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Abstract

We study pre-training representations for decision-making using video data, which
is abundantly available for tasks such as game agents and software testing. Even
though significant empirical advances have been made on this problem, a theoret-
ical understanding remains absent. We initiate the theoretical investigation into
principled approaches for representation learning and focus on learning the latent
state representations of the underlying MDP using video data. We study two types
of settings: one where there is iid noise in the observation, and a more challenging
setting where there is also the presence of exogenous noise, which is non-iid noise
that is temporally correlated, such as the motion of people or cars in the background.
We study three commonly used approaches: autoencoding, temporal contrastive
learning, and forward modeling. We prove upper bounds for temporal contrastive
learning and forward modeling in the presence of only iid noise. We show that
these approaches can learn the latent state and use it to do efficient downstream RL
with polynomial sample complexity. When exogenous noise is also present, we
establish a lower bound result showing that the sample complexity of learning from
video data can be exponentially worse than learning from action-labeled trajectory
data. This partially explains why reinforcement learning with video pre-training is
hard. We evaluate these representational learning methods in three visual domains,
yielding results that are consistent with our theoretical findings.

1 Introduction

Representations pre-trained on large amounts of offline data have led to significant advances in
machine learning domains such as natural language processing [Liu et al.l 2019, [Brown et al.| 2020]
and multi-modal learning [Lin et al., 2021} Radford et al.l |2021]]. This has naturally prompted a
similar undertaking in reinforcement learning (RL) with the goal of training a representation model
that can be used in a policy to solve a downstream RL task. The natural choice of data for RL
problems is trajectory data, which contains the agent’s observation along with actions taken by
the agent and the rewards received by it [[Sutton and Barto| |2018]]. A line of work has proposed
approaches for learning representations with trajectory data in both offline [Uehara et al.| 2021}, Islam
et al.}2022] and online learning settings [Nachum et al.l 2018 Bharadhwaj et al.,[2022]]. However,
unlike text and image data, which are abundant on the internet or naturally generated by users,
trajectory data is comparatively limited and expensive to collect. In contrast, video data, which
only contains a sequence of observations (without any action or reward labeling), is often plentiful,
especially for domains such as gaming and software. This motivates a line of work considering
learning representations for RL using video data [Zhao et al.| 2022]|. But is there a principled
foundation underlying these approaches? Are representations learned from video data as useful
as representations learned from trajectory data? We initiate a theoretical understanding of these
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Figure 1: A owchart of our video pre-training phaskeft: We assume access to a large set of
videos (or, unlabeled episode§enter: A representation learning method is used to train a model
which maps an observation to a vector representaRight: This representation can be used in a
downstream task to do reinforcement learning or visualize the latent world state.

approaches to show when and how these approaches yield representations that can be used to solve a
downstream RL task ef ciently.

Consider a representation learning pipeline shown in Figure 1. We are provided videos, or equivalently
a sequence of observations, from agents navigating in the world. We make no assumption about the
behavior of the agent in the video data. They can be trying to solve one task, many different tasks, or
none at all. This video data is used to learn a modglat maps any given observation to a vector
representation. This representation is subsequently used to perform downstream RL — de ning a
policy on top of the learned representation and only training the policy for the downstream task. We
can also use this representation to de ne a dynamics model or a critique model. The representation
can also help visualize the agent state space or dynamics for the purpose of debugging.

A suitable representation for performing RL ef ciently is aligned with the underlying dynamics of

the world. Ideally, the representation captures the latent agent state, which contains information about
the world relevant to decision-making while ignoring any noise in the observation. For example,
in Figure 1, ignoring noise such as the motion of geese in the background is desirable if the task
involves walking on the pavement. We distinguish between two types of noise: (1) temporally
independent noise that occurs at each time step independent of the history, (2) temporally dependent
noise, or exogenous noise, that can evolve temporally but in a manner independent of the agent's
actions (such as the motion of geese in Figure 1).

A range of approaches have been developed that provably recover the latent agent state from observa-
tions using trajectory data [Misra et al., 2020, Efroni et al., 2022] which contains actions. However,
for many domains there is relatively little trajectory data that exists naturally, making it expensive

to scale these learning approaches. In contrast, video data is more naturally available but these
prior provable approaches do not work with video data. On the other hand, it is unknown whether
approaches that empirically work with video data provably recover the latent representation and lead
to ef cient RL. Motivated by this, we build a theoretical understanding of three such video-based
representation learning approachastoencodemhich trains representations by reconstructing
observationsforward modelingvhich predicts future observations, aetnporal contrastivéearning

which trains a representation to determine if a pair of observations are causally related or not.

Our rst theoretical result shows that in the absence of exogenous noise, forward modeling and
temporal contrastive learning approaches both provably work. Further, they lead to ef cient down-
stream RL that is strictly more sample-ef cient than solving these tasks without any pre-training.
Our second theoretical result establishes a lower bound showing that in the presence of exogenous
noise, any compact and frozen representation that is pre-trained using video data cannot be used to do
ef cient downstream RL. In contrast, if the trajectory data was available, ef cient pre-training would

be possible. This establishes a statistical gap showing that video-based representation pre-training
can be exponentially harder than trajectory-based representation pre-training.

We empirically test our theoretical results in three visual domains: GridWorld (a navigation domain),
ViZzDoom basic (a rst-person 3D shooting game), and ViZDoom Defend The Center (a more
challenging rst-person 3D shooting game). We evaluate the aforementioned approaches along with
ACRO [Islam et al., 2022], a representation pre-trained using trajectory data and designed to Iter out
exogenous noise. We observe that in accordance with our theory, both forward modeling and temporal
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contrastive learning succeed at RL when there is no exogenous noise. However, in the presence
of exogenous noise, their performance degrades. Speci cally, we nd that temporal contrastive
learning is especially prone to fail in the presence of exogenous noise, as it can rely exclusively
on such noise to optimally minimize the contrastive loss. While we nd that forward modeling is
somewhat robust to exogenous noise, however, as exogenous noise increases, its performance quickly
degrades as well. While any nite-sample guarantees for the autoencoding method remain an open
guestion, empirically, we nd that the performance of autoencoder-based representation learning is
unpredictable. On the other hand, ACRO continues to perform well, highlighting a disadvantage of
video pre-training. The code for all experiments will be made available at <url-redacted>.

2 Representation Learning for RL using Video Dataset

We assume access to a datd3eif n videosD = f(x(li) ; x(zi); ;xﬂ))g{‘:l wherexj(i) is thej

observation (or frame) of thé" video. We are provided a decoder class f : X ! [N]g,

and our goal is to learn a decode2 that captures task-relevant information in the underlying
state ?(x) while throwing away as much exogenous noise as possible. Instead of proposing a new
algorithm, we analyze the following three classes of well-known video-based representation learning
methods. Our goal is to understand whether these methods provably learn useful representations.

Autoencoder. This approach rst maps a given observatioto an abstract statg(x) using a decoder
2 ,andthen uses it to reconstruct the observatiovith the aid of a reconstruction model class
Z =fz:[N]!Xg . Formally, we optimize the following loss:

. _ 1 X X (i) ()2
autdz; )= e kz( (Xy7)) Xy K3t (1)
i=1 h=1
In practice, autoencoders are typically implemented using a Vector Quantized bottleneck trained in a
Variational AutoEncoder manner, which is called the VQ-VAE approach [Oord et al., 2017].

Forward Modeling. This approach is similar to the autoencoder approach but instead of re-
constructing the input observation, we reconstruct a future observation using a model class
F = ff:[N] [K]! ( X)gwhereN is the output size of the decoder classandK 2 N

is a hyperparameter representing the forward time steps from the current observation. We collect a
dataset omultistep transition®y,, = f(x1); k(1); xXD)g" sampled iid using the video datag®t

where the observatiox(") is sampled randomly from th&' video,k() 2 [K ], andxX) is the frame

k() -steps ahead of(") in thei™ video. We distinguish between two types of sampling procedures,
one where() is always a xed given valu& 2 [K ], and one wher&()  Unf([K]). Given the
dataseDys,,, we optimize the following loss:

. 1 X W) i (Y- ()
for(f? )= o Inf x="j (x'");k : (2)
i=1

Temporal Contrastive Learning. Finally, this approach trains the decodeto learn to separate a
pair of temporally causal observations from a pair of tempom@tigusalobservations. We collect

a dataset 0Diemp = f(x1);k(); x%D; 2(0)gP""2 typles using the multistep transitions dataset
Dsor: We use 2 multistep transitions to create a single datapoiriD gy, to keep the datapoints
independent. To create th& datapoint foDemp, We use the multistep transitiofs@); k(21); x%21)
and(x@+D) ; k@i+1) - x2i+1) ) and sample!’)  Unf(f0; 1g). If z{) = 1, then ouri™™ datapoint

is a causal observation pgix?"); k(21); x%21): z()) ' otherwise, it is an acausal observation pair
(x@1; k@ x@i+1) - 7)) Depending on how we sampke we collect a different datasB,,, and
accordingly a different datasBkemp Given the datasédiemp We optimize the following loss using a
regression modej belonging to a model class= fg: X [K] X! [0;1]g:

1 e . . 2
‘templ @ ) = 2o 20 g (x@);k®;xA) 3
i=1

Practical Implementations. We use the aforementioned description of methods for theoretical
analysis. However, their practical implementations differ in a few notable ways. Most importantly
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we either use a continuous vector representatiorX ! RY for modeling , or apply a Vector
Quantized (VQ) bottleneck [Oord et al., 2017] on top of the vector representation to model a discrete-
representation decoder. We also optimize the loss using minibatches and use square loss for training
forward modeling and SImCLR loss [Chen et al., 2020] for contrastive learning. We experimentally
show that our theoretical ndings extend to these practical implementations.

3 IsVideo Based Representation Learning Provably Correct?

In this section, we present our main theoretical results. We rst prove that both forward modeling and
temporal contrastive methods succeed when there is no exogenous noise. We then establish a lower
bound showing that video-based representation learning is exponentially harder than trajectory-based
representation learning. We defer all proofs to the Appendix and only provide a sketch here.

3.1 Upper Bound in Block MDP Setting

We start by stating our theoretical setting and our main assumptions.

Lheoretical Setting, We assume a Block MDP setting and access to a dataset
. . . n
(x(l');x(z'); ;xﬂ)) - of n independent and identically distributed (iid) videos sampled from

data distributiorD . We denote the probability of a video BSx1;X2; ;X ). We assume thdd

is generated by a mixture of Markovian policies , i.e., the generative procedure fris to sample

apolicy 2 p with some probability and then generate an entire episode using it. We assume
that observations encode time steps. This can be trivially accomplished by simply concatenating the
time step information to the observation. We also assume that the video data has good state space
coverage and that the data is collectechbyjse-free policies.

Assumption 1(Requirements on Data Collection}here exists any,j, > 0 such that ifs is a state
reachable at time stelp by some policy in , thenD ( ?(xp) = S) min- _Further, we assume that
every data collection policy 2 p is noise-free, i.e., (ajxp) = (aj *(xp)) forall (a;xp).

Justi cation for Assumption 1 In practice, we expect this assumption to hold for tasks such as
gaming, or software debugging, where video data is abundant and, therefore, can be expected
to provide good coverage of the underlying state space. This assumption is far weaker than the
assumption in batch RL which also requires actions and rewards to be labeled, which makes it more
expensive to collect data that has good coverage [Chen and Jiang, 2019]. Further, unlike imitation
learning from observations (ILO) [Torabi et al., 2019], we don't require that these videos provide
demonstrations of the desired behavior. E.g., video streaming of games is extremely common on the
internet, and one can get many hours of video data this way. However, this data wouldn't come with
actions (which will be mouse or keyboard strokes) or reward labeling, and the game levels or tasks
in the data can be different or even unrelated to the downstream tasks we want to solve. As such, the
video data do not provide demonstrations of the desired task. Further, as the video data is typically
generated by humans, we can expect the data collection policies to be noise-free, as these policies are
realized by humans who would not make decisions based on noise. E.g., a human player is unlikely
to turn left due to the background motion of leaves that is unrelated to the game's control or objective.

We analyze the temporal contrastive learning and forward modeling approaches and derive upper
bounds for these methods in Block MDPs. While autoencoder-based approaches sometimes do
well in practice, it is an open question whether nite-sample bounds exist for them and we leave
their theoretical analysis to future work and instead evaluate them empirically. In addition to the
decoder class, we assume a function claBsto modelf for forward modeling ané to modelg

for temporal contrastive learning. We make a realizability assumption on these function classes.

Assumption 2 (Realizability) There exist§? 2 F ;g° 2 G and for; temp2  such thaff *(X %j

for(X); K) = Pror(X%j x; k) andg?(zj  emgX); ki X9 = Premdz = 1 j x;k; x% on the appropriate
support, and wheres,; andPempare respectively the Bayes classi er for the forward modeling and
temporal contrastive learning methods.

Justi cation for Assumption 2. Realizability is a typical assumption made in theoretical analysis of
RL algorithms [Agarwal et al., 2020]. Intuitively, the assumption states that the function classes are
expressive enough to represent the Bayes classi er of their problem. In practice, this is usually not a
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concern as we will use expressive deep neural networks to model these function classes. We will
empirically show the feasibility of this assumption in our experiments.

Finally, we assume that our data distribution has the required information to separate the latent states.
We state this assumption formally below and then show settings where this is true.

Assumption 3(Margin Assumption) We assume that the marging, and tempde ned below:

for = S1;Szi22f;516 S2 Ek kaor(X Oj St k) Pfor(x Oj 52 k) kTV
. 1 . S Y, e
temp= sl;SZIZr;f;slész éEk;s0 []Ptemp(z =1js;k SO) Ptemp(z =1jsyk; SO)J],

are strictly positive, and where in the de nition ofemp we sample’from the video data distribution
andk is sampled according to our data collection procedure.

Justi cation for Assumption 3. This assumption states that we need margigg,§ for forward
modeling and (temp for temporal contrastive learning. A common scenario where these assump-
tions are true is when for any pair of different stagess,, there is a third stats’ that is reachable

from one but not the other. If the video data distributidrsupports all underlying transitions, then
this immediately implies thatPio (X °j s1;k)  Pror(X °j s2;k)ky > O which implies ¢o, > 0.

This scenario occurs in almost all navigation tasks. Speci cally, it occurs in the three domains we
experiment with. While it is less clear, under this assumption we also haygp> 0.

We now state our main result for forward modeling under Assumption 1-3.

Theorem 1 (Forward Modeling Result)Fix > 0and 2 (0;1) and letA be any prov-
ably ef cient RL algorithm for tabular MDPs with sample complexityamdS; A;H; ; ). If
nispoly S;H;= in = o= In(=); InjFj;Inj jg for a suitable polynomial, then forward
modeling learns a decode? : X ! [jSjl. Further, runningA on the tabular MDP with
nsamdS; A H; T; =2, =4) episodes returns a latent poli¢y. Then there exists a bijective mapping
: S [jSj] such that with probability at least  we have:
s
: 4SH2 1 jFjj |
852S; Py iy )= (8] =s 1 728 N L
min for 1

and the learned observation-based polity " : x 7! "*("(x)) is -optimal, i.e.,
V() over D)

Finally, the number of online episodes used in the downstream RL task is given by
nsamdS; A H; =2, =4) and doesn't scale with the complexity of function classesdF .

The result for temporal contrastive is identical to Theorem 1 but insteag)pfve have tempand
instead ofF we haveG. These upper bounds provide the desired result which shows that not only
can we learn the right representation and near-optimal policy but also do so without online episodes
scaling withInj j. Typically, the function class for forward modelifrgis much more complex than

G, however, as we show in Appendix C.5, the margin for forward modeliggis larger than for
contrastive learningtempleading to a trade-off between these two approaches.

3.2 Learning from Video is Exponentially Harder than Learning from Trajectory Data

When online RL is possible, there exist algorithms Misra et al. [2020], Efroni et al. [2022] that can
learn an accurate latent state decodevith high probability and use it to learn near-optimal policies.
These methods train the decoder using online trajectory data. This begs the following qusstion:
possible to learn a latent state decoder that is useful for performing RL using of ine video Aata?
the next result shows, this is not always the case.

Theorem 2 (Lower Bound for Video) SupposegSj;jAj ;H 2. Then, for any' 2 (0;1), any

algorithmA ; that outputs a state decoderwith , : X ! [L; L 2" 1, 8h 2 [H]givena
video dataseD sampled from some MDP and satis es Assumption 1, and any online RL algorithm
A, uses that state decoderin its interaction with such an MDP (i.eA, only observes states
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through ) and output a policy, there exists an MDP instandé in a class of MDPs which satis es
Assumption 3 and is PAC learnable wi{poly (jSj;jAj ; H; ==')) complexity, such that

Vu () Vm(b)>"
regardless of the size of the video dataBefor algorithm A; and the number of episodes of
interaction for algorithmA ,.

The basic idea behind that hard instance construction is that, without the action information, it is
impossible for the learning agent to distinguish between endogenous states and exogenous noise. For
example, consider an image consistindNof N identical mazes but where the agent controls just

one maze. Other mazes contain other agents which are exogenous for our purpose. In the absence of
actions, we cannot tell which maze is the one we are controlling and must memorize the con guration
ofallN N mazes which grow exponentially witih. Another implication from that hard instance

is — if the margin condition (Assumption 3) is violated, the exponentially large state decoder is also
required for the regular block MDP without exogenous noise; a detailed discussion can also be found
in Section C.3. We also discuss settings where we may be able to ef cient-learning with just video
data with additional assumptions in Appendix C.4.

4 Experimental Results and Discussion

We empirically evaluate the above video-based representation learning methods on three visual
environments: a gridworld environment and two VizDoom environments. We defer the results on one
of the Vizdoom environments along with additional experimental details and results to Appendix D.
Our main goal is to validate our theoretical ndings by evaluating these methods in the presence and
absence of exogenous noise and comparing their performance with a trajectory-based method.

4.1 Experimental Details

GridWorld. We consider navigation in32 12 Minigrid environment [Chevalier-Boisvert et al.,
2023]. The agent (red triangle) can only observe an area around itself, and the goal is to reach the key
quickly (Fig. 3). The position of the agent and key randomizes each episode.

ViZzDoom Defend the CenterThis is a rst-person shooting game [Wydmuch et al., 2018, Kempka
et al., 2016], in which the player needs to kill a variety of monsters to score (Fig. 5). The episode
ends when the monster is killed or after 500 steps.

Exogenous NoiseFor all domains, the observation is an RGB image. We add exogenous hoise
to it by superimposing 10 generated diamonds of a particular size. The color and position of
these diamonds are our exogenous state. At the start of each episode, we randomly generate these
diamonds, after which they move in a deterministic path. We also test the setting in which there
is exogenous noise in the reward. We compute a score based on just the exogenous noise and add
it to the reward presented to the agent. However, the agent is still evaluated on the original reward.

Model and Learning. Our decoder class is a convolutional neural network. We use a deconvolu-

tional neural network to modél andh. We experimented with both using a vector representation for
and also using a VQ-bottleneck to discretize the embeddings. We use PPO to do downstream RL

and keep frozen during the RL training. We also visualize the learned representations by training

a decoder on them and xing to reconstruct the input observations. We then look at the generated

images to see what information from the observation is preserved by the representation.

ACRO. We also evaluate the learned representations against ACRO [Islam et al., 2022] which
uses trajectory data. This approach learns representatinpredicting action given a pair of
observation&E [Inp(an j (Xn);Xnh+k; k)]. ACRO is designed to Iter out exogenous noise as this
information is not predictive of the action. Our goal is to test if we get much better representations
if we have access to trajectory data instead of video data.

4.2 Empirical Results and Discussion

We present our main empirical results in Fig. 2 and Fig. 4 and discuss the results below.

Forward modeling and temporal contrastive both work when there is no exogenous noisé
accordance with Theorem 1, we observe that in the case of both GridWorld (Figure 2) and ViZDoom
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(a) No Noise (b) Only Observation Noise (c) Only Reward Noise (d) Both

Figure 2: RL experiments in the GridWorld environment.

(a) Original (b) Forward Model (c) Autoencoder (d) Contrastive

Figure 3: Decoded image reconstructions for different methods in the GridWorld environment. We
train a reconstruction model on top of frozen learned representatitrahed with a given video-
based methodTop row: shows an example from the setting where there is no exogenous noise.
Bottom row: shows an example with exogenous noise (colored diamond shapes).

(a) No Noise (b) Only Observation Noise (c) Only Reward Noise (d) Both

Figure 4: RL experiments using different latent representations for the ViZDoom Defend the Center
environment.

Defend the Center (Figure 4), these approaches learn a decdbat lead to success with RL

in the absence of any exogenous noise. For GridWorld, we nd support for this result with VQ
bottleneck during representation learning (Fig. 2(a)) whereas for ViZzDoom Defend the Center,
we nd support for this result even without the use of a VQ bottleneck (Fig. 4(a)). These results
are further supported via qualitative evaluation through image decoding from the learned latent
representations (Fig. 3) which show that these representations can recover critical elements like walls.
We nd that autoencoder performs well in ViZDoom Defend the Center but not in gridworld, which
aligns with a lack of any theoretical understanding of autoencoders.

Performance with exogenous noiséMe nd that in the presence of exogenous noise (Figure 2, Fig-
ure 4), representations from forward modeling achieve a lower performance specially in gridworld,
whereas temporal contrastive representations completely fail. One hypothesis for the stark failure of
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(a) Original (b) Forward Modeling (c) Autoencoder (d) Temporal Contrastive

Figure 5: Decoded image reconstructions for different methods in ViZDoom Defend the Center.

temporal contrastive learning is that the agent can tell whether two observations are causal or not, by
simply focusing on the noisy diamonds that move in a predictive manner. Therefore, the contrastive

learning loss can be reduced by focusing entirely on the exogenous noise. Whereas, forward modeling
is more robust as it needs to predict future observations, and the agent's state is more helpful for
doing that than noise. This shows in the reconstructions (Figure 3(b)(d), Figure 5(b)(d)). As expected,

the reconstructions for forward modeling continue to capture state-relevant information, whereas for

temporal contrastive they focus on noise and miss relevant state information. In Appendix C.6, we

formally prove that there exists an instance where forward modeling can recover the latent state for
low-levels of exogenous noise, whereas temporal contrastive cannot do so for any level of exogenous
noise.

Comparison with ACRO. Finally,

we draw a comparison between the

performance of video-pretrained rep-

resentation and ACRO which uses

trajectory data. ACRO achieves

the strongest performance across all

tasks (Figure 2, Figure 4). Ad-

ditionally, we also observe that as

we increase the size of the exoge-

nous noise elements in the obser-

vation space (Figure 6), the perfor- (a) ACRO (b) Forward Modeling

mance of forward modeling, the over- ) _ )

all best video-based approach, dé&igure 6: RL p.erformance. with varying size for exogenous
grades more drastically compared tgoise in the GridWorld environment.

ACRO. This agrees with our theoreti-

cal nding (Theorem 2) that learning representations from video-based data is signi cantly harder
than trajectory-based data when exogenous noise is present.

5 Conclusion

Videos are a naturally available source of data for training representations for RL. In this work,
we study whether existing video-based representation learning methods are provably effective for
downstream RL tasks. We provide both upper and lower bounds for these methods in two theoretical
settings and provide empirical validation of our ndings on three visual domains. Using our theoretical
tools to develop better video-based representation learning methods and extending our analysis to
other formal settings are natural future work directions.
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A Preliminaries and Overview

In this section, we provide a formal overview of our learning setup and problem statement.

Mathematical Notation. We usglN]for N 2 N to de nethe sef1;2; ;Ng. We assume all sets
to be countable. For a given ddt we denote its cardinality bjjj and de ne ( U) as the space of
all distributions ovetdJ. We denote the uniform distribution overby Unf(U). Finally, poly f g
denotes a term that scales polynomially in the listed quantities.

Block MDPs. We study episodic RL in Block Markov Decision Processes (Block MDP) [Du et al.,
2019]. ABlock MDP is de ned by the tupléX ; S; A; T; R; g; ;H ) whereX is a set of observations

that can be in nitely largeS is a nite set oflatent states, and\ is a set of nite actions. The
transition dynamic§ : S A'! ( S) de ne transitions in the latent state space. The reward
functionR : S A! [0; 1] assigns a rewarR(s; @) if actiona is taken in the latent state When

the agent visits a statg it receives an observation ¢( j s) sampled from an emission function
g:S! ( X). This emission process contains temporally independent noise but no exogenous
noise. Finally, 2 ( S) is the distribution over the initial latent state ardis the horizon denoting

the number of actions per episode. The agent interacts with a block MDP environment by repeatedly

generating an episod&;as;r1; ;Xu;an;rn) wheres; and for allh 2 [H] we have
Xn 0 jSh),rh = R(sh;an),andsys1  T( j Sn;an), and all actiong angll_; are taken by the
agent. The agent never directly observes the latent {&tes; ;sSH).

A key assumption in Block MDPs is that two different latent states cannot generate the same
observation. This is called thisjoint emission propertgnd holds in many game and OS settings.
Formally, this property allows us to de ne a decodér: X | S that maps an observation to the
unique state that can generate it. The agent does not have accéssftime agent had access ta,

one could map each observation from an in nitely large space to the nite latent state space, which
allows the use of classical nite RL methods [Kearns and Singh, 2002].

Exogenous Block MDPs (Ex-Block MDP)We also consider RL in Exogenous Block MDPs (Ex-
Block MDPs) that extend Block MDPs to include exogenous noise [Efroni et al., 2022]. An Ex-Block
MDP is de ned by(X;S; ;A;T;T;R;q;H;; )whereX;S;A;T;R;H and have the same
meaning and type as in Block MDPs. The additional quantities includéich is the space of
exogenous noise and can be in nitely large. We use the notatlbn to denote the exogenous noise.

For the setting in Fig. 1, the exogenous noise variakdeptures variables such as the position of
geese, the position of leaves on the trees in the background, and lighting conditions. The exogenous
noise changes with time according to the transition funcfion ! () andis at start sampled

from . Note that unlike the agent stad€® S, the exogenous noise2 , evolves independently

of the agent's action and does not in uence the evolution of the agent's state. The emission process
g:S I ( X) in Ex-Block MDP uses both the current agent state and exogenous noise, to
generate the observation at a given time. For example, the image generated by the agent's camera
contains information based on the agent's state (e.g., agent's position and orientation), along with
exogenous noise (e.g., the position of geese). Similar to the Block MDP, we assume there exists
unknowndecoders ? : X IS and 7 : X! that can map an observation to the current agent
states and exogenous respectively.

Provable RL. We assume accesstoapolicyclass f :X ! Ag whereapolicy 2 allowsthe
agent to take actions. For a given policywe useE [] to denote expectation taken gyer an epjsode

generated by sampling actions from We de ne the value of a policy( ) = E Ezl I

as the expected total reward or expected return. Our goal is to learn a near-optimatpakcy

sup, V() V™) with probability at least. for a given tolerance parameter 0

and failure probability 2 (0; 1), using number of episodes that scale polynomiall{=inl=, and

other relevant quantities. We will call such an algorithm as provably ef cient. There exist several
provably ef cient RL approaches for solving Block MDPs [Mhammedi et al., 2023, Misra et al.,
2020], and Ex-Block MDPs [Efroni et al., 2022]. These approaches typically assume access to a
decoder class= f :X ! [N]gand attempt to learn” using it. These algorithms don't use

any pre-training and instead directly interact with the environment and learn a near-optimal policy
by using samples that scale wigbly (S; A; H; Inj j;1=;1=). Crucially, the dependence &mj j

cannot be removed. The decoder clasand all other function classes in this work are assumed to
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have bounded statistical complexity measures. For simplicity, we will assume that these function
classes are nite and derive guarantees that scale logarithmically in their sizdr(e.g).

Representation Pre-training using Videos.RL algorithms for the above settings require online
episodes that scale withj j which is expensive for real-world problems wherés represented by a
complex neural network. Of ine RL approaches Uehara et al. [2021] offer a substitute for expensive
online interactions but require access to labeled episodes (with actions and rewards) that are not
naturally available in many settings such as games and software. In contrast, we focus on pre-training
the decoder using video data which is naturally available in these settings.

Problem Statement.We are given two hyperparameters 0Oand 2 (0;1) and a suf ciently large
dataset of videos. We are also given a decoder clas§d : X ! [N]g containing decoders that
map an observation to one of the possibleabstract statesDuring the pre-training phase, we learn
adecoder 2 using the video data. We then freezand use it to do RL in a downstream task.
Instead of using any particular choice of algorithm for RL, we assume we are given a provably ef cient
tabular RL algorithmA . We convert the observation-based RL problem to a tabular MDP problem by
converting an observationto its abstract state representatigqix) using the frozen learned decoder

. The algorithmA uses (x) instead of and outputs aabstract policy :[N]!A . We want
thatsup , V() V( ) with probability at leasi.  , where' X7V (O (X)) is
our learned policy. We also require the number of online episodes in the downstream RL phase to
not scale with the size of the decoder classThis allows us to minimize expensive online episodes
while using naturally available of ine video data for pre-training.

B Additional Related Work

Representation Learning for Reinforcement Learning A line of research on recurrent state space
models is essentially concerned with the next-frame approach, although typically with conditioning on
actions. Moreover, to model uncertainty in the observations, a latent variable with a posterior depend-
ing on the current observation (or even a sequence of future observations) is typically introduced. [Ke
et al., 2019] considered learning such a sequential prediction model which predicts observations and
conditions on actions. They used a latent variable with a posterior depending on future observations
to model uncertainty. These representations were used for model-predictive control and improved
imitation learning. Dreamer [Hafner et al., 2019, 2023] uses the next-frame objective but also condi-
tions on actions. The IRIS algorithm [Micheli et al., 2023] uses the next-frame objective but uses the
transformer architecture, again conditioning on actions. The InfoPower approach [Bharadhwaj et al.,
2022] combines a one-step inverse model with a temporal contrastive objective. Sobal et al. [2022]
explored using semi-supervised objectives for learning representations in RL, yet used action-labeled
data. Wang et al. [2022] used a decoupled recurrent neural network approach to learn to extract
endogenous states, but relied on action-labeled data to achieve the factorization. Deep Bisimulation
for Control [Zhang et al., 2020] introduced an objective to encourage observations with similar value
functions to map to similar representations.

Self-prediction methods such as BYOL-explore [Guo et al., 2022] proposed learning reward-free
representations for exploration, but depended on open-loop prediction of future states conditioned on
actions . An analysis paper studied a simpli ed action-free version of the self-prediction objective
[Tang et al., 2023] and showed results in the absence of using actions, although this has not been
instantiated empirically to our knowledge.

A further line of work from theoretical reinforcemnt learning has examined provably ef cient
objectives for discovering representations. Efroni et al. [2022] explored representation learning in
the presence of exogenous noise, establishing a sample ef cient algorithm. However Efroni et al.
[2022] and the closely related work on Itering exogenous noise required actions [Lamb et al., 2022,
Islam et al., 2022]. Other theoretical work on learning representations for RL has required access to
action-labeled data [Misra et al., 2020].

Representation Learning from Videos Self-supervised representation learning from videos has

a long history. Srivastava et al. [2015] used recurrent neural networks with a pixel prediction
objective on future frames. Parthasarathy et al. [2022] explored temporal contrastive objectives for
self-supervised learning from videos. They also found that the features learned well aligned with

1Our theoretical analyses can be extended to other complexity metrics such as Rademacher complexity.
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human perceptual priors, despite the model not being explicitly trained to achieve such alignment.
Aubret et al. [2023] applied temporal contrastive learning to videos of objects being manipulated in a
3D space, showing that this outperformed standard augmentations used in computer vision.

Using Video Data for Reinforcement Learning The VIPER method [Escontrela et al., 2023] uses

a pre-trained autoregressive generative model over action-free expert videos as a reward signal for
training an imitation learning agent. The Video Pre-training (VPT) algorithm [Baker et al., 2022]
trained an inverse kinematics model on a small dataset of Minecraft videos and used the model
to label a large set of unlabeled Minecraft videos from the internet. This larger dataset was then
used for imitation learning and reinforcement learning for downstream tasks. Zhao et al. [2022]
explicitly studied the challenges in using videos for representation learning in RL, identifying ve
key factors: task mismatch, camera con guration, visual feature shift, sub-optimal behaviors in the
data, and robot morphology. Goo and Niekum [2019] learn reward functions for multi-step tasks
from videos by leveraging a single video segmented with action labels (one-shot learning). Sikchi
et al. [2022] propose a two-player ranking game between a policy and a reward function to satisfy
pairwise performance rankings between behaviors. Their proposed method achieves state-of-the-art
sample ef ciency and can solve previously unsolvable tasks in the learning from observation (no
actions) setting.

Recently some approaches have also considered recolateng actionsrom video data using an
encoder-decoder approach [Ye et al., 2022]. In general, the lower bound in Theorem 2 applies to these
methods and they do not provably work in the hard instances with exogenous noise. For example,
the latent actions can captuggogenous noisestead of actions, if the former is more predictive of
changes in the observations. However, in simpler cases such as 3D games, where the agent's action is
typically most predictive of changes in observations, or in settings with no exogenous noise, one can
expect these approaches to do well.

C Proofs of Theoretical Statements

We state our setting and general assumptions before presenting method speci ¢ results. We also
include a table of notations in Table 1.

Notation Description
[N] Denotes the sdtl;2; ;Ng
(V)] Denotes the set of all distributions over a et
Unf(U) Uniform distribution ovetJ
supP) Support of a distributio® 2 ( U), i.e., suppP) = fx 2 U j P(x) > 0Og.
X Observation space
S Latent endogenous state
A Action space
T:STAI (S) | Transition dynamics
R:S A! [0;1] Reward function
Start state distribution
H Horizon indicating the maximum number of actions per episode
?:X1S Endogenous state decoder

Table 1: Description for mathematical notations.

n . . Op
We are given a datasBt = (x(l') ; x(z'); ;xﬂ) of n independent and identically distributed
(iid) unlabeled episodes. We will use the word video and unlabeled episodes interchangeably. We
assume the underlying data distributioribis We denote the probability of an unlabeled episode as
D(X1;X2; ;Xu). We assume thdd is generated by a mixture of Markovian policiesg , i.e., the
generative procedure f@ is to sample a policy 2 p with probability  and then generate
an entire episode using it. For this reason, we will deridte p Where is the mixture
distribution. We assumeo direct knowledgeabout either p or , other than that the set of policies
in p are Markovian. We de ne thenderlyingdistribution over the action-labeled episode as
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D(x1;a1;X2;  ;Xn;aw ), of which the agenbnly gets to observe thixy; x2;  ;Xp ). We will
use the notatio® to refer to any distribution that is derived from the above joint distribution.

We assume that observations encode time steps. This can be trivially accomplished by simply
concatenating the time step information to the observation. This also implies that observations from
different time steps are different. Because of this property, we can assume that the Markovian policies
used to realiz® were time homogenous, i.e., they only depend on observation and not observation

and timestep pair (this is because we include timesteps in the observation). Therefordy @i{HIl

andk 2 N we have:

D(Xn+k = X°) Xp = X) = D (X1 = X°f X1 = X) (4)

We denoteD (xp) to de ne the marginal distribution over an observatign andD (Xp ; Xp+ k) tO
denote the marginal distribution over a pair of observat{omns xn+ k) in the episode. We similarly
de ne D(Xp; an) as the distribution over observation action pks; an ).

We assume that the video data has good coverage. This is stated formally below:

Assumption 4(State Coverage b ). Given our policy class , there exists anpyi, > 0 such thatif
sup , P (sh = s)> Oforsomes2 S, then we assumB ( ’(xp) = S) min-

In practice, Assumption 4 can be satis ed since videos are more easily available than labeled episodes
and we can hope that a large diverse collection of videos can provide reasonable coverage over the
underlying state action space. E.g., for tasks like gaming, one can use hours of streaming data from
many users.

Further, we also assume that the data policy depends only on the endogenous state. Recall that for an
observatiorx 2 X , its endogenous state is given b§(x) 2 S.

Assumption 5(Noise-Free Video Distribution)For anyh, 2 p, Xy 2 suppP anda2 A, we
have

@jxn)= (aj 7(xn):

Justi cation of Noise-Free Policy. Typically, video data is created by humans. E.g., a human may

be playing a game and the video data is collected by recording the user's screen. A user is unlikely to
take actions relying on iid or exogenous noise in the observation process. Therefore, the collected
data can be expected to obey the noise-free assumption.

Multi-step transition. We choose to analyze a multi-step variant of standard temporal contrastive
and forward modeling algorithms that train on a dataset of pairs of observétiorf that can be
variable time steps apart. As our proof will show, this gives the algorithms more expressibility and
allows them to learn correct representations for some problems that their single-step variants (i.e., the
observations are adjacent) or xed time-step variants (i.e., the observations are xed time steps apart)
cannot solve. We will use the varialiteto denote the time steps by which these observations differ.
Formally, we will call(x; k; x% as a multi-step transition whexewas observed at some time step
andx®was observed dt + k. For the single-step variant of the algorithms, we hawel . For the

xed multi-step variant, we havk > 1 butk is xed. Finally, in the general multi-step variant, we

will assume thak is picked from Un{[K ]) whereK is a xed upper bound.

Extending episode toH + K. When using > 1, we may want to collect a multi-step transition

(x; k; x% wherex = xy to allow learning state representation for time stepHowever, at this point,

we don't have time steps left to obsemg . k. We alleviate this by assuming that we can allow an
episode to run tilH + K if necessary. In practice, this is not a problem where the algorithm sets the
horizon and not the environment. However, if we cannot go Hashen we can instead assume that

all states are reachable by the time dtep K and so their state representation can be learned when

x is selected aty . In our analysis ahead, we make the former setting that the episodes can be
extended tdd + K, but it can be easily rephrased to work with the other setting.

For both the forward model and the temporal contrastive approach, we assume access to a dataset
Dior = (x(V;k(; xA0D) inzl of pairs of observations. We de ne a few different distributions that
can be used to generate this set. For a giv@n[K ], we de ne a distributiorD overk-step separate
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observations as:
1 X
Di(X =xX%=x)= = D(Xp = X;Xn+k = X9 (5)
H h=1
We can sampléx; k;x9) Dy (X; X 9 by sampling an episodg1;x>; ;xu) D, and then
sampling &h  Unf([H]), and choosing = x;, andx®= Xp+ k.

We also de ne a distributio® s where we also sampleuniformly over available choices:

1
Dynf(X = xk;X %= x9 = KDk(xh = X;Xn+k = X9 (6)

We can sampléx; k; x9) D yni(X; X 9 by sampling an episode1;X2; ;Xu) D, andthen
samplingh 2 [H], and sampling 2 [K ], and choosingxn; Xn+ k) as the selected pair.

We de ne a useful notation 2 ( X) as:

(X=x= 7" D= x): @)
h=1

The distribution (X)) is a good distribution to sample from as it covers states across all time steps.
Finally, because of Assumption 4, we have the following:

8s2S: (s) % (8)

This is because we assume evgry s&t2 S, is visited at some time stefp and so we have
D(ss=S) mnpand ()= 24 [, D(sh=15 2AD(sx=s) NN
It can be easily veri ed that for botB (X; X 9 andD n#(X; X 9), their marginals oveX is given

by (X). BothDy andD s satisfy the noise-free property. We prove this using the next two
Lemma.s

Lemma 1 (Property of Noise-Free policy)Let be a policy such that for any 2 X , we have
(ajx)= (aj ?(x)). Thenforanyh 2 [H]andk 2 [K]we haveP (Xn+k = X°j xp = X) only
depend on ?(x) and this common value is de ned By (Xnh+k j Sh = (X))

Proof. The proof is by induction ok. Fork = 1 we have:
X X

P (xhee = X% xn=x)=  T(x%xa) (@jxn=x)= T 7(x);a) (@jxn= "(x);
az2A az2A

and as the right hand side only depends 6(x), the base case is proven. For the general case, we
have:

P (Xnsk = X°j Xp = X) = P (Xnsk = X%Xnsk 1= %] Xn = X)
)S%X
= P (Xnek = X% Xnsk 1= %X)P (Xnsk 1= %X | Xp = X)
)S%X
= P (Xn+k = X% Xnek 1= %P (Xnsk 1= %] Xn = (X));
x2X

where the second step uses the fact thatMarkovian and the last step uses the inductive case for
k 1 O

Lemma 2 (Distribution over Pairs) Letk 2 [K], x 2 supp (X ), then the distributioD (X °j x)
only depends on”(x). This allows us to de n® (X °j ?(x)) as this common value. Similarly,
the distributionD (X 9j x;k) depends only on?(x) andk. We de ne this common value as

DyuniX i ?(x):k).
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s44 Proof. For anyk we have:

1 X
Dk (X :X;XO= X°)= ") D(xh:x;xh+k:x°)
h=1
1 X X
=0 P (Xp = X;Xn+k = X9
h=1 2 o
1 XX .
=0 P (Xh = X)P(Xn+k = X°] Xp = X)
h=1 2 p
1 XX o , '
“q P (Xn = X)P (Xn+k = X%jsn = 7(x)); (using Lemma 1)
h=1 2 o

_qxj ) XX

H P(sh= "(X)P (Xn+k = X% sp = ?(x))

h=1 2 D

645 The marginaDg (X = X) is given by:

N i ) X
Dk(X = x) = Hi axj )P (sh= (X)) = q(X]HJ
h=1 2 o h=1

Di(sh = "(x)):

ss6 The conditionaD (X °= x%j X = x) is given by:

D(X = x;X %= x9

FPk(X)

_ ha1 2, P(sh= (X)P (Xnsk = X% sp = (X))
" i Di(sh= 2(x)

647 Therefore, the conditiond@ (X °= x°j X = x only depends on?(x), and we de ne this common
sas value aDy (X %= x%js= ?(x)).

Di(X%=x% X = x) =

ea9  The proof forD ¢ is similar. We can use the propertyDf that we have proven to get:
Dynf(X = x;k; X %= x9

x2x Dyunf(X = Xk X 0= x)

De(X = x;X 9= x9

wox Dk(X = x;X 9= %)

D(X%= x% X = x)

wox Dk(X0=x]X =x)
Di(X%=x% X = ?(x)) |

wox Dk(X0=xjX = ?(x))’

P

Dyni(X %= x% X = x;k)

P

P

=P

sso  ThereforeD j4f(X °= x%j X = x;k) only depends on?(x). We will de ne the common values as
st Dynf(X°= x"js=?(x);k). O

52 Lemma 2 allows us to de n®y(x°j ?(x)) andD ni(x°j ?(x);k), as the distribution only
es3 depends on the latent state.

es« C.1 Upper Bound for the Forward Model Baseline

ess Let Digr = f(x();k);xA)g, be a pair of iid multi-step observations. We will collect this
es6 dataset in one of three ways:

657 1. Single stef(k = 1), in this case we will samplex); xX0) Dy (X; X 9. As explained
658 before, we can get this sample using the episode data. Wexavek; xX1)) as our sample.
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670
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687
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693

694

2. Fixed multi-step. We use a xeld > 1, and sampléx();xX)) D (X; X 9. We save
(x1: k; x%) as our sample.
3. Variable multi-step. We samp(&; k; x©) Duni(Xi ki X 9 and use it as our sample.

We will abstract these three choices using a general notid,pf2 ( X [K] X ). Inthe

rst two cases, we assume we have point-mass distribution lo\ard given thisk, we sample
from D (X; X 9. We will assumgx();k();x%) D, . We can creat®s,, from the dataset
D of n episodes sampled frolm using the sampling procedures explained earlier. Note that as
marginals over botl (X)) andD ,4#(X) is (X), therefore, the marginals ovex, (X) is also

(X). Additionally, we will de ne D, (k) as the marginal ovee which is either point-mass in the

rst two sampling procedures and U{K ]) in the third procedure.

We assume access to two function classes. The rstis a decoder glasX ! [N]whereN is a
given number that satis el jSj . The second is a conditional probability cldss [N] [K]!

( X).

Assumption 6. (Realizability of andF ) We assume that there exists2 y andf 2 F such
thatf (x°) (x);k) = Dpr (X°] X;k) = Dpr (X°]  ?(x);k) forall (x;k)  Dpr( ;).

This assumption rstly is non-vacuous &, (x°j x) = Dy (x°j ?(x)), and therefore, we can
apply a bottleneck function and still assume realizability. For example, we can assumetisathe
same as ? up to the relabeling of its output, afi@x®j i) = Dy (X°] S).

Letf’ " be the empirical solution to the following maximum likelihood problem.

A 1 X CORTNMOING:
f} —arngFr11;a;<Nﬁi:l Inf x%j (xM);k (9)

Note that wherk is xed (we sample fronD\), then information theoretically there is no advantage
of condition onk and it can be dropped from optimization.

As we are in a realizable setting (Assumption 6), we can use standard maximum likelihood guarantees
to get the following result.
Proposition 3 (Generalization Bound)Fix 2 (0; 1), then with probability atleast , we have:

2
Eoa) by D (X%ixik) X005k L, (5 )
o -
where 2(n; )= 2In L

For proof see Chapter 7 of Geer [2000].

Finally, we assume that the forward modeling objective is expressive to allow the separation of states.
While, this seems like assuming that the objective works, our goal is to establish a formal notion of
the margin so we can verify it later in different settings to see when it holds.
Assumption 7. (Forward Modeling Margin). We assume there existsg 2 (0; 1) such that:
H 0; . 0; .

Sl;szzlgf;516 . Ex b, KDpr (X7 s1;K)  Dpr (X7j s2;K)ky for
Note that this de nes two types of margin dependingn . Whenk is a xed value, the margin is
given by:

(k) — i 0i o - 0i . - .
fOI’ - Sl;szlzrslf;51esz kDpr (X J Sl, k) Dpr (X J S2, k)kTV .

When we sampl&  Unf([K ]) then the margin is given by:

X
(u) — ; 1 0 o - 0 o - .
for = o sl 65, K . kDpr (X°j s1;k) - Dpr (X %] s2: K)ky -
We will use the abstract notioryy, for forward margin which will be equal tof((k))r or %)r depending

on our sampling procedure. It is easy to see tl'ﬁg# = Kl Ezl f(g)r

We are now ready to state our rst main result.
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s9s Proposition 4 (Recovering Endogenous StateBix 2 (0; 1), then with probability at least
ss We learn” that satis es:

2(n; ),
for '

Px1x» "(x1) 8 7(x2)* “(x1) = "(x2)

so7  Proof. We start with a coupling argument where we samplex, independently fronD, (X)

ses  Which is the same aqX).
h n_ N o] i

Exix; Dpk Dy 1 A (x1) = "(x2) kDpr (X% x1;k)  Dpr (X% x2iK)kpy

n o} i
Exis Dk Dy 1 "(x1)= "(x2) (X% "(x1);K)  Dpr (X %) xa;K)

h n_ . 0 N LAY

+ EXl;XZ Dpr ik Dpr l (Xl) = (XZ) fl\(x Oj (X1)1 k) Dpr (X Oj X2; k) TV

e99 We bound these two terms separately

h n 0 [
Base Dk 0y 1 0= "02)  F(X% "xa)ik) D (X x4 K)oy,
r h m N oi S A 2
EXl;XZ Dpr sk Dpr 1 (Xl): (X2) EXJ_;XZ Dpr sk Dpr f/\(xoj (X1)7k) Dpr (XOJ Xle)) TV
r N .S

LI

Ul 2
= Euxe 0y 1 ") = ")) B, TXOTX) Dpr(X%5%) o,

b

r h—n

of
70 whereb=  Ex,x, b, 1 “(x1) = "(xp) and the second step uses Cauchy-Schwarz inequal-

701 ity. Itis straightforward t% verify thalb 2 [0; 1]. We bound the second term similarly
n

Brne Ok B 1 "(x1) = “((X)Z)O FIX% "(xa)ik) - D (X x27K) Tv
= B, 0 1 700)= x2) FIXO %20 k) Dpr (X0 x2iK)
b
702 Where the secgnd step uses the crucial coupling argument that we can sepleite x, because of
703 the indicatorl A(xl)z A(Xg) , and the last step follows as we reduce it to the rst term except

704 We switch the name?]cxfl andx,. Combining the two upper bounds we get: )
n i

(0]
Exixz Duwk Dp 1 "(X1)= "(x2) KDpr(X%ix1;K)  Dpr(X°) x2iK)kry  2b

705 Or, equivalently,
2 3

n (0]
Exix, Dy 81 Nx1) = "(x2) Fk D, kDpr(Xojxl;Ia Dpr (X O] Xzik)kTV}% 2b

=( X1:X2)

706 Let ( X1;X2) = Ex p, KDpr (X% x1;k) Dpr (X% x2;K)ky - For any two observations, if
707 ?(x1) = ?(X2), thenkDp (X %) x1) Dy (X% X2)ky = 0, and therefore,( x1;x2) = 0
708 because of Lemma 2. Otherwise xy;X2) is at least ¢g,, by Assumption 6. Combining these two
709 Observations we get:

(x1;%2)  fordf 7(x1) & 7(x2)g

710 Combining the previous two inequalities we get:
h n

A A 2 .09 2
Exixo b 1 "(X1) = "(x2) " “(X1) & (X2)

for
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723

724

This directly gives

2b 2
Pase Dy (X)) = ") T(x) 8 C(xo) - S
for for
The proof is completed by recalling that margiig, (X ) is the same as(X). O

Proposition 4 shows that the learnédhas one-sided error. If it merges two observations, then with
high probability they are not from the same state.NAs= jSj, we will show below that the reverse is
also true.

Theorem 5. If N = jSj, then there exists a bijection: [N]!S such that for any 2 S we have:

. 4N3H2
Peoaisy 0= (9] ‘0=s 1 S
min for
2 .
provided < 'E'Z”Hfzor

Proof. We de ne a few shorthand below for apy2 [N]ands2 S
PGo=Pc "0=j" T(0==s
()=Pc  "(0)=]
(=P (7(0)=-9):
It is easy to verify thaP(j; s) is a joint distribution with (j) and (s) as its marginals.

Fixi 2 [N]Jands 2 S.

Pase  (x1)= "(x2)® P(x1) 8 "(x2)
n 0
= Paus,  [sasjomng ()= 02 ") = P(xi)=s” P(x2) 68

P, (x)= i7" "(x2)=in P(x1)= sh P(x2) 6's

P, “(x)=i” "(x))=s Py, “(x2)=i" ?(x2)6s

|

X !

P ")=ir (x)=s Po "0=ir Px)=s" P ("00=ir ()= )
s02S

« !
P(i; s) P(i;s9  P(i;s)
s92S

P(;s)( (i) P(i;s)):

Combining this with Proposition 4, we get:
2
for

8i2[N];s2S; P@;s)( (i) P(i;s)) 0=
where we have used a shorthanfi=2 = for- We de ne amapping :S! [N]where for any
s2S:
s) = arg max P(j;s 10
() = arg max P(j;s) (10)

We immediately have:
P( (s);s) = max P(j;s) 7)(4 P(j;s) = 2 () min; 11)
T jeiNy i N NH
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725 where we use the fact that max is greater than average in the rst inequality, and Equation 8. Further,
726 foreverys 2 S, we have:

P( (s);9)( ( (8) P( (s)s) °

727 Plugging the lower bounB( (s);s) m'i”,weget:

NH ©

min

PC (s)is)  ( (9) (12)

2 .
728 We now show that if °< -, then (s) is a bijection. Lets; ands, be such that (s;) =

720 (Sz) = i. Then using the above Equation 12 we §€its:) (i) NH_ andP(i;s,)
min
0 (i) M. We have:
min
X 0
()= PGS Plisy+ Plis) 2() 0
s2S min

71 Thisimplies?™" () butas (i)= ( (s1)) P( (s1);s1) ,{m” (Equation 11), we get
min
2 2

2NH_© min 0 min min i
“min | NHC or suh . However, as we assume thaf < =TI, therefore, this is a
733 contradiction. This implies (s1) 6 (sp) for any two different states; ands,. Since we assume
73a N j= jSj, this implies is a bijection.

732

w

735 Fixs2Sandleti6 (s). As isa bijection,les= (i), we can show tha®(i; s) is small:
0
Piis) () Pi9)= ((9) P( ()9 (13)
min
736 Where we use 6 s and Equation 12.
737 This allows us to show th&( (s) j s) is high as follows:
Lo - PC(9)s) _ P(_(s);s)
P( (s)js)= D) P9 v RGS)
P( (s);s)
((s)+ MH 2
min
((s) N
min

0

((s)+ MH =
min

N°H °, NH °

_ min min
( (s)+ NH 2
min
22 O
1 2N “H
min ( (9)
3g2 0
1 2N 2H ;
min

733 where the rst inequality uses Equation 13 anf@ (s)) P( (s);s), second inequality uses
730 Equation 12, and the last step us¢s(s)) P( (s);s) -0,

720 The proof is completed by noting that:

Pe qjsy )= (8) =P ()= (8] *(x)=s =P( (9)]5s):
741 O
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LetA be a PAC RL algorithm for tabular MDPs. We assume that this algorithm's sample complexity
is given bynsamdS; A;H; ; ) whereS andA are the size of the state space and action space of
the tabular MDPH is the horizon, and ; ) are the typical PAC RL hyperparameters denoting
tolerance and failure probability. Formally, the algoritdminteracts with a tabular MDR® for
nsamdS; A H; ; ) episodes and outputs a poli¢y. S [H]! A such that with probability at
leastl we have:
sup V(") Wwm(?)

"2l

where g is the space of all policies of the ty@e [H]! A

We assume that we are given knowledge of the degired hyperparameters in the downstream RL
task during the representation pre-training phase so we can use the right amount of data.

Induced Finite MDP. The latent MDP inside a block MDP is a tabular MDP with state si&ce
action spacé\, horizonH , transition dynamicg , reward functiorR, and a start state distribution
of . If we directly had access to this latent MDP, say via the true decoding functicthen we
can apply the algorithrA and learn the optimal latent poli¢y’ which we can couple with?
and learn the optimal observation-based policy. Formally, we write this observation-based policy as
' ?:X [H]'A givenby' ( ?(x);h). We dont have access td, but we have access to
" that with high probability for a givem outputs a state which is same &4x) up to the learned

-bijection. We, therefore, de ne the induced MIMP as the nite MDP with state spat@, action
spaceA, transition functioriP, reward functiorR and start state distributidn These same as the
latent Block MDP but where the true statés replaced by (s). Itis this inducedM that the tabular
MDP algorithmA will see with high probability.

Proposition 6 (PAC RL Bound) LetA be a PAC RL algorithm for tabular MDPs amtsampis its

sample complexity. Lét: X | [N ] be a decoder pre-trained using video data andS ! [N]is
a bijection such that:

852S; Py s ()= (5) 1 #

then let” be the policy returned by on the tabular MDP induced b9(x). Then we have with
probability at leastl NnsamdS; A H; ; )H#:

N

supV( ) V(¢ 7  +2H?#
2

Proof. The algorithm runs fomsamdS;A;H; ; ) episodes. This implies the agent visits
nsamdS; A H; ; )H many latent states. If the decoder maps every such statehe correct
permutation (s), then the tabular MDP algorithm is running as if it ran on the induced NP he
probability of failure is bounded bysamdS; A;H; ; )H# as all these failures are independent
given the state. Further, the failure probability of the tabular MDP algorithm itselfTis leads to
the total failure probability of + nsamdS; A;H; ; )H#.

Let be the set of observation-based policies we are competing with and which includes the optimal
observation-based policy’. We can writesup , V( )= Vu(' ?) where we use the subscrigt

to denote that the latent policy is running in the induced MBPFurther, for any latent policy we

haveV (' ?)Y= Vu(' ) asthedecoder 7 :x 7! ( ?(x)) give me access to the true state

of the induced MDRM. Then with probability at least , we have:

W) V(™)

This allows us to bound the sub-optimality of the learned observation-based polié\yas:

N

supV( ) v(r H=v( 7 ) oves N+ v nover N
2
=W( ) W)+ v over N
v Nove
Here we usé® ? to denote an observation-based policy that takes actithf as ?(x)); h).

22



70 We bounaV (® ) V(™ ")below. Letg, = f"(xn) = ( ?(xn))gandE=\!_ E, be
781 E;vo events. We havB(§,) 1 #. Further, using union bound we haR€E®) = P([ |, ES)

H C
782 ne1 P(ES)  H#.

7s3  We rst prove an upper bound owvi (" ?):
" #
, Xt
V(" Y= En - I
h=1
n # n #
Xt X
= Enx ? n ] E Pa ')(E) + Enx ? I J EC Pa ?(EC)
h=1 h=1
" #
X
En - rhjE + H?#
h=1
" #
X
= E, « rhjE + H2#
h=1

784 Here we have used the fact that value of any policy {©ji ] since the horizon isl and the rewards
785 are inf[0; 1].

N

7ss  We next prove a lower bound an(™ ):
n #
A X
V(" )= Ea~ I
h=1
! # " #
X X!
= En a rjE Pa A(E)+ E, rhjE® P, ~(E%)
h=1 h=1
" #
X
E,. ~ I j E P. A(E)
h=1
" # " #
X X
E. » rmjE Exa mjE H#
h=1 h=1
" #
X
En » rnjE  H2%#
h=1

7s7  Combining the two upper bounds we get:
n # n #
) A X X
V(" Y V(™ D) En s rjE +H?*# E, rhjE + H%# 2H?#

h=1 h=1
7ss  Therefore, with probability at leadt nsamdS; A H; ; )H#, learn a policy® " such that:
supV( ) V(™ ") +2H%**
2

789 O

790 Theorem 7(Wrapping up the proof.)Fix > Oand 2 (0;1)andletA be any PAC RL algorithm
791 for tabular MDPs with sample complexitsamdS; A;H; ;). If n satis es:

( ) !
N4H 4 N6H 8 N®H®nEgmdS;AH; =2, =4) iFii
n=0 + + In
4 2 i 2 i 2 ’
min for 2 min for 2 min for

72 then forward modeling learns a decoder X ! N . Further, runningA on the tabular MDP with
793 induced by’\ with hyperparameters= =2, = =4, returns a latent policy*. Then there exists
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a bijective mapping : S'!
8s2S;
and

Further, the amount

[iSi] such that with probability at least ~ we have:

Pe oisy (X)= (9] ‘(x)=s 1 —

V) e
of online interactions

N

)

nsamdS;A;H; =2, =4) and doesn't scale witj j.

ANBH?

min for

in the downstream RL

Proof. We showed in Theorem 5 that we lear auch that:

Pe ojsy (x)= (8)] (x)=s

2
provided < %fzor_

ANBH?

1 5 :
min for

Let# = %m. Then from Proposition 6 we learn“asuch that:

min for

with probability at leastl

V() Ve

AN

) +

NsamdS; AjH; ;. )H#.

2H2%#;

is given by

The failure probability

nsamdS;A; H; ; )H# was when condition in Theorem 5 holds which holds witbrobability.
Hence, total failure probability is:

2 + nsamdS;AH; ; )H#

We set both in our representation learning analysis and in PAC RL td. We also set in the
PAC RL algorithm to =2. This means the PAC RL algorithm runs fosgamdS; A; H;

episodes.
We enforcet

We also enforc@H 2#

This gives us our derived

2n sampS:A:H: =2; =4)H

2 =)+ =+ =

=2. The sub-optimality of the PAC RL policy is given by:

=2+
PAC RL bound.

We now accumulate all conditions: S

This simpli es to

=2

2, 4Fj

= —1In
n

# 2
min for
2
min for
N 2H 2

_ 4N3H?2

2nsamdS; A H;

2H %# =2

2
min for
N 2H 2

2 .
min for

=2, =4)H

8N 3H3nsamgS; A; H;

2
min for
16N 3H4
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=2, =4)

=2, =4)

. Then the total failure probability becomes:



g2 Or,

) !
614612 CACH- . — P
NZ o N*H*  N°H®  N°H’nSamgSiAH, =2 =) pn JFii
4 2 2 4 2 2 4 2
min for min for min for
s13  This completes the proof. O

sia C.2 Upper Bound for the Temporal Contrastive Approach

sis We rst convert our video dataseD into a dataset suitable for contrastive learn-
s1s  ng.  We rst split the datasets intdn=2c pairg of videos. For each video pair
817 X x @D,y @Oy Gy @D e create a tupléx; x® k; z) where

g1 Z 2 f 0; 1g as follows. As in forward modeling, we will either use a xed valuekgfor sample
s19 Kk 2 Unf([K]). We denote this general distribution odeby ! 2 ([ K]) which is either point mass,

g0 orUnf([K]). Wesampl&k ! andz Unf(f 0; 1g) andh 2 Unf([H]). We setx = xf'). fz=1

s2z1  then we sek®= xﬁ')k, otherwise, we samplaeo Unf(f 0; 1g) and selecxo— xﬁol) This way, we

s22 collect a dataseDqon; Of bn=2c tuples(x; k; x% z). We view a tuplex; k; x % z) as areal observation
s23 pair whenz =1, and afake observation paiwhenz = 0. Note that our sampling process leads to
s24  all data points being iid.

825 We de ne the distributiorD coni(X; k; X % Z) as the distribution ovex; k; x% z). We can express
26 this distribution as:

! (k) X

DeontX = x;k;X°%=x%z =1) = “H D(x = Xp;X°= Xps+k)
h=1

= ( ) (X)D (Xk+1 = x° j X1 =X)

o_ !(k) X X o

Dcont(X = x; X x%Z =0)= W D(x = Xn) D (X" = Xpo)
=1 ho=1
=% 0 09

g2z where we use the time homogeneity®»fand de nition of . We will use a shorthand to denote
g8 D(Xk+1 = X%j x1 = x) asD(x°] x;k) in this analysis. It is easy to verify th&(x°j x; k) =
s20 D(x% ?(x);k). The marginal distributio® coni(x; k; x9) is given by:

Deontxikix) = L oojxky+ (1) (14)

s30  Note thatD cgni(X) is the same as(X).

g3 We will useD ¢ontfor any marginal and conditional distribution derived fr@aoniX; k; X % 2Z).

sz We assume a model cla&s: X [K] [N]! [0;1] that we use for solving the prediction

ss3 problem. We will also reuse the decoder classX ! [N]that we de ned earlier, and we will

gaa assume thail = jSj. This can be relaxed by doing clustering or working with a different induced
s3s  MDP (e.g., see the clustering algorithm in Misra et al. [2020]). However, this is not the main point of
sss the analysis.

g37  We de ne the expected risk minimizer of the squared loss problem below:

2c
A i 1 0y kD 3Dy L0
g;" =arg 20N, bn=2c 3 g( (x"); k" x2)  z (15)
sz We express the Bayes classi er of this problem below:
ss3a Lemma 3 (Bayes Classi er) The Bayes classi er of the problem posed in Equation 15 is given by
g0 Dcont(z =1 j x;k; x% which satis es:
(*(x9 *(x);k)

Peontz =1 1x:KX)= 57607 7)1+ ( 700)
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sa1  Proof. We can express the Bayes classi er as:

Deont(x; k;x%z =1)
Dcont(X;K;x%z =1)+ Deont(x; k;x%z =0)
I (k)=2 (x)D(x% x)

F(k)=2 (x)D(x%] x) + ! (k)=2 (x) (X9

_ D(x%ixk)

- DX xk)+ (x9

_ D(x° *(x);k)

- D(X%) ?(x);k)+ (x9

_ a(x°j 7DD (X9 *(x);k)
ax®j ?)D( 7(x9j 7(x);k)+ a(x°) 7(x)) ( ?(x9)

_ DP9 Pk
D(?(x9j *(x);k)+ (?(x9)

842 O

Dcont(z =1 j xk;x9

sa3  Assumption 8 (Realizability) There exist®)’ 2 Gand 2  such that for all(x;k;x9 2
s4a SUPPD cont(X; k; X 9, we haveDcont(z =1 j X k;x9) = g°( (x);k; x9.

sas  We will use the shorthand to dena&(x; k;x% = g°(  (x); k;x9.
sas  As before, we start with typical square loss guarantees in the realizable setting.

a7 Theorem 8. Fix 2 (0; 1). Under realizability (Assumption 8), the ERM solutiorfpf " in Eq. (15)
sag  Satis es:

IGi |

2 2
Eiix 9 peom 0" (0iKix) @706 Kix) cont= [ In

g9 For proof see Proposition 12 in Misra et al. [2020].

sso  We will prove a coupling result similar to the case for forward modeling. However, to do this, we
ss1 need to de ne a coupling distribution:

DcoupX1 = X1; X2 = X2; ki X %= X% = 1 (K)Deont(X = X1)Dcont(X = X2)Dcont(X °= x9)
ss2  We will derive a useful importance ratio bound.

D coup(X1; k; x9 _ 2 (x1) (x9
D cont(X1; k; X9 (x1)D(x%) x1;k) + (x1) (x9

2 (16)

ss3  We now prove an analogous result to Proposition 4.

ssa Theorem 9(Coupling for Temporal Contrastive LearningyVith probability at leastl we have:
h n o [
Etximakx® Doop 1 (X1) = "(x2) j&’(x1:kix)  g’(x2:kix9j < 4 contn; )

855 Proof. We start with triangle inequality:
h n/\ AN o ? ? :
E(x1x2:x 9 D coup 1h (x1) = “(x2) j@’(x1:kix%)  g’(x2;k; x9j
n 0 i
E(xaixz2kx 9 Dcoup 1h "x1) = "x2) @’ (xuikix)  o("(xa)ikixY +
n o} [
Ecuaknd dooup 1 (X2) = "(x2)  0(°(x)ikix9) g7 (x2;k;x9
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ss6  We bound the rst term as:
h n_ N 0 ) A i
Etamakxd Dooup L (X1) = "(x2) g7 (x1ik;xY  0("(x1)1k;x9

r .S

h—n oi 2
E(x1ix2kix ) D coup 1 A(Xl): A(XZ) E(x1ix2kix 9) D coup g7(x1;k; x9 g(A(Xl)?k;XO)

| {z }
=D
S
2
=b Epqkx0) Deosp 97(X1ikix9  0("(x1):kix9)
S

D coup(X1; k; x9 2
b E(X1;k3><°) D cont Dconréxlkxo) 9?(X1ikiX°) g(A(Xl);k;XO)

S
2

b 2E(x,kx9) Deont 9 X1 KiX9)  0("(x1); k; X9

p

2b cont

857 Where we use Cauchy-Schwartz's inequality in the rst step and Equation 16 in the second inequality.
sss  The second term is bounded as:

h n 0 i
E(x1x2:x®) D coup 1hA(X1)= "(x2) 0 (xa)ikix9) g7 (x2rkix9
n

(0] |
= Enaion Dooup L ") = Mx2) 0" (x2)ikixY) g (xarkixG
n

[0} |

= Epuokn® Doowp 1 (1) = "(x2) 0" (x2);kix%) g7 (xask; xO)
p_
2b cont

sss  where we use the coupling argument in the rst step and then reduce it to the rst term using
g0 symmetric of(x1;X2) in Dcoup Combining the upper bounds of the two terms and ubingl and

g1 2 2< 4completes the proof. O

ss2  Assumption 9(Temporal Contrastive Margin)We assume that there exists@mp> 0 such that
se3 for any two different states, ands;:

1

5Bk iso g (sikis)  g(s2ikisAil temp

ssa  The factor of% is chosen for comparison with forward modeling as will become clear later at the end
ses  Of the proof. As before, ik is xed, the margin is given by

1
W o1 o Tie?(s.: k- e <O\
temp" 251652'215228 Eso  [9°(s1:k;s)  g7(s2:k;89)]

see and wherk  Unf([K]) the margin is given by

(U)._1 ; DN 2 (el O
temp-~ Eslészl;gf;sﬂs Ex Unf([K ]);s® [lg (Sl,k,SO) g (Sz,k,SO)J]
: (u) 1P w
se7  We directly have temp K k=1 temp
Lemma 4.
2 n;
Pxiix, "x) = "(x2)* 7(x1) 6 7(x2) C?Qrtfm)
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Proof. We start with the left-hand side in Theorem 9.

h n o] i
E (x1 kix 23x9) Dcouphl "(x1) = "(x2) j07(x1kixY g7 (x2; ki x9)j
n (o} |
= Ep ) 0 goup 1 "(x))= "(x2) Ex o [ig°(x:kix9)  g”(x2: ki x9j]
n (0]

|
= Epons) L “(xhn: "(x2) Ex uso [07(xa:kisY)  g7(x2:k;s]
n Ol
2 tempE(x1x2) hl ") = ") N T(xa) 6 %(x2)
|
=2 tempPoaxy (X)) = "(x2)N 7(x1) 6 7(x2) ;

where we use the de nition oftemp the fact that marginal ové®coug(X ) is , and thag’(x; k; x9)

only depends on?(x% and ?(x) (Lemma 3). Combining with the inequality proved in Theorem 9,
completes the proof. O

We have now reduced this analysis to an almost identical one to the forward analysis case (Proposi-
tion 4). We can, therefore, use the same steps and derive identical bounds. All what changes is that
for Is replaced by tempand in  we replacenjFj with InjGj. At this point, we can clarify that

the factor of% was chosen in the de nition oftempso that 5, can be replaced bytemprather

temp

than—— which will make it harder to compare margins, as we will do later.

C.3 Proof of Lower Bound for Exogenous Block MDPs

thm:exo_lower_boundwWe present a hard instance using a family of exogenous block MDPs, with
H =2, A = f1;2g, and a single binary endogenous factor dnd1 exogenous binary factors for
each level, where each endogenous and exogenous factor. We rst x an absolute cprist@nt].

Each MDPM; is indexed byi 2 [d], and is speci ed as follows:

denotes different factors. For MO®;, only thei-th factors,,i is an endogenous state for
all h, and the other factors are exogenous. Each factor has valti®slof

» Transition: For the MDP instanc#l;: it has

1. For thei-th factor (endogenous factof(s,i j s;i;a) = [S,i = (s4i = a)]. Thatis,
the endogenous states have deterministic dynamissi ¥ a, then it transitions to
s,i =1, otherwise it transitions te,i = 0.

2. For thej -th factor withj 6 i (exogenous factor(s,j j s1j) = (1 p)(s,) =
S;j) + p(s,j 6 s,j) for anys,j ands,j. That is, thg -th factor has probability of
1 poftransiting to the same state (i.8;j =0 ! s,j =0 ors;j =1! s,j =1),
and probability ofp of transiting to the different state (i.es;,j =0 ! s,j =1 or
;) =11 s,j =0).

Note that the MDP terminates lat= 2.

* Initial state distribution and reward: The marginal distribution 0§;j is uniformly
distributed at random ové; 1g for all j 2 [d], and all factors are independent from each
other. For MDPM |, the agent only receive reward signal after taking actidmat2, with
R(s,i;a) = s,i. Thatis, it always reward ats,i =1 and reward ats,i = 0 no matter
which action it takes.

 Data collection policy for video data: We assume that the data collection policy always
pick actionO with probability p and actionl with probabilityl p for all states.

Now we use the following two steps to establish the proof.
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903 Uninformative video data for learning the state decoder Since video data only contains state

904 information, from the MDP family construction above, we can easily verify that all MDP instances in
905 such a family will have an identical video data distributicegardless of the choice of constamt

906 This implies that the video data is uninformative for the agent to distinguish the MDP instance from
907 the MDP family. Now, we assumii is the video data from the instanbki , and i is the state

908 decoder learned from an arbitrary algoritdm with Di. Then, for any arbitrary algorithi, that

909 Uses the state decodeérin its execution, it is equivalent to such An that uses the state decoder

910 in its execution, wherg can be selected arbitrarily frofd].

ou1 State decoder requiring exponential length Without loss of generality, we further restrict the
912 State decoder used in the execution & for all MDP instance to be some, : X ! [L], where
o3 h2f1;2gandL 29, Then we will argue that there must existk & [d], such that

24 L

P( 1(X1) = 1(E1) _ (Slk 6 Slk)) > W'

Xq1;R12X

17)

914 Wherex; =[s;1;5,2;:::;s,d] ande; :=[8,1;8,2;:::;8,d]. Note that, Eq. (17) means there must
15 be a probability of at leagf L=42¢ that ; will incorrectly group two differens, k together.

016 We now prove Eq. (17). Based on the construct above, we knowXhat2¢, and each state in
917 X has the same occupancy for based on the de ned initial state distribution (this holds for all
918 instances in the MDP family, as we are now only talking about the initial gtgteThus, we have

Pl i(x1)= 1(B1) _(s1=81)_(s;2=82)_ _ (s,d= gd)] (18)

ﬁ;
X1;B12X

919 because we de ned; : X ! [L], it means that such; is only able to distinguish the number of

920 different states fronX . Then, we obtain

X X
P( 1(X1) = 1(®1) _(s1] 6 81))) (19)
j2£g]x1;312><
= P( 1(x1) = 1(®1)) (20)
X1221§(X
Pl 1(x1)= 1(R) _(5,1=81)_(5,2=82)_ _ (s,d=sd)] (21)
X1;B12X
d
=2 (by Eq. (18))
_ X _ ) ) d L
=) jrg%(xﬁslzx P( 1(x1) = 1(R1) _(sij 6 8;j)) > T (22)

921 So this proves Eq. (17).

922 From Eq. (17), we know that for the MDP instaridk , 1 will have probability at least” L= d2¢
923 to mistake the endogenous state, which implies that for any policy that is represented using the state
e24 decoder , it must have sub-optimality at lea®t L= 42¢. Therefore, it is easy to verify that, for any
925 "> 0, we can simply pickd = =, and obtain
24 L 1=y
b-optimality> ——— ", 8L 2= L
sub-optimality> > i ;
926 Then, any arbitrary algorithrA , that uses the state decodein its execution, where, : X I [L]
927 can be chosen arbitrarily for2 f 1;2gandL 2™ 1, must have sub-optimality larger than

928 Additional characteristics of MDP family and video data Note that, by combining the arguments
929  of uninformative video data and a state decoder requiring exponential length, we obtain impossible
930 results. We now discuss the following:

931 1. The margin condition de ned in Assumption 3 regarding the constructed MDPs
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2. The PAC learnability of the constructed MDPs

3. The coverage condition of video data.

For the de ned margin condition of forward modeling, we have: for the MDP instahce&vith
constanp, we can bound the forward margin as beld¥,( denotes the video distribution)

1X o . .
E JPfor(X2 ]S = 0) Pfor(xzj S = 1)]

X2
1X . o o . o o
= > iPror(S2i =0 j 510 =0)P(X2j S50 =0)+ Pror(Si =1 sqi =0)P(X2js,i =1)
X2
1X o o .
=5 A 2p)[P(X2]js,i =0) P(X2js,i =1)]j:
X2
i i X i i X
@R BT b isi=0+ T pxyjsi=1)
X2 X2
=jl 2pj;

where step (a) is becaussg is a part ofX 2, and then we know?(X ; j s,i = 0) andP(X 2 j s,i = 1)
cannot be nonzero simultaneously. So picking 0:5 implies positive forward margin.

For the temporal contrastive learning, it is easy to verify jRat(z =1 j s;i =1;X2) Pror(z =
1js;i =1;X2)j=j1 2pj, so pickingp 6 0:5 also implies positive margin for temporal contrastive
learning.

As for the PAC learnability, since the latent dynamics of our constructed MDPs are deterministic,
they are provably PAC learnable by Efroni et al. [2022].

As for the coverage property of the video data, it is easy to verify
ma P (xi;a1) _ P (x2)
2 x12X Pior(X1; 1) 2 x22x Pror(X2)

=max flp; = pg:

Therefore, we can simply pigk= 1= and obtain the desired MDP and video data properties. This
completes the proof.

Addition remark of Theorem 2 In the proof of Theorem 2, if we pick = 0:5 for that hard
instance, the constructed MDP family reduces to a block MDP without exogenous noise, but the
margin becomes for both forward modeling and temporal contrastive learning. Therefore, it implies
that either the exogenous noise or zero forward margin could make the learnability of the problem
impossible.

C.4 Can we get ef cient learning under additional assumptions?

Our lower bound suggests that one can in general not learn ef cient and correct representations with
just video data. However, it may be possible in some cases to do so with an additional assumption.
We highlight one example here and defer a proper formal analysis to future work. One path to success
is when the gold decoder results in the best-in-class error. A domain where this can happen is when
the endogenous state is more predictivetthan any othelnjSj bits of information inx. E.g., in

a navigation domain, there can be many sources of noise in the background, but memorizing all of
them can easily overwhelm the decoder's model capacity. Instead focusing solely on modeling the
agent's state can simplify the task of predicting the future.

Recently some approaches have also considered recoleteéng actiondrom video data using an
encoder-decoder approach [Ye et al., 2022]. In general, the lower bound in Theorem 2 applies to these
methods and they do not provably work in the hard instances with exogenous noise. For example,
the latent actions can captuggogenous noisestead of actions, if the former is more predictive of
changes in the observations. However, in simpler cases such as 3D games, where the agent's action is
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typically most predictive of changes in observations, or in settings with no exogenous noise, one can
expect these approaches to do well.

C.5 Relation Between Margins

We de ned margins ¢, for forward modeling and tempfor temporal contrastive learning. The
larger the values of these margins, the more easy it is to separate observations from different
endogenous states. This can be directly inferred from the sample complexity bounds which scale
inversely with these margins. In particular, boyfy, and tempdepend on the way we sample the
multi-step variablé. We consider two special cases: one whHet [K ] is xed, we instantiate these
margins as ég)r and 'Eé)mp and second whelkeis uniformly sampled fronfK ] and we instantiate

(u)

those margins asf(g)r and temp
A natural question is how these margins are related. The sample complexity bounds of forward

modeling and temporal contrastive are almost identical except for the difference in majginey
temp and the function classeb (vs G). If the function classes were of similar complexity, then

having a larger margin will make it easier to learn the right representation.
Theorem 10 (Margin Relation) For any Block MDP andK 2 N, the margins

]E(k))r; %)r; S;)mp éé)mp> 0 are related as:

1w W
K for for
1 (u)

K temp temp

2

min (k) (k) (k)
4H2 for temp  for
2

min (u) (u) (u).
4H2 for temp  for

Proof. We rst prove the rst two relations. Fix ank 2 [K ] then,

(u) — ; F e f o .
f(gr = 81652";151:1;5225 Evo uniqkp KDpr (X% 51:K%)  Dpr (X% s2,kOkqy
1 X _ . .
= inf  kDpr (X% s1;k)  Dipr (X% 25 KOk 5

$1652;51;822S
yozp S18S2:81:82

; 0; . 0; . .
5165;;2{;5223 KDpr (X7 s1;k)  Dpr (X7j s2;K)ky

(k).
for:

x\._\ XM—\ ey

Similarly,

(u) 1 ; i 2 -0 2 1,0 O\iT -
temp = éslészl;QI;SZZS Evo uniqkpise 097(s1:k%s)  g7(s2: k% il

1 X

— inf
2K S1652;51;522S
(o=q 51682181382

Eso  [ig°(s1;K%sY)  g°(s2; k% $9jl;

H Hprd . ? L .
2K s16 Sgl;gf;SQZS ESO [lg (Sl’k,SO) g (Sz'k,SO)J],
1w .

K temp

2This inference has to be made with a caveat that since we are comparing upper bounds, we cannot guarantee
this to hold.
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We now prove the next two relations. We will prove these bounds for a generic distritbutzon
([ K] overk. Recall that is point-mass ovek for (k) andUnf([K]) for W We denote

temp temp
our generic margins asgy, and temp for k I . We use a shorthand notatiaid (s;s%) =
Dp,(sojs(;—SkO;Jr(so) for a given pair of states; s’and integek 2 [K ]. Itis easy to see thaW, (s;s%) 1
asDp (s°j s;k); (s9 2 (0;1]. Further, we havéw (s;s? (go) MIN where we use
Dpr (8% s;K); (s9 2 (0; 1], and Equation 8.
We havey’(s;k; % = Deont(z=1j s;k;s9) = g°(s; k; 9 = w using the de nition

r (s9sik)+ (s9)
of Dcontin Lemma 3 and Assumption 8. We can use the shportNHmhnd the de nition ofg” to
show

— 1 : t 3?7 - ? L. -
temp= éslﬁszl;QI;SZZS Ex 1so [ig7(siikis)  g”(s2:k; 89l
1 ; X X .2 ? .
=3 inf I (k) (9jg’(s1;k; Y g’(s2;k; sV ;
$1652;51;522S
k=1 $925
. % X . O. O. .
= 5 el LK) Wi(s1;SOWi(52;8) iDpr (%) s1K) Dy (8%] S2:K)j -
$1652;51;522S
k=1 s02S
(23)
AsW,(s1;8%)  1andW(sz;s9) 1we have
-1 inf X l(k) ( (52:89jDpr (s°) s1;K)  Dpr (8% 52:K)j;
for = 281682;5128228 k=1 025 Wk fi_ L?fl_(?J pr I S1 pr I 52, KL
- 1

1 X
i | i 0i o, - 0i o - I)i -
25163;215228 : (k) JDpr (S J Sl-k) Dpr (S J 32-k)1.
k=1 s02S
inf  Ex 1 kDpr(s°js1;k)  Dpr (8% s K)kqy

$1652,51,522S

for-

This gives us Eé)mp lgc())r and 'Eg)mp l%)r Finally, we prove the lower bounds. Starting

from Equation 23 and using/ (s:; s% gg'i” andWy (sz;s9) m|n we get the following:

1 X
- = i I Y 0i . - 0i - IYi -
0= 20 es R A T MR M P
- s%2s min=2H min—2H
r2‘r1in X X 0 0
_ H l 1 1 . 1 . )
a2 231652|;|;1I;3225 1 (k) Dpr(s”js1;k)  Dpr(s7] s2:K)j;
k=1 $92S
2
— _Mmin ; D D
T 4H2 sleszl;gr;sﬂs B kDpr (SOJ s1:K) Dpr (SOJ Sz’k)kTV
2
— _min .
4H 2 for-
2 2
This gives us ég)mp min ég)r and é;)mp in % which completes the proof. O

The main nding of the above theorem is that forward modeling has a higher margin than temporal
contrastive learning. However, typically the function class used for forward modeling has a higher
statistical complexity than those for temporal contrastive learning as the latter is solving a simpler

binary classi cation problem than generating an observation.
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C.6  Why temporal contrastive learning is more susceptible to exogenous noise than forward
modeling

Theorem 2 shows that in the presence of exogenous noise, no video-based representation learning
approach can be ef cient in the worst case. However, this result only presents a worst-case analysis.
In this section, we show an instance-dependent analysis. The main nding is that the temporal
contrastive approach is very susceptible to even the smallest amount of exogenous noise, while
forward modeling is more robust to the presence of exogenous noise. However, both approaches fail
when there is a signi cant amount of exogenous noise, consistent with Theorem 2.

Problem Instance. We consider a Block MDP with exogenous noise with a state spaSe—of
f0; 1g, action space of = f0; 1g and exogenous noise space of f0;1g. We consideH =1
with a uniform distribution oves; and 1, i.e., the start statg; and the start exogenous noise variable
1 are chosen uniformly frorhO; 1g. The transition dynamics are deterministic and given as follows:
given actiona; 2 f 0;1g and states; 2 f 0; 1g, we deterministically transitionte, = 1 s; if
s; = ag, otherwise, we remain is;, = s;. The exogenous noise variable deterministically transitions
from ;to , =1 1- The reward function is given bRR(sz;s1) = 1fs; = s30. We use the
indicator notationlfEg to denotel if the conditionE is true and 0 otherwise. The observation
space is given bX = f0;1g™*? where(m + 2) is the dimension of observation space. Given the
endogenous stateand exogenous noise the environment generates an observation stochasticaly
asx =[;Vi;, ;Vi;Wi1;, ;Wq |;S] wherey; psamd | ) andw; psamd | s) for all
i 2 [lJandj 2 [m I]. The distributiorpsamydu j S) generates = s with a probability 0.8 and
u=1 switha probability 0.2. The hyperparametés a xed integer controlling what portion of
the observation is generated by the exogenous noise compared to the endogenous statewH
only have a small amount of exogenous noise, whilesifm 1 we have the maximal amount of
exogenous noise. The statand exogenous noiseare both decodable from the observatiorThe
optimal policy achieves a return of 1 and takes actiprr 1 if s; =0 anda; =0 if s; = 1. Asthe
optimal policy depends on the value®f, we must learn the latent state to realize the optimal policy.

Learning Setting. We assume a decoder class f ?; ?g consisting of the true decodef
and the incorrect decodef which maps observation to the exogenous noisBoth decoders take
an observation and map it to a valuefidy 1g. We assume access to an arbitrarily large dataset
consisting of tuplegx; x2) collecting iid using a xed data policy 45t This policy takes action
a; =0ins; =0 and actiorpy =1 ins; =1. LetD(Xy;X2) be the data distribution induced by
data We will useD to de ne other distributions induced Wy (x1; x2), for exampleD (x2) or
D(s2). We also assume access to two model claBse$0;1g! ( X) andG:f0;1g?! [0;1].
We assume these model classes are nite and contain certain constructions that we de ne later.

Overview: As we increase the value of the amount of exogenous noise in the environment
increases. We will prove that irrespective of the valué, éémporal contrastive learning assigns

the same loss for both the correct decodeand the incorrect decoder . In contrast, the forward
modeling approach is able to prefet over ? when the noise is limited, speci cally, whérc m= 2.

This will establish that temporal contrastive is very susceptible to exogenous noise whereas forward
modeling is more robust. However, both approaches provably fail when thiere is=2.

As we haveH = 1, we will denotexy;s;; » by x%s% %andxy;si; 1 by x;s; respectively.
Note that unless speci ed otherwiseand are the endogenous state and exogenous noise of the
observatiorx. Similarly,s°and °are the endogenous state and exogenous noist dfe will also

use a shorthang(x? to denote the emission probabiliggx®j ?(x9; ?(x9) given its endogenous

state and exogenous noise. We rst state the conditional data distrii{efj x).

X
D% x)=ax9T (% ) T("is;a) gatdais);
a2A
= qx91f %=1 g1fs®=1 sg; (24)

F)
whereweusd ( °j )= 1f °=1 gand ,,, T(s%js;a) gadais) = 1fs°=1 sg
which follows from the de nition of 515 Note thatD (x%j x) only depends om vias; , therefore,
we can de neD (x%) x) = D(x% s; ).
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1048 Letx be an observation variable with endogenous sta@ed exogenous noisei.e.,s= (%) and
a9 ~= 7(x). We use this to derive the marginal data distributicoverx° as follows:

X
(x9 = D(x%s; )
s; 2f 0;1g s; 2f 0;1g

X
= L(ZC’) 1f °=1  g1fs®=1 sg;

s; 2f 0;1g
_ q(x9.
4 ’
1050 Where in the second step uses the fact thabhd are uniform and Eq. (24). We are now ready to
1051 prove our desired result.

D(X°js; ) (8) ()

(25)

1052 Temporal contrastive learning cannot distinguish between good and bad decoder for dll2

wss [m 1] We rstrecall that temporal contrastive learning approach use the given observed data
1054 (X1;X2) to compute a set of real and fake observation tuples. This is collected into a dataser)

1055 wherez = 1 indicates thatx; = x;x, = x% was observed in the dataset, and 0 indicates that

1056 (X1 = X;X2 = x% was not observed, or is an imposter. We sarzplaiformly in f 0; 1g. The fake

1057 data is constructed by take= x; from one tuple ana®= x, from another observed tuple. We start

10ss by computing the optimal Bayes classi er for the temporal contrastive learning approach using the
wss  de nition of Bayes classi er in Lemma 3.

D (x%j x) _ 1fs®=1 sgif °=1 g

Deonfz =11%X) = 5roisg (0 = =1 sgif =1 g+ 14

1060 Where we use Lemma 3 in the rst step and Egs. (24) and (25) in the second step. Reca#t that
1061 denotes whether a given observation tupiex 9) is real rather than an imposter/false. Note that since
1062 We havek =1, asitisaH =1 problem, we drop the notatidafrom all terms.

1063 The marginal distribution ove(ix; x %) for the temporal contrastive is given by Eq. (14) which in our
1064 Case instantiates to:

D (x .
Deontxix= X D0+ (xg;
= %q(xo)q(x) f1fs=1 sgif °=1 g+1=4g; (26)
1065 Where we use Egs. (24) and (25), &éx) = g(x) (s) ()= ax)=.
1066 Letg 2 G be any classi er head. Given a decodemwe de neg (x99 7 g( (x); (x9) asa
1067 model for temporal contrastive learning, with an expected contrastive loss of:
“cont(d; 7) h

i
= Boox9 Deomz Deontixx) (2 0 (x); P(x9)*

i
= Exx® Deomt DoontZ=1ix:x9@  29( *(0; "0+ g( *(x); (x9)°
_1 X 1 1fs°=1 sglf °=1
- 4  1fsP=1 sglf 0=1

1fs°=1 sgif °=1 g+ g-?l(l g(s; sY) + g(s;s9H?
i

s;58 0, 0

1068 Similarly, the expected temporal contrastive loss of the mgdel? with the bad decoder” is given
1060 by:

“cont(9; ?) h i
2
= E(XJX 9 Deconiz Deonf(ixx? Z @ ?(X); ?(XO)
X 0- 0=
. 110=1 sgif 0=1 g+ > =1 SO =1 9 g0 g, g op

4  1fsP=1 sgif =1 g+ 3

s;58 0, 0
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Note that by interchanging with ands® with © we can show coni(9; *) = “conf(9; 7).
Therefore,inf g6 “cont(g; *) = inf g26 "conf(g; ?). This implies that for any value df the
temporal contrastive loss assigns the same loss to the good decoded the bad decoder.

Hence, in practice, temporal contrastive cannot distinguish between the good and bad decoder and
may converge to the latter leading to poor downstream performance. This convergence to the bad
decoder may happen if it is easier to over t to noise. For example, in our gridworld example, it

is possibly easier for the model to over t to the predictable motion of noise than understand the
underlying dynamics of the agent. This is observed in Fig. 3 where the representation learned via
temporal contrastive tends to over t to the noisy exogenous pixels and perform poorly on downstream
RL tasks (Fig. 2).

Forward modeling learns the good decoder if < bm=2c. We likewise analyze the expected
forward modeling loss of the good and bad decoder. ForfagyF , we havef (x° j u) as the
generator head that acts on a given decoder's out@it 0; 1g and generates the next observatidn

If we use the good decoder, then we cannot predict the exogenous noise °which can be
either 0 or 1 with equal probability. This implies that for theoisy bitsvy; ;v in x% the best
prediction is that each one has an equal probability of taking 0 or 1. To see thi&, [K and recall
thatP(vi = %) 9=0:8andB(vi=1 °j 9=0:2. As °has equal probability of taking value
Oor1,thereforeP(vi = U) = oy 4 P(vi = uj 922 = %822 = 0:5. However, since we can
deterministically predics®, therefore, we can predict the true distribution owgrfor allj 2 [m 1]
Letf 4o0q be this generator head. Formally, we have:

fgood(xoj ?(X)) = (|1.{=Z%9

duetox§= © E{:ZZ_%'

ny*l
due tovy, psamdx’j 1 *(x))

2 {z }

due towy., | 1fx%,, =1 ?(X)?

I {z

due tox?,,, = s°

The Bayes distribution is given by:

D(x%j x)
=q(x%) 1f *x%=1  ?(x)g 1f *(xY=1  ?(x)g
? Y . ? v P ? ?
=1 x§=1 °(x) psamixa i1 7(X)) psampX’j 1 CO))1 Xpp =1 7(x)
i=1 j=1+2
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As we are optimizing the log-loss, we look at the expected KL divergggdeetween thé (x°j x)
andf good(X°j  ?(x)) which gives:

N f : ?
kl( gqpt;( ) . #
: D(x"j x)
= E D(x% x)In —~—~°2 _
L P COI IR O0)
2 n 2 0 QI . 2 3
e 4% pporom - ITE 700 T psamiha 11 7000
= x”jx)In
e (=2
" I#
X 0; 0 ? v 0 2
=(1+1)In(2) + E4 D(x"jx)In 1 xj=1 “(X) PsamdXi+1 j 1 (X))
2xO i=1 3
4XI X 0 , o )
=(1+1)In(2) + Ex psamxs J 1 7(X))In psamfxPy i1 (X))

i=1 x0,, 2f 0;1g
=(1+1)In2)  H (psamp; 5 5
whereH (psamp denotes the conditional entropy given by= o5 5.1 yaf 0.1 PsamgV |

s)In psamgV j S): As psamgu j u) = 0:8 andpsamgl uj u) = 0:2, we haveH (psamp =
0:8In(0:8) 0:2In(0:2)  0:500 Plugging this in, we g€ty (f good ) = 1IN(2) 0:51+In(2) =
In(2) + 0:193.

Finally, the analysis when we use thé decoder is identical to above. In this case, we can predict
?(x9 and correctly predict thpsampdistribution over all thé-noisy bitsvy;. However, for the
Wi | bits and the<m + 2], our best bet is to predict a uniform distribution. We capture this by
the generatofy,q which gives: 0. -
fradX“j (X)) =(1=
] 00 = (L2

due tox?,,, = s° fl_:am_}'
Nl

due towy.;m | psamix?j 1 7(x))

|2 {z }

duetovyy 1fx¥=1  ?(x)
| P 1

duetox{= ©

The expected KL los$y (frag *) can be computed almost exactly as before and is equal to
IN(2) + 0:193(m 1). We can see that fori (f good ?) < w(fpag ?) we must haven(2) +
0:193 < In(2) +0:193(m |), or equivalently] < m= 2. This completes the analysis.

D Additional Experimental Details

D.1 Details of Experimental Setup

All results are reported with mean and standard error computed over 3 seeds. All the code for this
work was run on A100, V100, P40 GPUs, with a compute time of approx. 12 hours for grid world
experiments and 6 hours for ViZDoom experiments. Data collection for gridworld was done using
a mixture of random walks, optimal trajectories, deviation from optimal trajectories, and walks to
randomly chosen goal positions. Data collection for Vizdoom was done via pretrained PPO policies
along with random walks for diversity in the observation space.
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Hyperparameter Value

batch size 128
learning rate 0.001
epochs 400
# of exogenous variables 10
exogenous pixel size 4
# of VQ heads 2

VQ codebook size 100
VQ codebook temperature 0
VQ codebook dimension| 32
VQ bottleneck dimension| 1024
Table 2: Hyperparameters used for experiments with the GridWorld and ViZDoom domains.

(a) No Noise (b) Only Observation Noise (c) Only Reward Noise (d) Both

Figure 7: RL experiments using different latent representations for the ViZDoom environment.

GridWorld Details. We consider navigation in®2 12 Minigrid environment [Chevalier-Boisvert

et al., 2023]. The agent is represented as a red triangle and can take three actions: move forward, turn
left, and turn right (Figure 3). The agent needs to reach a yellow key. The position of the agent and key
randomizes each episode. The agent only observes an area around itself (as an agent-centric-view).
HorizonH = 12, and the agent gets a reward of +1.0 for reaching the goal and -0.01 in other cases.

ViZzDoom Defend The Center Details.We test with a ViZDoom environment called Defend the
Center [Wydmuch et al., 2018, Kempka et al., 2016], which is a rst-person shooting game (Figure 5).
The map is a large circle. A player is spawned in the exact center. 5 monsters are spawned along the
wall. Monsters are killed after a single shot. After dying, each monster is respawned after some time.
The episode ends when the player dies. The reward scheme is as follows: +1 for killing a monsterand
-1 for death.

Hyperparameters. In Table 2, we report the hyperaparameter values used for experiments in this
work with the GridWorld and ViZDoom environments.

D.2 Results on an Additional Domain

ViZzDoom Basic. We use an additional basic ViZDoom environment [Wydmuch et al., 2018, Kempka

et al., 2016], which is a rst-person shooting game (Figure 8). The player needs to kill a monster
to win. The map of the environment is a rectangle with gray walls, ceiling, and oor. The player is
spawned along the longer wall in the center. A red, circular monster is spawned randomly somewhere
along the opposite wall. The player can take one of three actions at each time step (left, right, shoot).
One hit is enough to kill the monster. The episode nishes when the monster is killed or on timeout.
The reward scheme is as follows: +101 for shooting the enemy, -1 per time step, and -5 for missed
shots. Results for this environment are shown in Figure 7 and Figure 8 and further validate our
ndings from theory and experiments.

D.3 Additional Ablations

Harder Exogenous Noise. Figure 6 showed the results when we increase the size of the exogenous
noise variables (diamond shapes overlayed on the image) in the gridworld domain while keeping the
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