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Abstract
This paper explores the suspicious alignment phenomenon in stochastic gradient descent (SGD)

under ill-conditioned optimization, where the Hessian spectrum splits into dominant and bulk sub-
spaces. This phenomenon describes the behavior of gradient alignment in SGD updates. Specifi-
cally, during the initial phase of SGD updates, the alignment between the gradient and the domi-
nant subspace tends to decrease. Subsequently, it enters a rising phase and eventually stabilizes in
a high-alignment phase. The alignment is considered “suspicious” because, paradoxically, the pro-
jected gradient update along this highly-aligned dominant subspace proves ineffective at reducing
the loss. The focus of this work is to give a fine-grained analysis in a high-dimensional quadratic
setup about how step size selection produces this phenomenon. Our main contribution can be sum-
marized as follows: We propose a step-size condition revealing that in low-alignment regimes, an
adaptive critical step size η∗t separates alignment-decreasing (ηt < η∗t ) from alignment-increasing
(ηt > η∗t ) regimes, whereas in high-alignment regimes, the alignment is self-correcting and de-
creases regardless of the step size. We further show that under sufficient ill-conditioning, a step
size interval exists where projecting the SGD updates to the bulk space decreases the loss while
projecting them to the dominant space increases the loss, which explains a recent empirical ob-
servation that projecting gradient updates to the dominant subspace is ineffective. Finally, based
on this adaptive step-size theory, we prove that for a constant step size and large initialization,
SGD exhibits this distinct two-phase behavior: an initial alignment-decreasing phase, followed by
stabilization at high alignment.
Keywords: loss landscape, suspicious alignment, step size condition, optimization theory
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1. Introduction

Deep neural networks are often optimized over ill-conditioned loss landscapes. Empirical studies
by Sagun et al. (2016, 2017) have shown that the Hessian of the training loss in over-parameterized
models typically exhibits a bimodal eigenvalue spectrum: a small number of large eigenvalues cor-
responding to directions of high curvature are sharply separated from a dense bulk of near-zero
eigenvalues that span the vast majority of the parameter space. This spectral structure creates
an ill-conditioned loss landscape: steep along a few dominant directions, yet nearly flat across a
high-dimensional subspace. Such geometry is referred to in the literature as the river-valley land-
scape (Wen et al., 2024), where narrow, high-curvature “valleys” are embedded within a broad, flat
“river”. To formalize this structure, let ∇2L(x) denote the Hessian at a point x, and assume it
admits a spectral decomposition with eigenvalues λ1 ≥ · · · ≥ λk > λk+1 ≥ · · · ≥ λd > 0 and or-
thonormal eigenvectors {ui}di=1. We partition the spectrum into a dominant block D = {1, . . . , k}
and a bulk block B = {k + 1, . . . , d}, separated by a non-vanishing gap

gap1 := λk − λk+1 > 0.

This induces orthogonal projectors onto the corresponding subspaces:

PD =
∑
i∈D

uiu
⊤
i , P B =

∑
i∈B

uiu
⊤
i .

Typically, the (river-valley) landscapes are ill-conditioned. In such landscapes, SGD exhibits a
striking phenomenon: the gradient ∇L(xt) becomes increasingly aligned with the dominant sub-
space D as training progresses. This tiny subspace effect was documented by Gur-Ari et al. (2018),
who showed that late-stage gradients lie almost entirely within the span of the top few Hessian
eigenvectors. Other researchers also have similar findings (Schneider et al., 2024). Following by
those results, a lot of works try to use this property to design more efficient learning algorithms
(Gressmann et al., 2020; Gauch et al., 2022; Li et al., 2022a). To gain a better understanding of the
intuition, let’s define the alignment by

θt :=
∥PD∇L(xt)∥22
∥∇L(xt)∥22

∈ [0, 1].

Intuitively, θt ≈ 1 suggests that optimization is focused on the most curved directions, which
may seem to be an opportunity to achieve efficiency. However, above intuition is contradicted
by recent findings (Song et al., 2024): in the high-alignment regime (θt ≈ 1), the SGD updates
projected onto the dominant space D often fail to decrease the training loss, while the orthogonal
bulk component—despite carrying negligible gradient norm—does make the loss decrease. We call
this suspicious alignment: a state where the gradient is mainly supported on D, yet updates along
D give non-decreasing or even ascending loss under typical step sizes. This leads to two questions:

Problem 1. How does the step size ηt govern the evolution of alignment θt in ill-
conditioned landscapes?
Problem 2. Why do Dominant Projected SGD (DSGD) fail to reduce the loss while
Bulk Projected SGD (BSGD) succeed under high alignment ?

We provide complete analytical answers to both questions in the quadratic case under the high-
dimensional regime where d→ ∞. Our main results are boxed below:
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Answer to Problem 1: Step-size condition of alignment dynamics. We identify an adaptive
critical step size η∗t (xt) (Eq. (2)) that separates two distinct regimes:

• Low-alignment regime (θt ≤ ggap, where ggap is a threshold smaller than 1):
alignment is dependent on the step size ηt. If ηt < η∗t , then E[θt+1 | xt] < θt; if ηt > η∗t ,
then E[θt+1 | xt] > θt.

• High-alignment regime (θt ≥ θ∗t , where θ∗t is another threshold smaller than 1):
alignment is self-correcting. E[θt+1 | xt] < θt for any ηt > 0.

Here E[·|xt] means taking the expectation with respect to the gradient noise at t step. These
regimes are separated by a stable interval (ggap, θ∗t ), into which θt tends to oscillate. Furthermore,
ggap → 1,θ∗t → 1 as λk/λk+1 → ∞ . This is an informal summary of Theorems 2, 3, 4, and 6.

Answer to Problem 2: Stability disparity between subspaces. For projected updates, expected
loss decreases iff ηt < ηlossS (xt), where for S ∈ {D,B},

ηlossS (xt) =
2
∑

i∈S λ
2
i c

2
i,t∑

i∈S λ
4
i c

2
i,t +

∑
i∈S λiκ

2
i

,

with ci,t = ⟨xt,ui⟩ and κ2i = u⊤
i Σui. There exists a critical alignment θcritt ∈ (0, 1) such that

θt < θcritt ⇐⇒ ηlossD < ηlossB .

As λk/λk+1 → ∞, θcritt → 1, so for nearly all θt < 1, there exists an unstabele regime
(ηlossD , ηlossB ) for the dominant update. When the step size is inside (ηlossD , ηlossB ), DSGD increases
loss while BSGD decreases it, resolving the paradox of Song et al. (2024). This is an informal
summary of Theorems 10, 11, and 12.

Figure 1: Two-phase SGD Dynamic: D,B represent dominant and bulk direction respectively. This
is a simulation experiment with constant step size for SGD with spectrum gap λk

λk+1
= 100, the

details can be referred to Section 7.

Building on this theoretical foundation, we further analyze the long-term alignment dynamics
under constant step size SGD (CSGD). In Section 6, we characterize a distinct two-phase behav-
ior of θt as show in Figure 1: an initial transient phase where alignment monotonically decreases
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(Theorem 15), followed by a late-time equilibrium where θt converges to a noise- and spectrum-
dependent limit θ∞ (Theorem 16). This provides a complete picture of how ill-conditioning, noise
geometry, and step size jointly shape the alignment trajectory of SGD.

2. Related Work

Ill-conditioned Loss Landscape The performance of deep neural networks is strongly affected
by the geometric properties of their loss landscapes, as illustrated in the visualization in Li et al.
(2018). Initial spectral analysis by Sagun et al. (2016, 2017) identified a bulk-dominant structure
in the Hessian, characterized by a vast majority of near-zero eigenvalues alongside a small number
of dominant outlier eigenvalues. Subsequent research has further characterized the properties of
this structure across various tasks and architectures (Ghorbani et al., 2019; Papyan, 2019, 2020).
Specifically, Ghorbani et al. (2019) observed that gradients predominantly align with the few outlier
eigenvectors, while Wu et al. (2020) demonstrated that the Hessian remains consistently low-rank,
with its significant curvature confined to a tiny fraction of the parameter space. These empirical
observations are supported by theoretical proofs: Liao and Mahoney (2021) explained how outlier
eigenvalues and bulk eigenvalues emerge from the coupling between the model and the data struc-
ture, while Singh et al. (2021) derived exact analytic formulas for the low-rank nature of Hessian
maps. More recently, Hodgkinson et al. (2025) proposed that the Hessian eigenvalues of opti-
mal models approximately follow a Heavy-Tailed Marchenko-Pastur (HTMP) distribution. A key
characteristic of this distribution is its heavy-tailed nature, which is more likely to produce outlier
eigenvalues than light-tail distribution. Furthermore, certain dynamic properties of this structure
can exert unexpected impacts on optimization. In PINNs, Rathore et al. (2024) showed that the
presence of multiple conflicting loss terms leads to a highly unstable outlier structure where outlier
eigenvalues frequently shift and overlap during training, triggering severe instabilities. In addition
to these primary studies, other works have explored broader connections between this structure and
various optimization phenomena (Zhang et al., 2019; Yang et al., 2021; Garipov et al., 2018; Pan
et al., 2021).

Gradient Alignment Theory In the context of such ill-conditioned loss landscapes, Gur-Ari et al.
(2018) found that SGD consistently aligns with the large eigenvalue directions in the later stages.
Since the large eigenvalue space is a very low-dimensional subspace, they posited that SGD oper-
ates within a tiny subspace. However, subsequent observations by Song et al. (2024) overturned this
conclusion. By projecting SGD updates onto the corresponding subspaces during the middle stage
of training, they discovered that updates projected onto the large eigenvalue space do not reduce
the loss. Instead, updates projected onto the small eigenvalue space lead to further loss reduction.
Recent theoretical work on loss landscapes has also pertained to the alignment phenomenon of gra-
dient under ill-conditioned structures. For example, Li et al. (2022b) proved in their Theorem 3.1
that, for edge of stability (EOS) phenomenon (Cohen et al., 2021) and for quadratic programming
problems, if gradient descent uses a normalized step-size schedule, the gradient Ax aligns with
the largest eigenvector of the Hessian as time approaches infinity. Later, in Theorem 4.4, they es-
tablished gradient alignment results for normalized gradient flow on manifolds that satisfy certain
assumptions. In the context of studying LLM step size schedules, Wen et al. (2024) provided in
Lemma A.13 that, for a specific loss landscape structure, after a certain time t, the ratio of the
projections of the gradient flow onto the large and small eigenspaces (which is the alignment) has
an asymptotic upper bound with t. But, we note that the SGD results in Wen et al. (2024) con-
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cerns track the trajectory near the river only, and it does not have a result on trajectory alignment.
In conclusion, these theoretical alignment results are based on gradient descent rather than SGD.
Moreover, the works above are not specifically designed to study the loss landscape or the impact
of step-size schedules on the alignment phenomenon. Furthermore, we cannot directly use their
lemma to explain the observations reported by Song et al. (2024).

3. Preliminary

3.1. Common Notation

Before moving on to the main content, we will first introduce some common notation. We denote
Rd as the d-dimensional Euclidean space. Bold lowercase letters (such as u, v) denote column
vectors; Bold uppercase letters (such as M ) denote matrices; lowercase letters (such as a, b) denote
scalars. Sets are denoted by calligraphic letters (such as D, B). The norm ∥ · ∥p represents the
p-norm for vectors or the p-operator norm for matrices; ∥ · ∥F represents the Frobenius norm for
matrices. Tr(M) denotes the trace of matrix M .

3.2. Setup and Assumptions

We study a quadratic optimization problem under SGD with arbitrary noise of finite second moment,
focusing on how the Hessian eigenspectrum and the noise covariance influence gradient alignment
with the dominant eigenspace of the Hessian.

Quadratic Loss and Spectral Decomposition We consider the quadratic loss function

L(x) =
1

2
x⊤Ax, ∇L(x) = Ax,

where A ∈ Rd×d is symmetric positive definite. The matrix A has the spectral decomposition

A = UΛU⊤, Λ = diag(λ1, . . . , λd), λ1 ≥ · · · ≥ λk > λk+1 ≥ · · · ≥ λd > 0,

with orthonormal eigenvectors U = [u1, . . . ,ud]. We express the state xt in the eigenbasis as
xt =

∑d
i=1 ci,tui, where ci,t := ⟨xt,ui⟩.

Dominant and Bulk Spectral Recall that we partition the spectrum into a dominant block and a
bulk block:

D = {1, . . . , k(d)}, B = {k(d) + 1, . . . , d}.

Here, we assume k(d) is a function of d. For simplicity, in the following, we denote k(d) by k,
where k ∈ {1, . . . , d− 1}. We define projection matrices for the dominant and bulk subspaces:

PD :=
∑
i∈D

uiu
⊤
i , P B :=

∑
i∈B

uiu
⊤
i ,

and the squared alignment function θ(xt) of the gradient Axt with the dominant subspace at time t
define as

θ(xt) :=


∥PD∇L(xt)∥22
∥∇L(xt)∥22

=
∥PDAxt∥22
∥Axt∥22

=

∑
i∈D λ

2
i c

2
i,t∑d

i=1 λ
2
i c

2
i,t

∈ [0, 1] if xt ̸= 0,

0 if xt = 0,
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which captures the proportion of the gradient’s norm in the top-k dominant eigenspace (with the
convention θ(0) = 0 ensuring well-definedness in stochastic analysis). We will use θt for short
in the later section. To analyze the alignment, we need to introduce the following notation for
quantities defined in certain subspaces:

ψD :=
∑
i∈D

λ2i , ψB :=
∑
i∈B

λ2i ,

sDt :=
∑
i∈D

λ2i c
2
i,t, sBt :=

∑
i∈B

λ2i c
2
i,t, st := sDt + sBt =

d∑
i=1

λ2i c
2
i,t. (1)

We assume the following eigenvalue gaps to ensure a clear separation between the bulk and domi-
nant eigenvalues. The gap is defined at the boundary between the k-th and (k + 1)-th eigenvalues.

gap1 := λk − λk+1 > 0, gap2 := λ2k − λ2k+1 > 0.

SGD Update with Noise The SGD update with step size ηt > 0 is given by

xt+1 = xt − ηt(Axt + ξt), E[ξt] = 0,Cov[ξt] = Σ, Σ = Σ⊤ ⪰ 0,

where ξt ∼ N (0,Σ) is a Gaussian random vector. Define C := U⊤ΣU as the noise covariance in
the A-basis, with per-eigendirection variances κ2i := (C)ii = u⊤

i Σui. We introduce the following
quantities to represent block-wise noise energy:

eD :=
∑
i∈D

λ2iκ
2
i , eB :=

∑
i∈B

λ2iκ
2
i .

The noise covariance eigenvalues smin := λmin(Σ) and smax := λmax(Σ) yield bounds:

sminψD ≤ eD ≤ smaxψD, sminψB ≤ eB ≤ smaxψB.

Why this Model? This quadratic framework, by separately modeling the components of xt in
high-curvature (dominant) and low-curvature (bulk) directions as well as the corresponding noise(ξt)
components, facilitates obtaining more fine-grained analytical conclusions and understanding the
impact of alignment on optimization. It provides a tractable model for studying how step sizes and
noise geometry drive gradient alignment in SGD.

Assumption 1 (Asymptotic Spectral Assumptions) When we consider the high-dimensional regime,
where both d and k(d) → ∞, we assume the following conditions, summarized in Table 1.

4. Step Size Condition Theory

For the SGD update xt+1 = xt − ηt(Axt + ξt) with ξt ∼ N (0,Σ), we define the adaptive critical
step size at time t as

η∗t (xt) :=
2
((∑

i∈B λ
2
i c

2
i,t

)(∑
j∈D λ

3
jc

2
j,t

)
−
(∑

i∈D λ
2
i c

2
i,t

)(∑
j∈B λ

3
jc

2
j,t

))
(∑

i∈B λ
2
i c

2
i,t

)(∑
j∈D λ

4
jc

2
j,t + eD

)
−
(∑

i∈D λ
2
i c

2
i,t

)(∑
j∈B λ

4
jc

2
j,t + eB

) . (2)

Recall eD =
∑

i∈D λ
2
iκ

2
i , eB =

∑
i∈B λ

2
iκ

2
i with κ2i = u⊤

i Σui.
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Table 1: Asymptotic Spectral Assumptions

Assumption Description

Trajectory boundedness The state remains bounded:
supt lim supd→∞

1
d

∑d
i=1 c

2
i,t <∞.

Block proportion The subspace dimension ratio is a fixed constant:
ρ := k

d−k ∈ (0,∞). Which implies k = ρ
1+ρd.

Block spectral moments For p ∈ {2, 3, 4, 6, 8}, the block-wise spectral
moments converge: 1

k

∑
i∈D λ

p
i → λD,p ∈ (0,∞),

1
d−k

∑
i∈B λ

p
i → λB,p ∈ [0,∞).

Noise spectral bounds The noise covariance has a bounded trace:
Tr(Σ) ∈ (0,+∞)

Theorem 2 (Decrease Condition) Under Assumption 1, if 0 < ηt < η∗t (xt), then

lim
d→∞

E
[
θt+1

∣∣xt] < θt.

The detailed proof of Theorem 2 is in Appendix A.6.
Interpretation When the step size is smaller than the adaptive threshold (2), the expected alignment
function decreases in one step. This is the “small-step” phase. The adaptive threshold depends on
(A,Σ) and the current state xt through the function (2).

Theorem 3 (Increase Condition) Under Assumption 1, let

ggap :=
1

1 + smax
smin

· 1
ρ

(
λk+1

λk

)2 ∈ (0, 1).

For t and xt. If θt ≤ ggap and ηt > η∗t (xt), then

lim
d→∞

E
[
θt+1

∣∣xt] > θt.

The detailed proof of Theorem 3 is in Appendix A.6.
Interpretation If the current alignment is in the “small regime” (meaning less than ggap), and the
current step size ηt exceeds the adaptive threshold, the dominant alignment increases. Notice that
ggap is an upper bound which does not depend on xt. As the dominant-bulk gap grows (λk/λk+1 →
∞), ggap → 1, so the “increase region” [0, ggap) expands to nearly all θt ∈ [0, 1).

Theorem 4 (Large Alignment Regime Condition) Under Assumption 1, there exists a critical align-
ment threshold θ∗t ∈ (0, 1) such that if the current alignment θt ≥ θ∗t , then for any positive step size
ηt > 0, the expected alignment decreases:

lim
d→∞

E
[
θt+1

∣∣xt] < θt.

The threshold is given by θ∗t := r0,t/(1 + r0,t), where r0,t is the positive root of the quadratic
equation:

aauxt r2 + (aauxt −maux
t − hauxt )r − hauxt = 0.
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Recall that ψS :=
∑

i∈S λ
2
i (S ∈ {D,B}) and st :=

∑d
i=1 λ

2
i c

2
i,t, the coefficients in the quadratic

equation are defined as:

aauxt := sminψB,

hauxt := smaxψD,

maux
t := st(λ

2
1 − λ2d).

Furthermore, as ψD/ψB → ∞, we have θ∗t → 1.

The detailed proof of Theorem 4 is in Appendix A.6.

Theorem 5 (Asymptotic rate of θ∗t ) Under Assumption 1, let m := λk/λk+1 > 1. There exist
constants α, β > 0 such that

1− β

m2
≤ θ∗t ≤ 1− α

m2
.

In particular,

θ∗t = 1−Θ

(
1

m2

)
.

Interpretation Theorem 4 and 5 shows that a very large alignment value can be self-correct: re-
gardless of the step size, the expected alignment decreases for θt beyond a computable threshold
θ∗t . As the dominant-bulk gap grows (λk/λk+1 → ∞), θ∗t → 1, so the “decrease” region (θ∗t , 1)
shrinks toward the maximum alignment value of 1.

Theorem 6 (Separation of Alignment Regimes) Under Assumption 1, for any nontrivial problem
with a non-zero spectral gap (gap2 > 0) and bounded noise (smax < ∞), the low-alignment
threshold ggap is strictly less than the high-alignment threshold θ∗t :

ggap < θ∗t .

The detailed proof of Theorem 6 is in Appendix A.6.

Summary The preceding theorems delineate two primary “alignment regimes” based on the cur-
rent alignment value θt. These regimes, which govern the core behavior of the SGD dynamics, are
presented below.

θt ∈ (0, ggap] θt ∈ [θ∗t , 1)

Alignment is dependent on ηt:
E[θt+1 | xt] > θt if ηt > η∗t ,
E[θt+1 | xt] < θt if ηt < η∗t︸ ︷︷ ︸

Low-Alignment Regime

Alignment is self-correcting:
E[θt+1 | xt] < θt

for any ηt > 0︸ ︷︷ ︸
High-Alignment Regime

These two primary regimes are separated by an intermediate interval, (ggap, θ
∗
t ), which can be

viewed as a stable regime. For a sufficiently large step size (i.e., ηt > η∗t ), the dynamics create
an oscillating behavior: if alignment drops below ggap, it is pushed back up, and if it exceeds θ∗t , it
is forced back down. Consequently, the alignment θt will tend to oscillate within this stable interval
(ggap, θ

∗
t ). Crucially, this stable interval is dependent on the spectral structure of the Hessian. As the
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gap between the dominant and bulk eigenvalues grows (i.e., as λk/λk+1 → ∞), both boundaries
of this interval converge towards 1. This means the interval itself asymptotically approaches the
single point {1}, driving the alignment to stay close to the maximum value. To provide an intuitive
understanding of the connection between η∗t and the current state of xt, we present the following
theorem:

Theorem 7 (State- and gap-aware lower bounds on η∗t (with ∥xt∥2)) Under Assumption 1, for any
xt, we have

η∗t ≥ 2 gap1

(λ21 − λ2d) +
smaxψD
λ2d ∥xt∥22 θt

.

The detailed proof of Theorem 7 is in Appendix A.6.
Remark The lower bounds increase with the parameter norm ∥xt∥ and with alignment θt (or de-
crease with 1− θt by symmetry), and with the first-order gap gap1. Or, more essentially, based on

the expression for θt, we can conclude that θt >
λ2k∥P

Dxt∥22
λ21∥xt∥22

. Finally, we obtain:

η∗t ≥ 2 gap1

(λ21 − λ2d) +
λ21 smaxψD

λ2kλ
2
d ∥PDxt∥22

.

This means that when the dominant space has a sufficiently large projection norm (for example,
at initialization, a large random initialization can satisfy the condition with high probability), η∗t ’s
lower bound ≈ 2gap1

λ21−λ2d
. If the eigenvalues in different subspaces can be approximated (i.e., ∀i ∈

D, λ1 ≈ λi, and ∀i ∈ B, λd ≈ λi), we further obtain η∗t ’s lower bound ≈ 2
λ1+λd

.

Theorem 8 (State- and gap-aware upper bounds on η∗) Under Assumption 1, providing that the
alignment satisfies θt ≥ eB

eB+eD
, we have:

η∗t ≤ (λ1 − λd)

λkλ1 − λk+1λd
.

Corollary 9 (The comparison between η∗t and 2
λ1

) Suppose the conditions of Theorem 8 hold. We
have the following relation between η∗t and the convergence step size for Quadratic Programming:

η∗t ≤ 2

λ1
.

Remark Here, Theorem 8 offers the intuition that when the alignment function θt exceeds a crit-
ical threshold eB

eB+eD
(Note that this threshold depends solely on the noise covariance matrix), we

can obtain Corollary 9 that η∗ is smaller than the critical step size required for gradient descent
convergence in quadratic programming( 2

λ1
).
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5. Behavioral Analysis of Projected SGD under Alignment Conditions

Recalling the finding by Gur-Ari et al. (2018) that late-stage gradients are primarily confined to the
dominant subspace (high alignment, θt → 1), the subsequent work of Song et al. (2024) revealed
a seemingly paradoxical phenomenon. They demonstrated that in this high-alignment regime, up-
dates projected onto this supposedly critical dominant direction do not necessarily decrease the loss;
instead, it is often the projection onto the orthogonal bulk subspace that guarantees a loss reduction.
We resolve this apparent contradiction by developing a precise theory for the step-size conditions
under which each projected update is guaranteed to decrease the expected loss.

Projected SGD To rigorously analyze this phenomenon, we define two idealized algorithms
where the stochastic gradient update is explicitly projected onto the dominant and bulk subspaces,
respectively. The update rules for the Projected SGD algorithms are given as follows:

Dominant Projected SGD (DSGD): xt+1 = xt − ηtP
D(Axt + ξt). (3)

Bulk Projected SGD (BSGD): xt+1 = xt − ηtP
B(Axt + ξt). (4)

To analyze their decay condition, we first define the necessary state- and noise-dependent quantities
for a subspace S ∈ {D,B}:

τSt :=
∑
i∈S

λ3i c
2
i,t, nlossS :=

∑
i∈S

λiκ
2
i , µSt (p, q) :=

∑
i∈S λ

p
i c

2
i,t∑

i∈S λ
q
i c

2
i,t

. (5)

Theorem 10 ( Step Size Condition for Projected Updates) For a given state xt, the one-step ex-
pected loss decreases if and only if the step size ηt satisfies the following conditions for the dominant
and bulk projected updates, respectively:

For D : E[L(xt+1)− L(xt) | xt] < 0 ⇐⇒ 0 < ηt < ηlossD (xt) :=
2 sDt

τDt + nlossD

For B : E[L(xt+1)− L(xt) | xt] < 0 ⇐⇒ 0 < ηt < ηlossB (xt) :=
2 sBt

τBt + nlossB

The detailed proof of Theorem 10 is in Appendix A.7. The relationship between these two thresh-
olds is not fixed; it is dynamically determined by the alignment of the current state. The following
theorems characterize this crossover phenomenon.

Theorem 11 (Condition Differences on Different Alignment Regime) Under Assumption 1, the
relative ordering of the two loss thresholds ηlossD (xt) and ηlossB (xt) is determined by the alignment
θt of a given xt relative to the unique critical threshold, θcrit

t ∈ (0, 1). This threshold is the root of
the quadratic equation h(θ) = αtθ

2 + βtθ + γt = 0, with coefficients defined by:

αt = st
(
µDt (3, 2)− µBt (3, 2)

)
(6)

βt = −αt + nlossB + nlossD (7)

γt = −nlossD (8)

10
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Where nlossS , µSt (p, q) is defined in formula (5). The ordering of the thresholds in the two resulting
regimes is as follows:

θt < θcrit
t ⇐⇒ ηlossD (xt) < ηlossB (xt),

θt > θcrit
t ⇐⇒ ηlossD (xt) > ηlossB (xt).

The detailed proof of Theorem 11 is in Appendix A.7. Furthermore, as stated in the following
theorem, this critical alignment threshold exhibits a predictable behavior in ill-conditioned settings,
which converges to a state of full alignment 1.

Theorem 12 (Asymptotic Limit of the Alignment Threshold) Under Assumption 1, let the spec-
tral gap be denoted by m := λk/λk+1. In the limit as the gap grows infinitely large, the critical
threshold in Theorem 11 converges to 1:

lim
m→∞

θηcrit(xt) = 1.

Summary The central finding in this section is the existence of a critical alignment threshold, θcrit
t ,

that dictates the relative stability between DSGD and BSGD. This threshold partitions the alignment
space into two regimes with inverted stability orderings, as summarized below:

θt < θcrit
t θt > θcrit

t

ηlossD (xt) < ηlossB (xt)︸ ︷︷ ︸
Low-Alignment Regime

ηlossD (xt) > ηlossB (xt)︸ ︷︷ ︸
High-Alignment Regime

Our asymptotic analysis shows that as the spectral gap grows (m := λk/λk+1 → ∞), the critical
threshold converges to one: limm→∞ θcrit

t = 1. This has a direct consequence on the operational
regimes: the high-alignment regime (θcrit

t , 1) asymptotically vanishes to {1}. Conversely, the low-
alignment regime [0, θcrit

t ) expands to occupy nearly the entire alignment space [0, 1). The dynamics
within this now-predominant low-alignment regime are therefore of primary importance. Here, the
stability thresholds are ordered such that ηlossD < ηlossB , which leads to the following different descent
behaviors:

∀ ηt ∈ (ηlossD , ηlossB ),

{
For D : E[L(xt+1)− L(xt) | xt] > 0 (Loss Increases)
For B : E[L(xt+1)− L(xt) | xt] < 0 (Loss Decreases)

This provides a theoretical explanation for the empirical findings of Song et al. (2024), which ob-
served that updates along dominant directions can increase while those in the bulk remain decreases,
although the gradient is aligned with dominant space. However, it should be noted that the two align-
ment regimes here are not directly related to those in the previous Section 4, although they exhibit
the same behavior in the asymptotic case.

Theorem 13 (Rate of the critical alignment threshold) Under Assumption 1, let m := λk
λk+1

> 1.

Then the critical alignment threshold θcritt ∈ (0, 1) satisfies

nlossB
st λk+1(m− 1) + nlossB + nlossD

≤ 1− θcritt ≤
nlossB

st λk+1(m− 1)
.

11
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If λk+1 = Θ(1), consequently,

λk = Θ(m), 1− θcritt ∈ Θ

(
1

st (m− 1)

)
.

Remark Note that the asymptotic order here is simultaneously related to both st and m. st is
positively correlated with the loss function L(xt). Although we discussed in Theorem 5 that θ∗t is
asymptotically 1 with order Θ

(
1
m2

)
. Notice that θ∗t > θcritt with large enoughm, which implies that

the alignment stable regime may drop in Bulk projection unstable regime. This seems to contradict
the empirical phenomena, but actually it doesn’t. We recall the phenomenon observed by Song et al.
(2024): when the loss has not yet converged (i.e., L(xt) has not reached a very small regime), even
the alignment is already very high at this point, if we start performing subspace projection on the
updates, we will observe the suspicious alignment phenomenon. The conditions here, in addition to
the inherently ill-conditioned structure of the loss Hessian itself, also require that the loss L(xt) is
still in the pre-convergence stage.

6. Constant Step Size SGD: Two-Phase Dynamics of θt

Building upon the step size condition theory from the preceding sections, we now investigate the
long-term dynamics under the constant step size SGD, which we will refer to as CSGD in the later
content. This specialization allows us to characterize a distinct two-phase learning dynamic: an
initial, transient phase driven by the initial state x0, and a late-time, steady-state equilibrium driven
by noise. In this section, we make the following assumptions about the step size and initialization
for CSGD. Recall that ci,t := ⟨xt,ui⟩ is the projection of the state xt onto the i-th eigenvector of
matrix A. To give a further analysis, we define several key quantities:

βi :=
η κ2i

2λi − ηλ2i
> 0, ϱD :=

∑
i∈D

(c2i,0 − βi).

δ :=
smaxψDλ

2
1

λ2dλ
2
k

(
2(λk−λk+1)

η − (λ21 − λ2d)
) .

Assumption 14 Our analysis is based on the following assumptions:

Table 2: Assumptions for CSGD

Assumption Description

Constant Step Size ηt = η, 0 < η < min
{

2
λ1
,
2(λk−λk+1)

λ21−λ2d

}

Initialization for x0
∀i ∈ D, c2i,0 > βi,

ϱD > δ −
∑

i∈D βi

12
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Theorem 15 (Initial Decrease Phase) Under Assumption 1 and Assumption 14, let the t∗ be defined
as

t∗ :=

 log
(

ϱD
δ −

∑
i∈D βi

)
−2 log(1− ηλ1)

 .
Where ⌊·⌋ is the floor function. Then for all time steps t ∈ {0, 1, . . . , t∗−1}, the expected alignment
is strictly decreasing:

lim
d→∞

E[θt+1] < lim
d→∞

E[θt].

The proof of Theorem 15 is in Appendix A.9.
Interpretation Theorem 15 establishes the existence of a predictable initial phase in SGD dynam-
ics, guaranteeing that for a sufficiently large initialization, the expected alignment E[θt] will mono-
tonically decrease for a calculable duration of t∗ steps. The formula for t∗ explicitly links this phase
duration to the initial state: a positive-length phase is guaranteed when the initial ϱD, exceeds a
threshold. Furthermore, the theorem shows that the length of this phase, t∗, grows logarithmically
with this initial ϱD.

Theorem 16 (Late Phase) Under Assumption 1 and Assumption 14, the late-time asymptotic ex-
pected alignment is given by

θ∞ := lim
t→∞

lim
d→∞

Et[θt] =
limd→∞

∑
i∈D λ

2
iβi

limd→∞
∑d

i=1 λ
2
iβi

,

where βi =
ηκ2i

2λi − ηλ2i
> 0. Equivalently,

θ∞ =

limd→∞
∑

i∈D
ηλ2iκ

2
i

2λi − ηλ2i

limd→∞
∑d

i=1

ηλ2iκ
2
i

2λi − ηλ2i

.

The proof of Theorem 16 is in Appendix A.9.
Interpretation After the transient decay, the alignment settles to a stable level θ∞ determined solely
by the Hessian spectrum {λi}, the noise covariance {κ2i }, and the step size η. In the case of isotropic
noise (Σ = σ2I , so κ2i = σ2 for all i) and small step size η ≪ 1, we have the approximation

θ∞ ≈
limd→∞

∑
i∈D λi

limd→∞
∑d

i=1 λi
.

Furthermore, if the dominant–bulk eigenvalue gap grows such that λk/λk+1 → ∞ while the bulk
spectrum remains bounded away from zero, then θ∞ → 1. This provides a theoretical explanation
for the long-run alignment of SGD with the dominant eigenspace.

13
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7. Numerical Experiment

Numerical Simulation with Different Spectrum Gap We performed several numerical simula-
tions of constant step size SGD under varying spectral gaps. In these experiments, we fixed the
dimension d = 500, the dominant space dimension k = 50, the step size η = 0.003, and the total
number of steps T = 30, 000. For each spectral gap

m = λk/λk+1 ∈ {5, 10, 20, 50, 100, 200, 300, 400, 500},

We randomly initialized positive definite symmetric matrices A with the corresponding spectral gap
and conducted comparative experiments. For brevity, We selected four experiments to present in
the main text, with simulations for m = 5, 20, 50, 200. We also plotted the loss decline curves to
ensure that the algorithm converges to the convergence stage, with specific results shown in Figure
2. The complete experimental results and setup are available at Appendix B. It can be observed that
all experiments exhibit a two-phase phenomenon, where the alignment function initially decreases
in the short term and then increases. Furthermore, asm increases, the stable region of the alignment
function gradually approaches 1.

(a) m=5 (b) m=20

(c) m=50 (d) m=200

Figure 2: Numerical simulation experiments with different spectral gaps (m = λk/λk+1)

The Simulation for E[θ∞] and Spectrum Gap Following the setup from the previous experi-
ment (detailed in Appendix B, where a constant step size is employed for SGD), we performed a
simulation study to investigate the relationship between the limiting stable value θ∞ and the spectral
gap m = λk/λk+1 in the expectation context. Here, θT denotes the value at time T , which marks
the beginning of the second phase where the system enters stability, and Tend denotes the end time
of the experiment. We use the statistic:

E[Alignment] =
1

Tend − T

Tend∑
t=T

θt

14
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Figure 3: E[Alignment] and Std[Alignment] vs m = λk/λk+1

to estimate E[θ∞]. We plotted the trend of E[Alignment] and recorded the variance of this statistic
as functions of m, the latter reflecting the trend in the volatility of θt in the second phase, as shown
in Figure 3. We also performed tests with different random seeds, the detail results can be found in
Appendix B. It can be observed that as m gradually increases, E[Alignment] gradually approaches
1 with fewer fluctuations, which is consistent with the result of Theorem 16. Besides the primary
numerical simulation results discussed above, the AppendixB contains additional simulation analy-
ses, including results on the decay rate in the first phase and a discussion of the order in m at which
θ∞ asymptotically approaches 1. The code for our simulation experiments is available at link.

8. Conclusion

Combining Sections 4, 5, and 6, this work points out that for ill-conditioned loss structures, when
optimized using SGD, the gradient dynamics exhibit two distinct alignment trends depending on the
choice of step size. In the early stages of optimization, following sufficiently large initialization, if
the step size ηt is relatively large compared to the norm of the optimization variable xt, the gradient
gradually aligns with the bulk space. However, as the optimization progresses and the norm of the
optimization variable xt decreases, entering a small-scale regime, if ηt does not keep pace with
the decay of the norm of xt, the gradient gradually aligns with the dominant space (Theorems 2,
3, and 4). However, this alignment does not imply that the dominant direction of the gradient
is beneficial to loss reduction. On the contrary, the direction that truly facilitates loss reduction
remains the bulk space (Theorems 10, 11, and 12). Using the “river-valley” structure analogy (Wen
et al., 2024), each step of SGD’s update has a critical step size η∗t . When xt is sufficiently far
from the “river” or the update step size is smaller than η∗t , xt moves closer to the “river.” When xt
is sufficiently close to the “river” and the update step size is larger than η∗t , xt moves toward the
“valley.” This critical step size η∗t gradually decreases and converges to approximately lower than

≈ 1

λ1 + λd
(Theorem 6). This suggests that to track the “river” during the optimization process, the

step size should be set to less than ≈ 1

λ1 + λd
. However, to ensure sufficiently fast movement in

the direction of the “river,” the step size needs to be sufficiently large. This indicates that to balance
tracking the “river” and maintaining fast optimization progress, the step size should be at most
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≈ 1

λ1 + λd
. This proves that for SGD, tracking the “river” while preserving optimization efficiency

is constrained by the ill-conditioned structure. This provides an explanation for SGD to maintain
optimization effectiveness while ensuring efficiency. To achieve better optimization efficiency in
such cases, further improvements to the descent direction are necessary, such as those found in
many existing preconditioning methods, including methods that approximate the inverse Hessian or
assign step sizes to individual parameters (Kingma, 2014; Gupta et al., 2018; Yao et al., 2021; Song
et al., 2025). The analysis of the relationship between step size selection and alignment for these
preconditioning methods can be left as a direction for future research.
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Appendix A. Proof of Theorems

A.1. Preliminaries, Notation, and Assumptions (for reference)

Spectral notation and projections. We recall A = UΛU⊤ with U = [u1, . . . ,ud] orthonormal
and Λ = diag(λ1, . . . , λd) strictly decreasing:

λ1 ≥ · · · ≥ λk > λk+1 ≥ · · · ≥ λd > 0.

Any xt ∈ Rd is expanded in the eigenbasis as

xt =
d∑
i=1

ci,t ui, ci,t := ⟨xt,ui⟩ ∈ R.

For a dominant–bulk partition D = {1, . . . , k}, B = {k + 1, . . . , d}, define

PD :=
∑
i∈D

uiu
⊤
i , P B :=

∑
i∈B

uiu
⊤
i ,

and, for p ∈ N,
P S
λp :=

∑
i∈S

λpi uiu
⊤
i (S ∈ {D,B}).

Alignment and subspace notion. The squared alignment function θ(xt) of the gradient Axt with
the dominant subspace at time t is defined as

θ(xt) :=


∥PD∇L(xt)∥22
∥∇L(xt)∥22

=
∥PDAxt∥22
∥Axt∥22

=

∑
i∈D λ

2
i c

2
i,t∑d

i=1 λ
2
i c

2
i,t

∈ [0, 1] if xt ̸= 0,

0 if xt = 0,

The convention θ(0) = 0 ensuring well-definedness in stochastic analysis).We will use θt for short
in the later section. Define the subspace quantities as follow:

ψD :=
∑
i∈D

λ2i , ψB :=
∑
i∈B

λ2i ,

sDt :=
∑
i∈D

λ2i c
2
i,t, sBt :=

∑
i∈B

λ2i c
2
i,t, st := sDt + sBt =

d∑
i=1

λ2i c
2
i,t. (9)

and the spectral gaps is defined as:

gap1 := λk − λk+1 > 0, gap2 := λ2k − λ2k+1 = (λk − λk+1)(λk + λk+1) > 0.
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Noise in the eigenbasis. The SGD update is

xt+1 = xt − ηt(Axt + ξt), ξt ∼ N (0,Σ), Σ = Σ⊤ ⪰ 0, {ξt} i.i.d.

Let C := U⊤ΣU and define per-direction noise variances

κ2i := (C)ii = u⊤
i Σui ≥ 0, smin := λmin(Σ), smax := λmax(Σ).

Set the block-wise noise energy be:

eD :=
∑
i∈D

λ2iκ
2
i , eB :=

∑
i∈B

λ2iκ
2
i ,

and recall ψS :=
∑

i∈S λ
2
i for S ∈ {D,B}. Then we have:

sminψD ≤ eD ≤ smaxψD, sminψB ≤ eB ≤ smaxψB.

And our assumptions are:

Assumption 1 (Asymptotic Spectral Assumptions) When we consider the high-dimensional regime,
where both d and k(d) → ∞, we assume the following conditions, summarized in Table 1:

Table 3: Asymptotic Spectral Assumptions

Assumption Description

Trajectory boundedness The state remains bounded:
supt lim supd→∞

1
d

∑d
i=1 c

2
i,t <∞.

Block proportion The subspace dimension ratio is a fixed constant:
ρ := k

d−k ∈ (0,∞). Which implies k = ρ
1+ρd.

Block spectral moments For p ∈ {2, 3, 4, 6, 8}, the block-wise spectral
moments converge: 1

k

∑
i∈D λ

p
i → λD,p ∈ (0,∞),

1
d−k

∑
i∈B λ

p
i → λB,p ∈ [0,∞).

Noise spectral bounds The noise covariance has a bounded trace:
Tr(Σ) ∈ (0,+∞)

A.2. Next step alignment function

Exact one-step alignment transform. The SGD update projected onto the eigenbasis gives the
evolution of the coefficients ci,t:

ci,t+1 = ⟨xt+1,ui⟩ = ⟨xt − ηt(Axt + ξt),ui⟩ = ci,t − ηt(λici,t + ζi,t) = (1− ηtλi)ci,t − ηtζi,t,

where ζi,t := ⟨ξt,ui⟩. At time t+ 1,sSt+1 =
∑

i∈S λ
2
i c

2
i,t+1. Thus,

θt+1 =

∑
i∈D λ

2
i

(
(1− ηtλi)ci,t − ηtζi,t

)2∑d
i=1 λ

2
i

(
(1− ηtλi)ci,t − ηtζi,t

)2 =
1

1 +
sBt+1

sDt+1

, (10)
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where
sSt+1 :=

∑
i∈S

λ2i
(
(1− ηtλi)ci,t − ηtζi,t

)2
(S ∈ {D,B}). (11)

Remark. When we fix a xt, we can reasonably assume that st+1 ̸= 0, sDt+1 ̸= 0, since the case that
{ξ|st+1(ξ) = 0}, {ξ|sDt+1(ξ) = 0} are zero measure set for ξ.
Notice that,when we fix xt (such as we consider the conditional expectation E[·|xt] later). θt+1, st+1 =∑d

i=1 λ
2
i

(
(1− ηtλi)ci,t − ηtζi,t

)2 is a function of ξt. Let x′
t be a vector that:

∀i ∈ D, < x′
t,ui >=

(1− ηtλi)ci,t
ηt

If ξt = x′
t, s

D
t+1 = 0. Since V = {ξt|∀i ∈ D, < ξt,ui >=

(1− ηtλi)ci,t
ηt

} is a d − k dim

hyperplane, and since ξ is a d dim gaussian. By Sard Theorem, V is a zero measure set for ξ. Since
θt+1 is a bounded function, then θt+1 is ξ − integrable (Eξ[θt+1] <∞). Then:

Eξ[θt+1] =

∫
Rd

θt+1dξ =

∫
Rd\V

θt+1dξ +

∫
V
θt+1dξ =

∫
Rd\V

θt+1dξ.

Therefore, we can assume sDt+1 ̸= 0,and it does not affect the expectation on θt+1. The case of
{ξ|sDt+1(ξ) = 0} is analogous.

Comparison functional and its meaning. To more conveniently obtain our conclusions in the
asymptotic setting, we define the comparison functional:

ft(ηt) := sBt s
D
t+1 − sBt+1 s

D
t , (12)

so that
θt+1 > θt ⇐⇒ ft(ηt) > 0, θt+1 < θt ⇐⇒ ft(ηt) < 0.

The sign of ft(ηt) will be controlled via its conditional expectation given xt.

A.3. Probabilistic Lemmas

Lemma 17 (Variance of Gaussian Forms) Let z ∼ N (0,C) with C = C⊤ ⪰ 0 and ∥C∥2 <
∞. For any deterministic vector g ∈ Rd and any deterministic diagonal matrix D = diag(d1, . . . , dd),
the following standard results hold:

Var(g⊤z) = g⊤Cg ≤ ∥C∥2 ∥g∥22,

Var(z⊤Dz) = 2 tr((CD)2) ≤ 2∥C∥22 tr(D2).

Lemma 18 (A Weak Law of Large Numbers for Block Averages) Let {Sd}d∈N be a sequence
of index sets such that |Sd| → ∞ as d → ∞. For each d, let {yi}i∈Sd

be a collection of scalar
random variables satisfying Var(

∑
i∈Sd

yi) = O(|Sd|). Then

1

|Sd|
∑
i∈Sd

yi − E

 1

|Sd|
∑
i∈Sd

yi

 p−−−→
d→∞

0.

Furthermore, if limd→∞
1

|Sd|
∑

i∈Sd
E[yi] = ℓ for some constant ℓ, then 1

|Sd|
∑

i∈Sd
yi

p−−−→
d→∞

ℓ.
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Proof Let sd =
∑

i∈Sd
yi and s̄d = sd

|Sd| . We want to show that for any ϵ > 0, limd→∞ P (|s̄d −
E[s̄d]| ≥ ϵ) = 0. By Chebyshev’s inequality,

P (|s̄d − E[s̄d]| ≥ ϵ) ≤ Var(s̄d)

ϵ2
.

We analyze the variance term:

Var(s̄d) = Var

 1

|Sd|
∑
i∈Sd

yi

 =
1

|Sd|2
Var

∑
i∈Sd

yi

 .

By assumption, there exists a constant k0 < ∞ such that Var(
∑

i∈Sd
yi) ≤ k0|Sd|. Substituting

this into the inequality gives

P (|s̄d − E[s̄d]| ≥ ϵ) ≤ k0|Sd|
|Sd|2ϵ2

=
k0

|Sd|ϵ2
.

As d→ ∞, we have |Sd| → ∞, so k0
|Sd|ϵ2

→ 0. This proves convergence in probability. The second
part of the lemma follows directly.

Lemma 19 (Continuous Mapping Theorem with Dominated Convergence) Let {yn}n∈N be a
sequence of scalar random variables such that yn

p−−−→
n→∞

y0, where y0 is a constant. Let f be a

function that is continuous at y0 and bounded. Then limn→∞ E[f(yn)] = f(y0).

Remarks. The variance formulas in Lemma 17 are standard results for Gaussian distributions.
The weak law in Lemma 18 is proven directly from Chebyshev’s inequality. Lemma 19 is a standard
result combining the Continuous Mapping Theorem with the Bounded Convergence Theorem.

A.4. Asymptotic Property

In this section, we need to introduce some important asymptotic properties of variables under our
asymptotic region settings. In this section, all probability measures p we consider are conditional
measures based on xt, defined as p(·|xt).

Lemma 20 (Asymptotic ratio of expectations) Under Assumption 1, the normalized block sums
converge in probability to their conditional expectations:

1

k
sDt+1

p−−−→
d→∞

ℓ′D(xt,Σ),
1

d− k
sBt+1

p−−−→
d→∞

ℓ′B(xt,Σ),

where ℓ′S(xt,Σ) = limd→∞
1
|S|E[s

S
t+1 | xt] are finite constants (or functions depend on xt,Σ).

Consequently, the limit of the expected alignment is the ratio of the limits of expected energies:

lim
d→∞

E
[
θt+1

∣∣xt] = lim
d→∞

E
[ 1

1 + 1
ρρ

sBt+1

sDt+1

]
=

1

1 + 1
ρ

limd→∞ E[ 1
d−k

sBt+1|xt]

limd→∞ E[ 1
k
sDt+1|xt]

=
1

1 +
ℓ′B(xt,Σ)

ρ ℓ′D(xt,Σ)

. (13)
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Proof We analyze the structure of the scalar sum sSt+1. By expanding its definition, we can decom-
pose it into terms that are constant, linear, and quadratic with respect to the noise vector zt (whose
components are ζi,t).

sSt+1 = χS,t + g⊤
S,tzt + z⊤

t DS,tzt,

where the scalar χS,t (constant given xt), vector gS,t, and diagonal matrix DS,t are defined as:

χS,t :=
∑
i∈S

λ2i (1− ηtλi)
2c2i,t,

(gS,t)i :=

{
−2ηtλ

2
i (1− ηtλi)ci,t if i ∈ S

0 if i /∈ S
,

(DS,t)ii :=

{
η2t λ

2
i if i ∈ S

0 if i /∈ S
.

The variance of sSt+1 is the variance of the sum of the linear and quadratic forms. By Lemma 17
and Assumption 1, Var(sSt+1) = O(|S|), which satisfies the conditions for Lemma 18. This gives
the convergence in probability. Let the scalar random variable yk,d be the ratio

yk,d :=
sBt+1

sDt+1

=
1

d−ks
B
t+1

k
d−k · 1

ks
D
t+1

p−−−−→
k,d→∞

ℓ′B(xt,Σ)

ρ ℓ′D(xt,Σ)
=: y0 ∈ (0,∞).

With f(y) = (1 + y)−1 being bounded and continuous, Lemma 19 yields

lim
d→∞

E[θt+1 | xt] = lim
d→∞

E
[ 1

1 + yk,d

]
=

1

1 + y0
=

1

1 +
ℓ′B(xt,Σ)

ρ ℓ′D(xt,Σ)

.

The last identity in (13) follows from the definition of ℓ′S(xt,Σ).

Lemma 20 justifies that, asymptotically, the expectation can be interchanged with the ratio defin-
ing θt+1. Which implies if we want to have a decrease for θt asymptotically, we have:

lim
d→∞

E
[
θt+1

∣∣xt] = 1

1 + 1
ρ

limd→∞ E[ 1
d−k

sBt+1|xt]

limd→∞ E[ 1
k
sDt+1|xt]

< lim
d→∞

θt =
1

1− 1
ρ

limd→∞
1

d−k
sBt

limd→∞
1
k
sDt

=⇒ lim
d→∞

E
[
sBt s

D
t+1

∣∣xt]− lim
d→∞

E
[
sBt+1 s

D
t

∣∣xt] < 0

=⇒ lim
d→∞

E
[
ft(ηt) := sBt s

D
t+1 − sBt+1 s

D
t

∣∣xt] < 0

(14)

Therefore, to decide the sign of the drift of θt in expectation, it suffices to analyze the sign of the
comparison functional’s expectation E[ft(ηt) | xt] (a quadratic in ηt). This motivates computing
elementwise expectations next.
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A.5. Comparison Lemma

Lemma 21 (Elementwise expectation of xt+1) For each i ∈ {1, . . . , d} and for a given xt,

E
[
λ2i c

2
i,t+1 | xt

]
= (1− ηtλi)

2λ2i c
2
i,t + η2t λ

2
i κ

2
i .

Consequently,

E
[
sDt+1 | xt

]
= sDt − 2ηt

∑
i∈D

λ3i c
2
i,t + η2t

(∑
i∈D

λ4i c
2
i,t + eD

)
, (15)

E
[
sBt+1 | xt

]
= sBt − 2ηt

∑
i∈B

λ3i c
2
i,t + η2t

(∑
i∈B

λ4i c
2
i,t + eB

)
. (16)

Proof We expand the square for ci,t+1 and take the expectation conditional on xt:

E
[
λ2i c

2
i,t+1 | xt

]
= E

[
λ2i ((1− ηtλi)ci,t − ηtζi,t)

2 | xt
]
.

Expanding the squared term gives

E
[
λ2i
(
(1− ηtλi)

2c2i,t − 2ηt(1− ηtλi)ci,tζi,t + η2t ζ
2
i,t

)
| xt
]
.

Using E[ζi,t | xt] = 0 and E[ζ2i,t | xt] = κ2i , the cross-term vanishes. We are left with

E
[
λ2i c

2
i,t+1 | xt

]
= λ2i (1− ηtλi)

2c2i,t + η2t λ
2
iκ

2
i (17)

= (1− 2ηtλi + η2t λ
2
i )λ

2
i c

2
i,t + η2t λ

2
iκ

2
i . (18)

Summing over i ∈ D (or B) and regrouping terms yields

E
[
sSt+1 | xt

]
=
∑
i∈S

λ2i c
2
i,t − 2ηt

∑
i∈S

λ3i c
2
i,t + η2t

(∑
i∈S

λ4i c
2
i,t +

∑
i∈S

λ2iκ
2
i

)
.

This simplifies to the expressions in (15) and (16) using the definitions of sSt and eS .

Lemma 22 (Quadratic form for step size condition) With ft(ηt) as in (12), for a given xt, its
conditional expectation is a quadratic function of ηt with no constant term:

E[ft(ηt) | xt] = pt η
2
t + qt ηt, (19)

where the scalars pt and qt are defined as

qt = 2
(
sDt
∑
i∈B

λ3i c
2
i,t − sBt

∑
i∈D

λ3i c
2
i,t

)
≤ 2sBt s

D
t (λk+1 − λk) < 0, (20)

pt = sBt

(∑
j∈D

λ4jc
2
j,t + eD

)
− sDt

(∑
i∈B

λ4i c
2
i,t + eB

)
. (21)

If pt ̸= 0, we define the adaptive critical step size as the non-zero root η∗t := −qt/pt.
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Proof We explicitly compute the conditional expectation of ft(ηt) by substituting the results from
Lemma 21 into its definition and collecting terms by powers of ηt.

E[ft(ηt) | xt] = sBt E[sDt+1 | xt]− sDt E[sBt+1 | xt]

= sBt

sDt − 2ηt
∑
i∈D

λ3i c
2
i,t + η2t

(∑
j∈D

λ4jc
2
j,t + eD

)
− sDt

(
sBt − 2ηt

∑
i∈B

λ3i c
2
i,t + η2t

(∑
i∈B

λ4i c
2
i,t + eB

))
= (sBt s

D
t − sDt s

B
t )

+ ηt

(
−2sBt

∑
i∈D

λ3i c
2
i,t + 2sDt

∑
i∈B

λ3i c
2
i,t

)

+ η2t

sBt (∑
j∈D

λ4jc
2
j,t + eD

)
− sDt

(∑
i∈B

λ4i c
2
i,t + eB

)
= ηt 2

(
sDt
∑
i∈B

λ3i c
2
i,t − sBt

∑
i∈D

λ3i c
2
i,t

)
︸ ︷︷ ︸

qt

+ η2t

sBt (∑
j∈D

λ4jc
2
j,t + eD

)
− sDt

(∑
i∈B

λ4i c
2
i,t + eB

)
︸ ︷︷ ︸

pt

.

This confirms the quadratic form E[ft(ηt) | xt] = ptη
2
t + qtηt. The bound on qt follows from∑

i∈B λ
3
i c

2
i,t ≤ λk+1s

B
t and

∑
j∈D λ

3
jc

2
j,t ≥ λks

D
t , which makes qt strictly negative since λk >

λk+1.

Remark. The expected one-step alignment change functional E[ft(ηt) | xt] is a quadratic func-
tion of the step size ηt that always passes through the origin (ηt = 0,E[ft(ηt) | xt] = 0). The
behavior for any positive step size ηt > 0 is entirely determined by the sign of the quadratic coeffi-
cient pt, as illustrated in Figure 4.

When pt > 0 (Figure 4a), the parabola opens upwards. Since qt < 0, there exists a positive
critical step size η∗t = −qt/pt > 0. For a small step size 0 < ηt < η∗t , we have E[ft(ηt)] <
0, implying the expected alignment E[θt+1] decreases. For a large step size ηt > η∗t , we have
E[ft(ηt)] > 0, implying the expected alignment increases.

When pt < 0 (Figure 4b), the parabola opens downwards. Since both coefficients pt and qt are
negative, the functional E[ft(ηt)] is negative for all positive step sizes ηt > 0. This implies that, in
this regime, any choice of step size will lead to a decrease in the expected alignment.

A.6. Proofs of Step Size Condition Theory

Theorem 2(Decreases Condition) Under Assumption 1, if 0 < ηt < η∗t (xt), then

lim
d→∞

E
[
θt+1

∣∣xt] < θt.
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(a) (b)

Figure 4: The sign of E[ft(ηt) | xt] as a function of ηt. (a) shows the behavior when pt > 0,
where the parabola opens upwards. (b) shows the behavior when pt < 0, where the parabola opens
downwards.

Proof By Lemma 22, E[ft(ηt) | xt] = ptη
2
t + qtηt with qt < 0. If pt > 0, then for 0 < ηt < η∗t =

−qt/pt, we have E[ft(ηt) | xt] < 0. Lemma 20 transfers the sign to limd→∞ E[θt+1 | xt] < θt.

Theorem 3(Increase Condition) Under Assumption 1, let

ggap :=
1

1 + smax
smin

· 1
ρ

(
λk+1

λk

)2 ∈ (0, 1).

For t and xt. If θt ≤ ggap and ηt > η∗t (xt), then

lim
d→∞

E
[
θt+1

∣∣xt] > θt.

Proof We will show pt > 0 when θt ≤ ggap, then apply Lemma 20 and 22.
First, recall the expression for pt (formula 21). Let’s consider the term which do not contain eS in
pt:

sBt
∑
j∈D

λ4jc
2
j,t − sDt

∑
i∈B

λ4i c
2
i,t =

∑
i∈B

∑
j∈D

λ2iλ
2
jc

2
i,tc

2
j,t(λ

2
j − λ2i )

≥ sBt s
D
t (λ

2
k − λ2k+1) > 0. (22)

Next, using eD ≥ sminψD and eB ≤ smaxψB,

sBt eD − sDt eB ≥ st

(
(1− θt)sminψD − θtsmaxψB

)
. (23)
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If θt ≤ gnoise :=
(
1+ smaxψB

sminψD

)−1, then the bracket is non-negative and so the term which do contain
eS is ≥ 0. Using ψD ≥ kλ2k and ψB ≤ (d − k)λ2k+1,we can have ggap ≤ gnoise. Hence pt > 0
whenever θt ≤ ggap. Therefore, if additionally ηt > η∗t , then E[ft(ηt) | xt] > 0 and Lemma 20
yields

lim
d→∞

E[θt+1 | xt] > θt.

As λk/λk+1 → ∞, (λk+1/λk)
2 → 0 implies ggap → 1.

Theorem 4(Large Alignment Regime Condition) Under Assumption 1, there exists a critical align-
ment threshold θ∗t ∈ (0, 1) such that if the current alignment θt ≥ θ∗t , then for any positive step size
ηt > 0, the expected alignment decreases:

lim
d→∞

E
[
θt+1

∣∣xt] < θt.

The threshold is given by θ∗t := r0,t/(1 + r0,t), where r0,t is the positive root of the quadratic
equation:

aauxt r2 + (aauxt −maux
t − hauxt )r − hauxt = 0.

The coefficients are defined using the second-order spectral masses ψS :=
∑

i∈S λ
2
i and the total

energy st :=
∑d

i=1 λ
2
i c

2
i,t as:

aauxt := sminψB,

hauxt := smaxψD,

maux
t := st(λ

2
1 − λ2d).

As ψD/ψB → ∞, we have θ∗t → 1.

Proof We derive a sufficient condition for pt ≤ 0. Using∑
j∈D

λ4jc
2
j,t ≤ λ21s

D
t ,

∑
i∈B

λ4i c
2
i,t ≥ λ2ds

B
t , eD ≤ smaxψD, eB ≥ sminψB,

we get

pt ≤ sBt (λ
2
1s

D
t + smaxψD)− sDt (λ

2
ds

B
t + sminψB)

= s2t θt(1− θt)(λ
2
1 − λ2d) + st

(
(1− θt)smaxψD − θtsminψB

)
. (24)

Let rt = θt/(1 − θt) and define aauxt := sminψB, hauxt := smaxψD, maux
t := st(λ

2
1 − λ2d). Then

pt ≤ 0 is implied by rtmaux
t + (1 + rt)h

aux
t − rt(1 + rt)a

aux
t ≤ 0, which is equivalent to

aauxt r2t + (aauxt −maux
t − hauxt )rt − hauxt ≥ 0.

Hence, if θt is large enough so that the quadratic inequality holds, pt ≤ 0 and, for any ηt > 0,
combine with Lemma 20:

lim
d→∞

E[ft(ηt) | xt] ≤ 0 ⇒ lim
d→∞

E[θt+1 | xt] < θt,
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Theorem 6 (Separation of Alignment Regimes) Under Assumption 1, for any nontrivial problem
with a non-zero spectral gap (gap2 > 0) and bounded noise (smax < ∞), the low-alignment
threshold ggap is strictly less than the high-alignment threshold θ∗t :

ggap < θ∗t .

Proof According to the proof of Theorem 3:

θt < ggap =⇒ pt > 0,

if ggap > θ∗t , ∃θt ∈ (θ∗t , ggap), by the proof of Theorem 4. we have:

θt > θ∗t =⇒ pt < 0

which contradicts the previous conclusion. Therefore ggap < θ∗t

Theorem 5(Asymptotic rate of θ∗t ) Under Assumption 1, with m := λk/λk+1 > 1, there exist
constants α, β > 0 such that

1− β

m2
≤ θ∗t ≤ 1− α

m2
,

and hence

θ∗t = 1−Θ

(
1

m2

)
.

Proof By Theorem 4 we have
θ∗t =

r0,t
1 + r0,t

,

where r0,t > 0 is the positive root of the quadratic

aauxt r2 +
(
aauxt −maux

t − hauxt

)
r − hauxt = 0.

Here
aauxt = smin

∑
i∈B

λ2i , hauxt = smax

∑
i∈D

λ2i , maux
t = st

(
λ21 − λ2d

)
,

are all nonnegative scalars. Using the quadratic formula, the positive root can be written as

r0,t =
maux
t + hauxt − aauxt +

√(
maux
t + hauxt − aauxt

)2
+ 4 aauxt hauxt

2 aauxt

.

Under Assumption 1 the eigenvalues satisfy

λ2k+1 ≤ λ2i ≤ λ2k for i ∈ D,

and
λ2k+1 ≤ λ2i for i ∈ B,

so that, with the shorthand

ℓB := |B| · λ2k+1, uB := |B| ·m2λ2k+1,
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we have ℓB ≤
∑

i∈B λ
2
i ≤ uB and ρ ℓB ≤

∑
i∈D λ

2
i ≤ ρ uB, where ρ = k/(d− k). Using the noise

spectral bounds smin ≤ λmin(Σ) ≤ λmax(Σ) ≤ smax, it follows that

smin ℓB ≤ aauxt ≤ smin uB, smax ρ ℓB ≤ hauxt ≤ smax ρ uB.

Define the fixed scalar β := ρ (smax/smin) > 0. Using maux
t ≥ 0, we obtain

r0,t ≥ smax ρ ℓB − smin uB
smin uB

=
β

m2
− 1,

and hence

θ∗t =
r0,t

1 + r0,t
≥ β/m2 − 1

1 + (β/m2 − 1)
= 1− 1

β/m2
.

For the upper bound, since aauxt ≥ sminℓB, hauxt ≤ smaxρ uB, and maux
t ≤ st(λ

2
1−λ2d), there exists

a fixed scalar α > 0 such that
r0,t ≤ αm2.

Then

θ∗t =
r0,t

1 + r0,t
≤ αm2

1 + αm2
= 1− 1

1 + αm2
,

which gives

1− β

m2
≤ θ∗t ≤ 1− α

m2
.

The Θ(1/m2) form follows from these two-sided inequalities.

Theorem 7(State- and gap-aware bounds on η∗t (with ∥xt∥2)) Under Assumption 1, for any xt,
we have

η∗t ≥ 2 gap1

(λ21 − λ2d) +
smaxψD
λ2d ∥xt∥22 θt

,

Proof The bounds for η∗t = −qt/pt are derived by finding lower and upper bounds for −qt and pt.
By formula (20), we have:

−qt ≥ 2s2t θt(1− θt)gap1

.
And by formula (24), we have:

pt ≤ s2t θt(1− θt)(λ
2
1 − λ2d) + st(1− θt)smaxψD

. Therefore
η∗t =

−qt
pt

≥ 2 gap1

(λ21 − λ2d) +
smaxψD
st θt

.

Using st ≥ λ2d∥xt∥22 yields the stated lower bounds.
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Theorem 8(State- and gap-aware upper bounds on η∗) Under Assumption 1, providing that the
alignment satisfies θt ≥ eB

eB+eD
, where eB, eD represent the noise magnitudes in the principal and

tail subspaces respectively, we have:

η∗t ≤ 2(λ1 − λd)

λkλ1 − λk+1λd
.

Proof Recall that the optimal step size is given by the ratio η∗t = −qt/pt. We first derive an upper
bound for −qt. By definition, and noting that qt contains no noise terms under the orthogonality
assumption, we have:

−qt = sBt
∑
i∈D

λ3i c
2
i,t − sDt

∑
i∈B

λ3i c
2
i,t

≤ sBt λ1

(∑
i∈D

λ2i c
2
i,t

)
− sDt λd

(∑
i∈B

λ2i c
2
i,t

)
= λ1s

B
t s

D
t − λds

D
t s

B
t

= (λ1 − λd)s
D
t s

B
t .

(25)

Next, we derive a lower bound for pt. Expanding the expression for pt yields:

pt = sBt

(∑
j∈D

λ4jc
2
j,t + eD

)
− sDt

(∑
i∈B

λ4i c
2
i,t + eB

)

=

sBt ∑
j∈D

λ4jc
2
j,t − sDt

∑
i∈B

λ4i c
2
i,t

+ (sBt eD − sDt eB).

(26)

Applying the spectral bounds λj ≥ λk for j ∈ D and λi ≤ λk+1 for i ∈ B to the signal components:

pt ≥ (λkλ1 − λk+1λd)s
D
t s

B
t + (sBt eD − sDt eB). (27)

The given condition θt ≥ eB
eB+eD

implies:

sDt
sDt + sBt

≥ eB
eB + eD

⇐⇒ sDt eD + sDt eB ≥ sDt eB + sBt eB ⇐⇒ sBt eD − sDt eB ≥ 0.

Since the noise residual term is non-negative, we may lower bound pt by omitting it:

pt ≥ (λkλ1 − λk+1λd)s
D
t s

B
t . (28)

Substituting the bounds for −qt and pt back into the expression for η∗t :

η∗t ≤ (λ1 − λd)s
D
t s

B
t

(λkλ1 − λk+1λd)s
D
t s

B
t

=
λ1 − λd

λkλ1 − λk+1λd
. (29)
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Corollary (The comparison between η∗t and 2
λ1

) Suppose the conditions of Theorem 8 hold. We
have the following relation between η∗t and the convergence step size for Quadratic Programming:

η∗t ≤ 2

λ1
.

Proof Using the tight bound derived in the proof of Theorem 8:

η∗t ≤
(λ1 − λd)

λkλ1 − λk+1λd
.

We first verify η∗t ≤ 1
λ1

, it suffices to show:

λ1(λ1 − λd) ≤ λkλ1 − λk+1λd.

Noting that λk ≤ λ1, the inequality holds if λ21 − λ1λd ≤ λ21 − λk+1λd, which simplifies to
λk+1 ≤ λ1. This is naturally satisfied by the definition of principal and tail eigenvalues. Therefore:

η∗t ≤
1

λ1
<

2

λ1

A.7. Proofs for Projected SGD Theorem

This section provides the detailed proofs for the theorems and lemma presented in the main text.
For clarity, we first recall the central definitions for a given subspace S ∈ {D,B}:

sSt :=
∑
i∈S

λ2i c
2
i,t, τSt :=

∑
i∈S

λ3i c
2
i,t, uSt :=

∑
i∈S

λ4i c
2
i,t,

nlossS :=
∑
i∈S

λiκ
2
i , µSt (p, q) :=

∑
i∈S λ

p
i c

2
i,t∑

i∈S λ
q
i c

2
i,t

, θt :=
sDt

sDt + sBt
.

We begin with the proof of the first theorem, which establishes the one-step expected loss con-
dition.

Theorem 10(Condition Differences on Different Alignment Regime) For a given state xt, the
one-step expected loss decreases if and only if the step size ηt satisfies the following conditions for
the dominant and bulk projected updates, respectively:

For D : E[L(xt+1)− L(xt) | xt] < 0 ⇐⇒ 0 < ηt < ηlossD (xt) :=
2 sDt

τDt + nlossD

For B : E[L(xt+1)− L(xt) | xt] < 0 ⇐⇒ 0 < ηt < ηlossB (xt) :=
2 sBt

τBt + nlossB
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Proof Let the projected stochastic gradient be gS
t = P S(Axt + ξt). The update rule is xt+1 =

xt − ηtg
S
t . The one-step change in the loss function L(x) = 1

2x
⊤Ax is:

∆L = L(xt+1)− L(xt) =
1

2
(xt − ηtg

S
t )

⊤A(xt − ηtg
S
t )−

1

2
x⊤
t Axt

= −ηt(gS
t )

⊤Axt +
1

2
η2t (g

S
t )

⊤AgS
t .

We now take the expectation with respect to the noise ξt, conditioned on xt. The linear term
becomes E[(gS

t )
⊤Axt] = (P SAxt)

⊤Axt = x⊤
t AP SAxt = sSt . The quadratic term becomes

E[(gS
t )

⊤AgS
t ] = (P SAxt)

⊤A(P SAxt)+E[(P Sξt)
⊤A(P Sξt)] = τSt +nlossS . Combining these,

the expected change in loss is E[∆L | xt] = −ηtsSt + 1
2η

2
t (τ

S
t + nlossS ). Setting this to be less than

zero holds for 0 < ηt <
2sSt

τSt +nloss
S

.

The proof of Theorem 11 relies on the fundamental properties of its governing quadratic func-
tion, which we first prove in the following lemma.

Additional Notion To give a further analysis of the projected SGD, we need to introduce the fol-
lowing quantities α(xt), β(xt), γ(xt) which depend on xt. (We will use αt, βt, γt later for short.):

αt = st
(
µDt (3, 2)− µBt (3, 2)

)
(30)

βt = −αt + nlossB + nlossD (31)

γt = −nlossD (32)

Lemma 23 Let h(θ) := αtθ
2 + βtθ + γt be the crossover quadratic, with coefficients as defined

above. The following properties hold:

1. ∀xt, αt > 0 (positive definite in xt),

2. ∀xt, γt < 0 (negative definite in xt).

Additionally, ∀xt, h(0) = γt < 0 and h(1) = αt + βt + γt > 0.

Proof First, we prove that the leading coefficient αt is positive definite. By definition,

αt = st
(
µDt (3, 2)− µBt (3, 2)

)
.

For any xt, st > 0, so the sign of αt is determined by the term in the parenthesis. This term is
positive if and only if the following inequality holds:

µDt (3, 2) > µBt (3, 2).

For the dominant subspace, ∀i ∈ D, λi ≥ λk, which provides a lower bound:

µDt (3, 2) =

∑
i∈D λi · (λ2i c2i,t)∑

i∈D λ
2
i c

2
i,t

≥
∑

i∈D λk · (λ2i c2i,t)∑
i∈D λ

2
i c

2
i,t

= λk.
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For the bulk subspace, ∀j ∈ B, λj ≤ λk+1, which provides an upper bound:

µBt (3, 2) =

∑
j∈B λj · (λ3jc2j,t)∑

j∈B λ
2
jc

2
j,t

≤
∑

j∈B λk+1 · (λ2jc2j,t)∑
j∈B λ

2
jc

2
j,t

= λk+1.

The spectral gap condition λk > λk+1 combines these bounds into the strict inequality chain:

µDt (3, 2) ≥ λk > λk+1 ≥ µBt (3, 2).

This proves µDt (3, 2) > µBt (3, 2), which implies that αt > 0.
Second, we prove that the constant coefficient γt is negative definite. By definition,

γt = −nlossD .

For any xt and noise ξ, nlossD =
∑

i∈D λiκ
2
i > 0. Since γt is the negative product of two positive

definite quantities, it follows that γt < 0.
Finally, we verify the function’s values at the boundaries. At θ = 0, the value is the constant

term, so h(0) = γt. As just shown, this is negative definite. At θ = 1, the value is the sum of the
coefficients. Substituting their definitions and simplifying yields:

h(1) = αt + βt + γt

= αt +
(
−αt + nlossB + nlossD

)
+
(
−nlossD

)
= nlossB .

Since nlossB > 0 , we have h(1) > 0. This completes the proof of all claims.

Lemma 24 Under the conditions of Lemma 23, there exists a unique critical function θcrit(xt) :
Rd → (0, 1). For brevity, we will use θcrit

t for θcrit(xt) in the following. For h(θ) = αtθ
2+βtθ+γt,

the following hold:

1. ∀xt, ∀ θ ∈
(
0, θcrit

t

)
, h(θ) < 0,

2. ∀xt, ∀ θ ∈
(
θcrit
t , 1

)
, h(θ) > 0.

Moreover, θcrit
t is the unique root of h(θ) = 0 in (0, 1), given explicitly by:

θcrit
t =

−βt +
√
β2t − 4αtγt
2αt

.

Proof The proof relies on the properties of the quadratic function h(θ) = αtθ
2+βtθ+γt established

in Lemma 23 for any given xt.
First, we analyze the roots of the equation h(θ) = 0. The discriminant is ∆t = β2t − 4αtγt.

From Lemma 23, we have αt > 0 and γt < 0. This implies that the term −4αtγt is strictly positive.
Therefore,

∆t = β2t − 4αtγt > 0.

Since ∆t > 0, the equation h(θ) = 0 has two distinct real roots.
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Next, we analyze the location of these roots using Vieta’s formulas. The product of the roots is
given by:

θ1θ2 =
γt
αt
.

Since γt < 0 and αt > 0, their ratio is strictly negative, γtαt
< 0. This proves that one root is positive

and the other is negative.
Let the unique positive root be denoted by θcrit

t . We now prove that this root must lie in the
interval (0, 1). Lemma 23 states that h(0) < 0 and h(1) > 0. Since h(θ) is a continuous function,
the Intermediate Value Theorem guarantees that there must be at least one root in (0, 1). As we have
already established that there is only one positive root, this positive root must be the one that lies in
(0, 1). Thus, there exists a unique root θcrit

t in the interval (0, 1).
Now, we derive the explicit formula for this root. The two roots of the quadratic equation are

given by −βt±
√
∆t

2αt
. We must identify which sign corresponds to the positive root. We analyze the

magnitude of the square root term:

∆t = β2t − 4αtγt > β2t =⇒
√
∆t >

√
β2t = |βt|.

Consider the root with the minus sign: −βt −
√
∆t. Since

√
∆t > |βt| ≥ −βt, this term is always

negative. Thus, −βt−
√
∆t

2αt
is the negative root. Consider the root with the plus sign: −βt +

√
∆t.

Since
√
∆t > |βt| ≥ βt, this term is always positive. Thus, −βt+

√
∆t

2αt
is the unique positive root.

We conclude:

θcrit
t =

−βt +
√
β2t − 4αtγt
2αt

.

Finally, we prove the sign of h(θ) on either side of θcrit
t . From Lemma 23, we know that h(θ) is an

upward-opening parabola (αt > 0). A continuous, upward-opening parabola with a single root in
an interval must be negative before that root and positive after it within that interval.

• For any θ ∈ (0, θcrit
t ), since h(0) < 0 and the only root in this range is at the endpoint, h(θ)

must remain negative.

• For any θ ∈ (θcrit
t , 1), since h(1) > 0 and the only root in this range is at the startpoint, h(θ)

must remain positive.

This completes the proof of all claims.

Theorem [11](Condition Differences on Different Alignment Regime) Under Assumption 1, the
relative ordering of the loss thresholds is determined by the alignment θt of a given xt relative to
the unique critical threshold, θcrit

t ∈ (0, 1). This threshold is the root of the quadratic equation
h(θ) = αtθ

2 + βtθ + γt = 0, with coefficients defined by:

αt = st
(
µDt (3, 2)− µBt (3, 2)

)
(33)

βt = −αt + nlossB + nlossD (34)

γt = −nlossD (35)
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The ordering of the thresholds in the two resulting regimes is as follows:

θt < θcrit
t θt > θcrit

t

ηlossD (xt) < ηlossB (xt)︸ ︷︷ ︸
Low-Alignment Regime

ηlossD (xt) > ηlossB (xt)︸ ︷︷ ︸
High-Alignment Regime

Proof We begin by analyzing the sign of the difference between the two loss thresholds.

ηlossD (xt)− ηlossB (xt) =
2sDt

τDt + nlossD
− 2sBt
uBt + nlossB

=
2
(
sDt (τ

B
t + nlossB )− sBt (τ

D
t + nlossD )

)
(τDt + nlossD )(τBt + nlossB )

.

Since the denominator is a product of positive definite terms, the sign of this difference is strictly
determined by the sign of the numerator.

sign
(
ηlossD (xt)− ηlossB (xt)

)
= sign

(
sDt (u

B
t + nlossB )− sDt (u

D
t + nlossD )

)
. (36)

We now perform a detailed expansion of the numerator expression. Notice that τSt = µSt (3, 2)s
S
t

and θt =
sDt
st

= 1− sBt
st

:

sDt (τ
B
t + nlossB )− sBt (τ

D
t + nlossD )

= sDt

(
µBt (3, 2)s

B
t + nlossB

)
− sBt

(
µDt (3, 2)s

D
t + nlossD

)
= sDt s

B
t

(
µBt (3, 2)− µDt (3, 2)

)
+ sDt n

loss
B − sBt n

loss
D

= s2t θt(1− θt)
(
µBt (3, 2)− µDt (3, 2)

)
+ stθtn

loss
B − st(1− θt)n

loss
D .

For non-zero xt, we have st > 0. We can factor out st from the entire expression and collect terms
by powers of θt:

= st ·

(
θ2t

[
st
(
µDt (3, 2)− µBt (3, 2)

) ]
+ θt

[
st
(
µDt (3, 2)− µBt (3, 2)

)
+ nlossB + nlossD

]
+

[
− nlossD

])
.

The expression inside the parentheses is a quadratic function of θt. We define this normalized
quadratic as our crossover function h(θt):

h(θt) := αtθ
2
t + βtθt + γt,

Where the coefficients αt, βt, γt are defined as:

αt = st
(
µDt (3, 2)− µBt (3, 2)

)
(37)

βt = −αt + nlossB + nlossD (38)

γt = −nlossD (39)
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Which precisely match the coefficients of Lemma 23. We have thus established the central equiva-
lence:

sign
(
ηlossD (xt)− ηlossB (xt)

)
= sign (h(θt(xt))) .

The remainder of the proof follows directly from Lemma 23 and Lemma 24. These lemmas establish
that for any given xt, the function h(θ) has a unique root θcrit

t ∈ (0, 1), is strictly negative for all
θ ∈ (0, θcrit

t ), and is strictly positive for all θ ∈ (θcrit
t , 1). This proves the two regimes stated in the

theorem.

Theorem 12(Asymptotic Limit of the Alignment Threshold) Under Assumption 1, let the spectral
gap be denoted by m := λk/λk+1. In the limit as the gap grows infinitely large, the critical
threshold converges to 1:

lim
m→∞

θηcrit(xt) = 1.

Proof Recall that the critical threshold θcrit
t is defined as the alignment where the loss thresholds

are equal. Citing the condition from Eq. (36), any state xt at this threshold must satisfy the exact
equality:

sDt (τ
B
t + nlossB )− sBt (τ

D
t + nlossD ) = 0.

This equality can be rearranged by separating τSt and nlossS :

sBt τ
D
t − sDt τ

B
t = sDt n

loss
B − sBt n

loss
D .

Dividing by sDt s
B
t gives the equivalent :

µDt (3, 2)− µBt (3, 2) =
nlossB
sBt

−
nlossD
sDt

.

We now analyze this equality in the limit as the spectral gapm := λk/λk+1 → ∞. We can establish
a lower bound for the left-hand side (LHS) and an upper bound for the right-hand side (RHS):

LHS = µDt (3, 2)− µBt (3, 2) ≥ λk − λk+1,

RHS =
nlossB
sBt

−
nlossD
sDt

<
nlossB
sBt

.

For the equality to hold, the lower bound of the LHS must be less than the upper bound of the RHS.
This provides a necessary condition that any state at the crossover must satisfy:

λk − λk+1 <
nlossB
sBt

.

This inequality provides a strict upper bound on the third-order bulk energy, sBt :

0 ≤ sBt <
nlossB

λk − λk+1
.
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Remark It is crucial to note that the term on the left-hand side of the inequality, sBt , is intrinsi-
cally dependent on the vector xt, since its definition sBt =

∑
j∈B λ

3
jc

2
j,t explicitly involves the state’s

components cj,t. Conversely, the upper bound on the right-hand side is independent of xt, as both
the numerator nlossB =

∑
j∈B λjκ

2
j and the denominator λk − λk+1 are determined solely by the

constant Hessian eigenvalues and noise covariance structure. This inequality therefore provides a
state-independent upper bound for a state-dependent quantity.

We now show that this upper bound converges to zero as m → ∞, independently of the state
components cj,t. The numerator is bounded by nlossB =

∑
j∈B λjκ

2
j ≤ λk+1

∑
j∈B κ

2
j . The denom-

inator is λk+1(m− 1). Combining these gives:

nlossB
λk − λk+1

≤
λk+1

∑
j∈B κ

2
j

λk+1(m− 1)
=

1

m− 1

∑
j∈B

κ2j ≤
1

m− 1
Tr(Σ).

The term Tr(Σ) is a finite constant dependent only on the noise covariance, not on the state xt.
Thus, the upper bound for sBt converges to zero asm→ ∞. By the Squeeze Theorem, we rigorously
conclude that limm→∞ sBt = 0.

Finally, the limit of the critical alignment θcrit
t = sDt /(s

D
t + sBt ) can be determined. For a

non-trivial state where the total energy does not vanish, we conclude:

lim
m→∞

θcrit
t =

limm→∞ sDt
limm→∞ sDt + limm→∞ sBt

=
sDt

sDt + 0
= 1.

Theorem 13(Asymptotic rate of θcritt ) Under Assumption 1, let m := λk
λk+1

> 1. Then the critical

alignment threshold θcritt ∈ (0, 1) satisfies

nlossB
st λk+1(m− 1) + nlossB + nlossD

≤ 1− θcritt ≤
nlossB

st λk+1(m− 1)
.

If λk+1 = Θ(1), consequently,

λk = Θ(m), 1− θcritt ∈ Θ

(
1

st (m− 1)

)
.

Proof By Theorem 11, the critical threshold θcritt ∈ (0, 1) is the unique solution in (0, 1) of

αtθ
2 + βtθ + γt = 0,

where
αt = st

(
µDt (3, 2)− µBt (3, 2)

)
, βt = −αt + nlossB + nlossD , γt = −nlossD .

Introduce the change of variables δ := 1 − θ. Substituting θ = 1 − δ into the quadratic equation
yields

αt(1− δ)2 +
(
−αt + nlossB + nlossD

)
(1− δ)− nlossD = 0.
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Expanding and collecting terms gives

αt − 2αtδ + αtδ
2 − αt + nlossB + nlossD −

(
−αt + nlossB + nlossD

)
δ − nlossD = 0,

which simplifies to
αtδ

2 +
(
nlossB + nlossD

)
δ − nlossB = 0.

Rearranging yields the equivalent identity

δ
(
αtδ + nlossB + nlossD

)
= nlossB .

Since δ > 0, this identity immediately implies the bounds

nlossB
αt + nlossB + nlossD

≤ δ ≤
nlossB
αt

.

Next, by definition,

µDt (3, 2) =

∑
i∈D λ

3
i c

2
i,t∑

i∈D λ
2
i c

2
i,t

=
∑
i∈D

(
λ2i c

2
i,t∑

j∈D λ
2
jc

2
j,t

)
λi,

which is a convex combination of {λi : i ∈ D} and therefore satisfies µDt (3, 2) ≥ λk. Similarly,
µBt (3, 2) ≤ λk+1. Consequently,

αt = st
(
µDt (3, 2)− µBt (3, 2)

)
≥ st(λk − λk+1) = st λk+1(m− 1).

Substituting this bound into the previous inequalities and recalling that δ = 1− θcritt yields

nlossB
st λk+1(m− 1) + nlossB + nlossD

≤ 1− θcritt ≤
nlossB

st λk+1(m− 1)
.

If λk+1 = Θ(1), then λk = Θ(m) and λk − λk+1 = Θ(m− 1), and the above bounds imply

1− θcritt ∈ Θ

(
1

st (m− 1)

)
,

which completes the proof.

A.8. Lemma Of CSGD

Let Et[· | xj ],Vart[· | xj ] denote expectation,variance over the noise sequence {ξs}t−1
s=j+1.

Lemma 25 (Asymptotic representation of conditional alignment) Under Assumption 1, define
the normalized block statistics at time t for S ∈ {D,B} as

s′,St :=
1

|S|
∑
i∈S

λ2i c
2
i,t, u′,St :=

1

|S|
∑
i∈S

λ4i c
2
i,t, w′,S

t :=
1

|S|
∑
i∈S

λ3i c
2
i,t,
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and let ēD := 1
keD, ēB := 1

d−keB. Define the deterministic function k : (0,∞)6 → [0, 1] by

k(s1, s2, u1, u2, w1, w2) =
1

1 + 1
ρ ·

s2−2ηtw2+η2t (u2+ēB)

s1−2ηtw1+η2t (u1+ēD)

, where ρ = lim
d→∞

k

d− k
.

Then, under the spectral and noise assumptions, we have:

k(s1, s2, u1, u2, w1, w2)

= lim
d→∞

Et+1

[
θt+1

∣∣∣ s′,Dt = s1, s
′,B
t = s2, u

′,D
t = u1, u

′,B
t = u2, w

′,D
t = w1, w

′,B
t = w2

]
(40)

Notice that for any deterministic x satisfy :

s′,D = s1, s
′,B = s2, u

′,D = u1, u
′,B = u2, w

′,D = w1, w
′,B = w2

We have:
k(s1, s2, u1, u2, w1, w2) = lim

d→∞
Et+1 [θt+1 |xt = x]

Proof Recall that θt+1 =
sDt+1

sDt+1 + sBt+1

, where the unnormalized energies are

sDt+1 =
∑
i∈D

λ2i c
2
i,t+1, sBt+1 =

∑
i∈B

λ2i c
2
i,t+1.

From Lemma 21, their conditional expectations (with respect to the noise ξt at step t) are

Et+1[s
D
t+1 | xt] = sDt − 2ηt

∑
i∈D

λ3i c
2
i,t + η2t

(∑
i∈D

λ4i c
2
i,t + eD

)
,

Et+1[s
B
t+1 | xt] = sBt − 2ηt

∑
i∈B

λ3i c
2
i,t + η2t

(∑
i∈B

λ4i c
2
i,t + eB

)
.

Dividing by block sizes yields

1

k
Et+1[s

D
t+1 | xt] = s′,Dt − 2ηtw

′,D
t + η2t (u

′,D
t + ēD),

1

d− k
Et+1[s

B
t+1 | xt] = s′,Bt − 2ηtw

′,B
t + η2t (u

′,B
t + ēB).

Define the deterministic scalars

ϑ1 := s′,Dt − 2ηtw
′,D
t + η2t (u

′,D
t + ēD), ϑ2 := s′,Bt − 2ηtw

′,B
t + η2t (u

′,B
t + ēB).

We now analyze the concentration of the normalized energies. Expanding the SGD update

xt+1 = xt − ηt(Axt + ξt)

in the eigenbasis U = [u1, . . . ,ud], we have for each i:

ci,t+1 = (1− ηtλi)ci,t − ηtζi,t,
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where ζt := U⊤ξt ∼ N (0,C) with C = U⊤ΣU and κ2i = (C)ii. Hence,

sSt+1 =
∑
i∈S

λ2i c
2
i,t+1 = (deterministic) + (linear in ζt) + (quadratic in ζt).

By Lemma 17 and Assumption 1, the conditional variance satisfies

Vart+1

(
1

|S|
sSt+1

∣∣∣∣xt) = O

(
1

|S|

)
.

Thus, by Chebyshev’s inequality,

lim
d→∞

P
(∣∣∣∣ 1|S|sSt+1 − ϑS

∣∣∣∣ > ϵ

∣∣∣∣xt) = 0,

where ϑD = ϑ1 and ϑB = ϑ2. Consequently,

lim
d→∞

sBt+1

sDt+1

=
1

ρ
· ϑ2
ϑ1

in probability (conditional on xt).

Since f(x) = 1/(1 + x) is continuous and bounded on (0,∞), Lemma 19 implies

lim
d→∞

Et+1

[
θt+1 | xt

]
= f

(
1

ρ
· ϑ2
ϑ1

)
= k

(
s′,Dt , s′,Bt , u′,Dt , u′,Bt , w′,D

t , w′,B
t

)
,

which completes the proof.

Lemma 26 (Concentration of macroscopic statistics at time t under CSGD) Under Assumptions 1
and 14, with deterministic initialization x0 (so that ci,0 are fixed scalars), define for S ∈ {D,B}
the normalized statistics at time t:

s′,St :=
1

|S|
∑
i∈S

λ2i c
2
i,t, u′,St :=

1

|S|
∑
i∈S

λ4i c
2
i,t, w′,S

t :=
1

|S|
∑
i∈S

λ3i c
2
i,t.

Then, as d → ∞, each statistic converges in probability to its expectation, which is a deterministic
function of the initial eigencoordinates {ci,0}:

s′,St
p−→ s̄St :=

1

|S|
∑
i∈S

λ2i
[
(1− ηλi)

2t(c2i,0 − βi) + βi
]
,

u′,St
p−→ ūSt :=

1

|S|
∑
i∈S

λ4i
[
(1− ηλi)

2t(c2i,0 − βi) + βi
]
,

w′,S
t

p−→ w̄S
t :=

1

|S|
∑
i∈S

λ3i
[
(1− ηλi)

2t(c2i,0 − βi) + βi
]
,

where βi =
ηκ2i

2λi − ηλ2i
> 0.
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Proof We prove the result for s′,Dt ; the other five statistics follow identically by replacing the weight
λ2i with λ4i or λ3i , and/or changing the block to B. Under constant step size SGD, the eigencoordinate
evolves as

ci,t = (1− ηλi)
tci,0 − η

t−1∑
s=0

(1− ηλi)
t−1−sζi,s,

where ζi,s = u⊤
i ξs ∼ N (0, κ2i ) are independent across s. Since ci,0 is deterministic, ci,t is Gaussian

with mean µi,t = (1− ηλi)
tci,0 and variance

σ2i,t = η2κ2i

t−1∑
s=0

(1− ηλi)
2(t−1−s) = η2κ2i

1− (1− ηλi)
2t

1− (1− ηλi)2
= βi

(
1− (1− ηλi)

2t
)
,

where we used the definition βi = ηκ2i /(2λi−ηλ2i ) and the identity 1− (1−ηλi)2 = ηλi(2−ηλi).
For a Gaussian random variable, Et[c2i,t] = µ2i,t + σ2i,t, so

Et[c2i,t] = (1− ηλi)
2tc2i,0 + βi

(
1− (1− ηλi)

2t
)
= (1− ηλi)

2t(c2i,0 − βi) + βi.

Thus, the expectation of s′,Dt is

Et[s′,Dt ] =
1

k

∑
i∈D

λ2iEt[c2i,t] = s̄Dt ,

which is deterministic and depends only on {ci,0}. Since the noise is independent across eigendi-
rections, the random variables {c2i,t}di=1 are independent. Hence,

Vart(s
′,D
t ) =

1

k2

∑
i∈D

λ4iVart(c
2
i,t).

For a Gaussian X ∼ N (µ, σ2), Var(X2) = 2σ4 +4µ2σ2 ≤ 2(µ2 +σ2)2 = 2(E[X2])2. Therefore,

Vart(c
2
i,t) ≤ 2

(
Et[c2i,t]

)2 ≤ 2M2,

for some constant M < ∞, because c2i,0 is bounded (by trajectory boundedness in Assumption 1),
βi ≤ ηsmax

2λd−ηλ2d
<∞ (since λd > 0 and η < 2/λ1 ≤ 2/λd), and (1− ηλi)

2t ∈ [0, 1]. Thus,

Vart(s
′,D
t ) ≤ 1

k2

∑
i∈D

λ4i · 2M2 =
2M2

k
·

(
1

k

∑
i∈D

λ4i

)
.

By Assumption 1, 1
k

∑
i∈D λ

4
i → λD,4 <∞, and k → ∞ as d→ ∞. Hence,

Vart(s
′,D
t ) = O

(
1

k

)
d→∞−−−→ 0.

By Chebyshev’s inequality, for any ϵ > 0,

P
(∣∣∣s′,Dt − Et[s′,Dt ]

∣∣∣ > ϵ
)
≤ Vart(s

′,D
t )

ϵ2
d→∞−−−→ 0.

Therefore, s′,Dt
p−→ s̄Dt . The same argument applies to s′,Bt (with |B| = d − k → ∞), and to

u′,St , w′,S
t by replacing λ2i with λ4i or λ3i (the boundedness of spectral moments for p = 3, 4 is

assumed in Assumption 1). This completes the proof.
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Lemma 27 (Interchange of expectation and k(·) at time t) Let k : (0,∞)6 → [0, 1] be the de-
terministic function defined in Lemma 25. Under the conditions of Lemma 26, we have

lim
d→∞

Et
[
k
(
s′,Dt , s′,Bt , u′,Dt , u′,Bt , w′,D

t , w′,B
t

)]
= k

(
s̄Dt , s̄

B
t , ū

D
t , ū

B
t , w̄

D
t , w̄

B
t

)
,

where Et[·] = E[· | x0] denotes expectation over the noise up to time t−1, and the limits s̄St , ū
S
t , w̄

S
t

are as defined in Lemma 26.

Proof Define the random vector

Zd :=
(
s′,Dt , s′,Bt , u′,Dt , u′,Bt , w′,D

t , w′,B
t

)
.

By Lemma 26, Zd
p−→ z̄t := (s̄Dt , s̄

B
t , ū

D
t , ū

B
t , w̄

D
t , w̄

B
t ) as d → ∞. The function k(·) is continuous

at z̄t because its explicit form

k(s1, s2, u1, u2, w1, w2) =
1

1 + 1
ρ ·

s2−2ηw2+η2(u2+ēB)
s1−2ηw1+η2(u1+ēD)

involves only continuous operations, and the denominator is strictly positive under Assumption 14
(since η < 2/λ1 ensures (1 − ηλi)

2 > 0 for all i, and the noise terms ēD, ēB ≥ 0 add positivity).
Moreover, k(·) is bounded between 0 and 1 since it represents the asymptotic limit of the alignment
θt+1 ∈ [0, 1]. Therefore, by Lemma 19 (the Continuous Mapping Theorem combined with the
Bounded Convergence Theorem), the convergence in probability of Zd to z̄t implies that

lim
d→∞

Et [k(Zd)] = k(z̄t),

which is precisely the claimed equality.

Lemma 28 (Equivalence of conditional and unconditional alignment expectation) Under As-
sumptions 1 and 14, with deterministic initialization x0, define the deterministic limits

s̄Dt := lim
d→∞

Et[s′,Dt ], s̄Bt := lim
d→∞

Et[s′,Bt ],

ūDt := lim
d→∞

Et[u′,Dt ], ūBt := lim
d→∞

Et[u′,Bt ],

w̄D
t := lim

d→∞
Et[w′,D

t ], w̄B
t := lim

d→∞
Et[w′,B

t ].

Then the following equality holds:

lim
d→∞

Et+1

θt+1

∣∣∣∣∣∣∣
s′,Dt = s̄Dt , s

′,B
t = s̄Bt ,

u′,Dt = ūDt , u
′,B
t = ūBt ,

w′,D
t = w̄D

t , w
′,B
t = w̄B

t


= lim

d→∞
Et+1[θt+1].
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Proof By Lemma 25, for any fixed values of the six statistics at time t, the conditional expectation
satisfies

lim
d→∞

Et+1[θt+1 | s′,Dt , s′,Bt , u′,Dt , u′,Bt , w′,D
t , w′,B

t ] = k(s′,Dt , s′,Bt , u′,Dt , u′,Bt , w′,D
t , w′,B

t ).

Substituting the deterministic limits s̄Dt , . . . , w̄
B
t into this identity yields

lim
d→∞

Et+1[θt+1 | s′,Dt = s̄Dt , . . . , w
′,B
t = w̄B

t ] = k(s̄Dt , s̄
B
t , ū

D
t , ū

B
t , w̄

D
t , w̄

B
t ).

On the other hand, by the law of total expectation,

Et+1[θt+1] = Et
[
Et+1[θt+1 | s′,Dt , . . . , w′,B

t ]
]
.

Taking the limit as d→ ∞ on both sides gives

lim
d→∞

Et+1[θt+1] = lim
d→∞

Et
[
Et+1[θt+1 | s′,Dt , . . . , w′,B

t ]
]
.

Applying Lemma 25 inside the expectation, the right-hand side becomes

lim
d→∞

Et
[
k(s′,Dt , s′,Bt , u′,Dt , u′,Bt , w′,D

t , w′,B
t )
]
.

Finally, by Lemma 27, this limit equals

k(s̄Dt , s̄
B
t , ū

D
t , ū

B
t , w̄

D
t , w̄

B
t ).

Thus, both sides of the claimed equality converge to the same deterministic value, and the result
follows.

A.9. Proofs of theorems in CSGD

Recall our assumption and notion:

Assumption 14 Our analysis is based on the following assumptions:

Table 4: Assumptions for CSGD

Assumption Description

Constant Step Size ηt = η, 0 < η < min
{

2
λ1
,
2(λk−λk+1)

λ21−λ2d

}

Initialization for x0
∀i ∈ D, c2i,0 > βi,

ϱD > δ −
∑

i∈D βi
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For the analysis, we define several key quantities:

βi :=
η κ2i

2λi − ηλ2i
> 0, ϱD :=

∑
i∈D

(c2i,0 − βi).

δ :=
smaxψDλ

2
1

λ2dλ
2
k

(
2(λk−λk+1)

η − (λ21 − λ2d)
) .

Theorem 15(Initial Decrease Phase) Under Assumption 1 and Assumption 14, let the t∗ be defined
as

t∗ :=

 log
(

ϱD
δ −

∑
i∈D βi

)
−2 log(1− ηλ1)

 .
Then for all time steps t ∈ {0, 1, . . . , t∗ − 1}, the expected alignment is strictly decreasing:

lim
d→∞

E[θt+1] < lim
d→∞

E[θt].

Proof By Theorem 2, the desired inequality follows if we can show that

lim
d→∞

Et[η∗t | s
′,D
t = s̄Dt , . . . , w

′,B
t = w̄B

t ] > η,

where s̄St = limd→∞ Et[s′,St ], etc., are the deterministic limits from Lemma 26.
To lower-bound this expectation, we use the state-dependent bound from Theorem 7:

η∗t ≥
2 gap1

(λ21 − λ2d) +
smaxψD
λ2d∥xt∥2θt

.

Taking conditional expectation given the six macroscopic statistics at time t, we obtain

Et[η∗t | z̄t] ≥ Et

 2 gap1

(λ21 − λ2d) +
smaxψD
λ2d∥xt∥2θt

∣∣∣∣∣∣∣∣ z̄t
 .

Now, observe that ∥xt∥2θt is a continuous function of the six statistics. Specifically,

∥xt∥2θt =

(
d∑
i=1

c2i,t

)
·
∑

j∈D λ
2
jc

2
j,t∑d

i=1 λ
2
i c

2
i,t

.

By Lemma 26, each block average 1
|S|
∑

i∈S c
2
i,t,

1
|S|
∑

i∈S λ
2
i c

2
i,t, etc., concentrates around its ex-

pectation as d→ ∞. Therefore, ∥xt∥2θt concentrates around its deterministic limit

∥xt∥2θt := lim
d→∞

Et[∥xt∥2θt].
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Since the function x 7→ 1/(a+ b/x) is continuous and bounded for x > 0, Lemma 19 implies

lim
d→∞

Et

 2 gap1

(λ21 − λ2d) +
smaxψD
λ2d∥xt∥2θt

∣∣∣∣∣∣∣∣ z̄t
 =

2gap1

(λ21 − λ2d) +
smaxψD

λ2d∥xt∥2θt

.

We now lower-bound ∥xt∥2θt. Using λi ≥ λk for i ∈ D and λi ≤ λ1 for all i, we have

∥xt∥2θt ≥
λ2k
λ21

lim
d→∞

Et

[∑
i∈D

c2i,t

]
=
λ2k
λ21

(
(1− ηλ1)

2tϱD +
∑
i∈D

βi

)
.

By the definition of t∗, for all t < t∗,

(1− ηλ1)
2tϱD +

∑
i∈D

βi > δ.

Therefore,

∥xt∥2θt >
λ2k
λ21
δ.

Substituting the definition of δ yields

smaxψD

λ2d∥xt∥2θt
<
smaxψDλ

2
1

λ2dλ
2
kδ

=
2(λk − λk+1)

η
− (λ21 − λ2d).

Hence,

2 gap1

(λ21 − λ2d) +
smaxψD

λ2d∥xt∥2θt

>
2(λk − λk+1)

(λ21 − λ2d) +

(
2(λk − λk+1)

η
− (λ21 − λ2d)

) = η.

Combining the above, we conclude that

lim
d→∞

Et[η∗t | z̄t] > η,

which implies
lim
d→∞

Et+1[θt+1 | z̄t] < lim
d→∞

θt.

Finally, by Lemma 28 and the concentration of θt, we obtain

lim
d→∞

Et+1[θt+1] < lim
d→∞

Et[θt]

for all t ∈ {0, 1, . . . , t∗ − 1}, completing the proof.
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Theorem 16(Late Phase) Under Assumption 1 and Assumption 14, the late-time asymptotic ex-
pected alignment is given by

θ∞ := lim
t→∞

lim
d→∞

Et[θt] =
limd→∞

∑
i∈D λ

2
iβi

limd→∞
∑d

i=1 λ
2
iβi

,

where βi =
ηκ2i

2λi − ηλ2i
> 0. Equivalently,

θ∞ =

limd→∞
∑

i∈D
ηλ2iκ

2
i

2λi − ηλ2i

limd→∞
∑d

i=1

ηλ2iκ
2
i

2λi − ηλ2i

.

Proof From the CSGD dynamics, the second moment of each eigencoordinate satisfies

Et[c2i,t] = (1− ηλi)
2t(c2i,0 − βi) + βi, where βi =

ηκ2i
2λi − ηλ2i

.

Since 0 < η < 2/λ1, we have |1− ηλi| < 1 for all i, so (1− ηλi)
2t → 0 as t→ ∞. Therefore,

lim
t→∞

Et[c2i,t] = βi.

The expected unnormalized energies are

Et[sDt ] =
∑
i∈D

λ2iEt[c2i,t], Et[st] =
d∑
i=1

λ2iEt[c2i,t].

Taking the limit as t→ ∞, we obtain

lim
t→∞

Et[sDt ] =
∑
i∈D

λ2iβi, lim
t→∞

Et[st] =
d∑
i=1

λ2iβi.

By Lemma 26, for each fixed t, the normalized statistics s′,Dt = sDt /k and s′t = st/d concentrate
around their expectations as d→ ∞:

lim
d→∞

Et[θt] =
limd→∞ Et[sDt ]
limd→∞ Et[st]

.

Moreover, the convergence Et[c2i,t] → βi is uniform in i under Assumption 1 (bounded spectrum
and noise). Therefore, we can interchange the limits t→ ∞ and d→ ∞, yielding

θ∞ = lim
t→∞

lim
d→∞

Et[θt] = lim
t→∞

lim
d→∞

Et[sDt ]
Et[st]

=
limd→∞

∑
i∈D λ

2
iβi

limd→∞
∑d

i=1 λ
2
iβi

.

This completes the proof.
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Appendix B. Numerical Simulation Results

In this subsection, we detail the parameter configurations for our numerical simulations. We con-
sider constant-step-size SGD on a deep linear network with the following global settings:

1. Input dimension: d = 500, target rank k = 50.

2. Learning rate: η = 0.003, total steps T = 30, 000.

3. Initialization: The matricesA are randomly initialized as positive definite symmetric matrices
A with different spectral gap m = λk/λk+1. We conduct experiments across a range of
values: m ∈ {5, 10, 20, 50, 100, 200, 300, 400, 500}.

4. Random seeds: We choose the various random seeds {42, 87, 568, . . . , 4008001}.

The code is available via link.

B.1. General Trends across Spectral Gaps

The alignment results for different values of m are presented in Figure 5. These results demon-
strate how the spectral gap influences the speed and stability of the alignment process. For each
experiment group, the left panel plots loss as a function of training steps, and the right panel plots
alignment as a function of training steps.

B.2. Expectation and standard deviation of the alignment for different seeds

To account for randomness in initialization and SGD trajectories, we repeated the experiments
across various random seeds {42, 87, 568, . . . , 4008001}. Figure 6 illustrates the expectation and
standard deviation of the alignment, confirming the consistency of our theoretical predictions.

B.3. Analysis of Phase I Alignment Decay Rate

As illustrated in Figures 7 through 13, we analyze the decay rate of alignment for various seeds. The
empirical results consistently indicate that the alignment exhibits a polynomial decay rate during
Phase I.

B.4. Convergence Rates and Spectral Gap Scaling

Finally, we investigate how the spectral gap m influences the final alignment state. We plot the rela-
tionship between the alignment and the parameter m in Figure 14, which shows that the alignment
scales logarithmically with respect to m. This logarithmic dependency suggests that while a larger
spectral gap facilitates alignment, the marginal benefit diminishes as m increases.
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(a) m=5 (b) m=10

(c) m=20 (d) m=50

(e) m=100 (f ) m=200

(g) m=300 (h) m=400

(i) m=500

Figure 5: Numerical simulation experiments with different spectral gaps (m = λk/λk+1)
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(a) seed=42 (b) seed=87

(c) seed=568 (d) seed=1101

(e) seed=12138 (f ) seed=70425

(g) seed=4008001

Figure 6: The limitation of the expectation and standard deviation of alignment with respect to
m = λk

λk+1
.
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(a) m=5

(b) m=10

(c) m=20

(d) m=50

Figure 7: The decay rate of phase I when seed=42 for various m = λk
λk+1

(Part 1).
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(a) m=100

(b) m=200

(c) m=300

(d) m=400

Figure 7: The decay rate of phase I when seed=42 for various m = λk
λk+1

(Part 2).
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(e) m=500

Figure 7: The decay rate of phase I when seed=42 for various m = λk
λk+1

(Part 3).

(f ) m=5

(g) m=10

(h) m=20

Figure 8: The decay rate of phase I when seed=87 for various m = λk
λk+1

(Part 1)
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(a) m=50

(b) m=100

(c) m=200

(d) m=300

Figure 8: The decay rate of phase I when seed=87 for various m = λk
λk+1

(Part 2)
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(e) m=400

(f ) m=500

Figure 8: The decay rate of phase I when seed=87 for various m = λk
λk+1

(Part 3)

(g) m=5

(h) m=10

Figure 9: The decay rate of phase I when seed=568 for various m = λk
λk+1

(Part 1)
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(a) m=20

(b) m=50

(c) m=100

(d) m=200

Figure 9: The decay rate of phase I when seed=568 for various m = λk
λk+1

(Part 2)
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(e) m=300

(f ) m=400

(g) m=500

Figure 9: The decay rate of phase I when seed=568 for various m = λk
λk+1

(Part 3)

(h) m=5

Figure 10: The decay rate of phase I when seed=1101 for various m = λk
λk+1

(Part 1)
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(a) m=10

(b) m=20

(c) m=50

(d) m=100

Figure 10: The decay rate of phase I when seed=1101 for various m = λk
λk+1

(Part 2)
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(e) m=200

(f ) m=300

(g) m=400

(h) m=500

Figure 10: The decay rate of phase I when seed=1101 for various m = λk
λk+1

(Part 3)
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(i) m=5

(j) m=10

(k) m=20

(l) m=50

Figure 11: The decay rate of phase I when seed=12138 for various m = λk
λk+1

(Part 1)
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(a) m=100

(b) m=200

(c) m=300

(d) m=400

Figure 11: The decay rate of phase I when seed=12138 for various m = λk
λk+1

(Part 2)
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(e) m=500

Figure 11: The decay rate of phase I when seed=12138 for various m = λk
λk+1

(Part 3)

(f ) m=5

(g) m=10

(h) m=20

Figure 12: The decay rate of phase I when seed=70425 for various m = λk
λk+1

(Part 1)
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(a) m=50

(b) m=100

(c) m=200

(d) m=300

Figure 12: The decay rate of phase I when seed=70425 for various m = λk
λk+1

(Part 2)
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(e) m=400

(f ) m=500

Figure 12: The decay rate of phase I when seed=70425 for various m = λk
λk+1

(Part 3)

(g) m=5

(h) m=10

Figure 13: The decay rate of phase I when seed=4008001 for various m = λk
λk+1

(Part 1)
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(a) m=20

(b) m=50

(c) m=100

(d) m=200

Figure 13: The decay rate of phase I when seed=4008001 for various m = λk
λk+1

(Part 2)
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(e) m=300

(f ) m=400

(g) m=500

Figure 13: The decay rate of phase I when seed=4008001 for various m = λk
λk+1

(Part 3)

(h) seed=42

Figure 14: The rate of the expected alignment convergence with respect to m = λk
λk+1

(Part 1)
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(a) seed=87

(b) seed=568

(c) seed=1101

(d) seed=12138

Figure 14: The rate of the expected alignment convergence (Part 2)
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(e) seed=70425

(f ) seed=4008001

Figure 14: The rate of the expected alignment convergence (Part 3)
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