A, 1).

Now we prove the converse. Suppose there exists a strictly decreasing linear* function 4 : [0,1] —
R* and an f-divergence Dy such that h(ay(P|| P)) = Dy(P||P) forall P, P € P(X).

For P = P, we get from the definition of o that ax(P||P) = min(A, 1). Hence,
0 =Dy (P|P) = h(ar(P[|P)) = h(min(A, 1)).

*We omitted the critical constraint of & being linear in the original statement of the theorem in our submission
by mistake. We apologize for this oversight. We stress again that the first part of the Theorem, which is the most
important part, remains completely unaffected.
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Combining the above with the fact that h is a strictly decreasing linear function, we see that for any
fixed A, h must be of the form, h(u) = ¢)(min(\, 1) — u), where ¢) > 0 is a constant. Now,

Dy(P||P) = h(ax(P|| P)) = ex(min(A, 1) — ax(P|| P)) = exDawn(P||P),

where the last equality follows from the first part of the theorem, which shows that a;(P|| P) =
min(A, 1) — Dy_px (P]|P). Rewriting the above inequality, we get the following.

~ 1 ~ ~
DrelPIP) = —Ds(P|P) =D ; (P P).

By the uniqueness theorem of f-divergence f(u) = & fi(u) + c2(u — 1) for some constants
c1,c2 € R

B.2 Proof of Proposition 4.2

If the generator function f of the Precision-Recall Divergence is f(u) = max(Au, 1) — max(\, 1)
then its Fenchel conjugate function is:

ff®)= sup {tu— f(u)} =max(A, 1)+ sup {tu — max (Au,1)} (23)

uedom(f) u€ERT

If t > Aor A < 0, then the sup,cp+ {tu — max (Au, 1)} = oo for respectively v — oo and
u — —oo. The domain of f* is thus restricted to [0, A]. Thus for 0 < ¢ < A, the supremum is
obtained for u = 1/ since 0 is in the sub-differential of the function in 1/ as Figure 6(b).

fffff <1
A2=1
— As>1 tsA—1
= t/A-1
2 tA-1
s 8
S g
————— |
__________ 5
B t=A/10
0 t1=A2
—=+ t; =9A/10
1/A2 1 1/A3 0 /A
u u
(a) Function f(u) for different values of \. (b) Function v +— ut — max(Au, 1) for values of ¢

between 0 and .

Figure B.6: Graphical illustration of f) and f;. Both are piece-wise linear

Consequently the Fenchel conjugate of f is:

v [t/ if A <1,
Ve 0AL 1) = max(d, 1) + A -1 = {t/)\ — 14X otherwise. @4
Finally, the optimal discriminator 7°P* by taking the derivative of f in %, we get:
if 22) <
TOpt(.’B) _ Vf (lj\(m)) _ A df (@) = ]-/>\7 (25)
p(x) 0 otherwise.
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Then we can compute the compute the reverse Dy py:

Dy (P|P) = / p(x )fA< E i)dw (26)
/max Ap(x), p(x)) — p(x) max(\, 1) de 27
= ( max(p(x), p(x)/A)de — max(1, 1/)\)> (28)
X
= Dl p(z) — p(x) max x
= [ le) max(1, BEL/) — ) max(1,1/3)d 29)
N P®)\ 4z
— /X (@) fun <ﬁ(w) d (30)
=D, (P||P). (31)
With this results, we can show that :
Drv(PIP) = [ Io(w) = pla) da (32)
= [ max(p(z) — p(x),0) + max(p(x) — p(z),0)dz (33)

X

Then since Dy, (P||P) = [ max(p(z), p(z)) — p(z)dz = [, max(p(xz) — p(z),0)dx and
Dy.1n(P||P) = Dy.on(P||P), we have:

Drv(P||P) = Diow(P||P) + Dy (P|| P) (34)
= 2D (P||P). (35)

B.3 Proof of Theorem 5.2

From now on, assume the support of P and P coincide. For any T : X — R,
DY (P(|P) = By [d ()] — Bong [ (d ()]

= ZL:E) x)— f*(d(z
~Beng B0 () - £ (1)

Let T°P* € argsup Dd“al(P||}3). Forany T : X — R

D;(P|P) - D} (P|| P) = D (P|| P) — DR (P||P)

_Ap() Optw_ w_* optm * T
~ &5 (B8 (1 (a) - T(a)) - * (1 (@) + 1 (2(a)

It is known that for all z € X' we have V f*(T°P!(z)) = 2(2).

Dy (P||P) = DJ(P|IP) = Ep [Vf* (T ()) (T () - T(x)) - f* (T (x)) + f* (T(2))]

Recall that for any continuously differentiable strictly convex function f, the Bregman divergence of
fis Breg; (a,b) = f(a) — f(b) — (Vf(b),a — b). So we have

Dy (P||P) — DI%(P||P) = Ep [Breg,. (T'(x), T°"(x))]

Let us now use the following property: Breg; (a,b) = Breg;. (a*,b*) where a* = V f(a) and
=Vf(b).
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Dy (P||P) - D§!(P||P) = Ep [Breg; (Vf*(T(x)), V*(T°(2)))]

_E, [Bregf (Vf*(T(a:)% (m))]

x)

S

Let us define r (x) = V f*T'(x) as our estimator of p(x)/p(x). So finally, we have

)

~—

xr

=

DAPIP) - DEF(PIP) = 55 [Breg, (r(a), B2

~—

=)

B.4 Proof of Theorem 5.3

. 2
Now assume that f is p-strongly convex, then Breg(a,b) >  5la—0b[" If

Es {Bregf (r(m), %)] < eandif f is p-strongly convex, then
p(@)\*| _ 2¢
Es||r(x) - == < —. (36)
r ( (*) p(ﬂﬁ)) ] 1

Consider an arbitrary f-divergence Dg(PHJS) = Jg (d—li) dP. Define Dgf}mal(PH P) =
[ g (r()) dP. Then,

where (a) follows from the o-Lipschitz assumption on g, (b) follows from Jensen’s inequality and
finally, (c) follows from equation (36). s

B.5 Proof of Theorem 8

Let ¢ : Rt = R be a C? function and take i, and Umax. The goal is to express f (u) for all
U € [Umin, Umax] as a weighted average of f)l\)R:

l/um;n 1/un,;n
Vu € R, / N R (w)d) = / ' (A\) [max(\u, 1) — max (A, 1)]d\  (37)
1

/Umax 1/Umax
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First, let us assume that u,i, < 1 and up,.x > 1, then the terms can be decomposed and the integral
split to evaluate the max:

1/Umin 1/Umin 1/Umin
/ "N YR (u)d) = / ¢'(\) max(Au, 1)d\ — / d'(AN)max (A, 1)d\  (38)

1/umax 1/umax 1/umax

l/u 1/umm
— / ¢’ (\) max(Au, 1)d\ + / " (X) max(Au, 1)dA

1/umax 1/”

1 1/Umin
- / " (N) max (A, 1) dX — / " (A) max (A, 1) dA
1 1

/“max
(39)
1/u 1/Umin 1 1/Umin
- / ()X + / ¢ (M) Aud — / ()N — / ¢ (M)A,
1/Umax 1/u 1/Umax 1
(40)
By integrating by parts, we have: f 1/ e ONAN = [ (M)A 1§me f11//;n:: "(N)d so it
satisfies:
1/um]u 1/u 1 1/umm
/ ") YR (u)d) = / "N +u [c'(A)A]ljzm‘“ —u / d(\)dA 41)
1/Umax 1/Umax 1/u
1 1 1/Umin
- / ¢"(N)dA — [¢/ (WA 4 / ¢ (A)dx
1/umax 1
1/u 1/Umin Umin
= [N+l A = ufe(M)]} ) (42)
1 1/%Umin Umin
— [ O = [COONL ™+ [

c (1) e () e () () (1) e

+c'(0)—c'( ! ) ! +c’(1)x1+c<uiin>—c(1)

Umin Umin
(43)

- [Cl (%im) uim — ¢ (uiinﬂ (u—1) +uc (i) —c(1).  (44)

We would like fl/u‘“‘“ (N }\)R(u)d)\ to be equal to f between iy and umay. But since two
f-divergences generated by f and g are equals if there is a ¢ € R such that f(u) = g(u) + c(u —

1), the Divergence generated by [, L/ umin 1 (A) fPR(u)dA is equal to the divergence generated by

1/umax
uc (L) — ¢(1). Therefore, we require ¢ to satisfy:

Vau € [tmin, Uman],  f(1) = uc (i) — (1),

By differentiating with respect to u, we have:

) = Tim [N — 1oL
flu) = )\h_)n;c [ MAX=c(N)]+¢ (u ) (45)
And finally:
t) = e (A L A (LY L (L
Fiu) = UQC (u) + uQC (u) + u3c (u) (46)
= igc” <1> . (47)
u u
Consequently, with A = 1/u, we have that:
1 1
d'(\) = bl " (A) : (43)



With such a results, with m = min y ( E g) and M = maxy( Eg ), we can write any f-divergence

as:
D/(PIP) = [ f(o)f (;;Eg) d

/ ;f(i) [/X - )ER(?;F%M
[ %fﬂ (i) Dawa(P||P)

B.6 Proof of Corollary 4.5

In particular for the Dkr,, f(u) = ulogu, therefore f”(u) = 1/u which gives:
M

~ 1
DL(PIP) = [ 5 Drn(PIPIA “9)
And for the D,k we can either use Equation 48 with f(u) = —logu or use the fact that
,D)\»PR(PHP) = /\DI/A-PR(P”P):
~ M ~
Dac(PIP) = [ 3 Dan(PIPIN (50)

C Minimizing the Precision-Recall divergence

In Section 5, we outline a novel strategy to train models for challenging f-divergences. Rather than
directly employing the f-GAN framework and minimizing the dual variational form of Dy 5, we
introduce an auxiliary function, denoted by g, which is easier to train. Practical choices for g could
include functions such as fkr, or f,2, which have been shown to be easily trainable.

Using this approach, a discriminator 7' is trained with the objective of maximizing D‘;“j}l. This is

achieved by drawing samples from both P and Pand computing the estimate in the dual form. Under
optimal conditions, we find Vg*(T°P*(x)) = p(x)/p(x), enabling us to estimate the f-divergence
based on 7" using what we term the primal estimate.

The primal estimate is defined as Dp”mal (P|P) = S D= (x)) dx, where r(z) = Vg*(T(x)).
This strategy and its correspondmg trammg procedure are Vlsually represented in Figure C.7.

q(2)

p(x)
/\\ M — Dy (PHIS) """"" ”

z x

l p() l
T

G |— M Dy (PIP) «— %

_____________________________________________________ Used to train P
Used to compute —

—

Figure C.7: Training procedure: the discriminator 7' is trained based on D;“Tal and G is trained on
Dprimal f T
T
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We have shown that the choice of g affects the quality of the estimation of D . We have shown that to
have guarantees on the quality of the estimation, g must be strictly convex. We show empirically that
g = fy> leads to a better approximation than g = fx1,. We train 200 discriminators on 20 Gaussian

random two-dimensional mixtures to maximize Dg}iﬁl with g = fxr, and g = f,». In Figure Cfﬁ,
we report the results. On the z-axis, we report the training loss quality Dy(P||P) — Dg’%ﬂ(PHP)
and on the y-axis we report the estimation quality : Dy(P||P) — D?fiTmal(PHﬁ)L The dotted lines
correspond to the Mahalanobis distance of each set of experiments. In this experiment, we use a 4
linear layers 2-1024-512-256-1 neural network with LeakyRelu activation between layers. The last

activation is set to match dom(f*) (see Section A.1). We use a learning rate of 2.10~5 with Adam
optimizer.

D rimal D
Dy(P||P) — Dy (P||P)]
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Figure C.8: We compare the quality of the primal estimation using two discriminators, one trained
using the Dk1, and D, > over 200 experiments. The lower the point is on the y-axis, the better the
estimate. As we can see, even distant dual estimates of the f,» (points on the right side of the chart)
tend to provide better estimates of the primal.

We observe in this experiment that 1) the difference between D1, and its dual is usually lower (the
blue circle is lower on z-axis) and yet 2) the estimation of Dy is usually better with g = f, > (the red
circle is lower on y-axis). These observations corroborate our claim that employing f,» as the auxil-
iary divergence is a more advantageous choice compared to fkr,. Although both divergence measures
exhibit satisfactory performance in the context of the MNIST and FashionMNIST experiments, we
find f,> to demonstrate superior stability, reinforcing its suitability in this training framework.

Complete version of the algorithm In Section 5, we introduce a condensed version of our training
algorithm. For practical purposes, however, we implement a more refined variant of this algorithm
using stochastic gradient descent, detailed in Algorithm 1. This approach involves segmenting the
dataset into batches of size N and computing the distinct losses for each individual batch. Our
algorithm is closely related to the GAN training procedure, operating on an iterative principle of
alternating updates to the discriminator 7" and the generator GG until a convergence state is reached.
In particular, our method differs from the standard GAN training protocol in two key aspects. First,
the generator GG in our case is trained based on an estimation of a distinct f-divergence. Second, this
specific f-divergence is calculated in terms of its primal form, rather than its dual form, a marked
departure from the established GAN training practice.
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Algorithm 1 Stochastic Gradient Descent for the two-step approach for minimizing D) .. For each
batch B composing the dataset D, the discriminator 7" is trained on L, the empirical estimation of

D?}{F‘“I(P||]3) and the generator G is trained on L, the empirical estimation of DY"™!( P|| P).

A-PR

Input: Generator GG, Discriminator 7', Dataset D
g fraorfiy,

[ < I
for epoche=1,...,F do
for B € D do
L‘T,L‘GeO,O
for i, ... x'% € B do

fori =1to N do
Generate k¢ = G(2) with z ~ N (04, I 1)
Lr Lo+ (@) — f*(T(af))
end for
Update parameters of 7" by ascending the gradient V.Lrp.
fori =1to N do
L+ Lo+ g (VT (xlke))
end for
Update parameters of G by descending the gradient VL.
end for
end for
end for

D Experiments

D.1 Naive Approach

In this section, we juxtapose the straightforward method with our technique delineated in Section 5.
We achieve this by evaluating the optimization process of two identical G models: one is trained
using the conventional approach and the other using our methodology. In reality, there exist two
significant variations between these two training procedures: training losses and the final layer of
the discriminator 7. In both procedures, we use f*(7T'(x)), implying that the co-domain must be
encapsulated within dom(f*). More information on activation can be found in the Appendix A.1.
Aside from these disparities, we utilize the identical training process as outlined in the previous
section to train the models on CIFAR-10. The training procedures are compared in Figure D.9. To
evaluate training procedures, we plot the loss L, used to train G, either the dual estimation of D)
in the naive approach or the primal estimation of D) . in our method. To track the evolution of the
discriminator, we plot discriminating predictions on the input conditioned on the class (real or fake).
Precisely, we compute the accuracy on a batch of real or fake images, how many the discriminator
achieves to identify as such. Finally, we plot the Precision and Recall computed at each epoch.

We observe that for varying values of A, the discriminator 7" undergoes the training process using the
naive approach, leading to an unsatisfactory estimation of D?“Tal.
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Loss on G: Lg Accuracy of T' (in %) Precision Recall
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Figure D.9: Results for training BigGAN models on CIFAR-10 using the naive approach (in blue) and
our method (in red). For A = 0.2, A = 1 and A = 5, the loss represented by G in learned. We obverse
that for the naive approach, this loss is constant. Then, we plot the accuracy of the discriminator. We
plot the accuracy conditioned on the class: in the dotted line the accuracy on the images of the dataset
2" and in the solid line the accuracy on the generated images 2. Then we plot the Precision
and Recall during training.

D.2 Synthetic data: 8 Gaussians

For the synthetic data, we use a RealNVP [14] for the generator Ay A= A=1

1.0 / S
1 s

G. We use an 8-coupling step composed of each of 2 linear
layers 2-256-2 with LeakyRelu activation in between. For the
discriminator, we used a 4 linear layers 2-1024-512-256-1 neural
network with LeakyRelu activation between layers. For both, we
use Adam optimizer with a learning rate of 2.10~° for G’ and
1.10~* for T'. G has 540k parameters and 660k for 7.

Then, to estimate the PR curves, both methods from Sajjadi et al.
[44] and Simon et al. [47] are developed for image dataset. To
estimate these curves, we use our own estimation of Dy ... We
computed D) p, for A = tan(f) with 6 between 0 and 7/2. The

observations from the generated curves underscore a compelling ~ Figure D.10: PR Curves of the
finding: Each model has been effectively optimized for a unique, ~ models in Figure 1. In shades
specific ), resulting in its superior performance on the correspond-  of blue, the curves correspond
ing D). This indicates a clear correspondence between the to the model trained to min-
intended optimization and the achieved performance, suggest- ~ imize Dy, with dark blue
ing the efficacy of our training algorithm in optimizing models ~ for A = 0.1, medium blue
for specific performance metrics. Such a successful matching of for A = 1, and light blue for
model optimization to A underscores the feasibility of tailoring A = 1. The green curve cor-
model training according to a specific precision-recall trade-off ~ responds to Dkj, and the red
objective. curve to D,kr,.

D.3 MNIST and FashionMNIST
The training procedure for MNIST and FashionMNIST is strictly the same. For both we use a

multiscale glow [27]. The model has three levels processing images of size 4 x 16 x 16, 16 x 8 x §,
64 x 8 x 8. Each level has 16 blocks of affine coupling with 3 layers of 512 channels of convolutional
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operations, leading to a total of 85.2M parameters. For the discriminator, we use a 4 linear layers 1024-
1024-512-256-1 neural network with LeakyRelu activation between layers, with 1.7M parameters.
Both are trained with Adam using a learning rate of 1.10~° for 7" and 1.10~% for G. For both dataset,
we train a model for 250 epochs using maximum likelihood estimation (MLE) in 4 GPUs V100 (~
200 hours). The models are then fine-tuned with their different losses on 12 V100 GPUs for 30
epochs (~ 2 hours). For two epochs we train the discriminator only and then both. For MNIST, we
report results as graphs in Figure D.11, the quantitative results in Table 4 and samples in Figure D.3.
For FashionMNIST, we report the results as graph in Figure D.13, the quantitative results in Table 4
and samples in Figure D.3.

Table 4: Quantitative evaluation of various Glow [27] models on the MNIST and FashionMNIST
datasets. Models differ by their choice of Dy, Dy, and A. The performance metrics include the FID
({), P () and R (1). The best model is highlighted in bold. FID is calculated for 50k samples.P and
R are culculated for 10k samples and k& = 3.

Model MNIST FashionMNIST
Dy Dy A FID P R FID P R
MLE 7.68 70.03 76.52 66.64 58.19 47.35
DL DxL - 7.76 70.68 77.19 T71.72 51.44 45.61
Dk,  DikL - 10.50 74.64 67.21 51.65 67.68 40.76

D,2 Dyex 0.10 6.84 78.24 7211 48.11 66.57  45.80
Dy2 Dixen 0.20 6.48 78.84 T71.02 4197 66.41  46.62
Dy2  Dier  0.50 6.57 79.09 70.26 46.04 71.20  46.37
Dy2  Dixen 100 7.95 79.55  69.08 52.88 73.32  36.44
Dy2  Dipx 2.00 10.01 8037 67.84 101.33 76.47 39.40
Dyz2 Dxpn 500 1531 81.34 67.00 118.54 73.44 35.14
D,2  Dypx  10.00 20.88 B1.71  66.62 91.20 72.14 1948
Dkr.  Dirx  0.10 4.66 76.06 73.88  42.85 66.48 49.73
Dk, Direw 020 445 7692 7192  48.25 72.87  49.52
Dxr.  Diarr 050 5.94 77.98  71.42 54.12 71.28  41.70
Dk, Dirwr  1.00 8.21 79.92  70.02 62.33  62.58  42.89
Dkt Dier  2.00 9.40 79.89  67.15 64.74 72.78 4141
Dkr  Diee 500 14.01 82.08 66.13 83.25 73.12  33.80
Dxr  Dier  10.00 2761 83.20 65.09 79.37  70.74  27.05
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Figure D.11: MNIST: Glow models [27] are trained for different A\. From left to right, we plot IS (1),
FID (}), P (1) and R (7). IS and FID are calculated using 50k samples, and P and R are calculated
using 5k samples with k = 3 using Kynkéanniemi et al. [28]’s method. For comparison, we also
report models trained with MLE (in black), for D, (in blue) and for D, k7, in red.
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Figure D.12: MNIST: Samples are drawn from different models (only models trained with g = f, 2).
From 12(a) to 12(d), we observe that visual quality improves while diversity decreases. Models
geared towards high recall, specifically MLE and those with A = 0.1, are found to generate a wide
variety of samples. However, these are characterized by lower precision, and approximately 20% of
the generated samples are incoherent. On the contrary, the model trained with A = 10 appears to
focus on a smaller subset of modes, demonstrating higher precision but limited diversity. Specifically,
this model primarily generates classes 1, 6, 7, and 9.
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Figure D.13: FashionMNIST: Glow models [27] are trained for different A\. From left to right, we
plot IS (1), FID (), P (1) and R (1). IS and FID are calculated using 50k samples, and P and R are
calculated using 10k samples with £ = 3 using Kynkéidnniemi et al. [28]’s method. For comparison,
we also report models trained with MLE (in black), for Dk, (in blue) and for D, k1, in red.
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Figure D.14: FashionMNIST: Samples are drawn from different models (only models trained with
g = [y2). From 14(a) to 14(d), we observe that visual quality improves while diversity decreases.
Models geared towards high recall, specifically MLE and those with A = 0.1, are found to generate a
wide variety of samples. However, these are characterized by lower precision, and approximately 15%
of the generated samples are incoherent. On the contrary, the model trained with A = 10 appears to
focus on a smaller subset of modes, demonstrating higher precision but limited diversity. Specifically,
this model primarily generates the class "trouser".

D.4 Training BigGAN on CIFAR-10 and CelebA 64

In this section we give the details of the experiments on training BigGAN [7] models. To do this, we
modify the official implementation of PyTorch’ of BigGAN by Brock et al. [7]. G and T respectively
count 4.3M and 4.2M parameters for CIFAR-10 and 32.0M and 19.5M for CelebA64. CIFAR-10’s
models are trained on 2 A100 80GB GPUs with a batch size of 128 for approximately 100k iterations
(~ 7 hours), while CelebA64’s models have been trained on 4 A1200 32GB GPUs with a batch
size of 128 for 95k iteration (~ 20 hours). Quantitative results are reported in Table 2. The graphic
representation of the results is in Figures D.16 and D.20. The training curves representative of FID,
IS, P and R during training are reported in Figures D.17 and D.18.

>https://github.com/ajbrock/BigGAN-PyTorch
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Figure D.15: CIFAR-10: Samples are drawn from different BigGAN trained on the PR-Divergence.
We observe that when A increases, the recall decreases going to a various range of colored images to
mostly brown images.
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Figure D.16: CIFAR-10: BigGAN models [7] are trained for different A\. From left to right, we
plot IS (1), P (1), D (1), FID (), R (1) and C (1). IS and FID are calculated using 50k samples,
and P and R are calculated using 10k samples with k£ = 5 using Kynk&dénniemi et al. [28]’s method.
For comparison, we also report a model trained hinge loss (in black), following the vanilla training
procedure.
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Figure D.17: CIFAR-10: Evolution of the IS, FID, P and R during training. We can observe that
the precision quickly achieves its maximal value and saturates. We can also observe that the model
is evicting modes of the target distribution early in the training, R is quickly saturates to different
levels depending on A\. However, for low values of ), the recall does not increase when A decreases,
indicating that the model capacity limits the maximum recall.
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Figure D.18: CelebA Evolution of the IS, FID, P and R during training. We can observe that precision
quickly achieves its maximal value and saturates. We can also observe that the model is evicting
modes of the target distribution early in the training, R is quickly saturates to different level depending
on \.
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Figure D.19: CelebA64: Samples are drawn from different BigGANs with our apprach. For A = 0.5,
the model generated faces with various background, while the model generate only grey, black and
brown backgrounds. However there are less artifacts on the latter model.
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Figure D.20: CelabA64: BigGAN models [7] are trained for different A\. From left to right, we
plot IS (1), P (1), D (1), FID (), R (1) and C (7). IS and FID are computed using 50k samples
and P and R are computed using 10k samples with £ = 5 using Kynkéénniemi et al. [28]’s method.
For comparison, we also report a model trained hinge loss (in black), following the vanilla training

procedure.
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D.5 Fine-tuning BigGAN on ImageNet128 and FFHQ256.

In this section, we fine-tune the pre-trained BigGAN models. For ImageNet128, we use the weights
of the model trained by Brock et al. [7], while for FFHQ256 we use a model pre-trained by our self,
explaining why the FFHQ models is under performing. We train models on 4 V100 GPUs with a
batch size of 128 for 10k iterations each. The graphic representation of the results is reported in
Figures D.21 and D.22 and samples are shown in Figures D.5 and D.5.
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Figure D.21: ImageNet128: BigGAN models [7] are trained for different A\. From left to right, we
plot IS (1), P (1), D (1), FID (), R (1) and C (7). IS and FID are calculated using 50k samples,
and P and R are calculated using 10k samples with k¥ = 5 using Kynkédénniemi et al. [28]’s method.
For comparison, we also report a model trained hinge loss (in black), following the vanilla training
procedure.
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Figure D.22: FFHQ: BigGAN models [7] are trained for different A. From left to right, we plot IS (1),
P(),D (1), FID (), R (1) and C (7). IS and FID are computed using 50k samples and P and R are
computed using 10k samples with k£ = 5 using Kynkdédnniemi et al. [28]’s method. For comparison,
we also report a model trained hinge loss (in black), following the vanilla training procedure.
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Figure D.23: ImageNetl128: Samples are drawn from different BigGANs trained on the PR-
Divergence.
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Figure D.24: FFHQ256: Samples are drawn from different BigGAN trained on the PR-Divergence.

E Training the AUC

In this paper, we propose a method to optimize any trade-off between precision and recall. In practice,
we optimize a model to maximize any a (P||P). We could also optimize for the area under the
PR-Curves PRD(P, P)(P, P). In this section, we will show how we can compute the AUC in terms

of avx(P||P) and train a model on a small dimension dataset and compare the results with the model
trained on several \. First, we must compute the AUC:

Proposition E.1 (AUC under the 9PRD(P, P)). The area under the curve is:

+oo
AUC = / P”P (51)

Proof. The AUC can be computed by integrating with respect to an angle 6 in the first quadrant:

w/2 pr(0) /2 2(0)
AUC = / udud@-/ 5 dé. (52)
0
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Therefore, with A = tan 6, we have () = yan(g) (P||P)/ sin 0 (see Figure E.25). Thus:

w/2 P ﬁ 2
AUC = / an) (FILP)”
0 sin” 0

/2 =y
=A mmmmm(

e L)
_ 2 A2
_/O a(PIP? 2

+o0 D2
[Py,
2
0

de

(53)

1+ 12) do (54)
n< o

d\  with dX = (1 +tan?0)d6, (55)

(56)

O

Using such expression, we can estimate the AUC and train model to directly optimize the AUC. It
loses the focus on a specific trade-off between precision and recall, but instead optimizes overall
performance. We trained a ReaNVP model on a 2D 8 Gaussians example, similar to Section 6. We
observe in Figure 27(d) that while the model trained to minimize the AUC performs poorly in terms
of A = 0.1 and A = 1. However, we can clearly see that the AUC is greater and the model performs
better in A = 1 than the model trained for A = 1 itself. We can also observe in Figure 27(d), the

resulting model.

«
A
1
&
&
g S
o \)9 |

APIP) 178

Figure E.25: Illustration of the change of
variable to compute the AUC. Instead of
parametrising the frontier JPRD(P, P) with
A € RU[0,00], we take 6 € [0, %] with
A =tané.
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Figure E.26: PR-Curves corresponding to the
models represented in Figure E.
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