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Abstract

We study pre-training representations for decision-making using video data, which1

is abundantly available for tasks such as game agents and software testing. Even2

though significant empirical advances have been made on this problem, a theoret-3

ical understanding remains absent. We initiate the theoretical investigation into4

principled approaches for representation learning and focus on learning the latent5

state representations of the underlying MDP using video data. We study two types6

of settings: one where there is iid noise in the observation, and a more challenging7

setting where there is also the presence of exogenous noise, which is non-iid noise8

that is temporally correlated, such as the motion of people or cars in the background.9

We study three commonly used approaches: autoencoding, temporal contrastive10

learning, and forward modeling. We prove upper bounds for temporal contrastive11

learning and forward modeling in the presence of only iid noise. We show that12

these approaches can learn the latent state and use it to do efficient downstream RL13

with polynomial sample complexity. When exogenous noise is also present, we14

establish a lower bound result showing that the sample complexity of learning from15

video data can be exponentially worse than learning from action-labeled trajectory16

data. This partially explains why reinforcement learning with video pre-training is17

hard. We evaluate these representational learning methods in three visual domains,18

yielding results that are consistent with our theoretical findings.19

1 Introduction20

Representations pre-trained on large amounts of offline data have led to significant advances in21

machine learning domains such as natural language processing [Liu et al., 2019, Brown et al., 2020]22

and multi-modal learning [Lin et al., 2021, Radford et al., 2021]. This has naturally prompted a23

similar undertaking in reinforcement learning (RL) with the goal of training a representation model24

that can be used in a policy to solve a downstream RL task. The natural choice of data for RL25

problems is trajectory data, which contains the agent’s observation along with actions taken by26

the agent and the rewards received by it [Sutton and Barto, 2018]. A line of work has proposed27

approaches for learning representations with trajectory data in both offline [Uehara et al., 2021, Islam28

et al., 2022] and online learning settings [Nachum et al., 2018, Bharadhwaj et al., 2022]. However,29

unlike text and image data, which are abundant on the internet or naturally generated by users,30

trajectory data is comparatively limited and expensive to collect. In contrast, video data, which31

only contains a sequence of observations (without any action or reward labeling), is often plentiful,32

especially for domains such as gaming and software. This motivates a line of work considering33

learning representations for RL using video data [Zhao et al., 2022]. But is there a principled34

foundation underlying these approaches? Are representations learned from video data as useful35

as representations learned from trajectory data? We initiate a theoretical understanding of these36
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Figure 1: A �owchart of our video pre-training phase.Left: We assume access to a large set of
videos (or, unlabeled episodes).Center: A representation learning method is used to train a model�
which maps an observation to a vector representation.Right: This representation can be used in a
downstream task to do reinforcement learning or visualize the latent world state.

approaches to show when and how these approaches yield representations that can be used to solve a37

downstream RL task ef�ciently.38

Consider a representation learning pipeline shown in Figure 1. We are provided videos, or equivalently39

a sequence of observations, from agents navigating in the world. We make no assumption about the40

behavior of the agent in the video data. They can be trying to solve one task, many different tasks, or41

none at all. This video data is used to learn a model� that maps any given observation to a vector42

representation. This representation is subsequently used to perform downstream RL — de�ning a43

policy on top of the learned representation and only training the policy for the downstream task. We44

can also use this representation to de�ne a dynamics model or a critique model. The representation45

can also help visualize the agent state space or dynamics for the purpose of debugging.46

A suitable representation for performing RL ef�ciently is aligned with the underlying dynamics of47

the world. Ideally, the representation captures the latent agent state, which contains information about48

the world relevant to decision-making while ignoring any noise in the observation. For example,49

in Figure 1, ignoring noise such as the motion of geese in the background is desirable if the task50

involves walking on the pavement. We distinguish between two types of noise: (1) temporally51

independent noise that occurs at each time step independent of the history, (2) temporally dependent52

noise, or exogenous noise, that can evolve temporally but in a manner independent of the agent's53

actions (such as the motion of geese in Figure 1).54

A range of approaches have been developed that provably recover the latent agent state from observa-55

tions using trajectory data [Misra et al., 2020, Efroni et al., 2022] which contains actions. However,56

for many domains there is relatively little trajectory data that exists naturally, making it expensive57

to scale these learning approaches. In contrast, video data is more naturally available but these58

prior provable approaches do not work with video data. On the other hand, it is unknown whether59

approaches that empirically work with video data provably recover the latent representation and lead60

to ef�cient RL. Motivated by this, we build a theoretical understanding of three such video-based61

representation learning approaches:autoencoderwhich trains representations by reconstructing62

observations,forward modelingwhich predicts future observations, andtemporal contrastivelearning63

which trains a representation to determine if a pair of observations are causally related or not.64

Our �rst theoretical result shows that in the absence of exogenous noise, forward modeling and65

temporal contrastive learning approaches both provably work. Further, they lead to ef�cient down-66

stream RL that is strictly more sample-ef�cient than solving these tasks without any pre-training.67

Our second theoretical result establishes a lower bound showing that in the presence of exogenous68

noise, any compact and frozen representation that is pre-trained using video data cannot be used to do69

ef�cient downstream RL. In contrast, if the trajectory data was available, ef�cient pre-training would70

be possible. This establishes a statistical gap showing that video-based representation pre-training71

can be exponentially harder than trajectory-based representation pre-training.72

We empirically test our theoretical results in three visual domains: GridWorld (a navigation domain),73

ViZDoom basic (a �rst-person 3D shooting game), and ViZDoom Defend The Center (a more74

challenging �rst-person 3D shooting game). We evaluate the aforementioned approaches along with75

ACRO [Islam et al., 2022], a representation pre-trained using trajectory data and designed to �lter out76

exogenous noise. We observe that in accordance with our theory, both forward modeling and temporal77
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contrastive learning succeed at RL when there is no exogenous noise. However, in the presence78

of exogenous noise, their performance degrades. Speci�cally, we �nd that temporal contrastive79

learning is especially prone to fail in the presence of exogenous noise, as it can rely exclusively80

on such noise to optimally minimize the contrastive loss. While we �nd that forward modeling is81

somewhat robust to exogenous noise, however, as exogenous noise increases, its performance quickly82

degrades as well. While any �nite-sample guarantees for the autoencoding method remain an open83

question, empirically, we �nd that the performance of autoencoder-based representation learning is84

unpredictable. On the other hand, ACRO continues to perform well, highlighting a disadvantage of85

video pre-training. The code for all experiments will be made available at <url-redacted>.86

2 Representation Learning for RL using Video Dataset87

We assume access to a datasetD of n videosD = f (x ( i )
1 ; x ( i )

2 ; � � � ; x ( i )
H )gn

i =1 wherex ( i )
j is thej th

88

observation (or frame) of thei th video. We are provided a decoder class� = f � : X ! [N ]g,89

and our goal is to learn a decoder� 2 � that captures task-relevant information in the underlying90

state� ?(x) while throwing away as much exogenous noise as possible. Instead of proposing a new91

algorithm, we analyze the following three classes of well-known video-based representation learning92

methods. Our goal is to understand whether these methods provably learn useful representations.93

Autoencoder.This approach �rst maps a given observationx to an abstract state� (x) using a decoder94

� 2 � , and then uses it to reconstruct the observationx with the aid of a reconstruction model class95

Z = f z : [N ] ! X g . Formally, we optimize the following loss:96

`auto(z; � ) =
1

nH

nX

i =1

HX

h=1

kz(� (x ( i )
h )) � x ( i )

h k2
2: (1)

In practice, autoencoders are typically implemented using a Vector Quantized bottleneck trained in a97

Variational AutoEncoder manner, which is called the VQ-VAE approach [Oord et al., 2017].98

Forward Modeling. This approach is similar to the autoencoder approach but instead of re-99

constructing the input observation, we reconstruct a future observation using a model class100

F = f f : [N ] � [K ] ! �( X )g whereN is the output size of the decoder class� andK 2 N101

is a hyperparameter representing the forward time steps from the current observation. We collect a102

dataset ofmultistep transitionsDfor = f (x ( i ) ; k( i ) ; x0( i ) )gn
i =1 sampled iid using the video datasetD103

where the observationx ( i ) is sampled randomly from thei th video,k( i ) 2 [K ], andx0( i ) is the frame104

k( i ) -steps ahead ofx ( i ) in thei th video. We distinguish between two types of sampling procedures,105

one wherek( i ) is always a �xed given valuek 2 [K ], and one wherek( i ) � Unf ([K ]). Given the106

datasetDfor, we optimize the following loss:107

`for(f; � ) =
1
n

nX

i =1

ln f
�

x0( i ) j � (x ( i ) ); k( i )
�

: (2)

Temporal Contrastive Learning. Finally, this approach trains the decoder� to learn to separate a108

pair of temporally causal observations from a pair of temporallyacausalobservations. We collect109

a dataset ofDtemp = f (x ( i ) ; k( i ) ; x0( i ) ; z( i ) )gbn= 2c
i =1 tuples using the multistep transitions dataset110

Dfor: We use 2 multistep transitions to create a single datapoint forDtemp to keep the datapoints111

independent. To create thei th datapoint forDtemp, we use the multistep transitions(x (2 i ) ; k(2 i ) ; x0(2 i ) )112

and(x (2 i +1) ; k(2 i +1) ; x0(2 i +1) ) and samplez( i ) � Unf(f 0; 1g). If z( i ) = 1 , then ouri th datapoint113

is a causal observation pair(x (2 i ) ; k(2 i ) ; x0(2 i ) ; z( i ) ), otherwise, it is an acausal observation pair114

(x (2 i ) ; k(2 i ) ; x (2 i +1) ; z( i ) ). Depending on how we samplek, we collect a different datasetDfor, and115

accordingly a different datasetDtemp. Given the datasetDtemp, we optimize the following loss using a116

regression modelg belonging to a model classG = f g : X � [K ] � X ! [0; 1]g:117

`temp(g; � ) =
1

bn=2c

bn= 2cX

i =1

�
z( i ) � g(� (x ( i ) ); k( i ) ; x0( i ) )

� 2
: (3)

Practical Implementations. We use the aforementioned description of methods for theoretical118

analysis. However, their practical implementations differ in a few notable ways. Most importantly119
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we either use a continuous vector representation� : X ! Rd for modeling� , or apply a Vector120

Quantized (VQ) bottleneck [Oord et al., 2017] on top of the vector representation to model a discrete-121

representation decoder. We also optimize the loss using minibatches and use square loss for training122

forward modeling and SimCLR loss [Chen et al., 2020] for contrastive learning. We experimentally123

show that our theoretical �ndings extend to these practical implementations.124

3 Is Video Based Representation Learning Provably Correct?125

In this section, we present our main theoretical results. We �rst prove that both forward modeling and126

temporal contrastive methods succeed when there is no exogenous noise. We then establish a lower127

bound showing that video-based representation learning is exponentially harder than trajectory-based128

representation learning. We defer all proofs to the Appendix and only provide a sketch here.129

3.1 Upper Bound in Block MDP Setting130

We start by stating our theoretical setting and our main assumptions.131

Theoretical Setting. We assume a Block MDP setting and access to a datasetD =132 n
(x ( i )

1 ; x ( i )
2 ; � � � ; x ( i )

H )
on

i =1
of n independent and identically distributed (iid) videos sampled from133

data distributionD . We denote the probability of a video asD(x1; x2; � � � ; xH ). We assume thatD134

is generated by a mixture of Markovian policies� D , i.e., the generative procedure forD is to sample135

a policy � 2 � D with some probability and then generate an entire episode using it. We assume136

that observations encode time steps. This can be trivially accomplished by simply concatenating the137

time step information to the observation. We also assume that the video data has good state space138

coverage and that the data is collected bynoise-free policies.139

Assumption 1(Requirements on Data Collection). There exists an� min > 0 such that ifs is a state140

reachable at time steph by some policy in� , thenD (� ?(xh ) = s) � � min. Further, we assume that141

every data collection policy� 2 � D is noise-free, i.e.,� (a j xh ) = � (a j � ?(xh )) for all (a; xh ).142

Justi�cation for Assumption 1 In practice, we expect this assumption to hold for tasks such as143

gaming, or software debugging, where video data is abundant and, therefore, can be expected144

to provide good coverage of the underlying state space. This assumption is far weaker than the145

assumption in batch RL which also requires actions and rewards to be labeled, which makes it more146

expensive to collect data that has good coverage [Chen and Jiang, 2019]. Further, unlike imitation147

learning from observations (ILO) [Torabi et al., 2019], we don't require that these videos provide148

demonstrations of the desired behavior. E.g., video streaming of games is extremely common on the149

internet, and one can get many hours of video data this way. However, this data wouldn't come with150

actions (which will be mouse or keyboard strokes) or reward labeling, and the game levels or tasks151

in the data can be different or even unrelated to the downstream tasks we want to solve. As such, the152

video data do not provide demonstrations of the desired task. Further, as the video data is typically153

generated by humans, we can expect the data collection policies to be noise-free, as these policies are154

realized by humans who would not make decisions based on noise. E.g., a human player is unlikely155

to turn left due to the background motion of leaves that is unrelated to the game's control or objective.156

We analyze the temporal contrastive learning and forward modeling approaches and derive upper157

bounds for these methods in Block MDPs. While autoencoder-based approaches sometimes do158

well in practice, it is an open question whether �nite-sample bounds exist for them and we leave159

their theoretical analysis to future work and instead evaluate them empirically. In addition to the160

decoder class� , we assume a function classF to modelf for forward modeling andGto modelg161

for temporal contrastive learning. We make a realizability assumption on these function classes.162

Assumption 2(Realizability). There existsf ? 2 F ; g? 2 G and� for; � temp 2 � such thatf ?(X 0 j163

� for(x); k) = Pfor(X 0 j x; k ) andg?(z j � temp(x); k; x0) = Ptemp(z = 1 j x; k; x 0) on the appropriate164

support, and wherePfor andPtempare respectively the Bayes classi�er for the forward modeling and165

temporal contrastive learning methods.166

Justi�cation for Assumption 2. Realizability is a typical assumption made in theoretical analysis of167

RL algorithms [Agarwal et al., 2020]. Intuitively, the assumption states that the function classes are168

expressive enough to represent the Bayes classi�er of their problem. In practice, this is usually not a169
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concern as we will use expressive deep neural networks to model these function classes. We will170

empirically show the feasibility of this assumption in our experiments.171

Finally, we assume that our data distribution has the required information to separate the latent states.172

We state this assumption formally below and then show settings where this is true.173

Assumption 3(Margin Assumption). We assume that the margins� for and� tempde�ned below:174

� for = inf
s1 ;s2 2S ;s1 6= s2

Ek
�
kPfor(X 0 j s1; k) � Pfor(X 0 j s2; k)kTV

�

� temp= inf
s1 ;s2 2S ;s1 6= s2

1
2

Ek;s 0 [jPtemp(z = 1 j s1; k; s0) � Ptemp(z = 1 j s2; k; s0)j] ;

are strictly positive, and where in the de�nition of� temp, we samples0 from the video data distribution175

andk is sampled according to our data collection procedure.176

Justi�cation for Assumption 3. This assumption states that we need margins (� for) for forward177

modeling and (� temp) for temporal contrastive learning. A common scenario where these assump-178

tions are true is when for any pair of different statess1; s2, there is a third states0 that is reachable179

from one but not the other. If the video data distributionD supports all underlying transitions, then180

this immediately implies thatkPfor(X 0 j s1; k) � Pfor(X 0 j s2; k)kTV > 0 which implies� for > 0.181

This scenario occurs in almost all navigation tasks. Speci�cally, it occurs in the three domains we182

experiment with. While it is less clear, under this assumption we also have� temp> 0.183

We now state our main result for forward modeling under Assumption 1-3.184

Theorem 1 (Forward Modeling Result). Fix � > 0 and � 2 (0; 1) and let A be any prov-185

ably ef�cient RL algorithm for tabular MDPs with sample complexitynsamp(S; A; H; �; � ). If186

n is poly
�

S; H; 1=� min; 1=� for; 1=� ; ln(1=� ); lnjFj ; lnj� jg for a suitable polynomial, then forward187

modeling learns a decoder̂� : X ! [jSj]. Further, runningA on the tabular MDP with188

nsamp(S; A; H; T; �= 2; �=4) episodes returns a latent policŷ' . Then there exists a bijective mapping189

� : S ! [jSj] such that with probability at least1 � � we have:190

8s 2 S; Px � q( �j s)

�
�̂ (x) = � (s) j � ?(x) = s

�
� 1 �

4S3H 2

� 2
min� for

s
1
n

ln
�

jFj�j � j
�

�
;

and the learned observation-based policy'̂ � �̂ : x 7! '̂ (�̂ (x)) is � -optimal, i.e.,191

V(� ?) � V ('̂ � �̂ ) � �:

Finally, the number of online episodes used in the downstream RL task is given by192

nsamp(S; A; H; � � =2; � � =4) and doesn't scale with the complexity of function classes� andF .193

The result for temporal contrastive is identical to Theorem 1 but instead of� for we have� tempand194

instead ofF we haveG. These upper bounds provide the desired result which shows that not only195

can we learn the right representation and near-optimal policy but also do so without online episodes196

scaling withlnj� j. Typically, the function class for forward modelingF is much more complex than197

G, however, as we show in Appendix C.5, the margin for forward modeling� for is larger than for198

contrastive learning� templeading to a trade-off between these two approaches.199

3.2 Learning from Video is Exponentially Harder than Learning from Trajectory Data200

When online RL is possible, there exist algorithms Misra et al. [2020], Efroni et al. [2022] that can201

learn an accurate latent state decoder�̂ with high probability and use it to learn near-optimal policies.202

These methods train the decoder using online trajectory data. This begs the following question:Is it203

possible to learn a latent state decoder that is useful for performing RL using of�ine video data?As204

the next result shows, this is not always the case.205

Theorem 2 (Lower Bound for Video). SupposejSj; jAj ; H � 2. Then, for any" 2 (0; 1), any206

algorithmA 1 that outputs a state decoder� with � h : X ! [L ]; L � 21=4" � 1; 8h 2 [H ] given a207

video datasetD sampled from some MDP and satis�es Assumption 1, and any online RL algorithm208

A 2 uses that state decoder� in its interaction with such an MDP (i.e.,A 2 only observes states209
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through� ) and output a policyb� , there exists an MDP instanceM in a class of MDPs which satis�es210

Assumption 3 and is PAC learnable witheO(poly (jSj; jAj ; H; 1=" )) complexity, such that211

VM (� ?
M ) � VM (b� ) > ";

regardless of the size of the video datasetD for algorithm A 1 and the number of episodes of212

interaction for algorithmA 2.213

The basic idea behind that hard instance construction is that, without the action information, it is214

impossible for the learning agent to distinguish between endogenous states and exogenous noise. For215

example, consider an image consisting ofN � N identical mazes but where the agent controls just216

one maze. Other mazes contain other agents which are exogenous for our purpose. In the absence of217

actions, we cannot tell which maze is the one we are controlling and must memorize the con�guration218

of all N � N mazes which grow exponentially withN . Another implication from that hard instance219

is – if the margin condition (Assumption 3) is violated, the exponentially large state decoder is also220

required for the regular block MDP without exogenous noise; a detailed discussion can also be found221

in Section C.3. We also discuss settings where we may be able to ef�cient-learning with just video222

data with additional assumptions in Appendix C.4.223

4 Experimental Results and Discussion224

We empirically evaluate the above video-based representation learning methods on three visual225

environments: a gridworld environment and two VizDoom environments. We defer the results on one226

of the Vizdoom environments along with additional experimental details and results to Appendix D.227

Our main goal is to validate our theoretical �ndings by evaluating these methods in the presence and228

absence of exogenous noise and comparing their performance with a trajectory-based method.229

4.1 Experimental Details230

GridWorld. We consider navigation in a12� 12Minigrid environment [Chevalier-Boisvert et al.,231

2023]. The agent (red triangle) can only observe an area around itself, and the goal is to reach the key232

quickly (Fig. 3). The position of the agent and key randomizes each episode.233

ViZDoom Defend the CenterThis is a �rst-person shooting game [Wydmuch et al., 2018, Kempka234

et al., 2016], in which the player needs to kill a variety of monsters to score (Fig. 5). The episode235

ends when the monster is killed or after 500 steps.236

Exogenous Noise.For all domains, the observation is an RGB image. We add exogenous noise237

to it by superimposing 10 generated diamonds of a particular size. The color and position of238

these diamonds are our exogenous state. At the start of each episode, we randomly generate these239

diamonds, after which they move in a deterministic path. We also test the setting in which there240

is exogenous noise in the reward. We compute a score based on just the exogenous noise and add241

it to the reward presented to the agent. However, the agent is still evaluated on the original reward.242

Model and Learning. Our decoder class� is a convolutional neural network. We use a deconvolu-243

tional neural network to modelf andh. We experimented with both using a vector representation for244

� and also using a VQ-bottleneck to discretize the embeddings. We use PPO to do downstream RL245

and keep� frozen during the RL training. We also visualize the learned representations by training246

a decoder on them and �xing� to reconstruct the input observations. We then look at the generated247

images to see what information from the observation is preserved by the representation.248

ACRO. We also evaluate the learned representations against ACRO [Islam et al., 2022] which249

uses trajectory data. This approach learns representation� by predicting action given a pair of250

observationsE [ln p(ah j � (xh ); xh+ k ; k)]. ACRO is designed to �lter out exogenous noise as this251

information is not predictive of the action. Our goal is to test if we get much better representations252

if we have access to trajectory data instead of video data.253

4.2 Empirical Results and Discussion254

We present our main empirical results in Fig. 2 and Fig. 4 and discuss the results below.255

Forward modeling and temporal contrastive both work when there is no exogenous noise.In256

accordance with Theorem 1, we observe that in the case of both GridWorld (Figure 2) and ViZDoom257
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(a) No Noise (b) Only Observation Noise (c) Only Reward Noise (d) Both

Figure 2: RL experiments in the GridWorld environment.

(a) Original (b) Forward Model (c) Autoencoder (d) Contrastive

Figure 3: Decoded image reconstructions for different methods in the GridWorld environment. We
train a reconstruction model on top of frozen learned representations� trained with a given video-
based method.Top row: shows an example from the setting where there is no exogenous noise.
Bottom row: shows an example with exogenous noise (colored diamond shapes).

(a) No Noise (b) Only Observation Noise (c) Only Reward Noise (d) Both

Figure 4: RL experiments using different latent representations for the ViZDoom Defend the Center
environment.

Defend the Center (Figure 4), these approaches learn a decoder� that lead to success with RL258

in the absence of any exogenous noise. For GridWorld, we �nd support for this result with VQ259

bottleneck during representation learning (Fig. 2(a)) whereas for ViZDoom Defend the Center,260

we �nd support for this result even without the use of a VQ bottleneck (Fig. 4(a)). These results261

are further supported via qualitative evaluation through image decoding from the learned latent262

representations (Fig. 3) which show that these representations can recover critical elements like walls.263

We �nd that autoencoder performs well in ViZDoom Defend the Center but not in gridworld, which264

aligns with a lack of any theoretical understanding of autoencoders.265

Performance with exogenous noise.We �nd that in the presence of exogenous noise (Figure 2, Fig-266

ure 4), representations from forward modeling achieve a lower performance specially in gridworld,267

whereas temporal contrastive representations completely fail. One hypothesis for the stark failure of268
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(a) Original (b) Forward Modeling (c) Autoencoder (d) Temporal Contrastive

Figure 5: Decoded image reconstructions for different methods in ViZDoom Defend the Center.

temporal contrastive learning is that the agent can tell whether two observations are causal or not, by269

simply focusing on the noisy diamonds that move in a predictive manner. Therefore, the contrastive270

learning loss can be reduced by focusing entirely on the exogenous noise. Whereas, forward modeling271

is more robust as it needs to predict future observations, and the agent's state is more helpful for272

doing that than noise. This shows in the reconstructions (Figure 3(b)(d), Figure 5(b)(d)). As expected,273

the reconstructions for forward modeling continue to capture state-relevant information, whereas for274

temporal contrastive they focus on noise and miss relevant state information. In Appendix C.6, we275

formally prove that there exists an instance where forward modeling can recover the latent state for276

low-levels of exogenous noise, whereas temporal contrastive cannot do so for any level of exogenous277

noise.278

(a) ACRO (b) Forward Modeling

Figure 6: RL performance with varying size for exogenous
noise in the GridWorld environment.

Comparison with ACRO. Finally,279

we draw a comparison between the280

performance of video-pretrained rep-281

resentation and ACRO which uses282

trajectory data. ACRO achieves283

the strongest performance across all284

tasks (Figure 2, Figure 4). Ad-285

ditionally, we also observe that as286

we increase the size of the exoge-287

nous noise elements in the obser-288

vation space (Figure 6), the perfor-289

mance of forward modeling, the over-290

all best video-based approach, de-291

grades more drastically compared to292

ACRO. This agrees with our theoreti-293

cal �nding (Theorem 2) that learning representations from video-based data is signi�cantly harder294

than trajectory-based data when exogenous noise is present.295

5 Conclusion296

Videos are a naturally available source of data for training representations for RL. In this work,297

we study whether existing video-based representation learning methods are provably effective for298

downstream RL tasks. We provide both upper and lower bounds for these methods in two theoretical299

settings and provide empirical validation of our �ndings on three visual domains. Using our theoretical300

tools to develop better video-based representation learning methods and extending our analysis to301

other formal settings are natural future work directions.302
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A Preliminaries and Overview431

In this section, we provide a formal overview of our learning setup and problem statement.432

Mathematical Notation. We use[N ] for N 2 N to de�ne the setf 1; 2; � � � ; N g. We assume all sets433

to be countable. For a given setU, we denote its cardinality byjUj and de�ne�( U) as the space of434

all distributions overU. We denote the uniform distribution overU by Unf(U). Finally, poly f�g435

denotes a term that scales polynomially in the listed quantities.436

Block MDPs. We study episodic RL in Block Markov Decision Processes (Block MDP) [Du et al.,437

2019]. A Block MDP is de�ned by the tuple(X ; S; A ; T; R; q; �; H ) whereX is a set of observations438

that can be in�nitely large,S is a �nite set of latent states, andA is a set of �nite actions. The439

transition dynamicsT : S � A ! �( S) de�ne transitions in the latent state space. The reward440

functionR : S � A ! [0; 1] assigns a rewardR(s; a) if actiona is taken in the latent states. When441

the agent visits a states, it receives an observationx � q(� j s) sampled from an emission function442

q : S ! �( X ). This emission process contains temporally independent noise but no exogenous443

noise. Finally,� 2 �( S) is the distribution over the initial latent state andH is the horizon denoting444

the number of actions per episode. The agent interacts with a block MDP environment by repeatedly445

generating an episode(x1; a1; r 1; � � � ; xH ; aH ; rH ) wheres1 � � and for allh 2 [H ] we have446

xh � q(� j sh ), r h = R(sh ; ah ), andsh+1 � T(� j sh ; ah ), and all actionsf ah gH
h=1 are taken by the447

agent. The agent never directly observes the latent states(s1; s2; � � � ; sH ).448

A key assumption in Block MDPs is that two different latent states cannot generate the same449

observation. This is called thedisjoint emission propertyand holds in many game and OS settings.450

Formally, this property allows us to de�ne a decoder� ? : X ! S that maps an observation to the451

unique state that can generate it. The agent does not have access to� ?. If the agent had access to� ?,452

one could map each observation from an in�nitely large space to the �nite latent state space, which453

allows the use of classical �nite RL methods [Kearns and Singh, 2002].454

Exogenous Block MDPs (Ex-Block MDP).We also consider RL in Exogenous Block MDPs (Ex-455

Block MDPs) that extend Block MDPs to include exogenous noise [Efroni et al., 2022]. An Ex-Block456

MDP is de�ned by(X ; S; � ; A ; T; T� ; R; q; H; �; � � ) whereX ; S; A ; T; R; H and� have the same457

meaning and type as in Block MDPs. The additional quantities include� which is the space of458

exogenous noise and can be in�nitely large. We use the notation� 2 � to denote the exogenous noise.459

For the setting in Fig. 1, the exogenous noise variable� captures variables such as the position of460

geese, the position of leaves on the trees in the background, and lighting conditions. The exogenous461

noise� changes with time according to the transition functionT� : � ! �(�) and is at start sampled462

from � � . Note that unlike the agent states 2 S, the exogenous noise� 2 � , evolves independently463

of the agent's action and does not in�uence the evolution of the agent's state. The emission process464

q : S � � ! �( X ) in Ex-Block MDP uses both the current agent state and exogenous noise, to465

generate the observation at a given time. For example, the image generated by the agent's camera466

contains information based on the agent's state (e.g., agent's position and orientation), along with467

exogenous noise (e.g., the position of geese). Similar to the Block MDP, we assume there exists468

unknowndecoders� ? : X ! S and� ?
� : X ! � that can map an observation to the current agent469

states and exogenous� respectively.470

Provable RL. We assume access to a policy class� = f � : X ! Ag where a policy� 2 � allows the471

agent to take actions. For a given policy� , we useE� [�] to denote expectation taken over an episode472

generated by sampling actions from� . We de�ne the value of a policyV (� ) = E�

hP H
h=1 r h

i
473

as the expected total reward or expected return. Our goal is to learn a near-optimal policy�̂ , i.e.,474

sup� 2 � V(� ) � V (�̂ ) � � with probability at least1 � � for a given tolerance parameter� > 0475

and failure probability� 2 (0; 1), using number of episodes that scale polynomially in1=� , 1=� , and476

other relevant quantities. We will call such an algorithm as provably ef�cient. There exist several477

provably ef�cient RL approaches for solving Block MDPs [Mhammedi et al., 2023, Misra et al.,478

2020], and Ex-Block MDPs [Efroni et al., 2022]. These approaches typically assume access to a479

decoder class� = f � : X ! [N ]g and attempt to learn� ? using it. These algorithms don't use480

any pre-training and instead directly interact with the environment and learn a near-optimal policy481

by using samples that scale withpoly (S; A; H; lnj� j; 1=� ; 1=� ). Crucially, the dependence onlnj� j482

cannot be removed. The decoder class� and all other function classes in this work are assumed to483
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have bounded statistical complexity measures. For simplicity, we will assume that these function484

classes are �nite and derive guarantees that scale logarithmically in their size (e.g.,lnj� j).1485

Representation Pre-training using Videos.RL algorithms for the above settings require online486

episodes that scale withlnj� j which is expensive for real-world problems where� is represented by a487

complex neural network. Of�ine RL approaches Uehara et al. [2021] offer a substitute for expensive488

online interactions but require access to labeled episodes (with actions and rewards) that are not489

naturally available in many settings such as games and software. In contrast, we focus on pre-training490

the decoder� using video data which is naturally available in these settings.491

Problem Statement.We are given two hyperparameters� > 0 and� 2 (0; 1) and a suf�ciently large492

dataset of videos. We are also given a decoder class� = f � : X ! [N ]g containing decoders that493

map an observation to one of theN possibleabstract states. During the pre-training phase, we learn494

a decoder� 2 � using the video data. We then freeze� and use it to do RL in a downstream task.495

Instead of using any particular choice of algorithm for RL, we assume we are given a provably ef�cient496

tabular RL algorithmA . We convert the observation-based RL problem to a tabular MDP problem by497

converting an observationx to its abstract state representation� (x) using the frozen learned decoder498

� . The algorithmA uses� (x) instead ofx and outputs anabstract policy' : [N ] ! A . We want499

thatsup� 2 � V(� ) � V (' � � ) � � with probability at least1 � � , where' � � : x 7! ' (� (x)) is500

our learned policy. We also require the number of online episodes in the downstream RL phase to501

not scale with the size of the decoder class� . This allows us to minimize expensive online episodes502

while using naturally available of�ine video data for pre-training.503

B Additional Related Work504

Representation Learning for Reinforcement Learning A line of research on recurrent state space505

models is essentially concerned with the next-frame approach, although typically with conditioning on506

actions. Moreover, to model uncertainty in the observations, a latent variable with a posterior depend-507

ing on the current observation (or even a sequence of future observations) is typically introduced. [Ke508

et al., 2019] considered learning such a sequential prediction model which predicts observations and509

conditions on actions. They used a latent variable with a posterior depending on future observations510

to model uncertainty. These representations were used for model-predictive control and improved511

imitation learning. Dreamer [Hafner et al., 2019, 2023] uses the next-frame objective but also condi-512

tions on actions. The IRIS algorithm [Micheli et al., 2023] uses the next-frame objective but uses the513

transformer architecture, again conditioning on actions. The InfoPower approach [Bharadhwaj et al.,514

2022] combines a one-step inverse model with a temporal contrastive objective. Sobal et al. [2022]515

explored using semi-supervised objectives for learning representations in RL, yet used action-labeled516

data. Wang et al. [2022] used a decoupled recurrent neural network approach to learn to extract517

endogenous states, but relied on action-labeled data to achieve the factorization. Deep Bisimulation518

for Control [Zhang et al., 2020] introduced an objective to encourage observations with similar value519

functions to map to similar representations.520

Self-prediction methods such as BYOL-explore [Guo et al., 2022] proposed learning reward-free521

representations for exploration, but depended on open-loop prediction of future states conditioned on522

actions . An analysis paper studied a simpli�ed action-free version of the self-prediction objective523

[Tang et al., 2023] and showed results in the absence of using actions, although this has not been524

instantiated empirically to our knowledge.525

A further line of work from theoretical reinforcemnt learning has examined provably ef�cient526

objectives for discovering representations. Efroni et al. [2022] explored representation learning in527

the presence of exogenous noise, establishing a sample ef�cient algorithm. However Efroni et al.528

[2022] and the closely related work on �ltering exogenous noise required actions [Lamb et al., 2022,529

Islam et al., 2022]. Other theoretical work on learning representations for RL has required access to530

action-labeled data [Misra et al., 2020].531

Representation Learning from Videos Self-supervised representation learning from videos has532

a long history. Srivastava et al. [2015] used recurrent neural networks with a pixel prediction533

objective on future frames. Parthasarathy et al. [2022] explored temporal contrastive objectives for534

self-supervised learning from videos. They also found that the features learned well aligned with535

1Our theoretical analyses can be extended to other complexity metrics such as Rademacher complexity.
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human perceptual priors, despite the model not being explicitly trained to achieve such alignment.536

Aubret et al. [2023] applied temporal contrastive learning to videos of objects being manipulated in a537

3D space, showing that this outperformed standard augmentations used in computer vision.538

Using Video Data for Reinforcement Learning The VIPER method [Escontrela et al., 2023] uses539

a pre-trained autoregressive generative model over action-free expert videos as a reward signal for540

training an imitation learning agent. The Video Pre-training (VPT) algorithm [Baker et al., 2022]541

trained an inverse kinematics model on a small dataset of Minecraft videos and used the model542

to label a large set of unlabeled Minecraft videos from the internet. This larger dataset was then543

used for imitation learning and reinforcement learning for downstream tasks. Zhao et al. [2022]544

explicitly studied the challenges in using videos for representation learning in RL, identifying �ve545

key factors: task mismatch, camera con�guration, visual feature shift, sub-optimal behaviors in the546

data, and robot morphology. Goo and Niekum [2019] learn reward functions for multi-step tasks547

from videos by leveraging a single video segmented with action labels (one-shot learning). Sikchi548

et al. [2022] propose a two-player ranking game between a policy and a reward function to satisfy549

pairwise performance rankings between behaviors. Their proposed method achieves state-of-the-art550

sample ef�ciency and can solve previously unsolvable tasks in the learning from observation (no551

actions) setting.552

Recently some approaches have also considered recoveringlatent actionsfrom video data using an553

encoder-decoder approach [Ye et al., 2022]. In general, the lower bound in Theorem 2 applies to these554

methods and they do not provably work in the hard instances with exogenous noise. For example,555

the latent actions can captureexogenous noiseinstead of actions, if the former is more predictive of556

changes in the observations. However, in simpler cases such as 3D games, where the agent's action is557

typically most predictive of changes in observations, or in settings with no exogenous noise, one can558

expect these approaches to do well.559

C Proofs of Theoretical Statements560

We state our setting and general assumptions before presenting method speci�c results. We also561

include a table of notations in Table 1.

Notation Description

[N ] Denotes the setf 1; 2; � � � ; N g
�( U) Denotes the set of all distributions over a setU
Unf(U) Uniform distribution overU
supp(P) Support of a distributionP 2 �( U), i.e., supp(P) = f x 2 U j P(x) > 0g.
X Observation space
S Latent endogenous state
A Action space
T : S ! A ! �( S) Transition dynamics
R : S � A ! [0; 1] Reward function
� Start state distribution
H Horizon indicating the maximum number of actions per episode
� ? : X ! S Endogenous state decoder

Table 1: Description for mathematical notations.

562

We are given a datasetD =
n

(x ( i )
1 ; x ( i )

2 ; � � � ; x ( i )
H )

on

i =1
of n independent and identically distributed563

(iid) unlabeled episodes. We will use the word video and unlabeled episodes interchangeably. We564

assume the underlying data distribution isD . We denote the probability of an unlabeled episode as565

D(x1; x2; � � � ; xH ). We assume thatD is generated by a mixture of Markovian policies� D , i.e., the566

generative procedure forD is to sample a policy� 2 � D with probability � � and then generate567

an entire episode using it. For this reason, we will denoteD = � � � D where� is the mixture568

distribution. We assumeno direct knowledgeabout either� D or � , other than that the set of policies569

in � D are Markovian. We de�ne theunderlyingdistribution over the action-labeled episode as570
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D(x1; a1; x2; � � � ; xH ; aH ), of which the agentonly gets to observe the(x1; x2; � � � ; xH ). We will571

use the notationD to refer to any distribution that is derived from the above joint distribution.572

We assume that observations encode time steps. This can be trivially accomplished by simply573

concatenating the time step information to the observation. This also implies that observations from574

different time steps are different. Because of this property, we can assume that the Markovian policies575

used to realizeD were time homogenous, i.e., they only depend on observation and not observation576

and timestep pair (this is because we include timesteps in the observation). Therefore, for allh 2 [H ]577

andk 2 N we have:578

D(xh+ k = x0 j xh = x) = D(xk+1 = x0 j x1 = x) (4)

We denoteD(xh ) to de�ne the marginal distribution over an observationxh , andD(xh ; xh+ k ) to579

denote the marginal distribution over a pair of observations(xh ; xh+ k ) in the episode. We similarly580

de�ne D(xh ; ah ) as the distribution over observation action pairs(xh ; ah ).581

We assume that the video data has good coverage. This is stated formally below:582

Assumption 4(State Coverage byD). Given our policy class� , there exists an� min > 0 such thatif583

sup� 2 � P� (sh = s) > 0 for somes 2 S, then we assumeD (� ?(xh ) = s) � � min.584

In practice, Assumption 4 can be satis�ed since videos are more easily available than labeled episodes585

and we can hope that a large diverse collection of videos can provide reasonable coverage over the586

underlying state action space. E.g., for tasks like gaming, one can use hours of streaming data from587

many users.588

Further, we also assume that the data policy depends only on the endogenous state. Recall that for an589

observationx 2 X , its endogenous state is given by� ?(x) 2 S.590

Assumption 5(Noise-Free Video Distribution). For anyh, � 2 � D , xh 2 suppP� anda 2 A , we591

have592

� (a j xh ) = � (a j � ?(xh )) :

Justi�cation of Noise-Free Policy. Typically, video data is created by humans. E.g., a human may593

be playing a game and the video data is collected by recording the user's screen. A user is unlikely to594

take actions relying on iid or exogenous noise in the observation process. Therefore, the collected595

data can be expected to obey the noise-free assumption.596

Multi-step transition. We choose to analyze a multi-step variant of standard temporal contrastive597

and forward modeling algorithms that train on a dataset of pairs of observations(x; x 0) that can be598

variable time steps apart. As our proof will show, this gives the algorithms more expressibility and599

allows them to learn correct representations for some problems that their single-step variants (i.e., the600

observations are adjacent) or �xed time-step variants (i.e., the observations are �xed time steps apart)601

cannot solve. We will use the variablek to denote the time steps by which these observations differ.602

Formally, we will call(x; k; x 0) as a multi-step transition wherex was observed at some time steph,603

andx0 was observed ath + k. For the single-step variant of the algorithms, we havek = 1 . For the604

�xed multi-step variant, we havek > 1 butk is �xed. Finally, in the general multi-step variant, we605

will assume thatk is picked from Unf([K ]) whereK is a �xed upper bound.606

Extending episode toH + K . When usingk > 1, we may want to collect a multi-step transition607

(x; k; x 0) wherex = xH to allow learning state representation for time stepH . However, at this point,608

we don't have time steps left to observexH + k . We alleviate this by assuming that we can allow an609

episode to run tillH + K if necessary. In practice, this is not a problem where the algorithm sets the610

horizon and not the environment. However, if we cannot go pastH , then we can instead assume that611

all states are reachable by the time stepH � K and so their state representation can be learned when612

x is selected atxH � K . In our analysis ahead, we make the former setting that the episodes can be613

extended toH + K , but it can be easily rephrased to work with the other setting.614

For both the forward model and the temporal contrastive approach, we assume access to a dataset615

Dfor =
�
(x ( i ) ; k( i ) ; x0( i ) )

� n

i =1 of pairs of observations. We de�ne a few different distributions that616

can be used to generate this set. For a givenk 2 [K ], we de�ne a distributionD k overk-step separate617
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observations as:618

D k (X = x; X 0 = x0) =
1
H

HX

h=1

D(xh = x; x h+ k = x0) (5)

We can sample(x; k; x 0) � D k (X; X 0) by sampling an episode(x1; x2; � � � ; xH ) � D , and then619

sampling ah � Unf([H ]), and choosingx = xh andx0 = xh+ k .620

We also de�ne a distributionDunf where we also samplek uniformly over available choices:621

Dunf (X = x; k; X 0 = x0) =
1
K

D k (xh = x; x h+ k = x0) (6)

We can sample(x; k; x 0) � Dunf(X; X 0) by sampling an episode(x1; x2; � � � ; xH ) � D , and then622

samplingh 2 [H ], and samplingk 2 [K ], and choosing(xh ; xh+ k ) as the selected pair.623

We de�ne a useful notation� 2 �( X ) as:624

� (X = x) =
1
H

HX

h=1

D(xh = x): (7)

The distribution� (X ) is a good distribution to sample from as it covers states across all time steps.625

Finally, because of Assumption 4, we have the following:626

8s 2 S; � (s) �
� min

H
(8)

This is because we assume every states 2 S, is visited at some time stept, and so we have627

D(st = s) � � min, and� (s) = 1
H

P H
h=1 D(sh = s) � 1

H D(st = s) �
� min

H .628

It can be easily veri�ed that for bothD k (X; X 0) andDunf(X; X 0), their marginals overX is given629

by � (X ). Both D k andDunf satisfy the noise-free property. We prove this using the next two630

Lemma.s631

Lemma 1 (Property of Noise-Free policy). Let � be a policy such that for anyx 2 X , we have632

� (a j x) = � (a j � ?(x)) . Then for anyh 2 [H ] andk 2 [K ] we haveP� (xh+ k = x0 j xh = x) only633

depend on� ?(x) and this common value is de�ned byP� (xh+ k j sh = � ?(x)) .634

Proof. The proof is by induction onk. Fork = 1 we have:635

P� (xh+1 = x0 j xh = x) =
X

a2A

T(x0 j x; a)� (a j xh = x) =
X

a2A

T(x0 j � ?(x); a)� (a j xh = � ?(x)) ;

and as the right hand side only depends on� ?(x), the base case is proven. For the general case, we636

have:637

P� (xh+ k = x0 j xh = x) =
X

~x 2X

P� (xh+ k = x0; xh+ k � 1 = ~x j xh = x)

=
X

~x 2X

P� (xh+ k = x0 j xh+ k � 1 = ~x)P� (xh+ k � 1 = ~x j xh = x)

=
X

~x 2X

P� (xh+ k = x0 j xh+ k � 1 = ~x)P� (xh+ k � 1 = ~x j xh = � ?(x)) ;

where the second step uses the fact that� is Markovian and the last step uses the inductive case for638

k � 1.639

Lemma 2(Distribution over Pairs). Let k 2 [K ], x 2 supp� (X ), then the distributionD k (X 0 j x)640

only depends on� ?(x). This allows us to de�neD k (X 0 j � ?(x)) as this common value. Similarly,641

the distributionDunf(X
0 j x; k ) depends only on� ?(x) andk. We de�ne this common value as642

Dunf(X
0 j � ?(x); k).643
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Proof. For anyk we have:644

D k (X = x; X 0 = x0) =
1
H

HX

h=1

D(xh = x; x h+ k = x0)

=
1
H

HX

h=1

X

� 2 � D

� � P� (xh = x; x h+ k = x0)

=
1
H

HX

h=1

X

� 2 � D

� � P� (xh = x)P(xh+ k = x0 j xh = x)

=
1
H

HX

h=1

X

� 2 � D

� � P� (xh = x)P� (xh+ k = x0 j sh = � ?(x)) ; (using Lemma 1)

=
q(x j � ?(x))

H

HX

h=1

X

� 2 � D

� � P� (sh = � ?(x))P� (xh+ k = x0 j sh = � ?(x))

The marginalD k (X = x) is given by:645

D k (X = x) =
1
H

HX

h=1

X

� 2 � D

� � q(x j � ?(x))P� (sh = � ?(x)) =
q(x j � ?(x))

H

HX

h=1

D k (sh = � ?(x)) :

The conditionalD k (X 0 = x0 j X = x) is given by:646

D k (X 0 = x0 j X = x) =
D k (X = x; X 0 = x0)

D k (x)

=

P H
h=1

P
� 2 � D

� � P� (sh = � ?(x))P� (xh+ k = x0 j sh = � ?(x))
P H

h=1 D k (sh = � ?(x))

Therefore, the conditionalD k (X 0 = x0 j X = x only depends on� ?(x), and we de�ne this common647

value asD k (X 0 = x0 j s = � ?(x)) .648

The proof forDunf is similar. We can use the property ofD k that we have proven to get:649

Dunf(X
0 = x0 j X = x; k ) =

Dunf(X = x; k; X 0 = x0)
P

~x 2X Dunf(X = x; k; X 0 = ~x)

=
D k (X = x; X 0 = x0)

P
~x 2X D k (X = x; X 0 = ~x)

=
D k (X 0 = x0 j X = x)

P
~x 2X D k (X 0 = ~x j X = x)

=
D k (X 0 = x0 j X = � ?(x))

P
~x 2X D k (X 0 = ~x j X = � ?(x))

:

Therefore,Dunf(X
0 = x0 j X = x; k ) only depends on� ?(x). We will de�ne the common values as650

Dunf(X
0 = x0 j s = � ?(x); k).651

Lemma 2 allows us to de�neD k (x0 j � ?(x)) andDunf(x
0 j � ?(x); k), as the distribution only652

depends on the latent state.653

C.1 Upper Bound for the Forward Model Baseline654

Let Dfor = f (x ( i ) ; k( i ) ; x0( i ) )gn
i =1 be a pair of iid multi-step observations. We will collect this655

dataset in one of three ways:656

1. Single step(k = 1) , in this case we will sample(x ( i ) ; x0( i ) ) � D k (X; X 0). As explained657

before, we can get this sample using the episode data. We save(x ( i ) ; k; x0( i ) ) as our sample.658
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2. Fixed multi-step. We use a �xedk > 1, and sample(x ( i ) ; x0( i ) ) � D k (X; X 0). We save659

(x ( i ) ; k; x0( i ) ) as our sample.660

3. Variable multi-step. We sample(x; k; x 0) � Dunf(X; k; X 0) and use it as our sample.661

We will abstract these three choices using a general notion ofDpr 2 �( X � [K ] � X ). In the662

�rst two cases, we assume we have point-mass distribution overk and given thisk, we sample663

from D k (X; X 0). We will assume(x ( i ) ; k( i ) ; x0( i ) ) � Dpr . We can createDfor from the dataset664

D of n episodes sampled fromD using the sampling procedures explained earlier. Note that as665

marginals over bothD k (X ) andDunf(X ) is � (X ), therefore, the marginals overDpr (X ) is also666

� (X ). Additionally, we will de�ne Dpr (k) as the marginal overk which is either point-mass in the667

�rst two sampling procedures and Unf([K ]) in the third procedure.668

We assume access to two function classes. The �rst is a decoder class� N : X ! [N ] whereN is a669

given number that satis�esN � jSj . The second is a conditional probability classF : [N ] � [K ] !670

�( X ).671

Assumption 6. (Realizability of� andF ) We assume that there exists� � 2 � N andf � 2 F such672

that f � (x0 j � � (x); k) = Dpr (x0 j x; k ) = Dpr (x0 j � ?(x); k) for all (x; k ) � Dpr (�; �).673

This assumption �rstly is non-vacuous asDpr (x0 j x) = Dpr (x0 j � ?(x)) , and therefore, we can674

apply a bottleneck function� and still assume realizability. For example, we can assume that~� is the675

same as� ? up to the relabeling of its output, and~f (x0 j i ) = Dpr (x0 j s).676

Let f̂ ; �̂ be the empirical solution to the following maximum likelihood problem.677

f̂ ; �̂ = arg max
f 2F ;� 2 � N

1
n

nX

i =1

ln f
�

x0( i ) j � (x ( i ) ); k( i )
�

(9)

Note that whenk is �xed (we sample fromD k ), then information theoretically there is no advantage678

of condition onk and it can be dropped from optimization.679

As we are in a realizable setting (Assumption 6), we can use standard maximum likelihood guarantees680

to get the following result.681

Proposition 3 (Generalization Bound). Fix � 2 (0; 1), then with probability at least1 � � , we have:682

E(x;k ) � D pr

� 




 Dpr (X 0 j x; k ) � f̂ (X 0 j �̂ (x); k)








2

TV

�
� � 2(n; � );

where� 2(n; � ) = 2
n ln

�
j � j�jF j

�

�
.683

For proof see Chapter 7 of Geer [2000].684

Finally, we assume that the forward modeling objective is expressive to allow the separation of states.685

While, this seems like assuming that the objective works, our goal is to establish a formal notion of686

the margin so we can verify it later in different settings to see when it holds.687

Assumption 7. (Forward Modeling Margin). We assume there exists a� for 2 (0; 1) such that:688

inf
s1 ;s2 2S ;s1 6= s2

Ek � D pr

�
kDpr (X 0 j s1; k) � Dpr (X 0 j s2; k)kTV

�
� � for

Note that this de�nes two types of margin depending onDpr . Whenk is a �xed value, the margin is689

given by:690

� (k )

for = inf
s1 ;s2 2S ;s1 6= s2

kDpr (X 0 j s1; k) � Dpr (X 0 j s2; k)kTV :

When we samplek � Unf([K ]) then the margin is given by:691

� (u )

for = inf
s1 ;s2 2S ;s1 6= s2

1
K

KX

k=1

kDpr (X 0 j s1; k) � Dpr (X 0 j s2; k)kTV :

We will use the abstract notion� for for forward margin which will be equal to� (k )

for or � (u )

for depending692

on our sampling procedure. It is easy to see that� (u )

for = 1
K

P K
k=1 � (k )

for.693

We are now ready to state our �rst main result.694
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Proposition 4 (Recovering Endogenous State.). Fix � 2 (0; 1), then with probability at least1 � �695

we learn�̂ that satis�es:696

Px 1 ;x 2 � �

�
� ?(x1) 6= � ?(x2) ^ �̂ (x1) = �̂ (x2)

�
�

2�( n; � )
� for

:

Proof. We start with a coupling argument where we samplex1; x2 independently fromDpr (X )697

which is the same as� (X ).698

Ex 1 ;x 2 � D pr ;k � D pr

h
1

n
�̂ (x1) = �̂ (x2)

o
kDpr (X 0 j x1; k) � Dpr (X 0 j x2; k)kTV

i

� Ex 1 ;x 2 � D pr ;k � D pr

h
1

n
�̂ (x1) = �̂ (x2)

o 




 f̂ (X 0 j �̂ (x1); k) � Dpr (X 0 j x1; k)







TV

i

+ Ex 1 ;x 2 � D pr ;k � D pr

h
1

n
�̂ (x1) = �̂ (x2)

o 




 f̂ (X 0 j �̂ (x1); k) � Dpr (X 0 j x2; k)







TV

i

We bound these two terms separately699

Ex 1 ;x 2 � D pr ;k � D pr

h
1

n
�̂ (x1) = �̂ (x2)

o 




 f̂ (X 0 j �̂ (x1); k) � Dpr (X 0 j x1; k))







TV

i

�

r

Ex 1 ;x 2 � D pr ;k � D pr

h
1

n
�̂ (x1) = �̂ (x2)

oi
�

s

Ex 1 ;x 2 � D pr ;k � D pr

� 




 f̂ (X 0 j �̂ (x1); k) � Dpr (X 0 j x1; k))








2

TV

�

=

r

Ex 1 ;x 2 � D pr

h
1

n
�̂ (x1) = �̂ (x2)

oi
�

s

E(x;k ) � D pr

� 




 f̂ (X 0 j �̂ (x) � Dpr (X 0 j x))








2

TV

�

� b� � ;

whereb =

r

Ex 1 ;x 2 � D pr

h
1

n
�̂ (x1) = �̂ (x2)

oi
and the second step uses Cauchy-Schwarz inequal-700

ity. It is straightforward to verify thatb 2 [0; 1]. We bound the second term similarly701

Ex 1 ;x 2 � D pr ;k � D pr

h
1

n
�̂ (x1) = �̂ (x2)

o 




 f̂ (X 0 j �̂ (x1); k) � Dpr (X 0 j x2; k)







TV

i

= Ex 1 ;x 2 � D pr

h
1

n
�̂ (x1) = �̂ (x2)

o 




 f̂ (X 0 j �̂ (x2); k) � Dpr (X 0 j x2; k)







TV

i

� b� � ;

where the second step uses the crucial coupling argument that we can replacex1 with x2 because of702

the indicator1
n

�̂ (x1) = �̂ (x2)
o

, and the last step follows as we reduce it to the �rst term except703

we switch the names ofx1 andx2. Combining the two upper bounds we get:704

Ex 1 ;x 2 � D pr ;k � D pr

h
1

n
�̂ (x1) = �̂ (x2)

o
kDpr (X 0 j x1; k) � Dpr (X 0 j x2; k)kTV

i
� 2b� �

or, equivalently,705

Ex 1 ;x 2 � D pr

2

6
41

n
�̂ (x1) = �̂ (x2)

o
Ek � D pr

�
kDpr (X 0 j x1; k) � Dpr (X 0 j x2; k)kTV

�

| {z }
:=�( x 1 ;x 2 )

3

7
5 � 2b� �

Let �( x1; x2) = Ek � D pr

�
kDpr (X 0 j x1; k) � Dpr (X 0 j x2; k)kTV

�
. For any two observations, if706

� ?(x1) = � ?(x2), thenkDpr (X 0 j x1) � Dpr (X 0 j x2)kTV = 0 , and therefore,�( x1; x2) = 0707

because of Lemma 2. Otherwise,�( x1; x2) is at least� for, by Assumption 6. Combining these two708

observations we get:709

�( x1; x2) � � for1f � ?(x1) 6= � ?(x2)g

Combining the previous two inequalities we get:710

Ex 1 ;x 2 � D pr

h
1

n
�̂ (x1) = �̂ (x2) ^ � ?(x1) 6= � ?(x2)

oi
�

2b� �
� for
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This directly gives711

Px 1 ;x 2 � D pr

�
�̂ (x1) = �̂ (x2) ^ � ?(x1) 6= � ?(x2)

�
�

2b�
� for

�
2�
� for

:

The proof is completed by recalling that marginalDpr (X ) is the same as� (X ).712

Proposition 4 shows that the learned�̂ has one-sided error. If it merges two observations, then with713

high probability they are not from the same state. AsN = jSj, we will show below that the reverse is714

also true.715

Theorem 5. If N = jSj, then there exists a bijection� : [N ] ! S such that for anys 2 S we have:716

Px � q( �j s)

�
�̂ (x) = � (s) j � ?(x) = s

�
� 1 �

4N 3H 2�
� 2
min� for

;

provided� <
� 2

min� for
N 2 H 2 .717

Proof. We de�ne a few shorthand below for anyj 2 [N ] and~s 2 S718

P(j; ~s) = Px � �

�
�̂ (x) = j ^ � ?(x) = ~s

�

� (j ) = Px � �

�
�̂ (x) = j

�

� (~s) = Px � � (� ?(x) = ~s) :

It is easy to verify thatP(j; ~s) is a joint distribution with� (j ) and� (~s) as its marginals.719

Fix i 2 [N ] ands 2 S.720

Px 1 ;x 2 � �

�
�̂ (x1) = �̂ (x2) ^ � ?(x1) 6= � ?(x2)

�

= Px 1 ;x 2 � �

�
[ ~s2S ;j 2 [N ]

n
�̂ (x1) = j ^ �̂ (x2) = j ^ � ?(x1) = ~s ^ � ?(x2) 6= ~s

o�

� Px 1 ;x 2 � �

�
�̂ (x1) = i ^ �̂ (x2) = i ^ � ?(x1) = s ^ � ?(x2) 6= s

�

= Px 1 � �

�
�̂ (x1) = i ^ � ?(x1) = s

�
Px 2 � �

�
�̂ (x2) = i ^ � ?(x2) 6= s

�

= Px � �

�
�̂ (x) = i ^ � ?(x) = s

�
 

X

s02S

Px � �

�
�̂ (x) = i ^ � ?(x) = s0

�
� Px � � (�̂ (x) = i ^ � ?(x) = s)

!

= P(i; s)

 
X

s02S

P(i; s0) � P(i; s)

!

= P(i; s) ( � (i ) � P(i; s)) :

Combining this with Proposition 4, we get:721

8i 2 [N ]; s 2 S; P(i; s) ( � (i ) � P(i; s)) � � 0 :=
2�
� for

where we have used a shorthand� 0 = 2� =� for. We de�ne a mapping� : S ! [N ] where for any722

s 2 S:723

� (s) = arg max
j 2 [N ]

P(j; s ) (10)

We immediately have:724

P(� (s); s) = max
j 2 [N ]

P(j; s ) �
1
N

NX

j =1

P(j; s ) =
1
N

� (s) �
� min
NH

; (11)
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where we use the fact that max is greater than average in the �rst inequality, and Equation 8. Further,725

for everys 2 S, we have:726

P(� (s); s) ( � (� (s)) � P(� (s); s)) � � 0:

Plugging the lower boundP(� (s); s) �
� min
NH , we get:727

P(� (s); s) � � (� (s)) �
NH � 0

� min
: (12)

We now show that if� 0 <
� 2

min
2N 2 H 2 , then� (s) is a bijection. Lets1 ands2 be such that� (s1) =728

� (s2) = i . Then using the above Equation 12 we getP(i; s1) � � (i ) � NH � 0

� min
andP(i; s2) �729

� (i ) � NH � 0

� min
. We have:730

� (i ) =
X

~s2S

P(i; ~s) � P(i; s1) + P(i; s2) � 2� (i ) �
2NH � 0

� min

This implies2N � 0

� min
� � (i ) but as� (i ) = � (� (s1)) � P(� (s1); s1) �

� min
NH (Equation 11), we get731

2NH � 0

� min
�

� min
NH or � 0 �

� 2

min
2N 2 H 2 . However, as we assume that� 0 <

� 2

min
2N 2 H 2 , therefore, this is a732

contradiction. This implies� (s1) 6= � (s2) for any two different statess1 ands2. Since we assume733

jN j= jSj, this implies� is a bijection.734

Fix s 2 S and leti 6= � (s). As � is a bijection, let~s = � � 1(i ), we can show thatP(i; s) is small:735

P(i; s) � � (i ) � P(i; ~s) = � (� (~s)) � P(� (~s); ~s) �
NH � 0

� min
(13)

where we uses 6= ~s and Equation 12.736

This allows us to show thatP(� (s) j s) is high as follows:737

P(� (s) j s) =
P(� (s); s)

� (s)
=

P(� (s); s)

P(� (s); s) +
P N

i =1 ;i 6= � (s) P(i; s)

�
P(� (s); s)

� (� (s)) + N 2 H � 0

� min

;

�
� (� (s)) � NH � 0

� min
� (� (s)) + N 2 H � 0

� min

= 1 �

�
N 2 H � 0

� min
+ NH � 0

� min

�

� (� (s)) + N 2 H � 0

� min

� 1 �
2N 2H 2� 0

� min� (� (s))

� 1 �
2N 3H 2� 0

� 2
min

;

where the �rst inequality uses Equation 13 and� (� (s)) � P(� (s); s), second inequality uses738

Equation 12, and the last step uses� (� (s)) � P(� (s); s) �
� min
NH .739

The proof is completed by noting that:740

Px � q( �j s)

�
�̂ (x) = � (s)

�
= Px � �

�
�̂ (x) = � (s) j � ?(x) = s

�
= P(� (s) j s):

741
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Let A be a PAC RL algorithm for tabular MDPs. We assume that this algorithm's sample complexity742

is given bynsamp(S; A; H; �; � ) whereS andA are the size of the state space and action space of743

the tabular MDP,H is the horizon, and(�; � ) are the typical PAC RL hyperparameters denoting744

tolerance and failure probability. Formally, the algorithmA interacts with a tabular MDPM for745

nsamp(S; A; H; �; � ) episodes and outputs a policŷ' : S � [H ] ! A such that with probability at746

least1 � � we have:747

sup
' 2 	 all

VM (' ) � VM ('̂ ) � �;

where	 all is the space of all policies of the typeS � [H ] ! A .748

We assume that we are given knowledge of the desired(�; � ) hyperparameters in the downstream RL749

task during the representation pre-training phase so we can use the right amount of data.750

Induced Finite MDP. The latent MDP inside a block MDP is a tabular MDP with state spaceS,751

action spaceA, horizonH , transition dynamicsT, reward functionR, and a start state distribution752

of � . If we directly had access to this latent MDP, say via the true decoding function� ?, then we753

can apply the algorithmA and learn the optimal latent policy' ? which we can couple with� ?
754

and learn the optimal observation-based policy. Formally, we write this observation-based policy as755

' � � ? : X � [H ] ! A given by' (� ?(x); h). We dont have access to� ?, but we have access to756

�̂ that with high probability for a givenx outputs a state which is same as� ?(x) up to the learned757

� -bijection. We, therefore, de�ne the induced MDPM as the �nite MDP with state spacebS, action758

spaceA, transition functionbT, reward functionbR and start state distributionb� . These same as the759

latent Block MDP but where the true states is replaced by� (s). It is this inducedM that the tabular760

MDP algorithmA will see with high probability.761

Proposition 6 (PAC RL Bound). Let A be a PAC RL algorithm for tabular MDPs andnsampis its762

sample complexity. Let̂� : X ! [N ] be a decoder pre-trained using video data and� : S ! [N ] is763

a bijection such that:764

8s 2 S; Px � q( �j s)

�
�̂ (x) = � (s)

�
� 1 � #;

then let'̂ be the policy returned byA on the tabular MDP induced bŷ� (x). Then we have with765

probability at least1 � � � nsamp(S; A; H; �; � )H# :766

sup
� 2 �

V(� ) � V (' � �̂ ) � � + 2H 2#

Proof. The algorithm runs fornsamp(S; A; H; �; � ) episodes. This implies the agent visits767

nsamp(S; A; H; �; � )H many latent states. If the decoder maps every such states to the correct768

permutation� (s), then the tabular MDP algorithm is running as if it ran on the induced MDPM. The769

probability of failure is bounded bynsamp(S; A; H; �; � )H# as all these failures are independent770

given the state. Further, the failure probability of the tabular MDP algorithm itself is� . This leads to771

the total failure probability of� + nsamp(S; A; H; �; � )H# .772

Let � be the set of observation-based policies we are competing with and which includes the optimal773

observation-based policy� ?. We can writesup� 2 � V(� ) = VM (' ?) where we use the subscriptM774

to denote that the latent policy is running in the induced MDPM. Further, for any latent policy' we775

haveV(' � � � � ?) = VM (' ) as the decoder� � � ? : x 7! � (� ?(x)) give me access to the true state776

of the induced MDPM. Then with probability at least1 � � , we have:777

VM (' ?) � VM ('̂ ) � �

This allows us to bound the sub-optimality of the learned observation-based policy'̂ � �̂ as:778

sup
� 2 �

V(� ) � V ('̂ � �̂ ) = V (' ? � � � � ?) � V ('̂ � � � � ?) + V ('̂ � � � � ?) � V ('̂ � �̂ )

= VM (' ?) � VM ('̂ ) + V ('̂ � � � � ?) � V ('̂ � �̂ )

� � + V ('̂ � � � � ?) � V ('̂ � �̂ )

Here we usê' � � � � ? to denote an observation-based policy that takes action as'̂ (� (� ?(x)) ; h).779
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We boundV('̂ � � � � ?) � V ('̂ � �̂ ) below. LetEh = f �̂ (xh ) = � (� ?(xh ))g andE = \ H
h=1 Eh be780

two events. We haveP(Eh ) � 1 � #. Further, using union bound we haveP(Ec) = P([ H
h=1 Ec

h ) �781
P H

h=1 P(Ec
h ) � H# .782

We �rst prove an upper bound onV('̂ � � � � ?):783

V('̂ � � � � ?) = E ^' � � � � ?

"
HX

h=1

r h

#

= E ^' � � � � ?

"
HX

h=1

r h j E

#

P^' � � � � ? (E) + E ^' � � � � ?

"
HX

h=1

r h j Ec

#

P^' � � � � ? (Ec)

� E ^' � � � � ?

"
HX

h=1

r h j E

#

+ H 2#

= E ^' � �̂

"
HX

h=1

r h j E

#

+ H 2#

Here we have used the fact that value of any policy is in[0; H ] since the horizon isH and the rewards784

are in[0; 1].785

We next prove a lower bound onV('̂ � �̂ ):786

V('̂ � �̂ ) = E ^' � �̂

"
HX

h=1

r h

#

= E ^' � �̂

"
HX

h=1

r h j E

#

P^' � �̂ (E) + E ^' � �̂

"
HX

h=1

r h j Ec

#

P^' � �̂ (Ec)

� E ^' � �̂

"
HX

h=1

r h j E

#

P^' � �̂ (E)

� E ^' � �̂

"
HX

h=1

r h j E

#

� E ^' � �̂

"
HX

h=1

r h j E

#

H#

� E ^' � �̂

"
HX

h=1

r h j E

#

� H 2#

Combining the two upper bounds we get:787

V('̂ � � � � ?) � V ('̂ � �̂ ) � E ^' � �̂

"
HX

h=1

r h j E

#

+ H 2# � E ^' � �̂

"
HX

h=1

r h j E

#

+ H 2# � 2H 2#

Therefore, with probability at least1 � � � nsamp(S; A; H; �; � )H# , learn a policy'̂ � �̂ such that:788

sup
� 2 �

V(� ) � V ('̂ � �̂ ) � � + 2H 2#:

789

Theorem 7(Wrapping up the proof.). Fix � � > 0 and� � 2 (0; 1) and letA be any PAC RL algorithm790

for tabular MDPs with sample complexitynsamp(S; A; H; �; � ). If n satis�es:791

n = O

 (
N 4H 4

� 4
min� 2

for
+

N 6H 8

� 2
� � 4

min� 2
for

+
N 6H 6n2

samp(S; A; H; � � =2; � � =4)

� 2
� � 4

min� 2
for

)

ln
�

jFjj � j
� �

� !

;

then forward modeling learns a decoder�̂ : X ! N . Further, runningA on the tabular MDP with792

induced by�̂ with hyperparameters� = � � =2, � = � � =4, returns a latent policŷ' . Then there exists793
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a bijective mapping� : S ! [jSj] such that with probability at least1 � � we have:794

8s 2 S; Px � q( �j s)

�
�̂ (x) = � (s) j � ?(x) = s

�
� 1 �

4N 3H 2�
� 2
min� for

;

and795

V(� ?) � V ('̂ � �̂ ) � � �

Further, the amount of online interactions in the downstream RL is given by796

nsamp(S; A; H; � � =2; � � =4) and doesn't scale withlnj� j.797

Proof. We showed in Theorem 5 that we learn a�̂ such that:798

Px � q( �j s)

�
�̂ (x) = � (s) j � ?(x) = s

�
� 1 �

4N 3H 2�
� 2
min� for

;

provided� <
� 2

min� for
N 2 H 2 .799

Let # = 4N 3 H 2 �
� 2

min� for
. Then from Proposition 6 we learn â' such that:800

V(� ?) � V ('̂ � �̂ ) � � + 2H 2#;

with probability at least1 � � � nsamp(S; A; H; �; � )H# . The failure probability � �801

nsamp(S; A; H; �; � )H# was when condition in Theorem 5 holds which holds with� probability.802

Hence, total failure probability is:803

2� + nsamp(S; A; H; �; � )H#:

We set� both in our representation learning analysis and in PAC RL to� � =4. We also set� in the804

PAC RL algorithm to� � =2. This means the PAC RL algorithm runs fornsamp(S; A; H; � � =2; � � =4)805

episodes.806

We enforce# � � �
2nsamp(S;A;H;� � =2;� � =4)H . Then the total failure probability becomes:807

2� � =4) + � � =4 + � � =2 � � �

We also enforce2H 2# � � � =2. The sub-optimality of the PAC RL policy is given by:808

� � =2 + � � =2 � � �

This gives us our derived PAC RL bound.809

We now accumulate all conditions:810

� =

s
2
n

ln
�

4jFjj � j
� �

�

# =
4N 3H 2�
� 2
min� for

� <
� 2
min� for
N 2H 2

# �
� �

2nsamp(S; A; H; � � =2; � � =4)H

2H 2# � � � =2

This simpli�es to811

� �
� 2
min� for
N 2H 2

� �
� � � 2

min� for
8N 3H 3nsamp(S; A; H; � � =2; � � =4)

� �
� � � 2

min� for
16N 3H 4
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Or,812

n = O

 (
N 4H 4

� 4
min� 2

for
+

N 6H 8

� 2
� � 4

min� 2
for

+
N 6H 6n2

samp(S; A; H; � � =2; � � =4)

� 2
� � 4

min� 2
for

)

ln
�

jFjj � j
� �

� !

This completes the proof.813

C.2 Upper Bound for the Temporal Contrastive Approach814

We �rst convert our video datasetD into a dataset suitable for contrastive learn-815

ing. We �rst split the datasets intobn=2c pairs of videos. For each video pair816 n�
x (2 l )

1 ; x (2 l )
2 ; � � � ; x (2k )

H

�
;
�

x (2 l +1)
1 ; x (2 l +1)

2 ; � � � ; x (2 l +1)
H

�o
, we create a tuple(x; x 0; k; z) where817

z 2 f 0; 1g as follows. As in forward modeling, we will either use a �xed value ofk, or sample818

k 2 Unf([K ]). We denote this general distribution overk by ! 2 �([ K ]) which is either point mass,819

or Unf([K ]). We samplek � ! andz � Unf(f 0; 1g) andh 2 Unf([H ]). We setx = x (2 l )
h . If z = 1 ,820

then we setx0 = x (2 l )
h+ k , otherwise, we sampleh0 � Unf(f 0; 1g) and selectx0 = x (2 l )

h0 . This way, we821

collect a datasetDcont of bn=2c tuples(x; k; x 0; z). We view a tuple(x; k; x 0; z) as areal observation822

pair whenz = 1 , and afake observation pairwhenz = 0 . Note that our sampling process leads to823

all data points being iid.824

We de�ne the distributionDcont(X; k; X 0; Z ) as the distribution over(x; k; x 0; z). We can express825

this distribution as:826

Dcont(X = x; k; X 0 = x0; Z = 1) =
! (k)
2H

HX

h=1

D(x = xh ; x0 = xh+ k )

=
! (k)

2
� (x)D (xk+1 = x0 j x1 = x)

Dcont(X = x; X 0 = x0; Z = 0) =
! (k)
2H 2

HX

h=1

D(x = xh )
HX

h0=1

D(x0 = xh0)

=
! (k)

2
� (x)� (x0)

where we use the time homogeneity ofD and de�nition of � . We will use a shorthand to denote827

D(xk+1 = x0 j x1 = x) asD(x0 j x; k ) in this analysis. It is easy to verify thatD(x0 j x; k ) =828

D(x0 j � ?(x); k). The marginal distributionDcont(x; k; x 0) is given by:829

Dcont(x; k; x 0) =
! (k)� (x)

2
(D(x0 j x; k ) + � (x0)) (14)

Note thatDcont(X ) is the same as� (X ).830

We will useDcont for any marginal and conditional distribution derived fromDcont(X; k; X 0; Z ).831

We assume a model classG : X � [K ] � � [N ] ! [0; 1] that we use for solving the prediction832

problem. We will also reuse the decoder class� : X ! [N ] that we de�ned earlier, and we will833

assume thatN = jSj. This can be relaxed by doing clustering or working with a different induced834

MDP (e.g., see the clustering algorithm in Misra et al. [2020]). However, this is not the main point of835

the analysis.836

We de�ne the expected risk minimizer of the squared loss problem below:837

ĝ; �̂ = arg min
g2G ;� 2 �

1
bn=2c

bn= 2cX

i =1

�
g(� (x ( i ) ); k( i ) ; x0( i ) ) � z( i )

� 2
(15)

We express the Bayes classi�er of this problem below:838

Lemma 3(Bayes Classi�er). The Bayes classi�er of the problem posed in Equation 15 is given by839

Dcont(z = 1 j x; k; x 0) which satis�es:840

Dcont(z = 1 j x; k; x 0) =
D(� ?(x0) j � ?(x); k)

D (� ?(x0) j � ?(x); k) + � (� ?(x0))
:

25



Proof. We can express the Bayes classi�er as:841

Dcont(z = 1 j x; k; x 0) =
Dcont(x; k; x 0; z = 1)

Dcont(x; k; x 0; z = 1) + Dcont(x; k; x 0; z = 0)

=
! (k)=2� (x)D (x0 j x)

! (k)=2� (x)D (x0 j x) + ! (k)=2� (x)� (x0)

=
D(x0 j x; k )

D (x0 j x; k ) + � (x0)

=
D(x0 j � ?(x); k)

D (x0 j � ?(x); k) + � (x0)

=
q(x0 j � ?(x))D (� ?(x0) j � ?(x); k)

q(x0 j � ?(x))D (� ?(x0) j � ?(x); k) + q(x0 j � ?(x)) � (� ?(x0))

=
D(� ?(x0) j � ?(x); k)

D (� ?(x0) j � ?(x); k) + � (� ?(x0))
:

842

Assumption 8 (Realizability). There existsg? 2 G and � � 2 � such that for all(x; k; x 0) 2843

suppDcont(X; k; X 0), we haveDcont(z = 1 j x; k; x 0) = g?(� � (x); k; x0).844

We will use the shorthand to denoteg?(x; k; x 0) = g?(� � (x); k; x0).845

As before, we start with typical square loss guarantees in the realizable setting.846

Theorem 8. Fix � 2 (0; 1). Under realizability (Assumption 8), the ERM solution off̂ ; �̂ in Eq. (15)847

satis�es:848

E(x;k;x 0) � D cont

� �
ĝ(�̂ (x); k; x0) � g?(x; k; x 0)

� 2
�

� � 2
cont =

2
n

ln
jGj:j� j

�

For proof see Proposition 12 in Misra et al. [2020].849

We will prove a coupling result similar to the case for forward modeling. However, to do this, we850

need to de�ne a coupling distribution:851

Dcoup(X 1 = x1; X 2 = x2; k; X 0 = x0) = ! (k)Dcont(X = x1)Dcont(X = x2)Dcont(X
0 = x0)

We will derive a useful importance ratio bound.852

Dcoup(x1; k; x0)
Dcont(x1; k; x0)

=
2� (x1)� (x0)

� (x1)D (x0 j x1; k) + � (x1)� (x0)
� 2 (16)

We now prove an analogous result to Proposition 4.853

Theorem 9(Coupling for Temporal Contrastive Learning). With probability at least1 � � we have:854

E(x 1 ;x 2 ;k;x 0) � D coup

h
1

n
�̂ (x1) = �̂ (x2)

o
jg?(x1; k; x0) � g?(x2; k; x0)j

i
< 4� cont(n; � )

Proof. We start with triangle inequality:855

E(x 1 ;x 2 ;k;x 0) � D coup

h
1

n
�̂ (x1) = �̂ (x2)

o
jg?(x1; k; x0) � g?(x2; k; x0)j

i

� E(x 1 ;x 2 ;k;x 0) � D coup

h
1

n
�̂ (x1) = �̂ (x2)

o �
�
�g?(x1; k; x0) � ĝ(�̂ (x1); k; x0)

�
�
�
i

+

E(x 1 ;x 2 ;k;x 0) � D coup

h
1

n
�̂ (x1) = �̂ (x2)

o �
�
� ĝ(�̂ (x1); k; x0) � g?(x2; k; x0)

�
�
�
i
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We bound the �rst term as:856

E(x 1 ;x 2 ;k;x 0) � D coup

h
1

n
�̂ (x1) = �̂ (x2)

o �
�
�g?(x1; k; x0) � ĝ(�̂ (x1); k; x0)

�
�
�
i

�

r

E(x 1 ;x 2 ;k;x 0) � D coup

h
1

n
�̂ (x1) = �̂ (x2)

oi

| {z }
:= b

�

s

E(x 1 ;x 2 ;k;x 0) � D coup

� �
�
�g?(x1; k; x0) � ĝ(�̂ (x1); k; x0)

�
�
�
2
�

= b

s

E(x 1 ;k;x 0) � D coup

� �
g?(x1; k; x0) � ĝ(�̂ (x1); k; x0)

� 2
�

= b

s

E(x 1 ;k;x 0) � D cont

�
Dcoup(x1; k; x0)
Dcont(x1; k; x0)

�
g?(x1; k; x0) � ĝ(�̂ (x1); k; x0)

� 2
�

� b

s

2E(x 1 ;k;x 0) � D cont

� �
g?(x1; k; x0) � ĝ(�̂ (x1); k; x0)

� 2
�

�
p

2b� cont;

where we use Cauchy-Schwartz's inequality in the �rst step and Equation 16 in the second inequality.857

The second term is bounded as:858

E(x 1 ;x 2 ;k;x 0) � D coup

h
1

n
�̂ (x1) = �̂ (x2)

o �
�
� ĝ(�̂ (x1); k; x0) � g?(x2; k; x0)

�
�
�
i

= E(x 1 ;x 2 ;k;x 0) � D coup

h
1

n
�̂ (x1) = �̂ (x2)

o �
�
� ĝ(�̂ (x2); k; x0) � g?(x2; k; x0)

�
�
�
i

= E(x 1 ;x 2 ;k;x 0) � D coup

h
1

n
�̂ (x1) = �̂ (x2)

o �
�
� ĝ(�̂ (x1); k; x0) � g?(x1; k; x0)

�
�
�
i

�
p

2b� cont;

where we use the coupling argument in the �rst step and then reduce it to the �rst term using859

symmetric of(x1; x2) in Dcoup. Combining the upper bounds of the two terms and usingb � 1 and860

2
p

2 < 4 completes the proof.861

Assumption 9(Temporal Contrastive Margin). We assume that there exists a� temp> 0 such that862

for any two different statess1 ands2:863

1
2

Ek � !;s 0� � [jg?(s1; k; s0) � g?(s2; k; s0)j] � � temp

The factor of1
2 is chosen for comparison with forward modeling as will become clear later at the end864

of the proof. As before, ifk is �xed, the margin is given by865

� (k )
temp:=

1
2

inf
s1 6= s2 ;s1 ;s2 2S

Es0� � [jg?(s1; k; s0) � g?(s2; k; s0)j]

and whenk � Unf([K ]) the margin is given by866

� (u )
temp:=

1
2

inf
s1 6= s2 ;s1 ;s2 2S

Ek � Unf([ K ]) ;s0� � [jg?(s1; k; s0) � g?(s2; k; s0)j]

We directly have� (u )
temp� 1

K

P K
k=1 � (k )

temp.867

Lemma 4.

Px 1 ;x 2 � �

�
�̂ (x1) = �̂ (x2) ^ � ?(x1) 6= � ?(x2)

�
�

2� cont(n; � )
� temp

27



Proof. We start with the left-hand side in Theorem 9.868

E(x 1 ;k;x 2 ;x 0) � D coup

h
1

n
�̂ (x1) = �̂ (x2)

o
jg?(x1; k; x0) � g?(x2; k; x0)j

i

= E(x 1 ;x 2 ) � D coup

h
1

n
�̂ (x1) = �̂ (x2)

o
Ek � !;x 0� � [jg?(x1; k; x0) � g?(x2; k; x0)j]

i

= E(x 1 ;x 2 ) � �

h
1

n
�̂ (x1) = �̂ (x2)

o
Ek � !;s 0� � [jg?(x1; k; s0) � g?(x2; k; s0)j]

i

� 2� tempE(x 1 ;x 2 ) � �

h
1

n
�̂ (x1) = �̂ (x2) ^ � ?(x1) 6= � ?(x2)

oi

= 2 � tempP(x 1 ;x 2 ) � �

h
�̂ (x1) = �̂ (x2) ^ � ?(x1) 6= � ?(x2)

i
;

where we use the de�nition of� temp, the fact that marginal overDcoup(X ) is � , and thatg?(x; k; x 0)869

only depends on� ?(x0) and� ?(x) (Lemma 3). Combining with the inequality proved in Theorem 9,870

completes the proof.871

We have now reduced this analysis to an almost identical one to the forward analysis case (Proposi-872

tion 4). We can, therefore, use the same steps and derive identical bounds. All what changes is that873

� for is replaced by� tempand in� we replacelnjFj with lnjGj. At this point, we can clarify that874

the factor of12 was chosen in the de�nition of� tempso that� for can be replaced by� temprather875

than
� temp

2 which will make it harder to compare margins, as we will do later.876

C.3 Proof of Lower Bound for Exogenous Block MDPs877

thm:exo_lower_bound.We present a hard instance using a family of exogenous block MDPs, with878

H = 2 , A = f 1; 2g, and a single binary endogenous factor andd � 1 exogenous binary factors for879

each level, where each endogenous and exogenous factor. We �rst �x an absolute constantp 2 [0; 1].880

Each MDPM i is indexed byi 2 [d], and is speci�ed as follows:881

• State space:The state is represented byxh := [ sh 1; sh 2; : : : ; sh d], where the superscript882

denotes different factors. For MDPM i , only thei -th factorsh i is an endogenous state for883

all h, and the other factors are exogenous. Each factor has values off 0; 1g.884

• Transition: For the MDP instanceM i : it has885

1. For thei -th factor (endogenous factor),P(s2i j s1i; a) = [ s2i = ( s1i = a)]. That is,886

the endogenous states have deterministic dynamics. Ifs1i = a, then it transitions to887

s2i = 1 , otherwise it transitions tos2i = 0 .888

2. For thej -th factor withj 6= i (exogenous factor),P(s2j j s1j ) = (1 � p)(s2j =889

s1j ) + p(s2j 6= s1j ) for anys2j ands1j . That is, thej -th factor has probability of890

1 � p of transiting to the same state (i.e.,s1j = 0 ! s2j = 0 or s1j = 1 ! s2j = 1 ),891

and probability ofp of transiting to the different state (i.e.,s1j = 0 ! s2j = 1 or892

s1j = 1 ! s2j = 0 ).893

Note that the MDP terminates ath = 2 .894

• Initial state distribution and reward: The marginal distribution ofs1j is uniformly895

distributed at random overf 0; 1g for all j 2 [d], and all factors are independent from each896

other. For MDPM i , the agent only receive reward signal after taking action ath = 2 , with897

R(s2i; a) = s2i . That is, it always reward1 at s2i = 1 and reward0 at s2i = 0 no matter898

which action it takes.899

• Data collection policy for video data:We assume that the data collection policy always900

pick action0 with probabilityp and action1 with probability1 � p for all states.901

Now we use the following two steps to establish the proof.902
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Uninformative video data for learning the state decoder Since video data only contains state903

information, from the MDP family construction above, we can easily verify that all MDP instances in904

such a family will have an identical video data distribution,regardless of the choice of constantp.905

This implies that the video data is uninformative for the agent to distinguish the MDP instance from906

the MDP family. Now, we assumeDi is the video data from the instanceM i , and�i is the state907

decoder learned from an arbitrary algorithmA 1 with D i . Then, for any arbitrary algorithmA 2 that908

uses the state decoder�i in its execution, it is equivalent to such anA 2 that uses the state decoder�j909

in its execution, wherej can be selected arbitrarily from[d].910

State decoder requiring exponential length Without loss of generality, we further restrict the911

state decoder� used in the execution ofA 2 for all MDP instance to be some� h : X ! [L ], where912

h 2 f 1; 2g andL � 2d. Then we will argue that there must exists ak 2 [d], such that913

X

x 1 ;ex 1 2X

P(� 1(x1) = � 1(ex1) _ (s1k 6= es1k)) >
2d � L

d2d ; (17)

wherex1 := [ s11; s12; : : : ; s1d] andex1 := [ es11; es12; : : : ; es1d]. Note that, Eq. (17) means there must914

be a probability of at least2d � L=d2d that� 1 will incorrectly group two differents1k together.915

We now prove Eq. (17). Based on the construct above, we know thatjX j = 2 d, and each state in916

X has the same occupancy forx1 based on the de�ned initial state distribution (this holds for all917

instances in the MDP family, as we are now only talking about the initial statex1). Thus, we have918

X

x 1 ;ex 1 2X

P[� 1(x1) = � 1(ex1) _ (s11 = es11) _ (s12 = es12) _ � � � _ (s1d = es1d)] �
L
2d ; (18)

because we de�ned� 1 : X ! [L ], it means that such� 1 is only able to distinguish the number ofL919

different states fromX . Then, we obtain920

X

j 2 [d]

X

x 1 ;ex 1 2X

P(� 1(x1) = � 1(ex1) _ (s1j 6= es1j )) (19)

=
X

x 1 ;ex 1 2X

P(� 1(x1) = � 1(ex1)) (20)

�
X

x 1 ;ex 1 2X

P[� 1(x1) = � 1(ex1) _ (s11 = es11) _ (s12 = es12) _ � � � _ (s1d = es1d)] (21)

=
2d � L

2d : (by Eq. (18))

=) max
j 2 [d]

X

x 1 ;ex 1 2X

P(� 1(x1) = � 1(ex1) _ (s1j 6= es1j )) >
2d � L

d2d : (22)

So this proves Eq. (17).921

From Eq. (17), we know that for the MDP instanceM k , � 1 will have probability at least2d � L=2�d2d922

to mistake the endogenous state, which implies that for any policy that is represented using the state923

decoder� , it must have sub-optimality at least2d � L=2�d2d . Therefore, it is easy to verify that, for any924

" > 0, we can simply pickd = 1=4" , and obtain925

sub-optimality>
2d � L
2 � d2d � "; 8L � 21=4" � 1:

Then, any arbitrary algorithmA 2 that uses the state decoder� in its execution, where� h : X ! [L ]926

can be chosen arbitrarily forh 2 f 1; 2g andL � 21=4" � 1, must have sub-optimality larger than" .927

Additional characteristics of MDP family and video data Note that, by combining the arguments928

of uninformative video data and a state decoder requiring exponential length, we obtain impossible929

results. We now discuss the following:930

1. The margin condition de�ned in Assumption 3 regarding the constructed MDPs931
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2. The PAC learnability of the constructed MDPs932

3. The coverage condition of video data.933

For the de�ned margin condition of forward modeling, we have: for the MDP instanceM i with934

constantp, we can bound the forward margin as below (Pfor denotes the video distribution)935

kPfor(X 2 j s1i = 0) � Pfor(X 2 j s1i = 1) kTV

=
1
2

X

X 2

jPfor(X 2 j s1i = 0) � Pfor(X 2 j s1i = 1) j

=
1
2

X

X 2

jPfor(s2i = 0 j s1i = 0) P(X 2 j s2i = 0) + Pfor(s2i = 1 j s1i = 0) P(X 2 j s2i = 1)

� Pfor(s2i = 0 j s1i = 1) P(X 2 j s2i = 0) + Pfor(s2i = 1 j s1i = 1) P(X 2 j s2i = 1) j

=
1
2

X

X 2

j(1 � 2p) [P(X 2 j s2i = 0) � P(X 2 j s2i = 1)] j :

(a)
=

j1 � 2pj
2

X

X 2

P(X 2 j s2i = 0) +
j1 � 2pj

2

X

X 2

P(X 2 j s2i = 1)

= j1 � 2pj;

where step (a) is becauses2i is a part ofX 2, and then we knowP(X 2 j s2i = 0) andP(X 2 j s2i = 1)936

cannot be nonzero simultaneously. So pickingp 6= 0 :5 implies positive forward margin.937

For the temporal contrastive learning, it is easy to verify thatjPfor(z = 1 j s1i = 1 ; X 2) � Pfor(z =938

1 j s1i = 1 ; X 2)j= j1 � 2pj, so pickingp 6= 0 :5 also implies positive margin for temporal contrastive939

learning.940

As for the PAC learnability, since the latent dynamics of our constructed MDPs are deterministic,941

they are provably PAC learnable by Efroni et al. [2022].942

As for the coverage property of the video data, it is easy to verify943

max
� 2 � ;x 1 2X

P� (x1; a1)
Pfor(x1; a1)

= max
� 2 � ;x 2 2X

P� (x2)
Pfor(x2)

= max f 1=p; 1=1� pg:

Therefore, we can simply pickp = 1=3 and obtain the desired MDP and video data properties. This944

completes the proof.945

Addition remark of Theorem 2 In the proof of Theorem 2, if we pickp = 0 :5 for that hard946

instance, the constructed MDP family reduces to a block MDP without exogenous noise, but the947

margin becomes0 for both forward modeling and temporal contrastive learning. Therefore, it implies948

that either the exogenous noise or zero forward margin could make the learnability of the problem949

impossible.950

C.4 Can we get ef�cient learning under additional assumptions?951

Our lower bound suggests that one can in general not learn ef�cient and correct representations with952

just video data. However, it may be possible in some cases to do so with an additional assumption.953

We highlight one example here and defer a proper formal analysis to future work. One path to success954

is when the gold decoder results in the best-in-class error. A domain where this can happen is when955

the endogenous state is more predictive ofx0 than any otherlnjSj bits of information inx. E.g., in956

a navigation domain, there can be many sources of noise in the background, but memorizing all of957

them can easily overwhelm the decoder's model capacity. Instead focusing solely on modeling the958

agent's state can simplify the task of predicting the future.959

Recently some approaches have also considered recoveringlatent actionsfrom video data using an960

encoder-decoder approach [Ye et al., 2022]. In general, the lower bound in Theorem 2 applies to these961

methods and they do not provably work in the hard instances with exogenous noise. For example,962

the latent actions can captureexogenous noiseinstead of actions, if the former is more predictive of963

changes in the observations. However, in simpler cases such as 3D games, where the agent's action is964
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typically most predictive of changes in observations, or in settings with no exogenous noise, one can965

expect these approaches to do well.966

C.5 Relation Between Margins967

We de�ned margins� for for forward modeling and� tempfor temporal contrastive learning. The968

larger the values of these margins, the more easy it is to separate observations from different969

endogenous states. This can be directly inferred from the sample complexity bounds which scale970

inversely with these margins. In particular, both� for and� tempdepend on the way we sample the971

multi-step variablek. We consider two special cases: one wherek 2 [K ] is �xed, we instantiate these972

margins as� (k )

for and� (k )
temp, and second wherek is uniformly sampled from[K ] and we instantiate973

those margins as� (u )

for and� (u )
temp.974

A natural question is how these margins are related. The sample complexity bounds of forward975

modeling and temporal contrastive are almost identical except for the difference in margins (� for vs976

� temp) and the function classes (F vs G). If the function classes were of similar complexity, then977

having a larger margin will make it easier to learn the right representation.2
978

Theorem 10 (Margin Relation). For any Block MDP and K 2 N, the margins979

� (k )

for; � (u )

for; � (k )
temp; � (u )

temp> 0 are related as:980

1
K

� (k )

for � � (u )

for
1
K

� (k )
temp� � (u )

temp

� 2
min

4H 2 � (k )

for � � (k )
temp� � (k )

for
� 2
min

4H 2 � (u )

for � � (u )
temp� � (u )

for:

Proof. We �rst prove the �rst two relations. Fix anyk 2 [K ] then,981

� (u )

for = inf
s1 6= s2 ;s1 ;s2 2S

Ek 0� Unf([ K ])
�
kDpr (X 0 j s1; k0) � Dpr (X 0 j s2; k0)kTV

�
;

�
1
K

KX

k 0=1

inf
s1 6= s2 ;s1 ;s2 2S

kDpr (X 0 j s1; k0) � Dpr (X 0 j s2; k0)kTV ;

�
1
K

inf
s1 6= s2 ;s1 ;s2 2S

kDpr (X 0 j s1; k) � Dpr (X 0 j s2; k)kTV ;

=
1
K

� (k )

for:

Similarly,982

� (u )
temp=

1
2

inf
s1 6= s2 ;s1 ;s2 2S

Ek 0� Unf([ K ]) ;s0� � [jg?(s1; k0; s0) � g?(s2; k0; s0)j] ;

�
1

2K

KX

k 0=1

inf
s1 6= s2 ;s1 ;s2 2S

Es0� � [jg?(s1; k0; s0) � g?(s2; k0; s0)j] ;

�
1

2K
inf

s1 6= s2 ;s1 ;s2 2S
Es0� � [jg?(s1; k; s0) � g?(s2; k; s0)j] ;

=
1
K

� (k )
temp:

2This inference has to be made with a caveat that since we are comparing upper bounds, we cannot guarantee
this to hold.
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We now prove the next two relations. We will prove these bounds for a generic distribution! 2983

�([ K ]) overk. Recall that! is point-mass overk for � (k )
tempandUnf([K ]) for � (u )

temp. We denote984

our generic margins as� for and � temp for k � ! . We use a shorthand notationWk (s; s0) =985

� (s0)
D pr (s0j s;k )+ � (s0) for a given pair of statess; s0and integerk 2 [K ]. It is easy to see thatWk (s; s0) � 1986

as Dpr (s0 j s; k); � (s0) 2 (0; 1]. Further, we haveWk (s; s0) � � (s0)
2 �

� min
2H where we use987

Dpr (s0 j s; k); � (s0) 2 (0; 1], and Equation 8.988

We haveg?(s; k; s0) = Dcont(z = 1 j s; k; s0) = g?(s; k; s0) = D pr (s0j s;k )
D pr (s0j s;k )+ � (s0) using the de�nition989

of Dcont in Lemma 3 and Assumption 8. We can use the shorthandWk and the de�nition ofg? to990

show991

� temp=
1
2

inf
s1 6= s2 ;s1 ;s2 2S

Ek � !;s 0� � [jg?(s1; k; s0) � g?(s2; k; s0)j] ;

=
1
2

inf
s1 6= s2 ;s1 ;s2 2S

KX

k=1

! (k)
X

s02S

� (s0) jg?(s1; k; s0) � g?(s2; k; s0)j ;

=
1
2

inf
s1 6= s2 ;s1 ;s2 2S

KX

k=1

! (k)
X

s02S

Wk (s1; s0)Wk (s2; s0) jDpr (s0 j s1; k) � Dpr (s0 j s2; k)j :

(23)

As Wk (s1; s0) � 1 andWk (s2; s0) � 1 we have992

� for =
1
2

inf
s1 6= s2 ;s1 ;s2 2S

KX

k=1

! (k)
X

s02S

Wk (s1; s0)
| {z }

� 1

Wk (s2; s0)
| {z }

� 1

jDpr (s0 j s1; k) � Dpr (s0 j s2; k)j ;

�
1
2

inf
s1 6= s2 ;s1 ;s2 2S

KX

k=1

! (k)
X

s02S

jDpr (s0 j s1; k) � Dpr (s0 j s2; k)j ;

= inf
s1 6= s2 ;s1 ;s2 2S

Ek � !
�
kDpr (s0 j s1; k) � Dpr (s0 j s2; k)kTV

�

= � for:

This gives us� (k )
temp � � (k )

for and� (u )
temp � � (u )

for. Finally, we prove the lower bounds. Starting993

from Equation 23 and usingWk (s1; s0) �
� min

2H andWk (s2; s0) �
� min

2H we get the following:994

� for =
1
2

inf
s1 6= s2 ;s1 ;s2 2S

KX

k=1

! (k)
X

s02S

Wk (s1; s0)
| {z }

� � min=2H

Wk (s2; s0)
| {z }

� � min=2H

jDpr (s0 j s1; k) � Dpr (s0 j s2; k)j ;

�
� 2
min

4H 2 �
1
2

inf
s1 6= s2 ;s1 ;s2 2S

KX

k=1

! (k)
X

s02S

jDpr (s0 j s1; k) � Dpr (s0 j s2; k)j ;

=
� 2
min

4H 2 inf
s1 6= s2 ;s1 ;s2 2S

Ek � !
�
kDpr (s0 j s1; k) � Dpr (s0 j s2; k)kTV

�

=
� 2
min

4H 2 � for:

This gives us� (k )
temp�

� 2

min
4H 2 � (k )

for and� (u )
temp�

� 2

min
4H 2 � (u )

for which completes the proof.995

The main �nding of the above theorem is that forward modeling has a higher margin than temporal996

contrastive learning. However, typically the function class used for forward modeling has a higher997

statistical complexity than those for temporal contrastive learning as the latter is solving a simpler998

binary classi�cation problem than generating an observation.999
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C.6 Why temporal contrastive learning is more susceptible to exogenous noise than forward1000

modeling1001

Theorem 2 shows that in the presence of exogenous noise, no video-based representation learning1002

approach can be ef�cient in the worst case. However, this result only presents a worst-case analysis.1003

In this section, we show an instance-dependent analysis. The main �nding is that the temporal1004

contrastive approach is very susceptible to even the smallest amount of exogenous noise, while1005

forward modeling is more robust to the presence of exogenous noise. However, both approaches fail1006

when there is a signi�cant amount of exogenous noise, consistent with Theorem 2.1007

Problem Instance. We consider a Block MDP with exogenous noise with a state space ofS =1008

f 0; 1g, action space ofA = f 0; 1g and exogenous noise space of� = f 0; 1g. We considerH = 11009

with a uniform distribution overs1 and� 1, i.e., the start states1 and the start exogenous noise variable1010

� 1 are chosen uniformly fromf 0; 1g. The transition dynamics are deterministic and given as follows:1011

given actiona1 2 f 0; 1g and states1 2 f 0; 1g, we deterministically transition tos2 = 1 � s1 if1012

s1 = a1, otherwise, we remain ins2 = s1. The exogenous noise variable deterministically transitions1013

from � 1 to � 2 = 1 � � 1. The reward function is given byR(s2; s1) = 1f s2 = s1g. We use the1014

indicator notation1fEg to denote1 if the conditionE is true and 0 otherwise. The observation1015

space is given byX = f 0; 1gm +2 where(m + 2) is the dimension of observation space. Given the1016

endogenous states and exogenous noise� , the environment generates an observation stochasticaly1017

asx = [ �; v 1; � � � ; vl ; w1; � � � ; wm � l ; s] wherevi � psamp(� j � ) andwj � psamp(� j s) for all1018

i 2 [l ] andj 2 [m � l ]. The distributionpsamp(u j s) generatesu = s with a probability 0.8 and1019

u = 1 � s with a probability 0.2. The hyperparameterl is a �xed integer controlling what portion of1020

the observation is generated by the exogenous noise compared to the endogenous state. Ifl = 1 , we1021

only have a small amount of exogenous noise, while ifl = m � 1 we have the maximal amount of1022

exogenous noise. The states and exogenous noise� are both decodable from the observationx. The1023

optimal policy achieves a return of 1 and takes actiona1 = 1 if s1 = 0 anda1 = 0 if s1 = 1 . As the1024

optimal policy depends on the value ofs1, we must learn the latent state to realize the optimal policy.1025

Learning Setting. We assume a decoder class� = f � ?; � ?
� g consisting of the true decoder� ?

1026

and the incorrect decoder� ?
� which maps observation to the exogenous noise� . Both decoders take1027

an observation and map it to a value inf 0; 1g. We assume access to an arbitrarily large datasetD1028

consisting of tuples(x1; x2) collecting iid using a �xed data policy� data. This policy takes action1029

a1 = 0 in s1 = 0 and actiona1 = 1 in s1 = 1 . Let D(x1; x2) be the data distribution induced by1030

� data. We will useD to de�ne other distributions induced byD(x1; x2), for exampleD(x2) or1031

D(s2). We also assume access to two model classesF : f 0; 1g ! �( X ) andG : f 0; 1g2 ! [0; 1].1032

We assume these model classes are �nite and contain certain constructions that we de�ne later.1033

Overview: As we increase the value ofl , the amount of exogenous noise in the environment1034

increases. We will prove that irrespective of the value ofl , temporal contrastive learning assigns1035

the same loss for both the correct decoder� ? and the incorrect decoder� ?
� . In contrast, the forward1036

modeling approach is able to prefer� ? over� ?
� when the noise is limited, speci�cally, whenl < m= 2.1037

This will establish that temporal contrastive is very susceptible to exogenous noise whereas forward1038

modeling is more robust. However, both approaches provably fail when there isl � m=2.1039

As we haveH = 1 , we will denotex2; s2; � 2 by x0; s0; � 0 andx1; s1; � 1 by x; s; � respectively.1040

Note that unless speci�ed otherwise,s and� are the endogenous state and exogenous noise of the1041

observationx. Similarly, s0 and� 0 are the endogenous state and exogenous noise ofx0. We will also1042

use a shorthandq(x0) to denote the emission probabilityq(x0 j � ?
� (x0); � ?(x0)) given its endogenous1043

state and exogenous noise. We �rst state the conditional data distributionD(x0 j x).1044

D(x0 j x) = q(x0)T� (� 0 j � )
X

a2A

T(s0 j s; a)� data(a j s);

= q(x0)1 f � 0 = 1 � � g1 f s0 = 1 � sg; (24)

where we useT� (� 0 j � ) = 1 f � 0 = 1 � � g and
P

a2A T(s0 j s; a)� data(a j s) = 1 f s0 = 1 � sg1045

which follows from the de�nition of� data. Note thatD (x0 j x) only depends onx via s; � , therefore,1046

we can de�neD(x0 j x) = D(x0 j s; � ).1047
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Let ~x be an observation variable with endogenous state~s and exogenous noise~� , i.e.,~s = � ?(~x) and1048

~� = � ?
� (~x). We use this to derive the marginal data distribution� overx0 as follows:1049

� (x0) =
X

s;� 2f 0;1g

D(x0; s; � ) =
X

s;� 2f 0;1g

D(x0 j s; � )� (s)� � (� );

=
q(x0)

4

X

s;� 2f 0;1g

1 f � 0 = 1 � � g1 f s0 = 1 � sg;

=
q(x0)

4
; (25)

where in the second step uses the fact that� and� � are uniform and Eq. (24). We are now ready to1050

prove our desired result.1051

Temporal contrastive learning cannot distinguish between good and bad decoder for alll 21052

[m � 1]. We �rst recall that temporal contrastive learning approach use the given observed data1053

(x1; x2) to compute a set of real and fake observation tuples. This is collected into a dataset(x; x 0; z)1054

wherez = 1 indicates that(x1 = x; x 2 = x0) was observed in the dataset, andz = 0 indicates that1055

(x1 = x; x 2 = x0) was not observed, or is an imposter. We samplez uniformly in f 0; 1g. The fake1056

data is constructed by takex = x1 from one tuple andx0 = x2 from another observed tuple. We start1057

by computing the optimal Bayes classi�er for the temporal contrastive learning approach using the1058

de�nition of Bayes classi�er in Lemma 3.1059

Dcont(z = 1 j x; x 0) =
D(x0 j x)

D (x0 j x) + � (x0)
=

1f s0 = 1 � sg1f � 0 = 1 � � g
1f s0 = 1 � sg1f � 0 = 1 � � g + 1=4

;

where we use Lemma 3 in the �rst step and Eqs. (24) and (25) in the second step. Recall thatz = 11060

denotes whether a given observation tuple(x; x 0) is real rather than an imposter/false. Note that since1061

we havek = 1 , as it is aH = 1 problem, we drop the notationk from all terms.1062

The marginal distribution over(x; x 0) for the temporal contrastive is given by Eq. (14) which in our1063

case instantiates to:1064

Dcont(x; x 0) =
D(x)

2
f D (x0 j x) + � (x0)g ;

=
1
8

q(x0)q(x) f 1f s0 = 1 � sg1f � 0 = 1 � � g + 1=4g; (26)

where we use Eqs. (24) and (25), andD(x) = q(x)� (s)� � (� ) = q(x )=4.1065

Let g 2 G be any classi�er head. Given a decoder� , we de�neg � � : (x; x 0) 7! g(� (x); � (x0)) as a1066

model for temporal contrastive learning, with an expected contrastive loss of:1067

`cont(g; � ?)

= E(x;x 0) � D cont;z � D cont( �j x;x 0)

h
(z � g (� ?(x); � ?(x0))) 2

i

= E(x;x 0) � D cont

h
Dcont(z = 1 j x; x 0) (1 � 2g(� ?(x); � ?(x0))) + g(� ?(x); � ?(x0))2

i

=
1
8

X

s;�;s 0;� 0

�
1f s0 = 1 � sg1f � 0 = 1 � � g +

1
4

� �
1f s0 = 1 � sg1f � 0 = 1 � � g

1f s0 = 1 � sg1f � 0 = 1 � � g + 1
4

(1 � g(s; s0)) + g(s; s0)2
�

Similarly, the expected temporal contrastive loss of the modelg � � ? with the bad decoder� ?
� is given1068

by:1069

`cont(g; � ?
� )

= E(x;x 0) � D cont;z � D cont( �j x;x 0)

h�
z � g

�
� ?

� (x); � ?
� (x0)

�� 2
i

=
1
8

X

s;�;s 0;� 0

�
1f s0 = 1 � sg1f � 0 = 1 � � g +

1
4

� �
1f s0 = 1 � sg1f � 0 = 1 � � g

1f s0 = 1 � sg1f � 0 = 1 � � g + 1
4

(1 � g(�; � 0)) + g(�; � 0)2
�
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Note that by interchangings with � and s0 with � 0, we can shoẁ cont(g; � ?
� ) = `cont(g; � ?).1070

Therefore,inf g2G `cont(g; � ?
� ) = inf g2G `cont(g; � ?). This implies that for any value ofl , the1071

temporal contrastive loss assigns the same loss to the good decoder� ? and the bad decoder� ?
� .1072

Hence, in practice, temporal contrastive cannot distinguish between the good and bad decoder and1073

may converge to the latter leading to poor downstream performance. This convergence to the bad1074

decoder may happen if it is easier to over�t to noise. For example, in our gridworld example, it1075

is possibly easier for the model to over�t to the predictable motion of noise than understand the1076

underlying dynamics of the agent. This is observed in Fig. 3 where the representation learned via1077

temporal contrastive tends to over�t to the noisy exogenous pixels and perform poorly on downstream1078

RL tasks (Fig. 2).1079

Forward modeling learns the good decoder ifl < bm=2c. We likewise analyze the expected1080

forward modeling loss of the good and bad decoder. For anyf 2 F , we havef (x0 j u) as the1081

generator head that acts on a given decoder's outputu 2 f 0; 1g and generates the next observationx0.1082

If we use the good decoder� ?, then we cannot predict the exogenous noise� or � 0 which can be1083

either 0 or 1 with equal probability. This implies that for thel noisy bitsv1; � � � ; vl in x0, the best1084

prediction is that each one has an equal probability of taking 0 or 1. To see this, �xi 2 [l ] and recall1085

thatP(vi = � 0 j � 0) = 0 :8 andP(vi = 1 � � 0 j � 0) = 0 :2. As � 0 has equal probability of taking value1086

0 or 1, therefore,P(vi = u) =
P

� 02f 0;1g P(vi = u j � 0)1=2 = 0:8+0 :2
2 = 0 :5. However, since we can1087

deterministically predicts0, therefore, we can predict the true distribution overwj for all j 2 [m � l ].1088

Let f good be this generator head. Formally, we have:1089

f good(x0 j � ?(x)) = (1 =2)
| {z }

due tox0
1 = � 0 � (1=2)l

| {z }

due tov1:l �
m +1Y

j = l +2

psamp(x0
j j 1 � � ?(x))

| {z }

due tow1:m � l � 1f x0
m +2 = 1 � � ?(x)g

| {z }

due tox0
m +2 = s0

1090

The Bayes distribution is given by:1091

D(x0 j x)

= q(x0) � 1f � ?(x0) = 1 � � ?(x)g � 1f � ?
� (x0) = 1 � � ?

� (x)g

= 1
�

x0
1 = 1 � � ?

� (x)
	

�
lY

i =1

psamp(x0
i +1 j 1 � � ?

� (x)) �
m +1Y

j = l +2

psamp(x0
j j 1 � � ?(x))1

�
x0

m +2 = 1 � � ?(x)
	

:
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As we are optimizing the log-loss, we look at the expected KL divergence`kl between theD(x0 j x)1092

andf good(x0 j � ?(x)) which gives:1093

`kl (f good; � ?)

= Ex

"
X

x 0

D(x0 j x) ln
D(x0 j x)

f good(x0 j � ?(x))

#

= Ex

2

4
X

x 0

D(x0 j x) ln
1

n
x0

1 = 1 � � ?
� (x)

o
�
Q l

i =1 psamp(x0
i +1 j 1 � � ?

� (x))

(1=2)l +1

3

5

= ( l + 1) ln(2) + Ex

"
X

x 0

D(x0 j x) ln

 

1
�

x0
1 = 1 � � ?

� (x)
	

�
lY

i =1

psamp(x0
i +1 j 1 � � ?

� (x))

!#

= ( l + 1) ln(2) + Ex

2

4
lX

i =1

X

x 0
i +1 2f 0;1g

psamp(x0
i +1 j 1 � � ?(x)) ln psamp(x0

i +1 j 1 � � ?(x))

3

5

= ( l + 1) ln(2) � lH (psamp);

whereH (psamp) denotes the conditional entropy given by� 1=2
P

s2f 0;1g

P
v2f 0;1g psamp(v j1094

s) ln psamp(v j s): As psamp(u j u) = 0 :8 andpsamp(1 � u j u) = 0 :2, we haveH (psamp) =1095

� 0:8 ln(0:8)� 0:2 ln(0:2) � 0:500. Plugging this in, we get̀kl (f good; � ?) = l ln(2) � 0:5l +ln(2) =1096

ln(2) + 0 :193l.1097

Finally, the analysis when we use the� ?
� decoder is identical to above. In this case, we can predict1098

� ?
� (x0) and correctly predict thepsampdistribution over all thel-noisy bitsv1:l . However, for the1099

w1:m � l bits and thex0[m + 2] , our best bet is to predict a uniform distribution. We capture this by1100

the generatorf bad which gives:1101

f bad(x0 j � ?(x)) = (1 =2)
| {z }

due tox0
m +2 = s0 � (1=2)m � l

| {z }

due tow1:m � l �
l +1Y

i =2

psamp(x0
i j 1 � � ?

� (x))

| {z }

due tov1:l � 1f x0
1 = 1 � � ?

� (x)g
| {z }

due tox0
1 = � 0

1102

The expected KL loss̀kl (f bad; � ?
� ) can be computed almost exactly as before and is equal to1103

ln(2) + 0 :193(m � l). We can see that for̀kl (f good; � ?) < ` kl (f bad; � ?
� ) we must haveln(2) +1104

0:193l < ln(2) + 0 :193(m � l), or equivalently,l < m= 2. This completes the analysis.1105

D Additional Experimental Details1106

D.1 Details of Experimental Setup1107

All results are reported with mean and standard error computed over 3 seeds. All the code for this1108

work was run on A100, V100, P40 GPUs, with a compute time of approx. 12 hours for grid world1109

experiments and 6 hours for ViZDoom experiments. Data collection for gridworld was done using1110

a mixture of random walks, optimal trajectories, deviation from optimal trajectories, and walks to1111

randomly chosen goal positions. Data collection for Vizdoom was done via pretrained PPO policies1112

along with random walks for diversity in the observation space.1113
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Hyperparameter Value
batch size 128

learning rate 0.001
epochs 400

# of exogenous variables 10
exogenous pixel size 4

# of VQ heads 2
VQ codebook size 100

VQ codebook temperature 0
VQ codebook dimension 32
VQ bottleneck dimension 1024

Table 2: Hyperparameters used for experiments with the GridWorld and ViZDoom domains.

(a) No Noise (b) Only Observation Noise (c) Only Reward Noise (d) Both

Figure 7: RL experiments using different latent representations for the ViZDoom environment.

GridWorld Details. We consider navigation in a12� 12Minigrid environment [Chevalier-Boisvert1114

et al., 2023]. The agent is represented as a red triangle and can take three actions: move forward, turn1115

left, and turn right (Figure 3). The agent needs to reach a yellow key. The position of the agent and key1116

randomizes each episode. The agent only observes an area around itself (as an agent-centric-view).1117

HorizonH = 12, and the agent gets a reward of +1.0 for reaching the goal and -0.01 in other cases.1118

ViZDoom Defend The Center Details.We test with a ViZDoom environment called Defend the1119

Center [Wydmuch et al., 2018, Kempka et al., 2016], which is a �rst-person shooting game (Figure 5).1120

The map is a large circle. A player is spawned in the exact center. 5 monsters are spawned along the1121

wall. Monsters are killed after a single shot. After dying, each monster is respawned after some time.1122

The episode ends when the player dies. The reward scheme is as follows: +1 for killing a monsterand1123

-1 for death.1124

Hyperparameters. In Table 2, we report the hyperaparameter values used for experiments in this1125

work with the GridWorld and ViZDoom environments.1126

D.2 Results on an Additional Domain1127

ViZDoom Basic. We use an additional basic ViZDoom environment [Wydmuch et al., 2018, Kempka1128

et al., 2016], which is a �rst-person shooting game (Figure 8). The player needs to kill a monster1129

to win. The map of the environment is a rectangle with gray walls, ceiling, and �oor. The player is1130

spawned along the longer wall in the center. A red, circular monster is spawned randomly somewhere1131

along the opposite wall. The player can take one of three actions at each time step (left, right, shoot).1132

One hit is enough to kill the monster. The episode �nishes when the monster is killed or on timeout.1133

The reward scheme is as follows: +101 for shooting the enemy, -1 per time step, and -5 for missed1134

shots. Results for this environment are shown in Figure 7 and Figure 8 and further validate our1135

�ndings from theory and experiments.1136

D.3 Additional Ablations1137

Harder Exogenous Noise. Figure 6 showed the results when we increase the size of the exogenous1138

noise variables (diamond shapes overlayed on the image) in the gridworld domain while keeping the1139
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