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Abstract

We consider the problem of learning a safe policy that will maximize the cumulative
reward while satisfying a constraint even when there is a mismatch between the
testing and training environment. In particular, we consider the robust constrained
Markov decision problem (CMDP) where an agent needs to maximize the reward
and satisfy the constraint against the worst possible stochastic model under the
unknown uncertainty set. Such a problem poses significant additional challenges
compared to the non-robust CMDP problem and the unconstrained robust MDP
problem. We seek to characterize the number of samples required to bound both the
sub-optimality gap and the violations by at most e. We observe that the primal-dual-
based approaches that achieves sample complexity bounds for non-robust CMDP
cannot achieve the same in the robust CMDP case as the strong duality does not
exist even when Slater’s condition is satisfied. Nevertheless, we propose a robust safe
value learning algorithm by considering an approach where rectified penalty for the
constraint violation is added with the objective. We consider that the algorithm has
access to a generative model of the nominal (training) environment around which
the uncertainty set is defined. We show that our proposed algorithm can achieve a
policy with e suboptimality gap and violation bound after O(H®|S||A|/€?) samples;
where |S| is the cardinality of the state-space, |A| is the cardinality of the action
space, and H is the length of the episode for uncertainty sets specified by various
popular distance metrics. This is the first result that achieves a sample complezity
bound for robust CMDP problems.

1 Introduction

In many practical applications of online reinforcement learning (RL) (e.g., safety, resource constraints),
there exist additional constraints on the learned policy in the sense that it also needs to ensure that
the expected total utility (cost, resp.) exceeds a given threshold (is below a threshold, resp.). Such
problems are formulated as constrained Markov Decision Processes (CMDPs) (Altman, 1999; Efroni
et al., 2020). Algorithms are proposed with provable performance guarantee to solve for CMDP using
both simulator or with online interaction (Vaswani et al., 2022; Ding et al., 2020; 2021).

However, a feasible policy for CMDP found by training using a simulator may violate the constraints
when employed in the real environment because of the mismatch between the models. Such mismatch
may exist because of the non-stationarity, sim-to-real gap, or even because of the adversarial attacks.
Standard RL algorithms even fail to adapt to the model-mismatch in the unconstrained setting
Stinderhauf et al. (2018); Tobin et al. (2017). Thus, it is important to find a feasible (nearly)
and yet close to the optimal policy even when there is a model mismatch using only simulator
data. Furthermore, we want to provide provable performance guarantee for the achieved policy. In
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particular, when the uncertainty set on the models are unknown, and one is learning, we want to
understand how many samples are required to attain such a policy.

While there are works that obtain sample complexity bound for unconstrained robust MDP, it
still remains open for robust CMDP setup. Finding sample complexity bound for robust CMDP is
inherently more challenging compared to the unconstrained case as one not only needs to find a
policy that maximizes the worst-case, one also needs to ensure that the policy satisfies the constraint
even when there is a mismatch in the model. Additional challenge arises as one even does not know
the uncertainty set, rather it is learning. Recently, Sun et al. (2024) developed a policy-optimization
based approach to improve the robust policy while ensuring feasibility. Wang et al. (2022) proposed
primal-dual algorithm to obtain local solution. However, sample complexity bound have not been
considered there. While primal-dual based and LP-based approaches are proposed for obtaining
near-optimal sample complexity bound for non-robust CMDP, those approaches rely on the convexity
of the state-action occupancy measure. However, Wang et al. (2022) shows that for the robust
CMDP state-action occupancy measures are not convex. Hence, it is unclear on whether it is possible
to achieve sample complexity bound for robust CMDP problem using primal-dual approach or
traditional LP-based approach Efroni et al. (2020). We seek to answer the following open question—

Can we design an algorithm that achieves provable sample complexity result for robust CMDP?

Our Contributions: We consider an episodic robust CMDP setup where we seek to solve the
following—

: T, P : : m,P >
max Iin VI (x)  subject to JIDnel%Vg (£) >b (1)

where the objective is to maximize the worst case cumulative reward (minp V,"*¥'(z)) subject to the
constraint that the worst case cumulative utility (minp V,”’(x)) is above a certain threshold. We
consider that the uncertainty set P of the transition probabilities P is unknown and is centered
around the nominal model P°. Similar to the unconstrained setup Panaganti et al. (2022); Xu et al.
(2023); Gheshlaghi Azar et al. (2013); Kalathil et al. (2021), we consider that the agent only has
access to the samples from this nominal model. We need to find a policy 7 after Ni,; number of
samples with the provable performance guarantee. In particular, we are interested in the following—

Definition 1. We seek to obtain policy & such that after Nyoe number of samples with high probability

Sub — Opt(#) := mFi)n |74 mgn VP <€ Violation(#) := mFi)n Vgﬁ’P >b—e (2)

where 7* is the optimal policy for (1). Hence, we want to find the policy # such that it will be
sub-optimal by at most ¢ amount and will violate by only ¢ amount. Note that compared to the
unconstrained case, here, one also needs to bound violation.

Our main contributions are the followings:

1. We show that we can achieve Sub — Opt(#) < ¢, and Violation(#) < e using O(H®|S||A|/€?)
samples where H is the time-steps in an episode, |S| is the cardinality of the state-space, and | A|
is the cardinality of the action-space. This is the first finite sample complexity result for robust
CMDP, and yet matches the sample complexity guarantee for the unconstrained robust MDP. We
completely characterize the sample complexity results for various uncertainty sets.

2. The traditional primal-dual-based approaches may be unable to achieve sample complexity results
for the robust CMDP case unlike the non-robust case. This is because the strong duality result
does not hold for the robust CMDP Wang et al. (2022). Further, while, the robust Bellman
equation does hold for individual robust value function, it does not hold for the combined value
functions since the worst case model may be different for the reward and the utility value function.
Hence, one cannot apply the robust value iteration approach for the Lagrangian to solve for policy
unlike the non-robust case. To address this, we propose a rectified penalty to consider the following
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objective minp V" (z) — A(b — minp V" (x));.. We then consider an oracle that returns =
solving the above for suitable choice of A. It turns out that finding a policy that maximizes the
above objective is key in obtaining the sample complexity bound for robust CMDP.

3. Our result does not depend on the strong duality unlike the approaches for the non-robust CMDP.
Thus, our analysis techniques are also novel and hence can be of independent interest.

1.1 Related Literature

CMDP: Algorithms to compute policies for CMDP with provable performance guarantees are
well-studied. For example, primal-dual based approaches with provable performance guarantee have
been proposed Vaswani et al. (2022); Ghosh et al. (2022); Wei et al. (2022); Ding et al. (2020; 2021;
2023); Ghosh et al. (2024). The approaches used the strong duality result to show that the primal-dual
approach converges to the optimal solution. Another popular methods including LP-based approaches
can be classified as primal methods Xu et al. (2021); Efroni et al. (2020); Bura et al. (2022); Liu
et al. (2021). The key idea idea was to use the convexity of the state-action occupancy measure.
However, none of the works considered robust CMDP problem. Hence, the policy obtained by those
approaches might not be feasible when there is a model mismatch. Further, as we described the
robust state-action occupancy measure may not be convex as the worst-case transition kernel depends
on the policy itself rendering the analysis inapplicable to obtain sample complexity bound.

Robust MDP: Robust MDP has been studied with known uncertainty set Iyengar (2005); Nilim
& Ghaoui (2003); Wang & Zou (2021) and with unknown uncertainty set Panaganti et al. (2022);
Xu et al. (2023); Yang & Wang (2019); Wang & Zou (2022); Ma et al. (2022); Zhou et al. (2021);
Panaganti et al. (2022). Compared with the robust unconstrained MDP, robust MCDP is more
challenging as one needs to ensure that the policy is feasible for every transition kernel under the
uncertainty set. Directly applying the policy designed for unconstrained robust MDP will not satisfy
the constraint for robust CMDP.

Robust CMDP: Unlike the non-robust CMDP, there are limited work on robust CMDP. Primal-dual
based approach has been proposed in Russel et al. (2020); Mankowitz et al. (2020); Wang et al. (2022).
However, Wang et al. (2022) showed that robust CMDP may not have strong duality guarantee
even when a strictly feasible policy exists (aka Slater’s condition) unlike the non-robust CMDP.
Naturally, those approaches are unable to provide theoretical sample complexity bound. Recently,
Sun et al. (2024) proposed an approach to improve the policy without violating the constraint,
however, theoretical sample complexity bound has not been provided there.

2 Problem Formulation

Constrained Markov Decision Problem: An episodic constrained Markov Decision Process
(CMDP) is characterized by the tuple {S, A, R, G, P, H} where S is the state-space, A is the action-
space; R = {rp}HL, and G = {gn}}_, are respectively the collection of rewards and utility for
state-action pair (s,a) at step h € [H]. H is the length of the episode. P = {P,}1_, denotes the
transition probability P, s 4(s") = Py(s|s,a) at step h. Without loss of generality, we assume that 7,
and g, are deterministic, and |ry,(z,a)| < 1, and |g,(z,a)| < 1. We denote the policy 7, (-|x) € A(A)
as the policy at time-step h. In a CMDP Efroni et al. (2020); Ghosh et al. (2022); Ding et al. (2021);
Wei et al. (2022) setup one seeks to solve the following optimization problem.

max VP (z)  subject to Vg”’P(x) >b (3)

H - H
where V0P (2) = Er p[Y_4—y rh(2n, an)|z1 = 2] and Vi () = Ex p[>2,_ gn(2n, an)|z1 = 2] are the
expected cumulative reward and the expected cumulative cost respectively following the policy .
We also denote VJT,’ZP(x) = EW,P[Zih Ji(ziya;)|zn = x] for j = r, g. Hence, Vfl’P(x) = Vf’P(x). The
optimization problem in (3) denotes that we want to maximize the cumulative reward subject to the

constraint that expected cumulative utility is above a certain threshold.
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Example 1. Consider the setup where the agent wants to mazimize the reward while being at the
safe state. In this case, the utility is gn(x) =1 if x is safe and O otherwise. This problem can be cast

as a CMDP where b = H.

Robust CMDP: We often use a simulator to train our policy before implementing in the real-life.
However, the simulator setup and the real-life environment are often different, hence, we need a
robust policy so that the policy can perform reasonably well in the real-life setup. In particular, we
seek to solve the robust CMDP problem described in (1). p > 0, and is known.

In (1), P denotes the set of all transition probabilities. In particular, different transition probability
defines different set of randomness inherent in the true environment. The problem in (1) defines
that we seek to maximize the worst case expected cumulative reward subject to the constraint
that the worst case cumulative utility is above the threshold b. The objective of the robust CMDP
formulation is that constraints are satisfied even if there are mismatch between training and evaluation
the constraint is satisfied while mazximizing the reward among the worst of all the transition probability
model. Such robustness guarantee is important for implementing RL algorithms in practice. Consider
the example we described above, there, the solution in (1) ensures that the policy will still be safe
even if there is a mismatch.

Note that our analysis and approach can be easily applicable to the setting where maxp Vg"’P <b

as well where g, denotes the cost instead of utility at time-step h, and we are interested in the

constraint such that the worst-case cost is below a certain threshold b. Further, we can easily

extend our analysis for multiple constraints. For notational simplicity, we interchangably denote
T(7) = minpep Vjir;LP(ac) for j =r,g, and all h.

Uncertainty Set on models: Similar to the one considered in the unconstrained episodic MDP
setup Xu et al. (2023), we consider a set of transition probability models within a ball centered
around the nominal model P V(h,s,a) € [H] x S x A. We consider the uncertainty set P =

h,s,a

@ (h,5,0)e[H]x5x A Phis,a such that
Phsa={P €A(S): D(P, Py ,) < p} (4)

where D is the distance metric between two probability measures, and p is the radius of the uncertainty
set. This uncertainty set satisfies the (s, a)-rectangularity assumption Iyengar (2005); Nilim & Ghaoui
(2003). Our analysis can be extended trivially to s-rectangularity assumption as well Yang & Wang
(2019). Without rectangualarity assumption, even for unconstrained robust MDP, obtaining policy
is NP-hard problem Wiesemann et al. (2013). We do not assume that that we know the nominal
model P°, and thus we do not know the uncertainty set of transition kernels. We consider various
uncertainty sets— i) Total variation uncertainty sets, ii) y-squared uncertainty set, iii) KL-divergence
uncertainty set, and iv) Wasserstein uncertainty set. Here, we describe the total variation uncertainty
set, the rest are in Appendix D.

Total Variation uncertainty set: Let P7V = ®(h s a)E[H]XSXAPg:‘S/,a be the uncertainty set
defined in (4) with total variation distance Xu et al. (2023)

Drv(P. Py 0) = (2P = Py ullx (5)

Generative Model: We do not know the uncertainty set, rather, we assume that we have access
to a generative model or a simulator where the agent submits a query (h,s,a) € [H] x S x A, and
receives Spy1 ~ P,?,Sya(), rr(s,a), and gn(s,a). Accessing the generative model or simulator is a
common assumption even for unconstrained robust MDP Xu et al. (2023); Panaganti & Kalathil
(2022); Yang & Wang (2019). In fact, finding the sample complexity guarantee without the simulator
is still an open question even for the unconstrained robust unconstrained MDP.

Learning Goal: Since we do not know the uncertainty set, we cannot obtain an optimal policy
from the beginning. Rather, the goal is to obtain a policy 7 such that for a given € > 0, using Ny
samples or queries from the generative model such that Sub — Opt(#) < ¢, and Violation(#) < € (see
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Definition 1). Unlike the unconstrained robust MDP, one needs to ensure that both the violation
and the sub-optimality gap are small.

Robust Bellman Consistency equation: Directly applying the result from Iyengar (2005), we
have for any «, for j = r, g, and for all h, and s,

Vin(s) = mnlals)in(s,a) + Lp, ., Vil (6)
a
where Lp, .V =inf{PV : P € Ppa}

3 Solution Methodology

In this section, we first discuss why one cannot directly apply the primal-dual methods popular for
solving the non-robust CMDP to the robust CMDP. Subsequently, we describe our novel approach.

Why existing primal-dual methods for non robust CMDP do not work?:

In the non-robust CMDP, one solve for the Lagrangian

min max V™ F (z) + /\(Vg”’P(x) —b) (7)

A>0 0w

It has been shown that strong duality holds if a strict feasible policy (a.k.a. Slater’s condition)
Paternain et al. (2019) exists. Thus, one can solve in the dual-domain. For non-robust CMDP
problems, Vaswani et al. (2022); Ghosh et al. (2022) demonstrate that primal-dual based approaches
can in fact achieve a feasible and an e-sub optimal policy using O(1/€?) interactions with the
environment Ghosh et al. (2022) or generative model Vaswani et al. (2022) using the strong duality
result. The key to obtain strong duality result in Paternain et al. (2019) is that the state-action
occupancy measure dZ’P(S, a) for a given transition probability measure P is convex. In particular,

. . . . P P
consider 7, and 7o with the corresponding state-action occupancy measures dj’, and d3’, , then

there exists 7’ such that (1 — )\)d;’:(s, a) + )\d;’f(s, a) = dz,’P(s, a) for a A € (0,1). All the existing
primal-dual methods Ghosh et al. (2022); Wei et al. (2022); Ding et al. (2020); Efroni et al. (2020)
uses such strong duality result to obtain sample complexity bound. However, the robust state-action
occupancy measure is not convex as shown in Lemma 1 in Wang et al. (2022). Intuitively, the
worst-case transition model depends on the policy, hence, the convexity is not assured. Thus, the
robust CMDP may not admit strong duality even if there exists a strictly feasible policy. Hence, the
traditional primal-dual based algorithms will be unable to obtain the sample complexity guarantees.

Second, in (7), for a given A, one can solve for the optimal using the standard Dynamic programming
approach as it would be a simply unconstrained problem with modified per-step reward ry + Agp.
Hence, the standard value-based approach can be applied for the composite value function. For
unconstrained robust MDP, one can apply robust value iteration to solve for the policy Iyengar (2005).
One might be curios why not apply the robust value iteration to solve for 7 for the Lagrangian
VT (x) + AV (z) — ) for a given m similar to the non-robust CMDP. However, this won’t work as
the worst case model for the reward value function and the worst-case model for the utility value
function can be different. In particular, Lp, . V", + Lp, , V[, # Lp, . [V, + V7] because of the
non-linearity unlike the non-robust CMDP. Thus, one cannot apply the robust value iteration to
the combined value function to solve for the lagrangian V™ (x) + A(V;"(x) — b) for the robust CMDP
even for a given fixed \.

3.1 Rationale behind Our proposed approach

Since the traditional primal-dual algorithm will not work, we transform the problem into the following
rectified penalty form:

. P _ _ . 7, P
max min V" (z) — A(b — min Vi™* (2))+ (8)
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where (z); = max{z,0}. Note that only when minp V() < b (i.e., the policy does not satisfy
the constraint), then it adds a penalty. Note that solving (8) might be simpler compared to solving a
constrained problem which is not convex. Such a rectified penalty is inspired from Guo et al. (2022;
2023). However, they did not consider MDP setups. The advantage of the above formulation is
captured below:

Lemma 1. If A\ = 2H/¢, the optimal solution 7 of (8) will have a violation of at most €, i.e.,
(b—minpep VP (2)) <e.

The above result shows that the violation is bounded by O(e) by a proper choice of A. The above
lemma also implies the following:

Corollary 1. Fiz A = 2H/e. If for any infeasible policy w, (minpep Vgﬂ"P((E) —b) < e, then 7*
(optimal solution of (1) is also the optimal solution of (8).

Remark 1. Corollary 1 shows that if one makes A — oo, the optimal solution of (8) coincides with
(1). The proofs of Lemma 1 and Corollary 1 are in Appendiz A.

Remark 2. Corollary 1 also states that if there is a gap of € in the value functions for the feasible
and infeasible policies, i.e, minp Vg”’P < b — € for any infeasible 7, then solving (8) is equivalent to
solving (1) for a finite value, N = 2H /e. Thus, if there is a gap between the value functions for the
feasible policies, and infeasible policies then solving (8) is enough.

Algorithm 1 Robust Safe Reinforcement Learning Algorithm

Input: Uncertainty radius p, Performance bound ¢, A = 6H /e.
Initialization: V, g, 1(s) =0, Vy z11(s) =0, Vs.
for steps h=H,H —1,...,1do
Collect N (value is in Section 4) samples for each state-action pair (s,a) € § x A.
Compute the empirical uncertainty set for all (s, a) e Sx A according to (9)
# = argmax, V™ (z) — A(b—¢€/3 — V’T( ))4 (the computation of V™ (z), and V”( ) for a given 7
is obtained according to (10) in backward induction manner).

3.2 Handling unknown uncertain transition probability kernel set

We now discuss how we address the other challenge where the agent does not know the nominal
transition probability model PY, and it only has access to a simulator where the next states are
drawn from the nominal model P° for a given state-action pair. The agent needs to learn efficiently
to optimize the sample complexity.

We consider that the agent is estimating the transition probability model, ]50, of the nominal
model. Formally, in Algorithm 1 we generate N samples from each state-action pair at step h.
We denote Np(s,a,s’) as the number of times the state-action pair (s,a) transitions to s, then
PY(s'|s,a) = Ni(s,a,s")/N. We then build the empirical uncertainty set as

P=@Prew Prsa={PeASIDP) < p) ®)

After collecting Nyot = N H|S||A| samples, we have an estimate for the value function for estimated

model P as VTr P( ), and the robust empirical value function V’r p(T) =ming_p V]”hp( ) for any m,
s, and h from ‘the robust Bellman consistent equation for j = 7‘ g which we obtain recursively as
V],;,,H( s) =0 for all s. In particular, similar to (6), we compute

Vin(s) = S wlals)lin(s,0) + Ly, V] 10)

a
where L Py . uV = inf{PV : P € Ish,s’a}. For different uncertainty set, one can do an exhaustive

search for finite state-space to compute L Py . af/. However, we will discuss later how to efficiently

compute L Py . GV for different uncertainty sets.
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Rectified penalty for estimated model: Note that 7* is feasible for the original problem (1).
Since we do not know the nominal model rather we are learning, there will be an error in estimating
V" (x) for a policy 7. In particular, the estimated value function for the optimal policy Vg’r* () <b
even though Vg’f* (z) > b because of the error. If we do not account for that, while solving for (8), we
will get a conservative policy and will obtain a poor sub-optimality gap. Rather, we need to relax
the constraint a little to maintain the balance.

In other words, we have to bound the error between Vg”* () and Vg”* (). In the standard non-robust
case one can use the standard concentration inequality of Hoeffding to bound the error between the
empirical value and the actual value. In particular, for the non-robust case, we have

Vf’P0 (z) — Vjﬂ’po (z) < H%lax |P°V — PV|.
18,4

One can bound the error in the above using standard concentration inequality since E[PO} = PY,

However, in the robust case, it is more challenging as we cannot apply the standard concentration
bound. Rather, we obtain in Appendix B—

Lemma 2. For a given T,

V/ (x) = V' (2) < Hmax|Lp, Vi = L

J
7S)a’

s Vi (11)

Unlike the non-robust case, because of the non-linearity, E[LPV] #* LpV. Hence, the standard
concentration inequalities won’t work.

In order to (11) we use the same technique as proposed in Xu et al. (2023). In particular, we obtain
a dual representation for LpV to obtain a tighter upper bound for (11). In the following, we describe
the procedure for the total variational distance metric. One can easily extend it to other metrics
from the results in Xu et al. (2023) and in Appendix F.1.

Total Variational Distance: For total variational distance metric, from Proposition 2 we have
Proposition 1. For any (s,a,h) € S x AX [H], and j =1,g9, 0,6 € (0,1), and p € (0,1], we have
with probability 1 — 9§,

H max |Lprv Vin— Lprv Vil < 20H + H\/H?log(4H?2|S||A]/56)/(2N) (12)

where we use the #-covering number for the value function.
Using 0 = ¢/(12H), and

 18H*log(48H?|S||A|/ed)

N 2

p (13)

in Lemma 2, we obtain (see Appendix B)
Lemma 3. For a given policy w, for j = r, g with probability 1 — 20 when N is set according to (13),

V7 (@) = V(@) < /3

Relaxed Problem: Hence, in order to ensure that the optimal policy 7* of the original robust
CMDP (cf.(1)) problem, we consider the following in terms of the estimated value functions.

max V7 (z) st V7 (z) >b—¢/3. (14)

when N is set according to (13) in Algorithm 1 for total variation uncertainty set. By Lemma 3, it
ensures that the optimal policy of the original problem (1) is feasible to the (14) with high probability
accounting for the estimated value function. Note that even though we consider the relaxed problem,
we still obtain the violation bound of € by proper choice of N. In particular, we select N such that
the constraint becomes Vg“ >b—¢/3 for a given € > 0. For different uncertainty sets, the values of N
to bound by €/3 are characterized in Appendix D.
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3.3 Optimization Oracle

As we described, standard primal-dual approach won’t work. Based on the insights obtained in
Lemma 1 for the rectified penalty objective (cf.(8)), our algorithm 1 assumes the existence of the
optimization oracle (see line 6) that finds the following policy

max min VP (z) — A <b —¢/3 — min VgW’P(JU)) (15)
T pep Pep +

As we described in Lemma 1, for A = 6H /e, one can guarantee that it achieves a policy with violation
of at most €/3 for (14). We use the above bound for our analysis.

One can use policy gradient or policy optimization approach to find such a policy (e.g., using neural
network). We also discuss on how to develop such a policy-optimization oracle in Section 5. However,
characterization of the sample complexity analysis without such an oracle has been left for the future.

4 Main Results

We now state the main result of our paper. We prove it in Appendix C.

Theorem 1. For total variation distance uncertainty set, after Nyoz > Npv samples, where

18H5|S||A 48H?3|S||A
Ny = SSEISIAL, (SIS 1)

€

Algorithm 1 returns the policy & such that with probability 1 — 36, Sub — Opt(#) < ¢, and
Violation(#) < e.

The result indicates that one needs O(H®|S||A|/€?) samples to bound both the sub — opt and
Violation by e. This is the first such sample complexity result result for the robust CMDP. Note
that the bound matches that of known bounds for the robust unconstrained MDP Xu et al. (2023).
The lower bound Q(H*|S||A|/€?) for the unconstrained non-robust MDP, hence, we are off by a
factor of H, however, it is optimal (nearly) in terms of e. Note that such a gap also exists for the
unconstrained case as well.

Remark 3. Exact Feasibility: Note that we can obtain exact feasibility for the scenario where
Vg”(x) < b — € for any infeasible w. Also, note that we can achieve exact feasibility if Vg”* (x) >b+e
(i.e., the optimal policy is not in the boundary), by simply replacing b with b+ € in the algorithm.

5 Discussions, Limitations, and Future Works

We provide the sample complexity of O(H?|S||A|/€?) guarantee using a generative model and an
optimization oracle. We characterize the number of samples required to bound the sub-optimality
and violation gaps by € amount for various popular distance metrics.

Dependency on the oracle: We can develop a practical version of our approach (while compromising
on the sample complexity) based on the double loop approach proposed by Wang et al. (2023) for
unconstrained robust MDP—in the inner loop, the algorithm seeks to obtain the worst-case models
for the reward value function and the utility value function for a given policy. In the outer loop, the
policy parameter is updated using the policy gradient approach. Note that taking the gradient with
respect to 7 in (8) is easy. The characterization of the sample complexity result for robust CMDP
without the policy optimization oracle constitutes an important future research work.

We consider a tabular case. The characterization of the sample complexity guarantee for large
state-space (possibly infinite) also constitutes an interesting future research direction. Reducing the
dependence on H also remains an open question. Finally, our algorithm is model-based, characterizing
the sample complexity guarantee using model-free approach is an important future research direction.
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Organization of Appendix: We prove Lemma 1 and Corollary 1 in Appendix A. We prove
Lemmas 2 and 3 in Appendix B. Subsequently, We prove Theorem 1 in Appendix C. We state the
other uncertainty sets and state the complexity results in Appendix D. We prove Theorems 3, 2, and
4 in Appendix E. Finally, we state some important results in Appendix F which we use for proving
results.

A Proof of Lemma 1 and Corollary 1

A.1 Proof of Lemma 1

Proof. We prove this by contradiction. Suppose that the statement is not true.

Consider 7* the optimal solution of the original problem (1). Since this is feasible, then (bng“* ()4 =
0, then

VI (@) = Ab=V] )y > —H (17)
as |rp(z,a)| < 1. For any 7 (including the optimal policy #) of (8) ,we have

VI Ab - V))s < H = Ab— V) (18)

For the optimal policy #, we have (b — minpcp Vgﬁ’P(as)) > ¢ (by contradiction). Hence, by (18), we
have

VI—Ab-V)y <H-(2H/e)e=—H

However, it contradicts (17) as 7* can achieve a better value for the objective in (8). O

A.2 Proof of Corollary 1

Proof. By Lemma 1 the optimal policy in (8) must have a constraint violation of at most e. Now,
since any infeasible policy now must satisfy the condition (b — minpep Vg”’P ()) < €, it means that
only the feasible policies of the original robust CMDP (1) can be optimal solution of (8). Hence,

pip v A i VI @) < pip VT =AY )

where we have used the fact that (b — minpep V" F(2))4 = 0, and (b — minpep V" (2))4 = 0.
Thus, the optimal solution of (1) is actually the optimal in (8). O
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B Proof of Lemmas 2 and 3
B.1 Proof of Lemma 2

Proof. From (6) and (10) we have Vs and j =1, ¢,

VIn(s) = Vi(s) = Y mlals)jn(s, @) + Lig, (o 0y Vi) *Z (als)[jn(s, @) + Lp, (s.0) Vip+1]

= Z (als) ph(g a) Vine1 — Lp, (s,a) Vi1l
= Z (al3)[Lp, (0.0)Viin1 = LPutsia) Vit + Lssia) Vitnn = Ly (s.0) Vil
< max L, (s a)vj,h+1 - L'Ph(s,a)v Thatl max [Lp, (s, a)VJ ht1 — Ly (s,a) Vil
where we use Holder’s inequality and ||7||; = 1. Since the above holds for every s, thus, for any s
W,Th(s) - j,h( 5) < maX |L73h(s a)Vj h+1 — L'Ph(37a)‘7j7,rh+1| + mgx |L7>h(s,a)V h4+1 — L'Ph(37a)‘/j7,rh+1|
Expanding recursively, we obtain
V7t (s) = Vi (s)] < maxmaxmax H|Lp, (s,0) V1 = Lp, (.) Vi (19)
O
B.2 Proof of Lemma 3
Note from Lemma 2 we obtain
ﬁh(s,a)‘?jirh+1|

[V74(5) = Vs (9)] < max max max H| L, (o o) Vs — L

Now, from lemma 4 and applying union bound over (h, s,a) we obtain with probability 1 — §

H*log(4H?|S||A|/(09))

|‘7j771(5) - Vfl(s = N + 20H (20)
18 H*log(16 H? A 1
Taking ¢ = €¢/12H, and N = 8H" log16 5 ISl )), we obtain
€
|Vf1(3) V() <e/3 (21)

C Proof of Theorem 1

Bounding the Sub-optimality bound: First, we observe the following
VI (@) = V() = Vi (@) = VT + VT = Vi(2) + Vi (z) = V[ (x) (22)

r

Ty Ts Ts

Since N = 18 H*log(48H3|S||A|/(¢d))/€?, by Lemma 3, T;, and T3 both can be bounded by ¢/3 with
probability 1 — 26. We now bound 75 which we describe next.

Since 7 is optimal of (15), thus, replacing the value of N there, we obtain
VI (@) = Ab—¢/3 =V (2))+ < V() = Ab—¢/3= V] ()4 (23)
By Lemma 3, we have (b —¢€/3 — Vg”* (z)) < 0 with probability 1 — ¢. Hence,

VI (2) = V(@) < =AM —¢/3 = Vi (2))+ <0 (24)
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where the inequality follows from the fact that (z)4 > 0.
Hence, T3 < 0 with probability 1 — . Thus, combining all, we have with probability 1 — 34,
Vi(z) =V (z) <e/3+¢€/3=2¢/3<e

Violation Bound: Now, we show the violation bound. We decompose in the following way—
(b—Vi(z) = (b—¢/3—V(z)+¢/3+V(z) — V]()) (25)
Ty Ts

We bound T5 using Lemma 3 by €/3. Note that using the value of N, we obtain,
\/3H4log(16H3|S|A|)
N§

< €/3. In order to bound Ty we use Lemma 1 to obtain

(b= /3= V(@) < ¢f3 (26)
when A\ = 6H /e.

Hence, combining all, we obtain

(b— Vgﬁ(x)) <e¢/3+¢/3+¢/3=¢
D Results for other Uncertainty Sets

1. Chi-squared uncertainty set: Let PX = ®(h’s’a)€[H]XSXA Pf)f,s,a be the uncertainty set
defined in (4) with chi-squared distance Xu et al. (2023)

P PO )2
DR ) = 30 ) o

S

2. KL-uncertainty set: Let PXL = ®(h,s,a)e[H]xsxA PﬁSL)a be the uncertainty set defined in
(4) with KL-divergence metric Kullback & Leibler (1951)

Dis(P.Fla) = 3PS log (POP(S()J (28)

h,s,a

3. Wasserstein uncertainty set: Let PV = ®(h,s,a)€[H]><S><A me,a be the uncertainty set
defined in (4) with the Wasserstein distance metric Xu et al. (2023)

Dw(P.FL) = ot [ @) (29)

7hsa

where the integration is over all (z,y) € S x S,p € [1,00), and m(P, P,?,S’a) denote all
probability measures on S x S with marginals P and P]g,s,a' In addition, we set B, =
max, o d”(s, s’).

We now state the results for the other distance metrics
Theorem 2. For Chi-squared uncertainty set, if the total number of samples Ny, > Ny where
12C,H? )

2H|S||Al 1+ —F—

_ 288CAH?|S||A]
XT o, 1z 8 5

(30)

and where C, = /1 + p, then, the policy & returned by Algorithm 1 satisfies with probability 1 — 36,
Sub — Opt(7) <€, and Violation(#) < e.
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Theorem 2 shows that the sample complexity result is O(H|S||A|/€?) which is the same as the
unconstrained case Xu et al. (2023). Remark 3 is also applicable here.

Theorem 3. For the KL uncertainty set, if the total number of samples Niot > Nk where

Nkt

_ 4.5exp(3H/C)H®|S|| A log (8H|S||A|> (31)

¢é

p2€2

where ( s the problem-dependent parameter, and independent Ng 1, then the policy & returned by
Algorithm 1 satisfies with probability 1 — 36 Sub — opt(#) < €, and Violation(#) < e.

Note that here the sample complexity bound is O(exp(H)H?|S||A|/€?). The exponential dependence
is also observed in the unconstrained non-robust case as well Xu et al. (2023). Recently, Fei et al.
(2020) shows that exponential dependency on H is unavoidable for the risk-sensitive MDP (similar
to the MDP with KL uncertainty set). Remark 3 is also applicable here.

Theorem 4. For the Wasserstein uncertainty set, if the total number of samples Nyox > Ny where

Nw

5 D)2 2 D
_ BHSIIAIB, + 7 (24H [S||AI(H B, + max(H, p ))) )

p2re? pPe

then, with probability 1 — 30, the policy & returned by Algorithm 1 satisfies Sub — Opt(#) < ¢, and
Violation(#) < e.

The sample complexity bound here is O((B, + p?)>H®|S||A|/p*’€?) which is the same as in the
unconstrained case Xu et al. (2023). Remark 3 is also applicable here.

E Proofs of Theorems 2, 3, and 4

E.1 Proof of Theorem 2

By applying Lemma 2, 5, and union bound we obtain with probability 1 — §

V2C2H M tog CHISIAIO+ CoH/OCo = D))y 4y 4 5gpr (33)

V(s) = V()] SHW 5

Now, using § = ¢/(12H), and

) +1)? (34)

_ G H 2H|S[|A|(1 + C,p12H/(e(C, — 1))
= -1 (\/log( 5

we have with probability 1 — 4,

Vii(s) = Vin(s)l < /3 (35)
Using the identity (a + b)? < 2a® + 2b%, we get the sample complexity result that

Vi(s) = V()| < /3 (36)
when

~288C,H* | (2H\S|\A|(1+Op12H/(e(Op— 1))))
“C, -1z ® 5

The rest of the proof is similar to the proof of Theorem 1. Hence, we omit it here.
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E.2 Proof of Theorem 3

By applying Lemma 2, 6, and union bound we obtain with probability 1 — ¢

o . H? log(4H|S||A|/0¢6
0~ Vol = L expoin e ) B SIAL ) (38)
Now, taking § = 1/2, and putting
4.5H* H/()1 H|S||A
= LSH DB/ og(8HIS AL/GH) )
pre
then
VIi(s) = Viu(s) < /3 (40)
with probability 1 — é. The rest of the proof follows the same as in Theorem 1.
E.3 Proof of Theorem 4
By applying Lemma 2, 7, and union bound we obtain with probability 1 — ¢
HB, + max(H, p?
A {25, 4 | 18IS T
Vii(s) = Vin(s)] < pT N +20H (41)
Taking 8 = ¢/(12H), and plugging the following value of N,
18H*(B P)?2 2HB, + 2 H, pP
N = BB E 07 oy 5 4 2 B 2 max(H, p7) (42)
pPre? PPed
then, we have with probability 1 — 9,
VI (s) = Vin(s)| < /3 (43)

The rest of the proof is the same as in the proof of Theorem 1. Hence, we omit it here.

F Technical Lemmas

Lemma 4. Xu et al. (2023) For the total-variation uncertainty set, for any V €V, and fix any
(h,s,a) € [H) x S x A. For any 0,5 € (0,1), and p > 0, we have with probability 1 — 6,

2 log(AH
Lp,..V —Lp V| < \/ Og;N [99)) 1 99 (44)

where N is the number of samples used to approzimate P£7S,a.

Note that 6 is the covering number for the value function.

Lemma 5. Xu et al. (2023)For Chi-squared uncertainty set, fiz any V €V, and fix any (h,s,a) €
[H] x S x A. For any 0,6 € (0,1), and p > 0, we have with probability 1 — 4,

|Lp, ..V — Lp

Ph,s,av| <

VIC2H \/1og<2<1 + G H/0(C, ~ 1) ) (45)

(C, —1)2VN 5

where N is the number of samples used to approximate P,(is,a.
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Lemma 6. Xu et al. (2023) For KL-divergence uncertainty set, fix any V € V, and fix any
(h,s,a) € [H] x S x A. For any 0,6 € (0,1), and p > 0, we have with probability 1 — 0,

log(4/6¢5)

5N (46)

H
ILp,..V —Lp, VI< " exp(0H) exp(H /()

where N is the number of samples used to approximate Pg7s7a, ¢ problem dependent parameter and
independent of N.

Lemma 7. Xu et al. (2023) For Wasserstein distance uncertainty set, for any V €V, and fiz any
(h,s,a) € [H] x S x A. For any 0,6 € (0,1), and p > 0, we have with probability 1 — 0,

o (2HBp+2maX(H, pp))
H(By+p7) | ® 703
P 2N

1Lpy..V —Lp,  VI< +26 (47)

where N is the number of samples used to approzimate P}is)a.

F.1 Efficient computation of robust value function for different uncertainty metrics

In this section, we state the results from Xu et al. (2023) and Yang & Wang (2019) for equivalent
dual representation for worst-case value function evaluation for different uncertainty sets.

Proposition 2. For total variation distance metric, and any value function V;, j =r,g

Lpgy Vils) == il Bovppiisaln = Vi(s)+] + pn —inf Vi(s") 1+ —n (48)

Proposition 3. For x-squared uncertainty set, for any value function V€V, we have

V== %Ié{@{\/’m\/ES’NPBHS,a)(V(S’) —n)?t—n (49)

Lpx

,a

The expression within the infimum is convex in 7, and thus can be efficiently solved.

Proposition 4. For KL-divergence uncertainty set, and for any value function V € V, we have

- _ , V(<
Lo V= _int {np 4108 (Bumppiomlexp(=V(s)/m)]) | (50)

Again the expression within the infimum is convex, and thus, can be efficiently solved.

Proposition 5. For Wasserstein uncertainty set, and for any V € V, we have

Lpy V== ot (npp — By pyp [nf{V(s") +nd"(s", s’)}]) (51)

Again it is a convex optimization problem.



