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Abstract

This paper explores the suspicious alignment phenomenon in stochastic gradient descent (SGD)
under ill-conditioned optimization, where the Hessian spectrum splits into dominant and bulk sub-
spaces. This phenomenon describes the behavior of gradient alignment in SGD updates. Specifi-
cally, during the initial phase of SGD updates, the alignment between the gradient and the domi-
nant subspace tends to decrease. Subsequently, it enters a rising phase and eventually stabilizes in
a high-alignment phase. The alignment is considered “suspicious” because, paradoxically, the pro-
jected gradient update along this highly-aligned dominant subspace proves ineffective at reducing
the loss. The focus of this work is to give a fine-grained analysis in a high-dimensional quadratic
setup about how step size selection produces this phenomenon. Our main contribution can be sum-
marized as follows: We propose a step-size condition revealing that in low-alignment regimes, an
adaptive critical step size i} separates alignment-decreasing (7, < n;) from alignment-increasing
(n: > mf) regimes, whereas in high-alignment regimes, the alignment is self-correcting and de-
creases regardless of the step size. We further show that under sufficient ill-conditioning, a step
size interval exists where projecting the SGD updates to the bulk space decreases the loss while
projecting them to the dominant space increases the loss, which explains a recent empirical ob-
servation that projecting gradient updates to the dominant subspace is ineffective. Finally, based
on this adaptive step-size theory, we prove that for a constant step size and large initialization,
SGD exhibits this distinct two-phase behavior: an initial alignment-decreasing phase, followed by
stabilization at high alignment.

Keywords: loss landscape, suspicious alignment, step size condition, optimization theory
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1. Introduction

Deep neural networks are often optimized over ill-conditioned loss landscapes. Empirical studies
by Sagun et al. (2016, 2017) have shown that the Hessian of the training loss in over-parameterized
models typically exhibits a bimodal eigenvalue spectrum: a small number of large eigenvalues cor-
responding to directions of high curvature are sharply separated from a dense bulk of near-zero
eigenvalues that span the vast majority of the parameter space. This spectral structure creates
an ill-conditioned loss landscape: steep along a few dominant directions, yet nearly flat across a
high-dimensional subspace. Such geometry is referred to in the literature as the river-valley land-
scape (Wen et al., 2024), where narrow, high-curvature “valleys” are embedded within a broad, flat
“river”. To formalize this structure, let V2L(x) denote the Hessian at a point x, and assume it
admits a spectral decomposition with eigenvalues Ay > --- > A\p > Agyr1 > -+ > A\g > 0 and or-
thonormal eigenvectors {u; }¢_,. We partition the spectrum into a dominant block D = {1, ...k}
and a bulk block B = {k + 1, ..., d}, separated by a non-vanishing gap

gap; = A — A1 > 0.

This induces orthogonal projectors onto the corresponding subspaces:

PP — Zuzuj, pP5 = Zuzu:
i€D ieB

Typically, the (river-valley) landscapes are ill-conditioned. In such landscapes, SGD exhibits a
striking phenomenon: the gradient V L(x;) becomes increasingly aligned with the dominant sub-
space D as training progresses. This tiny subspace effect was documented by Gur-Ari et al. (2018),
who showed that late-stage gradients lie almost entirely within the span of the top few Hessian
eigenvectors. Other researchers also have similar findings (Schneider et al., 2024). Following by
those results, a lot of works try to use this property to design more efficient learning algorithms
(Gressmann et al., 2020; Gauch et al., 2022; Li et al., 2022a). To gain a better understanding of the
intuition, let’s define the alignment by

[PPVL(z:) |3

|
0 = € [0,1].
C= L@y €O

Intuitively, ; ~ 1 suggests that optimization is focused on the most curved directions, which
may seem to be an opportunity to achieve efficiency. However, above intuition is contradicted
by recent findings (Song et al., 2024): in the high-alignment regime (6; ~ 1), the SGD updates
projected onto the dominant space D often fail to decrease the training loss, while the orthogonal
bulk component—despite carrying negligible gradient norm—does make the loss decrease. We call
this suspicious alignment: a state where the gradient is mainly supported on D, yet updates along
D give non-decreasing or even ascending loss under typical step sizes. This leads to two questions:

Problem 1. How does the step size n; govern the evolution of alignment 0, in ill-
conditioned landscapes?

Problem 2. Why do Dominant Projected SGD (DSGD) fail to reduce the loss while
Bulk Projected SGD (BSGD) succeed under high alignment ?

We provide complete analytical answers to both questions in the quadratic case under the high-
dimensional regime where d — oo. Our main results are boxed below:
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Answer to Problem 1: Step-size condition of alignment dynamics. We identify an adaptive
critical step size nf (x;) (Eq. (2)) that separates two distinct regimes:

* Low-alignment regime (0; < gga,, Where ggay, is a threshold smaller than 1):
alignment is dependent on the step size n;. If 9, < nf, then E[0;41 | (] < 0y if 5y > 0y,
then E[0t+1 ‘ mt} > 0.

* High-alignment regime (6, > 0}, where 0 is another threshold smaller than 1):
alignment is self-correcting. E[041 | @] < 6 for any n > 0.

Here E[-|x;] means taking the expectation with respect to the gradient noise at ¢ step. These
regimes are separated by a stable interval (ggap, 0; ), into which 6, tends to oscillate. Furthermore,
Geap — 1,07 — 1 as A\ /g1 — oo . This is an informal summary of Theorems 2, 3, 4, and 6.

Answer to Problem 2: Stability disparity between subspaces. For projected updates, expected
loss decreases iff n; < 1$>(x;), where for S € {D, B},

292
2 ZieS A; Cit
12 2
Dies Ai Ciy T Dies Aik;

s> () =

with ¢;; = (4, u;) and k? = u; Zu,;. There exists a critical alignment 6§ € (0, 1) such that

loss

9t<9§rit = np <n}§>ss.

As A/ Apr1 — 00, 051 — 1, so for nearly all §; < 1, there exists an unstabele regime
(75, mi$™®) for the dominant update. When the step size is inside (}5%, 7$), DSGD increases
loss while BSGD decreases it, resolving the paradox of Song et al. (2024). This is an informal

summary of Theorems 10, 11, and 12.
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Figure 1: Two-phase SGD Dynamic: D, BB represent dominant and bulk direction respectively. This
is a simulation experiment with constant step size for SGD with spectrum gap )\:i o= 100, the
details can be referred to Section 7.

Building on this theoretical foundation, we further analyze the long-term alignment dynamics
under constant step size SGD (CSGD). In Section 6, we characterize a distinct two-phase behav-
ior of 6; as show in Figure 1: an initial transient phase where alignment monotonically decreases




DENG L1AO OUYANG PANG SONG YANG

(Theorem 15), followed by a late-time equilibrium where 6; converges to a noise- and spectrum-
dependent limit 0, (Theorem 16). This provides a complete picture of how ill-conditioning, noise
geometry, and step size jointly shape the alignment trajectory of SGD.

2. Related Work

Ill-conditioned Loss Landscape The performance of deep neural networks is strongly affected
by the geometric properties of their loss landscapes, as illustrated in the visualization in Li et al.
(2018). Initial spectral analysis by Sagun et al. (2016, 2017) identified a bulk-dominant structure
in the Hessian, characterized by a vast majority of near-zero eigenvalues alongside a small number
of dominant outlier eigenvalues. Subsequent research has further characterized the properties of
this structure across various tasks and architectures (Ghorbani et al., 2019; Papyan, 2019, 2020).
Specifically, Ghorbani et al. (2019) observed that gradients predominantly align with the few outlier
eigenvectors, while Wu et al. (2020) demonstrated that the Hessian remains consistently low-rank,
with its significant curvature confined to a tiny fraction of the parameter space. These empirical
observations are supported by theoretical proofs: Liao and Mahoney (2021) explained how outlier
eigenvalues and bulk eigenvalues emerge from the coupling between the model and the data struc-
ture, while Singh et al. (2021) derived exact analytic formulas for the low-rank nature of Hessian
maps. More recently, Hodgkinson et al. (2025) proposed that the Hessian eigenvalues of opti-
mal models approximately follow a Heavy-Tailed Marchenko-Pastur (HTMP) distribution. A key
characteristic of this distribution is its heavy-tailed nature, which is more likely to produce outlier
eigenvalues than light-tail distribution. Furthermore, certain dynamic properties of this structure
can exert unexpected impacts on optimization. In PINNs, Rathore et al. (2024) showed that the
presence of multiple conflicting loss terms leads to a highly unstable outlier structure where outlier
eigenvalues frequently shift and overlap during training, triggering severe instabilities. In addition
to these primary studies, other works have explored broader connections between this structure and
various optimization phenomena (Zhang et al., 2019; Yang et al., 2021; Garipov et al., 2018; Pan
et al., 2021).

Gradient Alignment Theory In the context of such ill-conditioned loss landscapes, Gur-Ari et al.
(2018) found that SGD consistently aligns with the large eigenvalue directions in the later stages.
Since the large eigenvalue space is a very low-dimensional subspace, they posited that SGD oper-
ates within a tiny subspace. However, subsequent observations by Song et al. (2024) overturned this
conclusion. By projecting SGD updates onto the corresponding subspaces during the middle stage
of training, they discovered that updates projected onto the large eigenvalue space do not reduce
the loss. Instead, updates projected onto the small eigenvalue space lead to further loss reduction.
Recent theoretical work on loss landscapes has also pertained to the alignment phenomenon of gra-
dient under ill-conditioned structures. For example, Li et al. (2022b) proved in their Theorem 3.1
that, for edge of stability (EOS) phenomenon (Cohen et al., 2021) and for quadratic programming
problems, if gradient descent uses a normalized step-size schedule, the gradient Ax aligns with
the largest eigenvector of the Hessian as time approaches infinity. Later, in Theorem 4.4, they es-
tablished gradient alignment results for normalized gradient flow on manifolds that satisfy certain
assumptions. In the context of studying LLM step size schedules, Wen et al. (2024) provided in
Lemma A.13 that, for a specific loss landscape structure, after a certain time ¢, the ratio of the
projections of the gradient flow onto the large and small eigenspaces (which is the alignment) has
an asymptotic upper bound with ¢. But, we note that the SGD results in Wen et al. (2024) con-
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cerns track the trajectory near the river only, and it does not have a result on trajectory alignment.
In conclusion, these theoretical alignment results are based on gradient descent rather than SGD.
Moreover, the works above are not specifically designed to study the loss landscape or the impact
of step-size schedules on the alignment phenomenon. Furthermore, we cannot directly use their
lemma to explain the observations reported by Song et al. (2024).

3. Preliminary
3.1. Common Notation

Before moving on to the main content, we will first introduce some common notation. We denote
R? as the d-dimensional Euclidean space. Bold lowercase letters (such as u, v) denote column
vectors; Bold uppercase letters (such as M) denote matrices; lowercase letters (such as a, b) denote
scalars. Sets are denoted by calligraphic letters (such as D, 5). The norm || - ||, represents the
p-norm for vectors or the p-operator norm for matrices; || - || represents the Frobenius norm for
matrices. Tr(M) denotes the trace of matrix M.

3.2. Setup and Assumptions

We study a quadratic optimization problem under SGD with arbitrary noise of finite second moment,
focusing on how the Hessian eigenspectrum and the noise covariance influence gradient alignment
with the dominant eigenspace of the Hessian.
Quadratic Loss and Spectral Decomposition We consider the quadratic loss function

1

L(x) = 5:13TA3:, VLi(x) = Ax,

where A € R?*? is symmetric positive definite. The matrix A has the spectral decomposition
AZUAUT? A:diag()‘la-'~a>‘d)> )\12"'2)%>>‘k+12"'2)\d>0’

with orthonormal eigenvectors U = [u1,...,u4]. We express the state x; in the eigenbasis as
d
Ty =) ;4 Cigw;, where ¢;p i= (g, u;).

Dominant and Bulk Spectral Recall that we partition the spectrum into a dominant block and a
bulk block:
D=A{1,...,k(d)}, B={k(d)+1,...,d}.

Here, we assume k(d) is a function of d. For simplicity, in the following, we denote k(d) by &,

where k € {1,...,d — 1}. We define projection matrices for the dominant and bulk subspaces:
PP = Zulu:, pPB .= Zu,u:,
i€D icB

and the squared alignment function 6(x;) of the gradient Ax; with the dominant subspace at time ¢
define as

IPPVL@IE _ PP Az Sien ek o e
ow) =1 IVL@IE ~ [A=lB — ©L, %2, |

1 1,

0 ifz, =0,
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which captures the proportion of the gradient’s norm in the top-k£ dominant eigenspace (with the
convention §(0) = 0 ensuring well-definedness in stochastic analysis). We will use 6; for short
in the later section. To analyze the alignment, we need to introduce the following notation for
quantities defined in certain subspaces:

Up =Y N, W= N,

i€D i€B
d
D._ 2 2 B._ 2.2 — D B_ 2 2
sp 1= g AiCiys Sp = E AiCips Sti=8; +8 = E A Cit- (1)
i€D i€B i=1

We assume the following eigenvalue gaps to ensure a clear separation between the bulk and domi-
nant eigenvalues. The gap is defined at the boundary between the k-th and (k + 1)-th eigenvalues.

gap; = A — Ap+1 > 0,  gap, = )\i — )\%H > 0.
SGD Update with Noise The SGD update with step size 7; > 0 is given by
T =@ — m(Am; + &), B[] =0,Cov[g] =%, Z=3%">0,

where &; ~ A/(0,X) is a Gaussian random vector. Define C := U " U as the noise covariance in
the A-basis, with per-eigendirection variances /i? = (C)ii = uZTZuZ We introduce the following
quantities to represent block-wise noise energy:

2. 2 2 2
e'D::Z)\iﬂi7 eB:ZAZK/Z
i€D i€B
The noise covariance eigenvalues Syin := Amin(2) and Spax = Amax(2) yield bounds:
Smind}D <ep < SmaX¢D7 Smian <ep < Smaow-

Why this Model? This quadratic framework, by separately modeling the components of x; in
high-curvature (dominant) and low-curvature (bulk) directions as well as the corresponding noise(&;)
components, facilitates obtaining more fine-grained analytical conclusions and understanding the
impact of alignment on optimization. It provides a tractable model for studying how step sizes and
noise geometry drive gradient alignment in SGD.

Assumption 1 (Asymptotic Spectral Assumptions) When we consider the high-dimensional regime,
where both d and k(d) — oo, we assume the following conditions, summarized in Table 1.
4. Step Size Condition Theory

For the SGD update ;11 = x; — 1 (Axy + &) with & ~ N (0, X), we define the adaptive critical
step size at time ¢ as

2 <( e i) (Xjep Aley) — (Ziep Neci) (e )‘?CJQ‘J))
(Sies A2e2) (Sjep M2y +ep) = (Siep Me2) (Zjes Mick, +es)

Recallep = ) .cp Mk2ep = Yien N k?2 with k7 = u! Su;.

7'V 7

ne (@) = )
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Table 1: Asymptotic Spectral Assumptions

Assumption Description
Trajectory boundedness The state remains bounded:
: d
sup, lim supy_,o0 & >0, C?,t < 0.
Block proportion The subspace dimension ratio is a fixed constant:
pi= ﬁ € (0,00). Which implies k = ﬁppd.

Block spectral moments For p € {2, 3,4, 6, 8}, the block-wise spectral
moments converge: ¢ Y _;cp AL — Ap,, € (0,00),
ﬁ ZiEB )‘f - )‘B,p S [07 OO)

Noise spectral bounds The noise covariance has a bounded trace:
Tr(%) € (0,400)

Theorem 2 (Decrease Condition) Under Assumption 1, if 0 < n, < nf(x), then
dli)lgl() E[6t+1 ‘ mt] < 9,5.
The detailed proof of Theorem 2 is in Appendix A.6.
Interpretation When the step size is smaller than the adaptive threshold (2), the expected alignment

function decreases in one step. This is the “small-step” phase. The adaptive threshold depends on
(A, X)) and the current state x; through the function (2).

Theorem 3 (Increase Condition) Under Assumption I, let

For t and x;. If 0 < ggap and 1, > 0 (x1), then
dhﬁrgo E[gt—H ‘ mt] > 0.

The detailed proof of Theorem 3 is in Appendix A.6.

Interpretation If the current alignment is in the “small regime” (meaning less than gg,p), and the
current step size 7; exceeds the adaptive threshold, the dominant alignment increases. Notice that
Jgap 18 an upper bound which does not depend on ;. As the dominant-bulk gap grows (A /Ag4+1 —
00), ggap — 1, s0 the “increase region” [0, ggap) expands to nearly all 6; € [0, 1).

Theorem 4 (Large Alignment Regime Condition) Under Assumption 1, there exists a critical align-
ment threshold 6} € (0, 1) such that if the current alignment 0; > 0}, then for any positive step size
1y > 0, the expected alignment decreases:

dli}l’ilo E[6t+1 ‘ .’L‘t] < et.

The threshold is given by 0; := r0/(1 + 10,), where roy is the positive root of the quadratic
equation:

aux,,2 aux aux aux aux __
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Recall that s ==Y, A2 (S € {D,B}) and s; = Zle \2¢c?

i Cip the coefficients in the quadratic
equation are defined as:

aux ,__ )
A = Smlnd)Ba

aux .__
ht = Smawaa

ma = 5, (A2 — \2).
Furthermore, as ¥p/v¥p — oo, we have 0 — 1.
The detailed proof of Theorem 4 is in Appendix A.6.

Theorem 5 (Asymptotic rate of 0f) Under Assumption 1, let m := \;/Ap+1 > 1. There exist
constants «, B > 0 such that

In particular,

N 1

Interpretation Theorem 4 and 5 shows that a very large alignment value can be self-correct: re-
gardless of the step size, the expected alignment decreases for 0; beyond a computable threshold
0f. As the dominant-bulk gap grows (A\,/A+1 — o0), 0f — 1, so the “decrease” region (0;,1)
shrinks toward the maximum alignment value of 1.

Theorem 6 (Separation of Alignment Regimes) Under Assumption 1, for any nontrivial problem
with a non-zero spectral gap (gap, > 0) and bounded noise (Smax < 00), the low-alignment
threshold ggay, is strictly less than the high-alignment threshold 0 :

Geap < 0.
The detailed proof of Theorem 6 is in Appendix A.6.

Summary The preceding theorems delineate two primary “alignment regimes” based on the cur-
rent alignment value 6;. These regimes, which govern the core behavior of the SGD dynamics, are
presented below.

01 € (0, ggap) 0, € [07,1)
Alignment is dependent on 7);: Alignment is self-correcting:
E[9t+1 | QZt] > 0, if ny > 77:, E[9t+1 | :l?t] < 0,
E[fi41 | @) < 0y ifmy < nf for any n; > 0
Low—Aligngent Regime High-Alignment Regime

These two primary regimes are separated by an intermediate interval, (ggap,¢;), which can be

viewed as a stable regime. For a sufficiently large step size (i.e., n: > 7)), the dynamics create
an oscillating behavior: if alignment drops below ggayp, it is pushed back up, and if it exceeds 6;, it
is forced back down. Consequently, the alignment 6; will tend to oscillate within this stable interval
(9gap, 7). Crucially, this stable interval is dependent on the spectral structure of the Hessian. As the
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gap between the dominant and bulk eigenvalues grows (i.e., as A /Ax+1 — 00), both boundaries
of this interval converge towards 1. This means the interval itself asymptotically approaches the
single point {1}, driving the alignment to stay close to the maximum value. To provide an intuitive
understanding of the connection between 7] and the current state of x;, we present the following
theorem:

Theorem 7 (State- and gap-aware lower bounds on n; (with ||x.||2)) Under Assumption 1, for any
x, we have

0> 2 gap;
t =
(A=A +

smawa
AZ llzee ][5 6

The detailed proof of Theorem 7 is in Appendix A.6.
Remark The lower bounds increase with the parameter norm ||x;|| and with alignment 6; (or de-

crease with 1 — 6; by symmetry), and with the first-order gap gap,. Or, more essentially, based on
AL PPay||3

the expression for #;, we can conclude that 6; > YL
1 2

. Finally, we obtain:

2 gap,

A7 Smax¥'D
()\2 _ )\2) 4 1
T XN PP 3

ne >

This means that when the dominant space has a sufficiently large projection norm (for example,
at initialization, a large random initialization can satisfy the condition with high probability), n; ’s
lower bound = f%gii% If the eigenvalues in different subspaces can be approximated (i.e., Vi €
D, )\ =~ N\, and Vi € B, \g = \;), we further obtain 7;’s lower bound ~

2
A1+Ag”

Theorem 8 (State- and gap-aware upper bounds on n*) Under Assumption 1, providing that the

; ; s .
alignment satisfies 0y > caien e have:

AkAL — App1Ad

Corollary 9 (The comparison between n; and )\%) Suppose the conditions of Theorem 8 hold. We
have the following relation between n; and the convergence step size for Quadratic Programming:

Remark Here, Theorem 8 offers the intuition that when the alignment function 6; exceeds a crit-
ical threshold e;fep (Note that this threshold depends solely on the noise covariance matrix), we
can obtain Corollary 9 that n* is smaller than the critical step size required for gradient descent

convergence in quadratic programming( )\% ).
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5. Behavioral Analysis of Projected SGD under Alignment Conditions

Recalling the finding by Gur-Ari et al. (2018) that late-stage gradients are primarily confined to the
dominant subspace (high alignment, §; — 1), the subsequent work of Song et al. (2024) revealed
a seemingly paradoxical phenomenon. They demonstrated that in this high-alignment regime, up-
dates projected onto this supposedly critical dominant direction do not necessarily decrease the loss;
instead, it is often the projection onto the orthogonal bulk subspace that guarantees a loss reduction.
We resolve this apparent contradiction by developing a precise theory for the step-size conditions
under which each projected update is guaranteed to decrease the expected loss.

Projected SGD To rigorously analyze this phenomenon, we define two idealized algorithms
where the stochastic gradient update is explicitly projected onto the dominant and bulk subspaces,
respectively. The update rules for the Projected SGD algorithms are given as follows:

Dominant Projected SGD (DSGD): Tyl =X — Ny PD(Amt +&). 3)
Bulk Projected SGD (BSGD): Tyl =X — Ny PB(Aa:t +&,). 4)

To analyze their decay condition, we first define the necessary state- and noise-dependent quantities
for a subspace S € {D, B}:

o W\Pe2

S . 3.2 loss .__ 2 S L ZIES 7 .t

Ty = E A Cits ns— = E Aiky, wy (psq) == 72 N2 5)
icS i€S ies NiCit

Theorem 10 ( Step Size Condition for Projected Updates) For a given state x4, the one-step ex-
pected loss decreases if and only if the step size 1y satisfies the following conditions for the dominant
and bulk projected updates, respectively:

2 P
ForD: E[L(zy) —Lxy) | o] <0 <=  0<n < nsS(xy) = Ditloss
T, +np
loss 23?
For B : E[L(wt+1) — L(mt) | mt] <0 < 0< Nt < Uiz (mt) = "B . _loss
T +n8

The detailed proof of Theorem 10 is in Appendix A.7. The relationship between these two thresh-
olds is not fixed; it is dynamically determined by the alignment of the current state. The following
theorems characterize this crossover phenomenon.

Theorem 11 (Condition Differences on Different Alignment Regime) Under Assumption 1, the
relative ordering of the two loss thresholds 1}S™ (x+) and ng)ss(a:t) is determined by the alignment
0; of a given x; relative to the unique critical threshold, 05 € (0, 1). This threshold is the root of

the quadratic equation h(0) = a0 + 3,0 + v, = 0, with coefficients defined by:

ar = sy (pf (3,2) — pi (3,2)) (6)
B = —ay + nig™ + nig® (7
W= —np* ®)

10
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Where n}gss, ,u,‘ts (p, q) is defined in formula (5). The ordering of the thresholds in the two resulting
regimes is as follows:
Oy < 0" = (@) < ng (@),

00> 0" = g (@e) > g (a).

The detailed proof of Theorem 11 is in Appendix A.7. Furthermore, as stated in the following
theorem, this critical alignment threshold exhibits a predictable behavior in ill-conditioned settings,
which converges to a state of full alignment 1.

Theorem 12 (Asymptotic Limit of the Alignment Threshold) Under Assumption 1, let the spec-
tral gap be denoted by m := A,/ A\iy1. In the limit as the gap grows infinitely large, the critical
threshold in Theorem 11 converges to 1:

: n _
n’%gnoo Hcrit (mt) =1
Summary The central finding in this section is the existence of a critical alignment threshold, #5™,
that dictates the relative stability between DSGD and BSGD. This threshold partitions the alignment
space into two regimes with inverted stability orderings, as summarized below:

crit crit
0; < Ht 0; > Gt
loss loss loss loss
np (@) < ng>(x) np(we) > 0™ (x)
Low-Alignment Regime High-Alignment Regime

Our asymptotic analysis shows that as the spectral gap grows (m := A\g/Agy1 — 00), the critical
threshold converges to one: lim,, oo 0™ = 1. This has a direct consequence on the operational
regimes: the high-alignment regime (65", 1) asymptotically vanishes to {1}. Conversely, the low-
alignment regime [0, #5') expands to occupy nearly the entire alignment space [0, 1). The dynamics
within this now-predominant low-alignment regime are therefore of primary importance. Here, the
stability thresholds are ordered such that n%ss < ng’ss, which leads to the following different descent

behaviors:

ForD: E[L - L >0 (LosslI
Wi e (n%’ss,n}?ss), { or [L(x41) (xy) | ¢ (Loss Increases)

For B: [E[L(x¢11) — L(z¢) | x:] <0 (Loss Decreases)

This provides a theoretical explanation for the empirical findings of Song et al. (2024), which ob-
served that updates along dominant directions can increase while those in the bulk remain decreases,
although the gradient is aligned with dominant space. However, it should be noted that the two align-
ment regimes here are not directly related to those in the previous Section 4, although they exhibit
the same behavior in the asymptotic case.

Ak

ok > 1.

Theorem 13 (Rate of the critical alignment threshold) Under Assumption 1, let m =
Then the critical alignment threshold 05" € (0, 1) satisfies
nloss loss

< 1-— ecrit < ng
St Apr1(m —1) + ng,)ss + nlposs = t =

St Mgr1(m —1)

11



DENG L1AO OUYANG PANG SONG YANG

If \g+1 = O(1), consequently,

. 1
M =0O(m), 1 — 0" € G(st(m—l)> :

Remark Note that the asymptotic order here is simultaneously related to both s; and m. s; is
positively correlated with the loss function L(x;). Although we discussed in Theorem 5 that 6] is
asymptotically 1 with order © (#) . Notice that 87 > #¢" with large enough m, which implies that
the alignment stable regime may drop in Bulk projection unstable regime. This seems to contradict
the empirical phenomena, but actually it doesn’t. We recall the phenomenon observed by Song et al.
(2024): when the loss has not yet converged (i.e., L(;) has not reached a very small regime), even
the alignment is already very high at this point, if we start performing subspace projection on the
updates, we will observe the suspicious alignment phenomenon. The conditions here, in addition to
the inherently ill-conditioned structure of the loss Hessian itself, also require that the loss L(x;) is
still in the pre-convergence stage.

6. Constant Step Size SGD: Two-Phase Dynamics of 6,

Building upon the step size condition theory from the preceding sections, we now investigate the
long-term dynamics under the constant step size SGD, which we will refer to as CSGD in the later
content. This specialization allows us to characterize a distinct two-phase learning dynamic: an
initial, transient phase driven by the initial state x(, and a late-time, steady-state equilibrium driven
by noise. In this section, we make the following assumptions about the step size and initialization
for CSGD. Recall that ¢; ; := (x¢,u;) is the projection of the state x; onto the i-th eigenvector of
matrix A. To give a further analysis, we define several key quantities:

2
nNk;

i = —————5 > 0,0p = 20— Bi)-
p 2N — 77)\? oD ZEZD(CZ,O B )
5= Smawa)\%
o 2(A,—A ‘
A (Rt — (33 - 03))

Assumption 14 Our analysis is based on the following assumptions:

Table 2: Assumptions for CSGD

Assumption Description

Constant Step Size  n: =1, 0 <7 < min {)\%,

VieD, y> B

Initialization for xq
0D >0 = icp Bi

12
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Theorem 15 (Initial Decrease Phase) Under Assumption I and Assumption 14, let the t* be defined

as
log (QD >
6 — ZieD Bi

t" =
—2log(1 —nA1)

Where | -] is the floor function. Then for all time stepst € {0, 1,...,t*—1}, the expected alignment
is strictly decreasing:

d—o00 d—o0

The proof of Theorem 15 is in Appendix A.9.

Interpretation Theorem 15 establishes the existence of a predictable initial phase in SGD dynam-
ics, guaranteeing that for a sufficiently large initialization, the expected alignment E[6;] will mono-
tonically decrease for a calculable duration of ¢* steps. The formula for ¢* explicitly links this phase
duration to the initial state: a positive-length phase is guaranteed when the initial op, exceeds a
threshold. Furthermore, the theorem shows that the length of this phase, t*, grows logarithmically
with this initial op.

Theorem 16 (Late Phase) Under Assumption I and Assumption 14, the late-time asymptotic ex-
pected alignment is given by

li o A2B;
000 _ hm lim Et[et] _ l.md—>oo Z'LdE'D 2517
t—00 d—>00 limg_s o Zi:l )‘i Bi
nK;
where 3; = m > 0. Equivalently,
limg oo D iep 2;7177;/\2
Bo = S
. A2g2
limg_s o0 Z?:l 2;7177;)\2
i i

The proof of Theorem 16 is in Appendix A.9.
Interpretation After the transient decay, the alignment settles to a stable level 6, determined solely
by the Hessian spectrum {); }, the noise covariance {2}, and the step size 7. In the case of isotropic
noise (X = 021, so k? = o for all i) and small step size ) < 1, we have the approximation

- limg_, o0 ZieD Ai

oo T d .
limg_oo ZZ‘:1 Ai

Furthermore, if the dominant-bulk eigenvalue gap grows such that Ag/Ax+1 — oo while the bulk
spectrum remains bounded away from zero, then 6., — 1. This provides a theoretical explanation
for the long-run alignment of SGD with the dominant eigenspace.

13
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7. Numerical Experiment

Numerical Simulation with Different Spectrum Gap We performed several numerical simula-
tions of constant step size SGD under varying spectral gaps. In these experiments, we fixed the
dimension d = 500, the dominant space dimension k& = 50, the step size = 0.003, and the total
number of steps 1" = 30, 000. For each spectral gap

m = A/ Aki1 € {5,10,20,50, 100,200, 300, 400, 500},

We randomly initialized positive definite symmetric matrices A with the corresponding spectral gap
and conducted comparative experiments. For brevity, We selected four experiments to present in
the main text, with simulations for m = 5, 20, 50, 200. We also plotted the loss decline curves to
ensure that the algorithm converges to the convergence stage, with specific results shown in Figure
2. The complete experimental results and setup are available at Appendix B. It can be observed that
all experiments exhibit a two-phase phenomenon, where the alignment function initially decreases
in the short term and then increases. Furthermore, as m increases, the stable region of the alignment
function gradually approaches 1.

Loss vs Step

Alignment vs Step

Alignment
e o o »
5 o ® o

°
N

0.0

Loss vs Step

Alignment vs Step

Alignment

°
N

0.0

0 10000 20000 30000 0 10000 20000 30000 0 10000 20000 30000 0 10000 20000 30000
Step Step Step Step
(@) m=5 (b) m=20
Loss vs Step 10 Alignment vs Step Loss vs Step 10 Alignment vs Step
103 103
0.8 0.81
102 - 102 =
" \ 0.6 " é 061
§ 10 | £ 8 10! 5
\ 204 2049
10° 10°
0.2 0.21
107 0.0 107 0.0
0 10000 20000 30000 ] 10000 20000 30000 0 10000 20000 30000 To 10000 20000 30000
Step Step Step Step
(¢) m=50 (d) m=200

Figure 2: Numerical simulation experiments with different spectral gaps (m = \i/A\k+1)

The Simulation for E[f.,] and Spectrum Gap Following the setup from the previous experi-
ment (detailed in Appendix B, where a constant step size is employed for SGD), we performed a
simulation study to investigate the relationship between the limiting stable value 6, and the spectral
gap m = A/Ap41 in the expectation context. Here, 67 denotes the value at time 7', which marks
the beginning of the second phase where the system enters stability, and 7¢pq denotes the end time
of the experiment. We use the statistic:

1 Tena
E[Alignment] = T

0
end —

14
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Alignment Metrics vs. Eigenvalue Ratio (m)

E[Alignment] vs. m Std[Alignment] vs. m
: 1.0 E‘ 00s{ ™. . -m- Std[Alignment]
C 0.9 q) 0.04 ‘\\
2 = Y
E 08 C o003 \\\
C [e)} N
'907 = 0.02
< <
'L'_.I" 0.6 B 0.01 Sme
—e— EfAlignment] n 000 \\1\"'*#1

5 10 20 50 100 200 300 400500 5 10 20 50 100 200 300 400500

Figure 3: E[Alignment| and Std[Alignment] vs m = A /Ag+1

to estimate E[0]. We plotted the trend of E[Alignment| and recorded the variance of this statistic
as functions of m, the latter reflecting the trend in the volatility of 6; in the second phase, as shown
in Figure 3. We also performed tests with different random seeds, the detail results can be found in
Appendix B. It can be observed that as m gradually increases, E[Alignment] gradually approaches
1 with fewer fluctuations, which is consistent with the result of Theorem 16. Besides the primary
numerical simulation results discussed above, the AppendixB contains additional simulation analy-
ses, including results on the decay rate in the first phase and a discussion of the order in m at which
0~ asymptotically approaches 1. The code for our simulation experiments is available at link.

8. Conclusion

Combining Sections 4, 5, and 6, this work points out that for ill-conditioned loss structures, when
optimized using SGD, the gradient dynamics exhibit two distinct alignment trends depending on the
choice of step size. In the early stages of optimization, following sufficiently large initialization, if
the step size 7 is relatively large compared to the norm of the optimization variable x;, the gradient
gradually aligns with the bulk space. However, as the optimization progresses and the norm of the
optimization variable x; decreases, entering a small-scale regime, if 7; does not keep pace with
the decay of the norm of x;, the gradient gradually aligns with the dominant space (Theorems 2,
3, and 4). However, this alignment does not imply that the dominant direction of the gradient
is beneficial to loss reduction. On the contrary, the direction that truly facilitates loss reduction
remains the bulk space (Theorems 10, 11, and 12). Using the “river-valley” structure analogy (Wen
et al., 2024), each step of SGD’s update has a critical step size n;. When a; is sufficiently far
from the “river” or the update step size is smaller than 7}, ; moves closer to the “river.” When x;
is sufficiently close to the “river” and the update step size is larger than n;, + moves toward the
“valley.” This critical step size n; gradually decreases and converges to approximately lower than

1
= SV (Theorem 6). This suggests that to track the “river” during the optimization process, the
1 d

. 1 . .
step size should be set to less than =~ N o However, to ensure sufficiently fast movement in
1 d
the direction of the “river,” the step size needs to be sufficiently large. This indicates that to balance

tracking the “river” and maintaining fast optimization progress, the step size should be at most
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. This proves that for SGD, tracking the “river” while preserving optimization efficiency

APV
is constrained by the ill-conditioned structure. This provides an explanation for SGD to maintain

optimization effectiveness while ensuring efficiency. To achieve better optimization efficiency in
such cases, further improvements to the descent direction are necessary, such as those found in
many existing preconditioning methods, including methods that approximate the inverse Hessian or
assign step sizes to individual parameters (Kingma, 2014; Gupta et al., 2018; Yao et al., 2021; Song
et al., 2025). The analysis of the relationship between step size selection and alignment for these
preconditioning methods can be left as a direction for future research.
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Appendix A. Proof of Theorems

A.1. Preliminaries, Notation, and Assumptions (for reference)

Spectral notation and projections. We recall A = UAU " with U = [uy, ..., uy] orthonormal
and A = diag(A1, ..., \g) strictly decreasing:

AL 2 e > A1 = = Ag > 0.

Any x; € R?is expanded in the eigenbasis as

d

€Ty = E Cit Wi, Cit = <:z:t,ui> € R.
=1

For a dominant-bulk partition D = {1,...,k}, B={k+1,...,d}, define
PPNl PO Y
i€D ieB
and, forp € N,
P5 =) Nuu!  (Se{D,B}).
€S
Alignment and subspace notion. The squared alignment function () of the gradient Ax; with
the dominant subspace at time ¢ is defined as
IPPVL(x)|3 _ PP A=} _ Xiep Nl
o) =4 VL@ Az} YL, 2,

0 ifz, =0,

€[0,1] ifa #0,

The convention #(0) = 0 ensuring well-definedness in stochastic analysis).We will use 6; for short
in the later section. Define the subspace quantities as follow:

Up =Y N, Upi= Y A

i€D i€B
d
D ._ 2.2 B ._ 2 2 _ D B_ 2 2
sp 1= E AiCiys Sp = g AiCips Sti=8; +8 = E A Cit- ©)]
i€D i€B i=1

and the spectral gaps is defined as:

gap; 1= A\ — A\gy1 > 0, gapy i= A\f — Ay = (Mg — Mer1) Mk + A1) > 0.
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Noise in the eigenbasis. The SGD update is
T =x — Az + &),  &~N(0,X), T=3T>0 {&}iid
Let C := U " ZU and define per-direction noise variances
Ii? =(C)iy = ul-TEu,- >0, Smin = Amin(X), Smax := Amax ().

Set the block-wise noise energy be:

— 2,2 - 2,2
ep 1= g A K3, es 1= g A K7,

i€D icB
and recall 1s := >, g A7 for S € {D, B}. Then we have:
Smin¥D < €D < Smax¥D; Smin¥B < €8 < Smax¥B-
And our assumptions are:

Assumption [ (Asymptotic Spectral Assumptions) When we consider the high-dimensional regime,
where both d and k(d) — oo, we assume the following conditions, summarized in Table 1:

Table 3: Asymptotic Spectral Assumptions

Assumption Description
Trajectory boundedness The state remains bounded:
. d
sup, lim supy_,o & >0 ; ¢y < oc.
Block proportion The subspace dimension ratio is a fixed constant:
p = 225 € (0,00). Which implies k = {{-d.

Block spectral moments For p € {2, 3,4, 6,8}, the block-wise spectral
moments converge: 1 > ;cp XY — Ap, € (0,00),
dflk D ieB )‘f — Agp € [0,00).

Noise spectral bounds The noise covariance has a bounded trace:
Tr(X) € (0,400)

A.2. Next step alignment function

Exact one-step alignment transform. The SGD update projected onto the eigenbasis gives the
evolution of the coefficients ¢; ;:

Cigr1 = (Tpp1, Wi) = (T — Ne(Ax + &), ui) = cip — me(Nicig + Gie) = (1 —meNi)cie — 1:Cigs

where (; ¢ = (&, u;). Attime t + 1,5294_1 = ics A?citﬂ. Thus,

2iep A7 (L= mAi)eir — 77t<i,t)2 1
9t+1 == a 2 5 = B (10)
S A2 (L= nedideie —mGie)” 14 S
St1
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where )
st = 2 AT (L= mAa)eis — miGi) (S €{D,B}). (11
=
Remark. When we fix a x;, we can reasonably assume that s;11 # 0, sgrl = 0, since the case that

{€|s141(€) = 0}, {¢|sE 1 (€) = 0} are zero measure set for &.
Notice that,when we fix x; (such as we consider the conditional expectation E[-|x;] later). 0,11, s;41 =

Zgzl )\12 ((1 — MeNi)Cit — ntCi,t)Q is a function of &. Let &} be a vector that:

(1 - nt)\i)ci,t

Vi€ D, < x},u; >=
Mt

1T —mi)ciey . .
If & = a}, s, = 0. Since V = {|Vi € D,< &,u; >= A= mdi)City o0 g~k dim

t
hyperplane, and since £ is a d dim gaussian. By Sard Theorem, V is a zero measure set for £. Since
6;+1 is a bounded function, then 61 is § — integrable (E¢[6;41] < 00). Then:

E¢[0111] 2/ 9t+1d€=/ 9t+1d€+/9t+1d£=/ Or+1dE.
R4 R\ V v RA\V

Therefore, we can assume sgrl # 0,and it does not affect the expectation on 6,1. The case of
{¢|sP1(€) = 0} is analogous.

Comparison functional and its meaning. To more conveniently obtain our conclusions in the
asymptotic setting, we define the comparison functional:

fe(ne) = sf sPy — spoy st (12)

so that
i1 > 0, <= fi(n) >0, 041 < 0y <= fi(m) <O0.

The sign of f;(7;) will be controlled via its conditional expectation given x;.

A.3. Probabilistic Lemmas

Lemma 17 (Variance of Gaussian Forms) Let z ~ N(0,C) with C = CT = 0 and |C||2 <
oo. For any deterministic vector g € R® and any deterministic diagonal matrix D = diag(dy, .. ., dg),
the following standard results hold:

Var(g'z) = g'Cg <||C|l2|lg]3,
Var(z' Dz) = 2tr((CD)?) < 2||C|)3 tr(D?).

Lemma 18 (A Weak Law of Large Numbers for Block Averages) Ler {S;}qcn be a sequence
of index sets such that |Sq| — oo as d — oo. For each d, let {y;}ics, be a collection of scalar
random variables satisfying Var(3_;cs. vi) = O(|Sal). Then

1 1 »
= Yvi —E |5 yi| —— 0.
‘Sd| Z% ! ’Sd| z%i ! d—00

Furthermore, if limg o0 ﬁ > _ies, Elyi] = L for some constant {, then ﬁ Dies, Yi — LNy}
—r 00
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Proof Let s; = Ziesd y; and g = —‘ We want to show that for any € > 0, limg o P(|54 —
E[54]| > €) = 0. By Chebyshev’s inequality,

Var(Ed).

P([sa - Efsdl| > €) < —3

€

We analyze the variance term:

1
Var(sy) = Var | — Yi Yi
P e (X

1€Sy

By assumption, there exists a constant ko < oo such that Var(3_; s, i) < ko|Sa|. Substituting
this into the inequality gives

kolSal _ ko
[Sal2e2 ~ [Sale”

P(|sa —El[sd]| = €) <

As d — oo, we have |Sy| — o0, so I 3 \52 — 0. This proves convergence in probability. The second
part of the lemma follows directly. |

Lemma 19 (Continuous Mapping Theorem with Dominated Convergence) Let {y, }ncn be a
sequence of scalar random variables such that vy, LN Yo, Where 1yg is a constant. Let f be a
n—oo

function that is continuous at yo and bounded. Then lim,,_, E[f(yn)] = f(vo).

Remarks. The variance formulas in Lemma 17 are standard results for Gaussian distributions.
The weak law in Lemma 18 is proven directly from Chebyshev’s inequality. Lemma 19 is a standard
result combining the Continuous Mapping Theorem with the Bounded Convergence Theorem.

A.4. Asymptotic Property

In this section, we need to introduce some important asymptotic properties of variables under our
asymptotic region settings. In this section, all probability measures p we consider are conditional
measures based on x;, defined as p(-|x;).

Lemma 20 (Asymptotic ratio of expectations) Under Assumption 1, the normalized block sums
converge in probability to their conditional expectations:

1 1
%s?ﬂ ﬁ Up(xy, 2), T sfﬂ —> lg(xy, 2),

where Us(x;, X)) = limg o ﬁE[sfﬂ | @] are finite constants (or functions depend on x;,X).
Consequently, the limit of the expected alignment is the ratio of the limits of expected energies:

1 1 1
hm E[9t+1|f£t] = 1520 E[1+1 Sﬂj - 1 L limgyoo B[ 1psB ] 1+M' (13)
PpSﬂl P limg_yeo E[L 8D, [a¢] plp(z:,3)
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Proof We analyze the structure of the scalar sum sf " 1- By expanding its definition, we can decom-
pose it into terms that are constant, linear, and quadratic with respect to the noise vector z; (whose
components are (; t).

S T T
Spr1 = XSt t 9542t + 2 Ds iz,

where the scalar x s ; (constant given x;), vector gs ¢, and diagonal matrix D ; are defined as:

Xsi =y AL —mhi)?ely,
i€ES
(gs.)i i= =20 AF (1 —meNi)eiy ifieS
S o ifigsS’
(Ds1)ii = A ifieS
SR 0 ifig S

The variance of s, is the variance of the sum of the linear and quadratic forms. By Lemma 17
and Assumption 1, Var(s?,;) = O(|S|), which satisfies the conditions for Lemma 18. This gives
the convergence in probability. Let the scalar random variable y;, 4 be the ratio

B 1 /
5¢r1 d—FSt+1 p lg(xe, X2)
= = = S 0 .

With f(y) = (1 + y)~! being bounded and continuous, Lemma 19 yields

1 1 1
lim Ef1 | 2] = lim E[ } - - : .
d d 1+ 1+ Up (21, %)
—00 —00 Yk,d Yo 1+ pf’D(:ct,E)
The last identity in (13) follows from the definition of £'(x;, ). |

Lemma 20 justifies that, asymptotically, the expectation can be interchanged with the ratio defin-
ing 6,+1. Which implies if we want to have a decrease for 6, asymptotically, we have:

1 1
lim E|6;1q | x| = < lim 6; =
d—o0 [ + ‘ ] 1 llimd%oo ]E[dflksfﬂ‘mt} d—o0 _ llimdﬁoo ﬁstB
p limdﬂoo]E[%stD_,'_l\wt} P limg oo %s?
(14)

= lim E[sf s} — lim E[sf,,sf |@] <0
Jim Bsp s [@] = lim Blsgy s @]
— lim E[ft(nt) = sf StD_H — sfH s? | a:t] <0
d—o00
Therefore, to decide the sign of the drift of 6; in expectation, it suffices to analyze the sign of the

comparison functional’s expectation E[f;(n;) | «:] (a quadratic in 7). This motivates computing
elementwise expectations next.
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A.5. Comparison Lemma

Lemma 21 (Elementwise expectation of x, 1) Foreachi € {1,...,d} and for a given x,,

[)‘ cz Jg4+1 ‘ mt] = (1 - ntAi)2A2 Cit + 772A2 2

Consequently,
E[sf1 | @] =P —2m Y Ak, +nf (Do Xk +ep), (15)
1€D 1€D
E[sfy | @] = sf —2m > Njed + 02 (3o Xk +en) (16)
ieB i€B

Proof We expand the square for ¢; ;1 and take the expectation conditional on x;:
E[N 1 | @] =B (1= mdi)eis — mGin)® | @]
Expanding the squared term gives
B[N (1= medo)ey — 2m(1 — mAi)ciGie + niGRy) | ).

Using E[Gi ¢ | 2] = 0 and E[¢}, | #;] = 7, the cross-term vanishes. We are left with

E[APC]q | @e] = N (1 —meho)*cly + nf AP k] (17)
= (1 =2mXi + mp AN € + i ATk (18)

Summing over ¢ € D (or B) and regrouping terms yields

St+1 |wt ZAl Cit 277tz>\1 zt+77t (ZAZ zt+z>‘ >

€S €S €S €S

This simplifies to the expressions in (15) and (16) using the definitions of sf and eg. |

Lemma 22 (Quadratic form for step size condition) With fi(n;) as in (12), for a given xy, its
conditional expectation is a quadratic function of n; with no constant term:

Elfe(me) | @) = pen} + ae e (19)

where the scalars p; and q; are defined as

4 = 2<5t SN, — sy N ”) < 25BsP (i1 — Ai) < 0, (20)
ieB i€D
= o (N en) — P (e +ew). a
Jj€D i€eB
If pt # 0, we define the adaptive critical step size as the non-zero root nf := —qi/p.
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Proof We explicitly compute the conditional expectation of f;(7;) by substituting the results from
Lemma 21 into its definition and collecting terms by powers of 7.

Elfe(ne) | @] = sPE[sfyy | @] — sPE[spyy | 2]

= o (P —2m S e (3D Mk +en)

i€D jED

_StD< _2ntz>‘z zt+nt(z)‘z zt+€l§)>

ieB ieB

D_ D
= (st —s5¢)

( 2815 ZAZ zt+2st Z)‘z zt)

1€D i€B
_'_,’7? St<Z)\4]t+€'D>—St (Z)\4lt+68)
jeD i€B
32
:77t2( Z)‘z zt_stzkz zt)
i€B €D

qt

+ 17 (Z/\] ]t+eD> _St(z/\4zt+68)

jeED iEB

Pt

This confirms the quadratic form E[ ft(nt) | ] = pm? + qne. The bound on ¢ follows from
Zz’eB /\?sz,t < )\k+1$tB and > jeD )\] c]t > /\ksg), which makes ¢; strictly negative since A\, >
Ak+1- [ |

Remark. The expected one-step alignment change functional E[f;(n;) | @] is a quadratic func-
tion of the step size 7, that always passes through the origin (n; = 0,E[fi(n:) | ;] = 0). The
behavior for any positive step size 7; > 0 is entirely determined by the sign of the quadratic coeffi-
cient py, as illustrated in Figure 4.

When p; > 0 (Figure 4a), the parabola opens upwards. Since ¢; < 0, there exists a positive
critical step size n; = —q;/pr > 0. For a small step size 0 < n; < 7}, we have E[f:(n:)] <
0, implying the expected alignment E[f; ;]| decreases. For a large step size 7, > n;, we have
E[fi(n:)] > 0, implying the expected alignment increases.

When p; < 0 (Figure 4b), the parabola opens downwards. Since both coefficients p; and g; are
negative, the functional E[f;(n;)] is negative for all positive step sizes 1, > 0. This implies that, in
this regime, any choice of step size will lead to a decrease in the expected alignment.

A.6. Proofs of Step Size Condition Theory
Theorem 2(Decreases Condition) Under Assumption 1, if 0 < n, < n;(x;), then

dhﬁI{olo E[9t+1 ‘ $t] < 0.
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f, (77t) f, (nt)
A A
> 7, >
* Qt *: —_— — &
== Dy T 2
(a) (b)

Figure 4: The sign of E[f;(n:) | x:] as a function of 7;. (a) shows the behavior when p; > 0,
where the parabola opens upwards. (b) shows the behavior when p; < 0, where the parabola opens
downwards.

Proof By Lemma 22, E[f;(n;) | ] = pen? + qe with ¢ < 0. If p; > 0, then for 0 < 1, < nf =
—qt/pt, we have E[fi(n;) | ;] < 0. Lemma 20 transfers the sign to limg_,oo E[0p41 | ¢ < 6;. W

Theorem 3(Increase Condition) Under Assumption 1, let

Jgap ‘= Y 5 € (0, 1).
Smax +1
1 + Smin ’ ; ( )‘k )

Fort and ;. If 0; < ggap and n; > 1 (x¢), then

dhﬁI{olo E[9t+1 ‘ wt] > 0.

Proof We will show p; > 0 when 6; < ggap, then apply Lemma 20 and 22.
First, recall the expression for p; (formula 21). Let’s consider the term which do not contain eg in

pr:

St D_AiGe = st D Aiele =D ) NAelcl (] = A)
Jj€D i€B ZGB]ED
> sfst (A — Aiq1) > 0. (22)

Next, using ep > smin®p and e < Smax¥B,
sfep —sPes 2 si((1 = 0)smintp — Orsmaxtis ). (23)
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-1 . . . .
If 0; < gnoise := (1 + %) , then the bracket is non-negative and so the term which do contain

es is > 0. Using yp > k:)\2 and Y < (d — k))\k 1,we can have ggap < gnoise.- Hence p; > 0
whenever 6; < ggap. Therefore if additionally 7, > n;, then E[f;(n;:) | ;] > 0 and Lemma 20
yields

lim E[9t+1 | mt] > 0.

d—o0

AS A/ A1 — 00, (Mkr1/Ak)? — 0 implies ggap — 1. [ ]

Theorem 4(Large Alignment Regime Condition) Under Assumption 1, there exists a critical align-
ment threshold 0} € (0, 1) such that if the current alignment 0, > 0f, then for any positive step size
e > 0, the expected alignment decreases:

dli{go E[9t+1 ‘ $t] < b;.

The threshold is given by 07 := ro;/(1 + 10,), where ro; is the positive root of the quadratic
equation:
a?uxr2 + (a?ux aux haux) _ h?ux — 0.

The coefficients are defined using the second-order spectral masses Vs := ) ;s )\12 and the total

energy s; := Z 2 Qt as:

K3 ’l

aux ,__
a; = Smiana

haux ‘= Smax¥D,
M = s (A2 — \2).
As Yp/1pg — oo, we have 0f — 1.

Proof We derive a sufficient condition for p; < 0. Using

Z )‘] jt 1St ) Z)\z Cit > )\dst ;€D < Smax¥D, €8 = Smin¥B,
Jj€D iEB

we get

pr < PSP + Smaxthp) — s¥ (A3sP 4 smints)
= 5704(1 — 0;) (A7 — A3) + 5¢((1 — 01) Smax¥D — OtSmins). (24)

Let r; = 60;/(1 — 6;) and define a?™ := spinthg, AP 1= Smax®p, M 1= s;(\2 — )\fl). Then
pr < 01is implied by rym&™ + (1 4 r¢) hd"™ — ri(1 4 r¢)ad™ <0, Wthh is equivalent to

aux, .2 aux aux aux aux
(lt Tt+(at h ) t_ht Z 0

Hence, if 6, is large enough so that the quadratic inequality holds, p; < 0 and, for any 7, > 0,
combine with Lemma 20:

lim E[ft(nt) ‘ mt] <0 = lim E[9t+1 | mt] < Qt,
d—00 d—00
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Theorem 6 (Separation of Alignment Regimes) Under Assumption 1, for any nontrivial problem
with a non-zero spectral gap (gapy > 0) and bounded noise (Spmax < 00), the low-alignment
threshold ggay, is strictly less than the high-alignment threshold 0} :

Jgap < 07 -
Proof According to the proof of Theorem 3:
0t < ggap = Pt >0,
if ggap > 07,30, € (07, ggap). by the proof of Theorem 4. we have:
0, >0, = p <0

which contradicts the previous conclusion. Therefore g4, < 0f |

Theorem 5(Asymptotic rate of 0;f) Under Assumption 1, with m := \g/Ag+1 > 1, there exist
constants o, B > 0 such that

I5] «
1-—= <0 <1-—
m2 — 't~ m2’
and hence .
0;=1-0(— ).
=1-o(o)
Proof By Theorem 4 we have
% To,t
09t = T,
1+7oy

where rg; > 0 is the positive root of the quadratic
a?ux 7,2 + (ataux o mtaux _ hiaux) r— htaux =0.

Here
2 2 2 2
a?™ = Smin Z A7, ™ = Smax Z AL, mP =5 (AT = Ag),
icB i€D
are all nonnegative scalars. Using the quadratic formula, the positive root can be written as

2
mg,ux 4 h?ux _ agux + \/(m?ux + h?ux _ a?ux) + 4CL?UX h?ux
roe = 92 qdux :
ay
Under Assumption 1 the eigenvalues satisfy
M1 <A< \p forieD,

and
M1 <A fori € B,

so that, with the shorthand

lp:=|B|- Ai-&-l? ug == |B| -m2/\%+1,
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we have (g < >, g A? <ugand plp <> ;.p A? < pup, where p = k/(d — k). Using the noise
spectral bounds Smin < Amin(X) < Amax(2) < Smax. it follows that
Smin g < " < Sminus,  SmaxplB < M < Smaxpus.
aux

Define the fixed scalar 5 := p (Smax/Smin) > 0. Using m&"* > 0, we obtain

Smax P ¢B — Smin UB o B

rot > =— - 1,
Smin UB m
and hence
0F — To,t > B/mQ -1 _ 1
Pty T 14+ (B/m2—1) T p/m?

For the upper bound, since ai"™ > spinlB, A" < sSpmaxp up, and mi*™> < st()\% — /\5), there exists

a fixed scalar o > 0 such that
ror < « m2.

Then

N T0.t am? 1

t = 2 S 5 = — 727

1+7oy 1+am 1+am
which gives
B . o
=2 st s1-05

The ©(1/m?) form follows from these two-sided inequalities. [

Theorem 7(State- and gap-aware bounds on n; (with ||x||2)) Under Assumption 1, for any x,

we have
2 gap

(A =29 +

ne >

Smax¢D
AZ N3 0

Proof The bounds for n; = —q;/p; are derived by finding lower and upper bounds for —¢; and p;.
By formula (20), we have:

—q; > 2570,(1 — 6;)gap,

And by formula (24), we have:
Pt < 3152915(1 - Ht)(A% - )\?1) + St(l - Ht)smawa

. Therefore
« _ —at 2 gap
Dt ()\% - Aé) + Smax"vDD
St Gt

Using s; > A2||x¢||3 yields the stated lower bounds.
|
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Theorem 8(State- and gap-aware upper bounds on n*) Under Assumption 1, providing that the
alignment satisfies 6, > = fe , Where eg, ep represent the noise magnitudes in the principal and
tail subspaces respectlvely, we have:

77: < 2()\1 - )\d) )
AAL = Apy1Ad

Proof Recall that the optimal step size is given by the ratio n; = —q;/p;. We first derive an upper
bound for —¢;. By definition, and noting that ¢; contains no noise terms under the orthogonality
assumption, we have:

—qt = Z)‘z Cit — Z)‘z Cit

€D ieB
< StBAl (Z AZ Zt) - StD)\d (Z )‘2 zt) (25)
ieD el
— )\13t )\dSt St

= (A1 — /\d)st St

Next, we derive a lower bound for p;. Expanding the expression for p; yields:

Dt = S <Z/\J jt—I—ep) 5 (Zx\Z zt+65)
(26)

B D
— Z)\] ]t Z)\Z Zt + SteD_St 63)

Jj€D i€eB

Applying the spectral bounds A\; > A for j € D and \; < A\i4q fori € B to the signal components:

pr > (AgA1 — )\k+1)\d)S?StB + (Sfep — Stpelg). 27
The given condition 6; > o +e implies:
s €8 D

< s, ep+ stDelg > stDeB + stBeB — sfep — stDelg > 0.

sP+sB T eg+ep
Since the noise residual term is non-negative, we may lower bound p; by omitting it:
¢ > (AAL — M1 ha)sPsP. (28)
Substituting the bounds for —g; and p; back into the expression for 7);:

n< (A — Aa)sPsP _ A1 — Mg (29)
OV VI VD Wi 1 = - V) VI VI ¥
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Corollary (The comparison between 7; and /\2—1 ) Suppose the conditions of Theorem 8 hold. We
have the following relation between n; and the convergence step size for Quadratic Programming:

ne < .

Proof Using the tight bound derived in the proof of Theorem 8:

ot (M — )
b= )\k>\l PYSEDYE

We first verify nf < /\% it suffices to show:
A(A1 = Ag) < AeAt = A1

Noting that Ay, < Ay, the inequality holds if A3 — A1A\g < A2 — A\gy1\g, which simplifies to
Ak+1 < A1. This is naturally satisfied by the definition of principal and tail eigenvalues. Therefore:

A.7. Proofs for Projected SGD Theorem

This section provides the detailed proofs for the theorems and lemma presented in the main text.
For clarity, we first recall the central definitions for a given subspace S € {D, B}:

Z)\Z zt? Z)\Z zt? Z)‘z zt?

€S 1€S €S
N2 D
1 . S . Z'LES 170t . St
oss Z )\ K“L’ ,LLt (p, q) = 7A Ht = D . B
ies 2ies i€ 5S¢+ S

We begin with the proof of the first theorem, which establishes the one-step expected loss con-
dition.

Theorem [0(Condition Differences on Different Alignment Regime) For a given state x;, the
one-step expected loss decreases if and only if the step size 1y satisfies the following conditions for
the dominant and bulk projected updates, respectively:

2sP
ForD: E[L(xi)—L(m) |2 <0 <=  0<n <nggs(m) = W
ForB: E[L(zy1) — Lim) 2] <0 <=  0<m <ngS(z )*i
or B : Tt Tt) | Tt ne<n = TtB + nlé)ss
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Proof Let the projected stochastic gradient be gf = PS(Ax; + &,). The update rule is x; ;. =
x; — n:gy . The one-step change in the loss function L(z) = %:BTALL' is:

1 1
AL = L(x4y1) — L(xy) = 5(% —mgd) Az, —ngy) — §thAfEt
1
= —n(g?) Az, + ~ni(g7) T Agy .

2

We now take the expectation with respect to the noise &;, conditioned on ;. The linear term
becomes E[(gP) T Ax;] = (P°Ax;)" Az, = ] AP Axy = s7. The quadratic term becomes
El(g7) T AgP] = (PSAxz,) T A(PS Az,) +E[(PS¢,) T A(PSE,)] = 7 +nl$. Combining these,

the expected change in loss is E[AL | @] = —ms8 + 307 (75 + n'$%®). Setting this to be less than
S

zero holds for 0 < n; < sttloss. |
T tns

The proof of Theorem 11 relies on the fundamental properties of its governing quadratic func-
tion, which we first prove in the following lemma.

Additional Notion To give a further analysis of the projected SGD, we need to introduce the fol-
lowing quantities (), B(x¢), v(x¢) which depend on x;. (We will use oy, B¢, ¢ later for short.):

ar = st (1 (3,2) — 1 (3,2)) (30)
B = —ay + ng™ + nig™® 3D
Ve = —nigs (32)

Lemma 23 Let h(0) := 02 + B0 + v; be the crossover quadratic, with coefficients as defined
above. The following properties hold:

1. Yax;, oy >0 (positive definite in x;),
2. Vay, v+ <0  (negative definite in xy).

Additionally, ¥ x, h(0) = v < 0and h(1) = oy + B¢ + 7 > 0.
Proof First, we prove that the leading coefficient oy is positive definite. By definition,

or = 5t (1P(3,2) — 4B(3.2))

For any x4, s; > 0, so the sign of oy is determined by the term in the parenthesis. This term is
positive if and only if the following inequality holds:

pe(3,2) > 1 (3,2).
For the dominant subspace, Vi € D, \; > Ag, which provides a lower bound:

MD(?’ 9) = > iep Ni- ()‘?sz,t) > D ieD Ak - ()‘12022,0 — A
L Yiep N, Yiep Nichy
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For the bulk subspace, Vj € B, \; < A1, which provides an upper bound:

Sies i (Aie3,) - Sjes M1 (AT, Mot
= = Ak+1-
Y e Njchy > e AjCy

The spectral gap condition Ay > Ax41 combines these bounds into the strict inequality chain:

:utD(sz) > A > Agt1 = Mf(372)'

This proves uP(3,2) > 1 (3,2), which implies that a; > 0.
Second, we prove that the constant coefficient -y is negative definite. By definition,

—nllgss.

Yt =
For any x; and noise &, nllgss =D icD A\ik? > 0. Since v is the negative product of two positive
definite quantities, it follows that v; < 0.
Finally, we verify the function’s values at the boundaries. At # = 0, the value is the constant
term, so h(0) = 7. As just shown, this is negative definite. At 6 = 1, the value is the sum of the
coefficients. Substituting their definitions and simplifying yields:

h(1) = a; + Bt + 7
=y + (—at + nlgss + nIBSS> + (—nl,?ss>

= n}gss.

Since ng’ss > 0, we have h(1) > 0. This completes the proof of all claims. |

Lemma 24 Under the conditions of Lemma 23, there exists a unique critical function 0 (x;) :
RY — (0,1). For brevity, we will use 05" for 6" (zx,) in the following. For h(0) = a,0% + B0+,
the following hold:

1. Vg, V0 € (0,6¢), h(h) <0,
2. Vay, VO € (657,1), h(6) > 0.

Moreover, 05" is the unique root of h(0) = 0 in (0, 1), given explicitly by:

— B + 53 — 4oy

ecrit —
t 2at

Proof The proof relies on the properties of the quadratic function h(#) = a;6%+ 3;0+~; established
in Lemma 23 for any given x;.

First, we analyze the roots of the equation h(#) = 0. The discriminant is A; = 87 — day;.
From Lemma 23, we have a; > 0 and v < 0. This implies that the term —4q;y; is strictly positive.
Therefore,

A = 53 —dayy > 0.

Since A; > 0, the equation h(6) = 0 has two distinct real roots.
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Next, we analyze the location of these roots using Vieta’s formulas. The product of the roots is
given by:
010, = L.
Qi
Since ¢ < 0 and oy > 0, their ratio is strictly negative, Z—tt < 0. This proves that one root is positive
and the other is negative.

Let the unique positive root be denoted by #5"t. We now prove that this root must lie in the
interval (0, 1). Lemma 23 states that 2(0) < 0 and h(1) > 0. Since h(#) is a continuous function,
the Intermediate Value Theorem guarantees that there must be at least one root in (0, 1). As we have
already established that there is only one positive root, this positive root must be the one that lies in
(0,1). Thus, there exists a unique root 6" in the interval (0, 1).

Now, we derive the explicit formula for this root. The two roots of the quadratic equation are

—BiEVAL

given by —=5=-=". We must identify which sign corresponds to the positive root. We analyze the

magnitude of the square root term:

Ay =B —dayy > B = VAL > \/ BE = |B4l.

Consider the root with the minus sign: —3; — v/Ay. Since \/A; > || > — 4, this term is always

negative. Thus, VAL i the negative root. Consider the root with the plus sign: —5; + /Aq.

QOLt
Since /A; > %{E
We conclude:

B¢| > By, this term is always positive. Thus, is the unique positive root.

ecrjt _ _/gt + /8t2 - 4at7t
t Qat '

Finally, we prove the sign of h(6) on either side of 6. From Lemma 23, we know that A(6) is an
upward-opening parabola (o; > 0). A continuous, upward-opening parabola with a single root in
an interval must be negative before that root and positive after it within that interval.

* For any 0 € (0,65"), since h(0) < 0 and the only root in this range is at the endpoint, h(6)
must remain negative.

e For any 0 € (5™, 1), since h(1) > 0 and the only root in this range is at the startpoint, h(6)
must remain positive.

This completes the proof of all claims. |

Theorem [11](Condition Differences on Different Alignment Regime) Under Assumption I, the
relative ordering of the loss thresholds is determined by the alignment 0, of a given x; relative to
the unique critical threshold, 95" € (0,1). This threshold is the root of the quadratic equation
h(8) = 62 + B0 + v = 0, with coefficients defined by:

o = 50 (1P(3.2) — 15(3.2) (33
B = —ay +ng>s + g™ (34)
Yt = —T'LIDOSS (35)
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The ordering of the thresholds in the two resulting regimes is as follows:

crit crit
loss loss loss loss
np (@) < ng™(x) np (@) > ng™ (x)
Low-Alignment Regime High-Alignment Regime

Proof We begin by analyzing the sign of the difference between the two loss thresholds.

nlOSS(xt) _ nloss(wt) _ 28? _ 28? — 2 (StD(TtB + ng’)ss) B StB(TtD + nlgss))
° § P g uf g (7P + ng=) (F + nig™)

Since the denominator is a product of positive definite terms, the sign of this difference is strictly
determined by the sign of the numerator.

sign (nleOSS(wt) — ng’ss(wt)) = sign (stD(uf +npgss) — sP(uP + n1DOSS)> . (36)

We now perform a detailed expansion of the numerator expression. Notice that 70 = 1 (3,2)s
sP sB .
and 0y = - =1— -1

PP+ ™)~ SBP + )

s (1B (3.2)sF +nig™) = s (1P(3,2)sP + )
= sPsP (1uP(3,2) — P (3,2)) + sPnig™ — sPnig™
= 570,(1 — 0,) (1P (3,2) — ut (3,2))

+ stﬁtng’ss — St(l — Gt)nlgss.

For non-zero x+, we have s; > 0. We can factor out s; from the entire expression and collect terms
by powers of 6;:

. (ag 50 (4P 3,2) — 1F(3,2) |

T Orfse (1P(3,2) — uf(3,2)) + nlg™ + nig

+ [—nI{;SS]).

The expression inside the parentheses is a quadratic function of 6;. We define this normalized
quadratic as our crossover function h(6;):
h(0:) == a:b; + Bibs + s,

Where the coefficients o, ¢, y; are defined as:

ar = sy () (3,2) — pf (3,2)) (37)
B = —ay 4+ nig™ + nig® (38)
W= —np* (39)
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Which precisely match the coefficients of Lemma 23. We have thus established the central equiva-
lence:

sign (75 (@) — ni§™ (@) = sign (h(0s(x1)))

The remainder of the proof follows directly from Lemma 23 and Lemma 24. These lemmas establish
that for any given x;, the function h(6) has a unique root 65" € (0, 1), is strictly negative for all
6 € (0,65, and is strictly positive for all # € (65"t 1). This proves the two regimes stated in the
theorem. |

Theorem [2(Asymptotic Limit of the Alignment Threshold) Under Assumption 1, let the spectral
gap be denoted by m = X\i/M\ir1. In the limit as the gap grows infinitely large, the critical
threshold converges to 1:

Tr}gnoo egrit(wt) =1
Proof Recall that the critical threshold 5 is defined as the alignment where the loss thresholds
are equal. Citing the condition from Eq. (36), any state x; at this threshold must satisfy the exact
equality:

sP (1P 4+ ng>) — sP(rP +nls™) = 0.

This equality can be rearranged by separating Tts and n}gss:

B._D D_B __ D, loss B, loss

IR T 'D B . . .
Dividing by s;”s7 gives the equivalent :
My (372)_:“15(372): B D
St S¢

We now analyze this equality in the limit as the spectral gap m := A\ /Ap11 — oo. We can establish
a lower bound for the left-hand side (LHS) and an upper bound for the right-hand side (RHS):

LHS = 117(3,2) — 17 (3,2) = A — Ak,

loss loss loss
_ "B np ng
RHS = % - &% < —5.
St St St

For the equality to hold, the lower bound of the LHS must be less than the upper bound of the RHS.
This provides a necessary condition that any state at the crossover must satisfy:

loss

Ak — A1 <

B
s

This inequality provides a strict upper bound on the third-order bulk energy, stB:

loss
g

0<sP<c —8B_
A — Akt
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Remark It is crucial to note that the term on the left-hand side of the inequality, sf, is intrinsi-
cally dependent on the vector x,, since its definition stB => jeB /\?cit explicitly involves the state’s
components cjy. Conversely, the upper bound on the right-hand side is independent of x;, as both
the numerator nlgss = ZjeB )\jﬂ? and the denominator A\, — A\11 are determined solely by the
constant Hessian eigenvalues and noise covariance structure. This inequality therefore provides a

state-independent upper bound for a state-dependent quantity.

We now show that this upper bound converges to zero as m —> 0, independently of the state
components ¢; ;. The numerator is bounded by 7 = 3=, 5 Ajk7 < Agy1 > jes 5. The denom-
inator is A\gy1(m — 1). Combining these gives:

loss by §
nB k+1 jEB ]
< = K 7TT’ 2
)\k_)\k+1_)\k+1( _12 j = m—1 ( )

The term 7'r(X) is a finite constant dependent only on the noise covariance, not on the state x;.
Thus, the upper bound for sf converges to zero as m — co. By the Squeeze Theorem, we rigorously
conclude that lim,,, s sf =0.

Finally, the limit of the critical alignment 65"t = sP/(sP + sP) can be determined. For a
non-trivial state where the total energy does not vanish, we conclude:

: D D
. crit hmm%oo St St
lim ;™ = — BT 5= D =
m—00 limy, o0 85 + limy, 00 87 sy +0

Theorem 13(Asymptotic rate of 05"') Under Assumption 1, let m := /\:i -
alignment threshold 05" € (0, 1) satisfies

nloss nloss

< 1_00r1t < B
St Apr1(m —1)

St A1 (m — 1) 4 nig™s + nigss

If M\iz+1 = O(1), consequently,

. 1
_ __ perit
A =0O(m),1—6; EQ(st(m—l))'

Proof By Theorem 11, the critical threshold 65" € (0, 1) is the unique solution in (0, 1) of
0 + B0+ = 0,

where
ar=s(p(3,2) — 1 (3,2)),  Br=—ar+ng®+ng®, v =-np*.

Introduce the change of variables § := 1 — . Substituting # = 1 — § into the quadratic equation
yields
Oét(l o 5)2 + ( o + nloss + nloss)(l - 5) . nlBSS —0.
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Expanding and collecting terms gives
2 loss loss loss loss loss __
o — 2040 + 46” — ap + g™ + ng® — (—ay + ngE +np®)d — ng*® =0,

which simplifies to
Oltfs + ( loss + n%ss)(s _ nll(g)ss = 0.

Rearranging yields the equivalent identity
(b + ngss + nllgss) = nigss.

Since § > 0, this identity immediately implies the bounds

loss loss
n n
B <§f< -B

at_|_nlé)ss+nlgss — oy

Next, by definition,
Zz D)‘z Cz )‘22012
H(3.2) = Sy =) sy |
Z €D M zt ieD Z eD Yy ]t

which is a convex combination of {); : i € D} and therefore satisfies u(3,2) > A. Similarly,
1B(3,2) < A\p11. Consequently,

ar = s(pp (3,2) — 4P (3,2)) > st A — A1) = 8¢ A (m — 1).

Substituting this bound into the previous inequalities and recalling that § = 1 — #¢i¢ yields

loss loss
ng 1 gorit < g
t < .
St )\k+1 (m — 1)

<
St Agr1(m —1) + nll‘g’ss + nlgss -

If \pr1 = O(1), then A\, = O(m) and A\, — A\pr1 = ©(m — 1), and the above bounds imply

~ 1
__ pcrit
1—0; e@(St(m_1)>,

which completes the proof. |

A.8. Lemma Of CSGD

Let E¢[- | @], Var[- | «;] denote expectation,variance over the noise sequence {&}'_ J 1

Lemma 25 (Asymptotic representation of conditional alignment) Under Assumption 1, define
the normalized block statistics at time t for S € {D, B} as

4
t "~ S Z/\ZQ 12t7 t = S Z)‘z ?u t = S Xf 12t7
’ | €S | | i€S ’ | i€S
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and let ép := tep, ég := 7rep. Define the deterministic function k : (0,00)% — [0, 1] by

1
where p = lim
141, sa—2ntwa+n? (ua+ég) ’ P= m d—k
s1—2mcw1+nZ (u1+ép)

]{}(Sl, 52, U1, U2, wl,wg) =

Then, under the spectral and noise assumptions, we have:

k:(sl, 52,U1, U2, W71, ’wg)

. 1,D 1,B 1,D 1B 1D B _
= dlgn Et 1 [9t+1 ‘ S{ =81, 8 =S, Ul =ui, ul = U2, w =wip, w) = w2] (40)
(o]

Notice that for any deterministic x satisfy :

Sl’D = 81, S,’B = S92, u"D = Ui, u”B = U9, ’LU,’D = wq, ’U),’B = w2

We have:

k‘(sl, S9, U1, U2, wl,wg) = hm EtJrl [9t+1 | ry = m]

d—o0
Siaq . .
Proof Recall that ;1 = Dt7+8’ where the unnormalized energies are
Sip1 T St
D _ 2 2 B _ 2 2
St+1 = E Aj Cit+1>  St41 = E Aj Cit+1-

1€D i€B

From Lemma 21, their conditional expectations (with respect to the noise &; at step t) are

Et+1[st+1 ’wt]_st _277152)‘1 zt+nt2 Z)‘z zt+eD )

€D i€D
Et+1[8t+1’wt]_8t —277152)\1 zt+771? ZAZ zt+eB
i€B i€B

Dividing by block sizes yields

1 _
L6 | ) = 7 = 2000l + 1200 + o),

1 _
- kEt+1[3t+1 | 2] = St - 277twt + 7 (uy Py en).

Define the deterministic scalars
9y =57 = 2 + nf (P + Ep), 0 = s, — 2 + 7 (uy® + Eg).
We now analyze the concentration of the normalized energies. Expanding the SGD update
Ty = @ — m( Az + &)
in the eigenbasis U = [uq, . .., uy4|, we have for each i:

Cigt1 = (1 —mNi)cie — meCis
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where ¢; ;= U "¢, ~ N(0,C) with C = U"ZU and k7 = (C);;. Hence,

2 1= Z M2 ++1 = (deterministic) + (linear in ¢;) + (quadratic in (;).
€S

By Lemma 17 and Assumption 1, the conditional variance satisfies

)-o(t)

1
Vary41 (]S|Sf+1

Thus, by Chebyshev’s inequality,

> €| ¢

. 1 &
dlLIEOIP’ <}|5|st+1 — s
where ¥p = 91 and ¥ = 1J5. Consequently,

B
S 1 9
lim tD—H = —. -2 in probability (conditional on ;).
d—oo Sy 1 1% a1

Since f(x) = 1/(1 + z) is continuous and bounded on (0, c0), Lemma 19 implies

: 1y D 4B 1D 1B 1D 1B
dlirgoEt+1 [9t+1 | act] =f (p . 191) k( ! s; ,ug ug ,wg wg ),
which completes the proof. |

Lemma 26 (Concentration of macroscopic statistics at time ¢ under CSGD) Under Assumptions 1
and 14, with deterministic initialization  (so that c; are fixed scalars), define for S € {D, B}
the normalized statistics at time t:

Z/\z zt? ut : Z)\Z zt? wt = Z)‘z 1t
168 ‘8’ €S ’S‘ €S

Then, as d — oo, each statistic converges in probability to its expectation, which is a deterministic
function of the initial eigencoordinates {c;}:

5;7 5 57 = mzv (1= nhi)*(cdo = Bi) + 6]

€S

/8—>ut . ‘S’Z)\4 1_77)‘ 2t( _ﬁl)+6z]7

1€S
/S_>wts' |S|Z)\3 1_77)‘)2t( —,BZ)—I—,BJ,
€S
U
where ﬁl == m > 0.
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Proof We prove the result for s;’D; the other five statistics follow identically by replacing the weight
A2 with A} or A3, and/or changing the block to B. Under constant step size SGD, the eigencoordinate

evolves as
t—1

cio=(1—n\)leio—nY (1—nx)"""Cs,
s=0

where (; s = uiTSS ~ N(0, /ﬂi,?) are independent across s. Since ¢; ¢ is deterministic, ¢; ; is Gaussian
with mean p; ¢ = (1 — n\;)'c; 0 and variance

t—1

1—(1—n\)?
oty = K] 2,21 ) - Bi (1= (1 —=nX)*),

1—n\ 2(t—1—s) — 2=\~ "M
% ( 772) Ry 1—(1—77)\1‘)2
s=0
where we used the definition 3; = nr?/(2\; —n)\?) and the identity 1 — (1 —n);)? = A\ (2—n\;).
For a Gaussian random variable, E;[c} ] = 17, + 07, s0
Eecfy] = (1= nX)*cio + B (1= (1= nX)*) = (1= nX)* (o — Bi) + Bi.

Thus, the expectation of S;’D is
oy 1 2m .21 _ <D
Ee[sy™] = % Z)‘iEt[Ci,t] =S¢
1€D
which is deterministic and depends only on {c;o}. Since the noise is independent across eigendi-
rections, the random variables {c?t}glzl are independent. Hence,

1
Var;(s;7) = 2 Z )\?Vart(cit).
i€D
For a Gaussian X ~ N (1, 02), Var(X?) = 20% + 4202 < 2(1% + 0%)% = 2(E[X?])2. Therefore,
Vart(c?’t) <2 (Et[cit])z < 2M?2,

for some constant M < oo, because sz,o is bounded (by trajectory boundedness in Assumption 1),
Bi < sltmax < g (since Ag > 0and n < 2/\; < 2/)\g), and (1 — n);)?* € [0,1]. Thus,

2)\(1—77)\(21
1€D €D

By Assumption 1, %ZieD A;‘ — Ap4 < 00, and k — 0o as d — oo. Hence,
1
Vart(s;’p) =0 <l<:> LmiNyG)
By Chebyshev’s inequality, for any € > 0,

AV 1,D
P (‘SQ,D _ Et[S;’D]‘ o 6) < art(QSt ) d—oo 0.
€

Therefore, s;’D 2, 5P. The same argument applies to s;’B (with |B| = d — k — ©0), and to
ug’s, w,’;s by replacing )\? with )\f or )\? (the boundedness of spectral moments for p = 3,4 is
assumed in Assumption 1). This completes the proof. |
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Lemma 27 (Interchange of expectation and k(-) at time t) Let k : (0,00)% — [0,1] be the de-
terministic function defined in Lemma 25. Under the conditions of Lemma 26, we have

1 /7D /78 /7D /78 /7D /78 J— D B -D -B -D -B
dlL%OEt [k‘ (st NP TN THa T AR A )] =k (57,50, 4, up, 0y, wy;)

where By[-] = E[- | o] denotes expectation over the noise up to time t — 1, and the limits 57 , G , 0}

are as defined in Lemma 26.

Proof Define the random vector
7= 1D 1B 1, D 1B 1D 1B
d = sy sy uy T uy wy wy )

By Lemma 26, Z; & %, := (5P, 5%, 4P, aP, wP, wP) as d — co. The function k(-) is continuous
at z; because its explicit form

1

1+ 1. s2—2nwa+n?(uztep)
p  s1—2nwi+n?(ui+ép)

k(s1,s2,u1,uz, wy, we) =

involves only continuous operations, and the denominator is strictly positive under Assumption 14
(since n < 2/A1 ensures (1 — n\;)? > 0 for all 4, and the noise terms ép, é5 > 0 add positivity).
Moreover, k(-) is bounded between 0 and 1 since it represents the asymptotic limit of the alignment
0141 € [0,1]. Therefore, by Lemma 19 (the Continuous Mapping Theorem combined with the
Bounded Convergence Theorem), the convergence in probability of Z,; to z; implies that

lim E, [k(Z,)] = k(Z),

d—o0

which is precisely the claimed equality. |

Lemma 28 (Equivalence of conditional and unconditional alignment expectation) Under As-
sumptions 1 and 14, with deterministic initialization x, define the deterministic limits

5P = lim E[s;7), 55 .= lim Et[s;’B},
d—o0 d—o0

_ — . B

al = lim Eifu,”], af = dli)H;O Eqfu;”],

wp = dlim Et[wg’D], wP = lim E [wg’B].
—00 d—ro0

Then the following equality holds:

StD:St75t B_ t

: 1, _ 1, _

lim Ky |01 | w)” = u?, = utB,

d=ro0 D _ _p 1B _ _B
Wy Wy, Wy = Wy

= lim Et+1 [Ht—i-l] .
d—o0
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Proof By Lemma 25, for any fixed values of the six statistics at time ¢, the conditional expectation
satisfies

li E 0 1D 1B 1D 1,B 1D 1B —k 1 D B 1D 1B 1D 1B
oot 1[G [ 8778y w Ty w T wy T = k(s s uy g wy T wy).

Substituting the deterministic limits 57, ..., @ into this identity yields
. D _ D B _ -By_ 1./D B -D -B -D -B
JEEOEHWH | ;7 =38, ...,w,” =w.| = k(5,8 , Uy , Uy, Wy , Wy ).

On the other hand, by the law of total expectation,

Ei1[0i41] = Eq [Et—l-l Orsr | 557 wwls’B]} :

Taking the limit as d — oo on both sides gives
lim Eeaffin] = Jim E, [Em[etﬂ e ,w;ﬁ]] .
Applying Lemma 25 inside the expectation, the right-hand side becomes
dh—>nolo E. {k(sg’p, SQB, up®, u;’B, w®, wQ’B)} .
Finally, by Lemma 27, this limit equals
k(50,50 ap,up, wf o))

Thus, both sides of the claimed equality converge to the same deterministic value, and the result
follows. |

A.9. Proofs of theorems in CSGD

Recall our assumption and notion:
Assumption /4 Our analysis is based on the following assumptions:

Table 4: Assumptions for CSGD

Assumption Description

Constant Step Size n: =7, 0<n < min { X

VieD, y> B

Initialization for xq
0D >0 = icp Bi
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For the analysis, we define several key quantities:

0K 2
Bii=———t 0 >0,0p:= Y (o~ Bi).

p— '_ 2
2Ai = nA; i€D
5= Smawa)\%
T 2\ —A ’
)\3)\%( Ak - k1) (/\% _)\3))

Theorem [5(Initial Decrease Phase) Under Assumption 1 and Assumption 14, let the t* be defined

as
log (QD >
= 0 — ZZED Bl
' —2log(1 —nA1)
Then for all time steps t € {0,1,...,t* — 1}, the expected alignment is strictly decreasing:

d—o0 d—o0

Proof By Theorem 2, the desired inequality follows if we can show that

. "D _ _D LB -
dlggoEt[nf | s;” =5 ,...,w," =w
where Ef = limg_, Et[s;’s], etc., are the deterministic limits from Lemma 26.

To lower-bound this expectation, we use the state-dependent bound from Theorem 7:

X 2 gap,
> )
e = ()\2 _ )\2) + Smax¥D
PV AR

Taking conditional expectation given the six macroscopic statistics at time ¢, we obtain

2 gap, _

2t
22— A2) & Smax¥D
X=X+ Sz, 26,

Ei[ny | 2e] > Eq

Now, observe that ||z |0; is a continuous function of the six statistics. Specifically,

d 22
9, _ 2\ 2jep A
||(BtH 975 = C; .
ot d 422
i=1 Zi:l z‘ci,t

By Lemma 26, each block average ‘%' ZZ-G S c?t, ﬁ Zie S )\?cft, etc., concentrates around its ex-

pectation as d — oco. Therefore, thQQt concentrates around its deterministic limit

24126, == Tim_ Ey[[|a,[%64].
d—o0
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Since the function z +— 1/(a + b/x) is continuous and bounded for > 0, Lemma 19 implies

2 gap; 7| = 2 gap,

lim Et
d—oo (AQ _ )\2) 4 SmaXdJD

2 2 Smax¥D
A7l 20 ( )

1 - d —  ——————
A2l |20,

We now lower-bound ||¢||26;. Using A\; > \j, fori € D and \; < \; for all 4, we have
22
[Ja:]120; > *’5 Hm I, Zczt = (L=n\)*op+> Bi ).
1 €D

By the definition of ¢*, for all ¢ < t*,

(1 — n)\1)2tgp + Zﬂz > 4.
i€D
Therefore,

A2
[EARC )\26

Substituting the definition of ¢§ yields

Smax"vbD Srrla)ﬂ/}D)‘2 2(Ak — Akt1
L2 Ae) oz,

e AR U
Hence,
2gap1 2()\k - )‘k-f—l) N
()\2_)\2)+M ~ ()\2_/\2)+ <2()‘k_)‘1€+1) _(/\2 )\2)) -

Combining the above, we conclude that
lim Et[nik | it] >,
d—o00

which implies
lim Et—i—l[gt—&-l | Zt] < lim 6;.
d—o0 d—o0

Finally, by Lemma 28 and the concentration of 6;, we obtain
lim EtJrl [0t+1} < lim E; [Ht]
d—o00 d—o0

forallt € {0,1,...,t* — 1}, completing the proof.
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Theorem [6(Late Phase) Under Assumption I and Assumption 14, the late-time asymptotic ex-
pected alignment is given by

i A28
O := lim hm E[6:] = l.md_mo szeD ;/BZ,
t—00d—o0 limg_oo Zizl )‘i Bi
U
where B; = ﬁ > 0. Equivalently,
) A2 2
limg o0 D iep 72; i 773\2
i .
O = 22 L.
fmae Sl g3, - iz
7

Proof From the CSGD dynamics, the second moment of each eigencoordinate satisfies

2
Nk
E; [sz,t] =(1- nAi)Qt(C%O — Bi) + Bi, where 3; = Sy —177/\22.
Since 0 < 1 < 2/A1, we have |1 — n);| < 1 for all 4, so (1 — n)\;)?* — 0 as t — oco. Therefore,

lim Et[ zt] Bi.

t—o00

The expected unnormalized energies are

= Z)‘?Et[cit]y Ey[s] Z)\ZEt Cigl-

i€D
Taking the limit as ¢ — oo, we obtain
Jlim Ey[sP] = Z;)A?,Bi, lim E[s] Z 223,
1€

By Lemma 26, for each fixed ¢, the normalized statistics s;’D = sP /k and s, = s;/d concentrate
around their expectations as d — oc:

hmdﬁoo Et [StD]

lim E;[0;] = .
dLI& t[ t] limdﬁoo Et[st]

Moreover, the convergence E; [C?,t] — [; is uniform in ¢ under Assumption 1 (bounded spectrum
and noise). Therefore, we can interchange the limits ¢ — oo and d — oo, yielding

Ei[sP]  limgeo D ojep A2

O = hm lim E.[0;] = hm lim =
% 1500 d—oo t[ t] —00 d—ro00 Et[st] limg oo Ei:l )\?ﬁl
This completes the proof. n
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Appendix B. Numerical Simulation Results

In this subsection, we detail the parameter configurations for our numerical simulations. We con-
sider constant-step-size SGD on a deep linear network with the following global settings:

1. Input dimension: d = 500, target rank & = 50.
2. Learning rate: 7 = 0.003, total steps 17" = 30, 000.

3. Initialization: The matrices A are randomly initialized as positive definite symmetric matrices
A with different spectral gap m = A\;/Ar11. We conduct experiments across a range of
values: m € {5, 10, 20, 50, 100, 200, 300, 400, 500}.

4. Random seeds: We choose the various random seeds {42, 87,568, ...,4008001}.

The code is available via link.

B.1. General Trends across Spectral Gaps

The alignment results for different values of m are presented in Figure 5. These results demon-
strate how the spectral gap influences the speed and stability of the alignment process. For each
experiment group, the left panel plots loss as a function of training steps, and the right panel plots
alignment as a function of training steps.

B.2. Expectation and standard deviation of the alignment for different seeds

To account for randomness in initialization and SGD trajectories, we repeated the experiments
across various random seeds {42, 87,568, ...,4008001}. Figure 6 illustrates the expectation and
standard deviation of the alignment, confirming the consistency of our theoretical predictions.

B.3. Analysis of Phase I Alignment Decay Rate

As illustrated in Figures 7 through 13, we analyze the decay rate of alignment for various seeds. The
empirical results consistently indicate that the alignment exhibits a polynomial decay rate during
Phase L.

B.4. Convergence Rates and Spectral Gap Scaling

Finally, we investigate how the spectral gap m influences the final alignment state. We plot the rela-
tionship between the alignment and the parameter m in Figure 14, which shows that the alignment
scales logarithmically with respect to m. This logarithmic dependency suggests that while a larger
spectral gap facilitates alignment, the marginal benefit diminishes as m increases.
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Figure 5: Numerical simulation experiments with different spectral gaps (m = \i/A\k11)
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