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ABSTRACT

Mutual information (MI) is a fundamental quantity in information theory and
machine learning. However, direct estimation of MI is intractable, even if the
true joint probability density for the variables of interest is known, as it involves
estimating a potentially high-dimensional log partition function. In this work, we
present a unifying view of existing MI bounds from the perspective of importance
sampling, and propose three novel bounds based on this approach. Since a tight M1
bound without density information requires a sample size exponential in the true MI,
we assume either a single marginal or the full joint density information is known.
In settings where the full joint density is available, we propose Multi-Sample
Annealed Importance Sampling (A1S) bounds on MI, which we demonstrate can
tightly estimate large values of MI in our experiments. In settings where only a
single marginal distribution is known, we propose Generalized IWAE (GIWAE) and
MINE-AIS bounds. Our GIWAE bound unifies variational and contrastive bounds in
a single framework that generalizes INFONCE, IWAE, and Barber-Agakov bounds.
Our MINE-AIS method improves upon existing energy-based methods such as
MINE-DV and MINE-F by directly optimizing a tighter lower bound on MI. MINE-
AIS uses MCMC sampling to estimate gradients for training and Multi-Sample AIS
for evaluating the bound. Our methods are particularly suitable for evaluating M1
in deep generative models, since explicit forms of the marginal or joint densities
are often available. We evaluate our bounds on estimating the MI of VAEs and
GANS s trained on the MNIST and CIFAR datasets, and showcase significant gains
over existing bounds in these challenging settings with high ground truth M.

1 INTRODUCTION

Mutual information (MI) is among the most general measures of dependence between two random
variables. Among other applications in machine learning, MI has been used for both training (Alemi
et al., 2016; 2018; Chen et al., 2016; Zhao et al., 2018) and evaluating (Alemi & Fischer, 2018; Huang
et al., 2020) generative models. Furthermore, successes in neural network function approximation
have encouraged a wave of variational or contrastive methods for MI estimation from samples only
(Belghazi et al., 2018; van den Oord et al., 2018; Poole et al., 2019). However, McAllester & Stratos
(2020) have shown strong theoretical limitations on any estimator based on direct sampling without
an analytic form of at least one marginal distribution. In light of these limitations, we consider M1
estimation in settings where a single marginal or the full joint distribution are known.

In this work, we view MI estimation from the perspective of importance sampling. Using a general
approach for constructing extended state space bounds on MI, we combine insights from importance-
weighted autoencoder (IWAE) (Burda et al., 2016; Sobolev & Vetrov, 2019) and annealed importance
sampling (AIS) (Neal, 2001) to propose Multi-Sample AIS bounds in Sec. 3. We empirically show
that this approach can tightly estimate large values of MI when the full joint distribution is known.
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Our importance sampling perspective also suggests improved MI lower bounds that assume access
to only joint samples for optimization, but require a single marginal distribution for evaluation. In
Sec. 2.4, we propose Generalized IWAE (GIWAE), which generalizes both IWAE and INFONCE
(Poole et al., 2019) and highlights how variational learning can complement multi-sample contrastive
estimation to improve MI lower bounds. Finally, in Sec. 4 we propose MINE-AIS, which optimizes
a tighter lower bound than MINE (Belghazi et al., 2018), called the Implicit Barber-Agakov Lower
bound (IBAL). We demonstrate that the IBAL corresponds to the infinite-sample limit of the GIWAE
lower bound, although our proposed energy-based training scheme involves only a single ‘negative’
contrastive sample obtained using Markov Chain Monte Carlo (MCMC). MINE-AIS then uses Multi-
Sample AIS to evaluate the lower bound on MI, and shows notable improvement over existing
variational methods in the challenging setting of MI estimation for deep generative models. We
summarize the MI bounds discussed in this paper and the relationships between them in Fig. 1.

1.1 PROBLEM SETTING

The mutual information between two random variables x and z with joint distribution p(x, z) is

z)

I(:2) = Eyoumy [bg %} — H(x) — H(x]2) = Eyoemlogp(x|2)] — By llogp(x)], (1)

where H (x|z) denotes the conditional entropy —E,,« ,) log p(x|z). We primarily focus on bounds
that assume either a single marginal distribution or the full joint distribution are available. A natural
setting where the full joint distribution is available is estimating MI in deep generative models between
the latent variables, with a known prior z ~ p(z), and data x ~ p(x) simulated from the model
(Alemi & Fischer, 2018). ! Settings where only a single marginal is known appear, for example, in
simulation-based inference (Cranmer et al., 2020), where information about input parameters 6 is
known and a simulator can generate x for a given 6, but the likelihood p(x|f) is intractable.

While sampling from the posterior p(z|x) for an arbitrary x is often intractable, we can obtain a
single posterior sample for x ~ p(x) in cases where samples from the joint distribution p(x)p(z|x)
are available. We will refer to bounds which involve only a single posterior sample as practical, and
those involving multiple posterior samples as impractical.

When the conditional p(x|z) is tractable to sample and evaluate, simple Monte Carlo sampling
provides an unbiased, low variance estimate of the conditional entropy term in Eq. (1). In this case,
the difficulty of MI estimation reduces to estimating the log partition function log p(x), for which
importance sampling (IS) based methods are among the most well studied and successful solutions.

2 UNIFYING MUTUAL INFORMATION BOUNDS VIA IMPORTANCE SAMPLING

In this section, we present a unified view of mutual information estimation from the perspective of ex-
tended state space importance sampling. This general approach provides a probabilistic interpretation
of many existing MI bounds and will suggest novel extensions in Sec. 3 and Sec. 4.

2.1 A GENERAL APPROACH FOR EXTENDED STATE SPACE IMPORTANCE SAMPLING BOUNDS

To estimate the log partition function, we construct a proposal gpgop(Zext|X) and target pror (X, Zext)
distribution over an extended state space, such that the normalization constant of p ., (X, Zex) is
Zrot = [ Pror(X, Zext)dZexk = p(x) and the normalization constant of Gypop (X, Zext) 1S Zprop = 1.
Taking expectations of the log importance weights 10g P11 (X, Zext) / @prop (Zext|X) under the proposal

! An alternative, “encoding” MI between the real data and the latent code is often of interest (see App. N), but
cannot be directly estimated using our methods due to the unavailability of pa(x) or ¢(z) = [ pa(x)q(z|x)dx.
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and target, respectively, we obtain lower and upper bounds on the log partition function

pTGT(x7 Zext) Prcr (X7 Zexl) :|
E 2o |x) |[log ————= | <o, x)<E Zext|x) |108 ————=1| . 2
qprop (Zext|X) |: g qPROP(Zext|X):| g p(x) a1 (Zext|X) |: g Grror (Zext|X) (©))
ELBO(X§ Gprop> pTGT) EUBO (X; Gprops pTGT)

These bounds correspond to extended state space versions of the ELBO and EUBO. In particular, the
gap in the lower bound is the forward KL divergence Dxr [¢prop (Zext|X) ||Prar(Zext|x)] and the gap in
the upper bound equal to the reverse KL divergence Dkr [Pror(Zext|X) || @prop(Zext|X)]- See App. A.

2.2 BARBER-AGAKOV LOWER AND UPPER BOUNDS

As a first example, consider the standard ELBO(gy) and EUBO(gy) bounds, which are derived from
simple importance sampling using a variational distribution ¢y (z|x) and zex = z in Eq. (2). Plugging
these lower and upper bounds on log p(x) into Eq. (1), we obtain upper and lower bounds on MI as

T, (00) = Byt 108 0| < 1(2) < Byt (1o 92 | = (x2) = T (). @)

The left hand side of Eq. (3) is the well-known Barber-Agakov (BA) bound (Barber & Agakov,
2003), which has a gap of E, ) [Dxw[p(z]x)[|qe(z|x)]]. We refer to the right hand side as the BA
upper bound Iy, (ge), With a gap of [, () [Dkr[ge(2]x)||p(2[x)]]. In contrast to Iy, (g), note that
Iga, (go) does not require access to the conditional p(x|z) to evaluate the bound.

2.3 IMPORTANCE WEIGHTED AUTOENCODER

The IWAE lower and upper bounds on log p(x) (Burda et al., 2016; Sobolev & Vetrov, 2019) improve
upon simple importance sampling by extending the state space using multiple samples zey = 215,

Consider a proposal ¢\WAE (z(1/)|x) with K independent samples from a given variational distribution

qo(z|x). The extended state space target pVAF (z(1%)|x) is a mixture distribution involving a single

sample from the posterior p(z|x) or joint p(x,z) and K — 1 samples from gp(z|x)

K
hrop (27 x) = qu %) P (x,2) KZ xz%) [ wEz"x. @
k=1,k+s

n\AL(x z (1:

K)
The log importance weight log W reduces to the familiar ratio in the IWAE objective, while

the normalization constant of pi¥AF (x, z(1%)) is p(x). As in Sec. 2.1, taking expectations under the

proposal or target yields a lower or upper bound, respectively,

p(x,z*
<1 <E
[ gKZq ) ] < logp(x) <

ELBOwae(X; g0, K) EUBOwae(X; g0, K)

K K
IT g0(z" %) p(zM1x) T g0 (2™ %)
k=1 k=2

As for the standard ELBO and EUBO, the gap in the lower and upper bounds are Dgy [ghraE|| Dot

TGT ]
and Dk [pat||giwaE], respectively. See App. B for detailed derivations. As in Sec. 1.1, with
known p(x|z), the lower and upper bounds on log p(x), ELBOwag (X; gg, K ) and EUBOwae (X; g0, K)

translate to upper and lower bounds on MI, which we denote as Irwag,, (¢, K) and Iiwag, (qo, K).

While it is well-known that increasing K leads to tighter IWAE bounds (Burda et al., 2016; Sobolev &
Vetrov, 2019), in App. B.2, we characterize the improvement of ELBOwag(gs, K) over ELBO(gp) as
a KL divergence. For EUBOw,s(qg, K), we show that the KL divergence measuring its improvement
over EUBO(qy) is limited to log K, which implies Iiwag, (99, K) < Ipa, (qo) + log K.

2.4 GENERALIZED IWAE

In this section, we consider a family of Generalized IWAE (GIWAE) lower bounds, which improve
upon Iy, (gs) using multiple samples and a contrastive critic function T (x, z), but do not require
access to p(x|z). While similar bounds appear in (Lawson et al., 2019; Sobolev, 2019), we provide a
thorough discussion of special cases, and empirical analysis for MI estimation in Sec. 5.2. We also
show that our IBAL bound in Sec. 4 corresponds to the infinite sample limit of GIWAE.

To derive a probabilistic interpretation for GIWAE, we begin by further extending the state space of
the IWAE target distribution in Eq. (4), using a uniform index variable p(s) = % Vs that specifies

which sample z(*) ~ p(z|x) is drawn from the posterior
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K

GIWAE /_ (1:K) — 1 (s) (k)
Prer (2 , 8]%) = K %) . ];[75 q(z""[x). (6)

Note that marginalization over s leads to the IWAE target p™¥AF (z(1:%)|x) in Eq. (4). For the GIWAE

TGT
extended state space proposal, consider a categorical index variable gSiva® (s|z(1%) x) drawn using

self-normalized importance sampling (SNIS), with weights calculated by a learned critic function T

Ty (x,z(s))
Gmon' (27 s[x) = <H q(zM]x) ) g (5127 %), where g (s|z2" "), x) = S
Z eT(ﬁ(x,z(k))
k=1
We discuss the GIWAE probabilistic interpretation in App. C.1, and find that only the GIWAE upper
bound on log p(x) provides practical benefit in App. C.2. The corresponding MI lower bound is

(1)
4o(2/x) eToxa®)
Icrwag, (g9, Ty, K) = E {IOg 7} +E log —%——|- (D
P p(x.2) p(2) p(x)p(z |x) kfi GO | LS eTelxa®)
Ipa, (g0) 0 < contrastive term < log K

We observe that the GTIWAE lower bound decomposes into the sum of two terms, where the first is the
BA variational lower bound for ¢y (z|x) and the second is a contrastive term which distinguishes a
single positive sample drawn from p(z|x) from K — 1 negative samples drawn from ¢y (z|x).

Relationship with BA  With a constant T}, (x, z) = const, the second term in GIWAE vanishes and
we have Igiwag, (¢, Ty = const, K) = Iga, (go) for all K. For K = 1, Igiwag, (¢, Ty, K = 1)
also equals the BA lower bound for all ;. Similarly to BA, GIWAE requires access to the analytical
form of p(z) to evaluate the bound on MI. However, both the BA and GIWAE lower bounds can be
used to optimize M1 even if no marginal is available. See App. N. for detailed discussion.

Relationship with InfoNCE When the prior p(z) is used in place of gy(z|x), we can recognize
the second term in Eq. (7) as the INFONCE contrastive lower bound (van den Oord et al., 2018; Poole
et al., 2019), with Iineonce, (To, K) = Iciwae, (p(2), Ty, K). From this perspective, the GIWAE
lower bound highlights how variational learning can complement contrastive bounds to improve MI
estimation beyond the known log K limitations of INFONCE (van den Oord et al., 2018).

Relationship with IWAE The following proposition characterizes the relationship between
Igiwag; (g9, T, K) in Eq. (7) and Iiwag, (gs, K) from Sec. 2.3. See App. C.5 for proofs.

Proposition 2.1 (Improvement of IWAE over GIWAE). For a given gy(z|x) and any Ty(x,z),

Trwag, (90, K) = Iowak, (0, T, K) + B ) jamne (5116 ) [DKL[pgé\¥AE(5|z(1:K)7x)||q§,iXQE(s\z(1:K), x)]} .

Corollary 2.2. Fora given qg(z|x) and K > 1, the optimal critic function is the true log importance

weight up to an arbitrary constant: T*(x,z) = log £ p(x.2) + ¢(x). With this choice of T*(x, z),

g0 (2]x)
Igiwak, (g0, T", K) = Iwak, (g9, K) - (®)
Corollary 2.3. Suppose the critic function Ty(x,z) is parameterized by ¢, and
J¢ost.V(x,2), Ty,(x,2) = const. For a given qp(z|x), let Ty-(x,2) denote the critic
Sfunction that maximizes the GIWAE lower bound. Using Cor. 2.2, we have
Isa; (g0) < Iciwaey (qo, Ty+, K) < Irwag, (¢, K) < Isa, (o) + log K . ©

While the GIWAE lower bound on MI does not assume access to the full joint distribution, Cor. 2.2
suggests that the role of the critic function is to learn the true log importance weights for gy (z|x).
Thus, when p(x,z) is known, IWAE is always preferable to GIWAE. Cor. 2.3 shows that while
Iciwag, (¢, Ty+, K) can improve upon BA, this improvement is at most logarithmic in K.

Relationship with Structured INFONCE Since INFONCE and Structured INFONCE (S-
INFONCE, see App. B.5, Poole et al. (2019)) are special cases of GIWAE and IWAE that use p(z) as
the variational distribution, Cor. 2.3 suggests the following relationship (see App. C.6)

0 < Ivroncey, (Ty, K) < Isanroncey (K) <log K . (10)

4
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Figure 2: Extended state-space probabilistic interpretations of multi-sample A1S bounds. Forward
chains are colored in blue, and backward chains are colored in red. Note that ELBOs and EUBOs are
obtained by taking the expectation of the log importance weight 10g p;1(+)/@prop(+) under either the
proposal or target distribution, and can then be translated to MI bounds.

3 MULTI-SAMPLE AIS BOUNDS FOR ESTIMATING MUTUAL INFORMATION

In the previous sections, we derived probabilistic interpretations of extended state space importance
sampling bounds using multiple samples K, as in IWAE. In this section, we first review AIS, which
extends the state space using 7' intermediate densities. We then show that these approaches are
complementary, and derive two practical Multi-Sample A1S methods that provide tighter bounds by
combining insights from IWAE and AIS.

3.1 ANNEALED IMPORTANCE SAMPLING BACKGROUND

Als (Neal, 2001) constructs a sequence of intermediate distributions {7 (z)}7_ 0, which bridge
between a normalized initial distribution 7 (z|x) and target distribution 7 (z|x) = p(z|x) with
unnormalized density 77 (x,z) = p(X,z) and normalizing constant Z7(x) = p(x). A common

choice for intermediate distributions is the geometric mixture path parameterized by {3; }7_,

7ro(z|x)1_5t mr(x, z)ﬂt
Zt(x)

m(z]x) = ,  where Z(x):= /wo(z\x)lfﬁt mr(x,2) " dz . (11)
In the probabilistic interpretation of AIS, we consider an extended state space proposal ghes . (Zo.7|X),
obtained by sampling from the initial 7((z|x) and constructing transitions 7¢(z¢|z;—1) which leave

m¢—1(2z|x) invariant. The target distribution p4&; (zo.7|x) is given by running the reverse transitions

T:(z¢_1|2;) starting from a target or posterior sample 77 (z|x), as shown in Fig. 2,

T

T
ahor(zo:7|x) = mo(zo[x) [ [ Te(zelze1),  pici(x,20m) = mr(x,20) [[ Te(zealze) . (12)
t=1 t=1

Taking expectations of the log importance weights under the proposal and target again yields a lower
and upper bound on the log partition function log p(x) (App. E). These single-chain lower and
upper bounds translate to upper and lower bounds on M1, s, (7o, T) and I,s, (7, T'), which were
suggested for MI estimation in the blog post of Sobolev (2019). To characterize the bias reduction for
AIS with increasing T', we prove the following proposition.

Proposition 3.1 (Complexity in T'). Assuming perfect transitions and a geometric annealing path
with linearly-spaced {3; }1_,, the sum of the gaps in the AIS sandwich bounds on M1, I s, (7o, T') —
Lus, (70, T), reduces linearly with increasing T.

See App. D.1 for a proof. In our experiments in Sec. 5, we will find that this linear bias reduction in
T is crucial for achieving tight M1 estimation when both p(z) and p(x|z) are known. However, we
can further tighten these AIS bounds using multiple annealing chains (X > 1), and we present two
practical extended state space approaches in the following sections.

3.2 INDEPENDENT MULTI-SAMPLE AIS BOUNDS

To derive Independent Multi-Sample AIS (IM-AIS), we construct an extended state space proposal by

running K independent AIS forward chains z(()’f% ~ ghs, in parallel. Similarly to the IWAE upper

bound (Eq. (5)), the extended state space target involves selecting a index s uniformly at random, and

running a backward A1S chain z((f)T ~ phls starting from a true posterior sample z7 ~ p(z|x). The

remaining K — 1 samples are obtained by running forward AIS chains, as visualized in Fig. 2
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K

K
1:K 1K 3 k
oS (255 |x) 1= Iquzp X), S (x () = P (x z&%)k vy g, (241 [x), (13)
Z ik

where gpe, and prs, were defined in Eq. (12). Note that sampling from the extended state space

target distribution is practical, as it only requires one sample from the true posterior distribution.

As in Sec. 2.1, taking the expectation of the log unnormalized density ratio under the proposal and
target yields lower and upper bounds on log p(x), respectively,

K A8 (k) K s (k)
1 X,Z 1 Z
B g, 100 D 0 | g < B gy [ion g 3 EECSI g
0T RO =1 Gerov (Zg.7[X) L) e k=t @b (7.7 1)
Zy.p  ~Aprop
ELBOy-ais (X; 70, K, T) EUBOiw-ais (X; mo, K, T)

which again have KL divergences as the gap in their bounds (see App. E). Independent Multi-Sample
AIS reduces to IWAE for T' = 1, and reduces to single-sample AIS for K = 1. Both upper and
lower bounds are tight as K — oo or T' — o0, and translate to lower and upper bounds on MI as in
Sec. 1.1. In App. E.3, we show that the Independent Multi-Sample AIS lower bound on MI is limited
to logarithmic improvement over single-sample AIS, with Iy _ais, (70, K, T) < I, (70, T) + log K.

3.3 COUPLED REVERSE MULTI-SAMPLE AIS BOUNDS

We can exchange the role of the forward and backward annealing chains in Independent Multi-

Sample AIS to obtain alternative bounds on the log partition function. We define Independent Reverse

Multi-Sample A1S (IR-AIS) using the following proposal and target distribution, as shown in Fig. 2.
K K K

Al LK 1 s k - K S k
dhon (%26 )) = 52 D dovor (2577 %) pre(zgr),  prat(zgr) = [ piatozgd).

s=1 k=1,k#s k=1

Note that partition function ratio is Zrgr/Zeror = p(x)% /p(x)E~1 = p(x). Using these distribu-
tions, we derive log p(x) and MI bounds in App. G. However, the these bounds will be impractical in
most settings since they require multiple true posterior samples (see Sec. 1.1).

To address this, we propose Coupled Reverse Multi-Sample AIS (CR-AIS). As shown in Fig. 2, the
extended state space target distribution initializes K backward chains from a single target sample

zp ~ mp(z|x), with the remaining transitions p%ST(zO;T_l |z7) matching standard AIS in Eq. (12).

- K
g(]:TAIS (Z(()lT )17 zr, X) =TT (ZT7 X) Pror

k=1

o1 (Z(()kT 11z, %) 1s)

The extended state space proposal is obtained by selecting an index s uniformly at random and
running a single forward AIS chain. We then run K — 1 backward chains, all starting from the last
state of the selected forward chain, as visualized in Fig. 2

K K

- s k)
Givor (21,27 1%) = 72 Y Gheon (o r 27 [%) Prox(zoir |27, %) (16)

s=1 k=1,k#s

Taking the expected log ratio under the proposal and target yields lower and upper bounds on log p(x),

AIS AIS
qPROF 1 qPRUF( )]
—E — <lo x) < —E log —
z((],}‘ 12T ~dprop (207 |%) [ I; pior(+) ] < logp(x) < zp~mp (27 |%) [ & K szl pagr ()
5)2 o L ~PiGr (2o —1 27 5%) f)lTK)1~PTCT<ZU T —1lz7,%)
ELBOcg-ass (X; 70, K, T') EUBOcg-ais (X; w0, K, T)

We show in App. H.3 that the Coupled Reverse Multi-Sample AIS upper bound on MI is limited to
logarithmic improvement over single-sample AIS, with Ieg_ais,, (70, K, T) > Ins, (70, T) — log K.

3.4 DISCUSSION

Relationship with BDMC While Bidirectional Monte Carlo (BDMC) (Grosse et al., 2015; 2016)
was the first method proposing multi-sample log partition function bounds using AIS chains, our
probabilistic interpretations provide novel perspective on BDMC. Perhaps surprisingly, we find that
BDMC lower and upper bounds do not correspond to the same extended state space proposal and
target distributions. In particular, the BDMC lower bound on log p(x) corresponds to the lower bound
of Independent Multi-Sample A1S (Fig. 2 Col. 4, Row 4), while the upper bound of BDMC matches
the upper bound of Coupled Reverse Multi-Sample AIS (Fig. 2 Col. 6, Row 3).

6



Published as a conference paper at ICLR 2022

Effect of K and T We have shown in Prop. 3.1 that Multi-Sample AIS bounds can achieve linear
bias reduction with increasing 7', although this computation must be done in serial fashion. While
increasing K involves parallel computation, its bias reduction is often only logarithmic, as we show for
Tiwag; (g0, K) (Cor. B.3), Iiy-ais, (70, K, T') (App. E.3), and Icg-ais,, (70, K, T') (App. H.3). Based
on these arguments, we recommend increasing K until computation can no longer be parallelized on
a given hardware and allocating all remaining resources to increasing 7.

Comparing Multi-Sample AIS Bounds In App. I Fig. 5, we compare performance of our various
Multi-Sample AIS bounds in order to recommend which to use in practice. For the upper bound on MI,
we recommend the Independent Multi-Sample AIS ELBO, or the forward direction of BDMC, since it
uses independent samples and is not limited to log K improvement. The results are less conclusive
for the lower bounds on MI. While the MI lower bound obtained from EUBOy_15(x; 7, K, T') (RHS
of Eq. (14)) can improve upon single-sample AIS by at most log K (App. E.3), this improvement is
easily obtained for low 7" and may be used to quickly estimate MI of a similar magnitude as log K.
The Coupled Reverse AIS lower bound on MI requires moderate values of 7' to match or marginally
improve on Independent Multi-Sample AIS, suggesting that the preferred M1 lower bound may differ
based on the scale of the true MI and amount of available computation.

4 MINE-AIS ESTIMATION OF MUTUAL INFORMATION

For settings where the conditional p(x|z) is unknown, we propose MINE-AIS, which is inspired by
MINE but optimizes a tighter lower bound on MI (App. J). Although this bound involves an intractable
log partition function, we present a stable, energy-based training scheme and use our Multi-Sample
AIS methods from Sec. 3 to evaluate the bound. Consider an flexible, energy-based distribution
7g,4(2|x) as an approximation to the posterior p(z|x) (Poole et al., 2019; Arbel et al., 2020)

70,4(2]%) = %qg(zb()e%(x’z) , where Zp 4(x) = Eq, (2% [eT‘f’(x’z)] . (17)
Plugging 7y 4(z|x) into the BA lower bound, we denote the resulting bound as the Implicit Barber-
Agakov Lower bound (IBAL), since it is often difficult to evaluate explicitly due to the intractable log
partition function term. After simplifying in App. J.1, we obtain

qe(le)} 6T¢(x,z)

I(x;2) > 1, T =E, x.2) |lo +E, (x.2) |lo =: IBAL(qo,Ty), (18

( ) BAL( 97¢) p(x,2) |: g p(z) p(x,2) gEqs(le) [6T¢(x,z)] (qG ‘15) (18)
Isar, (90) <Ey () [Pk [p(21) |06 (21%)]]

with the gap of the IBAL equal to E,,)[DkL[p(z|x))[|7e,4(2]x)]]. Note that the IBAL generalizes
the Unnormalized Barber-Agakov bound from Poole et al. (2019), with Iyga (1) = IBAL(p(2), Ty).

Proposition 4.1. For a given qy(z|x), the optimal 1BAL critic function equals the log importance

weights up to a constant T*(x,z) = log qi(();’li)) +c(x). Forthis T*, we have 1BAL(qg, T*) = I(x; z).

Relationship with GIWAE We can immediately notice similarities between GIWAE and MINE-AIS,
including that their optimal energy functions match and that both bounds include a contrastive term
which improves upon the BA lower bound. In fact, we prove the following proposition in App. L.2.

Proposition 4.2. For given q(z|x) and Ty(x, z), Kh_r>noo Iciwag,, (g9, Ty, K) = IBAL(qg, T}).

Thus, we may view the IBAL as the limiting behavior of the finite-sample GIWAE bounds as K — oo.
While Cor. 2.3 shows that Igwag;, (99, T') can improve Iy, , (go) by at most log K nats, we show in
App. L.1 that the IBAL contrastive term is flexible enough to close the entire gap in the BA bound.
However, this flexible contrastive term comes at the cost of tractability, as the IBAL in Eq. (18)
involves a log partition function log E, (5 |x) [eT(x2)] compared to the finite-sum term in GIWAE.

Energy-Based Training of IBAL  Although the log partition function log Zy 4(x) in the IBAL is in-
tractable to evaluate, we only require an unbiased estimator of its gradient for training. Differentiating
Eq. (18) with respect to the parameters 6 and ¢, respectively, we obtain

0 0 0

%IBAL(qg, Ts) = Epx,2) [% log qg(z|x):| — Epx)mg g (21%) {% log qg(z|x):| , (19)
0 0 0

%IBAL(qg, T¢) = Ep(x,z) %T(;s (X, Z) — Ep(x)79)¢(z‘x) %T(;a (X, Z) . (20)
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Method ‘ Proposal ‘ MNIST-VAE10 MNIST-VAE100 ‘ MNIST-GAN10 MNIST-GAN100  Method ‘ Proposal ‘ CIFAR-GAN10 CIFAR-GAN100
A8 | ple) | (000.192980) (0:00.583052) | (000.78612) (0008613 AIS | ple) | (000 03563575 (000, 485341050)
| a(zix) | (21.06,63.00) (34.49,362.13) | (3.67,314.72) (2.61,513.33) | q(zlx) | (17.30,403679.22) (20.17, 2378257.50)

AIS | p(z) | (31.05,3000) (7990,95.17) | (2157,2247) (2586,27.55)  AIS | p(z) | (29.52,33089.90) (104.51,63290.40)

(T=300) " (ahx) | (34.16,34.29)  (80.19,82.34) | (21.60,23.06) (25.58,2953) 0 | g(slx) | (48.16,136.15)  (145.19,2786.53)
AIS | p(z) | (3421,3421) (80.78,80.84) | (2197,22.02) (2647,2652)  AIS | p(z) | (7187,73.98)  (480.26,485.07)

(T=30K) ") | (34.21,3421)  (80.77,80.80) | (22.01,2201) (26.53,2654) 00K ) | (72.85,7354)  (479.27, 4s4.84)
IWAE | p(z) |(0.00,3827.58) (0.00,11501.92) | (0.00,1630.00) (0.00,1740.39) IWAE | p(z) | (0.00,7765695.50) (0.00,9916102.00)
K=D | qz\x | (25.20,35.34) (4454,9503) | (4.23.5747) (323.20087) 0 [ q(zlx) | (1745.77.52)  (20.00,5346.85)
IWAE | p(s) | (0.91,1197.75) (6.91,423419) | (6.91,446.80) (6.91,49473) IWAE | plz) | (691, 2044170.75) (0.91,285714.50)
K=1O q(z\x) | (31.69,34.24) (51.44,85.30) | (11.14,52.73) (10.14,201.18) | a(zx) | (2358,74.00)  (26.95,5283.13)
IWAE | p(s) | (13.82,376.89) (13.82,2247.73) | (1381,8151) (1382, 11401) IWAE | p(s) | (1382,710511.63) (13:82,1903854.50)
=M T apo | (3410,3422)  (55.35,83.39) | (17.76,3088)  (16.98,5804) oM | TiGng | (30.73,73.36)  (33.81,5271.56)

Table 1: MI Estimation with IWAE (with varying K') and Multi-Sample AIS (with varying T') on
MNIST (left) and CIFAR (right). Tight estimates, with gap of less than 2 nats, are in bold.

Eq. (19) indicates that to maximize the IBAL as a function of 6 and ¢, we need to increase the value
of T, (x,z) or log gg(z|x) on samples from p(x, z), and lower it on samples from p(x)my 4(z|x).
As is common in training energy-based models, it is difficult to draw samples from 7y ,4(z|x). To
reduce the cost and variance of the estimated gradient, we initialize chains from true posterior sample
zo ~ p(z|x) as in contrastive divergence training (Hinton, 2002) and run M steps of Hamiltonian
Monte Carlo (HMC) transition kernels 77.5s (2|2, x) (Neal, 2011). See App. M.1 for details.

Multi-Sample AIS Evaluation of IBAL After training the critic function using the procedure
above, we still need to evaluate the IBAL lower bound on MI. We can easily upper bound IBAL(gp, T's)
using a Multi-Sample AIS lower bound on log 2y 4(x), but this does not ensure a lower bound on
ML. In order to upper bound log Zy 4(x) and preserve a lower bound on I(x; z), Multi-Sample AIS
requires true samples from g 4(2z|x) to initialize backward AIS chains. Since these samples are
unavailable, we instead initialize backward chains from the true posterior p(z|x) instead of mg ,(z|x).
We derive sufficient conditions under which this scheme preserves an upper bound on log Zy 4(x) in
App. M.2 and provide empirical validation in App. M.3.

5 EXPERIMENTS

In this section, we evaluate our proposed MI bounds on VAEs and GANs trained on MNIST and CIFAR.

5.1

We compare Multi-Sample AIS MI estimation against IWAE, since both methods assume the full joint
distribution is available. For the initial distribution of AIS or variational distribution of IWAE, we
experiment using both the prior p(z) and a learned Gaussian gy (z|x). Table 1 summarizes our results.

MULTI-SAMPLE AIS ESTIMATION OF MUTUAL INFORMATION

IWAE As described in Sec. 2.3, IWAE bounds encompass a wide range of MI estimators. The K = 1
bounds with learned gg(z|x) correspond to BA bounds, while for K > 1 and p(z) as the proposal,
we obtain Structured INFONCE. While the IWAE upper bound on MI, which uses the log p(x) lower
bound with independent sampling from gy (z|x), is tight for certain models, we can see that the
improvement of the IWAE lower bound on M1 is limited by log K. In particular, we need exponentially
large sample size to close the gap from the BA lower bound (/K = 1) to the true MI. For example, on
CIFAR GAN100, at least €50 total samples are required to match the lower bound estimated by AIS.

Multi-Sample AIS We evaluate Multi-Sample AIS with K = 48 chains on MNIST and K = 12 on
CIFAR, and a varying number of intermediate 7". We show results for the Independent Multi-Sample
AIS MI lower bound and Coupled Reverse Multi-Sample AIS upper bound in Table 1. Using large
enough values of 7', Multi-Sample AIS can tightly sandwich large values of ground truth MI for
all models and datasets considered. This is in stark contrast to the exponential sample complexity
required for the IWAE MI lower bound, and highlights that increasing 7" in Multi-Sample AIS is a
practical way to reduce bias using additional computation. We provide runtime details in App. O.1.3,
and provide additional results comparing different Multi-Sample AIS bounds in App. I Fig. 5.

5.2 ENERGY-BASED ESTIMATION OF MUTUAL INFORMATION

In this section, we evaluate the family of GIWAE and MINE-AIS bounds, which assume access to a
known marginal p(z) but not the conditional p(x|z). We summarize these bounds in Fig. 3b.

BA, IWAE, and GIWAE Bounds Recalling that Igiwag, (ge, Ty, K) in Eq. (7) consists of the BA
lower bound and a contrastive term, we report the contribution of each term in Fig. 3a. For a fixed
qo(z|x), Cor. 2.3 shows Iga, (¢9) < Igiwag, (90, Ty~ K) < Iwag,, (49, K) < Ia, (qo) + log K.
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MA
Input Bound Model ‘ Linear MNIST MNIST 1(x;2)
Used VAEIO VAE20 GAN20
K z|x)|| 7, z|x
p(x,z) | Analytical | 23.23 | N/A | N/A
TAIS B - — — — 1BAL(gp, T)
ound on True MI | (23.23,2323) | (65.11,6517) | (53.43,53.50) | P Rk 7
§’<_";Z> | IWAE LB (K = 1000) | 20.53 +2.66 = 23.19 | 38.21 + 6.90 = 45.11 | 20.97 + 6.91 = 27.88 (MINE-AIS)
oin . B
Samples | IWAE LB (K = 100) | 21.64 + 1.50 = 23.14 | 38.86 + 4.61 = 43.47 | 20.86 + 4.60 = 25.46 ' Lo o
E[ D [P (29 |x) lgpn (217 |x)
| Structured InfoNCE LB (K = 1000) | 6.91 [ 6.91 [ 6.91 . I‘)‘ frete et
| Structured InfoNCE LB (K = 100) | 4.61 | 461 | 4.61 [Dicw[p(z})llao (2/)]
p(z) | AIS Bound on IBAL (MINE-AIS) | (23.15,2315) | (ST.72,57.74) |  (40.79,40.79) [ TRTTEermmemmmeneesees
Jg‘:;;leq | AIS Bound on IBAL (GIWAE K = 100) |  (22.87,22.87) |  (44.97,44.97) | (28.61,28.62) logK (g0, K)
7 | AISBound on IBAL (InfoNCE K = 100) | (11.38,11.39) |  (5.18,5.18) |  (7.42,7.42) WECAC(E
| Generalized IWAE LB (K = 1000) | 22.31 +0.38 = 22.60 | 37.23 + 6.55 = 43.78 | 20.50 + 6.72 = 27.22
| Generalized IWAE LB (K = 100) | 2248 +0.30 = 22.87 | 37.56 + 4.34 = 41.90 | 20.68 + 4.57 = 25.25 Tewws, (a8, Tp, )
| Barber-Agakov LB (K = 1) | 22.69 | 37.92 | 21.42 _—
~T I:K 7 1
Joint | InfoNCE LB (K = 1000) \ 6.91 \ 6.91 \ 6.91 EDxcwlprer (sla", ) U(s
Samples | 1nfoNCE LB (K = 100) | 461 | 161 | 461 Iy, (90)
(@) (b)

Figure 3: (a) Comparison of energy-based bounds (GIWAE and MINE-AIS) with other MI bounds.
(b) Visualizing the gaps of various energy-based lower bounds and their relationships.

Although we perform separate optimizations for each entry in Fig. 3a, we find that these relationships
hold in almost all cases. We also observe that GIWAE can approach the performance of IWAE, despite
the fact that GIWAE uses a learned T (x, z) instead of the optimal critic in IWAE (Cor. 2.2).

For the Linear VAE, the true posterior is in the Gaussian variational family and Iga, (o) is close
to the analytical MI. In this case, the contrastive term provides much less than log K improvement
for GIWAE and IWAE, since even the optimal critic function cannot distinguish between gy (z|x) and
p(z]x). As K increases, we learn a worse gy in almost all cases, as measured by a lower BA term.
This allows the contrastive term to achieve closer to its full potential log K, resulting in a higher
overall bound. For more complex VAE and GAN posteriors, there is a reduced tradeoff between the
terms since the variational family is far enough from the true posterior (in reverse KL divergence)
that either GIWAE or IWAE critic functions can approach log K improvement without significantly
lowering the BA term. In all cases, (Structured) INFO-NCE bounds saturate to log K.

MINE-AIS Bounds We report MINE-ATIS results using a fixed Gaussian p(z) as the base variational
distribution and Multi-Sample AIS evaluation of IBAL(p(z), T;s). We can see in Fig. 3a that MINE-AIS
improves over BA due to its flexible, energy-based variational family. To evaluate the quality of the
learned T¢(x, z), we compare the IBAL to the Multi-Sample ALS lower bound, which assumes access
to p(x|z) and corresponds to the optimal critic in Prop. 4.1. We find that MINE-AIS underestimates
the ground truth M1 by 11% and 24% on MNIST-VAE and MNIST-GAN, respectively.

We also observe that MINE-AIS outperforms GIWAE (and IWAE) and by 31% and 49% on MNIST-VAE
and MNIST-GAN, respectively. To investigate whether this is due to its improved critic function or a
more costly evaluation procedure, in Fig. 3a we report Multi-Sample AIS evaluation of IBAL(gg, Tys)
for qg, T's learned by optimizing the GIWAE or INFONCE lower bounds with K = 100. GIWAE and
INFONCE results only marginally improve, indicating that their critic functions are suboptimal and
far from the true log importance weights.> We conclude that the improvement of MINE-AIS can
primarily be attributed to learning a better critic function using energy-based training.

6 CONCLUSION

We have provided a unifying view of mutual information estimation from the perspective of impor-
tance sampling. We derived probabilistic interpretations of each bound, which shed light on the
limitations of existing estimators and motivated our novel GIWAE, Multi-Sample AIS, and MINE-AIS
bounds. When the conditional is not known, our GIWAE bounds highlight how variational bounds can
complement contrastive learning to improve lower bounds on MI beyond known log K limitations.
When the full joint distribution is known, we show that our Multi-Sample AIS bounds can tightly
estimate large values of MI without exponential sample complexity, and thus should be considered
the gold standard for MI estimation in these settings. Finally, MINE-AIS extends Multi-Sample AIS
evaluation to unknown conditional densities, and can be viewed as the infinite-sample behavior of
GIWAE and existing contrastive bounds. Our MINE-AIS and Multi-Sample AIS methods highlight
how MCMC techniques can be used to improve MI estimation when a single analytic marginal or
conditional density is available.

?Note that TWAE and Structured INFONCE use the true log importance weights 7 (x, z) = log ;; ((’; ,|Zx)) +e(x)

(Cor. 2.2). For this optimal critic, IBAL(qe, T™) = I(x;2),V qo (Prop. 4.1) and A1S will sandwich the true MI.
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A A GENERAL APPROACH FOR DERIVING EXTENDED STATE SPACE BOUNDS
ON LOG PARTITION FUNCTIONS

In this section, we give a short proof that the gap in our general extended state space bounds from
Sec. 2.1 corresponds to a forward or reverse KL divergence. We derive various upper and lower
bounds on log p(x) using this approach throughout the paper and appendix, and we provide a visual
summary in Fig. 4.

First, we consider an extended state space target p g (X, Zext) and proposal gppop(X, Zex) dis-
tributions. For all cases discussed in this work, we will choose our target and proposal dis-
tributions such that log ZZ:%P((’;)) = logp(x). For example, a common construction is to have
Zror(X) = [ Drgr(X; Zext)dZexe = p(x) and Zerop(X) = [ Gprop (X, Zext)dZexe = 1. Our ‘reverse’
importance sampling bounds App. F-G construct target and proposal such that Zygr(x) = p(x)%
and Zppop(x) = p(x)E 1, which still yields Zrg1(X)/ Zprop(X) = p(X).

Each pair of extended state-space proposal and target distributions provides both an upper and lower
bound on the log partition function. Taking the expected log ratio of unnormalized densities under
either the proposal or target distribution, we have

E

log

Prct (Xa zext) } < log Zrer (X) pTGT(X7 Zext) ] @1)

—_— ]:E TGT ‘ext log
drroP (X7 Zext) Zprop (X) Pror (Zeu ) [ qPROP(X7 Zext)
To confirm that these are indeed lower and upper bounds for any ¢, and p.,, we can show that the

gap in the lower bound in Eq. (21) is the forward KL divergence D1 [qprop||Prar)> and the gap in the
upper bound is the reverse KL divergence, D1 [Pror || prop)

GPROP(Zext | %) |:

s Zex Z Z
M} o Zrer(®) Dxc [Gneor (Zext|) [Pros (zex|%)] < log Zror(¥) o9
ZPROP(X)

E Z, xX
Grwor (Zex ) [QPROP (X, zext) & Zorop (X)

ELBO (X§ Qpror, pTGT)

Pror (X7 Zext) ] —log Zrer (X) ZTGT(X)

Ep  (zex|x + D i1 (Zext |X Zext|X)] > log ———=. 23
Pror (Zext %) |:qPROP(X,zex[) Zoror(X) KL [Pror (Zext [X) || @prop (Zex [X)] gZPROP(X) (23)

EUBO(X; Grrop) pTGT)

14



Published as a conference paper at ICLR 2022

Thus, the bounds in Eq. (21) directly generalize the standard ELBO (log p(x) — D1 [qs (2]X)||p(z]%)])

and EUBO (log p(x) + Dk [p(z|x)| ge(z|x)]), which appear as special cases when K =1, T = 1,
the proposal distribution is gpop(z|X) = go(2z|x), and the target distribution is p,q;(2z|x) = p(z|x).
In what follows, our extended state space proposal or target distributions may include gg(z|x) as
an initial or base variational distribution, with the posterior p(z|x) often appearing within target
distributions ppq (X, Zext)-

In Fig. 4, we summarize various extended state space proposal (third column) and target distributions
(fourth column). We emphasize that the base variational distribution ¢y (z|x) (blue circles) and
posterior distribution p(z|x) (red circles) may be used multiple times, in either or both of the
extended state space proposal and target distributions. Similarly, forward AIS chains (blue circles)
starting from the initial distribution and the backward AIS chains (shown in red circles) starting from
the posterior may be used repeatedly in both the proposal or target. In the next sections, we proceed
to derive each of the bounds in Fig. 4 as special cases of this general approach, thus interpreting each
importance sampling bound in terms of probabilistic inference in an extended state space.

B IMPORTANCE WEIGHTED AUTOENCODER (IWAE)

B.1 PROBABILISTIC INTERPRETATION AND BOUNDS

Consider a K -sample proposal distribution ¢:WAE(z(1)) using independent draws from an initial

distribution gg(z|x). The target distribution is defined as a uniform mixture of K components, where
each component replaces the initial sample gy (z*)|x) in index k with a sample from the target
distribution p(z|x).

K K

i) = [Laoe ), P (o 2 T as(a1).
k=1
s=1 hts

(1: K)

HMN

(24)

Note that the normalizing constant of pi¥A(x,z(1:5)), or [ phAF(x,z(15))dz(1:K) | equals p(x)

since gy (z|x) is normalized and [ p(x,z)dz = p(x). To connect this with the IWAE bound, we show
that the log importance ratio reduces to

1 K K i
T Z p(x,2)) TT qo(2|x)
e Y -
X)) 8 K
H o (z® |x)
— log — Z p(x,z* (25)
k 1 (J0

As in Eq. (21), we can obtain lower and upper bounds on log p(x) by taking expectations under the
proposal and target distributions, respectively.

Alternative Probabilistic Interpretation We now present an alternative probabilistic interpreta-
tion of IWAE, which is similar to Domke & Sheldon (2018) and will be used as the foundation for our
GIWAE bounds in App. C. Consider the following extended state space target distribution,

K
. 1 B
it (x, 2010, 5) = — p(x.2) kHI a(z®)}x). (26)
k;s
Note that marginalization over s leads to the IWAE mixture target in Eq. (4) or Eq. (24). We consider
the extended state space proposal

(21, sJx) = (H () )5 612 ). @7
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Practicality | Extended State-Space Proposal | Extended State-Space Target
Lower Bound on log p(x) (ELBO) | Upper Bound on log p(x) (EUBO)

N
S
=

Coupled Reverse v
Multi-Sample AIS

568

Upper Bound on I(x; z) Lower Bound on I(x;z)
Simple IS v @ @
IWAE v @
) )
Generalized IWAE v @
-0
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20
 ~)<Len)
@

Figure 4: Comparison of the probabilistic extended state-space interpretations of different multi-
sample bounds. Forward chains of AIS and variational distributions in IS / IWAE are colored in blue.
Backward chains in AIS or posterior distributions in IS / IWAE are colored in red. Note that a lower
bound on log p(x), translates to an upper bound on MI, and vice versa.

. oy XK )
where we have defined ¢"WAE (s|z(15) x) = ;((:;,é) |x)) /kz—:1 ;((:;,(zk) |x)).

As desired, the log importance weight match Eq. (25)

1 RO
?p(xaz( )) I1 qe(z<k)|x)
k=1

IWAE (1:K) = 1 K (k)
og Pt (62 ") ks g LS Rz (28)
0 sx) T =) K = a0(=Pk)
(k) |y 90z -
1l o2

k=1 ag(z(F) %)
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Lower Bound on log p(x) and Upper Bound on MI  Using the general approach in App. A, taking
expectations under gphar leads to a lower bound on log p(x)

p(x,z*
ELBO 1go, K) =E 29
IWAE(X7 1, ) ﬁ qe(z(k)‘x) |: K (k)|X :| ( )
k=1
This corresponds to the following upper bound on MI for known p(x|z)
I(x;2) < Iwaey, (G0, K) = Epx ) [log p(x]2)] — Epx [ELBOIWAE(X' qe, K)] (30)

p(x,z

31
p<x>kﬁ1qa(z<k>|x>[ K £ qo Z”“)IX} b

= ]Ep(x,z) [1ng(X|Z)} -

Upper Bound on logp(x) and Lower Bound on MI Similarly, with expectations under

pWAE(z(1K)|x), we obtain an upper bound on log p(x). Since, for independent draws, the uni-

form mixture p!VA® is invariant to index permutations, we may choose the target sample to be z(")

and obtain the upper bound of Sobolev & Vetrov (2019):

K
1 p(x,z(k))
EUBO 1q9, K) = E 1 —E —— 7| >1 . 32
G ) p(z<1>|x>ﬁzq9(z<k“‘>[OgKH o) | = 1OBPO G

Translating this to a lower bound on MI with known p(x|z),
1(x;2) > Tiaey (90, K) = Epx, 2 [log p(x|2)] — Ep) [EUBOmar (X; go, K)] (33)

pxz

E 08 == } (34)
p(x)p(z(1) ) ;f[g a0 (2% |x) { K = qo(z™[x)

= Ep(x,2) [log p(x|z)] —

B.2 PROOF OF LOGARITHMIC IMPROVEMENT IN K FOR IWAE EUBO

We first recall results that IWAE bounds tighten with increasing K.

Proposition B.1. For given qy(z|x), ELBOwae(X; g, X + 1) > ELBOwar(X; g9, K) (Burda et al.,
2016) and EUBOwas(X; g9, K + 1) < EUBOwar(X; go, K) (Sobolev & Vetrov, 2019).

Proposition B.2 (Improvement of IWAE and ELBO or EUBO). Let phVAF(s|x,z(1)) =

(x,2 S) p(x, z T
- (z(9)|x) / Zk 10 (z<k>|x) denote the normalized importance weights and U(s) indicate the

uniform distribution over K discrete values. Then, we can characterize the improvement of
ELBO1waE(X; qg, ) and EUBOwaAE(X; g, K) over ELBO(X; qg) and EUBO(X; gy ) using KL diver-
gences, as follows

ELBO1waE (X; ¢o, )) = ELBO(X; qg) + E g (501:10 ) {DKLW(S)IIPIT‘Z?E(SZ(LK)»X)]} , (3%)

0 < KL of uniform from SNIS weights < Dxi[qo(z]x)||p(z|x)]

EUBOwAE(X; g9, K) = EUBO(X; qg) — Epmuae (5110015 [DKL[pTVé?E( 205 x) | u(s)]] . (36)

0 < KL of SNIS weights from uniform < log K

Prop. B.2 demonstrates that the improvement of the IWAE log partition function bounds over its
single-sample counterparts is larger for more non-uniform SNIS weights. Notably, the improvement
of EUBO1waEk (X; qg, K) over the single-sample EUBO(X; gy) is limited by log K.

Proof. We first note that the single-sample ELBO(x;qg) and EUBO(X;qg) are special cases of
ELBOgwae (X; g0, Ty, K) and EUBOGwar(X; g, T, K) (Lemma C.1) with T;, = const. As a re-
sult, the gap between ELBO(X; gg) and ELBOwae(X; qg, K), for example, follows as a special case
of the gap between ELBOgiwar(X; g, Ty, ) and ELBOwas(X; go, K), which we characterize in
Lemma C.2 (App. C.4). The result in Prop. B.2 follows directly.
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We now justify the range of the KL divergences in Eq. (35) and Eq. (36) referenced in the underbraces.

Improvement of EUBOyag: Note Dy [PWAF (s|z(15) x)|[U(s)] = log K — H (p\WAF(s|z(15) x)) is
bounded above by log K since the entropy of a discrete random variable is nonnegative.

Thus, the improvement of EUBOwae(X; g9, /) over EUBO(X; gp) is limited to log K. We prove
similar results in Prop. 2.1 and Cor. 2.3 (App. C.4), Prop. E.2 (App. E.3) and Prop. H.2 (App. H.3).

Improvement of ELBOyae: On the other hand, the KL divergence Dyp [U(s)||pSiWAE (s|z(1 ) x)]
is not limited by log K. However, we do know that the improvement of ELBOwag(X; g, ) over
ELBO(X; gp) will be limited by Dy [ge(2]X)||p(z|x)], the gap of ELBO(X; gp).

O

Prop. B.2 shows that both IWAE upper and lower bounds on log p(x) improve upon their single-
sample counterparts, with the improvement of EUBOwag(X; g, K) over EUBO(X; ¢g) limited by
log K. Cor. B.3 follows directly by translating these results to bounds on MI.

Corollary B.3. TWAE bounds on M1 improve upon the BA bounds with the following relationships:
I, (q0) < Diwak, (90, K) < Ipa, (q0) + log K, Iwaky (90, K) < Ipay (o) (37)

Proof. Recall from Sec. 1.1 and Sec. 2.2 that Iy, (g9) = Ep(x,z) [log p(x|2)] — E,x) [EUBO(X; go)]
and Iwae, (g0, K) = Ep(x 2 [log p(x]2)] — Ep(x) [EUBOwaE(X; g, K)]. Using Prop. B.2, the fact
that EUBO(x; ¢p) — log K < EUBOwaz(X; gs, K') for any x implies that

Tiwae,, (90, K) — Ipap, (q0) = Ep(x) [EUBO(xX; gg) — EUBOwaz(X; g9, K)] < log K, (38)
which results in Iiwag, (g0, K) < Iga, (qo) + log K, as desired.

Isa, (q0) < Iiwag,, (¢, K) and Iiwag, (q0, K) < Iga, (go) follow from the fact that IWAE bounds
tighten with increasing K in Prop. B.1. O

B.3 EXPERIMENTAL RESULTS SHOWING LOGARITHMIC IMPROVEMENT FOR iy, (qg, K)

In Sec. 2.4, we showed that IWAE is a special case of GIWAE, which decomposes into the sum of
a variational BA lower bound and a K -sample contrastive term. This suggests that the IWAE lower
bound on M1, which arises from an upper bound on log p(x), may be written as

p(x,z1)
90 (2[x) 90 (=D ]x) (39)

log ——————————
K

z ] x)p(z(D|x 2(F) |x LK pxz)
p(z) PGIP(= 1) 1 a0 (2 1) e i 2k

Iwaey (g, K) = Ep(x,2) {log

Iga(q) 0< contrastive term <log K

This way of writing Itwag, (gg, K) provides additional intuition for the result in Prop. B.2 and
Cor. B.3. In particular, the improvement of Itwag, (¢s, K) over Ig,, (gs) is simply the contrastive
term, which is limited to log K.

Method | log K | Proposal | VAE2 VAE10 VAE100 | GAN2 GAN10 GAN100
IWAE | o | p(z) | 0+0=0 0+0=0 0+0=0 | 0+0=0 0+0=0 0+0=0
(k=) | | q(zlx) | 8.63+0=863 2520+0=2520  44.54+0=4454 | 883+0=883 42340 =423 3.23+0=2323
IWAE | o | p(z) | 04+681=681 0+6.91 =691 0+691=691 | 0+688=06388 0+6.91 =691 0+6.91 =691
(R=1K) | | q(zlx) | 729+ 1.8=9.09 2520+ 6.49 =31.69 44.54+6.90 =51.44 | 7.824+292=10.74 4.23+6.91=11.14 3.23+6.91 = 10.14
IWAE | 500 | p(z) | 0+9.09=9.09 0+13.82=1382 0+1382=1382 | 0+10.76=1076 0-+13.81=1381  0+13.82=13.82

(K=1M) | | q(zlx) |3.78+5.31=9.09 25.20 +8.90 = 34.10 44.54 + 13.81 = 58.35 | 6.02 + 4.79 = 10.81 4.23+13.53 = 17.76 3.17 + 13.81 = 16.98

Table 2: Decomposition of Iiwg, (¢, &) into BA term and contrastive term (< log K) on MI
estimation for VAE and GAN models trained on MNIST.

Table 2 and Table 3 show the IWAE objective decomposition to the BA term and the contrastive term,
on VAES and GANs trained MNIST and CIFAR-10 dataset. We can see that in all the experiments, the
contribution of the contrastive term is always less than or equal to log K.

For MNIST VAEs and GANs with two dimensional latent spaces, the contrastive term may contribute
notably less than log K. In these cases, even the optimal critic function T*(x, z) = log ;; ((’; ’i)) +c(x),
as used in IWAE, has difficulty distinguishing posterior and variational samples.
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Method ‘ log K ‘ Proposal ‘ GANS5 GAN10 GAN100
IWAE | 0 | p(z) | 0+0=0 0+0=0 0+0=0

o | q(zx) | 14.53+0=14.53 17454+ 0=1745 20.00 + 0 = 20.00
IWAE | 6.91 | p(z) | 0+46.91=06.91 0+6.91=6.91 0+46.91 =6.91
K=1k

| | q(zx) | 14.53+6.90 =21.43  16.68+6.9 = 23.58  20.07 + 6.91 = 26.98
IWAE | 13.82 | p(z) | 0+13.82=13.82 0+13.82 =13.82 0+ 13.82 = 13.82
K=IM | | q(z[x) |14.53+13.81 =28.34 16.92+ 13.81 = 30.73 20.00 + 13.81 = 33.81

Table 3: Decomposition of Iiwg, (¢, &) into BA term and contrastive term (< log K) on MI
estimation for GAN models trained on CIFAR-10.

However, the contribution of the contrastive term is almost exactly log K for higher dimensional VAE
and GAN models, where the posterior p(z|x) is more complex and is more easily distinguishable
from the variational gy(z|x). These results highlight the inherent exponential sample complexity of
the IWAE lower bound on MI.

B.4 BIAS REDUCTION IN K FOR IWAE LOWER BOUND ON log p(x) / UPPER BOUND ON MI

We have seen in App. B.2 Prop. B.2 that the improvement of EUBOwag (X; go, K) and Liwag,, (X; go, K)
over the single-sample EUBO(x; gp) and I, (X; gp) is limited by log K. This suggests that expo-
nential sample complexity in the gap of the EUBO, K o exp{Dxy [p(z|x)||qs(2|x)]}, is required to
obtain a tight lower bound.

The quantity Dy [U(s)||pA%(s|z1 %), x)], which measures the improvement of the IWAE lower
bound on log p(x) over the ELBO, is not explicitly limited by log K. However, Chatterjee et al. (2018)
suggest that the same exponential sample complexity, K o exp{ Dk [p(z|x)|/gs(z|x)]}, is required
for accurate importance sampling estimation with proposal ¢y (z|x). Maddison et al. (2017); Domke &

Sheldon (2018) find that the bias of the IWAE lower bound in the limit of K — oo reduces at the rate

of O(iVar[(Z((zz‘l’;))]), although the Var[{z((’;"i))] term is at least exponential in Dy [p(z]x)|qo(z(|x)]

(Song & Ermon, 2019).

This exponential sample complexity for exact estimation of log p(x) or I(x, z) is usually impractical
for complex target distributions and limited variational families, where Dkp [p(z|x)||go(z|x)] may
be large. This motivates our improved, multi-sample AIS proposals in Sec. 3.2, which achieve more
favorable (linear) bias reduction by introducing MCMC transition kernels to bridge between gy (z|x)
and p(z|x).

B.5 RELATIONSHIP WITH STRUCTURED INFONCE

We can recognize the Structured INFONCE upper and lower bounds for known p(x|z) (Poole et al.
(2019) Sec. 2.5) as simply applying the standard IWAE bounds, using the marginal p(z) in place of
the variational gy (z|x)

(1) 1
ok e )| cim<E g flog |~ Hixla).
p(x)p(z'*)|x) klz2p(z ) %kz p(x|z(k)) p(x) kglp(z ) %kz p(x|z(F))
c=1 c=1

We refer to the lower bound as Is.ivronce, (K) and the upper bound as Is xeonce, (/). From
Cor. B.3, we obtain an alternative proof that the Structured INFONCE lower bound is upper bounded
by log K. Since Igs, (p(z)) < Lwag, (0(2), K) < Iss, (p(z)) + log K and the BA bound with a
prior proposal equals 0 from Eq. (3), we have that 0 < I ixeonce,, (K) < log K.

C GENERALIZED IWAE

C.1 PROBABILISTIC INTERPRETATION AND BOUNDS

To derive a probabilistic interpretation for GIWAE, our starting point is to further extend the state
space of the IWAE target distribution in Eq. (4), using a uniform index variable p(s) = % Vs that

specifies which sample z(*) is drawn from the posterior p(z|x). This is shown in Fig. 4, and leads to
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a joint distribution over (x,z(1%) | s) as

1

7Pz [T a0, (40)

-k

GIWAE 1:K _
Prgr (sz( )73) -

I

Sl
=

with marginalization over s leading to the mixture in Eq. (4). The posterior over the index variable s,
which infers the ‘positive’ sample drawn from p(z|x) given a set of samples z(**), corresponds to
the normalized importance weights

p(x,2°)
GIWAE (1I:K) 0(2()]x)
Prer ( |X,Z ) Z P,z 41)
k=1 4o(z®[x)
GIWAE : 1 (s) (k)
; ; GIWAE (1:K) PINAR (2 (1) 5y 2p(x,2) [T, 96 (2F|x)
which can be derived from pSiVAE (s|x, z )= P TR = E K pea) Hk#j PRECIE

For the GIWAE extended state space proposal distribution, we consider a categorical index variable

qSIVAE (5|21 x) drawn according SNIS, with weights calculated using the critic function 7.

dmon (27 s[x) = <H g0 (2" |x) > dmon (51277, %), (42)
) ) Td,(x,z )
where q,‘,’éggE(s|z(1‘K),x) = ;7. 43)
Z er,(x,z(k))

k=1

Similarly to Lawson et al. (2019), the variational SNIS distribution gSi¥A® (s|z(1*%) x) is approxi-

mating the true SNIS distribution pSi¥E(s|x, z(1)). As we show in App. C.4, the optimal critic

pixz) | ¢(x), which recovers the IWAE probabilistic interpretation (see

function is Ty (x, z) = log F7i5

App. B.1).

Log Importance Ratio To derive bounds on the log partition function, we first calculate the log
unnormalized density ratio

K
xp(x.2) IT q(z]x)

=1
#5

Eaa

GIWAE 1K
pTGT (Z( )7 S7X)

= log (44)
GIWAE (,(1: K) K
qsrop " (z , 8[%) q(s\z(liK%X) H q(z(k)|x)
k=1
1 T(x,z(k)) (s)
=log — Z ® po s ) (43)
K eT(x,2) q(z(s) |X)
K
L p(x,2) (s) 1 T(x,2")
_logm_T(x,z )+log?k§::16 . (46)

Taking the expectation of the log unnormalized density ratio under the proposal or target distribution
yields a lower or upper bound, respectively, on log p(x)

GIWAE (,(1: K) GIWAE (,(1: K)
Pror (Z ) S5 X) Pror (Z )5, X)
E GIWAE log - S logp(x) S E GIWAE log - (47)
L g s P g, sfx)
ELBOgiwat (X; ¢o, To, K) EUBOGiwae (X; qo, T, K)

Asin Sec. 2.1 and App. A, the gap in the lower and upper bounds can be derived as KL divergences
in the extended state space.
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Upper Bound on log p(x) and Lower Bound on MI To derive an explicit form for the GIWAE
upper bound on log p(x), we write

(s) K
X, Z s xz( )
EUBOGwae (49, T, K) = Epgmse (0150 ) [log((z(mx)) T(x,2%) + log — Z *
p(x,2) eTx2™)
= Ep(z\x) l:log q(z|x) :l — Ep(z(l) |x) kI;IQq(z(k)‘x) log K— (48)

% Z el (x,2(7))
k=1

where, in the first term of the second line, we note that pShVA® (z(1:5) s|x) specifies that z0%) ~ p(z|x).
Since s ~ p(s) = F is sampled uniformly, we can assume s = 1 in the second term due to

permutation invariance.

Translating this into a lower bound on MI, we consider I(x;z) = —E, ) [log p(x)] — H(x|z) >
—Epx) [EUBOGiwae(go, T, IX)] — H(x|z). Writing the conditional entropy term over the index s,

I(x;z) > Ep(x,2) [log p(x|2)] (49)
p(x,2) T oz
N <]E”(x)”(”) [bg q(ZIX)}  pop(M ) 1] a(z®)| )POg K
p(x)p(z X k:2qz X % Z eT¢(x,Z<"'))
k=1
(1)
q(z|x):| er’ (x,2")
=Epx,z |:10g log X ) (50)
poes) p(2) P)p(D[x) kfi‘le(z(k)\x) LK | eTexa®)
which matches Eq. (7) from the main text.
C.2 GIWAE UPPER BOUND ON MI DOES NOT PROVIDE BENEFIT OVER IWAE
To derive an explicit form for the GIWAE lower bound on log p(x),
ELB 1q0, Ty, K) =E tog 22 27) im0 49 4 10g (T xa)
OGIWAE(X, q9; Lo, ) = Lgowaez(1:K) 5)x) | 108 W — ¢(X,Z )+ og E ;e
(51

Translating this to an upper bound on MI yields

K Td)(x,z(s)) (s)
{Z e log p(x,2 X)} (52)

H az®p0) L= E o am q(z(9|x)
s= Z e o (x,27))
k=1

T(x,2(9))
(&
~ Eoge @020 01 [log ﬁ])
= kz eT (x,z\%))
=1

Txi2) < By | lozp(a®)| - (B

Thus, in Eq. (52), knowledge of the full joint density is required to evaluate both the conditional

entropy and log qu( )|x§ terms. If both p(z) and p(x|z) are known, then we will show in Cor. 2.2

below that the optimal critic or negative energy function in GIWAE yields the true importance weights,
and the resulting MI or log p(x) bounds matches the IWAE bounds.

We thus conclude that the GIWAE upper bound on MI and lower bound on log p(x) does not provide
any benefit over IWAE in practice. However, ELBOgwar(X; gg, T, K) is still useful for analysis,
as our proof of Lemma C.1 below allows us characterize the gap between ELBOwag (X; go, K) and
ELBO(X; gp) in Prop. B.2.
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C.3 ELBO AND EUBO ARE SPECIAL CASES OF GIWAE L0OG PARTITION FUNCTION BOUNDS

Lemma C.1. The single-sample ELBO and EUBO are special cases of GIWAE, with

ELBO(X; gg) = ELBOgwar(X; g, Ty, = const, K),
EUBO(X; gp) = EUBOgiwae(X; qg, T, = const, K).

In both cases, the SNIS sampling distribution (Eq. (43)) is uniform qS\WAE(z(F) s|x) = L =U(s).

Proof. We consider the GIWAE probabilistic interpretation (App. C.1) for Ty, = const. We refer to
this extended state space proposal as gpa,,, since it leads to Ig,, (go) and Iy, (go) bounds on M.

QEQOP(Z(LK) 5|X < | I QQ (k)|x >q§§0p(sz(1:K),x), (53)
T(po(xz s ) 1
(1:K) _ -

where qPROP( ‘Z X) Zk ) 6T¢0(x z(k)) M(S) - K (54)

Note that the SNIS sampling distribution g5, (s|z*%), x) will be uniform, which matches p(s) = -

K
in the GIWAE extended state space target distribution
1 K
pSIWAE (7 (1K) g)x) = ?p(z(s) |x) kli[l q0(z™[x) (55)
Now, taking the log unnormalized importance weights, we obtain
L) TT a0 (28
7= p(z7]x) kHl q0(2|x)
GIWAE [ (1:K) 6= (s)
pTGT (Z 7S|X) _ l k#s — log p(X, Z ) (56)

Grior (2141, sx) q0(2)[x)

K
% 1 an(9x)

Taking expectations with respect to g2, (215 s|x) or pSWAE(z(1:K) 5|x) leads to ELBO(x; qg)
and EUBO(x; gy ) respectively, as in Sec. 2-2.2. O

C.4 PROOF OF RELATIONSHIP BETWEEN IWAE AND GIWAE PROBABILISTIC
INTERPRETATIONS (PROP. 2.1)

We first prove a lemma which relates both the GIWAE lower and upper bounds on log p(x) to the
respective IWAE bounds. From this lemma, Prop. B.2 follows directly and relates the ELBO and EUBO
(which are special cases of ELBOgwag and EUBOgwag) t0 ELBOwag and EUBO wE.

Lemma C.2. We can characterize the difference between IWAE and GIWAE bounds on log p(x) using
KL divergences between their respective SNIS distributions.

ELBOIwAE (X; g0, K) = ELBOGIwAE(X; g0, Ty, K) + E GIAE (2 (1) [y [DKL[QS;\(‘):E( |z K),X)Hp‘T‘Z?E( 121 x)] } (57

EUBOIwAE (X; go, K) = EUBOGIwAE(X; g0, Ty, ) — E PIVAE (5(1:) [5) |:DKL [pIT‘ZQE(S\Z(l ©

) a1z 0] | )
Proof. Recall from Sec. 2.1 or App. A that the gap of the lower bound ELBOgwak(X; g, T, K)
is  Dxp[qSWAE (215 s|x) || pSivae (z(1E) s x)],  while the gap of the upper bound
EUBOGwae (X5 g0, T, K) is Dk [pGIWAE( (1) ,8]%) || gSivAE (£(1:K) [s|x)]. We will expand
these KL divergences to reveal the relationship between the GIWAE bounds and IWAE bounds.

First, recall from Eq. (41) that the posterior over the index variable s, or target SNIS distribution, is

1 (s) K (k) (s)

| Lp(x,2) TS g0(2)x pes)

GIWAE (1:K) _ p'(l?(I}YVFAE( @ K):Syx) K ( )Hk?&; ( | ) lI(Z(S)\X)
ot (S|Z ,X) = = 1% = o
S P 5% & 3 p2) [T ao(a®) o) z pEar
s=1 s= k#s q(z(9)]x)
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The joint distribution then factorizes as pSVAE (z(15) |5 x) = pOIWAE (1K) [x) . pGIWAE (5| 7(1:K) 5.

ELBO Case: Using this factorization of pSWE(z(15) s x), we can rewrite the gap of
ELBOgiwae (X; g9, T, K) as follows
Dy [ (2 s]0) |5y (21, s])] (59)

—E ! LK 1 rrop
afiop® (=D e b | 5 AR (2 (L [xc) pg (s 215, x)

lWAL(Z(l K)lx) qﬁégAL(slz(l K),x):|

K K K
1 . . . .
= D TT o o) 39010 TLan(a10)] + gy [Proaits” o120 5 Gl 0]

k=1 s=1 =
s

= Dic [ahor (2 10 [pper® (27 1%)] + Eqgae [ Diwlagmor” (51277, %) llpgey ™ (51207, %] 60)

where we can recognize the first term as the gap in ELBOwags(X;qe, K). Noting

that ELBOwae(X; go, K) — ELBOgiwae(X;qo, To, K) = DKL[Q?&XQE(Z(LK)?3|X)HP$IG‘¥AE(Z(1:K)75|X)} -

D [ghAE (25 |x) || phaf (215 |x)] , we obtain Eq. (57), as desired

ELBOwae(X; 49, K') = ELBOGwar(X; o, Ty, K)+ Eq,‘j,‘(g,:“(z(hK)\x) |:DKL [qui\gléE( ‘ZO:K)? x)||p$10\¥AE(S|Z(1:K)7X)]:| .

EUBO Case:  For ELBOgwae(X; g, T, K), the derivations follow in a similar fashion to Eq. (59)-
Eq. (60), but using the reverse KL divergence and expectations under pSiV*E (z(15) | s|x). O

Translating Lemma C.2 to a statement relating IWAE and GIWAE bounds on MI, we obtain the
following proposition.

Proposition 2.1 (Improvement of IWAE over GIWAE). For a given qy(z|x) and any Ty(x,z),

IIWAEL (q97 K) = IG[WAEL (q97 T¢7 K) + Ep(x)p“(‘)’*"'-(z(liK) |x) |:DKL [p'(lf(l}\ivrAE(slz(l:K)v X)||q§IiVOV§E(S‘Z(1:K)7 X)]] .

Proof. The result follows directly from Lemma C.2. First, note that pVA"(x,z(15) s) =

pSIVAE (x 7 (1K) 5. Then, using the upper bounds on log p(x) and taking outer expectations with

respect to p(x), we have

Tiwag;, (q97 K) — Toiwaey, (q97 To, K) = _H(X|Z) - IEp(x) [EUBOIWAE(X§ q6, K)] (61)
+ H(x|z) 4 Ep(x) [EUBOGIWAE (X; g6, T, K)]

=By a1 ) | DRLIPE (512075, %) | g™ (1), )]
(62)

O

C.5 PROOF OF GIWAE OPTIMAL CRITIC FUNCTION AND LOGARITHMIC IMPROVEMENT
(COR. 2.2 AND COR. 2.3)

We now prove Cor. 2.2 and Cor. 2.3 from the main text, with a corollary stating the results for the
special case of INFONCE in App. C.6.
Corollary 2.2. For a given qp(z|x) and K > 1, the optimal critic function is the true log importance

weight up to an arbitrary constant: T*(x,z) = log qe((’; ‘zx)) c(x). With this choice of T*(x, z),

Igiwag, (90, 7", K) = Itwag, (¢, K) . ®)

Proof. Using Prop. 2.1, we can see that the gap in the GIWAE and IWAE bounds, which corresponds
to the posterior KL divergence over the index variable s, will equal zero iff

Txz) p(xy(z()‘*‘))
oIV (g |Z(1:K),X) pGév;AE(S|Z(1:K)’X) = — 110(z |x) (63)
T (x,2(5) p(x,2(?))
> el ) Z 262G x)

k=1
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This condition also ensures that the overall GIWAE proposal pSiVAF (z(1:5) | s|x) (Eq. (40)) and target

qSIWAE (z(LK) s5|x) (Eq. (42)) distributions match. We will show that any T'(x, z) which satisfies
Eq. (63) has the form

. p(x,2)
T*(x,z) = log + c(x). (64)
bo) =108 gy 0
Let f(x,z) = log (Z (();’Ii)) + g(x, z), which represents an arbitrary choice of critic function. We will

show that g(x, z) must be constant with respect to z
p(ez(*))

log 2EZ) 4 g(x,2(*)) p(x,2")

e ag(z [x) qe(z( )‘x)
K log P((x,(zs() ))) Tg(x,z( )) K (x,2(9)
Z ag (z'%)|x Z 7q9(z(k)|x)

p(x,2(8)) Z(lc)

log (s) p X, p(x,z(k))
— ¢ qg(z“)lx). 9(x,2*%) | E

K
X Z(«S log e +g(x z(k))
E e a9 (z\7) |x)
(k)|x (20 |X =1

K S
Z p(x, p(x, z( s)) o(x,29) _ Z p(x p(x,20)) p9(x.2%)
— qs( z(’f)\x qg(z(é)|x z(k)|x q0(z) |x)

= g(x,2) = C(X)

where g(x,z) = c¢(x) is required in order to ensure that g(x,z(*)) = g(x,z*)) for arbitrary choices
of z samples.

This form for the optimal critic function 7 (x, z) in Eq. (64) implies that learning T} (x, z) in GIWAE
p(x,2)

20 (21%) is available in closed form, as is assumed in the

becomes unnecessary when the density ratio
IWAE bound.

For this choice of T*(x, z), the value of the GIWAE objective matches the IWAE lower bound on MI.

N z|x e ) et
IGIWAE(q97T 7K) = ]Ep(x,z) 10g Q( ‘ ) K ®
p(z) p(xzM) TT gqa(z(®)|x) K log 20uz)
k=2 1 L >e ag(z(F) %) . pe(x)
k:l
glzx] p(x,2) p(x
=Ep(x,2) |log + log - log (65)
reen) [ p(2) YT | o) ﬁ a9 (28 ) KZ Z““)IX

ON
p(x,2z
=-—Hx|z)+ | -E og —
| ( p()p(a() x) kijqe(zmx [ K qo( z<’“>\x

= Twaey, (g6, K).
The second term in Eq. (65) is exactly the negative of the IWAE upper bound on log p(x) in Eq. (34).
Combined with the entropy —H (x|z), we obtain the Itwag, (go, K) lower bound on MI as desired.

O

Corollary 2.3. Suppose the critic function Ty(x,z) is parameterized by ¢, and

J¢ost.V(x,2), Ty,(x,2) = const. For a given qo(z|x), let Ty-(x,2) denote the critic
function that maximizes the GIWAE lower bound. Using Cor. 2.2, we have

Isay (q0) < Iiwagy, (g0, Tox, K) < Iiwag, (¢, K) < Ia, (o) + log K. &)

Proof. We begin by showing that Iga, (qs) < Iciwag, (ge, T+, K). This follows from the assump-
tion that there exists ¢ in the parameter space of the neural network T such that T, = const. With
this ¢o, we would have Ipa, (¢o) = Iciwag, (¢9, Ty, K) as in Lemma C.1. Thus, the optimal ¢* in
the parameter space can only improve upon the BA bound.

Next, for any given ¢ (including ¢*), we have Igiwag; (90, Ty, ) < Iwag, (gs, K), since IWAE

uses the (unconstrained) optimal critic function 7* = log 2 ((’; ;)) ¢(x) (Cor. 2.2). The final

inequality follows from Prop. B.2, which shows that Iiwag; (qg, K) improves by at most log K over
Iga, (go). These relationships are visualized in Fig. 3b. O
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C.6 PROPERTIES OF INFONCE
Corollary C.3. Using the prior qy(z|x) = p(z) as in INFONCE,

(a) For the optimal critic function, Cor. 2.2 implies T*(x, z) = log p(x|z) + ¢(x), and
Iatwae,, (p(z), T", K) = Iivonce, (T, K) = Is-ixronce,, (K). (66)

(b) For an arbitrary critic function Ty(x,z), Cor. 2.3 translates to
0 < Ivroncey (Ty, K) < Is.invonce,, (K) < log K. (67)

For INFONCE, note that using the prior as the proposal does allow the critic to admit an efficient
bi-linear implementation Ty(x,z) = fs, (x)? f,, (2z), which requires only N + K forward passes
instead of N K for GIWAE, where NV is the batch size and K is the total number of positive and
negative samples.

D SINGLE-SAMPLE AIS

D.1 PROOF OF PROP. 3.1 (COMPLEXITY IN 7" FOR SINGLE-SAMPLE AIS)

In this section, we prove Prop. 3.1, which relates the sum of the gaps in the single-sample AIS upper
and lower bounds to the symmetrized KL divergence between the endpoint distributions. We extend
this result to IM-AIS in Cor. E.1 and CR-AIS in Cor. H.3.

Proposition 3.1 (Complexity in T'). Assuming perfect transitions and a geometric annealing path
with linearly-spaced {3;}£_,, the sum of the gaps in the A1S sandwich bounds on M1, s, (To, T) —
Is, (w0, T), reduces linearly with increasing T.

In particular, we will show that

EUBO s (X; 0, T') — ELBOss (%; 70, T) < %(DKL[WT(Z|X)H7F0(Z)] + Dxv[mo(2)||7r(z[x)]  (68)

where the left hand side also corresponds to the sum of the gaps Dy [ghee s (Zo.7 |X) || Do (Zo.7|X)] +

D1 [phs (zo.7|x) || ghes s (Zo.7|x)]. This result translates to mutual information bounds as in Sec. 1.1.

In contrast to Grosse et al. (2013) Thm. 1, our linear bias reduction result holds for finite 7'

Proof. For linear scheduling and perfect transitions, we simplify the difference in the single-sample
upper and lower bounds as

T,K=1 T,K=1
o, + 4y = EUBOais(X; m0,T") — ELBOs (x; 70, 1)

B e log Pt Zor) ] o Pis: (%, Zo.7)
0T | TR ghie(osr ) | 0TI | GRS (z0. )
mr(zr|x) [] t(Zt71|Zt) nr(zr|x) [] t(zt—1|Zt)
=E 1 t=1 —E lo t=1
Gl wo.r~aity 108

ro(zolx) T1 Ti(zdlze_1)

t=

ro(aolx) [T Ti(zdlze_1)

L t=

Bt—Bt—1 —Bt—1
(X, z¢ 7T (X, Z¢
= Eagrmnis logH (m (%) ) ] ~ Eaormaiis, [IOgH (ﬂo (%) ) }

T
_ (X Zt)
- EZO:TNP?},‘T ; — Br—1 log W

-
-

T
fFT(X, Zt)
~ Eaprmailsy {;wt ~ fi-1)log ﬂo(th)] '
(69)

W« fr(xz)] y Tz (x,2)
= Z 73, (2) |:(Bt Bi—1)log 7:; 7 :| - ZE”&%NZ) |:(Bt ~ fi-1)log M}
t=1

1 7r(x,2) 1 7r(x,2)
= —E, 1 - =K 1
T ”ﬂgmwm}T“Wﬂ%

= = (Dx[mollmr] + Di[rr|mo])
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where in (2), we use the linear annealing schedule 3; — ;1 = % Vt and note that intermediate
terms cancel in telescoping fashion. In (1), we have used the assumption of perfect transitions (PT),
which is common in analysis of AIS (Neal, 2001; Grosse et al., 2013). In this case, the AIS proposal
and target distributions have the following factorial form

)

201 ~ @i (2o 1x) ‘2 mo(zo) Wﬂt (21), (70)
1K (PT)

207 ~ P (25 1x) = wr(ar) Wﬁt (Ze-1) (71)

In other words, for 1 < t < T, perfect transitions results in independent, exact samples from
z; ~ mg,_, (2) in the forward direction, and z; ~ 7g, (z) in the reverse direction. Using the factorized
structure of Eq. (70) and Eq. (71), the expectations over the extended state space simplify to a sum of
expectations at each z;.

The above proves the proposition for the case of single sample AIS, but should also hold for our
tighter multi-sample AIS bounds. We extend this result to Independent Multi-Sample AIS in App. E.2
below, and extend the result to Coupled Reverse Multi-Sample AIS in App. H.4.

E INDEPENDENT MULTI-SAMPLE AIS

E.1 PROBABILISTIC INTERPRETATION AND BOUNDS

Our Independent Multi-Sample AIS (IM-AIS) are identical to the standard IWAE bounds in App. B,
but using A1S forward gpi . (zo.7|x) and backward ph&; (zo.7|x) chains of length T instead of the

endpoint distributions only gy (z|x) and p(z|x).

In particular, we construct an extended state space proposal by running K independent AIS forward

chains zé % ~ ghS ., in parallel. As in the IWAE upper bound (Eq. (5)), the extended state space

target involves selecting a single index s uniformly at random, and running a backward AIS chain

(q) ~ phs. starting from a true posterior sample z ~ p(z|x). The remaining K — 1 samples are

obtamed by running forward AIS chains, as visualized in Fig. 2
K K

- 1:K) k - 1:K k
a2 %) = [ abvoe(elizl), R (x,2i5)) = K}jpé‘ézxzé% Ghvon (2057 1%)-
k=1 k=1
k#s

where gpaop and pis, were defined in Eq. (12). Expanding the log unnormalized density ratio,

K
k
* X P 2) H ahion (207 1%)
IM-ALS ( (1: K)) s=1

Prgr X, Zg.T — k;és
lo e AIS(Z@ K)|X) = log K (72)
prOP \Z(Q.T H QPROP(ZO 71%)
Phs (%, 207)
= log — I Z aIS (k) 73)

=1 @oror(Zg.7|X)

which is similar to the IWAE ratio but involves AIS chains. Taking the expectation under the
proposal and target as in App. A recovers the lower and upper bounds in Eq. (14). The gap in

the lower bound is Dy, [ql‘,“lgo‘;”(zo e |X)Hp'T“éTA”(zé e |x))] and the gap in the upper bound is

1:K 1:K
Do [P0 (28570 %) )| giiah'™ (20 |x)].

E.2 PROOF OF LINEAR BIAS REDUCTION IN 7' FOR IM-AIS

Corollary E.1 (Complexity in 7" for Independent Multi-Sample AIS Bound). Assuming perfect
transitions and a geometric annealing path with linearly-spaced {8, }I_, the sum of the gaps in the
Independent Multi-Sample A1S sandwich bounds on MY, Iiy_ais, (70, T) — Iivears, (70, T'), reduces
linearly with increasing T
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Proof. Using identical proof techniques as for IWAE (Burda et al. (2016); Sobolev & Vetrov (2019),
Prop. B.1), we can show that our Independent Multi-Sample A1S bounds ELBO.a1s (X; 7o, T, K —
1) < ELBOM-AIS (X; o, 1, K) and EUBOIM_Als(X; o, 1, K) < EUBOM-AIS (X; o, T, K — 1) im-
prove with increasing K. Thus, the bias of our multi-sample bounds is less than the bias of the
single-sample bounds, so the inequality in Eq. (68) and linear bias reduction in Prop. 3.1 also hold
for Independent Multi-Sample A1S. We characterize this improvement in Prop. E.2 below. O

E.3 PROOF OF LOGARITHMIC IMPROVEMENT OF IM-AIS EUBO

Proposition E.2 (Improvement of Independent Multi—Sample AIS over Single-Sample AIS).

: 1:K phe I(X,z ) P (x,28%))
Let pi(slx, 2fff) = Mibeaind s pibe
weights over AIS chains, and let u (s) lndlcate the uniform distribution over K discrete val-
ues. Then, we can characterize the improvement of the Independent Multi-Sample A1S bounds
on log p(x), ELBO.ars (X; 70, T, K) and EUBOy_a1s (X; 70, T, K), over the single-sample A1S
bounds ELBO s (X; o, T') and EUBO 45 (X; mo, T) using KL divergences, as follows

denote the normalized importance

dprop

ELBOIM-AIS (X; 7o, T, K) = ELBOA[S(X; 70, T) +E .. A‘S(Z(l:K) 1) |:DKL [ ||pfr1\(/£TAIS S Z(():}%K)7 X)] :| ,
0:T

0 < KL of uniform from SNIS weights < Dy [gpop (Zo:T |X) || Pher (Zo: 7 |%)]

(74)

EUBO-a1s (X; 70, T, K') = EUBOxis(x; 70, T") — EP[M,Ms(z(l:K)‘x) |:DKL [p]TI\gTAm( |Z(1 K)7 )HU(S)] ] .
ot (Zo.7

0 < KL of SNIS weights from uniform < log K
(75)

Proof. The result follows directly from App. C.4 Prop. 2.1 by viewing Independent Multi-Sample
AIS as IWAE with an AIS proposal as in App. E.1.

O

F REVERSE IWAE

In this section, we propose Reverse IWAE (RIWAE), which is an impractical alternative to standard
IWAE. However, we use this as the basis for our Independent Reverse (App. G) and Coupled Reverse
Multi-Sample AIS bounds (Sec. 3.3 and App. H).

F.1 PROBABILISTIC INTERPRETATION AND BOUNDS
Similarly to simple reverse importance sampling, flx) =Ep(ax) [(;f((;‘:))] , we consider K indepen-

dent posterior samples in an extended state space target distribution. The proposal distribution for
our importance sampling scheme is a mixture of K — 1 posterior distributions and one variational
distribution,

K K K
ginor (x, 2 Z %) [[px2"),  plar(x,2") = ] p(x,2").  (76)
s=1 k=1 k=1
k#s
Note that we have normalization constants of [ pRIWAF(x, z(1:K))dz(1:K) = p(x)X and

[ qRiWAE(x, z(15))dz(1K) = p(x)K~1 since the transition kernels of the reverse chains do not
change the normalization.
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We visualize this sampling scheme in Fig. 4. Similarly to Eq. (25), the log unnormalized density ratio
simplifies to

K
. p(x,z%)
Pt ) 2}
T > a0(z[x) [] p(x,2H)
= Z;l
(k)
qo(z |x
—log Z o2 (78)

Taking the expectation under the proposal and target distributions yield lower and upper bounds on
log p(x). These translate to upper and lower bounds on log p(x) which are different that standard
IWAE bounds in Eq. (5),

7(F) 1 E (k)
gKqu ) | < logp(x) <E —log L3 W)

a6z %) 11 p(a(®) ) (x,2() I p(a()]x) K & p(x,z®)
k=2 k=1 k=1

Note these bounds are impractical as they would require more than one true posterior sample from
p(z|x). However, we use them in Sec. 3.3 and App. H to derive practical multi-sample reverse AIS
bounds.

F.2 IMPROVEMENT OF RIWAE OVER ELBO AND EUBO

Proposition F.1 (Improvement of Reverse IWAE over ELBO and EUBO). Let qRIWAR (s|x, z(11K)) =

z9)|x) g6 (2 |x) i ; ; ;
p(x z<s> ™ / Z D (x.2® ) denote the normalized reverse importance sampling weights, or the pos-
terior over the index variable in Eq. (76). Let U(s) indicate the uniform distribution over K
discrete values. Then, we can characterize the improvement of the Reverse IWAE bounds on log p(x),
ELBOgiwar(X; qo, K) and EUBOgwar(X; g, K), over the single-sample bounds ELBO(X; qg) and
EUBO(X; qg) using KL divergences, as follows

ELBOgrmwaz (X; g9, K) = ELBO(X;gs) + E EIVAE (5(11) ) {DKL [q?.l‘é’f( %, Z(LK))HU(SH } ,

0 < KL of uniform from SNIS weights < log K

EUBORIWAE(X; qe, K) = EUBO(X; q9) — EP%\ZFAE(Z(LK) x) |:DKL [ qu:,i?)]QE ‘X, Z(lzK))} :| .

0 < KL of SNIS weights from uniform < Dxy[p(z|x)]|qe(z]x)]

Proof. The proof follows similarly as Prop. B.2 or Lemma C.2. O

G INDEPENDENT REVERSE MULTI-SAMPLE AIS

G.1 PROBABILISTIC INTERPRETATION AND BOUNDS

In similar fashion to Reverse IWAE, we now use K independent reverse AIS chains to form an extended

state space target distribution piRA1S (zé?:TK) ,X), and a mixture proposal distribution gpre® (z(()lTK) ,X)

which includes a single forward AIS chain (see Fig. 2)

IR-AIS (1: K) AIS AIS
Qprop (X Zy.7 K E PROP HpTGT X ZOT

k;ﬁs

_ 1:.K
PR (x, 25 Hpﬁéi X, 2. (79)
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Similarly to Eq. (77)-(78), the log unnormalized density ratio becomes

K (k)
[T P& (%, 2g.7)

(1:K)
Prar (Zor %) k=1
o8 g AIS(Z(LK) X o 1 S AIS a AIS k) (80)
prOP \Zg.T > % kZ,: QPROP(ZO T‘X) 1:[ pTGT( T)
K (k)
log L dhioe(20:7-%) (81)

—— .
K3 piti(x.27)
Taking expectations of the log unnormalized density ratio under the proposal and target, respectively,
yield lower and upper bounds on log p(x)

K (k) K As (k)
1 MS (Zg.n|Xx 1 Z, .| x
R Ik v ELTCRL TN S i v
égfo };{ffs =1 Pier (X, 2g.7) o =1 Pier(X,2g.7)
ELBOjg-ars (X§ mo, K, T) EUBOr-ars (X§ mo, K, T)
(82)

However, Independent Reverse Multi-Sample AIS may be impractical in common settings, since it is
infeasible to have access to more than one true posterior sample.

G.2 PROOF OF LOGARITHMIC IMPROVEMENT IN K FOR INDEPENDENT REVERSE AIS

Proposition G.1 (Improvement of Independent Reverse Multi-Sample AIS over Single-Sample AIS).

R 1:K z x S
Let gl (sl 2fi”) = izl )/Zl e
sampling weights over AIS chains, and let U(s) indicate the uniform distribution over K discrete
values. Then, we can characterize the improvement of the Independent Reverse Multi-Sample ATS
bounds on log p(x), ELBOg.a1s(X; 7o, K, T) and EUBO_a1s(X; 7o, K, T'), over the single-sample
ELBOs(x; g, T') and ELBO s (X; 7o, T') using KL divergences, as follows

denote the normalized reverse importance

ELBOir-a1s (X7 o, K7 T) = ELBOais (X7 o, T) + ]F‘q}l)% Apls(z(l K)lx) |:DKL[q;l;(?;S( |X z(l K))Hu( } :|

0 < KL of uniform from SNIS weights < log K

EUBOir-a1s(X; 0, K, T') = EUBOis(x; 70, T) —IEP,R 5 (215 | )|:DKL[ (s )Hq;i(f;s( |x zélTK))]} .
TGT

0 < KL of SNIS weights from uniform < Dxy [phor (Zo:7|%) || gheor (Z0:T |X)]

Proof. The proof follows similarly as Prop. B.2 or Lemma C.2. O

H COUPLED REVERSE MULTI-SAMPLE AIS

H.1 PROBABILISTIC INTERPRETATION AND BOUNDS

The Coupled Reverse Multi-Sample AIS extended state space target distribution in Fig. 2 initializes
K backward chains from a single target sample zr ~ 7r(z|x), which makes the bound useful
in practical situations. We denote the remaining transitions as pit; (zo.7—1|27, X), since they are
identical to standard AIS in Eq. (12). Thus, the CR-AIS extended state space target distribution is

1:K
PSS (x, 240y 21) = T (%, 27) Hp?éST (20001 |27, %). (83)

The extended state space proposal is obtained by selecting an index s uniformly at random and
running a single forward AIS chain. We then run K — 1 backward chains, all starting from the last
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state of the selected forward chain,

1:
Ghron” (2 2r|%) = 72 Z Ghvon (i1, 27[%) H Py (B e x). (84)
k;és
See Fig. 2 or Fig. 4 for a graphical model description.

We can construct log-partition bounds using the log unnormalized density ratio

k
0 (27, %) H P (2 |z, X)

CR-AIS VA ) ’Z ,
log pTciTAIs( (le L ) =10g K K (85)
) S sl el T e
s=1 k=1
k#s
qhis (k)
_ dprop ZOT 17ZT|X)
= —log - Z 5 (2] . (86)

=1 prer( Zo.7— 1|ZT)7TT(ZT7X)

Taking the expected log ratio under the proposal and target yields lower and upper bounds on log p(x),

AIS
GpropP ZOT 17ZT‘X)
ELBOcrnis(x;m0, K, T) 1= =B oy e [ gKZ oy < log p(x)
<§1T<> Do P20y 7r)
zg.p 1 ~Pror (20T — 1127 ,%)
AIS
Gprop Zo T 15 z7|X)
EUBOcg-ats (X; 70, K, T') == —E P S [log % Z s ( > log p(x).
20O ~ptB (20,7 — 1 |27 x) =1 Pier (%, ZOT 1, 2T

H.2 PROOF THAT CR-AIS BOUNDS TIGHTEN WITH INCREASING K

In this section, we prove that Coupled Reverse Multi-Sample AIS bounds get tighter with increasing
K. Our proof provides an alternative perspective to Burda et al. (2016); Sobolev & Vetrov (2019) for
showing the monotonic improvement of IWAE or Independent Multi-Sample AIS with K. We will
also characterize the improvement of CR-AIS bounds over single-sample AIS bounds in Prop. H.2, as
a direct consequence of this lemma.

Lemma H.1 (CR-AIS Bounds Tighten with Increasing K). Coupled Reverse Multi-Sample A1S
bounds get tighter with increasing number of samples K. In other words, for any K > 1,

ELBOcg-ais (X; 70, T, K — 1) < ELBOcg-a1s(X; 70, T, K) < log p(x), (87)
EUBOcg-ats (X; m0, T, K — 1) > EUBOcg-ats (X; m0, T, K) > log p(x). (88)

Proof. Our proof will proceed by introducing an additional set of M index variables sj.ps
into the K-sample probabilistic interpretation of CR-AIS in Eq. (83)-(84), with M < K.
We will show that the KL divergence in this joint state space (including si.ps) is equal to
the gap of the M-sample ELBOcg ais(X; 7o, T, M) or EUBOcgpais(X; 7m0, T, M). We then
show that marginalizing over si.ps yields the gap of the K-sample ELBOcg ais(X; 70,7, K)
or EUBOcg.ais(X; Mg, T, K). Since marginalization cannot increase the KL divergence, we

will have shown that for any M < K, Dxp[qS (2050, 20 |x) [pS548 (2555, 20|x)]) <
M) _ M
Dxr [qlgl];ogls(z(()IT 17ZT|X)Hp$gTA[S(Z((JlT )1aZT|X )]l and  thus  ELBOcg-ais(X; 70, T, M) <

ELBOcg-a1s (X; mo, T, K). Identical reasoning holds for the EUBOcg_ajs-

Sub-Sampling Probabilistic Interpretation Let{(s1, ..., sps) indicate the probability of drawing
M < K sample indices uniformly without replacement (i.e. each s,, is distinct). In the CR-AIS
target distribution, there is no distinction between the indices {s1.5/} and k & {s1.p/} after drawing
zp ~ wr(X,z). We can write

K

DS (%, 8100, 250 7)) = U(st, ooy s00) - T (x,27) | [ pde (28 |27, %), (89)

k=1
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. . . . _ 1K
which, after marginalization over sy.,, clearly matches pa;*" (%, zé:Tf)17 z7).

TGT
We also draw s1.ps ~ U(s1, ..., spr) for the extended state space proposal. Next, we select an index
m uniformly at random from {1,..., M}, which is used to to specify which chain z(() ’T”) 1 is run

in the forward direction to obtain zr, as in Eq. (84). After marginalizing over m, we obtain the
following mixture proposal distribution

M M

Grror (81:M, Zé#?p zr|x) =U(s1,...,8Mm) - (M qé‘R‘Zp(zé T ) 1, ZT|X) p?IGST(Z(()S%> 1lzr, X))

m=1 j=1

J’J¢m
K

k
Prov (a8 |27, %) . (90)
k=1
kZ{s1.m}

We will consider marginalizing over s1.5s below, but first write the KL divergence in the extended
state space which includes s;.5,. For example, the forward KL divergence matches the gap of the
M -sample ELBOcg_a1s(X; mo, T, M),

DKL [quROIQIS (Sllea z&;i)p ZT|X) ”pgg:rAIS(Sl:Ma zg;i)p ZT‘X)] (91)

K
S k
Ulsr77) - (M by q;‘r:zp<z‘s;">1 7 |x) H P8 (23l x>) T 2 —Tar, x)

J'#m k M}

Ulsrnr) - mr(ezr)  T1 pd(al) 2. )

ke{si.m}

=E_cr-a1s |log
49prOP

1M _ 1M
= Diy [¢558 (20 ™) 2 |x) [ DS (20 2 |%)] (92)

which matches the M -sample probabilistic interpretation of CR-AIS from App. H.1. Identical reason-
ing holds for the case of EUBOcg.a1s(X; 70, T, ) < EUBOcg-a1s(X; 70, T, M) using the reverse KL
divergence.

Marginalization over s;.,; We have already seen from Eq. (89) that the marginal
Dy PEGS (%, 5100, zé?:TIi)l, zr) matches the K'-sample target distribution p$a;'s (x, zé?:TIi)l, z7).

We would now like to marginalize over s1.ps in gSao™ (S1:05 Z(()E“Ii)h zp|x). Combining the two
product terms in Eq. (90),

M K

"R- B Sm k
qg:oys (Sl:Mv Z((J%TK—)U ZT‘X) = EU(SLM) [M q:’\lizp(z(g T — ) 1) ZT‘X) p?éST(Z((J 7)“ 1 ‘ZTv X):|
S1:M m=1 ké;i
93)
1 M K
Sm k
M Z Eoi(sy.ar) |:qu0P(Z((J T)17ZT‘X) p?éST(Z((J% 1‘ZT7X)}
met o
(94)
o 1 M K
Sm k)
Y S B [dintalip ) arl) [T i ar0)] 09
mt Koo
@) M K K
k
2Ly Ly [q;:;zP 2§y zrlx) [ o o) 1\zT,x>} 96)
m=1 Jj=1 k=1
k#j
L& K
k
— 5o 2 [abnCally el [T s lar, )] ©7)
j=1 k=1
k£
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where in (1), we can write the marginal I/(s,,) since the terms inside expectation do not explicitly
depend on the other indices in s1.5s. In (2), we use the fact that the marginal over any s,,, is uniform.

Thus, we have shown that the marginal distributions match the standard K -sample target and proposal
distributions of CR-AIS, with

CR-AIS 1:K CR-AIS 1:K CR-AIS 1:K CR-AIS 1K
Dy [ Z Qprop (Sl:M7zé:T7)1va|x)H Z Prar (Sl:MvZE);T—)vZT‘X)] = Dxu[gprop (Zé;Tf)vZT\X)HPTC,T (Z(();T—)I’ZT‘XN
ST:M S1:M

gap of ELBOCR-a1s (x; mq, T', K')

and similar reasoning for the EUBO using the reverse KL divergence.

Conclusion of Proof Since marginalization can not increase the KL divergence, we have

“R-AIS 1:K “R-AIS 1:K -AIS 1:K “R-AIS 1: K
Dx[gomon® (2570, 2 ) [ p5er™ (2577, 27 %)) < D lagmon (s1:01, 2505001 2 %) [ poer™ (s1:00, 2010y, 2 [)] -

gap of ELBOCR-a1s (x; mq, T', K') gap of ELBOCR-A1s (%5 7, T', M) (Eq. (92))
(98)
This shows that ELBOcg.ais(X; 7m0, T, K) is tighter than ELBOcg ais(X;m0,7, M), with
ELBOcg-ais(X; 70, T, K) > ELBOcg-a1s(X; 70, T, M). Identical reasoning holds for the case of
EUBOcg-a1s (X; mo, Ty K) < EUBOcg-a1s(X; mo, T', M) using the reverse KL divergence. Choosing
M = K — 1 proves that the bounds tighten as K increases, as desired. O

Characterizing the Improvement of K -Sample over M -Sample CR-AIS Note that we can
explicitly write the gap of the inequality Eq. (98) using the chain rule for joint probability, for
example gESoh'™ (s1.r, 2171 27 1%) = a55on™ (211, 22 ) aEion (s1l2i7 s 20, %)-

The gap in Eq. (98) also corresponds to the gap between ELBOcg-ais(X;mo,7, K) and
ELBOcg_a1s(X; 70, T, M), so we can write

ELBOcg-a1s (X§ 7o, T, K) — ELBOcg-ars (X§ mo, 1, M)

— DL [gS5S (5100 1205, 2, %) PSENS (51 2855, 2, ). (99)

Below, we analyze the posterior over the index variable for M = 1 as a special case. This allows us

to characterize the gap between ELBOcg-ais (X; 70, T, K) and the single-sample ELBO 15 (X; 7o, 1) =
ELBOcg-a1s(x; M0, T, K = 1).

H.3 PROOF OF LOGARITHMIC IMPROVEMENT IN K FOR CR-AIS ELBO

Proposition H.2 (Improvement of Coupled Reverse Multi-Sample AIS over Single-Sample AIS). Let

Ghior (21, 27(%)

‘ AIS (x, Z(f) z
GRon™ (slx, 2050, zr) = —2 TGL(S (OJ—l' r) (100)
K Grror (ZO:T—17 z7|x)

=1 Pt (x, 2orp_y|2r)
denote the normalized importance weights over the AIS chains used in Coupled Reverse Multi-
Sample Al1S, and let U(s) indicate the uniform distribution over K discrete values. Then,
we can characterize the improvement of the Coupled Reverse Multi-Sample AIS bounds on
log p(x), ELBOcg-a1s(X; 70, T, K) and EUBOcg_a1s(X; 70, T, K), over the single-sample A1S bounds
ELBOs(x; g, T') and EUBO s (X; o, T') using KL divergences, as follows

ELBOCR-a1s (X; o, T’y K) = ELBOais(x; w0, T') + qurfé?‘s (LK) 1) {DKL [q§§52'5(5|x, Zészl, ZT)HZ/I(S)] ] ,

(Zo.0_1>

0 < KL of uniform from SNIS weights < log K

EUBOCR-a1s (X; mo, T', K) = EUBOs(x; 70, 1) — ]EPCR,MS@(LK) 2 ) |:DKL {U(s)”qﬁ,fé?'s(ﬂx, zé?:TKf)l,zT)] } .
ToT (20T 17

0 < KL of SNIS weights from uniform < Dxy[pher (Zo:7 %) || ghs (Zo: T |X)]

Proof. Using M = 1in Eq. (99) above, we obtain
ELBOcg-a1s(X; 70, T, K) — ELBOas (X; 7m0, T, M = 1)

CR-AIS

PERAS (]2, 2, ) (101)

= D [asmor" (|26 20, %)
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From Eq. (90), we can write the posterior over the index variable as

Doroe (2o 1,27 [%)

ALS (s)
CR-AIS (1:K) o pTGT(x)z();T_l |zT)
Gorop (S|Zg.7—1, 27, %) = I .
AlS (k)
‘ZPROP(ZU;T,pZT‘X)
Z Als ( (k)

XZo. 71 ‘ZT)

(102)

k=1 Pror
For the target distribution in Eq. (89), the posterior pSa;™' (s\zg:TIi)l, z7,x) = U(s) is uniform. Thus,
we can characterize the improvement of the K -sample CR-AIS ELBO over its single-chain AIS
-AIS 1:K
D [giior (s, 2571, 2) [U(5)] | -

(103)

B 60 T, ) — BLBOuS 0670, ) = E i 100

The proof follows identically for the EUBO.

For the ELBO, the KL divergence with the uniform distribution in the second argument is bounded
above by log K. For the EUBO, the improvement of CR-AIS is limited by the gap in the single-chain

EUBO 5 (x; o, T'), which corresponds to Dy [prer (Zo:r|X) || ghrop (Zo:7|X)]- O

H.4 PROOF OF LINEAR BIAS REDUCTION IN 7' FOR CR-AIS

Corollary H.3 (Complexity in 7" for Coupled Reverse Multi-Sample AIS Bound). Assuming perfect
transitions and a geometric annealing path with linearly-spaced {8, }1_, the sum of the gaps in the
Coupled Reverse Multi-Sample A1S sandwich bounds on M1, Icg_aisy, (70, K, T') — Icroas;, (70, K, T'),
reduces linearly with increasing T

Proof. Since we have shown in Prop. H.2 that ELBOcg-ais (70, K, T") and EUBOcg-ais(mo, K, 1)
are tighter than ELBO,s(mg,T") and EUBOas(mo,T'), the bias in the CR-AIS sandwich bounds
EUBOcg-ais (70, K, T') — ELBOcg-a1s(m0, K, T') will be less than that of single-sample A1S. Thus,
inequality in Eq. (68) and linear bias reduction in Prop. 3.1 (see App. D.1) also hold for CR-AIS,
which implies linear bias reduction under perfect transitions and linear scheduling. O

I COMPARISON OF MULTI-SAMPLE AIS BOUNDS

In Fig. 5, we compare the performance of our various Multi-Sample AIS bounds for MI estimation of
a Linear VAE with 10 latent variables and random weights, and VAE and GAN models with 20 latent
variables trained on MNIST.

To obtain an upper bound on MI, we recommend using the Independent Multi-Sample AIS ELBO for
log partition function estimation. This corresponds to the forward direction of BDMC and achieves the
best performance in all cases. This upper bound uses independent samples and is not limited to log K
improvement, in contrast to the Coupled Reverse Multi-Sample ATS upper bound on MI (Prop. H.2).

The results are less conclusive for the Multi-Sample AIS lower bounds on MI, where either the
Independent Multi-Sample AIS EUBO or Coupled Reverse AIS EUBO may be preferable for log
partition function estimation. Recall that these bounds have different sources of stochasticity that
provide improvement over single-chain AIS. The stochasticity in the Independent Multi-Sample AIS
lower bound on MI comes from K — 1 independent negative forward chains which, by App. E.3
Prop. E.2, can only lead to log K improvement over single-sample AIS. However, these gains are
easily attained for low values of T'. For example, with two total AIS distributions, which corresponds
to simple importance sampling with 7y(z) = p(z), the Independent Multi-Sample A1S lower bound
on MI reduces to Structured INFO-NCE and saturates to log K. This may be useful for quickly
estimating values of MI at a similar order of magnitude as log K.

The stochasticity in the Coupled Reverse AIS lower bound on MI is induced by MCMC transitions in
K coupled backward chains. While this does not formally limit the improvement over single-sample
AIS, we see in Fig. 5 that at least moderate values of 7" may be needed to match or marginally improve
upon Independent Multi-Sample AIS. These observations suggest that the preferred lower bounds on
MI may vary based on the scale of the true MI and the amount of computation available.
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Figure 5: Comparing Multi-Sample AIS sandwich bounds and evaluating the effect of K and T for
MI estimation in deep generative models on MNIST.

J  GENERALIZED MUTUAL INFORMATION NEURAL ESTIMATION (GMINE)

In this section, we provide probabilistic interpretations for the Mutual Information Neural Estimation
(MINE) lower bounds on MI from Belghazi et al. (2018), which allows us to derive novel Generalized
MINE bounds. In a similar spirit to GIWAE, Generalized MINE uses a base variational distribution
o (z|x) to tighten the MINE-DV or MINE-F bound and can be evaluated when p(z) is available.

See Fig. 6 for a summary of Generalized MINE bounds and their relationships. We discuss probabilistic

interpretations in this section, and provide complementary interpretations in terms of conjugate dual
representations of the KL divergence in App. K.

We begin by deriving a probabilistic interpretation for the IBAL lower bound in Sec. 4, which we
will show is closely related to the probabilistic interpretations of MINE. Our MINE-AIS method is

designed to optimize and evaluate the IBAL lower bound on M1, with detailed discussion in Sec. 4
and App. M.
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q5(2[%)
I(x;2) = IEP(M)[log e }HE,,(,() [ Dicwp(zl) s (2]%)]
I\ 1 b
E[ Dy [p(eh0l ==, (zhe” ]|
) d (Z|X) T 4(x,2)
IBAL(gy, Ty) = Epx) | log @) + By [To(x:2) ] = By [ Lo [Eq e ]
“ Dl\\,[p(x) 7y H(X)]
20(2[x) Ty(x2)
Iovvepv (g0, Ty) = Epxy) | log FeR + Epe) [T4(x,2) ] — 108 Epirgy o) L7 ]
w 1 NoTo(%2) |y (o)) o To(x.2)—1
_[D(‘M [Z(x)qﬁ(z\x)l [lgp(z|x)e H
D L;[n"'x‘,(/,,(z x)eTe®7) |p(x) gy (2]x) eTo>7) ‘}
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Figure 6: Generalized Energy Based Bounds. Arrows indicate the gaps in each MI lower bound or
its relationship to other lower bounds. Dgy, (-||-) represents the generalized KL divergence between
two unnormalized densities (see App. J.3). All bounds are written in terms of a base variational
distribution gy (z|x), which may be chosen to be the marginal p(z) as in MINE-DV and MINE-F.

J.1 PROBABILISTIC INTERPRETATION OF IBAL

For an energy-based posterior approximation

1 T,
_ ¢(x7z) — T¢(x7z)
7o,0(2]%) : Zoo ™) qo(z|x)e ,  where  Zg 4(x) = Eqg,(zx) [e } , (104)
we consider the BA lower bound on MI,
Ipa (mo,9) = 1(x,2) — Ep(x) [Dxo[p(2]x)]|70,6 (z]x)]] (105)
[ p(x2) }
=Epx,2) |10g | — Epx,2) l0ogp(z|x)] + Epx.2) [T(%X,2)] — Epx,2) [log 2o,
P(7)_ p(x)p(z) P(J[ (z|x)] p(y)[ ( ) ;0(7)[ 9¢]
qo(Z|X
= Epeea) |log p(<z) )} + Epxa) [T6(%,2)] = By [log Zo,6(x)]
[ qa(z‘x) er,(x,z)
=Epx,z) |1 +Epx,2) |1
Peen) 8 () } P2 | 8 By oy [707]
Isa, (g0) contrastive term

=: IBAL(qp, Tp),

where the gap in the mutual information bound is E,x)[DxL[p(z|x)|70,4(z|x)]]. Note that
IBAL(gg, Ty) includes Iy,, (go) as one of its terms, where we refer to gg(z|x) as the base varia-
tional distribution. We visualize relationships between various energy-based bounds in Fig. 3b and
Fig. 6.

Proposition 4.1. For a given qy(z|x), the optimal 1BAL critic function equals the log importance

weights up to a constant T*(x,z) = log (Z((’;’lf()) +c(x). Forthis T*, we have IBAL(qe, T*) = I(x; 2).

See App. L.1 for the proof.

J.2 PROBABILISTIC INTERPRETATION OF GENERALIZED MINE-DV

We can interpret the MINE-DV bound of Belghazi et al. (2018) as arising from an energy-based
variational approximation 7y 4(x, z) of the full joint distribution p(x, z) as follows

1
T06(%2) = Zp(X)an(2x)e™ ) where  Z = Eyq [¢709] (106
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qo(z|x) is a base variational distribution, and T is a critic or negative energy function.

Note that for the induced marginal 7y 4(x) := [ 7p,4(x,2)dz # p(x) due to the contribution of the
critic function. Instead, we have

To,6(X) = Zp(x) Z(x), (107)

where Z(x) = [ g(z|x)eT**?dz and Z = [ p(x)q(z|x)eT* 2 dxdz = E,)[Z(x)].

Subtracting the joint KL divergence Dxy.[p(X, z)||7g 4 (%, z)] from I(x; z), we obtain the Generalized
MINE-DV lower bound on MI

1
I(x;z) > I(x;2) — DgL [p(x, z) Ep(x)qe(z|x)eT¢(x’z)} (108)
do (Z‘X) X,z
= Ep(x,z) |:10g p(Z) :| + Ep(x,z) [T¢(X’Z)] - lOg Ep(x)QQ(z\x) I:er)( ’ ):| (109)

= Iomine-pv (Qt% T¢)~

By construction, Eq. (108) shows that the gap in Generalized MINE-DV is
DxL[p(x,2)|| £p(x)qo(z]x)eT**#)], which has a probabilistic interpretation in terms of the
approximate joint distribution 7y (X, z).

Relationship with MINE-DV  For ¢y(z|x) = p(z), we obtain the MINE-DV bound (Belghazi et al.,
2018; Poole et al., 2019) as a special case with Iyine-ov(Te) = Iomive-ov(P(2), T). In particular, the
joint base distribution in Eq. (106) corresponds to the product of marginals p(x)p(z). Our probabilistic
interpretation shows that the gap in MINE-DV corresponds to Dy [p(x, z) || £ p(x)p(z)e s 2],

We expect that the Generalized MINE, with a learned variational distribution gy (z|x), to obtain tighter
bounds than MINE-DV. We can guarantee that Isvine-ov (¢4, 7o) = Tunve-ov (Ty) for the optimal g}y
with a given T, so long as p(z) is in the variational family (i.e., 36, such that gy, (z|x) = p(z)).

Relationship with BA Bound Choosing a constant critic function Ty, (x,z) = const, we can see
that mg 4, (x,2) = p(x)ge(z|x) and Iovne-pv(qe, Tp, = const) = Iga, (gg) for a given ¢y (z|x).

Optimal Critic Function For a given gg(2z|x), the optimal critic function of Generalized MINE-DV
corresponds to the log importance weight between the target p(x, z) and the joint base distribution
p(x)qo(z|x), plus a constant

T*(x,z)zlogM—i—c. (110)

Pp(x)qo(z[x)

For the optimal critic function associated with a given ¢q(z|x), we have Iyie-pv(ge, T*) = 1(X; z).

Relationship with IBAL We can use our probabilistic interpretation to show that the IBAL is
tighter than Generalized MINE-DV, with IBAL(gg, Tjs) > Iomme-ov(qs, Ts). Subtracting the gaps in
the bounds in Eq. (105) and Eq. (108),

BAL(q0, Ts) = Lowme-ov (g0, To) + Dxo[p(x, 2)[[70,6 (%, 2)] — Epse) [Drr[p(2]x) 70,6 (2]x)]]

gap in GMINE-DV (qg, Tg) gap in IBAL(qe, T)
X
= Iomne-pv (%7 T¢) + IEp(x) [log ﬂii(zc)} (111)
= IGMINE—DV(q97 T¢) + DKL[p(X)HW9,¢(X)] (112)
> Igmmve-ov (g, T¢)- (113)

We see that the difference between IBAL(gg, Ty) and Igvins-pv(gs, T) corresponds to a marginal KL
divergence in the x space, where g 4(x) is defined in Eq. (107).
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Asin Poole et al. (2019), we can also interpret the gap between the IBAL(gy, T) and Ioyine-ov (s, )
as an application of Jensen’s inequality, with

Dy p(9)llmo,6x)] = D [p(x) | 5p() 23| (14)
= log Z — Ep,x)[log Z(x)] (115)
= IOg IEp(x) [Z(X)] - ]Ep(x) [log Z(X)]> (116)

since log ) [Z(x)] > Epx)[log Z(x)].

J.3 PROBABILISTIC INTERPRETATION OF GENERALIZED MINE-F

The BA lower bound and its corresponding EUBO upper bound on log p(x) are derived using a KL
divergence between the true and approximate posterior, which are normalized conditional distributions
over z given x. In this section, we interpret the MINE-F bound (Belghazi et al., 2018) as arising
from a generalized notion of the KL divergence between possibly unnormalized density functions.
In particular, our probabilistic interpretation will involve an unnormalized 79 4(z|x) which seeks to
approximate the true (normalized) posterior p(z|x).

Generalized KL Divergence (GKL) First, we state the definition of the generalized KL divergence,
which takes unnormalized measures as input arguments and corresponds to the limiting behavior of
the a-divergence (Cichocki & Amari (2010))

Dok [7(2)5(z)] = /F(z) log igzgdz - /f(z)dz—i—/é(z)dz. (117)
5(z

As in the case of the standard KL divergence, this quantity is nonnegative, convex in either argu-
ment, and vanishes for 7(z) = §(z). It is also a member of both the family of Bregman diver-
gences and f-divergences (Amari, 2009). If 7(z) and s(z) are normalized, then Dgxy[r(2z)]/s(z)] =

Dxy.[r(z)||s(z)]. Finally, if (z) is normalized and 5(z) is unnormalized, one can easily confirm that
Dako[r(2)||3(2)] = Dko[r(2)|s(z)] + Dok[s(2)]|5(2)] (118)
> Do [r(z)]|s(2)] .

Generalized EUBO (GEUBQ) Since the Generalized KL divergence is always nonnegative, we
define a Generalized EUBO by adding the Generalized KL divergence between the normalized true
posterior and an unnormalized approximate posterior 7 (z|x).

GEUBO(x; ) = log p(x) + Dgxu[p(z[x)||7(z|x)] (119)
= Epz)x) {IOg i(();g] -1+ Z:(x), (120)

where we define Zz(x) := [ 7(z|x)dz. In general, we have EUBO(x; 7) < GEUBO(x; 7) where 7
is the normalized distribution of 7, with equality if 7 is normalized.

Generalized BA (GBA) Using the Generalized EUBO in place of log p(x), we obtain the following
lower bound on M1, which we denote as the Generalized BA lower bound
1(x;2) 2 I(x;2) — Ep(x) [Dokw[p(z[x)[|7(z[x)]]

= Ep(x,z) |:log W;?Z))():| +1-— Ep(x) [Z.,}(X)] (121)

=t Igpa, (7).
Generalized MINE-F (GMINE-F) We now consider an unnormalized, energy-based approximation
to the true posterior, involving a base variational distribution ¢y (z|x) and a learned critic function
Ty(x,2)

To,0(2|x) = q@(z|x)eT¢’(x’z)_1 ) (122)
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Using this unnormalized approximate posterior in the GBA lower bound in Eq. (121), we obtain the
Generalized MINE-F lower bound

1(x;2) 2 1(%;2) — Ep) [Doxe[p(2]%) 176,06 (2[%)]] (123)

qo(z|x x,2)—
=Epem) {log p((z|) )} + Epeea) [To(%,2)] = Epgq (sl [er’( ) 1} (124)
= IGMINE—F(q07 T¢)~ (125)

By construction, we can see that the gap in Jovine-r(ge, T) is equal to the Generalized KL divergence
Epx) [Dok[p(z]x) || 79,4 (z|x)]] in Eq. (123). As in the case of MINE-DV, we obtain the standard
MINE-F lower bound Iyne-r(Ts) = Iomme-r(P(2), Tyy) when using the marginal p(z) as the proposal.

Optimal Critic Function The optimal critic function of Generalized MINE-F is T*(x,z) = 1 +

log % (Poole et al., 2019). In this case, we obtain Ioyne-r(qe, T*) = I(x;2) in Eq. (124).

Relationship with IBAL We would now like to relate the gap in Igwine-r(gs,Ty) to
the gap in IpaL(ge,Ty).  First, note that the normalized distribution corresponding to
79.6(z|x) = qo(z|x)eT?*2)~1 matches the the energy-based posterior in the IBAL, 7y 4(z|x) =
ﬁqg (z]x)eTe (2 Using Eq. (118), we have

Ep(x) [Daki[p(z[x)[| 70,6 (2[x)]] = Epx) [Dxep(z]x)[|70,6(2|x)]] + Ep(x) [Dakeme,(2]x)[|Te,6 (2]x)]] -

and substituting in the definition of each term

Epco | Do p(abo)ao(@i)e™ =2~ | =y | D [ptal)| 57 a0 abre™ =] (126)

gap of GMINE-F gap of IBAL

1 Ty (x,z
+ By [ Do [ s an(al)e> =

(a9 1] .

>0

where the final term Dgky [79,4(2|X)[| 7,4 (2]x)] > 0 is nonnegative because it is a generalized KL
divergence. Thus, we have

lBAL(QOaTcﬁ) = IGMINE—F(q97T¢) + Ep(x) [DGKL [770,¢(Z|X)||7~T0,¢(Z|X)]] > IGMINE-F((IGa T(b)' 127)
Alternatively, Poole et al. (2019) use the inequality log v < u — 1 to show that
Dexw[mo,6(2[%) 70,6 (2]%)] = Epx) [2(x) =1 —log Z(x)] 2 0.

We visualize the relationship between IBAL and Generalized MINE-F in Fig. 6.

Relationship with Generalized MINE-DV To characterize the gap between Generalized MINE-
DV and Generalized MINE-F, we can again use the equality from Eq. (118), but this time using
divergences over joint distributions.

Dgki [p(sz)HfTe@(Xa z)] = DxL [p(X,Z)H?Te@(X’Z)} + Dk [mo,6(x, Z)’|7~T9,¢(X7Z)]
Dgx1 {p(x, z) Hp(x)qg (z|x)eT¢‘(x’z)*1} = Dx1, {p(x, z) H %p(x)qg (z\x)eT‘b(x’z)} (128)

gap in GMINE-F gap in GMINE-DV

€T¢ (x,2) —1} )

+ Do | 5p0)a0 ()™ () al)

>0
In this case, we have Dgkr [£p(x)qo(z|x)eT %2 ||p(x)go (z|x)eT* 2 ~1] > 0. Thus, Generalized

MINE-DV is tighter than Generalized MINE-F (see Fig. 6), which generalizes the finding in Poole et al.
(2019) that standard MINE-DV is tighter than standard MINE-F.
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K CONJUGATE DUALITY INTERPRETATIONS

In this section, we interpret the energy-based MI lower bounds in MINE-AIS, Generalized MINE-DV,
Generalized MINE-F, GIWAE, IWAE, and INFONCE from the perspective of conjugate duality. In
particular, we highlight that the critic or negative energy function in the above bounds arises as a dual
variable in the convex conjugate representation of the KL divergence. In all cases, the KL divergence
of interest corresponds to the gap in the BA lower bound

qe(zx)
p(z)

For gp(z|x) = p(z), the BA lower bound term is 0 and our derivations correspond to taking dual
representation of MI directly, e.g. I, x) [Dxr[p(z|x)||p(2z)]], as in Belghazi et al. (2018).

I(x;2) = Epx.0) {log } + Ep(x) [DxL[p(z]x)|g0 (2]x)]] - (129)

Our conjugate duality interpretations are complementary to our probabilistic interpretations, with
either approach equally valid for deriving lower bounds and characterizing their gaps.

K.1 CONVEX CONJUGATE BACKGROUND

The KL divergence to a fixed reference distribution 7 is a convex function of the distribution in the
first argument Q(+) := Dk [||mo(2z)]. In later subsections, we will also consider KL divergences over
joint distributions, unnormalized density functions, and extended state spaces.

For a given (+), we can define the conjugate function *(-) over a dual variable or function T'(z),
with the following relationships (Boyd & Vandenberghe, 2004)

0" (1)) = sup (n(s), T(2)) = (). (130)
O (s)) = sup (r(2). T (s) — 0" (T(2) (131)

where inner product notation indicates (r(z),T(z)) := [ m(z)T(z)dz. Solving for the optimizing
argument in each of Eq. (130) and Eq. (131) yields the following dual correspondences

mr(z) = VrQ*(T(z)), Tr(2z) = V. Q(n(2)). (132)
We will proceed to derive closed form expressions for various special cases of €2 and Q2* below.

For an arbitrary p(z) and T'(z) which are not in dual correspondence according to Eq. (132), we can
use Eq. (131) to derive a lower bound on Q(p(z)) known as Fenchel’s inequality

Qp(2)) = (p(2), T(2)) — ¥ (T(2)) + Do, [p(2), 71 (2)] (133)
> (p(2), T(2)) — 2(T(2)). (134)

where the gap in the inequality Dq.) [p(z), 77 (z)] is the Bregman divergence generated by €2 and
77 (z) is the dual variable corresponding to 7'(z) using Eq. (132).?

K.2 CONJUGATE DUALITY INTERPRETATION OF IBAL
To obtain an alternative derivation of IBAL(gg, Tys), we consider the conditional KL divergence from
a reference gy(z|x), which is a convex function of its first argument

Q) = Dl llgo(zx)], (135)

To derive the conjugate function 2*(7T'), note that we must restrict the optimization to the simplex
7(z|x) € A, since the standard KL divergence requires a normalized distribution as input

0" (T(x,2z)) == sup /7T(Z|x) -T(x,2z)dz — Q(r(z]x)) — )\(/W(z|x)dz -1) (136)

7 (z|x)

=108 Eqy(afs0) {eT(X’Z)} (137)

3This follows directly from the definition of the Bregman divergence by using 7, e« = VQ(q) and the
identity in Eq. (130), Da[p, q] = Q2(p) — 2(q) — (VQ(a),p — q) = Qp) = 2q) + (T4, q) — (To,p) =
Q(p) + 27 (q) = (T4, p)-
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where we have solved for the optimizing argument 7 (z|x) to obtain the conjugate function in
Eq. (137). Eq. (132) suggests the following dual correspondence between primal and dual variables
1 T(x,z)

m(z[x)
26Ty a0 )

We would like to leverage this duality to estimate the KL divergence Q(p(z|x)) =
Dx1.[p(z|x)|lge(z]x)] from gy(z|x) to the true posterior p(z|x). In particular, plugging Eq. (138)
into Eq. (131) suggests the following variational representation

D [p(afx) o)) = sup [ p(ai) T(x,2)d — log By [, (139)

(x,2)

Tr(x,2) = log + c(x). (138)

mr(z|x) =

For a suboptimal T’ (x, z), which is in dual correspondence with 77 (z|x) instead of the desired
posterior p(z|x), we can use Eq. (134) to obtain a lower bound on Dy [p(z|x)||ge(z|x)]. To
characterize the gap in this inequality, one can confirm that the Bregman divergence generated by the
KL divergence in Eq. (135) is also the KL divergence Dp,, 1.|q[P, 7] = Dxv[p||7]. Thus, we have

D [p(afx) a0 afx)] = [ p(al) Tx,2)d2 ~ 10g By g [¢7%] + Dralplapolmr(alx)] - (140)

Finally, the IBAL(gy, T;) uses this variational representation of the gap in the BA lower bound,
Epx) [DxL[p(z]x)|ge(2]x)]], to obtain a tighter bound on MI. In particular, for any learned critic
function T'(x, z), we can use Eq. (140) to derive the IBAL and its gap

I(0xi%) = By [108 2 | 4,0y (D p(alo) o (zho)] (141
Igap (g9)

= Epx.2) [log "9;(')’"] + By [Enelse) [T06,2)] — 108 By (apsey [€7 2| +Ep0) [Dxulp(alx) I (21%)] -

IBAL(qg ,T¢)

The optimal critic function 7 (x, z) provides the maximizing argument in Eq. (139) and is in dual
correspondence with the true posterior p(z|x). In particular, we have 77+ (z|x) = p(z|x), resulting
in I(x;z) = IBAL(gg, T™).

K.3 CONJUGATE DUALITY INTERPRETATION OF GENERALIZED MINE-DV

To obtain a conjugate duality interpretation of (Generalized) MINE-DV, we consider the dual rep-
resentation of the KL divergence over joint distributions. Choosing 7 (x,z) = p(x)qe(z|x) as the
reference distribution, the KL divergence is a convex function of the first argument

Q) = Dre[[[p(x)g0(2|x)] (142)
This KL divergence is equivalent to the gap in the BA bound E,, [ Dk [p(z|x)||qo (z|x)]] after noting
the marginal distribution of both p(x, z) and p(x)gg(z|x) is p(x).
However, the duality associated with Q(-) = Dy [-||70(x, z)] holds for general joint distributions,
and we will see that the conjugate duality perspective using this divergence leads to looser bound
on MI than in App. K.2. To evaluate the expression Q(7(x,2z)) = Supp(x,,)(7(x,2), T'(x,2)) —

0*(T'(x,z)), we need to derive the conjugate function Q*(7T'(x,z)). Similarly to Eq. (136), we
constrain the joint distribution to be normalized and obtain

Q*(T(x,2z)) = sup /ﬂ'(X, z) - T(x,2z)dxdz — Q(w(x,2)) — /\(/ﬂ(x,z)dzdx -1) (143)

m(x,2)

= 108 Epyqoape) €77 | (144)

where we have used 7o(x, z) = p(x)qs(z|x). Note that the expectation over p(x) now appears inside
the log in Q*(T'(x, z)), compared with the conjugate for the conditional KL divergence in Eq. (137).

Solving for the optimizing arguments in Eq. (131) and Eq. (143), we have the following relationship
between primal and dual variables,

1 )
mr(x,2) = %p(x)qe(ﬂx)eﬂx’z) , T:(x,z) = log p(:—)(;o(zz)b() +c, (145)
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Finally, we use Eq. (131) to write the dual representation of joint KL divergence as
Dxv[p(x,2)|[p(x)qs (z[x)] = S / p(x,2) - T(x, 2)dxdz — 10g By g,z [e” ] (146)

As in the previous section and Eq. (134), a suboptimal T'(x, z), which is in dual correspondence with
mr(z|x) instead of the desired posterior p(z|x), yields a lower bound on Dy [p(x, z)||p(x)qe(z|x)],
with the gap equal to a KL divergence

Dxu[p(x, z)||lp(x)ge (2]x)] = /p(xy 2)T(x,2)dxdz — 10g Epix)qy (a1 le” %] + Dx[p(x, 2) |77 (x, 2)] -
(147)
The Generalized MINE-DV bound Igyine-pv (4o, T¢) uses this variational representation of the gap in

the BA lower bound to obtain a tighter bound on MI. For a learned critic T'(x, z), we can use Eq. (147)
to write

1(%2) = B [1og %] FE ey [Die [p(21) a0 (21%)]] (148)
Ipa; (ag)
= Ep(x.2) [log %ZZ‘)X)} + EpGap(alo [T(%,2)] =108 Eqy (a1 [€7%] +Drw [p(0)p(al) [ (x, 2)]

Tomine-pv (29, Tg)

As noted in App. J.2, the Generalized MINE-DV bound is looser than the IBAL.

K.4 CONJUGATE DUALITY INTERPRETATION OF GENERALIZED MINE-F

Nguyen et al. (2010) consider the conjugate duality associated with the family of f-divergences, of
which the KL divergence is a special case. We will show that this dual representation corresponds
to taking the conjugate function of the Generalized KL divergence, which can take unnormalized
densities as input. See App. J.3 for definition of the Generalized KL divergence, which is convex in
either argument since it differs from the standard KL divergence by only a linear term..

For Q(-) = DgkuL['||de(z]|x)], we write the dual variable using the notation 7”(x, z) and consider
QT (x,2)) = Nséup)/ﬁ'(z|x)T’(x,z)dZ — DgkL[7(2]%)||Go(z|x)] (149)

Note that we do not explicitly include a Lagrange multiplier to enforce restriction to normalized
distributions. Solving for the optimizing argument or writing the dual correspondence in Eq. (132),
we obtain

~ o~ T’ (x,z) / _ 7~T(Z|X)
7r(z|x) = go(z|x)e , T.(x,z) = log - . (150)
r(zlx) = do(z}x) (c.2) = log T 2
Plugging this 77 (z|x) back into Eq. (149) yields the conjugate function
Q" (T'(x,2)) = /5(z|x)eT’<X=z>dz — /ej(z\x)dz, (151)

which leads to a dual representation of the Generalized KL divergence that matches Nguyen et al.
(2010) after plugging into Eq. (131)

Dasalpab)la)] = sw [ 5T e n)dz — [ )" e+ [ atapoin. (52

We now use the reparameterization 7”(x,z) = T(x,z) — 1. Assuming a normalized §(z|x) =
q(z[x) and p(z|x) = p(z|x), and noting that Deku[p(2[x)llge(2[x)] = Dxr[p(z[x)]|gs(z[x)] for
normalized distributions, we obtain

Dxu[p(z[x)[|g0(2]x)] = Tsiup)/p(ZIX)T(x,Z)dz /Qe(ZIX)eT(x’Z)’ldz, (153)

which matches dual representation of the KL divergence found in Belghazi et al. (2018); Nowozin
et al. (2016). See Ruderman et al. (2012) for further discussion.
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For a suboptimal T (x,z) which is in dual correspondence with w7 (z|x) instead of the desired
posterior p(z|x), we can use Eq. (134) to obtain a lower bound on Dgky[p(z|x)]|qe(z|x)] =
Dx1[p(z]x)||qo(z|x)]. To characterize the gap of this lower bound, note that the Bregman divergence
generated by the D divergence is also the Dgxy. divergence Dp, .14 [Pl|7] = Dcku[p||7]. Thus,
using Eq. (133), we have

D [p(z[x)llge (z|x)] = /p(Z\X)T(X, Z)dzf/qe(ZIX)eT(x’Z)_ldz+DGKL[p(ZIX)IIqe(Z\X)eT("’Z)_l]~
(154)

Finally, we obtain the Generalized MINE-F bound by evaluating the dual representation of the
Generalized KL divergence for normalized p(z|x) and gy(z|x). In particular, Iovne-r(gs, T) uses
the critic function T}, to tighten the gap in Iy, (gg) via the dual optimization in Eq. (154),
10x2) = By e [ 108 2208|180y (Di () o (2] (s3)
Ipa, (ag)

= By 108 20| + By [Epcatm [T06,2)] = 108 By ey [¢7 ] 4By [Doma (a0l (2]

TomiNe-F (99, Tg)
(156)

The optimal critic function is the dual variable of the true posterior p(z|x), which can be found using
Eq. (150) as T'(x,z) = 1 + log é((zz‘l’;)). With this optimal critic, the Generalized MINE-F bound is
tight.

K.5 CONJUGATE DUALITY INTERPRETATION OF GIWAE, IWAE, AND INFONCE

In this section, we use conjugate duality to derive the GIWAE, IWAE, and INFO-NCE bounds on
mutual information and characterize their gaps. Our approach extends that of Poole et al. (2019),
where the MINE-F dual representation (App. K.4) was used to derive INFO-NCE. We provide an
alternative derivation using the dual representation associated with the conditional KL divergence and
IBAL in App. K.2. For either dual representation, GIWAE, IWAE, and INFO-NCE arise from limiting
the family of the critic functions 7T in order to eliminate the intractable log partition function term.

We start from the decomposition of I(x;z) into Ig,, (¢s) and its gap

qo(z[x)
p(z)

IB/\L (g0)

1612) = Byt 108 00| 48,00 [Drs () o )] (157)

We will focus on the dual representation of the normalized, conditional KL divergence (-) =
Dx1.[']|lge(2z|x)], as in App. K.2.

Multi-Sample IBAL. Consider extending the state space of the posterior or target distribution
p(z]x), by using an additional K — 1 samples from a base variational distribution ¢y (z|x) to construct

K
Prar(z5), sx) == U(s)p(2)|x) [ ] 90(2[x), (158)

k#s
k=1

where s is an index variable s ~ U(s) drawn uniformly at random from 1 < s < K, which specifies
the index of the posterior sample p(z|x). We similarly expand the state space of the base variational
distribution to write

K
oror (27, s[x) = U(s) [ ] g0 (2 [x). (159)
k=1
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It can be easily verified that this construction does not change the value of the KL divergence

PTGT(Z(LK)» 5|x) }

1:K 1:K
D [pror(z ", slx) lamor (2 s3] = B, im0 10 [l‘)gm

- EPTGT (

1

UesTp(2" %) [T,z 90 (2 %)
og K
M}};[l q0(2F) %)

)
_ p(z*|x)
= Eyy(ayp(a)1x) [log 70 (2® |x)}

3 p(z|x)
= Entabo {log qe(Z\X)]
= Dxi[p(z|x)|ge(z|x)] .

z(lzK),s\x)

Consider the convex function
Q(-) == Dxr [ HqPROP(Z(LK)a 3|X)L (160)

where the primal variable is a distribution in the extended-state space of (z(!'%) | s), and the dual

variable is a critic function 7 (x, 2K s). We derive a conjugate optimization in similar fashion to
App. K.2, but now over the extended state space. For this €(-), the conjugate function Q*(7") takes a

log-mean-exp form analogous to Eq. (137)*. We can write the variational representation of Q(prgr)
as

K
. . . ez (1)
Hpror) = SUP/ZpTGT(Z(LK)’S‘X)T(X’Z(LK)’SMZ(LK) — 108 B o0 (215 s1x) [eT( S )] '
T s=1
(161)

For a particular choice of T (x, 21K s), we can use Eq. (161) to obtain a lower bound on the KL
divergence Dy [p(z|x)]||go(z|x)] (as in Eq. (134)). This lower bound translates to the Multi-Sample
IBAL lower bound on MI, Iys sar(ge, T) via Eq. (157) .

g0 (2|x) 1K T (2 (1) |
I(x;2z) > ]Ep(x,z) [log p(Z) + Ep(x) {]EPTGT(Z(I:K),S‘X) [T(X,Z( )7 9):” — log EqPROP(Z(I:K)’ﬂx) [e (x,z s)]
Z(x;T)
=: IMS-IBAL(q97 7—)7 (162)

where Z(x; 7)) is the normalization constant of the dual distribution 77 (z"*%), s|x) corresponding

to T,

: 1 : x,z 1 g
(205 s|x) = )qPROP(z(l‘K)7s|x)eT( =8 (163)

Z(x;T

As in Eq. (133), we can write the gap of Iys.saL(qe, T) as a Bregman divergence or KL divergence
I(X§ Z) = IMS—IBAL(qea T) + Ep(x) [DKL [pTGT(Z(LK), S|X) ||7T7'(Z(1:K), S|X)H . (164)

The optimal K-sample energy function in Eq. (161) should result in 7 (z(1%) s|x) =
pror(25) s|x).  Using similar reasoning as in App. C.5 or App. L.1, this occurs for

T*(x,215)  5) = log % + ¢(x), for which we have I(x;2z) = Ivs.sa.(q0, T*).

GIWAE is a Multi-Sample IBAL with a Restricted Function Family Although extending the
state space did not change the value of the KL divergence or alter the optimal critic function, it does
allow us to consider a restricted class of multi-sample energy functions that yield tractable, low
variance estimators. In particular, GIWAE and INFO-NCE arise from choosing a restricted family of
functions Tgwae (x, 215 5), under which the problematic log Z(x; 7) term evaluates to 0. This
function family is defined as

*We consider the conjugate with restriction to normalized distributions as in App. K.2 Eq. (136).
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eT¢ (xvz(ﬁ))

: (165)
LS Talxat)
P

7—GIWAE(X7 Z(LK)’ 3) = log

where Tawar(x, 25 s) is specified by an arbitrary single-sample critic function Ty (x, z). We can
now see that log Z(x; Tgwag) = 0,
. Ty (x,2(8))
om0 gy [ )
ues) 11 ag (z(F) %) 1 k; T (e2(k))

log Z(x; Tawae) = log ]E(]PROF(z(l:K)’SIX)

K
using the fact that z("5) ~ T[] go(z®|x) is invariant to re-indexing. With this simplification,

Tus-sar(qo, Tawar) recovers the GIWAE lower bound on MI

I(x;2) > Ivs-saL(99, Tawat) (166)
M ) T¢(X7Z(S))
— By |log w(EX)] | g P log —; (167)
L7 p(2) | eeopox) 1 a0(a®) LS (Tolen®)
k=1 k=1
z|x) ] eTo(xz")
By g2y - (168)
L7 2(2) ] om0 1T as (=) 1§ (Tyxat®)
k=1

= IGlWAE((IHaTdn K)

Finally, we can use Eq. (164) to recover the probabilistic interpretation of GIWAE and the gap in the
lower bound on MI. As we saw above, the dual distribution 7., (z(*%), s|x) is normalized with
Z(x; Tawae) = 1. In particular, we can write

1
(I:K
VA
Z(X§ 7-GIWAE) quOP(

1 8T¢ (xvz(s))

K
_ (k) I
= | I qo(2""|x) (170)
Z(X' %IWAE)W K
3 k=1 g €T¢(x’z(k))
kz::I

e (20 5x) = ), s[x)eTome Cea109) (169)

6T¢ (xvz(s))

K
~ T an(=™5——— a7
k=1

ech(xvz(k))

M=

k

1

which recovers gSiVaF(z(15) s|x) from the probabilistic interpretation of GIWAE in Eq. (42) or

App. C.1. We can write the gap of Igiwar(g0, T, K) = Ius-isar (g0, Taiwae) as the Bregman diver-
gence or KL divergence as in Eq. (133)

I(x;2) = Ivs-sac (90, Taiwae) + Ep(x) [DKL [pTGT (Z(LK), s|x) HWTGME (Z(l:K), S‘X)H , (172)
which matches the reverse KL divergence E,, () [Dkr [Py (215, s|x)[|gommat (z(15) | s|x)]] de-
rived from the probabilistic approach in App. C.1. Recall that INFO-NCE is a special case of GIWAE
with ¢g(z|x) = p(2z) (Sec. 2.4).

Conjugate Duality Interpretation of IWAE We can gain alternative perspective on IWAE from
this conjugate duality interpretation. In particular, IWAE is a special case of GIWAE, where the optimal

single-sample critic function T*(x,z) = log (Z((’;"i)) + ¢(x) (see Sec. 2.4) is used in Eq. (165) to

construct the optimal multi-sample function 7;w,g, within the GIWAE restricted multi-sample function
family. Thus, we have Iys sar (90, Tiwar) = Liwar(go, K).
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Although IWAE uses the optimal critic function, the restriction to the function family in Eq. (165)
is necessary to obtain a tractable bound on the KL divergence Dk [p(z|x)||gs(z|x)] and mutual
information. Without the restricted function family, the intractable log partition term in Eq. (161)
would require MCMC methods such as AIS to accurately estimate, as we saw for the single-sample
IBAL in Sec. 4.

L PROPERTIES OF THE IBAL

Our MINE-AIS method in Sec. 4 and App. M optimizes the Implicit Barber Agakov lower bound
(I1BAL) on MI from Eq. (18). We first recall the probabilistic interpretation of the IBAL bound
from App. J.1. For a posterior approximation with a learned negative energy function 7y and base
variational distribution gy (z|x),

7o,0(2|x) = Zeé(x)qg(z|x)eT¢(x’z), where  Zg 4(x) = Eq, (zx) [6T¢(X7Z)} , (173)
we consider the BA lower bound on MI,

I(x,2) > Iya, (70,9) (174)

=1(x,2) — Epx) [Dxe[p(2[x)[| 70,0 (2]x)]] (175)

Ty (x,z
_mm@hgtgf}+mm@P%EmiﬁJ;@J (176)
Isa, (o) contrastive term
=: IBAL(qg, Tp)- (177)

The gap of this lower bound on mutual information is E,,(x) [ D1 [p(z|x)|| 79,4 (z|x)]]. as in Sec. 2.2.

L.1 PROOFS FOR IBAL OPTIMAL CRITIC FUNCTION (PROP. 4.1 AND L.1)

Proposition 4.1. For a given qy(z|x), the optimal 1BAL critic function equals the log importance

weights up to a constant T*(x,z) = log (Z((’;’li)) +c(x). Forthis T*, we have IBAL(qg, T*) = I(x; z).

Proof. Recall that the gap in IBAL(qg, Ty-) is Eppo [Dxilp(z[x)||me,6(2[x)]] = I(x;z) —
IBAL(gg, Tg~). This implies that the bound will be tight iff p(z|x) = 7 ¢(z|x) o p(x,2). We
can easily show that the true log importance weights (plus a constant) satisfy this property

ec(x)

T o) _
Z9,6(x)
where ™) is absorbed into the normalization constant. Conversely, using g(x, z) which depends on

- ((’; ’lfc)) + g(x, z) would change the density over z to no longer match p(z|x).

1 0
mo.6(2f%) = Z—rsa(ax)e” po2) =plax),  (178)

s

zinT'(x,z) = log

At this value, the IBAL is exactly equal to I(x; z)

1BAL(qo, T™) = Ep(x,2) [log %} + Ep(x,2) [T (%, 2)] — Epx) [log 20,4 (x)]
= (0] qe(z‘X) (0} p(X7 Z) 0og c(X — O, 7p(x’ Z) og c(X
=Ep(x,2) [1 g () } + Ep(x,2) [1 g 20 (2%) + log ¢( )} Epx) [1 g Eqg(z1%) 40 (21%) + log ¢( )}
-~ p(x,z) | <z
=Sy [l 05 | = 1)

O

Proposition L.1. Suppose the critic function Ty(x,z) is parameterized by ¢, and that
¢ s.t. Ty, (x,2) = const. For a given qo(z|x), let Ty~ (x,2z) denote the critic function that
maximizes IBAL(qg, Ty). Then,

Ipa, (g0) < 1BAL(qg, Ty~ ) < I(x52) = Ipa, (q0) + Epi) [Dxip(2[x)[|go(z[x)]] . (179)
In particular, the contrastive term in Eq. (18) is upper bounded by E, [DxL[p(z|x) || g0 (2|x)]].
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Proof. The BA bound is a special case of the IBAL(gy, T) with constant T, = ¢ and the contrastive
term equal to 0. Since ¢y is a possible parameterization, we can only improve upon Iga, (¢o) by
learning Ty. The parameterized family of T}, may not be expressive enough to match the true log
importance weights, so IBAL(qg, Ty« ) < IBAL(gy, T™) = I(x;z) using Prop. 4.1. O

L.2 PROOF OF IBAL AS LIMITING BEHAVIOR OF THE GIWAE OBJECTIVE AS K — c©
(PrOP. L.2)

Proposition L.2 (IBAL as Limiting Behavior of GIWAE). For given qg(z|x) and Ty(x, z), we have

A Tgiwae, (90, Tg, K) = 1BAL(g0, T5) - (180)

Proof. Comparing the form of Igiwae, (g0, Ty, K) to the IBAL(gg, T}) for a fixed gg and T,

KZ’Ll

qg(Z|X)}
IBAL ,Ty) =Epx.2) [lO +E)ix 2
(q9 <;/>) p(x,2) [ g ( ) p(x,2)

(1)
q(z[x) ooz
1 To, K) =Epx.2) |1 E 1
GIWAE(qG’ ¢ ) p(x2) [Og p(Z) :| + p(x, z(l)) 1_[ qe(z(k)|x) |:Og xz(k))
(

6T¢ x,2z)
lOg eTo (%, z)]

Egg (zlx)

we can see that both bounds include the same first term Iy, , (go) and the same numerator of the
contrastive term. To prove the proposition, we can thus focus on characterizing the limiting behavior
of the denominator

K
. 1 Ty(x,2) | _ Ty (x,2)
Vx: lim E [logK E_ e o\ ] = logE [e ¢ }, (181)

K—oo p(z)]x) H 0 (2 |x) q0(2]x)

= log Zawae(x, K) = log Zp »(x)

where we introduce the notation log Zgwae (X, &) for convenience and the right hand side is the log
partition function for the IBAL energy-based posterior g 4(z|x). Intuitively, we expect Eq. (181)
to hold since the contribution of the single posterior sample p(z|x) in the GIWAE expectation will
vanish as K — oo.

More formally, we consider the sequence of values log Zgwae(X, K) as a function of K. We
derive lower and upper bounds on the value of log Zgwae(x, K) for fixed K and show that
each of these sequences of lower and upper bounds converge to log Zy 4(x) in the limit as
K — oo. Using the squeeze theorem for sequences, this is sufficient to demonstrate the claim that
lim g o0 l0g Zaiwar (X, K) = log Zy 4(x) in Eq. (181). Since the other terms in Igiwae, (g0, To, K)
and IBAL(gp, T) are identical, this is sufficient to prove the proposition.

Lower Bound on log Zgag(x, K): We rely on the fact that the exponential function e”#*2) > 0 to
simply ignore the contribution of the p(z|x) term.

K
log Z, K)=E ] To (2" | _1og K 182
8 Lo E)=E g 1 ana®1) logze * (182
(1) K
> E log K (183)
I a0 ) l kz ]
k=2
1 (*) K —
=E log—— Y eTex2")1 4 1o (184)
T a0z [x) l *K -1 ,;2 ®TK K
k=2 —
=t LB(x; K), (185)

where in (1), we obtain a lower bound by ignoring the contribution of the positive sample from
p(z|x). The first term is the k-sample IWAE lower bound with the proposal ¢y (z) and target mg 4(x, z):

T, (x,2")

Egy(ar5)[l0g 7 >k m], and thus converges to log Zy 4 as K — co. As K — 0o, we also
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have log £=1 — 0, so that the limit of their sum is

lim LB(x; K) = 108 By, (s {eT«b(x’z)} = log Zg.4(x). (186)

K—oo

Upper Bound on log Zgwae (X, K): To upper bound log Zgwar (%, K), we separately consider terms
arising from p(z|x) samples and gy (z|x) samples. Noting that pS¥A&(z(1:K) s|x) in Eq. (26) is
invariant to the index s, we can assume z(!) ~ p(z|x) and write

1 Ty (%, z(l)) Ty (%, z(k))
log Z5 ,K)y=E 1 —e'® 75 ®
08 2ol KD =E i) i antath o [Og (Ke " )

k=2
K
1 7 (x,2(1) K-1 1 T, (x,2(%))
- E 1 —Telx . ¢ (%)
p(z(1) |x) ll_([ qo (2(F) |x) |:Og <Ke + K K—-1 Ze

€8] K-1 1 X (k)
< 1 Td,(x,z )] E A- 1 Z Ty (x,27))
o8 (z(l)\x) * ﬁ qg(z(k)|x) K K—-1 k72e
k=2 -

Txea]  K=1 1 <~p Ty (e,
(z(l)IX) € TR K-1 Z a(z(¥) |x) |©
k=2

T x,z(1) K-1
log(K p(zu),x> o >] + o zqub(x)) (187)

(188)

Since log(u) is a continuous function, we know that lim g, log(f(K)) = loglimg o f(K). We
thus reason about the limiting behavior of the terms inside the logarithm in Eq. (187). As K — oo,
we have % — 0, and thus the first term inside the log goes to 0. For the second term, we also have

E=1 5 1. Thus, we have

Ty(x,2) | _
Jim UB(x; K) = log By, (510 [e o )} = log Zp.(x). (189)
As reasoned above, the convergence of the sequence of both upper and lower bounds to log Zg 4(x)
implies that lim g, o0 l0g Zawar (X, K) = log Zy 4(x). By the reasoning surrounding Eq. (181), this
implies lim g oo Taiwae,, (¢, Ty) = IBAL(qp, T}) as desired. O

L.3 CONVERGENCE OF GIWAE SNIS DISTRIBUTION TO IBAL ENERGY-BASED POSTERIOR

In this section, we consider the marginal SNIS distribution of GIWAE, which is induced by sampling
K times from ¢y (z|x) and returning the sample in index s with probability gSIVA® (s|x, z(15)) o

eTox2™) As K — o0, we show that this distribution converges to the single-sample energy-based

posterior approximation underlying the IBAL and MINE-AIS. A similar observation is made in Sec.
3.2 of Lawson et al. (2019). This result regarding the probabilistic interpretations of GIWAE and the
IBAL is complementary to the result in Prop. L.2 regarding the limiting behavior of the bounds.

Proposition L.3. Define the marginal SNIS distribution of GIWAE, gsios®(z|x; K), using the follow-
ing sampling procedure

1. Sample from s, 21 K) ~ SWAE (s 7(1:K) %) according to Eq. (42)
2. Returnz = z(¥).

Then, as K — o0, the KL divergence (in either direction) between the marginal SNIS distribution of
GIWAE and the energy-based variational distribution of 1BAL, 7y (z|x) o qg(2[x)e™**?), goes to
zero.

lim D [gprop (2]%; K) [[70,6(2]x)] = 0
K—oo

and lim Dy [ro,4(2]%)l|gsror " (2]%; K)] = 0.
— 00
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Proof. To prove the proposition, we consider a mixture target distribution similar to the case of IWAE.
However, in this case, we take a single sample from 7y 4(z|x) instead of p(z|x)

K
PR (5,505 ) = oo () ) T a0 ()1 (190)

s
Note that the probabilistic interpretations gSiVa% (s, z(1%)|x) and pSoy =7 (s, z(M ) x) exactly
match the IWAE proposal and target distributions in App. B.1 where, in the target distribution,
the posterior p(z|x) has been replaced by 7y 4(z|x). Thus, we can analyze the KL divergences
Dy [afror” (5,250 x) [prer™ ™ (s, 20 x)] and Dy [prer™™ " (s, 279 %) [lggres " (s, 204 [%)]
using techniques from previous work on IWAE. Following similar arguments as in Domke & Shel-
don (2018) (Thm 2) and Cremer et al. (2017), these extended state space KL divergences upper
bound the KL divergence between the marginal SNIS distribution and energy-based target, e.g.
Dy [afor” (2] K)||mg, 5 (2]%)] < Dir[geres™ (s, 2 [x) [ prer™ 7 (s, 2 [x)]. As K — o0,
D [qSVAE (s, 20 5) |x) ||pSer ™ (s, 2015 |x)] — 0 since it is an instance of the IWAE gap. Thus,

the KL divergence Dy [goron (2|x; K)||Te,4(2]%)] also vanishes. Similar reasoning applies for the
reverse KL divergence. O
M MINE-AIS

M.1 ENERGY-BASED TRAINING OF THE IBAL

Eq. (19) indicates that in order to maximize the IBAL as a function of # and ¢, we need to increase
the value of the energy function T} or score function log gg(z|x) on the real samples of the true joint
p(x,z) and decrease the value on fake samples from the approximate p(x)mg, (z|x). However, as is
common in training energy-based models, it is difficult to draw samples from g 4.

In order to sample from 7y 4(2z|x), a natural approach is to initialize MCMC chains from a sample of
the base distribution gy (z|x), using HMC transition kernels (Neal, 2011), for example. However, we
may require infeasibly long MCMC chains when the base distribution is far from desired energy-based
model 7y ,(z|x). Instead, we can choose to initialize the chains from the true posterior sample
z ~ p(z|x) for a simulated data point x ~ p(x). Letting 77.)s indicate the composition of T
transition steps, the approximate energy function gradient becomes

0 0 0
%IBAL(QQ,T(D) ~ ]Ep(x)z) |:8¢T¢(X,Z):| — EP(X¢ZO)71:M(Z‘z07x) |:a¢T¢(X,Z):| , (191)

We can use an identical modification for the gradient with respect to 6.

This initialization greatly reduces the computational cost and variance of the estimated gradient and
enables training energy functions in high dimensional latent spaces, as shown in our experiments.
This approach is in spirit similar to Contrastive Divergence learning of energy-based models (Hinton,
2002) where one starts an MCMC chain from the true data distribution to obtain a lower variance
gradient estimate.

M.2 MULTI-SAMPLE AIS EVALUATION OF THE IBAL

After training the variational base distribution gy (z|x) and the critic function T} (x, z) using the MINE-
AIS training procedure above, we still need to evaluate the IBAL lower bound on MI, IBAL(gg, Tp).
We can easily upper bound IBAL(gg, T) using a Multi-Sample AIS lower bound on log Zy 4(x) with
expectations under the forward sampling procedure g5, (zo.7|x). However, an upper bound on

IBAL(gg, Ty) is not guaranteed to preserve a lower bound on MI.

In order to obtain a lower bound on the IBAL, we would need to obtain an upper bound on
log Zg,4(x) = log Ey, (%) [€7##)], the log partition function of 7y 4(z|x). However, consid-
ering this to be the target distribution 7 (z|x) in Multi-Sample AIS, we would require exact samples
from 7y (z|x) to guarantee an upper bound on log Zy ,(x). Since these samples are unavailable,
we demonstrate conditions under which we can preserve an upper bound on log Zy ,(x) (and lower
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bound on IBAL(gy, T})) by sampling from p(z|x) instead of 7 4(z|x) to initialize our backward
annealing chains in Prop. M.1 below.

Using the single sample AIS bounds to estimate log Zy 4(x), we have the following extended state
space proposal and target distributions,

T

ALS, AIS, T

DPrart (ZO T|X) =To,¢ ZT‘X H Zt 1‘zt QPROP (ZO T|X =g ZO|X H’E Zt|Zt 1
t=1

(192)

We emphasize that in pios”™, gomon » the transition kernels and intermediate densities are based on the

critic T (x, z) and energy-based posterior 7y 4(z|x) whose log partition function we seek to estimate.
Recall from Sec. 2.1 that taking the expected log importance weights under prgy” (zo.7|x) yields an
upper bound on log Zy ,(x). However, since it is difficult to draw exact samples from 7y 4(z|x) to
initialize backward annealing chains and sample from p?GST” (zo.7|x), we instead consider sampling
from the posterior p(z|x). Using the same transition kernels 7 as above, we first define the conditional

distribution pye;™ (zo.7—1 X, z7) of the backward chain for a given z7

prot” (zo:r—1[%, 27) H’r z_1|z1). (193)

We can then define the approximate extended state space target distribution which samples z7 ~
p(z|x)

T
APPROX

Pror (Zo:r|x) = p(zr|%) H t(zt—1]2¢) = p(zr[x)pret” (zo:r—1%, 27). (194)
t=1
Using this notation, we can also write pray” (zo.7|X) = 7rg,¢(zT\x)p$IGSTﬂ(ZO;T,1 |x, z7) in Eq. (192).
We now characterize the conditions under which sampling from piZrR* (z.1) preserves an upper
bound on log Zy 4(x).

Proposition M.1. Define the AIS marginal distribution gpyos (27|X) over the final state in the
AIS, T AIS, 7T
extended state space proposal as qeop (27|X) = [ qerop (Zo:7|X)dZ0.7—1. If we have
Dx[p(zr[x) | apeor (27|%)] > Dxilp(zr[x)||70,6 (27 |%)], (195)

then initializing the backward A1S chain using zr ~ p(z|x) (i.e., sampling under prZrR* (zo.1|x)),

yields an upper bound on log Zp 4(x),

AIS, T
Prar (Xa ZO:T)
ALS, 7

> log Zg,4(x). (196)
Grrop ( O:TlX)

Epspreox (20,7 1%) (108

Proof. We begin by writing several definitions, which will allow us to factorize the extended state

space proposal gprop (Zo.7|X) in the time-reversed direction. This factorization includes the final AIS

marginal gprop (27]%).

Starting from Eq. (192), the forward transitions gprop (Zo.7|X) = qo(20|X) Hthl Ti(z¢|2z¢—1) induce

the marginal distributions gpagn (z¢|x) at each step. The forward transitions and marginals induce a

. . AIS . . .
posterior kernel T, (z¢_1|z; ), which allows us to rewrite g (Zo.7|X) using a reverse factorization

T
Gerow (20:7[%) = Goror (27|%) H’Eq(zt—ﬂzt)a 197
t=1
AIS,
where Tq(z* 1|Z ) qPROP (ZtAlle?() (Zt|zt 1) . (198)

Qerop (Z¢]%)

The posterior reverse transitions 7,(z;_1 |z;) are intractable in practice, and cannot be simplified
to match the kernels in the target distribution pyey” (zo.7—1|X, z27) = Ht 1 Ti(z¢—1|2¢) using the
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invariance or detailed balance conditions. Doucet et al. (2022) provide a promising approach using
score matching to approximate these posterior transitions 7,%(z;_1|z;).

Finally, we write the posterior reverse process conditioned on a particular z as

T
Geror (Zo7—1[%, 27) = Hﬁq(zt—l\zt)- (199)
=1

With the goal of upper bounding log Zy 4(x) = [ qo(z|x)e’**2)dz, we consider the
log importance weights with expectations under the target distribution pigiRo*(zo.r|x) =
p(zr|x)pror” (Zo.r—1|X, z7), as in Eq. (196). Using the above notation, we have

AIS, 70
E 1 Prot (X, Zo:T)
PATEROX (2o, 7 |x) |1O8 RS
Qprop (ZO:T|X)

AIS, T
Prot” (Zo:7|X)
= log Zy, (X + E aeerox(, 15 |log p :| (200)
:| ¢ ) Pror o (Zo:T %) q:éSO’P (ZO:Tlx)

m0,6(27|X)Pror” (Zo:r-1]%, 21) p(2Z7|X)
= log Zgy X) + E aeerox (15 |:10g p= =
¢( ) Pl (om ) q:éZ’P (ZT\X)QS};ZH) (ZO:Tfl‘X7 ZT) p(ZT\X)

] (201)

= log Zo,4(x) + Dkr[p(z7|x) || geeor (z7]x)] — Dxv [p(zr|x)||70,6 (27 (|%)] (202)

+ Ep(arix) [DxLlpior” (zo:r—1]%, 27)||goror (Zo:7—1]%, 27)]]

The intractable KL divergence Dy [pror” (Zo.r—1|X, Z7)||dpeor (Zo:7—1|X, z7)] compares the re-

verse kernels in the target distribution 7;(z;_1|z;) against the posterior 7,%(z;_1|z;). Ignoring this
nonnegative term, we can lower bound the expectation on the LHS

AIS, 70
Prer (X, ZO:T)
AIS, T

E APPROX lOg
Prar Grrop (ZO:T‘X)

> log Z9,4(x) + Dxv[p(zr|x)|lgmor (27]x)] — Dk [p(z7|x) 70,6 (27(%)].

Finally, under the assumption of the proposition that Dy [p(z7|x)|geeor (27]%x)] >
Dk [p(zr|x)||79,4(z7|x)], we have the desired result. O

KL Divergence Condition In Prop. M.1, we have shown that we can preserve an upper bound on
log 2y, 4(x) by initializing the reverse chain using a posterior sample, under a condition on the KL
divergence,

AIS, T

Dxy [p(zr|x) | gmor (zr|x)] > D [p(zr|x)|| 70,6 (27]x)]. (203)

While we cannot guarantee this condition, we intuitively expect Eq. (203) to hold in practice since
9. (2|x) has been directly trained to match p(z|x). By contrast, gprop (z7|X) is the final state of an
AIS procedure, which approximates 7y 4(z|x) and does not have access to information about p(z|x).
Burda et al. (2015) use a similar approach for lower bounding the log likelihood in EBMs, but give an
example of a Restricted Boltzmann Machines (RBM) model (in their Sec. 5) in which Eq. (203) does
not hold.

As desired, we find in our experiments in Fig. 7 that our approximate reverse annealing procedure
underestimates the IBAL in all of the MINE-AIS, GIWAE and INFONCE experiments, for all numbers
of intermediate distributions 7'.

T = 1 Special Case For T' = 1, we have gprop (z1]X) = go(21]x). In particular, Prop. M.1 will
provide an upper bound on log Zy 4(x) if

Dx[p(z]x)]lg0(z|%)] = Diw[p(z[x)[[70,6(2[x)] (204)

This condition is guaranteed under the assumptions of Prop. L.1, where IBAL(gg, T+ ) = Ipa, (7p,4+)
improves upon I, (¢g) for an energy function T+ (x,z) which has been trained to maximize the
IBAL. In Eq. (204) the KL divergence on the left-hand side corresponds to the gap in the BA lower
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Figure 7: Estimating the mutual information of deep generative models with AIS and MINE-AIS.

10°

bound, which is larger than the gap in the IBAL on the right-hand side. We can further show that the
lower bound on IBAL(gy, T}) resulting from Prop. M.1 with T' = 1 is the BA lower bound,

[ qe(z[x)]
IBAL(qp, T) = Ep(x.0) |l0g @) + Epxm) [T (X, 2)] — Ep(s) [l0g Z0.6(x)]
>E :] g QQ(Z|X): + E [T ( )] E |:1 g p'/.r\éST’Tr(Xv ZO:T):|
el X,Z og ——— X,z X,Z)| — &, ?(I;?ROX o) ,71_7
1 [P ey | |18 A g )
[0 90(2%) ] { qa(z|x)eT¢(x»z):|
=Epx,z) (108 ———| + Epx0)[To(x,2)] — E X,z log—
p(x,2) i »(z) | p(x, )[ s(x,2)] p(x,2) 40(2%)
[ go(z[x)]
= Epxa) |l08 0 |+ EnoenFotK 2] — EneaFotx 2]
p(x,2) | p(z) ] . ;
= IBAL (qe) .

We can confirm this in Fig. 7, where for T' = 1, the approximate lower bounds on IBAL(gg, T})
begin from the appropriate BA lower bound. For example, in the case of IBAL evaluation for GIWAE
(K = 100), the light green curve starts from the BA lower bound term reported in the decomposition
of the GIWAE (K = 100) lower bound in Fig. 3a. Using more intermediate distributions (7" > 1)
for the AIS approximate bound in Prop. M.1, the estimates in Fig. 7 approach the true value of
IBAL(gg, Ty) in all cases.

M.3 MINE-AIS EXPERIMENTS

In Fig. 7, we assess the performance of our MINE-AIS method, which learns an energy function
T, and uses Multi-Sample AIS to evaluate lower and upper bounds on the IBAL(gy, T ), in cases
where p(x|z) is unknown. As a comparison, we consider Multi-Sample AIS lower and upper bounds
with known p(x|z), since these estimators tightly bound the ground truth MI and correspond to
the optimal energy function in MINE-AIS (Prop. 4.1). We train MINE-AIS using IBAL(p(z), Ty) for
p(z) = N(0, I), and plot our Multi-Sample AIs lower and upper bounds on the IBAL as a function of
the number of intermediate AIS distributions 7" used for evaluation.

Note that our lower bound on IBAL, which uses the approximate reverse annealing procedure from
App. M.2, preserves a lower bound on MI for all values of T". The upper bound on IBAL may be used
to validate the convergence of the Multi-Sample AIS evaluation procedure. For example, in Fig. 7, we
observe that our lower and upper bounds converge to the same estimate for high 7', finding the true
value of IBAL(p(z), Ty).

We find that MINE-AIS underestimates the ground truth MI by 11%, and 24% on MNIST-VAE and
MNIST-GAN, respectively. We also compare against the BA lower bound with a Gaussian variational
family for gg(z|x). Note that the IBAL corresponds to the BA lower bound for a more flexible,
energy-based posterior approximation mg 4(z|x), and both bounds assume access to only a single
known marginal distribution. We find that MINE-AIS outperforms the BA baseline by 2%, 52%, and
90%, on linear VAE, MNIST-VAE, and MNIST-GAN, respectively.
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We also use Multi-Sample AIS to evaluate the IBAL corresponding to (gg, Ty ), which are learned by
optimizing the GIWAE (with K = 100) and INFONCE (with K = 100 and ¢y = p(z)) lower bounds.
As argued in Prop. L.2, the IBAL corresponds to the limiting behavior of GIWAE as K — oco. We
observe that the AIS evaluation of the IBAL corresponding to GIWAE or INFONCE critic functions
only marginally improves upon evaluation of the original GIWAE or INFONCE lower bounds. This
indicates that the improvement of MINE-AIS over GIWAE or INFONCE can be primarily attributed
to learning a better critic function using energy-based training. For these evaluation tasks, the
approximate reverse annealing procedure from App. M.2 also underestimates the IBAL for all values
of T'.

N APPLICATIONS TO MUTUAL INFORMATION ESTIMATION WITHOUT KNOWN
MARGINALS

While the focus in of our work is evaluating the mutual information I(x;z) in settings where at
least a single marginal is available, we are often interested in estimating or optimizing the mutual
information where no marginal distribution is available. A natural setting where no marginal distri-
bution is available is representation learning where the goal is to maximize the mutual information
between the data distribution ggq, (x) and the representation induced by a stochastic mapping gy (z|x)
parameterized by 1,

4y (X, 2) } { qw(x|2)}
I X;Z) = E ata (X) Qo (2] X log———"—| =E ata (X z|x log o (205)
(x;2) uaia (%) gy (2] %) { deata(X)Q1[1(Z) Gaaa ()5 (21) | 108 Qdata(X)

where ¢ (2) = [ qaan(X)qy (z|x)dx represents the “aggregated posterior” (Makhzani et al., 2015) or
induced marginal distribution over z.

N.1 BA LOWER BOUND

Using the notation of Eq. (205), we can write the BA lower bound as

I(x;2) > I(x;2) — Eq, (z) [DxL[aw (x]2)||pe (x]2)]]

gap

pe(x|z)]

= Eqp 0, (a0 | 10 (206)

Gaata (%) =g (2]%) [ &) Qe (X)

= Egua(x) Eq (21x) [logpa (XIZ)] + Huga (%) (207)
negative reconstruction loss of x constant

=: Ipa, (po(x[2)) (208)

where py(x|z) is a variational distribution, parameterized by 6, that tries to match to the inverse
encoding distribution q(X|2) X qgan(X)gy (z|x). The first term in Eq. (207) can be interpreted as
the reconstruction term, and the second term is the entropy of the data distribution, which is constant.

Evaluating MI up to a Constant Note that the gradient of Iy, (pg(x|z)) with respect to the
parameters 6 does not depend on the marginal qgy,(x), and thus we may still optimize the variational
distribution when the data distribution is unknown. We can then use the resulting py(x|z) to estimate
the BA lower bound on mutual information up to a constant, Hgy, (x). This is useful in comparing
the MI induced by two different representations gy, (z|x) and gy, (z|x) of the same data distribution.

Optimizing MI with the BA Lower Bound The BA lower bound is also amenable to backprop-
agation through the parameters of the encoding distribution ¢ (z|x), even when analytic marginal
densities for g, (X) or gy (z) are not available.

Maximization of the BA lower bound appears in various settings, including in representation learning
(Alemi et al., 2016; 2018), reinforcement learning (Mohamed & Rezende, 2015), improving inter-
pretability in GANs (Chen et al., 2016), and variational information bottleneck methods (Tishby et al.,
2000; Alemi et al., 2016; 2018).
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N.2 GIWAE LOWER BOUND

In this section, we discuss the applicability of our GIWAE lower bound in mutual information
maximization settings. Rewriting the GIWAE lower bound in Eq. (7) for the case of estimating I (x; z)
in Eq. (205), we have

T (x:2)

I(x;z) > ]E‘Id () ay, (z]x) [logpg(x|z)] + Hyua(x) + E K log
ata \3¢) Qo) k Ty (x,z Ty (x(k) 2
ay (e2) 11 pg(x(K)12) LT L K Tl )
~—.
negative reconstruction loss of x constant contrastive term<log K

(209)

= IUI\NAL"L (po(x]2), Ty, K)

Note that we can use a single joint sample from gaa (X)qy (2|%) = ¢y (2)qy (x|2) to obtain a positive
sample from the inverse encoding distribution x ~ ¢, (x|z) for a particular z ~ gy (z), in a similar
fashion to our ancestral sampling in Sec. 1.1. For a given z, the negative samples correspond to K — 1
samples from the stochastic decoder x(35) ~ py(x|z).

From the importance sampling perspective, we can view the GIWAE lower bound as corresponding to
an upper bound on the “log partition function” log ¢, (z) for a particular z ~ gy (z). The contrastive
term in Eq. (209) arises from SNIS sampling of a single x(*) in the extended state space proposal,

with GER" (s]z, x (1)) = eTo )/ 5 (o),

Finally, we note that optimization over the energy function Ty (x, z) improves upon g, (pe(x|2z)) in
Eq. (207) by at most log K nats using the contrastive term.

Evaluating MI up to a Constant Similar to the BA bound, the GIWAE lower bound can be used to
evaluate the mutual information up to the constant data entropy when gga, (%) is unknown. This may
be useful in comparing the MI induced by two different representations gy, (z|x) and gy, (z|x) of
the same data distribution. Note that the reconstruction and contrastive terms in Eq. (209) depend
on samples from gqa, (x) and not the density. Thus, our ability to take gradients with respect to the
parameters of the variational distribution pg(x|z) or energy function T} (x, z) are not affected by the
fact that the marginal distribution is unknown.

Optimizing MI with the GIWAE Lower Bound The GIWAE lower bound may also be used for
mutual information maximization with respect to the parameters of g, (z|x), since each term in
Eq. (209) is amenable to backpropagation. Since GIWAE generalizes both the BA and INFO-NCE
lower bounds, it can be used as a drop-in replacement for either of these bounds for optimizing MI
(e.g., see van den Oord et al. (2018)).

N.3 MINE-AIS /IBAL LOWER BOUND

Recall that MINE-AIS estimation would involve an energy based variational approximation to the
inverse encoding distribution ¢, (x|z),

1
mo,6(x[2) = %pg(x\z)e%(“) . (210)

Note that IBAL lower bound on I(x;z) involves an intractable log partition function term
Eq,zlog Z(2)] = By, o) [10g Epy (xfay [T+ .

Ty (x,2)
e ¢
I(x;2) > Eg. (%) Eqw (z]%) [logpg (x|z)] + Haua (%) + Eqw(xvz) log E Ty (2) (211)
po(xlz) [€70]
- - ——
negative reconstruction loss of x constant contrastive IefmS]Eqd) (@) [DKL [qw (x|2)|lpe (X|Z)]]

=: IBAL(po (x|2), T})

where the term in the denominator is the partition function Z(z) = E,,, x| [¢*®?].
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When taking gradients as in Eq. (19)-(20), we obtain

0 0 0
59 BAL(Po, To) = gy (x4 (al) [30 10gp0(xlz)] —Eq, (2)m0,4 (x]2) {8910gp9(><|2)} , (212)

0 0 0
95 BALP T6) = Eaua ()4 a1) [%T¢(X’ Z)} ~ Eqy@)mo.s(xl2) {%T‘b(x’ z)} ' @
To obtain approximate negative samples from 7y 4(x|z) for a given z, we can use MCMC transition
kernels since the unnormalized target density 7g 4(x|z) = pg(x|z)e’?(*2) is tractable.

Evaluating MI up to a Constant Since only samples from ggu, (X) are required for the MINE-AIS
training procedure in Eq. (212)-(213), we can learn the base variational distribution py(x|z) and
energy function Ty (x, z) in cases when the marginal distribution gga, (x) is unknown.

As in the case of GIWAE and BA lower bounds above, we can also evaluate the IBAL lower bound in
Eq. (211) up to a constant. As in the main text, this involves using multi-sample AIS techniques to
bound the intractable log partition function term log Z(z) = log E,,, x|z [e7*?].

Optimizing MI with the MINE-AIS Lower Bound If we are interested in optimizing the MINE-
AIS lower bound with respect to the parameters of a stochastic encoder gy (z|x), we would need
to backpropagate through the Multi-Sample AIS procedure used to estimate the log Z(z) term, but
computing the gradients are intractable. We thus conclude that, among our proposed methods, GTWAE
is the most directly applicable in settings of MI for representation learning.

O EXPERIMENTAL DETAILS

O.1 EXPERIMENT DETAILS OF SEC. 5.2

In this section, we provide the experiment details used in Sec. 5.2. For more details, see the public
GitHub repository, https://github.com/huangsicong/ais_mi_estimation.

0O.1.1 DATASETS AND MODELS

We used MNIST (LeCun et al., 1998) and CIFAR-10 (Krizhevsky & Hinton, 2009) datasets in our
experiments.

Real-Valued MNIST For the VAE experiments on the real-valued MNIST dataset (Table 1), the
encoder’s architecture is 784 — 1024 — 1024 — 1024 — z, where z is the latent code size shown in
the row header of Table 1. The decoder architecture is the reverse of the encoder architecture. The
decoder variance is learned scalar.

For the GAN experiments on MNIST (Table 1), we used the same decoder architecture as our VAES. In
order to stabilize the training dynamics, we used the gradient penalty (GP) (Salimans et al., 2016).

The network was trained for 300 epochs with the learning rate of 0.0001 using the Adam opti-
mizer (Kingma & Ba, 2014), and the checkpoint with the best validation loss was used for the
evaluation.

CIFAR-10 For the CIFAR-10 experiments (Table 1), we experimented with a smaller version of
DCGAN (Radford et al., 2015) (see the public code). The number at the end of each model name in
Table 1 indicates the latent code size.

0O.1.2 EXPERIMENT DETAILS OF SEC. 5.2

For the AIS temperature schedule, We used sigmoid schedules as used in Wu et al. (2016). The step
size of HMC was adaptively tuned to achieve an average acceptance probability of 65% as suggested
in Neal (2001). For all MNIST experiments in Table 1, we evaluated on a single batch size of 128
simulated data. For all CIFAR experiments in Table 1 we used a single batch of 32 simulated data. All
experiments are run on on Tesla P100 or Quadro RTX 6000 or Tesla T4 GPUs.
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0.1.3 RUNTIME COMPARISON

We benchmarked the runtime on Tesla P100 GPUs. For MNIST, it took about 35 minutes to run IWAE
with K = 1M, about 8 hours to run AIS with 7" = 30K. For CIFAR, it took about 45 minutes to run
IWAE with K = 1M, and about 12 hours for the AIS with 7' = 100K.

In Fig. 8, we evaluate the tradeoff between runtime and bound tightness for evaluating the generative
MI for VAE and GAN models with 100-dimensional latent codes trained on the MNIST dataset. We
compare IWAE and multi-sample AIS evaluation, with the same experimental settings as in App. O.1.2
and an initial distribution gg(z|x). We plot wall clock time on the z-axis, where increasing runtime
reflects increasing K for IWAE and increasing 1" for AIS.

200 200
IWAE Lower Bound IWAE Lower Bound

—— IWAE Upper Bound —— IWAE Upper Bound
Multi-Sample AIS Lower Bound 175 Multi-Sample AIS Lower Bound

—— Multi-Sample AIS Upper Bound —— Multi-Sample AIS Upper Bound
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Figure 8: Runtime vs. Bound Tightness for VAE (left) and GAN (right) models on MNIST.

0.2 EXPERIMENT DETAILS FOR ENERGY-BASED BOUNDS (SEC. 5.2)

Models and Data The linear VAE model has a Gaussian prior z ~ A (0, ) with the dimension of
10. The dimension of the output x is 100. The weights are sampled randomly from a Gaussian
distribution with the standard deviation of 1, and the standard deviation of the Gaussian observation
noise at the output is 1. The MNIST-VAE20, is a VAE model that is trained on the real-valued MNIST
dataset. It has a Gaussian prior z ~ A (0, I) with the dimension of 20. The decoder has one layer
of ReLU non-linearity of size 1000, followed by a linear layer that predicts the mean of a Gaussian
observation model with the fixed standard deviation of 0.1. MNIST-GAN20 decoder uses one layer of
ReLU non-linearity of size 1000 followed by a sigmoid layer that predicts the mean of a Gaussian
observation model with the fixed standard deviation of 0.1. In all the experiments, we use a fixed
batch of 100 data points.

BA, IWAE and GIWAE For the BA bound, ¢y(z|x) is parameterized using a neural network that
predicts the mean and log-std of a diagonal Gaussian distribution. The neural network has two layers
of ReLU non-linearity of size 2000. The IWAE experiments used the same architecture for ¢y (z|x).
The GIWAE experiments, in addition to gg(z|x) with the same architecture, used a critic function
T, (x,z) that is parameterized by a neural network that concatenates (x, z) and pass them through
two layers of ReLU non-linearity of size 2000, followed by a linear layer that outputs a scalar value.
The parameters of ¢g(z|x) and T (x, z) are trained jointly.

Multi-Sample AIS For the Multi-Sample AIS bounds, for all models, we used up to K = 1000
chains (see Fig. 5), and up to 7' = 50K intermediate distributions with linear schedule (see Fig. 5
and Fig. 7). We used HMC as the AIS kernel, with ¢ = 0.02 and L = 20 leap frog steps.

MINE-AIS For the training of the MINE-AIS, we used a critic function T} (x, z) that is parameterized
by a neural network that concatenates (x, z) and pass them through three layers of ReLU non-linearity
of size 2000, followed by a linear layer that outputs a scalar value. We chose the Gaussian prior
N (0, ) as the base distribution gg(z|x). In order to take a sample from 7y 4(z|x), we used the
HMC method that is initialized with a true posterior p(z|x) sample, with M = 10 iterations each
with L = 20 leapfrog steps. For the step size of HMC, we used ¢ = 0.05 for the linear VAE model
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and ¢ = 0.02 for the MNIST-VAE20 and MNIST-GAN20. For the evaluation of MINE-AIS, we used
Multi-Sample AIS with the same parameters as the AIS evaluation experiments described above.

0.3 ANALYTICAL SOLUTION OF THE MUTUAL INFORMATION ON THE LINEAR MNIST-VAE

In order to verify our implementations, we have derived the MI analytically for the linear VAEs
and verified that it matches the MI estimated by AIS. For simplicity, we assume a fixed identity
covariance matrix I at the output of the conditional likelihood of the linear VAE decoder, i.e., the
decoder of the VAE is simply: x = Wz + b + €, where x is the observation, z is the latent code vector
z ~ N(0, I), W is the decoder weight matrix and b is the bias. The observation noise of the decoder
is € ~ N(0, I). It is easily shown that the conditional likelihood is p(x|z) = N (x|Wz + b, I) and
thus we can solve for the marginal

p(x) = N(x|px =b,Xx =1+ WWT). (214)
The differential entropy of x is:
kE ok 1
H(x) = 5135 log(27) + 3 log(det Xx), (215)
where k is the dimension of the observation. The conditional entropy is
k k 1
H(x|z) = 5t3 log(27) + 3 log(det I) (216)
k k
= — 4+ —log(27). 21
5 + 5 log(2n) (217)

Thus, the mutual information is
I(x;z) = H(x) — H(x|z) (218)
1
=3 log(det 3x). (219)

0.4 CONFIDENCE INTERVALS FOR MULTI-SAMPLE AIS EXPERIMENTS
Table 4 and Table 5 provides the 95% confidence intervals for the AIS results reported in Table 1. The

confidence intervals were computed over confidence interval over 8 batches each with 16 data points
for MNIST; and over 8 batches 4 data points for CIFAR.
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Method | Proposal \ VAE10 VAE100 \ GAN10 GAN100
1849.03,2010.66)  (5564.53,6096.51) | (745.68,826.55 795.81, 926.94
(2)
AIS p (0.00,0.00) (0.00, 0.00) (0.00, 0.00) (0.00,0.00)
(2]x) (59.34, 66.66) (345.45,378.80) | (293.60,335.83)  (482.40,544.26)
=z (60.09, 66.61) (32.46,36.52) (3.41,3.94) (2.40,2.83)
(@ (38.61,39.57) (92.32,98.03) (21.91,23.04) (26.89,28.22)
AIS P (33.69,34.41) (77.77,82.02) (21.18,21.96) (25.36,26.36)
=500 (zlx) (33.94,34.63) (79.96,84.71) (22.53,23.58) (28.82,30.24)
a2z (33.80,34.53) (78.01,82.37) (21.19,22.00) (25.09,26.06)
@ (33.82,34.60) (78.62,83.07) (21.54,22.50) (25.97,27.07)
AIS p (33.86,34.56) (78.51,83.05) (21.50,22.45) (25.96,26.98)
T=30K (2]x) (33.85,34.58) (78.56,83.03) (21.54,22.47) (26.01,27.07)
a2z (33.86,34.56) (78.52,83.02) (21.55,22.48) (26.02,27.03)
3628.86,4026.29) (10705.98,12297.86) | (1556.00, 1704.00) (1680.50,1800.28
(2)
IWAE | P (0.00,0.00) (0.00,0.00) (0.00,0.00) (0.00,0.00)
K=l (2]x) (34.82, 35.86) (92.82,98.44) (38.80,76.14)  (243.34,278.41)
1 24 54, 25.86) (41.53,47.54) (3.85,4.61) (2.94,3.52)
(@) B | (1132.54,1262.97)  (3987.51,4480.86) | (430.40,463.19)  (462.95,526.51)
IWAE | P (6.91,6.91) (6.91,6.91) (6.91,6.91) (6.91,6.91)
K=1K (alx) (33.87,34.61) (83.15, 87.46) (34.11,71.36)  (182.82,219.55)
= 31 08, 32.30) (48.44, 54.45) (10.75,11.52) (9.84,10.43)
(352.91,400.87)  (2078.30,2417.17) | (71.93,91.09)  (100.27,127.75)
WAE | P (13.82,13.82) (13.82,13.82) (13.79,13.82) (13.82,13.82)
K=IM (2]x) (33.87,34.57) (81.42, 85.36) (28.51,33.26) (52.41,63.68)
1 33 67,34.53) (55.35, 61.36 (17.31,18.21) (16.63,17.32)

Table 4: Confidence intervals of AIS and IWAE estimates of MI on MNIST. UB stands for Upper
Bound, and LB stands for Lower Bound.

Model | Proposal \ GAN10 GAN100
(z) UB|(3593559.12,4477712.38)  (4038603.09,5668217.91)
AIS r LB (0.00, 0.00) (0.00, 0.00)
(T=1) (a)x) UB| (24131262, 560015.82)  (1874938.58,2881576.42)
q LB (15.70, 18.89) (18.41,21.93)
() UB| (24683.10,41496.70) (25453.02,101127.79)
AIS p LB (28.41,30.63) (98.37,110.65)
(T=500) (a) UB (116.02, 156.28) (1603.13,3969.92)
4 LB (45.45,50.88) (134.35,156.02)
@ UB (72.17,75.80) (479.04, 497.10)
AIS p LB (70.19,73.55) (470.05, 490.47)
(T=100K) () UB (71.87,75.22) (475.07, 494.61)
4 LB (71.35,74.75) (468.64, 489.89)
(@ B | (6019901.15,9511489.86) (7339411.95, 12492792.05)
IWAE p LB (0.00,0.00) (0.00,0.00)
(K=1) (zx) UB (75.00,80.03) (—1810.70, 12504.41)
g LB (16.28,18.62) (18.39, 21.60)
(z) UB|(1673333.03,2415008.47) ~(2181660.84,3531768.16)
IWAE | P LB (6.91,6.91) (6.91,6.91)
(K=1K) () UB (72.31,75.68) (—1872.12, 12438.39)
g LB (22.18,24.99) (25.32,28.64)
() UB| (582880.62,838142.63)  (1479829.44,2327879.56)
IWAE | P LB (13.82,13.82) (13.82,13.82)
(K=1M) (ah) UB (71.63,75.08) (—1883.22,12426.34)
4 LB (29.86,31.60) (32.21,35.42)

Table 5: Confidence intervals of AIS and IWAE estimates of MI on CIFAR. UB stands for Upper
Bound, and LB stands for Lower Bound.
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