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Abstract

Large language models (LLMs) have recently shown significant potential in various
biological tasks such as protein engineering and molecule design. These tasks
typically involve black-box discrete sequence optimization, where the challenge
lies in generating sequences that are not only biologically feasible but also adhere to
hard fine-grained constraints. However, LLMs often struggle with such constraints,
especially in biological contexts where verifying candidate solutions is costly and
time-consuming. In this study, we explore the possibility of employing LLMs
as highly-constrained bilevel optimizers through a methodology we refer to as
Language Model Optimization with Margin Expectation (LLOME). This approach
combines both offline and online optimization, utilizing limited oracle evaluations
to iteratively enhance the sequences generated by the LLM. We additionally propose
a novel training objective – Margin-Aligned Expectation (MargE) – that trains
the LLM to smoothly interpolate between the reward and reference distributions.
Lastly, we introduce a synthetic test suite that bears strong geometric similarity
to real biophysical problems and enables rapid evaluation of LLM optimizers
without time-consuming lab validation. Our findings reveal that, in comparison
to genetic algorithm baselines, LLMs achieve significantly lower regret solutions
while requiring fewer test function evaluations. However, we also observe that
LLMs exhibit moderate miscalibration, are susceptible to generator collapse, and
have difficulty finding the optimal solution when no explicit ground truth rewards
are available.

1 Introduction

Large language models (LLMs) have recently shown significant promise on various biophysical
optimization tasks, such as protein engineering and molecule design. These tasks are often formulated
as black-box discrete sequence optimization problems, wherein a solver must attempt to output a
discrete sequence x ∈ X that is feasible (i.e., a biologically plausible sequence) and that fulfills a
number of strict constraints, such as containing specific motifs. Yet despite their many successes,
LLMs often struggle to generate outputs that fulfill hard fine-grained constraints (Garbacea & Mei,
2022). For instance, recent work indicates that many state-of-the-art LLMs cannot effectively generate
text with a fixed number of words (Yuan et al., 2024), a particular prefix (Sun et al., 2023), or specific
keywords (Chen et al., 2024c). This issue is even more pronounced in biological optimization
problems, where constraints such as expressivity or low hydrophobicity are typically more complex
and costly to check. Verifying that solution candidates meet these constraints often requires expensive
and low throughput laboratory experiments. This lack of data presents a formidable challenge for
LLMs, which often struggle to generate appropriately constrained sequences even in the presence of
large training corpora.
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Figure 1: Large language model optimization with Margin Expectation (LLOME).

Although some recent work has focused on adapting LLMs to solve black-box optimization problems
(Ma et al., 2024; Romera-Paredes et al., 2023; AhmadiTeshnizi et al., 2024; Chen et al., 2024a),
few include (1) the evaluation of hard constraints, (2) the mixing of offline and online optimization
loops, and (3) the use of oracle evaluations. Concerning (1), many commonly studied optimization
problems, such as the Rosenbrock function (Nie et al., 2023), the Ackley function (Zhang et al.,
2023b), and prompt optimization (Yang et al., 2024), require only that the optimizer find a solution
with a high fitness value, and do not entail strict constraints. When stricter constraints are added,
LLMs struggle to generalize without additional aids, such as auxiliary solvers or discriminator models
that guide generation (Sun et al., 2023; Mittal et al., 2024; Dathathri et al., 2020; AhmadiTeshnizi
et al., 2024). Concerning (2) and (3), laboratory validation often provides a limited number of oracle
labels in realistic lab settings. The solver must then be capable of generating, ranking, and filtering its
candidates down to a select few that are subsequently sent for oracle evaluation. Importantly, oracle
labels are not available during this candidate generation stage. In contrast, many works either use
only oracle labels, such as for mathematical optimization problems like linear regression where a
solution is easy to verify (Nie et al., 2023; Yang et al., 2024), or simulation-based metrics that bear
only a superficial resemblance to the complexity of real-world molecular design tasks (Ma et al.,
2024). We instead explore LLM capabilities in a more realistic hybrid offline/online setting. During
an outer offline optimization loop, we train our optimizer using oracle labels provided by either a
seed dataset or the previous round of optimization. In the subsequent online inner optimization loop,
our optimizer generates and iteratively refines its candidates without immediate access to the oracle.
The optimizer’s top candidates are then scored by the oracle, forming a small labelled training dataset
for the next iteration of the outer loop.

In summary, our contributions are as follows:

1. Synthetic Test Suite: Following a long-standing tradition of using synthetic test functions in
the optimization literature, we design a suite of closed-form test functions with hard fine-grained
constraints that draws upon the characteristics of real biophysical sequence optimization problems.
Our test functions have well-characterized solutions, are non-trivial in difficulty, and reflect the
non-additive, epistatic nature of biomolecular interactions.

2. Exploring LLMs as Constrained Bilevel Optimizers: We analyze LLMs’ abilities to solve
highly-constrained biophysical sequence optimization problems with sparse online feedback
via LLOME (Large Language model Optimization with Margin Expectation), a method for
embedding an LLM in a bilevel optimization loop. In the outer loop, the model is trained on
offline data provided by an oracle (e.g., laboratory validation or the evaluation of the synthetic test
function). In the inner loop, the model searches for novel and improved sequences without the
use of oracle labels. We demonstrate that LLMs often outperform evolutionary baselines, finding
lower-regret solutions given a fixed budget of function evaluations. We additionally explore a
number of other fundamental questions about LLMs’ optimization capabilities, including whether
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LLMs can effectively select the best generations, how calibrated LLM predictions are, whether
LLMs can iteratively extrapolate at inference-time without access to oracle labels, and when
explicit reward values are required during training.

3. Novel LLM Training Objective (MargE): To further explore whether LLMs become better
bi-level optimizers when given explicit ground truth rewards, we also propose MargE (Margin-
Aligned Expectation), a novel LLM training objective that smoothly interpolates between the
target and reference distributions. This objective makes explicit use of the reward margin between
the input and the target, which is lacking from common LLM offline training objectives such
as supervised finetuning (SFT) and direct preference optimization (DPO). We show that MargE-
trained LLMs find the optimal solution more efficiently than DPO- or SFT-trained LLMs.

2 Background

In this work, we consider pre-trained autoregressive large language models πθ(x) parameterized by
θ. πθ defines a probability distribution over discrete tokens x ∈ V for vocabulary V . We can also
define the likelihood of sequences x ∈ V∗ as πθ(x) =

∏|x|
t=1 πθ(xt|x<t), where V∗ is the set of all

concatenations of tokens in V .

Supervised Finetuning (SFT) After pre-training, LLMs are typically finetuned on some task-
specific dataset D = {(x,y)} consisting of pairs of input x and target y sequences. During SFT, πθ

is trained to minimize the negative conditional log likelihood of examples from D:

θSFT = argmin
θ
−Ex,y∼D log πθ(y|x) (1)

Preference Learning In some settings, LLMs are further trained to align their output distributions
to a reward distribution, typically encoded with a reward model r(x) : V∗ → R. This is frequently
accomplished with reinforcement learning, where the LLM is trained via a policy gradient method to
maximize the expected rewards Ex∼D,y∼πθ(·|x)r(x, y). The reward model is trained from a dataset of
human preferences consisting of triples (x, yw, yl), where x is a prompt obtained from some offline
dataset X and yw and yl are sampled from the current policy. The initial model is referred to as the
reference policy πRef and yw, yl are assigned such that yw is more preferred by human raters than
yl. More recently, practitioners have added a KL divergence constraint to this objective to prevent
the LLM from quickly over-optimizing, yielding an objective known as reinforcement learning from
human feedback (RLHF; Ziegler et al., 2019; Stiennon et al., 2020):

θRLHF = argmax
θ

E
x∼X

y∼πθ(·|x)

r(x, y)− βKL(πθ∥πRef) (2)

RLHF is commonly trained using Proximal Policy Optimization (PPO), which involves considerable
engineering complexity due to the need to train and coordinate four models (πθ, πRef, a reward model,
and a critic model). Furthermore, RLHF-PPO is particularly sensitive to hyperparameter values and
prone to training instabilities (Zheng et al., 2023b). To address some of these issues, an offline version
of RLHF known as Direct Preference Optimization (DPO; Rafailov et al., 2023) was proposed. DPO
skips reward modeling and directly trains on the preference triples with a contrastive objective:

θDPO = argmin
θ

E
x,yw,yl∼D

− log σ

(
β log

πθ(yw|x)
πRef(yw|x)

− β log
πθ(yl|x)
πRef(yl|x)

)
(3)

DPO often produces models with similar generative quality as RLHF-PPO (Rafailov et al., 2023), but
involves notable tradeoffs such as faster over-optimization (Rafailov et al., 2024a) and a distribution
mismatch between the training dataset and policy outputs (Chen et al., 2024b; Tang et al., 2024).
Nevertheless, DPO has become one of the most prevalent algorithms for offline alignment of LLMs.

We provide further background on past work related to LLMs for optimization in Sec. 5.1.

3 Evaluation

Although considerable effort has been focused on ML efforts for biological discovery in recent years,
the rate of benchmark development has not kept pace (Tripp et al., 2021; Stanton et al., 2022). While
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laboratory validation is the gold standard in evaluation, laboratory feedback cycles are slow and
involve prohibitive costs of equipment and expert experimentalists. On the other hand, ML algorithm
development requires rapid iteration and feedback, usually at a pace that is infeasible with in vitro
validation. To close this gap, computational researchers often turn to simulation-based feedback
(Cieplinski et al., 2023). However, this approach is also subject to steep tradeoffs between fidelity
and latency (Kellogg et al., 2011; Barlow et al., 2018; Hummer et al., 2023).

In this work, we instead propose a class of synthetic test functions that bear strong geometric
similarities to real-world biophysical sequence optimization problems. The practice of evaluating
optimizers on synthetic test functions is a long-standing one (Molga & Smutnicki, 2005), based
upon the principle that the test function need only correlate geometrically with the real sequence
optimization problem. This approach has the advantage of being easy to verify but difficult to solve
while still reflecting key characteristics of the fitness landscapes of real biophysical optimization
tasks such as antibody affinity maturation.

To this end, we propose Ehrlich functions, a closed-form family of test functions for sequence
optimization benchmarking. Given token vocabulary V and the set of sequences VL formed of
concatenations of L tokens in V , we first define F ⊂ VL, the set of feasible sequences. F is syntheti-
cally defined as the support of a discrete Markov process (DMP), more details of which are given in
Appendix A.1. We also define a set of c spaced motifs that represent biophysical constraints in specific
regions of a sequence. These motifs are expressed as pairs of vectors {(m(1), s(1)), · · · , (m(c), s(c))}
where m(i) ∈ Vk, s(i) ∈ Zk

+, and k ≤ L//c. An Ehrlich function f then describes the degree to
which a sequence x ∈ VL is feasible and possesses all motifs. For q ∈ [1, k] bits of precision, f is
expressed as:

f(x) =

{∏c
i=1 hq(x,m

(i), s(i)) if x ∈ F
−∞ otherwise

(4)

The function hq defines the degree to which x fulfills the constraints, and is defined as follows:

hq(x,m
(i), s(i)) = max

l<L

 k∑
j=1

1

[
xl+s(j) = m

(j)
i

] //

(
k

q

)
/q (5)

Setting q = k corresponds to a dense signal which increments hq(x,m
(i), s(i)) whenever an addi-

tional element of any motif has been fulfilled. We provide additional details in Appendix A.1 about
how to ensure that all motifs are jointly satisfiable and that there exists at least one feasible solution
that attains the optimal value of 1.0. We also provide further evidence in Appendix A.1 that f is
difficult to optimize for a standard evolutionary algorithm, even with small L, k, and c values.

4 Method

4.1 Bi-level Optimization

We formulate our task as a sequence editing problem, wherein the optimizer intakes a sequence
x and must output an edited version y such that f(y) > f(x). Not only is this the setting of
common biophysical optimization tasks such as protein design, but LLMs have been shown to be
highly effective at iterative refinement (Padmakumar et al., 2023; Madaan et al., 2024). We can
then formulate the larger task of adapting LLMs for discrete sequence optimization as a bi-level
optimization problem:

max
x∼X

y∼πθ∗ (·|x)

f(y) (6)

subject to θ∗ ∈ argmax
θ

E
x∼X

y∼πθ∗ (·|x)

f(y)

The outer loop consists of finding θ∗ that maximizes the expected score of sequences y generated by
πθ∗ and the inner loop consists of finding the highest scoring y generated by πθ∗ . To more closely
reflect the setting of real-world feedback cycles, we assume access to the oracle scoring function f
only in the outer loop. This mimics the case where laboratory validation provides data for the model
to be trained on. In the inner loop, the LLM must generate, rank, and filter candidate sequences
without immediate access to f .
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The high level algorithm is given in Algorithm 1. The optimizer is seeded with sequences generated
by n0 rounds of a genetic algorithm (details in Appendix A.3.3). These initial seeds are scored and
used as the training dataset for the first iteration of the outer loop. After training, we enter the inner
loop where πθi generates and iteratively refines new candidate sequences using seeds sampled from
its training dataset. During the iterative refinement process, the LLM iteratively ranks its outputs
from the previous iterations and edits the highest ranking sequences. To avoid generator collapse,
we automatically increment the sampling temperature if the average Hamming distance between the
LLM inputs and outputs from the last round fall below a certain threshold. A subsample of k of
these refined sequences are scored and used to create the training dataset for the next iteration of the
outer loop. As such, no more than k new test function evaluations are required in each optimizer
step. To create the training dataset for the next iteration, we adapt PropEn (Tagasovska et al., 2024), a
dataset matching algorithm that implicitly guides the model towards improved regions of the dataset
space. The detailed algorithms for DATASETFORMATTING, ITERATIVEREFINEMENT, and FILTER
are given in Appendix A.3.

4.2 LLM Training

To train the LLM in the outer loop of the optimization algorithm (step 9 of Algorithm 1), we consider
standard offline LLM training algorithms such as supervised finetuning (SFT) and direct preference
optimization (Rafailov et al., 2023, ;DPO), in addition to a novel objective MargE. We refer to these
three variants of LLOME as LLOME-SFT, LLOME-DPO, and LLOME-MARGE, respectively. We
briefly summarize SFT and DPO in Section 2 and describe the rationale for the design of MargE
below.

Margin-Aligned Expectation (MargE) Training Although DPO has recently become a popular
preference learning method due to its relative simplicity and competitive results, its offline contrastive
objective suffers from a number of drawbacks. Firstly, since DPO optimizes for an off-policy
objective, a DPO-trained model rapidly over-optimizes, resulting in generations that decline in quality
despite continued improvements in offline metrics (Rafailov et al., 2024a; Chen et al., 2024b). DPO
models also fail at ranking text according to human preferences (Chen et al., 2024b) and tend to
decrease the probability mass assigned to preferred outputs (Pal et al., 2024; Rafailov et al., 2024b;
Feng et al., 2024; Pang et al., 2024). As training continues, DPO generations also increase in
length, even if the quality of the generations does not necessarily improve (Singhal et al., 2024).
Additionally, when the reference model already performs well on a particular subset of the input
domain, DPO cannot achieve the optimal policy without deteriorating performance on that subset (Hu
et al., 2024). Lastly, DPO does not make use of absolute reward values – instead, it simply assumes
that r(x, yw) > r(x, yl) for all (x, yw, yl) in the training dataset, but does not use information about
how much better yw is than yl.

RLHF, on the other hand, involves steep technical complexity and frequently exhibits training insta-
bilities (Zheng et al., 2023a; Wang et al., 2024; Casper et al., 2023). Hu et al. (2024); Korbak et al.
(2022b) additionally show that RLHF’s objective interpolates between πRef and a degenerate distribu-
tion πδ that places all probability mass on a single reward-maximizing sequence, thereby promoting
generator collapse. Indeed, much past work (Kirk et al., 2024; Zhou et al., 2024; Padmakumar & He,
2024) has illustrated the low diversity of RLHF-generated text.

To attempt to resolve these issues, we propose Margin-Aligned Expectation (MargE), a training
objective that smoothly interpolates between the reference model πRef and the optimal policy π∗ and
effectively incorporates information about the true reward margin. Like Hu et al. (2024), we propose
an objective that takes the following general form:

argmin
θ

[KL(π̃θ∥π∗) + λKL(πRef∥π̃θ)] (7)

where π∗ is the target reward distribution and π̃θ is the length-normalized version of πθ. If we apply
importance sampling and use a Boltzmann function of the reward as π∗, we obtain:

LMargE(πθ, πRef;Dx) = E
x∼Dx,

y∼πRef(·|x)

[
πθ(y|x)
πRef(y|x)

(
log πθ(y|x)
|y|

− r(x, y)

)
− λ

log πθ(y|x)
|y|

]
. (8)

For the full derivation, see App. A.2. We additionally devise a reward function for the sequence edit
task at hand. It may seem natural to devise a reward function that is exactly equal to the score function
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f(x). However, the goal of our model is to produce a y with a better score than the input x – therefore,
the reward should reflect whether the output is a relative improvement. However, simply setting
r(x, y) = f(y)− f(x) would also result in unintended behavior. Since a normalized Bradley-Terry
policy is translation-invariant with respect to the rewards, we would have π(y|x) = π(y|z) for all
pairs x, z ∈ dom(f) for this particular reward function. (See Lemma 1 for a detailed derivation.) But
if f(x) ̸= f(z), then y would constitute a greater improvement for one input than the other, which
implies that we should not have π(y|x) = π(y|z).
To avoid this issue, we instead devise a reward function that only rewards a policy for generating a
sequence y with higher score than a seed sequence x and assigns 0 reward otherwise:

r(x, y) =

{
f(y)− f(x) if f(y) > f(x)

0 otherwise
(9)

In this case, we set f(x) = 0 for all x ̸∈ F to avoid involving∞’s in our calculations. When the
policy produces an improved sequence (a sequence with higher score), the reward is equal to the
difference in scores. Zero reward is given for sequences with equal or lower score. Notably, this
reward function is similar to a margin loss.

5 Experiments

(a) Minimum regret achieved. (b) Average regret.

Figure 2: Minimum regret achieved as a function of the number of test function evaluations (2a) and
average regret of the selected generations in each round of the LLM inner loop (2b). The LLOME-
MARGE line ends early because it achieves the optimal solution by 24K test function evaluations.
The first 10K test function evaluations of every method correspond to the seeds provided by the
genetic algorithm. The shaded regions in (2b) represent the mean ± two standard errors.

LLOME Details We compare the performance of three different variants of LLOME (LLOME-SFT,
LLOME-MARGE, LLOME-DPO) against that of a genetic algorithm. The details of the genetic
algorithm are given in Appendix A.3.3 and the training details for SFT, DPO, and MargE are given in
Appendix A.4. Each LLOME variant is seeded with data from 10 rounds of the genetic algorithm (i.e.,
n0 = 10). For LLOME-MARGE and LLOME-DPO, one round of SFT is trained before continuing
with MargE and DPO training in future iterations. All three variants use the pre-trained model
PYTHIA 2.8B (Biderman et al., 2023) as the base model. During the TRAIN step of each iteration of
LLOME (step 9 of Alg. 1), we train the current checkpoint for one epoch. Lastly, we use k = 2000
test function evaluations per iteration of LLOME.

Ehrlich Function Details Unless stated otherwise, we evaluate LLOME on an Ehrlich function
with L = 32, |V| = 32, c = 4, and k = q = 4.

LLMs generate sequences with low regret using few oracle labels. In Figure 2, we show both
the average and minimum regret of LLOME. While all three LLOME variants achieve significantly
lower minimum regret values than the genetic algorithm does, LLOME-MARGE is the only variant
to discover the optimal solution and achieve a minimum regret of 0. However, the regret is based
solely off the score of the output sequence (i.e. regret(x, y) = 1 − f(y) for y ∼ πθ(· | x)) and
does not directly reflect how well the model improves the score of the input sequence. The reward,
as given by Eq. 9, provides a more clear picture of the LLM’s ability to improve upon the input
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(a) Percent of sequences generated by each method
that are unique.

(b) Percent of unique sequences generated by each
method that are also feasible.

Figure 3: The percentage of generated sequences that are unique or feasible. The lines for LLOME-
MARGE end early because LLOME-MARGE discovers the optimal solution early.

sequence. In Figure 11, we show the average and maximum reward achieved by each LLOME variant.
While all three variants achieve similar maximum reward throughout all iterations, LLOME-SFT and
LLOME-MARGE achieve significantly higher average reward than LLOME-DPO.

SFT- and MargE-trained LLMs generate unique and feasible sequences, but DPO-trained
LLMs struggle. Successfully solving a highly-constrained optimization problem requires that the
LLM be able to generate a diverse array of feasible sequences. Compared to the genetic algorithm,
Figure 3a shows that all three LLOME variants produce a higher percentage of unique sequences.
However, Figure 3b indicates that LLOME-SFT and LLOME-MARGE often experience an initial dip
in the percentage of feasible outputs before learning how to generate sequences in the feasible space.
LLOME-DPO, however, does not improve either the diversity or the feasibility of its outputs even
when provided with more oracle labels. Like other past works (Pal et al., 2024; Rafailov et al., 2024b;
Feng et al., 2024; Pang et al., 2024), we observe that the likelihood assigned by the DPO-trained
LLM to both yw and yl continuously declines throughout training, implying that probability mass
is moved to sequences outside of the training data distribution. Since the percentage of infeasible
sequences generated by LLOME-DPO increases over multiple iterations, it is likely that DPO moves
some probability mass to infeasible regions of the sample space. As such, DPO may be ill-suited for
training LLMs to adhere to strict constraints.

Although LLMs are capable of generating new feasible sequences, we also find that they suffer from
the classic explore versus exploit tradeoff. When the LLM makes a larger edit to the input sequence,
the output is less likely to be feasible (Fig. 12). For both LLOME-SFT and LLOME-MARGE, an
edit larger than 0.3 Hamming distance away from the input is less than 20% likely to be feasible.
Since the ∆x threshold we set for the PropEn dataset formatting algorithm (Alg. 2) was 0.25, this
is unsurprising. The LLM has never been trained on edits of larger than 0.25 Hamming distance.
Overall, LLOME-MARGE exhibits the best tradeoff of all methods, producing the largest proportion
of unique and feasible sequences for the smallest budget of test function evaluations (Fig. 3) and for
moderately sized edits of Hamming distance ≤ 0.3 (Fig. 12).

Figure 4: Minimum regret of sequences generated during the LLM inner loop, at each iteration of the
iterative refinement process. The titles reflect the number of oracle labels that each LLM has been
trained on. We defer the remaining plots for all other rounds of LLOME to App. A.5, Fig. 13.
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At inference time, LLMs can iteratively extrapolate beyond their training distributions. Ex-
trapolating beyond the training distribution is a well-known machine learning problem (Bommasani
et al., 2021; Press et al., 2022; Li et al., 2024), especially without explicit guidance provided at
inference time. Although some prior work has shown LLMs to be effective at iteratively generating
sequences that monotonically increase a particular attribute to values beyond the training distribution
(Chan et al., 2021; Padmakumar et al., 2023), much of this work focuses on simpler tasks such as
increasing the positive sentiment of text or decreasing the ∆∆G of a well-studied protein. Since
optimizing an Ehrlich function requires satisfying multiple constraints in addition to generating
sequences that lie within a small feasible region, we posit that this evaluation is a more challenging
assessment of LLMs’ inference-time extrapolation capabilities.

We display the iterative refinement results of LLOME’s inner loop in Fig. 4, which suggest that
LLMs iteratively produce edits that significantly reduce regret. However, the first few edits frequently
improve the sequence whereas later edits are less likely to be helpful. This suggests that LLM’s
inference-time extrapolative capabilities are limited – without further training or explicit guidance,
LLMs may be unable to continuously improve a given sequence beyond a certain threshold. By
alternating between optimizing the model’s parameters and optimizing the model’s outputs, we
provide a sample-efficient method for iteratively bootstrapping the model’s extrapolative abilities
using its own generations.

Figure 5: Minimum regret of candidates selected by either LLM likelihood or the oracle. Since
the first 10K test function evaluations are seeds derived from the genetic algorithm, we show only
candidates generated after the first 10K.

(a) Model likelihood vs. regret of generations. (b) Model likelihood vs. reward of generations.

Figure 6: Calibration curves comparing likelihood versus the average regret (6a) and reward (6b) of
each method’s generated sequences. Shaded regions represent the mean ± two standard errors.

LLMs are moderately effective at ranking their own outputs. The iterative refinement process
requires that the LLM rank and filter its own outputs (Alg. 4), but we have not yet considered how
effective the LLM is at selecting the best candidates. When compared to oracle selection (i.e. using
the ground-truth Ehrlich score to select candidates), we find that the likelihood method often selects
high-scoring candidates, but not necessarily the highest scoring ones (Fig. 5). To better understand
this gap between likelihood selection and oracle selection, we examine the calibration curves of
average likelihood versus regret and reward on LLOME-generated sequences in Fig. 6. Although
it appears that LLOME-DPO is the only variant to exhibit a calibration curve that monotonically
decreases and increases with regret and reward, respectively, LLOME-DPO also produces the fewest
sequences with regret outside of the training distribution. Calibration becomes more difficult when
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evaluated on more sequences outside the training distribution, as is the case for LLOME-MARGE
and LLOME-SFT. While SFT- and MargE-trained LLMs generally assign higher likelihood to lower-
regret sequences than DPO-trained LLMs (Fig. 6a), they also exhibit some degree of overconfidence.
Indeed, we observe that the likelihood and reward of SFT- and MargE-generated sequences appear
to be inversely correlated for likelihoods exceeding 0.7 (Fig. 6b). Since these higher-likelihood
sequences also correspond to the lowest regret values (Fig. 6a), we hypothesize that LLMs may
become increasingly miscalibrated as their outputs extend beyond the training distribution.

Figure 7: Pareto frontiers of evaluation budget vs. minimum regret for a variety of LLOME hyperpa-
rameter settings, Ehrlich functions, and seed datasets. The average hypervolume refers to the average
(number of test function evaluations×minimum regret). Lower hypervolume is better.

How sensitive is LLOME to hyperparameters, test function difficulty, and seed dataset? An
important aspect of an optimization algorithm is how robust it is to hyperparameter settings, problem
difficulty, and choice of seed examples. To explore the robustness of LLOME, we evaluate LLOME
on two different Ehrlich functions, two seed datasets (generated by two instances of the genetic
algorithm with different pm values), and varying budgets of test function evaluations. The Ehrlich
functions f1 and f2 have parameters L = 32, |V| = 32, c = k = q = 4 and L = 16, |V| = 32, c =
k = q = 4. The genetic algorithms have pm = 0.005 and pm = 0.01, and the budget of test function
evaluations varies from 1K to 30K. We present the Pareto frontiers and corresponding hypervolumes
of these experiments in Fig. 7. While all three LLOME variants exhibit significantly lower average
hypervolume than the genetic algorithm, LLOME-MARGE is the most sample efficient.

(a) Minimum regret for multi-stage SFT+MargE
training.

(b) Calibration curve of likelihood vs. regret for
multi-stage SFT+MargE training.

Figure 8: Minimum regret and calibration curves for multi-stage LLM training.

When is explicit reward information required during training? Since we have observed that
LLOME-SFT and LLOME-MARGE perform similarly up to the point of 20K test function evaluations
(Fig. 2a), we might hypothesize that incorporating explicit reward values into the training objective
is only necessary once the LLM is closer to the optimum. Since MargE requires a larger memory
footprint than SFT (due to the need to store and compute likelihoods with both πθ and πRef), training
the LLM with further rounds of SFT before switching to MargE would be more efficient than relying
mostly on MargE training. We test this hypothesis via a multi-stage pipeline, where early rounds of
LLOME use SFT training, and later rounds use MargE. We keep the total number of LLM training
rounds constant at 10 (unless the LLM finds the optimal solution earlier) and vary the proportion
of rounds that use SFT versus MargE, as shown in Fig. 8. We refer to the pipeline with i rounds
of SFT training followed by j rounds of MargE training as LLOME-SFTi-MARGEj . We find that
LLOME-SFT1-MARGE9 not only is the sole pipeline to find the optimal solution (Fig. 8a), but also
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achieves the best calibration curve (Fig. 8b). In contrast, switching from SFT to MargE training
at an intermediate point results in the worst performance. It appears that SFT and MargE may
have conflicting loss landscapes – if we first train for a few rounds with the SFT loss, subsequently
switching to MargE training impedes the LLM’s progress. We additionally explore in App. A.5 the
effects of incorporating the reward in different ways during training.

Figure 9: Minimum regret achieved by LLOME-MARGE and LLOME-REINFORCE.

Does fulfilling the Strong Interpolation Criteria (SIC) matter for LLM training? We previously
proposed a new LLM training objective, MargE, for the purposes of easily incorporating reward
information while fulfilling SIC (Hu et al., 2024). However, there also exist policy gradient methods
such as REINFORCE (Williams, 1992) that directly optimize for maximal reward without the steep
complexity of RLHF (Stiennon et al., 2020; Ziegler et al., 2019). Although these policy gradient
methods do not fulfill SIC, they have been shown to perform comparably to RLHF (Stiennon et al.,
2020; Ziegler et al., 2019) and RL-free variants such as DPO (Rafailov et al., 2023) and RAFT (Dong
et al., 2023). The primary difference between MargE and a policy gradient method like REINFORCE,
then, is that MargE attempts to smoothly interpolate between π∗ and πRef, whereas the KL-regularized
REINFORCE algorithm interpolates between πδ (the degenerate reward-maximizing distribution) and
πRef. To test whether this difference has a meaningful impact on an LLM’s optimization capabilities,
we compare LLOME-MARGE with LLOME-REINFORCE, where we use a KL-regularized version
of REINFORCE with the same importance sampling and self-normalization techniques as in MargE:

LREINFORCE(πθ, πRef;Dx) = E
x∼Dx,

y∼πRef(·|x)

[
− πθ(y|x)
πRef(y|x)

r(x, y) log πθ(y|x)− λ
log πθ(y|x)
|y|

]
(10)

The implications of this objective are intuitive – greater weight is placed on the loss for higher
reward examples, and vice versa. However, in the limit of λ → 0, we have πθ∗

REINFORCE
=

argmaxπθ
Ey∼πθ(·|x)r(x, y)/πRef(y|x), which is a degenerate distribution that places all proba-

bility mass on (x′, y′) ∈ argmax(x,y) r(x, y)/πRef(y|x), thereby violating SIC. By inspecting Fig. 9,
we observe that although LLOME-REINFORCE does decrease the regret to some degree, it plateaus
early and does not reach optimality.

5.1 Related Work

Our work combines insights from multiple areas of research, including discrete sequence black-box
optimization, controllable text generation, and LLMs for optimization and scientific discovery.

Discrete Sequence Black-Box Optimization Many algorithms for discrete sequence optimization
take inspiration from directed evolution (Arnold, 1998), a combination of random mutagenesis (a
means to generate variants of the current solution) and high throughput screening (discriminative
selection pressure). Researchers have explored many types of variant generators, including random
mutagenesis (Back, 1996; Sinai et al., 2020), reinforcement learning (Angermueller et al., 2020),
denoising with explicit discriminative guidance (Stanton et al., 2022; Maus et al., 2022; Gruver et al.,
2024), and denoising with implicit discriminative guidance (Tagasovska et al., 2024). While these
algorithms are all very general in principle, in practice a substantial amount of effort is required
to actually implement these algorithms for new problems due to changes in the problem setup. In
this work we investigate whether LLMs offer a path to a solution that can rapidly be applied to new
problems with minimal engineering effort.
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LLMs for Optimization and Scientific Discovery Much of the work on LLMs for optimization has
been inspired by the design of classic black-box optimizers (BBO) such as evolutionary algorithms,
bayesian optimizers, and random search methods. BBOs are characterized by a lack of information
about the true objective function. Instead, only inputs and their corresponding objective values are
provided to the optimizer, with no gradient or priors about the objective. Since these optimization
problems are often expressible in formal mathematical, logical, or symbolic terms, many initial
attempts at LLMs for optimization used the LLMs to first translate a natural language description of
the problem into code or a modeling language, prior to passing this formalization into an auxiliary
solver (Ramamonjison et al., 2022; Ahmed & Choudhury, 2024; Mittal et al., 2024; AhmadiTeshnizi
et al., 2024). This approach was often quite effective, as it utilized the wealth of past work on LLMs
for named entity recognition (Amin & Neumann, 2021; Ushio & Camacho-Collados, 2021; Wang
et al., 2023b; Yan et al., 2019; Arkhipov et al., 2019, ; NER), semantic parsing (Drozdov et al., 2023;
Gupta et al., 2018; Shaw et al., 2019; Shao et al., 2020; Rongali et al., 2020; Shi et al., 2021; Chen
et al., 2022a; Stengel-Eskin et al., 2021), and code generation (Chen et al., 2021; Nijkamp et al.,
2023b,a; Zhang et al., 2023c; Poesia et al., 2022). The NL4OPT competition (Ramamonjison et al.,
2022), for example, decomposed LLMs-for-BBO into two subtasks: (1) the translation of a natural
language description into a graph of entities and relations between the entities, and (2) a formalization
of the optimization problem into a canonical logical reperesentation that could be solved by many
commercial solvers. Winning approaches often employed ensemble learning (He et al., 2022; Wang
et al., 2023a; Ning et al., 2023; Doan, 2022), adversarial learning (Wang et al., 2023a; Ning et al.,
2023), and careful data pre-/post-processing and augmentation (He et al., 2022; Ning et al., 2023;
Jang, 2022). Later work demonstrated that pre-trained LLMs like GPT-4 could achieve competitive
performance on NLP4OPT without the NER stage (Ahmed & Choudhury, 2024), though the F1
score still trailed behind the state-of-the-art translation+NER approaches from the winning NL4OPT
entries. Outside of NL4OPT, Gao et al. (2022), He-Yueya et al. (2023), AhmadiTeshnizi et al. (2024),
and Mittal et al. (2024) use an LLM to formalize math, mixed integer linear programming, and
combinatorial reasoning problems from a natural language description before offloading the solving
to a Python interpreter or symbolic solver. Each work notes that the LLM performs better in this
decomposed framework than through prompting alone.

Yet other approaches tackle LLMs-for-optimization directly with the LLM, without additional solvers.
As Song et al. (2024) argues, LLMs offer both powerful in-context learning abilities and a flexible
natural-language interface capable of expressing a wide variety of problems. Many techniques embed
the LLM in an evolutionary algorithm, using the LLM as a mutation or crossover operator (Chen
et al., 2024a; Guo et al., 2024b; Meyerson et al., 2024; Lehman et al., 2023; Nasir et al., 2024; Liu
et al., 2024a; Lange et al., 2024; Liu et al., 2024b; Romera-Paredes et al., 2023). In this setting, the
LLM provides a diversity of samples while the evolutionary algorithm guides the search towards
high-fitness regions. This strategy is a form of bi-level optimization, in which two nested optimization
problems (one nested within the other) are solved in alternation. It is common for the outer loop
to optimize the model’s parameters, and for the inner loop to optimize the model’s outputs (Chen
et al., 2022b; Guo et al., 2024c). Ma et al. (2024) combine this approach with feedback from physical
simulations in the inner optimization loop to enable LLMs to complete various scientific optimization
tasks, such as constitutive law discovery and designing molecules with specific quantum mechanical
properties. Although their use of an LLM in a bi-level optimization loop is similar to ours, they
directly train their parameters using differentiable simulations whereas we do not assume access
to the gradients of the ground truth rewards. Our work additionally explores various aspects of
LLM training that allow the LLM to improve its optimization abilities despite not having access
to ground-truth rewards in the inner loop. Lastly, other approaches avoid gradient optimization
altogether and focus purely on prompt-based optimization, demonstrating success on diverse tasks
such as hill-climbing (Guo et al., 2024a), Newton’s method (Nie et al., 2023), hyperparameter search
(Zhang et al., 2023a), and prompt engineering (Khattab et al., 2024; Pryzant et al., 2023; Yang et al.,
2024).

Controllable Text Generation Controllable text generation (CTG) is a special case of optimization.
Rather than searching for sequences that maximize the objective function, the goal is to produce a
sequence with a particular attribute value (e.g. having a certain number of words, a more positive
sentiment than the input, or a particular biological motif). In some aspects, this may be an easier
task – the optimizer need not generate an optimal sequence that is likely outside the distribution
of its training data. In others, this may also be more difficult. Targeting particular attribute values
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requires precision and fine-grained knowledge of the shape of the entire objective function, rather
than only the neighborhood of the optima. Although LLM prompting is in itself considered a form
of CTG (Radford et al., 2019; Brown et al., 2020), prompting alone tends to offer better control for
more open-ended, higher level instructions (e.g. “write a story in the style of Shakespeare") than for
fine-grained constraints (e.g. “rewrite this sentence using only 10 words") (Carlsson et al., 2022).

One common approach is to use control codes, or unique strings pre-pended in front of a training
example that indicates which attribute is represented in the example’s target (Keskar et al., 2019;
Padmakumar et al., 2023; Raffel et al., 2020; Madani et al., 2023). This approach is typically less
generalizable to new attributes or instructions, due to the need to re-train the model. However, more
recent work has shown that LLMs are capable of learning to use these control codes in-context (Zheng
et al., 2023c; Zhou et al., 2023), simplifying the process by which new attributes can be introduced.
A popular alternative technique is inference-time guidance, which uses auxiliary tools (Pascual et al.,
2021) or models (Dathathri et al., 2020; Liu et al., 2021; Deng & Raffel, 2023; Dekoninck et al.,
2024) to guide the LLM decoding process.

6 Conclusions

Our work is a response to the lack of both non-trivial synthetic benchmarks for biophysical sequence
optimizers and rigorous analyses of how LLMs perform on these highly-constrained optimization
tasks in realistic settings. Our proposed test functions bear significant geometric similarities to real
biophysical sequence optimization tasks and allow for rapid iteration cycles. In addition, although a
wealth of work exists that adapts LLMs for biophysical tasks, few have studied the abilities of LLMs
to adhere to hard constraints in realistic bi-level optimization settings. To that end, we propose and
analyze LLOME, a framework for incorporating LLMs in bilevel optimization algorithms for highly
constrained discrete sequence optimization problems. We show that LLOME discovers lower-regret
solutions than a genetic algorithm, even with very few test function evaluations. When combined with
MargE training, LLOME is significantly more sample efficient than LLOME-SFT or LLOME-DPO,
demonstrating its potential to be useful in data-sparse lab settings. Our findings also highlight that
LLMs can robustly extrapolate beyond their training data, but are occasionally miscalibrated and
benefit from training with ground truth rewards.
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Figure 10: Here we show how the difficulty of the test problem can be controlled by varying Ehrlich
function parameters, keeping the optimizer fixed to the robust GA baseline defined in Sec. A.3.3.
Starting from a fixed set of reference parameters we vary each parameter individually. For this
optimizer, the problem difficulty depends most strongly on the quantization parameter q. The x-axis is
defined in millions (M) of Ehrlich function evaluations, demonstrating the difficulty of these Ehrlich
functions, even for a small number of short motifs.

A Appendix

A.1 Ehrlich Functions

One major advantage of procedurally generating specific instances of Ehrlich functions is we can
generate as many distinct instances of this test problem as we like. In fact it creates the possibility
of “train” functions for algorithm development and hyperparameter tuning and “test” functions for
evaluation simply by varying the random seed. These functions can also be defined with arbitrary
levels of difficulty, as shown in Fig. 10. However, defining a random instance that is nevertheless
provably solvable takes some care in the problem setup, which we now explain.

A.1.1 Constructing the Transition Matrix

Here we describe an algorithm to procedurally generate random ergodic transition matrices A with
infeasible transitions. A finite Markov chain is ergodic if it is aperiodic and irreducible (since every
irreducible finite Markov chain is positive recurrent). Irreducibility means every state can be reached
with non-zero probability from every other state by some sequence of transitions with non-zero
probability. We will ensure aperiodicity and irreducibility by requiring the zero entries of A to have a
banded structure. For intuition, consider the transition matrix

0.4 0.3 0 0.3
0.3 0.4 0.3 0
0 0.3 0.4 0.3
0.3 0 0.3 0.4



Recalling that v is the number of states, we can see that every state x communicates with every other
state x′ by the sequence x → (x + 1) mod v → · · · → (x′ − 1) mod v → x′. We also see that
the chain is aperiodic since every state x has a non-zero chance of being repeated.

To make things a little more interesting we will shuffle (i.e. permute) the rows of a banded structured
matrix (with bands that wrap around), but ensure that the diagonal entries are still non-zero. Note that
permuting the bands does not break irreducibility because valid paths between states can be found
by applying the same permutation action on valid paths from the unpermuted matrix. We will also
choose the non-zero values randomly, using the shuffled banded matrix only as a binary mask B as
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follows:
(banded matrix)1 1 0 1
1 1 1 0
0 1 1 1
1 0 1 1

 −−−→
shuffle

1 0 1 1
1 1 1 0
1 1 0 1
0 1 1 1

 ,

−−−−→
diag=1

1 0 1 1
1 1 1 0
1 1 1 1
0 1 1 1


= B.

Now we draw the transition matrix starting with a random matrix with IID random normal en-
tries, softmaxing with temperature τ > 0 to make the rows sum to 1, applying the mask B, and
renormalizing the rows by dividing by the sum of the columns after masking.

Z =

(randn matrix)+1.41 +1.67 −1.52 +0.63
−0.35 +0.45 +0.86 −0.49
+1.42 −1.31 −0.31 +1.43
−0.02 +1.55 −0.26 +1.13

 ,

−−−−→
softmax

0.36 0.46 0.02 0.16
0.13 0.30 0.45 0.12
0.44 0.03 0.08 0.45
0.10 0.49 0.08 0.33

 ,

−−→
⊙B

0.36 0 0.02 0.16
0.13 0.30 0.45 0
0.44 0.03 0.08 0.45
0 0.49 0.08 0.33

 ,

−−−→
norm

0.66 0 0.04 0.30
0.15 0.34 0.51 0
0.44 0.03 0.08 0.45
0 0.55 0.09 0.36

 = A.

We can also verify that A is ergodic numerically by checking the Perron-Frobenius condition,

(Am)ij > 0, ∀i, j, (11)

where m = (v − 1)2 + 1, A1 = A, and Ab = AAb−1 for all b > 1. In our example, if v = 4 then
m = 10 and we verify on a computer that

A10 =

0.33 0.23 0.17 0.27
0.33 0.23 0.17 0.27
0.33 0.23 0.17 0.27
0.33 0.23 0.17 0.27


A.1.2 Constructing Jointly Satisfiable Spaced Motifs

Here we describe how to procedurally generate c spaced motifs of length k such that the existence of
a optimal solution x∗ with length L with non-zero probability under a transition matrix A generated
by the procedure in Appendix A.1.1 can be verified by construction. If we simply sampled motifs
completely at random from Vk we cannot be sure that a solution attaining a global optimal value of 1
is actually feasible under the DMP constraint.

First we require that L ≥ c × k. Next to define the motifs, we draw a single sequence of length
c× k from the DMP defined by A (the first element can be chosen arbitrarily). Then we chunk the
sequence into c segments of length k, which defines the motif elements m(i). This ensures that any
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motif elements immediately next to each other are feasible, and ensures that one motif can transition
to the next if they are placed side by side.

Next we draw random offset vectors s(i). The intuition here is we want to ensure that an optimal
solution can be constructed by placing the spaced motifs end-to-end. If we fix c × k positions to
satisfy the motifs, there are L − c × k “slack” positions that we evenly distribute (in expectation)
between the spaces between the elements of each motif. We set the first element of every spacing
vector s(i)1 to 0, then set the remaining elements to the partial sums of a random draw from a discrete
simplex as follows:

w(i) ∼ U
(
{w ∈ Rk−1 |

∑
wi = 1}

)
. (12)

s
(i)
j+1 = s

(i)
j + 1 + ⌊w(i)

j × (L− c× k)//c⌋. (13)

Finally, recall that in Appendix A.1.1 we ensured that self-transitions x→ x always have non-zero
probability. This fact allows us to construct a feasible solution that attains the optimal value by filling
in the spaces in the motifs with the previous motif elements.

As a concrete example, suppose L = 8, c = 2, and k = 2 (hence smax = 3) and we draw the
following set of spaced motifs:

[0 3 1 2]→
[
0 3
1 2

]
=

[
m(1)

m(2)

]
, (14)[

s(1)

s(2)

]
=

[
0 3
0 3

]
. (15)

(16)

An optimal solution can then be constructed as follows:

x∗ = [0 0 0 3 1 1 1 2]

Note that this solution is only used to verify that the problem can be solved. In practice solutions
found by optimizers like a genetic algorithm will look different. Additionally if L≫ c× k then the
spaced motifs can often be feasibly interleaved without clashes.

A.1.3 Defining The Initial Solution

Optimizer performance is generally quite sensitive to the choice of initial solution. In our experiments
we fixed the initial solution to a single sequence of length L drawn from the DMP.

A.2 Derivations

Derivation of the MargE Objective To derive a training objective that fulfills SIC, we follow Hu
et al. (2024) and propose an objective that takes the following general form:

argmin
θ

[KL(π̃θ∥π∗) + λKL(πRef∥π̃θ)] (17)

where π∗ is the target reward distribution and π̃θ is the length-normalized version of πθ.

Since past work has indicated that preference-tuned models often spuriously favor longer generations,
we follow Malladi (2024); Meng et al. (2024) by instead using length-normalized likelihoods.
Additionally, it is standard in past literature (Ziegler et al., 2019; Korbak et al., 2022a) to model π∗ as
a Boltzmann function of the reward. That is,

π∗(y | x) = 1

Z(x)
exp(r(x, y))

where Z(x) is the partition function. Although this partition function is not guaranteed to converge
due to the observation that LLMs often place non-zero probability mass on infinite-length sequences
(Du et al., 2023; Welleck et al., 2020), we make the assumption for now that this effect is negligible.
This results in a formulation of the optimal policy that is Bradley-Terry with respect to the rewards.
I.e.,

log π∗(y1|x)− log π∗(y2|x) = r(x, y1)− r(x, y2)

24



Then, the first term of Equation 17 can be expanded as:

argmin
θ

KL(π̃θ∥π∗) = argmin
θ

E
x∼Dx,

y∼π̃θ(·|x)

log

(
π̃θ(y|x)
π∗(y|x)

)

Since we cannot directly sample from π̃θ, we approximate it by sampling from the un-normalized
policy:

≈ argmin
θ

E
x∼Dx,

y∼πθ(·|x)

[
log πθ(y|x)
|y|

− r(x, y) + logZ(x)

]

= argmin
θ

E
x∼Dx,

y∼πθ(·|x)

[
log πθ(y|x)
|y|

− r(x, y)

]

Rather than re-sampling from πθ after every step of training, we approximate this step using impor-
tance sampling:

KL(πθ∥π∗) ≈
∑

x∼Dx,
y∼πθ(·|x)

πθ(y|x)
πRef(y|x)

πRef(y|x)
[
log πθ(y|x)
|y|

− r(x, y)

]

≈ E
x∼Dx,

y∼πRef(·|x)

πθ(y|x)
πRef(y|x)

[
log πθ(y|x)
|y|

− r(x, y)

]
(18)

For the second term of Equation 17, we remove terms not depending on θ, resulting in the standard
token-averaged cross-entropy loss:

min
θ

KL(πRef∥π̃θ) ≡ min
θ

E
x∼Dx,

y∼πRef(·|x)

− log πθ(y|x)
|y|

(19)

Plugging Equations 18 and 19 back into 17, we obtain

LMargE(πθ, πRef;Dx) = E
x∼Dx,

y∼πRef(·|x)

[
πθ(y|x)
πRef(y|x)

(
log πθ(y|x)
|y|

− r(x, y)

)
− λ

log πθ(y|x)
|y|

]
.

Since importance sampling often leads to high variance of the gradient estimates in practice (Owen,
2013), we instead use the self-normalized version of this objective (Eq. 32).

Lemma 1. Given a Bradley-Terry model π(y|x) = 1
Z(x) exp(r(x, y)) with partition function Z(x),

if reward function r(x, y) = f(y) − f(x) for some real-valued scoring function f(x) : V∗ → R,
then π(y|x) = π(y|z) for any pair x, z ∈ dom(f).

Proof. Since Z(x) is the normalizing constant for π(y|x), we can write

Z(x) =
∑

y′∈V∗

exp(r(x, y′)) (20)

=
∑

y′∈V∗

exp(f(y′)− f(x)) (21)

=
1

exp(f(x))

∑
y′∈V∗

exp(f(y′)). (22)
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It follows that

π(y|x) = exp(f(x))∑
y′∈V∗ exp(f(y′))

exp(r(x, y)) (23)

=
exp(f(x) + f(y)− f(x))∑

y′∈V∗ exp(f(y′))
(24)

=
exp(f(y))∑

y′∈V∗ exp(f(y′))
(25)

=
exp(f(y) + f(z)− f(z))∑

y′∈V∗ exp(f(y′))
(26)

=
exp(f(z)) exp(r(z, y))∑

y′∈V∗ exp(f(y′))
(27)

=
1

Z(y)
exp(r(z, y)) (28)

= π(y|z) (29)

A.3 Algorithms

Algorithm 1: LLOME, an approach for bilevel optimization of highly constrained sequence
optimization problems with LLMs. We use n0 = 10, k = 2000, and T = 10.
Input: Scoring function f ; pretrained LLM πθ0 parameterized by initial weights θ0; initial seed

sequence x0 ∈ F ; k number of test function evaluations per round; T number of LLOME
rounds.

1 S ← {(x0, f(x0))};
2 X0 ← GENETICALGORITHM(x0, n0) ; /* Seed with n0 rounds of evolution. */
3 S0 ← {(x, f(x)) | x ∈ X0} ; /* Score the initial candidates. */
4 S ← S ∪ S0;
5 i← 0;
6 while i < T ; /* Outer Loop */
7 do
8 Di ← DATASETFORMATTING(Si);
9 θi+1 ← TRAIN(θi,Di);

10 Xi+1 ← ITERATIVEREFINEMENT(πθi+1
, Si) ; /* Inner Loop */

11 Xi+1 ← FILTER(Xi+1, k); /* Filter Xi+1 down to k samples. */
12 Si+1 ← {(x, f(x)) | x ∈ Xi+1} ; /* Oracle labeling. */
13 S ← S ∪ Si+1;
14 i← i+ 1;
15 end

Output: argmax(x,f(x))∈S f(x)

A.3.1 Dataset Formatting

To format our data, we adapt PropEn (Tagasovska et al., 2024), a technique for matching pairs of
examples to implicitly guide the model towards generating sequences that are close by the input but
still improve a particular property. Since PropEn was originally designed for pairs of data (x, y),
we also adapt PropEn to create triples of data (x, yw, yl) for DPO training. In short, given a dataset
D = {(xi, yi)}Ni=1 of input sequences xi and their scores yi, PropEn creates the following paired
dataset:

DPropEn = {(xi, xj) | (xi, yi), (xj , yj) ∈ D, d(xi, xj) ≤ ∆x, f(xj)− f(xi) ∈ (0,∆y]} (30)

for thresholds ∆x and ∆y and distance function d. In all our experiments, we use the Hamming dis-
tance as d and modify the constraint f(x′)− f(x) ∈ (0,∆y) to f(x′) > f(x) since we observed that
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Algorithm 2: DATASETFORMATTING(S). An algorithm that adapts PropEn (Tagasovska et al.,
2024) to create pairs or triples of data for LLM training. We use kn = 30, ∆x = 0.25, and the
fractional Hamming distance as d.
Input: Dataset S = {(x, y)} of particles x and scores y; kn number of nearest neighbors to find;

distance function d; threshold ∆x; dataset type type = (“binary" | “triple")
1 if type = “binary" then

2 D ←

{
(xi, xj)

∣∣∣∣ (xi,yi),(xj ,yj)∈S
xj∈KNEARESTNEIGHBORS(xi,kn)

d(xi,xj)≤∆x

f(xj)>f(xi)

}
;

3 else

4 D ←

{
(xi, xj , xk)

∣∣∣∣ (xi,yi),(xj ,yj),(xk,yk)∈S
xj ,xk∈KNEARESTNEIGHBORS(xi,kn)

d(xi,xj)≤∆x,d(xi,xk)≤∆x

f(xj)>f(xi),f(xi)≥f(xk)

}
5 end

Output: D

Algorithm 3: ITERATIVEREFINEMENT(πθ;S). πt
θ represents πθ with temperature t scaling. We

use ns = 200, ni = 10, no = 10, and T = [0.6, 0.8, 1.0, 1.2, 1.4, 1.6].
Input: Pretrained LLM πθ; dataset S = {(x, y)} of sequences x and scores y; ns number of

seed examples; ni rounds of iteration per example; no outputs per iteration; T set of
temperatures to sample with.

1 S′ ← {};
2 X ← {x | (x, y) ∈ TOPK(S, ns)}; /* Obtain ns seed examples from the top training

examples by score. */
3 for x ∈ X do
4 x0 ← x;
5 i← 0;
6 for i < ni do
7 xi+1 ← GREEDYDECODING(πθ;xi);
8 S′ ← S′ ∪ {xi+1};
9 i← i+ 1;

10 end
11 for t ∈ T do
12 i← 0;
13 for i < ni do
14 Xi ← {xj ∼ πt

θ(· | xi)}no
j=1; /* Sample no sequences using temperature t.

*/
15 S′ ← S′ ∪ Xi;
16 xi+1 ← argmaxx′∈Xi

πθ(x
′ | x); /* Select the highest-likelihood sample

as the input for the next iteration. */
17 i← i+ 1;
18 end
19 end
20 end
21 S′ ← DEDUPLICATE(S′);

Output: S′

this looser constraint was more effective in our experiments. We use DPropEn for both LLOME-SFT
and LLOME-MARGE.

To additionally adapt the PropEn dataset creation process for preference tuning (e.g. DPO), we create
preference triples using the following constraints:

DPropEn-Triples =

{
(xi, xj , xk)

∣∣∣∣ (xi,yi),(xj ,yj),(xk,yk)∈D
d(xi,xj)≤∆x,d(xi,xk)≤∆x

f(xj)>f(xi),f(xi)≥f(xk)

}
(31)
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Algorithm 4: FILTER(X , k). An algorithm for filtering a dataset X of sequences down to only k
sequences.
Input: LLM πθ that generated the sequences; dataset X = {(x, y)} of sequences x and scores y;

likelihood threshold pmin; maximum proportion of infeasible sequences pmax-infeas; final
output size k.

1 X ← {((x, y), πθ(x)) | (x, y) ∈ X}; /* Compute likelihoods. */
2 X ← {(x, y) | πθ(x) > pmin, ((x, y), πθ(x)) ∈ X};
3 Xfeasible ← {(x, y) | y ̸= −∞, (x, y) ∈ X};
4 Xinfeasible ← {(x, y) | y = −∞, (x, y) ∈ X};
5 nfeasible ← |Xfeasible|;
6 nmax-infeas. ← nfeasible × pmax-infeas

1−pmax-infeas
;

7 X ← Xfeasible ∪ SAMPLE(Xinfeasible, nmax-infeas.) ; /* Downsample infeasible examples. */
8 X ← SAMPLE(X ,min(k, |X |)) ; /* Subsample k examples. */

Output: X

In preference tuning terms, the xi is the prompt or input sequence, and xj and xk are yw and yl,
respectively. We use DPropEn-Triples in LLOME-DPO. We formalize this algorithm in Alg. 2.

For all training algorithms, we format the input as “<inc> [3, 1, · · · , 5]" where “<inc>" is a
control code meant to indicate to the model that it should edit the sequence to increase the score.
Outputs are formatted similarly, but without the control code.

A.3.2 Iterative Refinement

Our iterative refinement is formalized in Alg. 3. Loosely, we select the best ns training examples
from the last round of the LLOME outer loop, and provide them as seed inputs to the LLM to refine.
For each seed input, we use 10 rounds of iterative generation where the best (highest-likelihood)
generation from the previous round is provided as input to the next round. We repeat this process
with both greedy decoding and sampling at various temperatures. In the case of greedy decoding,
only one generation is obtained per iteration. When we sample, we sample no = 10 outputs at once.

Since LLM outputs tend to become less diverse with more rounds of training, we also implement
automatic temperature adjustments after each round of LLOME. The default temperature range is
T = [0.6, 0.8, 1.0, 1.2, 1.4, 1.6], but if the average Hamming distance of generations from the last
LLOME round was < 0.075, then we instead use T + 0.6. For average Hamming distance between
0.075 and 0.1, we use T + 0.4. For averages between 0.1 and 0.1, we use T + 0.2.

A.3.3 Genetic Algorithm

In Algorithms 5, 6, and 7, we provide pseudo-code for our genetic algorithm baseline, which we
implement in pure PyTorch (Paszke et al., 2019), using the torch.optim API.

The GA baseline has only four hyperparameters, the total number of particles n, the survival quantile
α ∈ (2/n, 1), the mutation probability pm, and the recombination probability pr. Generally speaking
for best performance one should use the largest n possible, and tune α (which determines the
greediness of the optimizer), pm, and pr.

Our genetic algorithm uses mutation probability pm = 0.005, n = 1000 particles per iteration,
survival quantile α = 0.1, and recombination probability pr = 0.0882.

A.4 LLM Training Details

We train every model for 1 epoch with PyTorch DDP on two A100 GPUs, using training loops
implemented with the Huggingface datasets, transformers, and trl libraries. We conducted
hyperparameter searches for each LLM training method, using the validation loss from the dataset of
the first iteration of LLOME to select the best hyperparameters. We also check whether the generated
outputs are parsable and conform to the correct format (i.e., a list of the correct length with values
in the correct range). If the hyperparameter set-up with the lowest validation loss does not output
sequences with the correct format > 90% of the time, then we select the set-up with the next best
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Algorithm 5: Genetic algorithm pseudo-code

1 Input: initial solution x̂∗, f̂∗, mutation probability pm, recombination probability pr, survival
quantile α, # particles n

2 Xpop ← mutate({x̂∗}, pm, n)
3 for t = 1, . . . , T do
4 v← f(Xpop)

5 if max vi > f̂∗ then
6 x̂∗ ← argmax vi

7 f̂∗ ← max vi
8 end
9 τ ← quantile(v, 1− α)

10 Xtop ← {x ∈ Xpop | f(x) ≥ τ }
11 n′ ← n− |Xtop|
12 Xpop ← Xtop ∪ recombine(Xtop, pr, n

′)
13 Xpop ← mutate(Xpop, pm, 1)
14 end
15 Returns: Estimated maximizer x̂∗, f̂∗

Algorithm 6: mutate function
1 Input: initial set X , mutation probability pm, number of mutants n.
2 X ′ = ∅
3 for x ∈ X do
4 for i = 1, . . . , n do
5 mask = rand_like(x) < pm
6 sub = randint(0, v − 1, len(x))
7 x′ = where(mask, sub,x)
8 X ′ = X ′ ∪ {x′}
9 end

10 end
11 Returns: X ′

Algorithm 7: recombine function
1 Input: initial set X , recombine probability pr, number of recombinations n.
2 X ′ = ∅
3 P(1) = draw_w_replacement(X , n)
4 P(2) = draw_w_replacement(X , n)
5 for i = 1, . . . , n do
6 x(1) = P(1)

i

7 x(2) = P(2)
i

8 mask = rand_like(x(1)) < pr
9 x′ = where(mask,x(1),x(2))

10 X ′ = X ′ ∪ {x′}
11 end
12 Returns: X ′

validation loss that meets these constraints. Notably, these format checks were the most important
for DPO. Many DPO-trained models achieve low validation loss despite generating sequences with
incorrect format. We use the best hyperparameters tuned from the validation dataset created during
the first iteration of LLOME but do not repeat hyperparameter tuning in future iterations. All search
ranges and final hyperparameter values (in bold) are listed below.
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SFT We train the SFT models with the AdamW optimizer, with β1 = 0.9, β2 = 0.999, λ = 0.01,
and ϵ = 1× 10−8. We also search the following hyperparameter ranges:

• Learning rate ∈ {1× 10−7,1× 10−6, 1× 10−5}
• Batch size ∈ {16, 32, 64,128}

DPO We train the DPO models with the RMSprop optimizer, with α = 0.99, λ = µ = 0, and
ϵ = 1× 10−8. Due to computational constraints, we train with bf16. We also search the following
hyperparameter ranges:

• Learning rate ∈ {1× 10−7, 1× 10−6}
• Batch size ∈ {64, 128}
• β ∈ {0.1, 0.2, 0.4, 0.8}

MargE We train the MargE models with the AdamW optimizer, with β1 = 0.9, β2 = 0.999,
λ = 0.01, and ϵ = 1× 10−8. We also search the following hyperparameter ranges:

• Learning rate ∈ {1× 10−7,1× 10−6}
• Batch size ∈ {64, 128}
• λ ∈ {0.2, 0.4, 0.8, 1.0,10.0}

We trained REINFORCE with the same best hyperparameters as MargE. For both MargE and
REINFORCE, we applied self-normalization to the importance weights. That is, if B(x, y) is the
batch of examples that a particular example (x, y) belongs to, then the self-normalized MargE and
REINFORCE objectives are as follows:

L̃MargE(πθ, πRef;Dx) = E
x∼Dx,

y∼πRef(·|x)

[
w̃(x, y)

(
log πθ(y|x)
|y|

− r(x, y)

)
− λ

log πθ(y|x)
|y|

]
(32)

L̃REINFORCE(πθ, πRef;Dx) = E
x∼Dx,

y∼πRef(·|x)

[
w̃(x, y) (−r(x, y) log πθ(y|x))− λ

log πθ(y|x)
|y|

]
(33)

where

w(x, y) = πθ(y|x)/πRef(y|x), (34)

w̃(x, y) =
w(x, y)∑

(x′,y′)∈B(x,y) w(x
′, y′)

. (35)

A.5 Additional Results

(a) Maximum reward achieved. (b) Average reward.

Figure 11: Average and maximum reward achieved by methods that rely upon editing the original
sequence. The shaded regions in (2b) represent the 95% confidence interval. The lines for LLOME-
MARGE end early because LLOME-MARGE discovers the optimal solution early.
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Figure 12: The percentage of feasible LLM-generated sequences, binned by the average Hamming
distance (normalized by length) between the input and output. Shaded regions indicate the 95%
confidence interval.
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Figure 13: Minimum regret of sequences generated during the LLM inner loop, at each iteration of
the iterative refinement process. The titles reflect the number of oracle labels that each LLM has been
trained on. These plots account for all generations sampled from the LLM inner loop, and not just the
samples selected via likelihood selection, as in Alg. 3.

32


	Introduction
	Background
	Evaluation
	Method
	Bi-level Optimization
	LLM Training

	Experiments
	Related Work

	Conclusions
	Acknowledgements
	Appendix
	Ehrlich Functions
	Constructing the Transition Matrix
	Constructing Jointly Satisfiable Spaced Motifs
	Defining The Initial Solution

	Derivations
	Algorithms
	Dataset Formatting
	Iterative Refinement
	Genetic Algorithm

	LLM Training Details
	Additional Results


