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ABSTRACT

Zeroth-order optimization (ZO) typically relies on two-point feedback to estimate
the unknown gradient of the objective function, which queries the objective function
value twice at each time instant. However, if the objective function is time-varying,
as in online optimization, two-point feedback can not be used. In this case, the
gradient can be estimated using one-point feedback that queries a single function
value at each time instant, although at the expense of producing gradient estimates
with large variance. In this work, we propose a new one-point feedback method
for online optimization that estimates the objective function gradient using the
residual between two feedback points at consecutive time instants. We study the
regret bound of ZO with residual feedback for both convex and nonconvex online
optimization problems. Specifically, for both Lipschitz and smooth functions,
we show that using residual feedback produces gradient estimates with much
smaller variance compared to conventional one-point feedback methods, which
improves the learning rate. Our regret bound for ZO with residual feedback is
tighter than the existing regret bound for ZO with conventional one-point feedback
and relies on weaker assumptions, which suggests that ZO with our proposed
residual feedback can better track the optimizer of online optimization problems.
We provide numerical experiments that demonstrate that ZO with residual feedback
significantly outperforms existing one-point feedback methods in practice.

1 INTRODUCTION

Zeroth-order optimization (ZO) algorithms have been widely used to solve online optimization
problems where first or second order information (i.e., gradient or Hessian information) is unavailable
at each time instant. Such problems arise, e.g., in online learning and involve adversarial training
Chen et al. (2017) and reinforcement learning Fazel et al. (2018); Malik et al. (2018) among others.
The goal in online optimization is to minimize a sequence of time-varying objective functions
{ft(x)}+=1.7, where the value f;(x;) is revealed to the agent after an action x; is selected and is
used to adapt the agent’s future strategy. Since the future objective functions are not known a priori,
the performance of the online decision process can be measured using notions of regret, generally
defined as the difference between the total cost incurred by the decision selected by the agent online
and the cost of the fixed or varying optimal decision that a clairvoyant agent could select.

Perhaps the most popular zeroth-order gradient estimator is the two-point estimator that has been
extensively studied in Agarwal et al. (2010); Ghadimi & Lan (2013); Duchi et al. (2015); Ghadimi
et al. (2016); Bach & Perchet (2016); Nesterov & Spokoiny (2017); Gao et al. (2018); Roy et al.
(2019). Specifically, the two-point estimator queries the function value f;(z) for twice, for two
different realizations of the decision variables, and uses the difference in these function values to
estimate the desired gradient, as illustrated by the equation

(Two-point feedback): 'jt@)(:v) = %(ft (x + ou) — ft(:v)), (1)

where § > 0 is a parameter and u ~ N (0, I'). However, the two-point gradient estimator can not be
used for the solution of non-stationary online optimization problems that arise frequently, e.g., in
online learning. The reason is that in these non-stationary online optimization problems, the objective
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function being queried is time-varying, and hence only a single function value can be sampled at a
given time instant. In this case, the following one-point feedback can be used

(One-point feedback): ﬁgl)(x) = % fi(x + du), 2)

which queries the objective function f;(x) only once at each time instant. One-point feedback was
first proposed and analyzed in Flaxman et al. (2005) for the solution of online convex optimization
problems. Saha & Tewari (2011); Hazan & Levy (2014); Dekel et al. (2015) showed that the regret of
convex online optimization methods using one-point gradient estimation can be improved assuming
smoothness or strong convexity of the objective functions and using self-concordant regularization.
More recently, Gasnikov et al. (2017) developed such regret bounds for stochastic convex problems.
On the other hand, Hazan et al. (2016) characterized the convergence of one-point zeroth-order
methods for static stochastic non-convex optimization problems. However, as shown in these studies,
a limitation of one-point feedback is that the resulting gradient estimator has large variance and,
therefore, induces large regret. In addition, the regret analysis for ZO with one-point feedback usually
requires the strong assumption that the function value is uniformly upper bounded over time, so this
method can not be used for practical non-stationary optimization problems.

Contributions: In this paper, we propose a novel one-point gradient estimator for zeroth-order online
optimization and develop new regret bounds to study its performance. Specifically, our contributions
are as follows. We propose a new one-point feedback scheme which requires a single function
evaluation at each time instant. This feedback scheme estimates the gradient using the residual
between two consecutive feedback points and we refer to it as residual feedback. We show that our
residual feedback induces a smaller gradient estimation variance than the conventional one-point
feedback scheme in Flaxman et al. (2005); Gasnikov et al. (2017). Furthermore, we provide regret
bounds for online convex optimization with our proposed residual feedback estimator. Our analysis
relies on a weaker assumption than the one needed in the case of the conventional one-point estimator,
and our proposed regret bounds are tighter especially when the value of the objective function is large.
In addition, we provide regret bounds for online non-convex optimization with residual feedback.
Finally, we present numerical experiments that demonstrate that the proposed residual-feedback
estimator significantly outperforms the conventional one-point method in its ability to track the
time-varying optimizers of online learning problems. To the best of our knowledge, this is the first
time a one-point zeroth-order method is theoretically studied for online non-convex optimization
problems. It is also the first time that a one-point gradient estimator demonstrates comparable
empirical performance to that of the two-point method. We note that two-point estimators can only
be used to solve online non-stationary learning problems in simulations, where the system can be
hard coded to be fixed during two queries of the objective function values at two different decision
variables.

Related work: Zeroth-order methods have been used to solve many different types of optimization
problems. For example, Balasubramanian & Ghadimi (2018) apply ZO to solve a set-constrained
optimization problem where the projection onto the constraint set is non-trivial. Gorbunov et al.
(2018); Ji et al. (2019) apply a variance-reduced technique and acceleration schemes to achieve better
convergence speed in ZO. Wang et al. (2018) improve the dependence of the iteration complexity
on the dimension of the problem under an additional sparsity assumption on the gradient of the
objective function. And Hajinezhad & Zavlanos (2018); Tang & Li (2019) apply zeroth-order oracles
to distributed optimization problems when only bandit feedbacks are available at each local agents.
Our proposed residual feedback oracle can be used to solve such online optimization problems as well.
Also related is work by Zhang et al. (2015) that considers non-convex online bandit optimization
problems with a single query at each time step. However, this method employs the exploration and
exploitation bandit learning framework and the proposed analysis is restricted to a special class of
non-convex objective functions. Finally, Agarwal et al. (2011); Hazan & Li (2016); Bubeck et al.
(2017) study online bandit algorithms using ellipsoid methods. In particular, these methods induce
heavy computation per step and achieve regret bounds that have bad dependence on the problem
dimension. As a comparison, our one-point method is computation light and achieves regret bounds
that have better dependence on the problem dimension.

2  PRELIMINARIES AND RESIDUAL FEEDBACK

We first introduce the classes of Lipschitz and smooth functions.
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Definition 2.1 (Lipschitz functions). The class of Lipschtiz-continuous functions C°° satisfies: for
any f € CO9, | f(z)—f(y)| < Lollx—yl|, Yo,y € RY where Ly > 0 is the Lipschitz parameter. The
class of smooth functions C! satisfies: forany f € CYL, |V f(z) =V f(v)|| < Li|jlz -y, Yo,y €
R?, where Ly > 0 is the smoothness parameter.

In ZO, the objective is to estimate the first-order gradient of a function using zeroth-order oracles.
Necessarily, we need to perturb the function around the current point along all the directions uniformly
in order to estimate the gradient. This motivates us to consider the Gaussian-smoothed version of the
function f as introduced in Nesterov & Spokoiny (2017), fs5(x) := Eyar(0,1)[f (2 + du)], where the
coordinates of the vector v are i.i.d standard Gaussian random variables. The following bounds on
the approximation error of the function f5(x) have been developed in Nesterov & Spokoiny (2017).

Lemma 2.2. Consider a function f and its smoothed version fs. It holds that

. 0,0
sta) = sl < {pe Vi IS and 19 4st0) - Vi) < 6Lata+ 977 i e O

The smoothed function f5(z) satisfies the following amenable property Nesterov & Spokoiny (2017).
Lemma 2.3. If f € C is Ly-Lipschitz, then fs € CY! with Lipschitz constant L, = Vdé 1 Ly.

Consider the following online bandit optimization problem.

min Z fe(x), P)

where X C R? is a convex set and { f; }; is a random sequence of objective functions. In this setting,
the objective functions { f;}: are unknown a priori and their derivatives are unavailable. At time
t, a new objective function f; is randomly generated independent of an agent’s decisions, and then
the agent queries the objective function value at certain perturbed points and use them to update the
current policy parameters. The goal of the agent is to minimize a certain regret function.

Such an online setting often occurs in non-stationary learning scenarios where either the system is
time-varying on its own or a single query of the function f; changes the system state (i.e., f; changes
to fi+1). In this non-stationary setting, the conventional two-point feedback scheme is known to
be impractical as it requires to evaluate f; at two different points at the same time ¢. Instead, it is
natural to use the one-point feedback scheme (2) in Gasnikov et al. (2017). However, the gradient
estimate based on the above one-point feedback induces a large variance that leads to a large regret.
In this paper, we focus on such an one-point derivative-free setting and propose the following novel
one-point residual feedback scheme for estimating the gradient with reduced variance.

(Residual feedback):  gi(x¢) := %(ft(xt +ouy) — fro1(we—1 + 5ut,1)), 3)

where us_1,u; ~ N(0,T) are independent random vectors. To elaborate, the residual feedback
in (3) queries f; at a single perturbed point x; + dus, and then subtracts it by f;—1(z:—1 + dus—_1)
obtained from the previous iteration. We name such a scheme as one-point residual feedback. Next,
we explore some basic properties of the residual feedback. We first show that this estimator is an
unbiased gradient estimate of the smoothed function f; ;.

Lemma 2.4. The residual feedback satisfies E [Et(zt)] = Vfsi(xt) forall z, € X and t.
Proof. By the fact that u; has zero mean and is independent from u;_; and x;_1. O

We consider the following ZO algorithm with residual feedback
(ZO with residual feedback): ;41 = Iy (2 — nge(z)), 4)

where 7 is the learning rate and Il y is the projection operator onto the set X'. The update (4) can
be implemented assuming that the objective function can be queried at points outside the feasible
set X', similar to the methods considered in Duchi et al. (2015); Bach & Perchet (2016); Gasnikov
et al. (2017). Note that it is possible to modify the update (4) so that the iterates are guaranteed to be
within the feasible set X. This modification and related analysis can be found in Section H in the
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supplementary material. The requirement that the objective function is evaluated at feasible points in
derivative-free optimization algorithms has also been considered in Bubeck et al. (2017); Bilenne
et al. (2020). Specifically, Bubeck et al. (2017) develop the so called ellipsoid method, which requires
computation of an ellipsoid containing the optimizer at each time step. On the other hand, almost
concurrently with this work, Bilenne et al. (2020) proposed a similar oracle as in (3) for a static
convex optimization problem with specific objective and constraint functions. Next, we bound the
second moment of the gradient estimate based on the residual feedback.

Lemma 2.5 (Second moment). Assume that f; € C%Y with Lipschitz constant L for all time t.
Then, under the ZO update rule in (4), the second moment of the residual feedback satisfies: for all t,

4dL3n?
52
E[(fi(wi—1 + Oue—1) = fror(ze—1 + (5Ut71))2}-

E[l|g:(z)[*] < E[l|gi-1(ze-1)[1?] + D, (5)

2d

where Dy := 16 L3 (d + 4)? + =

The above lemma shows that the second moment of the residual feedback can be bounded
by a perturbed contraction, provided that we choose 1 and J such that the contracting rate

a = 4dL3n?6=% < 1. As we show later in the analysis, such a contraction property leads to a
small variance of the residual feedback that helps reduce the regret of the online ZO algorithm.

3 ZO WITH RESIDUAL FEEDBACK FOR ONLINE CONVEX OPTIMIZATION

In this section, we consider the online bandit problem (P) where the sequence of functions { f; }+—0.7—1
are all convex. In particular, we are interested in analyzing the following static regret of the algorithm.

T—1 T—1
Ry = E[ ; fe(ze) — irg;ryl ; ft(x)} (6)

We make the following assumption on the non-stationary of the online learning problem.

Assumption 3.1 (Bounded variation). There exists Vy > 0 such that for all t,

E[|fe(ze—1 + Sus—1) — fi1(@i—1 + 0ue—1)[*] < V7, )

where the expectation is taken over x_1, the random vector u,_y and the random functions fi_1, ft.

Intuitively, we assume the squared variation of the objective function between two consecutive
time instants is uniformly bounded over time. We note that this assumption is much weaker than
the uniformly bounded function value assumption, i.e., E[ ft(m)Q] < B?% Vt,x € X, which is
used in the analysis of ZO with the conventional one-point feedback Gasnikov et al. (2017). In
particular, under Assumption 3.1, the perturbation term in Lemma 2.5 can be bounded as D; <
16L5(d +4)* + 2dV76~2. Then, by telescoping the contraction inequality, we obtain the following
bound for the second moment of the residual-feedback gradient estimate,

2d
(16Lg(d+4)2 + ﬁvf)}. )
In practice, § is usually chosen to be sufficiently small, and the above bound is dominated by
O(dé _2Vf2), which is much smaller than the second moment bound of the conventional one-point

feedback O(d§~2B?) (B? is the uniform bound of the second moment of f; over time). For example,
consider the time-varying objective functions, fo(z) = 1/222 and fi(z) = f;_1(x) + ny, where
n¢ is Gaussian noise with zero mean at time ¢. Then, it can be verified that Assumption 3.1 holds
with a finite V; whereas the second moment of f;(z) is unbounded over time. This suggests that the
variance of the residual feedback can be significantly smaller than that of the conventional one-point
feedback.

B (e ] < mase {EIdoe0) |7, 1

—

Next, we first consider the case where the objective function f; is convex and Lipschitz. Based on the
above characterization of the second moment of residual feedback, we obtain the following regret
bound for ZO with residual feedback.
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Theorem 3.2 (Regret for Convex Lipschitz f;). Let Assumption 3.1 hold. Assume that f; € C% is
convex with Lipschitz constant Lq for all t and ||xo — x*|| < R. Run ZO with residual feedback for

T > R? iterations with n = R3 (2\/§L0\/&T%)_1 and § = /RT~ 1. Then, we have that

3 E[”gO(xO)HQ]R% (d+4)2 3,1
Ry < V2LoVdRTT + == o 4 8\/2 = L [ RiT
Te e 9v2dLyT? N
+2LgVdART? + V2dRV? Ly~ 'TH. 9)
3

Asymptotically, we have Rp = O((Lo + Loflvfz)\/ dRT?%).

To the best of our knowledge, the best known regret for ZO with the conventional one-point feedback
is of the order (’)(\/WT%) Gasnikov et al (2017). Therefore, our regret bound is tighter if
the function variation satisfies V7 < O( B2 L0 Essentially, using the proposed residual feedback
gradient estimator, the regret of QO no longer depends on the uniform bound of the function value,
which can be huge in practice. Instead, our regret only relies on how fast the function varies over
time.

Remark 3.3. We note that the complexity bound in Theorem 3.2 generally depends on the values of
the Lipschitz parameters Lo, L1 and the constant Vj}z. Specifically, choose n = R3 (2v2Lg VAT )1
and 6 = \/ﬁquT’i with ¢ > 0 as a tuning parameter, and we obtain that Ry = O((Lo + Lot™9+
quflVfQ)\/ET%) when T > quRQ. If Ly < 1, we can choose ¢ = 1 to achieve the bound
Ry = O((Lo + L()V]?)\/TRT%). On the other hand, if Ly > 1, we can choose q = 0 to achieve
the bound Ry = O((Lo + Lofl\/]?)\/diRT% ). We note that the dependence of the bounds in
Theorems 3.4, 4.2 and 4.3 on Ly, Ly can also be optimized in a similar way by properly choosing .

Next, we present the regret of ZO with residual feedback for convex smooth objective functions.

Theorem 3.4 (Regret for Convex Smooth f;). Let Assumption 3.1 hold. Assume that fi(x) €
C%9NCY 1 is convex with Lipschitz constant Ly and smoothness constant Ly for all t, and assume that
|zo—z*|| < R. Run ZO with residual feedback for T > R? iterations withn = R3 (2y/2Lod3T3) !
and § = Rsd—sT"%. Then, we have that

2 2 2 Elllg 2 Ré d 4 2 3
Ry < V2Lod3R5T5 + [”%(I—O)!}zg + SﬁLogR%ﬁ
2v/2Lod3 T3 ds
+2L1d8 RATS + V2L, i REVETS. 1o

Asymptotically, the above regret bound is in the order of O((Lg + L1 + Lo_lng)(dRT)%).

To the best of our knowledge, the best known regret for ZO with the conventional one-point feedback
1
in the convex smooth case is of the order O(L? (dRBT)?) Gasnikov et al. (2017). Therefore,

1
our regret bound is tighter if the function variation satisfies V? < O(B %Lf’ Lg). Our numerical
experiments show that ZO with residual feedback always outperforms ZO with the conventional
one-point feedback in practice.

4 70O WITH RESIDUAL FEEDBACK FOR ONLINE NONCONVEX OPTIMIZATION

In this section, we analyze the regret of ZO with residual feedback in solving the unconstrained
online bandit problem (P) with nonconvex functions. Throughout this section, we make the following
assumption regarding the objective functions.

Assumption 4.1. There exist Wr, Wi > 0 such that the following conditions hold for all t.

1. Zt 1Elfst(xe) — f5e—1(x¢)] < Wr, where the expectation is taken with respect to x; and the
random smoothed objective functions fs5i_1, fs.+.

2. Zf:l E[| fe(2i—1 +0us_1) — fio1(wi—1 + 6us_1)|?] < W, where the expectation is taken with
respect to xy_1, the random vector u;_1 and the random objective functions fi_1, fi.
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The above two conditions measure the accumulated first-order and second-order function variations,
as also adopted by Roy et al. (2019).

Next, we consider the case where { f; }; are nonconvex and Lipschitz continuous functions. Since the
objective function f; is not necessarily differentiable, i.e., V f(¢) is not well defined, we define the
regret as the accumulated gradient of the smoothed function, i.e., RT 0.5 = thfol E[||V fs.¢(z)]|?)-
In addition, it is often required that the smoothed function f; ; is close to the original function f; such

that | fs,.(z) — fi(2)| < € for all t. To satisfy this condition, we need to choose § < (v/dLg) 'es
according to Lemma 2.2. We obtain the following regret bound for ZO with residual feedback.

Theorem 4.2 (Nonconvex Lipschitz f;). Let Assumptions 4.1 hold. Assume that f; € C%° with
Lipschitz constant Ly and that f; is bounded below by f; for all t. Run ZO with residual feedback for

3
T > (des)~! iterations with ) = € (2v2L2d3T2) " and § = ef(d%Lo)_l. Then, we have that

—3 1 G%E go(x 2
5 < 2VIL(Elfso(w0)] - fir + WT)d%ef by f[ggfﬂgm

2

11
y ﬂesz (11)

_3 ~
Asymptotically, we have RZ,& = (’)(d%L%ef *(Wr + WrTH)T= + d%Loe Tz).

Based on Theorem 4.2, we observe that the regret bound satisfies R 5/T — 0 whenever Wr =

o(Tze 7 ) and Wy = o(T?e 7 ) In particular, if the bounded variation Assumption 3.1 holds, then we

have Wy < O(TV7), and it suffices to let T’%e;% =o(1).

Next, we consider the nonconvex and smooth problem and study the regret R_?; =
" E[||V fi(x¢)]|2]. We obtain the following regret for ZO with residual-feedback.

Theorem 4.3 (Nonconvex smooth f;). Let Assumptions 4.1 hold. Assume that f; € C%° N CY! with
Lipschitz constant Ly and smoothness constant Ly and that f; is bounded below by f; for all t. Run

Z0 with residual feedback for T iterations with ) = (ZﬂLod%T%)_l and § = (d%T%)_l. Then,

pe 2
RT < V3L (Elfso(ao)] — fix + Wr)dd1h + LEUSEII]

V2Lod5 T3
4 L 3
+8\/§L1L0(d}) \f 1d SWr +2L2(d;’53) s (12)
3 3

Asymptotically, the above regret bound is in the order 0f(’)(d§ LoWrT? +ds LlLo_le).

Based on Theorem 4.3, we observe that the regret bound satisfies RT /T — 0 whenever Wr = o(T )

and WT = o(T). We note that these requirements of Wr, WT are more relaxed than those in the
nonsmooth case, as they do not rely on the small parameter €.

5 ZO WITH RESIDUAL FEEDBACK FOR STOCHASTIC ONLINE OPTIMIZATION

In this section, we generalize the residual feedback to solve stochastic online bandit problems. Since
its regret analysis follows the same proof logic as that of ZO with residual feedback, we only introduce
the key technical lemmas and comment on the proof difference. The stochastic online bandit problems
are formulated as follows.
T—1
min » E[Fy(2;&)], where E[F(2;&)] = fi(), VL, (R)

rzeX
t=0

where &; denotes a certain noise that is independent of x. Different from the previous deterministic
online setting, the agent in the stochastic setting can only query noisy evaluations of the function.
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This covers the scenarios where the agent does not have access to the underlying data distribution. To
solve the above stochastic online problem, we propose the following stochastic residual feedback
Uy

ge(xe) := 5 (Fu(ze + 6up; &) — Froq(zp—1 + 0up—15&-1)), (13)

where £;_; and &; are independent random samples that are sampled in the iterations ¢t — 1 and ¢,
respectively. Since the noisy function value F'(x; ;) is an unbiased estimate of the objective function
fi(z), it is straightforward to show that (13) is an unbiased gradient estimate of the function fs¢(x).

To analyze the regret of ZO with stochastic residual feedback, we first consider the convex setting
and make the following assumption that bounds the variation of the stochastic functions.

Assumption 5.1. (Bounded stochastic variation) There exists V; ¢ > 0 such that for all t,
2
]E[(Ft(wtf'l +out—1,&) — Fro1(ze—1 + 5’111‘,717&7'1)) ] < Vng

where the expectation is taken with respect to x,_1, the random vector u;_1 and the random objective
Sunctions Fy_1(-,&1), Fi(+,&).

The above assumption generalizes Assumption 3.1 to the stochastic setting. The bound Vf2 ¢ controls
both the variation of function over time and the variation due to stochastic sampling.

The following lemma characterizes the second moment of the stochastic residual feedback.

Lemma 5.2. Assume F(z,£) € C°° with Lipschitz constant Lo for all £&. Then, under the ZO update

rule, we have that
~ 4dLEn? . _
E[[|g:(2)]1%] < 53 E[|g:(z—1)[*] + Dee,

2
where Dy ¢ == 16L3(d + 4)? + 23E[(Fy(w¢—1 + Sup—1,&) — Fro1(zi—1 + 6ug—1,&-1)) )

Observe that the above second moment bound is very similar to that in Lemma 2.5, and the only
difference is the perturbation term. In particular, the perturbation term D, ¢ can be further bounded
by leveraging Assumption 5.1, and the resulting second moment bound is almost the same as that
in eq. (8) for the deterministic case (simply replace Vy in eq. (8) by Vy ¢). Therefore, the regret
analysis of ZO with stochastic residual feedback is the same as that of ZO with residual feedback in
the deterministic online setting. Consequently, ZO with stochastic residual feedback achieves almost
the same regret bounds as those in Theorems 3.2 and 3.4, and one simply needs to replace V; by Vy e.

For the nonconvex setting, we adopt the following assumption that generalizes Assumption 4.1.

Assumption 5.3. There exists Wy, W@g > 0 such that the following two conditions hold for all t.

1. ZfT:1 E(fs.i(x1) — f50-1(z0)] < Wr, where the expectation is taken with respect to x, and the
random smoothed objective functions fsi—1, f5.

2. Zthl E[|Fy(xi—1 + dus—1; &) — Fio1(wi—1 + Sug—1;&-1) 2] < W g, where the expectation
is taken with respect to x;_1, the random vector u;_1 and the random objective functions

Fioq( &—1), Fi(+, &)

Then, following the same proof logic as that of Theorems 4.2 and 4.3, on can obtain similar regret
bounds for ZO with stochastic residual feedback (simply replace W, Wr in Theorems 4.2 and 4.3
by Wr ¢, Wr ¢, respectively).

6 NUMERICAL EXPERIMENTS

In this section, we compare the performance of ZO with one-point, two-point and residual feedback
in solving two non-stationary reinforcement learning problems, i.e., LQR control and resource
allocation, in which either the reward or transition functions are varying over episodes.

6.1 NONSTATINOARY LQR CONTROL

We consider an LQR problem with noisy system dynamics. The static version of this problem is
considered in Fazel et al. (2018); Malik et al. (2018). Specifically, consider a system whose state
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Figure 1: The regrets of applying the proposed residual one-point feedback (3) (blue), the two-point oracle
in Bach & Perchet (2016) (orange) and the conventional one-point oracle in Gasnikov et al. (2017) (green) to
online policy optimization for the nonstationary LQR problem. In (a), the regrets Ztho [V(K) — V(K™)|of
three methods are presented. In (b), the variance of the gradient estimates given by three methods are presented.
The two point method (orange) is infeasible to use in practice and is presented here to serve as the simulating
benchmark.

x) € R™= at step k is subject to a transition function z 1 = A;xy + Byuy + wg, where ug, € R
is the action at step k, and A; € R"=*"= and B; € R"=*"« are dynamical matrices in episode .
These matrices are unknown and changing over episodes. The vector wy, is the noise on the state
transition. Specifically, the entries of the dynamical matrices Ay and By at episode 0 are randomly
generated from a Gaussian distribution N(0,0.12). Then, we generate the time-varying dynamical
matrices as A1 = Ay + 0.01M; and Byy1 = By + 0.01V;, where M; and N, are random matrices
whose entries are uniformly sampled from [0,1]. Moreover, consider a state feedback policy
uy = Kyxy, where Ky € R™«*"= ig the policy parameter that is fixed within episode ¢. Within
each episode, there exists an optimal policy K so that the discounted accumulated cost function
Vi(K) = E[ 7 +* (2T Qay + ul Ruy)] at episode ¢ is minimized, where v < 1 is the discount
factor and H is the horizon. The goal is to track the time-varying optimal policy parameter K so
that V;(K;) — V3(K}) is small in every episode.

We apply the conventional one-point method in Gasnikov et al. (2017) and the proposed residual-
feedback method (13) to solve the above non-stationary LQR problem. The performance of the two-
point method in Bach & Perchet (2016) is also presented as a benchmark, although it is impractical
in non-stationary scenarios. This is because the two-point method in Bach & Perchet (2016) requires
to evaluate value function V; for two different policy functions at two consecutive episodes. However,
evaluating the value function V; for a given policy during episode ¢ requires to collect samples by
executing this policy. Then, during the subsequent episode ¢ + 1, since the problem is non-stationary,
the dynamic matrices change to A;y1, B;11 and so does the value function V. Therefore, it is not
possible to evaluate the same value function V; at two different episodes and, as a result, the two-point
method in Bach & Perchet (2016) is not applicable here. Each algorithm is run for 10 trials, and

the stepsizes are optimized respectively. The accumulated regrets ZtT;[)l |[V(K) — V(K™*)| of these
algorithms are presented in Figure 1(a). We observe that the residual feedback method achieves a
much lower regret than the conventional one-point method and has a comparable performance to that
of the impractical two-point method. Moreover, we present in Figure 1(b) the estimated variance
of the gradient estimates of these three methods at the policy iterates over episodes. It can be seen
that the variance of our proposed residual-feedback is close to the impractical two-point feedback
and is much smaller than that of the conventional one-point feedback. This observation justifies our
theoretical characterization of the second moment of the residual feedback.

6.2 NONSTATIONARY RESOURCE ALLOCATION

We consider a multi-stage resource allocation problem with time-varying sensitivity to the lack
of resource supply. Specifically, 16 agents are located on a 4 x 4 grid. During episode ¢, at
step k, agent i stores m;(k) amount of resources and has a demand for resources in the amount
of d;(k). Also, agent ¢ decides to send a fraction of resources a;;(k) € [0, 1] to its neighbors
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Figure 2: The costs during each episode by applying the proposed residual one-point feedback (3) (blue), the
two-point oracle in Bach & Perchet (2016) (orange) and the conventional one-point oracle in Gasnikov et al.
(2017) (green) to solve the non-stationary resource allocation problem are presented. In (a), the varying cost
J:(0¢) of three methods are presented. In (b), the variance of the gradient estimates at agent 1 given by three
methods are presented. The two point method (orange) is infeasible to use in practice and is presented here to
serve as the simulating benchmark.

J € N; on the grid. The local amount of resources and demands of agent i evolve as m;(k + 1) =
mz(k'> - ZjENi aw(k)mz(k) + ZjENi aji(k;)mj (k) —d; (ki) and d; (kj) =Y sin(wik + (bz) + Wi k»
where w; ;; is the noise in the demand. At each step k, agent ¢ receives a local cost r; +(k), such
that 7; 4 (k) = 0 when m;(k) > 0 and r; ;(k) = ¢ym;(k)? when m;(k) < 0, where (; represents
the varying sensitivity of the agents to the lack of supply during episode ¢. Let agent ¢ makes its
decisions according to a parameterized policy function 7; ;(0;;6;+) : O; — [0,1] Wil where 0, is
the parameter of the policy function 7; ; at episode ¢, 0; € O; denotes agent ¢’s local observation.
Specifically, we let 0;(k) = [m;(k), d;(k)]T. Our goal is to track the time-varying optimal policy
so that the accumulated cost over the grid J;(6;) = Zil ZkHzo v*7; +(k) during each episode is
maintained at a low level, where 6; = [...,0; ¢, ...] is the policy parameter, H is the problem horizon
at each episode, and ~ is the discount factor.

In Figure 2(a), we present the costs achieved during each episode J;(0;) with 10 trials using ZO
with the residual-feedback, one-point and the impractical two-point feedback. It can be seen that
our proposed residual-feedback achieves a cost J;(;) that is as low as the cost achieved by the
impractical two-point feedback in such a non-stationary environment. In particular, both residual
and two-point feedback perform much better than the conventional one-point feedback. Moreover,
Figure 2(b) compares the estimated variances of these feedback schemes, and one can observe that
the variance of the residual feedback is comparable to that of the two-point feedback and is much
smaller than that of the conventional one-point feedback.

7 CONCLUSION

In this paper, we proposed a residual one-point feedback oracle for zeroth-order online learning
problems, which estimates the gradient of the time-varying objective function using a single query of
the function value at each time instant. We showed that the regret bound of the proposed residual
feedback estimator can be much lower than that of the conventional one-point method in online
convex optimization setting. In addition, we studied the gradient size regret bound of the residual-
feedback estimator when it is applied to the online non-convex optimization problems. Numerical
experiments on two non-stationary reinforcement learning problems were conducted and the proposed
residual-feedback estimator was shown to significantly outperform the conventional one-point method
in non-stationary online learning problems.
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