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Abstract

Conformal prediction (CP) is an emerging uncertainty quantification framework
that allows us to construct a prediction set to cover the true label with a pre-specified
marginal or conditional probability. Although the valid coverage guarantee has
been extensively studied for classification problems, CP often produces large pre-
diction sets which may not be practically useful. This issue is exacerbated for
the setting of class-conditional coverage on classification tasks with many and/or
imbalanced classes. This paper proposes the Rank Calibrated Class-conditional CP
(RC3P) algorithm to reduce the prediction set sizes to achieve class-conditional
coverage, where the valid coverage holds for each class. In contrast to the stan-
dard class-conditional CP (CCP) method that uniformly thresholds the class-wise
conformity score for each class, the augmented label rank calibration step allows
RC3P to selectively iterate this class-wise thresholding subroutine only for a subset
of classes whose class-wise top-k error is small. We prove that agnostic to the clas-
sifier and data distribution, RC3P achieves class-wise coverage. We also show that
RC3P reduces the size of prediction sets compared to the CCP method. Comprehen-
sive experiments on multiple real-world datasets demonstrate that RC3P achieves
class-wise coverage and 26.25% | reduction in prediction set sizes on average.

1 Introduction

Safe deployment of machine learning (ML) models in high stakes applications such as medical
diagnosis requires theoretically-sound uncertainty estimates. Conformal prediction (CP) [60] is an
emerging uncertainty quantification framework that constructs a prediction set of candidate output
values such that the true output is present with a pre-specified level (e.g., > 90%) of the marginal or
conditional probability [65] [19].

A promising property of CP is the model-agnostic and distribution-free coverage validity under
certain notions [20]. For example, marginal coverage is the commonly studied validity notion
[47,[1,165]], while conditional coverage is a stronger notion. There is a general taxonomy to group
data (i.e., input-output pairs) into categories and to study the valid coverage for each group (i.e., the
group-wise validity) 61} 60]. This paper focuses on the specific notion of class-conditional coverage
that guarantees coverage for each class individually, which is important for classification tasks with
many and/or imbalanced classes (e.g., medical applications) [39} 56, 38]].

In addition to the coverage validity, predictive efficiency is another important criterion for CP [20}59],
which refers to the size of the prediction sets. Both coverage validity and predictive efficiency are used
together to measure the performance of CP methods [[1},45, 147, [15} 22, [18]]. Since the two measures
are competing [[1]], our goal is to guarantee the coverage validity with high predictive efficiency,
i.e., small prediction sets [20} 47, [18]. Some studies improved the predictive efficiency under the
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marginal coverage setting using new conformity score function [[1] and new calibration procedures
[19} 18} 126l 21]. However, it is not known if these methods will benefit the predictive efficiency for
the class-conditional coverage setting. A very recent work [[15] proposed the cluster CP method to
achieve approximate class-conditional coverage. It empirically improves predictive efficiency over the
baseline class-wise CP method (i.e., each class is one cluster) [58]], but the approximation guarantee
for class-wise coverage is model-dependent (i.e., requires certain assumptions on the model). The
main question of this paper is: how can we develop a model-agnostic CP algorithm that guarantees
the class-wise coverage with improved predictive efficiency (i.e., small prediction sets)?

To answer this question, we propose a novel approach referred to as Rank Calibrated Class-conditional
CP (RC3P) that guarantees the class-wise coverage with small expected prediction sets. The class-
conditional coverage validity of RC3P is agnostic to the data distribution and the underlying ML
model, while the improved predictive efficiency depends on very mild conditions of the given
trained classifier. The main ingredient behind the RC3P method is the label rank calibration strategy
augmented with the standard conformal score calibration from the class-wise CP (CCP) [38 [2]].

The CCP method finds the class-wise quantiles of non-conformity scores on calibration data. To
produce the prediction set for a new test input X, it pairs X5 With each candidate class label
y and includes the label y if the non-conformity score of the pair (X, y) is less than or equal to
the corresponding class-wise quantile associated with y. Thus, CCP constructs the prediction set by
uniformly iterating over all candidate labels. In contrast, the label rank calibration allows RC3P to
selectively iterate this class-wise thresholding subroutine only if the label y is ranked by the classifier
f(Xiest) (e.g., f(-) denotes the softmax prediction) in the top k, candidates, where the value of k,
is calibrated for each label y individually according to the class-wise top-k,, error. In other words,
given X5, RC3P enables standard class-wise conformal thresholding for the sufficiently certain
class labels only (as opposed to all labels). Our theory shows that the class-wise coverage provided
by RC3P is agnostic to the data distribution and the underlying ML model. Moreover, under a very
mild condition, RC3P guarantees improved predictive efficiency over the baseline CCP method.

Contributions. The main contributions of this paper are:

* We design a novel algorithm RC3P that augments the label rank calibration strategy to the
standard conformal score calibration step. To produce prediction sets for new inputs, it
selectively performs class-wise conformal thresholding only on a subset of classes based on
their corresponding calibrated label ranks.

* We develop theoretical analysis to show that RC3P guarantees class-wise coverage, which is
agnostic to the data distribution and trained classifier. Moreover, it provably produces smaller
average prediction sets over the baseline CCP method [58]].

* We perform extensive experiments on multiple imbalanced classification datasets and show
that RC3P achieves the class-wise coverage with significantly improved predictive efficiency
over the existing class-conditional CP baselines (26.25% reduction in the prediction size on
average on all four datasets or 35% reduction excluding CIFAR-10). The code is available at
https://github.com/YuanjieSh/RC3P.

2 Related Work

Precise uncertainty quantification of machine learning based predictions is necessary in high-stakes
decision-making applications. It is especially challenging for imbalanced classification tasks. Al-
though many imbalanced classification learning algorithms [10, 25]] are proposed, e.g., re-sampling
[IL1} 42, 133,154, 163]] and re-weighting [28, 401, they do not provide uncertainty quantification with
rigorous guarantees over predictions for each class.

Conformal prediction [62] 60] is a model-agnostic and distribution-free framework for uncertainty
quantification by producing prediction sets that cover the true output with a pre-specified proba-
bility, which means CP could provide valid coverage guarantee with any underlying model and
data distribution [32, 52| [16]. Many CP algorithms are proposed for regression [35} 46, 23| [17],
classification [45] [1} 164} 37]], structured prediction [6} 3| [13| [30], online learning [24} [7], and co-
variate shift [31} 153 15] settings. Coverage validity and predictive efficiency are two common and
competing desiderata for CP methods [1]]. Thus, small prediction sets are favorable whenever the
coverage validity is guaranteed [20, 47, [18]], e.g., human and machine learning collaborative systems
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(39,156} 138]]. Recent workE]improved the predictive efficiency for marginal coverage by designing new
conformity score [1] and calibration procedures [[19, (18} 26l 21]]. These methods can be combined
with class-conditional CP methods including RC3P as we demonstrate in our experiments, but the
effect on predictive efficiency is not clear.

In general, the methods designed for a specific coverage validity notion are not necessarily compatible
with another notion of coverage, such as object-conditional coverage [58]], class-conditional coverage
[S8]], local coverage [36]] which are introduced and studied in the prior CP literature [61} 160,20, 15,(9].
The standard class-conditional CP method in [58]!49] guarantees the class-wise coverage, but does not
particularly aim to reduce the size of prediction sets. The cluster CP method [[15] which performs CP
over clusters of labels achieves a cluster-conditional coverage that approximates the class-conditional
guarantee, but requires some assumptions on the underlying clustering model.

Our goal is to develop a provable class-conditional CP algorithm with small prediction sets to
guarantee the class-wise coverage that is agnostic to the underlying model.

3 Notations, Background, and Problem Setup

Notations. Suppose (X,Y) is a data sample where X € X is an input from the input space
X,andY € Y = {1,2,---, K} is the ground-truth label with K candidate classes. Assume
(X,Y) is randomly drawn from an underlying distribution P defined on X' x )/, where we denote
py =Pxy[Y =yl.Letf: X — Af denote a soft classifier (e.g., a soft-max classifier) that produces
prediction scores for all candidate classes on any given input X, where Af denote the K -dimensional
probability simplex and f(X),, denotes the predicted confidence for class y. We define the class-wise
top-k error for class y from the trained classifier f as ef = P{ry(X,Y) > k|Y = y}, where

rp(X,Y) = S 1[f(X); > f(X)y] returns the rank of Y predicted by f(X) in a descending
order, and 1[-] is an indicator function. We are provided with a training set D, for training the classifier
f, and a calibration set Dy = {(X;,Y;)}, for CP. LetZ, = {i : Y; = y, forall (X;,Y;) € Deu}
and n, = |Z,| denote the number of calibration examples for class .

Problem Setup of CP. Let V : X x J — R denote a non-conformity scoring function to measure
how different a new example is from old ones [60]]. It is employed to compare a given testing sample
(Xiest, Yiest) With a set of calibration data De,;: if the non-conformity score is large, then (Xiest, Yiest)
conforms less to calibration samples. Prior work has considered the design of good non-conformity
scoring functions, e.g., [2, 150, 47]. In this paper, we focus on the scoring functions of Adaptive
Prediction Sets (APS) proposed in [47] and Regularized APS (RAPS) proposed in [1] for classification
based on the ordered probabilities of f and true label rank 7 (X, Y"). For the simplicity of notation,
we denote the non-conformity score of the i-th calibration example as V; = V (X, Y;).

Given a input X, we sort the predicted probability for all classes {1, --- , K} of the classifier f such
that 1 > f(X)) > --- > f(X)(x) > 0 are ordered statistics, where f(X)y denotes the k-th
largest prediction. The APS [47] score for a sample (X, Y) is computed as follows:

Tf (X,Y)—l

VX, Y)= > fX)0+U- F(X)exry
=1

where U € [0, 1] is a uniform random variable to break ties. We also consider its regularized variant
RAPS [1]], which additionally includes a rank-based regularization A(7 (X, Y") — ky¢4) " to the above
equation, where (-)* = max{0, -} denotes the hinge loss, A and k4 are two hyper-parameters.

For a target coverage 1 — o, we find the corresponding empirical quantile on calibration data D,
defined as

n

~ 1
a=mindt STV <] >1— }
Qoo =min{t: 3 AMi< 210
which can be determined by finding the [ (1 —«)(14n)]-th smallest value of {V;}"_;. The prediction

set of a testing input X, can be constructed by thresholding with Q1 _,:
é\lfa(Xlest) = {y ey: V(Xteslvy) < @\lfa}-

'A concurrent work by Huang and colleagues [29] studied a method named sorted adaptive prediction sets
which uses label ranking information to improve the predictive efficiency in the marginal coverage setting.




Therefore, 51,a gives a marginal coverage guarantee [47.[1]: P x y)p{Y € CAl,a(X)} >1-a.
To achieve the class-conditional coverage, standard CCP [58|] uniformly iterates the class-wise
thresholding subroutine with the class-wise quantiles {QS%5 (y ) Fyey:

T (Xiew) = {y € V1 V(X y) < QF5(0)}, 1
where QS5 (y) = min{t : Z — 1V, <t]>1- a}.

n
i€z, Y

Speciﬁcally, CCP pairs X, With each candidate class label y, and includes y in the prediction set

CCP (Xeq) if V( X, y) < Q<12 () holds. After going through all candidate class labels y € Y, it
achleves the class-wise coverage for any y € Y [58} 2]:

Pixy)up{Y € CEE(X)Y =y} >1-a. )

CCP produces large prediction sets which are not useful in practice. Therefore, our goal is to develop
a provable CP method that provides class-conditional coverage and constructs smaller prediction sets
than those from CCP. We summarize all the notations in Table [3|of Appendix.

4 Rank Calibrated Class-Conditional CP

We first explain the proposed Rank Calibrated Class-conditional Conformal Prediction (RC3P)
algorithm and present its model-agnostic coverage guarantee. Next, we provide the theoretical
analysis for the provable improvement of predictive efficiency of RC3P over the CCP method.

4.1 Algorithm and Model-Agnostic Coverage Analysis

We start with the motivating discussion about the potential drawback of the standard CCP method
in terms of predictive efficiency. Equation (IJ) shows that, for a given test input Xy, CCP likely
contains some uncertain labels due to the uniform iteration over each class label y € Y to check
if y should be included into the prediction set or not. For example, given a class label y and two
test samples X1, Xo, suppose their APS scores are V(X1,y) = 0.9,V (Xs,y) = 0.8, with ranks

ri(X1,y) = 1,r¢(Xo,y) = 5. Furthermore, if Q"l“Ss (y) = 0.85, then by (1) for CCP, we know that

y ¢ CSP (X o(X1)andy € é\CCP v (X2), even though f(X7) ranks y at the #1 class label for X; with a
very hlgh confidence f (X 1)y = 0.9 and CCP can still achieve the valid class-conditional coverage.
We argue that, the principle of CCP to scans all y € ) uniformly can easily result in large prediction
sets, which is detrimental to the effectiveness of human-ML collaborative systems [4, 51].

Consequently, to improve the predictive efficiency of CCP (i.e., reduce prediction set sizes), it is
reasonable to include label rank information in the calibration procedure to adjust the distribution
of non-conformity scores for predictive efficiency. As mentioned in the previous sections, better
scoring functions have been proposed to improve the predictive efficiency for marginal coverage,
e.g., RAPS. However, directly applying RAPS for class-wise coverage presents challenges: 1)
tuning its hyper-parameters for each class requires extra computational overhead, and 2) fixing its
hyper-parameters for all classes overlooks the difference between distributions of different classes.
Moreover, for the approximate class-conditional coverage achieved by cluster CP [[15], it still requires
some assumptions on the underlying model (i.e., it is not fully model-agnostic).

Therefore, the key idea of our proposed RC3P algorithm (outlined in Algorithm[I)) is to refine the
class-wise calibration procedure using a label rank calibration strategy augmented to the standard
conformal score calibration, to enable adaptivity to various classes. Specifically, in contrast to CCP,
RC3P selectlvely activates the class-wise thresholding subroutine in (E]) according to their class-wise
top-k error ey for class y. RC3P produces the prediction set for a given test input X with two
calibration schemes (one for conformal score and another for label rank) as shown below:

CRP(Xew) = {y €V 1 V(X y) < Q55 (1), 71 (Xiewrr ) < k(y) }, 3)

conformal score calibration label rank calibration

where @ilisgy (y) and @(y) are score and label rank threshold for class y, respectively. In particular,

E(y) controls the class-wise uncertainty adaptive to each class y based on the top-k error ez(y) of the



Algorithm 1 RC3P Method for Class-Conditional CP

: Input: Mis-coverage rate o € (0, 1)., top-k errors e’y“ for all classes and ranks y, k € {1,--- , K}
: Randomly split data into train D, and calibration D, and train the classifier f on D,
cfor ye{l,--- ,K} do
Compute {V;}:L:yl forall (X;,Y;) € Deg suchthatY; =y
Configure calibrated label rank & (y) and nominal error a:
Option I (model-agnostic coverage):

E(y) € {k: e <a}, 0<a,<a- ez(y), as perEq
Option I (model-agnostic coverage + improved predictive efficiency):

k(y) = min{k : ef < o}, Gy =a— e’;(y), as per Eq

@ﬁli%y (y) < [(1 — @) (1 + ny)]-th smallest value in {V;}*, according to Eq
9: end for R N
10: Construct @zc3P( Krest) With chli%y (y) and k(y) for a test input X,y using Eq H

11—«

AN A

~
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classifier. By determining k(y), the top k predicted class labels of f(Xes) will more likely cover
the true label Y.y, making the augmented label rank calibration filter out the class labels y that
have a high rank (larger 7 (X, y)). As a result, given all test input and label pairs {(Xiest, ¥) }yey,
RC3P performs score thresholding using class-wise quantiles only on a subset of reliable test pairs.

Determining E(y) and @, for model-agnostic valid coverage. For class y, intuitively, we would
like a value for k(y) such that the corresponding top-k(y) error is smaller than «, so that it is possible
to guarantee valid coverage (recall P{ A, B} = P{A} - P{B|A}). Since a larger k(y) gives a smaller

ez(y) untill ef = 0, it is guaranteed to find a value for /k\(y), in which the corresponding ez(y) < a.

As a result, given all test input and label pairs {(Xies, ¥) }yey, RC3P performs score thresholding
using class-wise quantiles only on a subset of reliable test pairs and filters out the class labels y that
have a high rank (larger (X, y)). The following result formally shows the principle to configure

k(y) and &, to guarantee the class-wise coverage that is agnostic to the underlying model.
Theorem 4.1. (Class-conditional coverage of RC3P) Suppose that selecting E(y) values result in the

class-wise top-k error €§(y) for each class y € Y. For a target class-conditional coverage 1 — «, if
we set &, and k(y) in RC3P in the following ranges:

E(Q)E{k:ez<a}, OSE»Zygoé_gE(y)7 @
then RC3P can achieve the class-conditional coverage for every y € Y:

Pixy)up{Y € CREP(X)Y =y} > 1 —a.

4.2 Analysis of Predictive Efficiency for RC3P

We further analyze the predictive efficiency of RC3P: under what conditions RC3P can produce a
smaller expected prediction set size compared to CCP, when both achieve the same (1 — a)-class-
conditional coverage. We investigate how to choose the value of &, and k(y) from the feasible ranges
in (@) to achieve the best predictive efficiency using RC3P.

Lemma 4.2. (Trade-off condition for improved predictive efficiency of RC3P) Suppose &, and E(y)
satisfy ({#) in Theorem[|.1] If the following inequality holds for any y € Y:

P [V (Xiest, y) < QT25(W), 71 (Xeest, y) < k(Y)] < P, [V (Xiesr,y) < Q120 ()], (5
then RC3P produces smaller expected prediction sets than CCP, i.e.,

E X, [ICFY (Xies)[] < Ex,, [|CT (Ko |]-
Remark. The above result demonstrates that when both RC3P and CCP achieve the target 1 — «
class-conditional coverage, under the condition of (3]), RC3P produces smaller prediction sets than
CCP. In fact, this condition implies that the combined (conformity score and label rank) calibration



of RC3P tends to include less labels with high rank or low confidence from the classifier. In contrast,
the CCP method tends to include relatively more uncertain labels into the prediction set, where their
ranks are high and the confidence of the classifier is low. Now we can interpret the condition (3] by
defining a condition number, termed as o,:

PXW [V(Xtesty Z/) < @ilisz (y)7 Ty (Xtesh y) < /]%(y)}

P [V (X 1) < Q525 (9)]

In other words, if we can verify that o, < 1 for all , then RC3P can improve the predictive efficiency
over CCP. Furthermore, if o, is fairly small, then the efficiency improvement can be even more
significant. To verify this condition, our comprehensive experiments (Section[5.2] Figure[3) show that
oy values are much smaller than 1 on real-world data. These results demonstrate the practical utility
of our theoretical analysis to produce small prediction sets using RC3P. Note that the reduction in
prediction set size of RC3P over CCP is proportional to how small the o, values are.

Theorem 4.3. (Conditions of improved predictive efficiency for RC3P) Define D = Plr¢(X,y) <
f
)Y # o), and 77(X.y) = | 05952, Denote B = BIf (X) s (x.p) < QE“5 W)Y # 9] if V

is APS, or B = PLf(X) 7, (x.) +A < QI8 W)Y # ] if V is RAPS. I B—D > 24-(a— ")),
then oy < 1.

(6

O'y:

Remark. The above result further analyzes when the condition in Eq (3)) of Lemma .2 (or equiv-
alently, o, < 1) holds to guarantee the improved predictive efficiency. Specifically, the condition

B—-D> 1f—’;}y(oz - e];(y)) of Theorem (4.3|can be realized in two ways: (i) making LHS B — D as

large as possible; (ii) making the RHS 137?% (a — el;(y)) as small as possible. To this end, we can set

Line 7 in Algorithm I)in the following way:
E(y) = min{k : e§ <a}, QGy=a- 65(?/)_ @

Therefore, this setting ensures o, < 1 and as a result improves predictive efficiency.

5 Experiments and Results

We present the empirical evaluation of the RC3P algorithm and demonstrate its effectiveness in
achieving class-conditional coverage to produce small prediction sets. We conduct experiments using
two baselines (CCP and Cluster—CP), four datasets (each with three imbalance types and five
imbalance ratios), and two machine learning models (trained for 50 epochs and 200 epochs, with 200
epochs being our main experimental setting). Additionally, we use two scoring functions (APS and
RAPS) and set three different « values (o € 0.1,0.05,0.01, with & = 0.1 as our main setting).

5.1 Experimental Setup

Classification datasets. We consider four datasets: CIFAR-10, CIFAR-100 [34]], mini-ImageNet
[57]], and Food-101 [8] by using the standard training and validation split. We employ the same
methodology as [41, 10, [14] to create an imbalanced long-tail setting for each dataset as a harder
challenge: 1) We use the original training split as a training set for training f with training samples
(ny, is defined as the number of training samples), and randomly split the original (balanced)
validation set into calibration samples and testing samples. 2) We define an imbalance ratio p, the

ratio between the sample size of the smallest and largest class: p = E‘;‘;“{; ZZI:“‘;]]Z = LCII‘;‘: ZL}} 3) For

each training set, we create three different imbalanced distributions using three decay types over the

class indices ¢ € {1,---, K}: (a) An exponential-based decay (EXP) with % x p* examples in
class c, (b) A polynomial-based decay (POLY) with % X 61 = examples in class ¢, and (¢) A
10p

majority-based decay (MAJ) with £ x p examples in classes ¢ > 1. We keep the calibration and test
set balanced and unchanged. We provide an illustrative example of the three decay types in Appendix
(Section|C.3] Figure ). Towards a more complete comparison, we also employ balanced datasets.
Following Cluster—C% we employ CIFAR-100, Places365 [66], iNaturalist[53]], and ImageNet[48]].

“https://github.com/tiffanyding/class-conditional-conformal/tree/main



Table 1: Imalanced classification data experiment on CIFAR-10, CIFAR-100, mini-ImageNet, Food-101.
APSS results comparing CCP, Cluster—CP, and RC3P with ResNet-20 model trained with 200 epochs under
different imbalance types and ratios when v = 0.1. For a fair comparison of APSS, we set UCR of RC3P the
same as or smaller (more restrictive) than that of CCP and Cluster—CP under 0.16 on CIFAR-10 and 0.03
on other datasets. The specified UCR values are in Table[6|and [7]of Appendix[C.4]and[C.3] The APSS results
show that RC3P significantly outperforms CCP and Cluster—CP in terms of average prediction set size with
24.47% (four datasets) or 32.63% (excluding CIFAR-10) reduction over min{CCP, cluster—CP}.

. EXP POLY MAJ
Conformity Score  Methods p=0.5 p=0.1 p=0.5 p=0.1 p=0.5 p=0.1
CIFAR-10
CCP 1.555 £ 0.010  1.855 + 0.014 1.538 £0.010  1.776 + 0.012 1.840 £0.020  2.629 + 0.013
APS Cluster-CP 1.714 £0.018  2.162 +0.015 1.706 £ 0.014  1.928 £0.013 1.948 £0.023  3.220 £ 0.020
RC3P 1.555 £0.010  1.855 + 0.014 1.538 £0.010  1.776 + 0.012 1.840 £ 0.020  2.629 + 0.013
ccp 1.555+0.010  1.855+0.014 1.538 £0.010  1.776 + 0.012 1.840 £ 0.020  2.632 + 0.012
RAPS Cluster-CP 1.714 £0.018  2.162 £ 0.015 1.706 + 0.014  1.929 £ 0.013 1.787 £0.019  2.968 £ 0.024
RC3P 1.555 £ 0.010  1.855 £ 0.014 1.538 £0.010  1.776 + 0.012 1.840 £0.020  2.632 + 0.012
CCP 1.144 £ 0.005  1.324 £ 0.007 1.137 £ 0.003  1.243 + 0.005 1.272 £0.008  1.936 + 0.010
HPS Cluster-CP 1.214 £0.008  1.508 £ 0.010 1.211 +£0.004  1.354 & 0.005 1.336 £ 0.009  2.312 £ 0.025
RC3P 1.144 £ 0.005  1.324 + 0.007 1.137 £ 0.003  1.243 + 0.005 1.272 £ 0.008  1.936 + 0.010
CIFAR-100
CCP 44224 4+ 0.341  50.969 £0.345 49.889 £ 0.353 64.343 £0.237 44.194 £0.514 64.642 £ 0.535
APS Cluster-CP 29.238 £ 0.609  37.592 £ 0.857  38.252 +0.353 52.391 +£0.595 31.518 £0.335 50.883 + 0.673
RC3P 17.705 £ 0.004  21.954 + 0.005  23.048 + 0.008 33.185 + 0.005  18.581 + 0.007 32.699 + 0.005
Cccp 44250 +0.342 50970 £ 0.345 49.886 + 0.353 64.3324+0.236 48.343 £0.353 64.663 + 0.535
RAPS Cluster-CP 29.267 + 0.612  37.795 +0.862  38.258 + 0.320 52.374 +£0.592  31.513 +£0.325 50.379 £ 0.684
RC3P 17.705 £ 0.004  21.954 £ 0.005  23.048 £ 0.008 33.185 £ 0.005  18.581 £ 0.006 32.699 + 0.006
CCP 41.351 +0.242  49.469 £0.344  48.063 +0.376  63.963 £ 0.277  46.125 +0.351 64.371 £ 0.564
HPS Cluster-CP 27.566 4 0.555  35.528 0.979  36.101 £ 0.565 51.333 £0.776  29.323 +0.363  50.519 £ 0.679

RC3P 20.363 +0.006 25.212 +0.010  25.908 + 0.007 36.951 + 0.018  21.149 £ 0.006 35.606 + 0.005
mini-ImageNet
CCpP 26.676 & 0.171  26.111 £0.194  26.626 & 0.133  26.159 £0.208  27.313 £ 0.154  25.629 £ 0.207

APS Cluster-CP ~ 25.889 £0.301 25.253 £0.346  26.150 £0.393 25.633 £0.268 26918 +=0.241 25.348 + 0.334

RC3P 18.129 £ 0.003  17.082 + 0.002  17.784 + 0.003 17.465 + 0.003  18.111 + 0.002 17.167 + 0.004

CCP 26.756 £ 0.178  26.212 +£0.199  26.689 £ 0.142  26.248 £ 0.219  27.397 £0.162 25.725 £ 0.214

RAPS Cluster-CP 26.027 £ 0.325 25415+ 0.289 26.288 +£0.407 25.7124+0.315 26.969 +0.305 25.532 + 0.350
RC3P 18.129 £ 0.003  17.082 + 0.002  17.784 £ 0.003 17.465 &= 0.003  18.111 & 0.002 17.167 + 0.004

CCp 24.633 £0.212 24467 £0.149 24379 +0.152 24472 4+0.167 25449 +£0.196 23.885+0.159

HPS Cluster-CP 23911 £0.322 24.023 £0.195 24.233 £0.428 23263 £0.295 24987 +0.319 23.323 £0.378

RC3P 17.830 £ 0.104 17.036 + 0.014  17.684 + 0.062 17.393 £ 0.013  18.024 + 0.049 17.086 + 0.059

Food-101

CcCp 27.022 +£0.192 30900 £ 0.170  30.943 £ 0.119 359124+ 0.105 27.415+0.194 36.776 + 0.132

APS Cluster-CP  28.953 £0.333 33.375+£0.377 33.079 £0.393 38301 £0.232 30.071 = 0.412 39.632 £ 0.342

RC3P 18.369 £ 0.004 21.556 + 0.006 21.499 £ 0.003 25.853 £ 0.004 19.398 + 0.006 26.585 + 0.004

CCp 27.022 £0.192  30.900 £ 0.170  30.966 £+ 0.125 35940 £0.111  27.439 +0.203 36.802 £+ 0.138

RAPS Cluster-CP  28.953 £+ 0.333  33.375 £0.377 33.337 £0.409 38.499 +0.216 29.946 + 0.407 39.529 + 0.306
RC3P 18.369 + 0.004  21.556+ 0.006  21.499 + 0.003 25.853 +0.004 19.397 £+ 0.006 26.585 + 0.004

CcCp 26.481 +0.142  30.524 £0.152  30.787 £0.099 35.657 £0.107 26.826 £ 0.163 36.518 +0.122

HPS Cluster-CP 29.347 £ 0.288  33.806 = 0.513  33.407 + 0.345 38.956 +0.242  29.606 + 0.436 39.880 + 0.318

RC3P 18.337 £ 0.004  21.558+ 0.006  21.477 +0.003 25.853 + 0.005  19.396 + 0.008 26.584 + 0.003

Deep neural network models. We consider ResNet-20 [27]] as the main architecture to train
classifiers for imbalanced classification datasets. To handle imbalanced data, we employ the training
algorithm “LDAM” proposed by [[10]] that assigns different margins to classes, where larger margins
are assigned to minority classes in the loss function. We follow the training strategy in [[10] where
all models are trained with 200 epochs. The class-wise performance with three imbalance types and
imbalance ratios p = 0.5 and p = 0.1 on four datasets are evaluated (see Appendix [C.T)). We also
train models with 50 epochs and the corresponding APSS results are reported in Appendix [C.8]

For balanced datsets, we follow the same settings from Cluster-CP, which uses IMAGENET1K_V2
as pre-trained weights from PyTorch [44] and then fine-tune models with ResNet-50 for all datasets
except ImageNet. For ImageNet, we use SimCLR-v2 [[12] as training models.

CP baselines. We consider three CP methods: 1) CCP which estimates class-wise score thresholds
and produces prediction set using Equation (I)); 2) Cluster—-CP [15] that performs calibration over
clusters to reduce prediction set sizes; and 3) RC3P that produces prediction set using Equation
(3). All CP methods are built on the same classifier and non-conformity scoring function for a fair
comparison. We employ the three common scoring functions: APS [47]], RAPS [1]], and HPS [49].
We set o = 0.1 as our main experiment setting and also report other experiment results of different o



Table 2: Balanced experiment on CIFAR-100, Places365, iNaturalist, ImageNet. The models are pre-trained.
UCR is controlled to < 0.05. RC3P significantly outperforms the best baseline with 32.826% reduction in
APSS ({ better) on average over min{CCP, cluster—CP}.

Conformity Score  Measure  Methods CIFAR-100 Places365 iNaturalist ImageNet

CCp 0.045 + 0.008 0.012 £ 0.002 0.016 & 0.001 0.036 £ 0.001

UCR Cluster-CP  0.023 £ 0.006 0.029 £+ 0.003 0.026 4 0.003 0.031 £ 0.002

APS RC3P 0.006 + 0.003 0.003 + 0.001 0.008 + 0.001 0.023 £ 0.001
CCP 30.467 £0.307  19.698 £0.050  18.802 £ 0.023  101.993 £ 0.812

APSS  Cluster-CP  32.628 £0.720  20.818 £ 0.173  23.467 £0.494  66.285 £ 1.433

RC3P 12.551 £ 0.005 13.772 £ 0.005 12.736 + 0.006 6.518 £ 0.001

CCp 0.043 £ 0.006 0.013 4 0.002 0.016 &+ 0.020 0.038 4 0.020

UCR Cluster-CP  0.016 £ 0.005 0.036 £ 0.002 0.027 £+ 0.003 0.046 £ 0.004

RAPS RC3P 0.002 £ 0.001 0.002 + 0.001 0.006 + 0.001 0.017 £ 0.001
CCp 26.135 +£0.308  15.694 £0.049  14.812 +£0.042  37.748 £+ 0.304

APSS  Cluster-CP  28.084 £0.609  16.750 & 0.143  23.964 £0.419  16.155 £ 1.241

RC3P 12.586 £ 0.002  14.192 +0.001  13.251 + 0.001 6.560 £ 0.002

CCPp 0.034 £ 0.006 0.015 4 0.002 0.018 + 0.002 0.036 £ 0.002

UCR Cluster-CP 0.006 £ 0.003 0.029 £ 0.004 0.035 4 0.002 0.039 £ 0.005

HPS RC3P 0.003 + 0.002 0.002 + 0.001 0.018 + 0.002 0.006 £ 0.000
CCp 25.898 +£0.321  14.020 £0.044  9.751 + 0.033 24.384 +0.249

APSS  Cluster-CP  27.165 £ 0.600  14.530 & 0.143  13.080 + 0.374 8.810 £ 0.046

RC3P 12.558 £ 0.004  13.919 +0.004  9.751 + 0.033 6.533 £ 0.001

values (See Appendix [C.7). Meanwhile, the hyper-parameters for each baseline are tuned according
to their recommended ranges based on the same criterion (see Appendix|C.2)). We repeat experiments
over 10 different random calibration-testing splits and report the mean and standard deviation.

Evaluation methodology. We use the target coverage 1 — o = 90% class-conditional coverage for
CCP, Cluster—CP, and RC3P. We compute three evaluation metrics on the testing set:

* Under Coverage Ratio (UCR).

UCR:= Y 1 [EX‘“‘My €Cal@sty=c ,_ a}/K.

e Average Prediction Set Size (APSS).

APSS := Z

c€[K]

EX(est]l[y = C] ) |é\1*05(‘/1’.)|
Exe1ly =]

/K.

Note that coverage and predictive efficiency are two competing metrics in CP [1]], e.g., achieving better
coverage (resp. predictive efficiency) degenerates predictive efficiency (resp. coverage). Therefore,
following the same strategy in [20]], we choose to control their UCR as the same level that is close to
0 for a fair comparison over three class-conditional CP algorithms in terms of APSS. Meanwhile,
to address the gap between population values and empirical ones (e.g., quantiles with O(1/ \/rTy)

error bound, common to all CP methods [58, 22} 2]}, or class-wise top-k error e’; with O(1/ \/nT,)
error bound [43]), we uniformly add g/,/n, (the same order with the standard concentration gap)
to inflate the nominal coverage 1 — « on each baseline and tune g € {0.25,0.5,0.75,1} on the
calibration dataset in terms of UCR. The detailed g values of each method are displayed in Appendix

In addition, the actual achieved UCR values are shown in the complete results (see Appendix
and[C.6). For a complete evaluation, we add the experiments without controlling coverage
on imbalanced datasets under the same setting and use the total under coverage gap (UCG) metric:

» Under Coverage Gap (UCG).

UCG := Z max

{1 o PlY € C(X),s.t. Y=c]70}'
c€[K]

PlY = (]

Experiments with UCG metric evaluation are shown in the Appendix



5.2 Results and Discussion

We list empirical results in Table [I] for an overall comparison on four imbalanced datasets with
p = 0.5,0.1 using all three training distributions (EXP, POLYand MAJ) based on the considered
APS, RAPS and HPS scoring functions. Complete experiment results under more values of p are in
Appendix [C). Results with APS, RAPS, and HPS scoring functions on balanced datasets are also
summarized in Table |ZI We make the following two key observations: (i) CCP, Cluster—CP, and
RC3P can guarantee the class-conditional coverage (their UCRs are all close to 0) for all settings; (ii)
RC3P significantly outperforms CCP and Cluster—CP in APSS on almost all imbalanced settings
by reducing APSS with 24.47% on all four datasets and 32.63% on three datasets excluding CIFAR-
10 compared with min{CCP,Cluster—CP} on average, while for balanced settings, RC3P still
significantly outperforms the best baselines in terms of APSS with 32.826% APSS reduction.

To investigate the challenge of imbalanced data and more importantly, how RC3P significantly
improves the APSS, we further conduct three careful experiments on imbalanced datasets. First, we
report the histograms of class-conditional coverage and the corresponding histograms of prediction set
size. This experiment verifies that RC3P derives significantly more class-conditional coverage above
1 — « and thus reduces the prediction set size. Second, we visualize the normalized frequency of label
rank included in prediction sets on testing datasets for all class-wise algorithms: CCP, Cluster—-CP,
: : . . Exeg Urs (Xesuy)=k,y€C(2)] :
and RC3P. The normalized frequency is defined as: P(k) := K o 1y (Xers)=hy el Finally,
we empirically verify the trade-off condition number {ay}éil of Equation |§| on calibration dataset to
reveal the underlying reason for RC3P producing smaller prediction sets over CCP with our standard
training models (epoch = 200). We also evaluate {ay}ff:l with less trained models (epoch = 50) on
imbalanced datasets in Appendix@ Additionally, we also repeat all three experiments on balanced
datasets (i.e., the histograms of class-conditional coverage and prediction set size, the normalized
frequency of label rank included in prediction sets, and {O'y}é(:l) in Appendix Below we
discuss our experimental results and findings in detail.

(a) CIFAR-10 (b) CIFAR-100 (c) mini-ImageNet (d) Food-101
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Figure 1: Class-conditional coverage (Top row) and prediction set size (Bottom row) achieved by CCP,
Cluster—CP, and RC3P methods when o = 0.1 and models are trained with 200 epochs on four imbalanced
datasets with imbalance type EXP p = 0.1. We clarify that RC3P overlaps with CCP on CIFAR-10. It is clear
that RC3P has more densely distributed class-conditional coverage above 0.9 (the target 1 — « class-conditional
coverage) than CCP and Cluster—CP with significantly smaller prediction sets on CIFAR-100, mini-ImageNet

and Food-101.

RC3P significantly outperforms CCP and Cluster-CP. First, it is clear from Table [6] [8] and
[7l and 2] that RC3P, CCP, and Cluster—CP guarantee class-conditional coverage on all settings.
This can also be observed by the first row of Fig[I] where the class-wise coverage bars of CCP
and RC3P distribute on the right-hand side of the target probability 1 — « (red dashed line). Sec-
ond, RC3P outperforms CCP and Cluster—CP with 24.47% (four datasets) or 32.63% (excluding
CIFAR-10) on imbalanced datasets and 32.63% on balanced datasets decrease in terms of average
prediction set size for the same class-wise coverage. We also report the histograms of the correspond-
ing prediction set sizes in the second row of Figure[I] which shows (i) RC3P has more concentrated
class-wise coverage distribution than CCP and Cluster—CP; (ii) the distribution of prediction set
sizes produced by RC3P is globally smaller than that produced by CCP and Cluster—-CP, which



(a) CIFAR-10 (b) CIFAR-100 (c) mini-ImageNet (d) Food-101

21.75 20.07 Method

>

31.50 _CCP 80.00 _ccp §0.06 _ccp 80.04 ~CCP
g1.25 = cluster-CP g =cluster-CP $0.05 —cluster-CP g =Cluster-CP
£1.00 —RC3P £ 0.03 —RC3P £0.04 _RC3P & 0.03 _RC3P
5 0. ] 0. =
§0.25 §0.01 50.01 §0.01
=0.00 LI =000 N 4 72 95 =000 0 3 50 ee - 000 1 o6 50 75 100

Rank Rank Rank Rank

Figure 2: Visualization for the normalized frequency distribution of label ranks included in the prediction set of
CCP, Cluster—CP, and RC3P with p = 0.1 for imbalance type EXP when o = 0.1 and models are trained
with 200 epochs. It is clear that the distribution of normalized frequency generated by RC3P tends to be lower
compared to those produced by CCP and Cluster—CP. Furthermore, the probability density function tail for
label ranks in the RC3P prediction set is notably shorter than that of other methods.

is justified by a better trade-off number of {O'y}é{:l as shown in Figure [3] Note that the class-wise
coverage and the corresponding prediction set sizes RC3P overlap with CCP on CIFAR-10 in Figure

m

Visualization of normalized frequency. Figure 2] illustrates the normalized frequency distribution
of label ranks included in the prediction sets across various testing datasets. It is evident that the
distribution of label ranks in the prediction set generated by RC3P tends to be lower compared to
those produced by CCP and Cluster-CP. Furthermore, the probability density function tail for
label ranks in the RC3P prediction set is notably shorter than that of other methods. This indicates
that RC3P more effectively incorporates lower-ranked labels into prediction sets, as a result of its
augmented rank calibration scheme.

(a) CIFAR-10 (b) CIFAR-100 (c) mini-ImageNet (d) Food-101
10.0 ; 10.0 - i 50 i i
>80 Lo >80 20 Pop i i
3 6.0 g 6.0 i 560 i i
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g a0 § a0 poogao | |
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1 1 1
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Figure 3: Verification of condition numbers {ay}ff:l in Equation |6[ with imbalance type EXP, p = 0.1 when
o = 0.1 and models are trained with 200 epochs. Vertical dashed lines represent the value 1, and we observe
that all the condition numbers are smaller than 1. This verifies the validity of the condition for Lemma.2] and
thus confirms that RC3P produces smaller prediction sets than CCP using calibration on both non-conformity
scores and label ranks.

Verification of o,. Figure |§|veriﬁes the validity of Equation @ on testing datasets and confirms the
optimized trade-off between the coverage with inflated quantile and the constraint with calibrated
label rank leads to smaller prediction sets. It also confirms that the condition number {cry}ff:l
could be evaluated on calibration datasets without testing datasets and thus decreases the overall
computation cost. We verify that o, < 1 for all settings and o, is much smaller than 1 on all datasets
with large number of classes.

6 Summary

This paper studies a provable conformal prediction (CP) algorithm that aims to provide class-
conditional coverage guarantee and to produce small prediction sets for classification tasks with
many and/or imbalanced classes. Our proposed RC3P algorithm performs double-calibration, one
over conformity score and one over label rank for each class separately, to achieve this goal. Our
experiments clearly demonstrate the significant efficacy of RC3P over the baseline class-conditional
CP algorithms on both balanced and imbalanced classification data settings.
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A Mathematical Notations

Table 3: Key notations used in this paper.

Notation Meaning

XeX Input example

Yey The ground-truth label

f The soft classifier

Af The K-dimensional probability simplex
f(X)y The predicted confidence on class y

ek The class-wise top-k error for class y from f
ri(X,Y) The rank of Y predicted by f(X)

Dy Training data

Deal Calibration data

Drest Test data

Ny The number of calibration examples for class y
V(X,Y) Non-conformity scoring function
Ci—a(Xeest) | Prediction set for input X g

@ Target mis-coverage rate

Qy Nominal mis-coverage rate for class y

B Technical Proofs of Theoretical Results

B.1 Proof of Theorem [d.1]

Theorem B.1. (Theorem[d.1|restated, class-conditional coverage of RC3P) Suppose that selecting
E(y) values result in the class-wise top-k error e’;(y) for each class y € Y. For a target class-
conditional coverage 1 — o, if we set o, and %(y) in RC3P in the following ranges:
ky)efk: e <a}, 0<a,<a—éW®, )
then RC3P can achieve the class-conditional coverage for every y € Y:
Pix.yyp{Y € CREP(X)Y =y} >1—a.

Proof. (of Theorem [.T))

Let y € )Y denote any class label. In this proof, we omit the superscript £ in the top-k error notation
e’; for simplicity.

With the lower bound of the coverage on class y (Theorem 1 in [47]), we have
1-&< P{Ke“ eC ACCP (Xlest)‘y = y}
—P{V(Xtem Y;est) < chass ( )‘Y _ y}

~

_P{V(Xtesh test) < cha«( ) T‘f(XleshYIest) > ( )l = y}
+P{V(Xtest; test) < Qdass( ) rf(XtesUY;esl) > /Ig( )‘Y = y}
<P{V (Xeest, Yiest) < QF5(1), 75 (Xiest, Yeew) < K(®)[Y =y}

+ P{rp(Xeest, Yiest) > k(y)|Y =y}

_EE(y)

<P(Yiew € CFR ()Y =y} + bW,
Re-arranging the above inequality, we have
P{Yew € X ()Y =y} > 1—a—é® >1—aq,
where the last inequality is due to &y < o — 65(”. This implies that RC3P guarantees the class-
conditional coverage on any class y. This completes the proof for Theorem O
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B.2 Proof of Lemma4.2]

Theorem B.2. (Lemma restated, improved predictive efficiency of RC3P) Let tv,, and %(y) satisfy
Theorem[.1) If the following inequality holds for any y € Y:

IP)Xze.n [V(Xtesta ) < Qduu ( )a rf(Xtesta y) < /];(y)] < PXW [V(X!esta ) < Qdabs( )} )
then RC3P produces smaller expected prediction sets than CCP, i.e.,

EXW[ é?ec P(Xtevt)” < ]EXW[ é\ffi (Xtest)”-

Proof. (of Lemmaf.2)
The proof idea is to reduce the cardinality of the prediction set made by RC3P to that made by CCP

]P)X[eg[ {V(X(eslvy)géikisa (y)7 Tf (X!es!yy)gg(y)} . . .
] . According to the assumption in

in expectation. Let o, = —
Px\eq [V(Xnesny)SQﬁlaﬁsa(y)
@), we know that o, < 1, which will be used later.

We start with the expected prediction set size of RC3Pand then derive its upper bound.

]EXtest[ é}{E%XP<XtCSt)” = EX[E:S[ Z ]]' |:V(Xt6Sta y) S @ilislsi(y)7 Tf (th:Sh y) S E(y):|‘|
yey
= Exe [1V (X ) < Q85(9), (X ) < h(w)]]
yey
= Z ]P)Xlesl [V(Xlesh ) < Qda“ ( )7 Tf (X‘BSU y) S 7<:\(y)]
yey
O3 oy Bx [V (X w) < Q1 0)] (10)
yey
®) Aclass
< Z ]EXlle|: Xtebl? ) < Q ( )]i|
yeY
=Ex.. [Z L[V (Xeest, ¥) < Q55 (1)] | = Ex [[ICT<0 (X[ (11)
yey

where the equality (a) is due to the definitions of o,,, and inequality (b) is due to the assumption
Z Uy : ]:P)Xles( |:V(XteSt’ ) QClasg :| Z ]P)Xms( [ Xtesta y) S @iliQ; (y) N
yey yey

This shows that RC3P requires smaller prediction sets to guarantee the class-conditional coverage
compared to CCP. O

B.3 Proof of Theorem 4.3

Theorem B.3. (Theorem[d.3|restated, conditions of improved predictive efficiency for RC3P) Define

D = Plry(X,y) < k@)Y # y}, and 7y(X,y) = |52 Denote B = P[f(X) (5, (x4 <
‘Z"“( WY # ylif Vis APS, or B = P[f(X) (7, (x,y)) + A < Q‘]““( )Y # y] if V is RAPS. If

B-D> 1f—;y(oz—ey( ), then o, < 1.

Proof. (of Theorem[.3)
Based on the different choices of scoring function, we first divide two scenarios:

(i): If V(X,y) is the APS scoring function, since the APS score cumulatively sums the ordered
prediction of f(X): V(X,y) = Z”(X %) (X)), it is easy to verify that V (X, y) is concave in
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terms of [. As a result, we have

T (X,y) =

V(X =
(X,y) A s (X))

fFXD)w <rp(X,y) - £(X)

_ )
where 7/ (X, y) = {’”lf(le)J = (ry(X,y) +1)/2].
Now we lower bound Px [V (X, y) < A‘ilis‘; (y)] as follows.

Px[V(X,y) < Q*3(v)]

(X, y) - F(X) @ (x))s

=Pxy[Y =y - Px[V(X,y) < QS (y)|Y = y] + Pxy[Y # y]-Px[V(X,y) < QS5 (n)|Y # ]
=Py >l—a =1—py >B

>p,(1—a) + (1 - p,)B +p,(1— @)+ (1-p,)D —p,(1 - @) — (1-p,)D

>Px[r(X,y) < k(y)] — py(a - eij“”) +(1-py)(B-D). (12)

%<y))

According to the assumption B — D > 24— (o — €,""’), we have
—

~

Px[ri(X,y) < k(y)] < Px[V(X,y) < QL™ (y)].

(il): If V(X,y) is the RAPS scoring function and 7 (X, y) < kyeg, then the RAPS scoring function

could be rewritten as: V(X y) = Y2 (% ¥ f(X)(. As aresult, we have:
1 (X,y)
ri(X,y)
(X, y) ; ©
< . r y
Sre( X)X grr e ey
=rp(X,y) - f(X)(ff(x,y))
<ry(X,y)- (f(X)(r'f(X,y)) + A)
If 7p(X,y) > kyeg, then the RAPS scoring function could be rewritten
rs(X9) F(X) @y + AMrp(X,y) — kreg). As aresult, we have
rr(X,y)
V(Xa y) ( Z f l) +)\ Tf(X y) kreg))
k'r‘eg
<ry(X,y)- (f(X)(Ff(X,y)) + )\(1 - m))
<ri(X.y)- (f(X)<ff<x,y)) + A)-
Then, by applying the Inequality [I2} we have:
Px[rr(X.y) < k(y)] < Px[V(X,y) < Q{3 (y)].
This completes the proof for Theorem4.3]

C Complete Experimental Results

C.1 Training Details

as: V(X,y) =

For CIFAR-10 and CIFAR-100, we train ResNet20 using LDAM loss function given in [[10] with
standard mini-batch stochastic gradient descent (SGD) using learning rate 0.1, momentum 0.9, and
weight decay 2e — 4 for 200 epochs and 50 epochs. The batch size is 128. For experiments on
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mini-ImageNet, we use the same setting. For Food-101, the batch size is 256 and other parameters
are kept the same. We reported our main results when models were trained in 200 epochs. Other
results are reported in Appendix [C.8]and Table[TT]

We also evaluate the top-1 accuracy over the majority, medium, and minority groups of classes as
the class-wise performance when 200 epochs. To show the variation of class-wise performance, we
divide some classes with the largest number of data samples into the majority group, and the number
of these classes is a quarter (25%) of the total number of classes. Similarly, we divide the classes
with the smallest number of data into the minority group (25%) and the remaining classes as the
medium group (50%). In the above table, we show the accuracy of three groups with three imbalance
types and two imbalance ratios p = 0.1, p = 0.5 on four datasets.

The results are summarized in Table @ As can be seen, the group-wise performance can vary
significantly from high to very low. The class-imbalance setting is the case where the classifier does
not perform very well in some classes.

Table 4: Top-1 accuracy of minority, medium, and majority groups with three imbalance types and two imbalance
ratios p = 0.1, p = 0.5 on four datasets. We could observe that the class-wise performance varies significantly
over different classes.

Grouns EXP POLY MAJ
PS 5205 p=01 p=05 p=01 p=05 p=0.1
CIFAR-10

Minority ~ 0.913 0.961 0932  0.901 0940  0.927
Medium  0.872  0.822 0.867  0.847 0.848 0.75
Majority 0949  0.832 0933  0.948 0914  0.795

CIFAR-100

Minority ~ 0.554  0.295 0468  0.352 0.572  0.365
Medium  0.589  0.536 0.517  0.413 0.574 0476
Majority  0.668  0.720 0.671 0.588 0.616  0.562

mini-ImageNet

Minority ~ 0.677  0.640 0.624  0.627 0.626  0.642
Medium  0.527  0.546 0.533  0.530 0.526  0.538
Majority ~ 0.633 0.679 0.684 0.67 0.673 0.686

Food-101

Minority  0.453 0.231 0379  0.289 0.505 0.333
Medium  0.579  0.474 0496  0.398 0.579  0.467
Majority  0.582  0.660 0.596  0.563 0532 0.490

C.2 Calibration Details

As mentioned in Section @, we balanced split the validation set of CIFAR-10 and CIFAR-100, the
number of calibration data is 5000. For mini-ImageNet, the number of calibration data is 15000. For
Food-101, the total number is 12625. To compute the mean and standard deviation for the overall
performance, we repeat calibration experiments for 10 times. In our main results, We set a = 0.1.
We also report other experiment results of different a values, o = 0.05 and o = 0.01, in Appendix

and Table[9]and

The regularization parameter for RAPS scoring function is from the set k.., € {3,5,7} and A €
{0.001,0.01,0.1} based on the empirical setting in cluster—CP. We select the combination of
kreq and A for each experiment with the same imbalanced type and imbalanced ratio on the same
dataset, where most of the APSS values of all methods are minimum.

The hyper-parameter g is selected from the set {0.25,0.5,0.75,1.0} to find the minimal ¢ that
CCP, Cluster-CP and RC3P achieve the target class-conditional coverage. We clarify that for
each dataset and each class-conditional CP method, we use fixed g values. The detailed g values

*https://github.com/tiffanyding/class- conditional-conformal/tree/main
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are displayed in Table[5} From Table 5] we could observe that the hyperparameter g for RC3P is
always smaller than other methods, which means that comparing other class-wise CP algorithms, our
algorithm needs the smallest inflation on 1 — & to achieve the target class-conditional coverage. This
could also match the result of histograms of class-conditional coverage.

Table 5: Hyperparameter g choices for each class-conditional CP methods CCP, Cluster-CP, and RC3P on
four datasets CIFAR-10, CIFAR-100, mini-ImageNet, and Food101. We could observe that all g values are in
constant order to make a fair comparison. Meanwhile, the hyperparameter g for RC3P is always smaller than
other methods.

Methods Datas.et.
CIFAR-10 CIFAR-100 mini-ImageNet FOOD-101
CCP 0.5 0.5 0.75 0.75
Cluster-CP 1.0 0.5 0.75 0.75
RC3P 0.5 0.25 0.5 0.5

C.3 Illustration of Imbalanced Data

(a) EXP (b) POLY (c) MAJ

500

0 Class Index Class Index

Figure 4: Illustrative examples of the different imbalanced distributions of the number of training examples per
class index c on CIFAR-100

Number of examples
S ) £
S 8 8
3 3 3

=
o
S}

Class Index

C.4 Comparison Experiments Using APS Score Function

Based on the results in Table|§|, we make the following observations: (i) CCP, Cluster—CP, and
RC3P can guarantee the class-conditional coverage; and (ii) RC3P significantly outperforms CCP
and Cluster—CCP on three datasets by producing smaller prediction sets.
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Table 6: Results comparing CCP, Cluster—CP, and RC3P with ResNet-20 model and APS scoring function
under different imbalance ratios p = 0.5 and p = 0.1 when a = 0.1. We set UCR of RC3P the same as or
better than that of CCP and Cluster—CP for a fair comparison of prediction set size. The APSS results show
that RC3P significantly outperforms Cluster—CP in terms of the average prediction set size over all settings
on CIFAR-100, mini-ImageNet, and Food-101.

EXP POLY MAJ
Meas Methods
easure  Methods p=05 p=0.1 p=05 p=0.1 p=05 p=0.1
CIFAR-10
ccp 0050 £0.016  0.100+ 0020  0.100£0.032 0050+ 0.021 _ 0.070 £ 0.014 _ 0.040 + 0.015

UCR Cluster-CP 0.010 £ 0.009  0.090 + 0.009 0.080 + 0.019  0.060 £ 0.001 0.020 £0.012  0.070 £+ 0.014
RC3P 0.050 £0.016  0.100 £ 0.020 0.100 £ 0.032  0.050 £ 0.021 0.070 £0.014  0.040 £ 0.015

Cccp 1.555 £0.010  1.855+ 0.014 1.538 + 0.010  1.776 + 0.012 1.840 £ 0.020  2.629 + 0.013
APSS  Cluster-CP  1.714 £0.018  2.162 £+ 0.015 1.706 £ 0.014  1.928 £ 0.013 1.948 +0.023  3.220 £ 0.020
RC3P 1.555 £ 0.010  1.855 4+ 0.014 1.538 £0.010  1.776 + 0.012 1.840 £ 0.020  2.629 £ 0.013

CIFAR-100

CCp 0.007 £0.002  0.010 £ 0.002 0.010 +£0.002  0.014 £ 0.003 0.016 £0.003  0.008 & 0.004
UCR Cluster-CP 0.012 £0.002  0.016 & 0.004 0.020 + 0.003  0.004 £ 0.002 0.016 £0.003  0.019 £ 0.005
RC3P 0.005 +£0.002  0.011 £ 0.002 0.009 +0.003  0.015 £ 0.003 0.008 £ 0.002  0.008 + 0.004

Ccp 44224 £ 0341 50.969 +0.345  49.889 £ 0.353 64.343 £0.237 44.194 £ 0.514 64.642 £ 0.535
APSS  Cluster-CP  29.238 +0.609 37.592 +0.857  38.252+0.353 52.391 +£0.595 31.518 +0.335 50.883 & 0.673
RC3P 17.705 £ 0.004  21.954 +0.005  23.048 +0.008 33.185 £ 0.005 18.581 = 0.007  32.699 + 0.005

mini-ImageNet

CCp 0.008 +0.004  0.008 £ 0.004 0.005 +0.002  0.004 £ 0.001 0.010 £0.004  0.005 £ 0.002
UCR Cluster-CP 0.014 +0.004  0.012 £ 0.004 0.011 +0.003  0.014 £ 0.003 0.008 £0.002  0.010 £ 0.003
RC3P 0.000 = 0.000  0.001 £ 0.001 0.000 £ 0.000  0.000 + 0.000 0.000 + 0.000  0.000 £ 0.000

Ccp 26.676 +0.171  26.111 £0.194  26.626 £ 0.133  26.159 +0.208  27.313 +0.154  25.629 + 0.207
APSS  Cluster-CP  25.889 +0.301 25253 +£0.346  26.150 +0.393  25.633 +£0.268  26.918 +0.241  25.348 4 0.334
RC3P 18.129 £ 0.003  17.082 +0.002  17.784 + 0.003 17.465 = 0.003  18.111 £ 0.002 17.167 + 0.004

Food-101

Ccp 0.006 +0.002  0.006 £ 0.002 0.009 + 0.003  0.008 £ 0.001 0.006 £+ 0.001  0.008 £ 0.002
UCR Cluster-CP 0.003 +0.002  0.009 £ 0.003 0.004 +0.001  0.009 £ 0.002 0.011 £0.003  0.011 £ 0.002
RC3P 0.000 - 0.000  0.000 £ 0.000 0.000 £ 0.000  0.001 + 0.001 0.000 + 0.000  0.000 £ 0.000

Ccp 27.022+0.192  30.900 £0.170  30.943 £0.119 359124+ 0.105 27.415+0.194 36.776 £ 0.132
APSS  Cluster-CP 28953 +£0.333 33.375+0.377 33.079 £0.393 38.301 £0.232  30.071 £ 0.412  39.632 4 0.342
RC3P 18.369 £ 0.004 21.556 +0.006  21.499 + 0.003 25.853 = 0.004 19.398 = 0.006 26.585 + 0.004

20



C.5 Comparison Experiments Using RAPS Score Function

With the same model, evaluation metrics, and RAPS score function [1]], we add the comparison
experiments with CCP, and Cluster—CP on four datasets with different imbalanced types and
imbalance ratio p = 0.5 and p = 0.1. The regularization parameter for RAPS scoring function is
from the set k., € {3,5,7} and A € {0.001,0.01,0.1}. We select the combination of k., and X
for each experiment with the same imbalanced type and imbalanced ratio on the same dataset, where
most of the APSS values of all methods are minimum. The overall performance is summarized
in Table [/ We highlight that we also select the g from the set g € {0.25,0.5,0.75,1.0} to find
the minimal g that CCP, Cluster-CP, and RC 3P approximately achieves the target class conditional
coverage.

Based on the results in Table we make the following observations: (i) CCP, Cluster—CP, and
RC3P can guarantee the class-conditional coverage; and (ii) RC3P significantly outperforms CCP
and Cluster-CP on three datasets by producing smaller prediction sets.

Table 7: Results comparing CCP, Cluster-CP, and RC3P with ResNet-20 model and the RAPS scoring
function under different imbalance ratios p = 0.5 and p = 0.1 when a = 0.1. The regularization parameter
for RAPS scoring function is selected from the set [3, 5, 7] and [0.001,0.01,0.1]. We select the best results
for each element in the table. We set UCR of RC3P the same as or better than that of CCP and Cluster-CP
for a fair comparison of prediction set size. The APSS results show that RC3P significantly outperforms CCP
and Cluster—CP in terms of average prediction set size over all settings on CIFAR-100, mini-ImageNet, and
Food-101.

EXP POLY MAJ
Measure  Methods p=05 p=0.1 p=05 p=0.1 p=05 p=0.1
CIFAR-10
CcCP 0050 £ 0016  0.010 £0.020  0.100 = 0.028  0.050 £ 0.021 _ 0.070 = 0.014 _ 0.040 = 0.015

UCR Cluster-CP 0.010 £+ 0.009  0.010 + 0.010 0.080 + 0.019  0.060 £ 0.015 0.020 +£0.025  0.070 +0.014
RC3P 0.050 £ 0.016  0.010 £ 0.020 0.100 £ 0.028  0.050 + 0.021 0.070 £ 0.014  0.040 £ 0.015

CCp 1.555 £ 0.010  1.855 £+ 0.014 1.538 £0.010  1.776 + 0.012 1.840 £ 0.020  2.632 £ 0.012
APSS  Cluster-CP  1.714 £0.018  2.162 + 0.015 1.706 £ 0.014  1.929 £ 0.013 1.787 £0.019  2.968 + 0.024
RC3P 1.555 4+ 0.010  1.855 + 0.014 1.538 +0.010  1.776 + 0.012 1.840 £+ 0.020  2.632 + 0.012

CIFAR-100

CCp 0.007 +£0.002  0.011 £ 0.002 0.010 £ 0.002  0.015 £ 0.003 0.015+0.003  0.008 £ 0.004
UCR Cluster-CP 0.0124+0.002  0.017 £ 0.004 0.019 £ 0.004  0.034 £ 0.005 0.008 +0.003  0.018 & 0.006
RC3P 0.005 +0.002  0.011 £ 0.002 0.009 + 0.003  0.015 £ 0.003 0.015 £0.003  0.008 + 0.004

CCp 44250+ 0.342 50970 £0.345  49.886 = 0.353 64.332 £0.236  48.343 £0.353  64.663 £ 0.535
APSS  Cluster-CP 29.267 £0.612 37.795+0.862 38.258 +£0.320 52374 £0.592 31.513 £0.325 50.379 + 0.684
RC3P 17.705 £ 0.004  21.954 + 0.005  23.048 & 0.008 33.185 £ 0.005 18.581 £ 0.006 32.699 + 0.006

mini-ImageNet

CCp 0.008 +0.003  0.009 £ 0.004 0.005 4+ 0.002  0.004 £ 0.002 0.009 +0.003  0.005 £ 0.002
UCR Cluster-CP 0.006 £+ 0.002  0.013 4 0.005 0.009 + 0.003  0.016 £ 0.001 0.007 £0.002  0.009 £ 0.004
RC3P 0.000 + 0.000  0.001 £ 0.001 0.000 + 0.000  0.000 =+ 0.000 0.000 £ 0.000  0.000 £ 0.000

CCp 26.756 £ 0.178  26.212 £0.199  26.689 £0.142 26248 £ 0.219  27.397 £ 0.162 25.725 £0.214
APSS  Cluster-CP  26.027 +0.325 25.415+0.289  26.288 £ 0.407 25.7124+0.315  26.969 + 0.305 25.532 + 0.350
RC3P 18.129 £ 0.003 17.082 +0.002  17.784 + 0.003 17.465 = 0.003  18.111 = 0.002 17.167 + 0.004

Food-101

CCp 0.006 4+ 0.003  0.006 £ 0.002 0.009 £+ 0.003  0.008 £ 0.001 0.006 +0.002  0.008 £ 0.002
UCR Cluster-CP~ 0.004 £ 0.003  0.012 4 0.004 0.006 + 0.002  0.006 =+ 0.003 0.011 £0.003  0.014 & 0.004
RC3P 0.000 £ 0.000  0.000 £ 0.000 0.000 £+ 0.000  0.001 £ 0.001 0.000 £ 0.000  0.000 £ 0.000

CCp 27.022 £0.192  30.900 £0.170  30.966 £ 0.125 35940 £ 0.111  27.439 +£0.203 36.802 £ 0.138
APSS  Cluster-CP  28.953 +0.333  33.375+£0.377 33.337 £0.409 38499 +0.216 29.946 + 0.407 39.529 + 0.306
RC3P 18.369 £ 0.004  21.556+ 0.006  21.499 + 0.003 25.853 +0.004 19.397 = 0.006 26.585 + 0.004

C.6 Comparison Experiments Using HPS Score Function

With the same model, evaluation metrics, and HPS score function [1], we add the comparison
experiments with CCP, and Cluster—CP on four datasets with different imbalanced types and
imbalance ratio p = 0.5 and p = 0.1. The overall performance is summarized in Table |§| We
highlight that we also select the g from the set g € {0.25,0.5,0.75, 1.0} to find the minimal g that
CCP, Cluster-CP, and RC3P approximately achieves the target class conditional coverage.
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Based on the results in TableB], we make the following observations: (i) CCP, Cluster—CP, and
RC3P can guarantee the class-conditional coverage; and (ii) RC3P significantly outperforms CCP
and Cluster-CP on three datasets by producing smaller prediction sets.

Table 8: Results comparing CCP, Cluster—-CP, and RC3P with ResNet-20 model and the HPS scoring function
under different imbalance ratios p = 0.5 and p = 0.1 when o = 0.1. We set UCR of RC3P the same as or better
than that of CCP and Cluster—CP for a fair comparison of prediction set size. RC3P significantly outperforms
CCP and Cluster—CP with 20.91% (four datasets) or 27.88% (excluding CIFAR-10) reduction in APSS.

EXP POLY MAJ
Measure  Methods =05 p=0.1 =05 p=0.1 p=05 p=0.1
CIFAR-10
ccp 0050 £ 0016  0.010 £0.020  0.100 = 0.028  0.050 £ 0.021 _ 0.070 = 0.014 _ 0.040 = 0.015

UCR Cluster-CP 0.010 £ 0.009  0.010 + 0.010 0.080 £+ 0.019  0.060 + 0.015 0.020 +0.025  0.070 £ 0.014
RC3P 0.050 £ 0.016  0.010 £ 0.020 0.100 + 0.028  0.050 £ 0.021 0.070 £ 0.014  0.040 = 0.015

CCp 1.144 £ 0.005  1.324 + 0.007 1.137 £ 0.003  1.243 + 0.005 1.272 £ 0.008  1.936 + 0.010
APSS  Cluster-CP 1.214 £0.008  1.508 £ 0.010 1.211 £ 0.004  1.354 £ 0.005 1.336 £ 0.009  2.312 £0.025
RC3P 1.144 £ 0.005  1.324 £+ 0.007 1.137 £+ 0.003  1.243 + 0.005 1.272 £ 0.008  1.936 + 0.010

CIFAR-100

Cccp 0.007 £0.002  0.011 £ 0.002 0.010 +0.002  0.015 £ 0.003 0.015£0.003  0.008 & 0.004
UCR Cluster-CP 0.0124+0.002  0.017 £ 0.004 0.019 +0.004  0.034 £ 0.005 0.008 +0.003  0.018 £ 0.006
RC3P 0.005 +0.002  0.011 £ 0.002 0.009 £ 0.003  0.015 £ 0.003 0.015+0.003  0.008 £ 0.004

CCp 41.351 £0.242  49.469 £ 0.344  48.063 £0.376  63.963 £ 0.277  46.125 £ 0.351 64.371 £ 0.564
APSS  Cluster-CP  27.566 + 0.555 35.528 £0.979  36.101 £0.565 51.333 £0.776  29.323 £0.363 50.519 + 0.679
RC3P 20.363 £ 0.006 25.212 £ 0.010  25.908 & 0.007 36.951 + 0.018  21.149 + 0.006 35.606 + 0.005

mini-ImageNet

Cccp 0.008 £ 0.003  0.009 £ 0.004 0.005 +0.002  0.004 £ 0.002 0.009 £0.003  0.005 =+ 0.002
UCR Cluster-CP 0.006 £0.002  0.013 & 0.005 0.009 4+ 0.003  0.016 £ 0.001 0.007 +0.002  0.009 £ 0.004
RC3P 0.000 = 0.000  0.001 £ 0.001 0.000 £ 0.000  0.000 £ 0.000 0.000 = 0.000  0.000 £ 0.000

CCcp 24.633 £0.212 24467 £0.149 24379 £0.152 244724+ 0.167 25449 £0.196 23.885 £ 0.159
APSS  Cluster-CP 23911 £0.322 24.023 £0.195 24233 £0.428 23.263 £0.295 24.987 £0.319 23.323 +0.378
RC3P 17.830 = 0.104 17.036 + 0.014  17.684 + 0.062 17.393 = 0.013  18.024 £ 0.049 17.086 + 0.059

Food-101

CCp 0.006 £ 0.003  0.006 £ 0.002 0.009 +0.003  0.008 £ 0.001 0.006 £ 0.002  0.008 £ 0.002
UCR Cluster-CP 0.004 +0.003  0.012 £ 0.004 0.006 £+ 0.002  0.006 £ 0.003 0.011 +£0.003  0.014 £ 0.004
RC3P 0.000 = 0.000  0.000 £ 0.000 0.000 £ 0.000  0.001 £ 0.001 0.000 + 0.000  0.000 £ 0.000

CCp 26.481 +£0.142  30.524 £0.152  30.787 £0.099 35.657 +0.107  26.826 +0.163  36.518 £ 0.122
APSS  Cluster-CP  29.347 +0.288 33.806 = 0.513  33.407 £0.345 38.956 £0.242  29.606 £ 0.436  39.880 + 0.318
RC3P 18.337 £ 0.004  21.558+ 0.006  21.477 + 0.003  25.853 = 0.005  19.396 + 0.008  26.584 + 0.003

C.7 Comparison Experiments with different o values

With the same model, evaluation metrics, and scoring functions, we add the comparison experiments
with CCP, and Cluster—CP on four datasets with different imbalanced types and imbalance ratio
p = 0.5 and p = 0.1 under the different « values. The overall performance is summarized in Table[9]
and[I0} with o = 0.05 and a = 0.01, respectively. We highlight that we also select the g from the set
g € [0.15,0.75] with 0.05 range to find the minimal g that CCP, Cluster-CP, and RC3P approximately
achieves the target class conditional coverage.

Based on the results in Table we make the following observations: (i) CCP, Cluster—CP, and

RC3P can guarantee the class-conditional coverage; and (ii) RC3P significantly outperforms CCP
and Cluster-CP on three datasets by producing smaller prediction sets.
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Table 9: APSS results comparing CCP, Cluster—-CP, and RC3P with ResNet-20 model under different
imbalance ratio p = 0.5 and p = 0.1 where a = 0.05. For a fair comparison of prediction set size, we set
UCR of RC3P the same as or smaller (more restrictive) than that of CCP and Cluster—CP under 0.16 on
CIFAR-10 and 0.03 on other datasets. The APSS results show that RC3P significantly outperforms CCP and
Cluster—CP in terms of average prediction set size with 21.036% (four datasets) or 28.048% (excluding
CIFAR-10) reduction in prediction size on average over min{CCP, cluster—CP}.

. EXP POLY MAJ
Conformity Score ~ Methods p=05 p=01 p=05 p=01 p=05 p=01

CIFAR-10

CCpP 2.861 4+ 0.027  3.496 & 0.037 2.744 + 0.033  3.222 £ 0.018 3.269 +0.037  4.836 & 0.035

APS Cluster-CP 3.443 £0.041  4.551 £ 0.049 3.309 +£0.037  4.012 £+ 0.039 4.075+0.069  5.958 +0.070

RC3P 2.861 + 0.027  3.496 + 0.037 2.744 + 0.033  3.222 £ 0.018 3.269 +0.037  4.836 + 0.035

CCP 2.833 +0.018  3.448 £ 0.036 2.774 £ 0.033  3.231 £ 0.021 3.301 +0.024  4.842 + 0.037

RAPS Cluster-CP 3.430 £ 0.044  4.389 £ 0.062 3.3524+0.035  3.876 £ 0.034 4.044 £0.055 5959 4+ 0.083

RC3P 2.833+0.018  3.448 £ 0.036 2.774 +£0.033  3.231 £+ 0.021 3.301 +0.024  4.842 £ 0.037
CIFAR-100

CCP 44.019 +0.295 51.004 £0.366  49.564 +0.315 64.314 £0.231  48.024 + 0.386  64.941 £ 0.532

APS Cluster-CP  39.641 £ 0.567 46.746 = 0.147  47.654 = 0.371 62.340 4+ 0.404  37.634 £ 0.537 60.841 + 0.391

RC3P 32.128 +0.011  38.769 = 0.006  39.930 + 0.008 53.147 £+ 0.010  34.361 + 0.007 51.498 + 0.009

CCpP 44.234 4+ 0.341  50.950 £0.344  49.889 £ 0.355 64.339 £0.236  48.310 £0.353 64.628 £ 0.535
RAPS Cluster-CP 39.212 + 0.365 46.840 = 0.186  49.094 + 0.280 62.095 £+ 0.278  41.596 4 0.323  60.158 £ 0.536
RC3P 32,1354+ 0.010  38.793 £ 0.007  39.871 & 0.010  53.169 £ 0.009  34.380 & 0.007 51.512 + 0.008

mini-ImageNet

Cccp 58.527 +0.445 57.527 £0.408  60.327 +0.520 56.581 +0.438  59.360 £+ 0.430  56.636 + 0.469
APS Cluster-CP  47.613 + 0.544  46.650 +0.699  47.117 £ 0.930 45.360 4 0.582  59.002 4 0.434  56.147 £ 0.456
RC3P 32.046 £ 0.002  31.729 £ 0.003  31.718 & 0.004  32.048 & 0.003  32.909 & 0.007 31.441 £ 0.004

CcCp 58.615 4 0.428 57.626 = 0.394  60.173 +0.527 56.702 £ 0.414  59.532 +0.430 56.903 £ 0.460

RAPS Cluster-CP 47427 £0.588 46.767 £0.724 47302 £ 1.126 45.603 £0.639  59.408 +0.482 56.779 + 0.486
RC3P 32.040 + 0.003 31.741 + 0.003  31.752 + 0.003  32.067 + 0.002  32.914 + 0.005 31.417 + 0.005
Food-101
ccp 55.967 + 0.464 60374 £ 0.383  60.717 £ 0.596  65.698 & 0.405  56.934 £0.446 66.654 + 0.511
APS Cluster-CP 48.699 +0.512 55288 £0.815  54.063 +0.885 60.104 4+ 0.608  48.894 +0.919 59.432 + 0.754
RC3P 31.224 4+ 0.004 35273 £ 0.007 35.364 + 0.003 41.109 + 0.005  31.661 + 0.005 39.135 + 0.003
CCp 55.872 +£0.465 60.764 +£0.394  60.618 +0.579 65.681 +0.401  56.982 + 0.447 66.615 + 0.504
RAPS Cluster-CP 48371 £0.513 55155 +£0.775 53.813 £0.864 59.912 4+ 0.530 49.259 +0.846 59.307 + 0.648

RC3P 31.229 £ 0.004  35.283 = 0.006  35.379 & 0.003 41.113 £ 0.005  31.631 & 0.004  39.118 £ 0.003
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Table 10: APSS results comparing CCP, Cluster-CP, and RC3P with ResNet-20 model under different
imbalance ratio p = 0.5 and p = 0.1 where a« = 0.01. For a fair comparison of prediction set size, we set
UCR of RC3P the same as or smaller (more restrictive) than that of CCP and Cluster—CP under 0.16 on
CIFAR-10 and 0.03 on other datasets. The APSS results show that RC3P significantly outperforms CCP and
Cluster—CP in terms of average prediction set size with 16.911% (four datasets) or 22.549% (excluding
CIFAR-10) reduction in prediction size on average over min{CCP, cluster—CP}.

. EXP POLY MAJ
Conformity Score ~ Methods p=05 p=0.1 p=05 p=0.1 p=05 p=0.1
CIFAR-10
CcCp 72504 0.164  7.387 £ 0.116 7.173 £0.079  7.596 £ 0.109 7.392+0.128  8.864 £ 0.108
APS Cluster-CP 5.528 +0.103  8.332 £ 0.060 6.954 +0.084  7.762 £ 0.143 7.586 £0.113  9.308 £ 0.054
RC3P 5.671 +£0.046  7.387 & 0.116 6.309 &+ 0.042  7.276 + 0.010 6.779 + 0.013  8.864 + 0.108
CCP 7.294 +£0.160  7.458 & 0.101 7.067 +0.106  7.597 £ 0.096 7.547+0.134  8.884 £ 0.106
RAPS Cluster-CP 5.568 & 0.103  8.288 £ 0.118 6.867 +0.078  7.795 £+ 0.136 7.813 +£0.142  9.239 £ 0.055
RC3P 5.673 +£0.040  7.458 & 0.101 6.310 = 0.046  7.253 £ 0.006 6.780 = 0.015  8.884 + 0.106
CIFAR-100

CCP 100.0 £ 0.0 100.0 £ 0.0 100.0 & 0.0 100.0 £ 0.0 100.0 £+ 0.0 100.0 £ 0.0

APS Cluster-CP  65.523 +0.495  69.063 = 0.512  67.012 +0.739  81.997 & 0.390 100.0 £ 0.0 100.0 £ 0.0

RC3P 55.621 & 0.007  63.039 £ 0.007  60.258 £ 0.005 74.927 + 0.007 100.0 + 0.0 100.0 £+ 0.0

CCpP 100.0 = 0.0 100.0 £+ 0.0 100.0 = 0.0 100.0 + 0.0 100.0 £ 0.0 100.0 £ 0.0

RAPS Cluster-CP 65.584 + 0.508 69.373 +0.466  66.313 + 0.745  82.043+ 0.439 100.0 + 0.0 100.0 + 0.0

RC3P 55.632 £ 0.008  63.021 £ 0.006  60.205 £ 0.006 74.885 + 0.006 100.0 £+ 0.0 100.0 £ 0.0

mini-ImageNet

CCP 100.0 + 0.0 100.0 £+ 0.0 100.0 + 0.0 100.0 £+ 0.0 100.0 £+ 0.0 100.0 + 0.0
APS Cluster-CP 74.019 + 0.699  71.300 & 0.674  75.546 4+ 0.683  70.996 4 0.702  74.508 4 0.531  72.803 £ 0.536
RC3P 55.321 4+ 0.003 54.214 £ 0.004  56.018 & 0.006 53.732 & 0.004  54.483 & 0.007 53.522 £ 0.005

CCP 100.0 + 0.0 100.0 £ 0.0 100.0 & 0.0 100.0 + 0.0 100.0 £ 0.0 100.0 & 0.0
RAPS Cluster-CP 73.893 £ 0.734  70.638 £ 0.657  75.546 = 0.683 71.098 & 0.706  74.675 £ 0.578  73.345 + 0.474
RC3P 55.270 £ 0.003 54.184 & 0.003  56.733 & 0.006 53.736 & 0.004  55.304 & 0.004 53.532 £ 0.005

Food-101

ccp 101.0 £ 0.0 101.0 £ 0.0 101.0 £ 0.0 101.0 £ 0.0 101.0 £ 0.0 101.0 = 0.0
APS Cluster-CP 81.489 +0.957 87.092 + 0.588  82.257 £ 0.514 86.539 +0.453  83.293 + 0.583  88.603 £ 0.401
RC3P 67.443 £ 0.004  57.055 £ 0.005  57.722 £ 0.006 62.931 & 0.005  68.267 & 0.005  65.413 £ 0.005

CCP 101.0 £ 0.0 101.0 £ 0.0 101.0 £ 0.0 101.0 £ 0.0 101.0 £ 0.0 101.0 £ 0.0
RAPS Cluster-CP ~ 81.505 + 0.955 87.103 +0.587  82.272 4+ 0.513 86.517 £ 0.455 83.367 4 0.635  88.604 £ 0.404
RC3P 67.444 1 0.004 57.069 = 0.005  57.722 + 0.006 62.938 - 0.004  68.266 + 0.005 65.457 + 0.006
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C.8 Comparison Experiments when models are trained in different epochs

With the same loss function, training criteria, evaluation metrics, and two scoring functions, we add
the comparison experiments with CCP, and Cluster—CP on four datasets with different imbalanced
types and imbalance ratio p = 0.5 and p = 0.1 and o = 0.1 when models are trained with 50 epochs.
The overall performance is summarized in Table We highlight that we also select the g from the
set g € {0.25,0.5,0.75,1.0} to find the minimal g that CCP, Cluster-CP, and RC3P approximately
achieves the target class conditional coverage.

Based on the results in Table we make the following observations: (i) CCP, Cluster—CP, and
RC3P can guarantee the class-conditional coverage; and (ii) RC3P significantly outperforms CCP
and Cluster-CP on three datasets by producing smaller prediction sets.

Table 11: APSS results comparing CCP, Cluster—CP, and RC3P with ResNet-20 model under different
imbalance ratio p = 0.5 and p = 0.1 where « = 0.1 and models are trained with 50 epochs. For a fair
comparison of prediction set size, we set UCR of RC3P the same as or smaller (more restrictive) than that
of CCP and Cluster—CP under 0.16 on CIFAR-10 and 0.03 on other datasets. The APSS results show
that RC3P significantly outperforms CCP and Cluster—CP in terms of average prediction set size with
21.441% (four datasets) or 28.588% (excluding CIFAR-10) reduction in prediction size on average over
min{CCP, cluster—-CP}.

. EXP POLY MAJ
Conformity Score ~ Methods p=05 p=01 p=05 p=0.1 p=05 p=01

CIFAR-10

ccp 2420+ 0.019  2.661 £ 0.015 2.399 +0.013  2.519 £ 0.022 2.651+0.031  4.053 & 0.021

APS Cluster-CP 4.006 +0.019  3.574 £ 0.023 3.144 £0.020  2.994 £+ 0.029 3.698 £0.044  5.290 £0.016

RC3P 2.420 +0.019  2.661 & 0.015 2.399 +0.013  2.519 £ 0.022 2.651 +0.031  4.053 £ 0.021

CCP 2.096 + 0.014  2.533 £ 0.019 2.383 +0.026  2.247 £ 0.017 2.232+0.019  3.233 + 0.021

RAPS Cluster-CP 2.625 £ 0.017  3.099 £ 0.021 2.840 +0.043  2.843 £ 0.026 2.770 £ 0.025  3.961 £ 0.029

RC3P 2.096 +0.014  2.533 +0.019 2.383 +0.026  2.247 £+ 0.017 2.2324+0.019  3.233 +0.021
CIFAR-100

CCpP 52.655+0.473 52.832+0.308 54.523 +0.441 61.768 £0.195 52.1194+0.197 58.333 £ 0.299

APS Cluster-CP 42990 £ 0.655 43.275 £0.833  44.114 +0.458 58226 4+ 0.627 39.841 £0.836  53.409 + 0.520

RC3P 24.872 +0.008 25.107 £ 0.006  27.757 + 0.004 35.733 + 0.010  24.496 + 0.010  32.172 + 0.007

ccp 52.662 +0.473  52.841 £0.307 54.528 £ 0.442 61.766 +0.195 52.129 £0.197 58.331 + 0.299
RAPS Cluster-CP 43.024 £ 0.648 43.277 £0.839  44.120 + 0.458 58212+ 0.629 39.864 £ 0.845 53.402 +0.518
RC3P 24.872 4 0.008 25.107 £ 0.006  27.757 & 0.004 35.733 & 0.010  24.496 & 0.010  32.173 £ 0.007

mini-ImageNet

Cccp 42404 +0.213  41.154 £0.191 38433 +£0.248 36.363 +0.228 36.047 £0.191  37.600 + 0.208
APS Cluster-CP ~ 42.006 + 0.430  41.101 £ 0.224  39.016 + 0.273  36.046 4 0.467  35.721 4+ 0.355 37.975 £ 0.559
RC3P 32.022 £ 0.005  31.909 £ 0.004  28.460 & 0.003  26.383 & 0.003  26.128 & 0.005  28.127 £ 0.005

CCP 42516 +£0.215 37.552+£0.192  38.730 +0.218 37.800 £ 0.186  36.595 4 0.244  36.057 £ 0.206

RAPS Cluster-CP 42231 £ 0.386 37.448 £0.332  38.602 + 0.327 37.939 +£0.309 36.351 £0.308 35.724 + 0.242
RC3P 32.022 £+ 0.005 29.114 + 0.004  28.197 + 0.006 27.626 - 0.004  25.853 + 0.003 25.948 + 0.003
Food-101
Cccp 41.669 + 0.118  51.395 +0.247 44261 £0.165 58.816 £0.162 52.672 £0.169 57.312 £ 0.162
APS Cluster-CP 44.883 £ 0.336  54.684 +£0.475  47.794 £0.420 60.727 £0.178  56.100 + 0.257  60.200 + 0.543
RC3P 31.987 + 0.005 36.118 = 0.016  34.576 + 0.006 49.299 + 0.005  43.680 + 0.005 47.649 + 0.006
CCp 41.803 £ 0.157 48.548 £0.107 44.288 +0.165 56.592 +0.165 47.264 £0.120 56.666 + 0.160
RAPS Cluster-CP 44.810 £ 0.565 51.091 £0.375  47.861 +0.428 59.262 + 0.306  50.211 £ 0.474 60.183 + 0.507

RC3P 34.240 £ 0.115  36.425+ 0.024  34.576 + 0.006 46.074 - 0.004  37.055 + 0.006 48.012 + 0.076

C.9 Comparison Experiments with UCG metrics

We add the experiments without controlling coverage on imbalanced datasets under the same setting
as the main paper. We then use the total under coverage gap (UCG, | better) between class conditional
coverage and target coverage 1 — « of all under covered classes. We choose UCG as the fine-grained
metric to differentiate the coverage performance in our experiment setting. Conditioned on similar
APSS of all methods, RC3P significantly outperforms the best baselines with 35.18%(four datasets)
or 46.91% (excluding CIFAR-10)reduction in UCG on average.
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Table 12: UCG and APSS results comparing CCP, Cluster—CP, and RC3P with ResNet-20 model trained
with 200 epochs under different imbalance types with imbalance ratio p = 0.1, where the coverage of each
method are not aligned. The APSS results show that RC3P outperforms CCP and Cluster—CP in terms of
average prediction set size with 1.64%(four datasets) or 2.19% (excluding CIFAR-10) reduction in prediction
size on average over min{CCP, cluster—CP}. The UCG results show that RC3Pachieve the similar class
conditional coverage as CCP and Cluster—CP in terms of with 35.18%(four datasets) or 46.91% (excluding
CIFAR-10) increment in the proportion of under coverage classes on average over min{CCP, cluster—CP}.

. EXP POLY MAJ
Conformity Score  Methods UCG APSS UCG APSS UCG APSS
CIFAR-10
CCP 00140000 1573+0009 0.032+0.000 1494+0015 0.068~+0000 21750019
APS Cluster-CP 0166 = 0.000 1438 +0.012  0.124+0.000 1.280 +0.007  0.144 + 0000  2.079 + 0.023
RC3P 00140000 1.573+0009 0.032+0.043 1494+0015 0.068+0.031 2.175+ 0019
CCP 0014+ 0000 1573+0009 0.032+0.000 1494+0015 0.070 0000 2.179+0.019
RAPS Cluster-CP 0.166 = 0.000 1438 £0.012  0.124+0.000 1.280 +0.007  0.144 £0000 2.079 + 0.023
RC3P  0.014+0050 1.573+0009 0.032+0.000 1494+0015 0.070+0.000 2.179 0019
CIFAR-100
ccp 1920 £ 0.000 16721 +£0.174 2.000 £ 0.000 26.831 £ 0.150 2400 + 0.000 26.211 + 0.216
APS Cluster-CP 1,500 = 0.000 15657 + 0.417 2.580 +0.000 26700 + 0422  2.660 + 0.000 25.145 + 0.385
RC3P  0.840+0.000 14.642=0.005 1200+ 0000 24.480 +0.004 1460+ 0.000 23332+ 0.006
ccp 1920 £ 0.000 16724 +0.174 2,020 £ 0.000 26.817 £ 0.150 2400 + 0.007 26.199 + 0.216
RAPS Cluster-CP 1,500 = 0,000 15767+ 0.410 2.760 +0.000 267120512 2480+ 0000 25.153 + 0.250
RC3P  0.840+0.000 14.642+0.005 1200+ 0.000 24.480 +0.004 1460+ 0.000 23332 + 0.006
mini-ImageNet
ccp 1486 £ 0.000 10.525+0.093  1.620 £ 0.000 11.188 = 0.094 1.280+0.000 10.642 % 0.055
APS Cluster-CP 131340000 11.133+0.118 145340000 11.547+0.129 1.640+0.000 11.186+0.151
RC3P  0.713+0.000 10360 = 0.042 0.653+0.000 11.089 +0.052 0.600 + 0.000 10.545 + 0.029
ccP 1526 £0.000 10.570 £ 0.093 1.620 £0.000 11250 £0.095 1.293+0.000 10.702 = 0.055
RAPS Cluster-CP 1480 0000 11.192+0.123 1.513+0.000 11.704+0.124 1.586+0000 11.231+0.156
RC3P  0.713+0.000 10377+ 0.035 0.653 +0.000 11126+ 0.046 0.600 +0.000 10.571 + 0.021
Food-101
ccp 1176 £ 0.000 14019 +0.064 1.208+0.000 17.288 = 0075 1.748 +0.000 17.663 + 0.076
APS Cluster-CP 1296 =0.000 13.998+0.107 1.704+0.000 17300 £0.183 2.148+£0.000 17.410 % 0.130
RC3P  0.556+0.000 13.564 - 0.003 0.664 +0.000 16.608 +0.006 0.924 + 0.000 16.890 -+ 0.005
ccp 1.160 £ 0.000 14.019 £ 0.064 1208 £ 0000 17301 £0.075 1764 +0.000 17.679 = 0.076
RAPS Cluster-CP 1308 = 0.000 14.080£0.113 1.804+0.000 17.370+0.198 1.944 +0.000 17.488 + 0.138
RC3P  0.556+0.000 13.564 = 0.003 0.664+0.000 16.608+0.006 0.924 +0.000 16.890 - 0.005
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C.10 Complete Experiment Results on Imbalanced Datasets

In this subsection, we report complete experimental results over four imbalanced datasets, three
decaying types, and five imbalance ratios when epoch = 200 and o« = 0.1. Specifically, Table
[T4] [T5] report results on CIFAR-10 with three decaying types. Table [T6] [I7] [I8]report results on
CIFAR-100 with three decaying types. Table [21]report results on mini-ImageNet with three
decaying types. Table[22] [23] 24| report results on Food-101 with three decaying types.

Figure [5] Figure [6] Figure [7] Figure [§ and Figure [0 show the class-conditional coverage and the
corresponding prediction set sizes on EXP p = 0.5, POLY p = 0.1, POLY p = 0.5, MAJ p = 0.1,
MAIJ p = 0.5, respectively. This result on EXP p = 0.1 is in Figure[T}

Figure [I0] Figure [IT] Figure [I2] Figure [T3] and Figure [I4] illustrates the normalized frequency
distribution of label ranks included in the prediction sets on EXP p = 0.5, POLY p = 0.1, POLY
p = 0.5,MAJ p = 0.1, MAJ p = 0.5, respectively. This result on EXP p = 0.1 is in Figure 2} It
is evident that the distribution of label ranks in the prediction set generated by RC3P tends to be
lower compared to those produced by CCP and Cluster—CP. Furthermore, the probability density
function tail for label ranks in the RC3P prediction set is notably shorter than that of other methods.
This indicates that RC3P more effectively incorporates lower-ranked labels into prediction sets, as a
result of its augmented rank calibration scheme.

Figure [T5] Figure 16} Figure [I7} Figure [I§and Figure [I9] verify the condition numbers o, when
models are fully trained (epoch = 200) on EXP p = 0.5, POLY p = 0.1, POLY p = 0.5, MAJ
p = 0.1, MAJ p = 0.5, respectively. This result on EXP p = 0.1 is in Figure Figure[3] We also
evaluate the condition numbers o, when models are lessly trained (epoch = 50) and o = 0.1on EXP
p = 0.5, EXP p = 0.1, POLY p = 0.1, POLY p = 0.5, MAJ p = 0.1, MAJ p = 0.5, respectively.
These results are shown from Figure [21]to Figure[25] These results verify the validity of Lemma4.2]
and Equation[6]and confirm that the optimized trade-off between the coverage with inflated quantile
and the constraint with calibrated rank leads to smaller prediction sets. They also show a stronger
condition (o, < 1 for all y) than the weighted aggregation condition in @) They also confirm that
the condition number {ory}yC:1 could be evaluated on calibration datasets without testing datasets
and thus decreases the computation cost. We notice that RC3P degenerates to CCP on CIFAR-10,
so o, = 1 for all y and there is no trade-off. On the other three datasets, we observe significant
conditions for the optimized trade-off in RC3P.

Table 13: Results comparing CCP, cluster—CP, and RC3P with ResNet-20 model under different imbalance
ratio p = 0.5, p = 0.4, p = 0.2, and p = 0.1 with imbalance type EXP and two scoring functions, APS and
RAPS, on dataset CIFAR-10. We set UCR of RC3P the same as or better than that of CCP and Cluster-CP
for a fair comparison of prediction set size.

Scor{ng Measure Methods EXP
function p=05 p=04 p=03 p=02 p=0.1
CcCp 0.050 = 0.016  0.06 +0.021  0.050 + 0.016 0.050 & 0.021  0.100 + 0.020
UCR  Cluster-CP  0.010 + 0.009  0.050 + 0.021 0.0 £ 0.0 0.030 + 0.015  0.090 + 0.009
APS RC3P 0.050 +0.016  0.06 +0.021  0.050 +0.016 0.050 +0.021  0.100 + 0.020
CCP 1.555 £ 0.010 1.595 £ 0.013 1.643 £ 0.008 1.676 = 0.014 1.855 & 0.014
APSS  Cluster-CP  1.714 +£0.018 1.745+0.018 1.825+0.014 1.901 +£0.022 2.162 + 0.015
RC3P 1.555 +0.010 1.595+ 0.013 1.643 + 0.008 1.676 = 0.014 1.855 + 0.014
Cccp 0.050 = 0.016  0.060 + 0.021  0.050 £ 0.016  0.050 & 0.021  0.010 + 0.020
UCR  Cluster-CP  0.010 = 0.010  0.050 + 0.021  0.000 + 0.000 0.030 & 0.014  0.010 + 0.010
RAPS RC3P 0.050 +0.016  0.060 +0.021  0.050 +0.016  0.050 +0.021  0.010 + 0.020
CCP 1.555 £ 0.010 1.595 £ 0.013 1.643 = 0.008 1.676 = 0.014 1.855 & 0.014
APSS  Cluster-CP  1.714 £ 0.018 1.745+0.018 1.825+0.014 1.901 +£0.022 2.162 + 0.015
RC3P 1.555 +0.010 1.595+ 0.013 1.643 + 0.008 1.676 = 0.014 1.855 & 0.014
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Table 14: Results comparing CCP, cluster—CP, and RC3P with ResNet-20 model under different imbalance
ratio p = 0.5, p = 0.4, p = 0.2, and p = 0.1 with imbalance type POLY and two scoring functions, APS and
RAPS, on dataset CIFAR-10. We set UCR of RC3P the same as or better than that of CCP and Cluster-CP

for a fair comparison of prediction set size.

fS COMNS  Nfeasure  Methods POLY
unction p=05 p=04 p=03 p=02 p=0.1
CCP 0.100 £+ 0.028 0.060 £ 0.026  0.060 £ 0.015  0.050 £+ 0.021 0.050 + 0.021
UCR Cluster-CP ~ 0.080 + 0.019  0.050 + 0.021  0.050 + 0.025  0.050 + 0.016 0.060 + 0.015
APS RC3P 0.100 £ 0.028 0.060 + 0.026  0.060 + 0.015  0.050 + 0.021 0.050 + 0.021
CCP 1.538 £ 0.010 1.546 = 0.011 1.580 £+ 0.014 1.627 £ 0.011 1.776 £ 0.012
APSS  Cluster-CP  1.706 +0.014 1.718 0.014 1.758 £0.016 1.783 £ 0.016 1.928 £ 0.013
RC3P 1.538 + 0.010 1.546 + 0.011 1.580 + 0.014 1.627 + 0.011 1.776 + 0.012
CCP 0.100 £+ 0.028 0.060 £ 0.025 0.060 £ 0.016  0.050 £ 0.021 0.050 + 0.021
UCR Cluster-CP  0.080 + 0.019  0.050 + 0.021  0.050 + 0.025  0.050 + 0.016 0.060 + 0.015
RAPS RC3P 0.100 £ 0.028 0.060 + 0.025 0.060 + 0.016  0.050 = 0.021 0.050 + 0.021
CCP 1.538 £ 0.010 1.546 = 0.011 1.581 £ 0.014 1.627 £0.011 1.776 £ 0.012
APSS  Cluster-CP  1.706 +0.014 1.719 +£0.014 1.759 +£0.016 1.783 £ 0.016 1.929 + 0.013
RC3P 1.538 + 0.010 1.546 + 0.011 1.581 + 0.014 1.627 + 0.011 1.776 + 0.012

Table 15: Results comparing CCP, cluster—CP, and RC3P with ResNet-20 model under different imbalance
ratio p = 0.5, p = 0.4, p = 0.2, and p = 0.1 with imbalance type MAJ and two scoring functions, APS and
RAPS, on dataset CIFAR-10. We set UCR of RC3P the same as or better than that of CCP and Cluster-CP

for a fair comparison of prediction set size.

Scorl_ng Measure Methods MAJ
function p=05 p=04 p=03 p=02 p=0.1
Cccp 0.070 £ 0.014  0.050 +0.016  0.080 +0.019  0.070 + 0.025  0.040 + 0.015
UCR  Cluster-CP  0.020 = 0.012  0.040 + 0.015  0.020 + 0.013  0.010 & 0.010 0.070 + 0.014
APS RC3P 0.070 +0.014  0.050 +0.016  0.080 + 0.019  0.070 & 0.025  0.040 + 0.015
CCP 1.84£0.020 1.825+0.014 1.939 +0.016 2.054 £ 0.013 2.629 + 0.013
APSS  Cluster-CP  1.948 £0.023  1.999 +0.027 2.167 £0.030 2.457 £0.021  3.220 + 0.020
RC3P 1.84 £0.020 1.825+0.014 1.939 +0.016 2.054 & 0.013  2.629 + 0.013
Cccp 0.070 £ 0.014  0.050 +0.016  0.080 +0.019  0.070 + 0.025  0.040 + 0.015
UCR  Cluster-CP  0.020 = 0.013  0.040 + 0.015  0.020 + 0.012 0.010 & 0.010 0.070 + 0.014
RAPS RC3P 0.070 = 0.014  0.050 +0.016  0.080 + 0.019  0.070 & 0.025  0.040 + 0.015
CCP 1.840 £ 0.020 1.825 £ 0.014 1.940 + 0.016 2.055 + 0.013 2.632 & 0.012
APSS  Cluster-CP  1.948 £0.023  1.999 +0.028 2.168 £0.030 2.458 £0.021 3.219 £ 0.030
RC3P 1.840 + 0.020 1.825+ 0.014 1.940  0.016  2.055 & 0.013  2.632 + 0.012

Table 16: Results comparing CCP, cluster—CP, and RC3P with ResNet-20 model under different imbalance
ratio p = 0.5, p = 0.4, p = 0.2, and p = 0.1 with imbalance type EXP and two scoring functions, APS and
RAPS, on dataset CIFAR-100. We set UCR of RC3P the same as or better than that of CCP and Cluster—CP

for a fair comparison of prediction set size.

Scorl_ng Measure  Methods EXP
function p=05 p=04 p=03 p=02 p=0.1
CcCP 0.00740.002  0.01740.004  0.0124+0.004  0.0154+0.003  0.010+ 0.002
UCR  Cluster-CP  0.012+0.002  0.01240.003  0.006+ 0.002  0.035+0.008  0.0164 0.004
APS RC3P 0.005+ 0.002  0.009+ 0.001  0.011+0.003  0.013+0.003  0.011 0.002
CCP 44224+ 0341 44486F 0420 47.672£ 0463 46.955+ 0.402 50.969+ 0.345
APSS  Cluster-CP  29.2384+ 0.609  30.602+ 0.553  32.126+ 0.563 33.714+ 0.863 37.592+ 0.857
RC3P 17.705+ 0.004  18.3114+ 0.005  19.608+ 0.007  20.675+ 0.005  21.954+ 0.005
CcCP 0.00740.002  0.01740.004  0.0124+0.003  0.01540.003  0.011= 0.002
UCR  Cluster-CP  0.011£0.003  0.009+ 0.002  0.006+ 0.002  0.034+0.007  0.017+ 0.004
RAPS RC3P 0.005+ 0.002  0.012+0.003  0.011+0.003  0.013+ 0.003  0.011+ 0.002
CCP 44250% 0342 44.499F 0420 47.688E£0.569 46.960+ 0.404 50.970% 0.345
APSS  Cluster-CP  29.2674+0.612  30.595+ 0.549 32.1614+0.564 33.713+ 0.864 37.595+ 0.862
RC3P 17.705+ 0.004  18.311+ 0.005  19.609+ 0.007  20.675+ 0.005  21.954+ 0.005
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Table 17: Results comparing CCP, cluster—CP, and RC3P with ResNet-20 model under different imbalance
ratio p = 0.5, p = 0.4, p = 0.2, and p = 0.1 with imbalance type POLY and two scoring functions, APS and
RAPS, on dataset CIFAR-100. We set UCR of RC3P the same as or better than that of CCP and Cluster-CP
for a fair comparison of prediction set size.

fsu Cnocrtllr;i Measure ~ Methods POLY
p=0.5 p=04 p=03 p=02 p=0.1
CCP 0.010+ 0.002 0.008+ 0.002 0.016+ 0.003 0.012+ 0.004 0.014+ 0.003

UCR Cluster-CP 0.020+ 0.003 0.0204 0.002 0.026+ 0.004  0.009+ 0.003 0.0344 0.005
RC3P 0.009+ 0.003 0.005+ 0.002 0.013+ 0.004 0.0114 0.004 0.0154 0.003

APS CCP 49.8891+ 0.353  54.011£0.466 56.031£0.406  59.888+ 0.255  64.343%+ 0.237
APSS  Cluster-CP 38252+ 0.316  39.58510.545  43.310+£0.824  47.461£0.979  52.391+ 0.595

RC3P 23.048+ 0.008  24.335+ 0.005  26.366+ 0.010  28.887+ 0.006  33.829+ 0.005

CCP 0.010+ 0.002 0.008=+ 0.002 0.016+ 0.003 0.012+ 0.004 0.015+ 0.003

UCR Cluster-CP  0.0194+ 0.004 0.020+ 0.002 0.026+ 0.005 0.009+ 0.003 0.034+ 0.005

RAPS RC3P 0.009+ 0.003 0.005+ 0.002 0.013+ 0.004 0.011+ 0.004 0.015+ 0.003

CCP 49.886+ 0.353  53.994+ 0.467  56.020+ 0.406  59.870+ 0.253  64.3324+ 0.236
APSS  Cluster-CP  38.258+0.320  39.566+ 0.549  43.304+ 0.549  47.450+ 0.969  52.374+ 0.592
RC3P 23.048+ 0.008  24.335+ 0.005  26.366+ 0.010  28.886+ 0.006  33.185+ 0.005

Table 18: Results comparing CCP, cluster—-CP, and RC3P with ResNet-20 model under different imbalance
ratio p = 0.5, p = 0.4, p = 0.2, and p = 0.1 with imbalance type MAJ and two scoring functions, APS and
RAPS, on dataset CIFAR-100. We set UCR of RC3P the same as or better than that of CCP and Cluster-CP
for a fair comparison of prediction set size.

Scorl_ng Measure  Methods MAJ
function p=05 p=04 p=03 p=0.2 p=0.1
CCP 0.016+ 0.003 0.007+ 0.002 0.017+ 0.004 0.010+ 0.002 0.008+ 0.004
UCR Cluster-CP 0.008+ 0.002 0.012+ 0.003 0.021+ 0.004 0.021+ 0.005 0.019+ 0.005
APS RC3P 0.016+ 0.003 0.010+£ 0.003 0.015+ 0.004 0.010 0.002 0.008+ 0.004
CCP 44,1944+ 0.514  49.231+£0.129  53.676+ 0.372  55.024+ 0.254  64.642+ 0.535
APSS Cluster-CP 31.518+ 0.335  35.355+0.563  37.514+ 0.538 43.6194+ 0.600 50.883+ 0.673
RC3P 18.581+ 0.007  21.080+ 0.010  22.606+ 0.007 26.785+ 0.007  32.699-+ 0.005
CCP 0.015+ 0.003 0.007+ 0.002 0.011+ 0.004 0.010+ 0.003 0.008+ 0.004
UCR Cluster-CP 0.008+ 0.003 0.011+£ 0.003 0.021+ 0.004 0.021+£ 0.002 0.018+ 0.005
RAPS RC3P 0.015+ 0.003 0.010+£ 0.003 0.015+ 0.004 0.010+ 0.002 0.008+ 0.004

CCp 48.3431+0.353  49.252+0.128  53.666£ 0.371  55.0164 0.254  64.6331+ 0.535
APSS  Cluster-CP  31.513£0.325  35.3524+0.547  37.503+0.535 43.615£0.608  50.379+ 0.684
RC3P 18.581+ 0.006  21.080+ 0.010  22.605+ 0.007  26.786=+ 0.007  32.699+ 0.006

Table 19: Results comparing CCP, cluster—CP, and RC3P with ResNet-20 model under different imbalance
ratio p = 0.5, p = 0.4, p = 0.2, and p = 0.1 with imbalance type EXP and two scoring function, APS
and RAPS, on dataset mini-ImageNet. We set UCR of RC3P the same as or better than that of CCP and
Cluster—CP for a fair comparison of prediction set size.

Scor{ng Measure ~ Methods EXP
function p=05 p=04 p=03 p=02 p=0.1
CCP 0.008+ 0.004 0.003+ 0.002 0.003+ 0.001 0.003+ 0.003 0.008+ 0.004
UCR Cluster-CP 0.014+ 0.004 0.005+ 0.002 0.010+ 0.002 0.010+ 0.003 0.012+ 0.004
APS RC3P 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0 0.001+ 0.001
CCP 26.676+ 0.171  25.663+0.182 25941+ 0.180 26.127£0.187 26.111+0.194
APSS Cluster-CP 25.889+ 0.301  25.878+ 0.258  25.680+ 0.294  25.5224+0.311  25.253+ 0.346
RC3P 18.129+ 0.003  17.546+ 0.002  17.352+ 0.003  17.006+ 0.003  17.082+ 0.002
CCP 0.008+ 0.004 0.004+ 0.003 0.003+ 0.001 0.003+ 0.003 0.009+ 0.004
UCR Cluster-CP 0.006+ 0.002 0.003+ 0.001 0.009+ 0.002 0.008+ 0.003 0.013+ 0.005
RAPS RC3P 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0 0.001+ 0.001
CCP 26.756+ 0.178  26.621+0.182 25.021+0.182 26.216+ 0.188  26.212+ 0.199

APSS  Cluster-CP  26.027+0.325  26.000+ 0.283  25.9224+0.253  25.564+ 0.358  25.415+ 0.289
RC3P 18.129+ 0.003  17.546+ 0.002  17.352+ 0.003  17.006+ 0.003  17.082+ 0.002
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Table 20: Results comparing CCP, cluster—CP, and RC3P with ResNet-20 model under different imbalance
ratio p = 0.5, p = 0.4, p = 0.2, and p = 0.1 with imbalance type POLY and two scoring function, APS
and RAPS, on dataset mini-ImageNet. We set UCR of RC3P the same as or better than that of CCP and
Cluster—-CP for a fair comparison of prediction set size.

Scorl.ng Measure Methods POLY
function p=0.5 p=04 p=03 p=02 p=0.1
CcCcP 0.0054+ 0.002  0.004+ 0.002  0.005+0.002  0.0024 0.001  0.004+ 0.001
UCR  Cluster-CP  0.011£0.003  0.013+0.003  0.0154+0.004  0.01240.003  0.014 0.003
APS RC3P 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0
CCP 26.626% 0.133  26.343%£ 0214 27.168£0.203 27.363%0.252  26.159+ 0.208
APSS  Cluster-CP  26.150+ 0.393  25.348+ 0.231  26.132+ 0.415  26.390+ 0270  25.633+ 0.268
RC3P 17.784+ 0.003  17.752+ 0.003  17.652+ 0.003  17.629+ 0.003  17.465+ 0.003
CcCp 0.005+£0.002  0.0044 0.002  0.005+£0.002  0.002+ 0.001  0.004= 0.002
UCR  Cluster-CP  0.009+ 0.003  0.016+0.004  0.017+0.004  0.009+ 0.003  0.016+ 0.003
RAPS RC3P 0.0 0.0 0.0+ 0.0 0.0 0.0 0.0+ 0.0 0.0+ 0.0
CCP 26.689+£ 0.142 264371 0.213 27.254£ 0201 27.450% 0.249 26.248% 0.219
APSS  Cluster-CP  26.288+ 0.407  25.627+ 0.318 26220+ 0.432  26.559+ 0.242 25712+ 0.315
RC3P 17.784+ 0.003  17.752+ 0.003  17.652+ 0.003  17.629+ 0.003  17.465+ 0.003

Table 21: Results comparing CCP, cluster—CP, and RC3P with ResNet-20 model under different imbalance
ratio p = 0.5, p = 0.4, p = 0.2, and p = 0.1 with imbalance type MAJ and two scoring function, APS
and RAPS, on dataset mini-ImageNet. We set UCR of RC3P the same as or better than that of CCP and
Cluster—-CP for a fair comparison of prediction set size.

Scon'ng Measure Methods MAJ
function p=05 p=04 p=03 p=02 p=0.1
CCP 0.010+ 0.004 0.009+ 0.003 0.0+ 0.0 0.005+ 0.002 0.005+ 0.002
UCR Cluster-CP 0.008+ 0.002 0.010+£ 0.000 0.010+ 0.003 0.012+ 0.004 0.010+ 0.003
APS RC3P 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0
CCP 27.313+£0.154 27.233+£0.246 26939+ 0.177 26.676+ 0.267 25.629+ 0.207
APSS Cluster-CP 26918+ 0.241  26.156+ 0.255  25.786+ 0.356  25.6324+0.383  25.348+ 0.334
RC3P 18.111+ 0.002  17.874+ 0.002  18.081+ 0.003  17.800+ 0.002  17.167+ 0.004
CCP 0.009+ 0.003 0.009+ 0.003 0.0+ 0.0 0.005+ 0.002 0.005+ 0.002
UCR Cluster-CP 0.007+ 0.002 0.011+ 0.002 0.013+ 0.004 0.014+ 0.004 0.009+ 0.002
RAPS RC3P 0.0£(0.0) 0.0+(0.0) 0.0£(0.0) 0.0+(0.0) 0.0+(0.0)
CCP 27.397+£0.162 273204+ 0.244 27.013+£0.177 26.782+£ 0.269 25.725+ 0.214
APSS Cluster-CP ~ 26.969+ 0.305  26.293+ 0.245  25.956+ 0.308  25.803+ 0.440  25.532+ 0.350
RC3P 18.111+ 0.002  17.874+ 0.002  18.081+ 0.003  17.800+ 0.002  17.167+ 0.004

Table 22: Results comparing CCP, cluster—CP, and RC3P with ResNet-20 model under different imbalance
ratio p = 0.5, p = 0.4, p = 0.2, and p = 0.1 with imbalance type EXP and two scoring function, APS and
RAPS, on dataset Food-101. We set UCR of RC3P the same as or better than that of CCP and Cluster-CP
for a fair comparison of prediction set size.

Scorl.ng Measure Methods EXP
function p=05 p=04 p=03 p=02 p=0.1
Cccp 0.006 0.002  0.01040.002  0.008+0.002  0.0144 0.004  0.006+ 0.002
UCR  Cluster-CP  0.003+0.002  0.009+ 0.003  0.006+ 0.003  0.008+ 0.003  0.009+ 0.003
APS RC3P 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0
CCP 27.003% 0.183 27.024%0.162 28.074£ 0.199 28.512+ 0.154 30.875+ 0.163
APSS  Cluster-CP  29.020-+ 0.281  30.120+ 0.440  30.529+ 0.381  31.096+ 0.350  33.327+ 0.440
RC3P 18.369+ 0.003  18.339+ 0.004 18.803+ 0.003 19.612+ 0.005 21.556+ 0.006
CCP 0.00640.003  0.0104+0.002  0.00840.002  0.0144+0.004  0.006 0.002
UCR  Cluster-CP  0.004+0.003  0.010+0.003  0.00640.003  0.010+0.002  0.0124 0.004
RAPS RC3P 0.0+(0.0) 0.0+(0.0) 0.0+(0.0) 0.0-(0.0) 0.0+(0.0)
CCP 27.022£0.192 27.043£0.163 28.098+£0.199 28535+ 0.155 30.900=+ 0.170
APSS  Cluster-CP  28.953+ 0.333  30.242+ 0.466  30.587+ 0.377 30.924+ 0317 33.375+ 0.377
RC3P 18.369+ 0.004 18.339+ 0.004 18.803+ 0.003  19.612+ 0.005 21.556+ 0.006
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Table 23: Results comparing CCP, cluster—CP, and RC3P with ResNet-20 model under different imbalance
ratio p = 0.5, p = 0.4, p = 0.2, and p = 0.1 with imbalance type POLY and two scoring function, APS and
RAPS, on dataset Food-101. We set UCR of RC3P the same as or better than that of CCP and Cluster—CP
for a fair comparison of prediction set size.

Scon’ng Measure ~ Methods POLY
function p=05 p=04 p=03 p=02 p=0.1
CCP 0.009+ 0.003 0.005+ 0.003 0.009+ 0.003 0.011+ 0.003 0.008+ 0.001
UCR Cluster-CP 0.004+ 0.001 0.012+ 0.002 0.012+ 0.004 0.011+£ 0.002 0.009+ 0.002
APS RC3P 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0 0.001+ 0.001
CCP 30.943+£0.119  31.2394+0.198 32283+ 0.169 33.570+ 0.163 35912+ 0.105
APSS Cluster-CP 33.079+£ 0.393 339514+ 0.531 34.626+ 0.352  36.5464+ 0.490  38.301+ 0.232
RC3P 21.499+ 0.003  21.460+ 0.005 22.882+ 0.005  23.708+ 0.004  25.853+ 0.004
CCP 0.009+ 0.003 0.006+ 0.003 0.009+ 0.003 0.011+£ 0.003 0.008+ 0.001
UCR Cluster-CP 0.006+ 0.002 0.013+ 0.002 0.012+ 0.004 0.016=£ 0.002 0.006+ 0.003
RAPS RC3P 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0 0.001+ 0.001
CCP 30.966+ 0.125  31.257+£0.197 32302+ 0.169  33.595+ 0.164 35940+ 0.111
APSS Cluster-CP ~ 33.3374+0.409 33936+ 0.448 34.878+ 0.282  36.5054+ 0.520  38.499+ 0.216
RC3P 21.499+ 0.003  21.460+ 0.005  22.882+ 0.005 23.708+ 0.004  25.853+ 0.004

Table 24: Results comparing CCP, cluster—CP, and RC3P with ResNet-20 model under different imbalance
ratio p = 0.5, p = 0.4, p = 0.2, and p = 0.1 with imbalance type MAJ and two scoring function, APS and
RAPS, on dataset Food-101. We set UCR of RC3P the same as or better than that of CCP and Cluster-CP
for a fair comparison of prediction set size.

Scor{ng Measure ~ Methods MAJ
function p=05 p=04 p=03 p=02 p=0.1
CCP 0.006+ 0.001 0.005+ 0.002 0.008+ 0.003 0.010+£ 0.002 0.008+ 0.002
UCR Cluster-CP 0.011+ 0.003 0.005+ 0.002 0.014+ 0.004 0.016+£ 0.004 0.011+£ 0.002
APS RC3P 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0 0.0+ 0.0
CCP 27.415£0.194 29369+ 0.120 30.672+ 0.182  31.966+ 0.165 36.776+ 0.132
APSS  Cluster-CP  30.071+£ 0.412  31.656+ 0.261  32.857+0.469  33.774+ 0.494  39.632+ 0.342
RC3P 19.398+ 0.006  20.046+ 0.004  21.425+ 0.003  22.175+ 0.004  26.585+ 0.004
CCP 0.006+ 0.002 0.005+ 0.002 0.008+ 0.003 0.010+ 0.002 0.008+ 0.002
UCR Cluster-CP 0.011+ 0.003 0.005+ 0.002 0.013+ 0.004 0.014+ 0.004 0.014+ 0.004
RAPS RC3P 0.0+(0.0) 0.0+(0.0) 0.0+(0.0) 0.0+(0.0) 0.0+(0.0)
CCP 27.439+ 0.203 29.393+0.120 30.691+0.182  31.987+0.165 36.802+ 0.138
APSS Cluster-CP  29.946+ 0.407  31.409+ 0.303  32.724+ 0.551 33.6864+ 0.501  39.529+ 0.306
RC3P 19.397+ 0.006  20.046+ 0.004  21.425+ 0.003  22.175+ 0.004  26.585+ 0.004
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Figure 5: Class-conditional coverage (Top row) and prediction set size (Bottom row) achieved by CCP,
Cluster-CP, and RC3P methods when o = 0.1 on CIFAR-10, CIFAR-100, mini-ImageNet, and Food-
101 datasets with imbalance type EXP for imbalance ratio p = 0.5. We clarify that RC3P overlaps with CCP on
CIFAR-10. It is clear that RC3P has more densely distributed class-conditional coverage above 0.9 (the target
1 — « class-conditional coverage) than CCP and Cluster—CP with significantly smaller prediction sets on
CIFAR-100, mini-ImageNet and Food-101.
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Figure 6: Class-conditional coverage (Top row) and prediction set size (Bottom row) achieved by CCP,
Cluster-CP, and RC3P methods when @ = 0.1 on CIFAR-10, CIFAR-100, mini-ImageNet, and Food-
101 datasets with imbalance type POLY for imbalance ratio p = 0.1. We clarify that RC3P overlaps with CCP
on CIFAR-10. It is clear that RC3P has more densely distributed class-conditional coverage above 0.9 (the target
1 — « class-conditional coverage) than CCP and Cluster—CP with significantly smaller prediction sets on
CIFAR-100, mini-ImageNet and Food-101.
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Figure 7: Class-conditional coverage (Top row) and prediction set size (Bottom row) achieved by CCP,
Cluster-CP, and RC3P methods when o« = 0.1 on CIFAR-10, CIFAR-100, mini-ImageNet, and Food-
101 datasets with imbalance type POLY for imbalance ratio p = 0.5. We clarify that RC3P overlaps with CCP
on CIFAR-10. It is clear that RC3P has more densely distributed class-conditional coverage above 0.9 (the target
1 — « class-conditional coverage) than CCP and Cluster—CP with significantly smaller prediction sets on
CIFAR-100, mini-ImageNet and Food-101.
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Figure 8: Class-conditional coverage (Top row) and prediction set size (Bottom row) achieved by CCP,
Cluster-CP, and RC3P methods when o = 0.1 on CIFAR-10, CIFAR-100, mini-ImageNet, and Food-
101 datasets with imbalance type MAJ for imbalance ratio p = 0.1. We clarify that RC3P overlaps with CCP on
CIFAR-10. It is clear that RC3P has more densely distributed class-conditional coverage above 0.9 (the target
1 — « class-conditional coverage) than CCP and Cluster—CP with significantly smaller prediction sets on
CIFAR-100, mini-ImageNet and Food-101.
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Figure 9: Class-conditional coverage (Top row) and prediction set size (Bottom row) achieved by CCP,
Cluster-CP, and RC3P methods when o = 0.1 on CIFAR-10, CIFAR-100, mini-ImageNet, and Food-
101 datasets with imbalance type MAJ for imbalance ratio p = 0.5. We clarify that RC3P overlaps with CCP on
CIFAR-10. It is clear that RC3P has more densely distributed class-conditional coverage above 0.9 (the target
1 — « class-conditional coverage) than CCP and Cluster—CP with significantly smaller prediction sets on
CIFAR-100, mini-ImageNet and Food-101.
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Figure 10: Visualization for the normalized frequency distribution of label ranks included in the prediction set of
CCP, Cluster—CP, and RC3P with p = 0.5 EXP when o = 0.1. It is clear that the distribution of normalized
frequency generated by RC3P tends to be lower compared to those produced by CCP and Cluster-CP.
Furthermore, the probability density function tail for label ranks in the RC3P prediction set is notably shorter
than that of other methods.
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Figure 11: Visualization for the normalized frequency distribution of label ranks included in the prediction
set of CCP, Cluster—CP, and RC3P with p = 0.1 POLY when a = 0.1. It is clear that the distribution
of normalized frequency generated by RC3P tends to be lower compared to those produced by CCP and
Cluster-CP. Furthermore, the probability density function tail for label ranks in the RC3P prediction set is
notably shorter than that of other methods.
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Figure 12: Visualization for the normalized frequency distribution of label ranks included in the prediction
set of CCP, Cluster—CP, and RC3P with p = 0.5 POLY when o = 0.1. It is clear that the distribution
of normalized frequency generated by RC3P tends to be lower compared to those produced by CCP and
Cluster-CP. Furthermore, the probability density function tail for label ranks in the RC3P prediction set is
notably shorter than that of other methods.
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Figure 13: Visualization for the normalized frequency distribution of label ranks included in the prediction set of
CCP, Cluster—CP, and RC3P with p = 0.1 MAJ when a = 0.1. It is clear that the distribution of normalized
frequency generated by RC3P tends to be lower compared to those produced by CCP and Cluster—CP.
Furthermore, the probability density function tail for label ranks in the RC3P prediction set is notably shorter
than that of other methods.
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Figure 14: Visualization for the normalized frequency distribution of label ranks included in the prediction set of
CCP, Cluster—CP, and RC3P with p = 0.5 MAJ when o« = 0.1. It is clear that the distribution of normalized
frequency generated by RC3P tends to be lower compared to those produced by CCP and Cluster-CP.
Furthermore, the probability density function tail for label ranks in the RC3P prediction set is notably shorter
than that of other methods.
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Figure 15: Verification of condition numbers {ay}gzl of EquationElwhen epoch = 200 and = 0.1 with
p = 0.5 EXP. Vertical dashed lines represent the value 1, and we observe that all the condition numbers are
smaller than 1. This verifies the validity of the condition for Lemma-2} and thus confirms that RC3Pproduces
smaller prediction sets than CCP by the optimized trade-off between calibration on non-conformity scores and
calibrated label ranks.
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Figure 16: Verification of condition numbers {ay}gzl of Equation@when epoch = 200 and o = 0.1 with
p = 0.1 POLY. Vertical dashed lines represent the value 1, and we observe that all the condition numbers are
smaller than 1. This verifies the validity of the condition for Lemma[4.2] and thus confirms that RC3Pproduces
smaller prediction sets than CCP by the optimized trade-off between calibration on non-conformity scores and
calibrated label ranks.
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Figure 17: Verification of condition numbers {ay}yczl of Equationlé'when epoch = 200 and = 0.1 with
p = 0.5 POLY. Vertical dashed lines represent the value 1, and we observe that all the condition numbers are
smaller than 1. This verifies the validity of the condition for Lemma-2} and thus confirms that RC3Pproduces
smaller prediction sets than CCP by the optimized trade-off between calibration on non-conformity scores and
calibrated label ranks.
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Figure 18: Verification of condition numbers {ay}gzl of Equation |§|when epoch = 200 and o = 0.1 with
p = 0.1 MAJ. Vertical dashed lines represent the value 1, and we observe that all the condition numbers are
smaller than 1. This verifies the validity of the condition for Lemma[4.2] and thus confirms that RC3Pproduces
smaller prediction sets than CCP by the optimized trade-off between calibration on non-conformity scores and
calibrated label ranks.
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Figure 19: Verification of condition numbers {ay}le of Equation@when epoch = 200 and o = 0.1 with
p = 0.5 MAIJ. Vertical dashed lines represent the value 1, and we observe that all the condition numbers are
smaller than 1. This verifies the validity of the condition for Lemma-2} and thus confirms that RC3Pproduces
smaller prediction sets than CCP by the optimized trade-off between calibration on non-conformity scores and
calibrated label ranks.
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Figure 20: Verification of condition numbers {Uy}yczl of Equation|§| when epoch = 50 and o = 0.1 with
p = 0.1 EXP. Vertical dashed lines represent the value 1, and we observe that all the condition numbers are
smaller than 1. This verifies the validity of the condition for Lemma[-2} and thus confirms that RC3Pproduces
smaller prediction sets than CCP by the optimized trade-off between calibration on non-conformity scores and
calibrated label ranks.
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Figure 21: Verification of condition numbers {ay}gzl of Equation|§| when epoch = 50 and o = 0.1 with
p = 0.5 EXP. Vertical dashed lines represent the value 1, and we observe that all the condition numbers are
smaller than 1. This verifies the validity of the condition for Lemma-2} and thus confirms that RC3Pproduces
smaller prediction sets than CCP by the optimized trade-off between calibration on non-conformity scores and
calibrated label ranks.
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Figure 22: Verification of condition numbers {ay}gzl of Equation |§| when epoch = 50 and o = 0.1 with
p = 0.1 POLY. Vertical dashed lines represent the value 1, and we observe that all the condition numbers are
smaller than 1. This verifies the validity of the condition for Lemma-2} and thus confirms that RC3Pproduces
smaller prediction sets than CCP by the optimized trade-off between calibration on non-conformity scores and
calibrated label ranks.
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Figure 23: Verification of condition numbers {Uy}yczl of Equation|§| when epoch = 50 and o = 0.1 with
p = 0.5 POLY. Vertical dashed lines represent the value 1, and we observe that all the condition numbers are
smaller than 1. This verifies the validity of the condition for Lemma-2} and thus confirms that RC3Pproduces
smaller prediction sets than CCP by the optimized trade-off between calibration on non-conformity scores and
calibrated label ranks.
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Figure 24: Verification of condition numbers {ay}gzl of Equation |§| when epoch = 50 and o = 0.1 with
p = 0.1 MAJ. Vertical dashed lines represent the value 1, and we observe that all the condition numbers are
smaller than 1. This verifies the validity of the condition for Lemma[4.2] and thus confirms that RC3Pproduces
smaller prediction sets than CCP by the optimized trade-off between calibration on non-conformity scores and
calibrated label ranks.
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Figure 25: Verification of condition numbers {ay}gzl of Equation|§| when epoch = 50 and o = 0.1 with
p = 0.5 MAJ. Vertical dashed lines represent the value 1, and we observe that all the condition numbers are
smaller than 1. This verifies the validity of the condition for Lemma@ and thus confirms that RC 3Pproduces
smaller prediction sets than CCP by the optimized trade-off between calibration on non-conformity scores and
calibrated label ranks.
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C.11 Complete Experiment Results on Balanced Classification Datasets

In this subsection, we report complete experimental results over four balanced datasets and o = 0.1.
Specifically, Figure 26| shows the class-conditional coverage and the corresponding prediction set
sizes. From the first row of Fig[26] the class-wise coverage bars of CCP and RC3P distribute on the
right-hand side of the target probability 1 — « (red dashed line). Second, RC3P outperforms CCP
and Cluster—CP with 24.47% (on four datasets) or 32.63% (excluding CIFAR-10) on imbalanced
datasets and 32.63% on balanced datasets decrease in terms of average prediction set size the same
class-wise coverage. The second row of Figure [26] shows (i) RC3P has more concentrated class-
wise coverage distribution than CCP and Cluster-CP; (ii) the distribution of prediction set sizes
produced by RC3P is globally smaller than that produced by CCP and Cluster—CP, which is
justified by a better trade-off number of {Uy}ff:l as shown in Figure

Figure [27|illustrates the normalized frequency distribution of label ranks included in the prediction
sets on balanced datasets. It is evident that the distribution of label ranks in the prediction set generated
by RC3P tends to be lower compared to those produced by CCP and Cluster—CP. Furthermore,
the probability density function tail for label ranks in the RC3P prediction set is notably shorter than
that of other methods. This indicates that RC3P more effectively incorporates lower-ranked labels
into prediction sets, as a result of its augmented rank calibration scheme.

Figurep_glveriﬁes the condition numbers o, on balanced datasets. This result verifies the validity
of Lemma[4.2] and Equation [ and confirm that the optimized trade-off between the coverage with
inflated quantile and the constraint with calibrated rank leads to smaller prediction sets.
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Figure 26: Class-conditional coverage (Top row) and prediction set size (Bottom row) achieved by CCP,
Cluster-CP, and RC3P methods when o = 0.1 on four balanced datasets. It is clear that RC3P has more
densely distributed class-conditional coverage above 0.9 (the target 1 — « class-conditional coverage) than CCP
and Cluster—CP with significantly smaller prediction sets on all datasets.
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Figure 27: Visualization for the normalized frequency distribution of label ranks included in the prediction set of
CCP, Cluster—CP, and RC3P with p = 0.1 on balanced datasets. It is clear that the distribution of normalized
frequency generated by RC3P tends to be lower compared to those produced by CCP and Cluster-CP.
Furthermore, the probability density function tail for label ranks in the RC3P prediction set is notably shorter
than that of other methods.
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Figure 28: Verification of condition numbers {ay}le in Equationﬁon balanced datasets. Vertical dashed lines
represent the value 1, and we observe that all the condition numbers are smaller than 1. This verifies the validity
of the condition for Lemmal4.2] and thus confirms that RC3P produces smaller prediction sets than CCP using
calibration on both non-conformity scores and label ranks.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction has stated the contributions and important
assumptions of our paper and match our theoretical and experimental results. We have
summarize all claims at the end of introduction.

Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer:

Justification: A limitation of our paper is that we assume that (X, Y;) are exchangeable (for
example, i.i.d.). This assumption is common and fundamental in CP works, so we do not
discuss in our paper.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: In Section ff.T] and #.2] we provide the the full set of assumptions for our
theoretical result. Corresponding proofs are provided in Appendix [B]

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We have provided all all the information needed to reproduce the experiments,
including experiments setting, evaluation metric and codes.

Guidelines:

» The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: We have provided the codes in the supplementary material.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/public/
guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run
to reproduce the results. See the NeurIPS code and data submission guidelines (https:
//mips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We have provided the detail about dataset, training and calibration in Section

[5.1)and Appendix [C.T} [C.2] and[C.3]

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: We have provide the standard deviation of our main results.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:

Justification: We follow the training setting of previous papers, so we choose to not discuss
the computer resources.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: Our work strictly adheres to the NeurIPS Code of Ethics.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer:

Justification: The methodological improvements gained in our paper can lead to improve-
ments in safe deployment of classifiers in human-ML collaborative systems. We do not
anticipate any negative ethical or societal impact.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our experiments are conducted on public and benchmark datasets.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: All the assets used in the paper are open-source and have been properly cited.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has curated
licenses for some datasets. Their licensing guide can help determine the license of a
dataset.
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* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: We have provided anonymized zip file in supplementary materiel.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
* Including this information in the supplemental material is fine, but if the main contribu-

tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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