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Abstract

Many high-dimensional decision-making problems can be modeled as stochas-
tic sparse linear bandits. Most existing algorithms are designed to achieve op-
timal worst-case regret in either the data-rich regime, where polynomial depen-
dence on the ambient dimension is unavoidable, or the data-poor regime, where
dimension-independence is possible at the cost of worse dependence on the num-
ber of rounds. In contrast, the Bayesian approach of Information Directed Sam-
pling (IDS) achieves the best of both worlds: a Bayesian regret bound that has
the optimal rate in both regimes simultaneously. In this work, we explore the use
of Sparse Optimistic Information Directed Sampling (SOIDS) to achieve the best
of both worlds in the worst-case setting, without Bayesian assumptions. Through
a novel analysis that enables the use of a time-dependent learning rate, we show
that SOIDS can optimally balance information and regret. Our results extend the
theoretical guarantees of IDS, providing the first algorithm that simultaneously
achieves optimal worst-case regret in both the data-rich and data-poor regimes. In
addition, we empirically demonstrate the good performance of SOIDS.

1 Introduction

In stochastic linear bandits, one assumes that the mean reward associated with each action is linear
in an unknown d-dimensional parameter vector [ s

, ]. Under standard conditions, it is known that the minimax regret in thls
setting is of the order O(d\f) , , ]. Nu-
merous follow-up works have investigated the poss1b111ty of reduced regret under various structural
assumptions on the unknown parameter vector, the noise, or the shape of the decision set [

5 ]» [ ’ Chap_
ter 22] One such assumptlon is that the unknown parameter vector is sparse, which means that it
has only s < d non-zero components. This setting is called sparse linear bandits and s is referred to
as the sparsity level. In this setting, previous work has established the existence of algorithms with
regret scaling as O(+v/sdT) [ , ]. This result is complemented by a lower
bound, which says that this rate cannot be improved as long as 1" > d for some o > 0 [

, ]. We refer to this scenario as the data-rich regime. Since this bound scales
polynomially with the dimension d, many researchers have considered this to be a negative result,
interpreting it as a sign that sparsity cannot be effectively exploited in linear bandit problems. This
interpretation has been challenged by a more recent observation that, when the action set admits
an exploratory distribution, simple “explore-then-commit” algorithms enjoy regret bounds of order
O(poly(s)T3) [ , , , ]. These bounds scale only logarithmically with
the dimension, and constitute a major improvement over the previously mentioned rate in the data-

poor regime, where T' < (%)3 Most known algorithms are specialized to either the data-poor or
data-rich regime, and perform poorly in the other one. A notable exception is the sparse Information
Directed Sampling algorithm introduced in [ ], which performs almost optimally in
both regimes. However, [ ] only provide Bayesian regret bounds for sparse IDS.
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In this work, we lift this assumption and develop an algorithm that can adapt to both regimes in a
“frequentist” sense. The algorithm is an adaptation of the Optimistic Information Directed Sampling
(OIDS) algorithm of [ ]. Our contribution is as follows:

* We extend the analysis of the optimistic posterior to allow the use of time-dependent learn-
ing rates and history-dependent learning rates. This removes the need to know the horizon
in advance and allows us to update the learning rate based on data observed by the agent
instead of some loose theoretical constant, a necessity for efficient algorithms.

* We demonstrate that the SOIDS algorithm recovers almost optimal rates in both the data-
poor and data-rich regimes. This is the first algorithm to do so in a frequentist setting.

2 Preliminaries

Sparse linear bandits. We consider the following decision-making game, in which a learning
agent interacts with an environment over a sequence of 7" rounds. At the start of each round ¢, the
learner selects an action A; € A C R? according to a randomized policy 7; € A(A). In response,
the environment generates a stochastic reward Y; = r(A;) + ¢, where r : A — R is a fixed reward
function and ¢; is zero-mean, conditionally 1-sub-Gaussian noise. We assume that the action set A
is finite, and that the reward function can be written as

r(a) = (Ao, a),

where y € R? is an unknown parameter vector. We make the mild boundedness assumptions
that maxgea ||al|oo < 1 and ||fg]j; < 1. We study the special case of this problem in which the
parameter vector 6 is s-sparse in the sense that at most s < d of its components are non-zero. In
other words, we assume that 6 belongs to the following sparse parameter space:

0= {9 €R: Zleﬂ{eﬁét)} <, [|0]] < 1} .

We assume that the sparsity level s is known to the agent. The performance of the agent is evaluated
in terms of the regret, which is defined as

Ry = T%le"ﬁ(wo’ a)—E [ZtT:lT(At, ‘90)} ) ey

where the expectation is taken with respect to both the random choices of the agent and the random
noise in the observed rewards. We note that the regret is implicitly a function of the true parameter
fo. Our focus is on proving regret bounds that hold for arbitrary choices of 6 € O.

The data-rich and data-poor regimes. As mentioned in the introduction, it is known there exist
algorithms for sparse linear bandits with worst-case regret of the order O(+v/sdT') [

, ]. This regret bound is only meaningful when the dimension d is smaller than the number
of rounds T, a situation referred to as the data-rich regime. Under the assumption that there exists
an exploratory policy, [ ] showed that there is a simple algorithm that satisfies a
problem-dependent regret bound, which can be meaningful in the so-called data-poor regime, where
d is much larger than T'. Formally, we say that there exists an exploratory policy if the action set A
is such that

- . T
Cryin * Mén&a&) Omin (ana du(a)) >0,

which is equivalent to the condition that A spans R?. The exploratory policy, is the distribution
on A that achieves the maximum (which is guaranteed to exist when A is finite). The Explore
the Sparsity Then Commit (ESTC) algorithm was shown to satisfy a regret bound of the order

O(s2/3T2/3¢ 2% | , ]. The transition between the 72/ rate in the data-poor
regime and the /T rate in the data-rich regime also appears in an existing lower bound of the
order Q(min(s'/3T2/3C_ /%) \/AT) [ , 2020].

The sparse optimal action condition. Part of our analysis requires that a certain technical condi-
tion is satisfied. This condition comes from prior work [ R ], and is used to bound the
regret in the data-poor regime (cf. Lemma 7).
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Definition 1. For a given prior Q7 , an action set .4 has sparse optimal actions if with probability 1
over the random draw of 6 from Q7 , there exists @’ € argmax,. 4 7(a, 6) such that ||a/[[o < s.

We use a prior that only assigns positive probability to s-sparse vectors, which means the sparse
optimal action property is satisfied whenever the action set is an ¢, ball. Note that the hard in-

stances in both the v/sdT" lower bound in Theorem 24.3 of [ ] and the
s2/3T2/3 lower bound in Theorem 5 of [2022] satisfy the sparse optimal action property .

Therefore, this additional condition does not trivialize the problem.

Notation. We conclude this section by introducing some additional notation that will be used in the
subsequent sections. For any candidate parameter vector (or model) § € R%, we let r(a, 0) = (0, a)
denote the corresponding linear reward function. In addition, we define a*(#) = argmax,. 4 7(a,0)
(with ties broken arbitrarily) and r* () = r(a*(0), 6) to be the optimal action and maximum reward
for the model . The gap of an action a for a model 6 is A(a, ) = r*(0) — r(a,d). Similarly, the
gap for a policy 7 € A(A) and a model distribution Q € A(©) is A(7, Q) = [, o Ala,0)dr ®
Q(a,0), and we let A; = A(my,00) denote the gap of the policy played by the agent in round ¢
under the true model 6y. Using this notation, the regret can be written as Ry = ]E[Z;T:l A]. We

define the unnormalized Gaussian likelihood function p(y|6,a) = exp(fw). Finally, we
let F; = o(Ay1,Y1,. .., As, Y:) denote the o-algebra generated by the interaction between the agent

and the environment up to the end of round ¢.

3 Sparse Optimistic Information Directed Sampling

We develop an extension of the Optimistic Information Directed Sampling (OIDS) algorithm pro-
posed by [ ]. The main difference between OIDS and IDS is that
the Bayesian posterior is replaced by an appropriately adjusted optimistic posterior. For an arbitrary
prior Q" € A(©), the optimistic posterior is defined by the following update rule:

B (0) o T oy (p(Vs 16, 40))7 - exp (A S A(AL ). @

Here, 1) is a positive constant that should be thought of as “large”, and ();); is a decreasing se-
quence of positive real numbers that decays to 0, and should be thought of as “small”. Note that
when n = 1 and \; = 0, the optimistic posterior coincides with the Bayesian posterior. When
At > 0, the A(Ay, 0) term promotes “overestimation” of the true gaps, driving exploration towards
parameters that promise rewards much higher than whatever would have been accrued by the agent.
This construction is closely related to the optimistic posterior update described in [ ] and

[ ]. To describe our algorithm, we must first define the surrogate
information gain and the surrogate regret. For any round ¢ and any policy m € A(A), the surrogate
information gain is defined as

Gul) = 5 S aean(@)fo (10— 0(@F). )* 4QF (0),

where for any Q € A(©), 0(Q) = Eg~q [0] is the mean parameter under distribution (). The
surrogate regret is defined as

Ay(m) = X g am(a) foA(a, 0) dQ (6) .

For any policy 7 and any v > 2, we define the surrogate generalized information ratio as
o (Bm) L (Caean(0) fol6,a7(0) — a) dOF (6))”
IRt (ﬂ-) - I~ =2 o + 2 + . (3)
IG; () Yaea™(@) Jo ({8 = 0(Q[), a))* dQ/ (9)
We can at last define our algorithm: Sparse Optimistic Information Directed Sampling (SOIDS). In
each round ¢, the policy played by SOIDS is defined to be the distribution on A that minimizes the
2-information ratio:

ﬂﬁSOIDS) = arg min ﬁf)(ﬂ') . 4)
TeA(A)

The choice of v = 2 is motivated by the fact that the minimizer of the 2-information ratio is an

approximate minimizer of surrogate generalized information ratio for all v > 2.

!The optimal actions in the hard instance used to prove Theorem 5 in [ ] are 2s-sparse, which
still allows us to prove the same bound on the surrogate 3-information ratio, up to constant factors.
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Lemma 1. Forall v > 2,

75(7) /_(SOIDS) A—2 . 70
IR, " (T <2 min IR, (7).
DY) <22 min R ()
This fact was discovered for the Bayesian IDS policy by [ ]. We provide
a proof in Appendix F.2 for completeness. Finally, we remark that the "sparse" part of the name
SOIDS refers to the choice of the prior Q. We use the subset selection prior from Section 3 of
[ ], which is described in Appendix B.2.

4 Main results

In this section, we state our main results. First, we relate the true regret of any policy sequence to
the surrogate regret of the same policy sequence. In combination with Lemma 1 and the fact that the
surrogate regret is controlled by both the 2 and 3-information ratios, this allows us to show that with
properly tuned parameters, SOIDS has optimal worst-case regret in both the data-poor and data-rich
regimes. Finally, we show that SOIDS can be tuned in a data-dependent manner, such that its regret
bound scales with the cumulative observed information ratio instead of the time horizon. The strong
empirical performance of SOIDS is demonstrated in Appendix J.

4.1 General bound for the optimistic posterior

We start with a generic worst-case regret bound relating the true regret of any algorithm to its sur-
rogate regret. Since the surrogate regret is defined with respect to the optimistic posterior, which
is known to the learner, it can be controlled with standard Bayesian techniques. This result is an
extension of the bounds stated in [ 1, [ ]. To our knowledge it is the first
result of its kind which is compatible with time-dependent or data-dependent learning rates. The
stated result is specialized to the setting of sparse linear bandits, but the techniques used to deal with
time-dependent and data-dependent learning rates are applicable beyond this setting.

Theorem 1. Assume that the optimistic posterior is computed with n = % and a sequence of de-

creasing learning rates )\ satisfying Vt > 1, A < % Set A\g = % If the learning rates do not
depend on the history, then the regret of any sequence of policies m, satisfies
5+2 1 edT T T~ T o~
Ry <E|[2Eeetc sl 3 B oyl Au(m)]. )

Otherwise, if the learning rates depend on the history, let Cy 1 be a deterministic upper bound on

)\% — ﬁ valid for all t < T, and Cy r be a deterministic upper bound on L. The regret of any

AT _1
sequence of policies m; satisfies
4e3d213C2 . Cy
24slog —— T2 T 3 IGi(m) T =
Rr <E Per — 2135 o T 2> 1 De(me) | +2. (6)

4.2 Best of both worlds guarantees for Sparse Optimistic Information Directed Sampling

Next, we show that the SOIDS algorithm with properly tuned parameters achieves the optimal rate
in both the data-rich and data-poor regimes.

Theorem 2. Assume that our problem satisfies the spare optimal action condition described in

2
e (2) _ 3C: 3 _ _1 Ci41VCmin \3 . - _ edt
definition 1. Let \i™ = \/qaggiiyy and ;™ = e (W) , with Cy = 5 + 2slog <.

Now, set \; = min(3 max()\f), /\§3))), then the regret of SOIDS run with parameter \; is upper

2
bounded by

= min <(’) ( sdT log eiT) ,O ((ST)% (log 5‘?)%) ,

where O(+/slog %) represents an absolute constant independent of T.

2
Ry < min (27\/(5 + 2s1og ©L) T, 30 (5 + 25 log ¢4L)3 (fci) 3) +0(vslog L) (7)

4
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We observe that our algorithm enjoys both the O(v/sdT) and the O(ng%) rates. Unlike the
Bayesian regret bound for the sparse IDS algorithm of [
in a “worst-case” sense for any value of y € ©. To our knowledge, this makes our method the first
algorithm to achieve optimal worst-case regret in both regimes simultaneously.

4.3 Instance dependent guarantees

], our regret bound holds

The bounds presented in the previous sections are minimax in nature, meaning they hold uniformly
over all problem instances. We present a bound in which the scaling with respect to the horizon
T is replaced with the cumulative surrogate-information ratio. Those quantities are always upper
bounded by Lemma 7 but could be much smaller in “easier” instances leading to better guarantees.

Theorem 3. Assume that our problem satisfies the sparse optimal action condition described in def-

inition 1 and that s < %. Let /\§2) _

Then the regret of SOIDS run with parameter \y = max(x\gg), )\§2)) satisfies the followmg regret

bound

RTS(§+8£+510gEiT>mm<\/ (s ST )t (s

=0 <1og edT

learning rates.

5 Analysis

2

and A§3) = <

- s
2d+>°t_, IR (ms)

3\[5
VCmin

3
36s t G)(r ’
oSSR

T, R“”w)

®)

min <\/ (d+zT TR (7 )),3% <@+zf_l IRf’)(wt))g» .

History dependent learning rates can be used with our novel analysis, making this type of result
possible. A full proof of that result is provided in Appendix D. Note that this means that our algo-
rithm is fully adaptive to which of the two regimes is best. Because our analysis requires decreasing
learning rates, we are forced to leave the log(t) terms out of the learning rates and our logarithmic
term has a worse power than in the bound of Theorem 2. An interesting open question is whether
it is possible to improve the dependency on this logarithmic term while still using data-dependent

5.1 Proof of Theorem 1

A key observation is that the optimistic posterior can be interpreted as a learner playing an auxiliary
online learning game over distributions A(©). The loss of that game is a weighted sum of neg-

t

ative log-likelihood and estimation error losses. We define Lgl)(G) =Y . 4log

Zs 12(<9A>

( 1 ) _
p(Ys]|0,As) |

S) to be the cumulative negative log-likelihood loss of 6 and L§2)(9) =

St —A(As, 0) to be the cumulative estimation error loss of f. In addition, we define the regular-
izer ® : A(O©) — R by the mapping P — Dk (PHQ;F) , which is the KL-divergence with respect
to the prior Q. With those notations, the optimistic posterior can be understood as an instance

of the Follow the Regularized Leader (FTRL) algorithm introduced by
]. In particular, the optimistic posterior can be written as

Qt+1 = arg min(P, nL(l + )\t ) + o(P).

[

PeA(©)

[ ] and

This formulation enables the application of tools from convex analysis and online learning, such as
Fenchel duality, to derive regret bounds for this auxiliary online learning game and to understand
the interplay between the two losses under the learning rates 1 and \;. Here, we focus on the case in
which the learning rates \; are history-independent, and relegate the analysis of history-dependent
learning rates to Appendix C. The following lemma provides a bound on the regret under an arbitrary
comparator distribution P.

Lemma 2. Let P € A(O) be any comparator, then the following bound holds

SLIAPA) <

pu(rfat)
A

L (LY (0r)—LP ()— ATL<2><))

T

AT

(1)
+ (PP -

LY (07)).

2
3

)
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Here 0, = argming g Lﬁ”(&) is the maximum likelihood estimator at time t, and ®*(L) =
log [ exp(L(#))dQ7 (0) is the Fenchel dual of the regularizer ®. A proof is provided in ap-
pendix B.1.1. We aim to choose the comparator P and the prior Q] such that P is concentrated

around 6, and Dy, (PHQIF) is small. To achieve this, we exploit the sparsity of §5. We choose Q"
to be a subset-selection prior and P to be the uniform distribution on a sparse neighborhood of 6.

Lemma 3. The subset-selection prior QF € A(©) verifies that for any € > 0 and 0 € ©, there is a
comparator P(0) € A(O) satisfying both

V8’ € supp(P(0)), |6 — 'll, <e and Dy, (P(9)|QT) < slog 24,

€S

The proof of this lemma, as well as the exact choice of the prior QT and the comparator P(6)),
are provided in Appendix B.2. In Appendix I (cf. Lemma 21), we establish that both L(T2 ) (-) and
E [L(Tl ) ()} are 27-Lipschitz with respect to the ¢;-norm. Hence,

e
E[w] <2 and YT A6, A)) — AP, A)| < 2T

In combination with Lemma 2, we obtain the following bound on the cumulative regret:

2ed *(_ My ey, _ (2) (.
Ry <E [slog SO e | 9l O Or)Ar L ()

+E (L) (00) - L (0r)]

The first term balances model complexity and approximation via €. In the usual FTRL analysis,

A= w is non decreasing for any . € R®, and the term involving ®* can be telescoped.
Things are more complex here because only part of the loss is weighted by the time varying learning
rate Ap. Through a careful analysis involving the maximum likelihood estimator, we can decompose
the ®* term into a telescoping sum and a remainder term.

Lemma 4.
(LY (07)~LE () =Ar LY ()
AT
CE ST 2 OEP )LD (DA LD () B0 00) =L () =Ae-1 L () )
— t=1 )\t—l )\t—l
+ n(6+slog #) ) (10)

AT

A detailed proof of this result is provided in Appendix B.1.4. Finally, the remaining sum can be
handled by looking at the explicit formula for ®*. The terms related to the likelihood and the gap
estimates can be separated using Holder’s inequality, as is done in [ ] and

[ ]. More explicitly, by choosing n = i, we obtain the following result.

Lemma 5.

]E{ T @ (L) (00) LD ()M LD () 2L, (00) =LY (D)Mo L, ()
t=1

A1 At—1
_ T
<E |-l 2 903 Am) |- (11)
t=1
A full proof of this result is provided in Appendix B.1.4. Combining Lemmas 2, 3, 4 and 5, and
setting € = %, we obtain the desired regret bound stated in Theorem 1.

5.2 Proof of Theorem 2

We show how Theorem 1 can be combined with bounds on the surrogate regret to control the true
regret. The first important fact is that the surrogate regret of any policy can always be controlled in
terms of the 2 or the 3-surrogate information ratio of that policy.
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Lemma 6. Ler A > 0, then we have that for any policy m € A(A)
Ay(r) < @) 4 min (}Q\IREQ)( ) AR (n )) ’

where c3 < 2 is an absolute constant defined in Lemma 27.

This result is a consequence of a simple generalization of the AM-GM inequality, and is proved in
Appendix F.1. Combining this lemma with A\ = %)\t,l and Theorem 1, we can further upper bound
the regret of a sequence of policies m; as

5425 log ¢4 T  31G () T =
Ry <E[S5855 5 S 4 o5 Ri(m)

<E |:>\T -+ Zt , min (?x\t_llRiQ) (), l—fcg 3/\t_1ﬁ§3) (7rt)>} , (12)

where C1 = 5+ 2slog eiT. Usually, bounds on the 2-information ratio can be converted to O(v/T')

bounds and bounds on the 3-information ratio can be converted to O(T%) bounds. Hence we will
use the 2-information ratio to control the regret in the data-rich regime and the 3-information ratio
to control the regret in the data-poor regime. Due to Lemma 1, the SOIDS policy minimizes the
2-information ratio and approximately minimizes the 3-information ratio. As a result, if there exists
a "forerunner” algorithm with bounded 2-information ratio or 3-information ratio, SOIDS inherits
these bounds automatically. In particular, we can use a different forerunner for each regime and
SOIDS will match the regret guarantees of the best forerunner in each regime. The forerunner
we consider for the 2-information ratio is the Feel-Good Thompson Sampling (FGTS) algorithm
of [ ]. For the 3-information ratio, we consider a mixture of the FGTS policy and an
exploratory policy. The following lemma provides bounds on the surrogate information ratios of the
SOIDS algorithm.

Lemma 7. The 2- and 3-surrogate-information ratio of the SOIDS algorithm satisfy for any t > 0

IR, (w01 < IR (") < 2d. (13)
and ]
IR(S)( t(SOIDS)) <2IR(3)( (mlx)) < gj: (14)

The explicit definition of both forerunner algorithms as well as the proof of this lemma are deferred
to appendix F.3. Note that this bound on the 3-information ratio is the only part of our analysis in
which the sparse optimal action condition (cf. Definition 1) is required. Finally, we must pick the
learning rate ;. The following lemma describes the appropriate learning rate for the data-poor and
the data-rich regimes separately.

2
; (2) _ 3C (3) _ _1 Ci4+1VCmin | 3
Lemma 8. The learning rates \;”’ = Wt;—ll) and \;” = e (W) guarantee

R D AR () < 161/2CdT

y 3) 75(3) 3(Cp)s
/\<s) + 16 C3 t 1 3)‘§ )1IR (m¢) <12-63(Cr)* (f%)

The proof is deferred to appendix G.2. It remains to analyze what happens when the learning rate
max()\§2), )\E3))) is chosen. We defer this to appendix G.4.

and

A¢ = min(3,

6 Conclusion

There remain several interesting questions that our work leaves open for future research. In our
experiments, we have made use of an approximate implementation of OIDS adapted from

[ ]. The initial success we have seen in our experiments suggests that this approximation might
be viable in more challenging settings, and worthy of an attempt at a solid theoretical analysis. More
broadly, the results indicate a potential advantage of IDS-style methods over DEC-inspired methods
[ , ]. Indeed, we are not aware of any general methods for
appr0x1mat1ng the optlmlzatlon problems that the E2D algorithm of [ ] requires to
solve, in contrast to our results that indicate that IDS-inspired algorithms may very well be amenable
to practical implementation. Whether the concrete approximation we used in our experiments is the
best possible one or not remains to be seen.
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A Related work

The first algorithms and regret bounds for sparse linear bandits were designed for the data-rich
regime. [ ] developed an online-to-confidence-set conversion for linear
models, which converts any algorithm for online linear regression into a linear bandit algorithm
whose regret depends on the regret of the online regression algorithm. When the SeqSEW algorithm

[ s ] is used in this conversion, the result is a sparse linear bandit algorithm with
a regret bound of the order O(v/sdT') (ignoring logarithmic factors).
[ ] established a matching lower bound for the data-rich regime, showing that this rate cannot

be improved.
More recently, several works have studied the data-poor regime, in which the dimension d is much

larger than the number of rounds 7'. [ ] showed that an explore-then-commit algorithm
satisfies a regret bound of the order O((sT)%/ ‘30;11211/ %), and established a lower bound of order

Q(min(s'/37%/ 3C’;iln/ ® \/dT). Subsequently, [2022] proposed the PopArt estimator for
sparse linear regression, and showed that an explore-then-commit algorithm that uses this estimator
achieves a regret bound of the order O(s2/3T%/3 H2/%), where H, is another problem-dependent
quantity that satisfies H2 < C! . In addition, [ ] established a lower bound of order
Q(s2/312%/ 3C;i1n/ %), showing that the optimal rate for the data-poor regime is s%/3T2/3.

[ ] showed that sparse IDS has a Bayesian best of both worlds/regimes regret bound.

A number of works have considered the setting of sparse contextual linear bandits, in which the
action set A changes in each round ¢. In the case where the actions sets are chosen by an adaptive

adversary, the upper and lower bounds of the order v/sdT by [ ] and
[ ] respectively still hold. Under the assumption that the action sets are

generated randomly, and such that either a uniform or greedy policy is (with high probability) ex-
ploratory, several methods have been shown to achieve nearly dimension-free regret bounds

[2020], [2018], [2019], [2021],
[2023].

The concept of balancing instantaneous regret and information gain through the information ratio
was first introduced by [ ] in the context of analyzing Thompson Sampling.
Building upon this, the Information-Directed Sampling (IDS) algorithm was proposed by
[ ] to directly minimize the information ratio, thereby optimizing the trade-off between
regret and information gain. These foundational ideas have since been extended and applied to
a variety of settings including bandits [ s ], contextual bandits [ s
s , ], reinforcement learning [ , ], and sparse linear bandits
[ , ]. However, these works are primarily situated in the Bayesian framework and focus
on Bayesian regret bounds that hold only in expectation with respect to the prior distribution.

A key challenge in extending these methods to the frequentist setting lies in estimating the instanta-
neous regret and define a meaningful notion of information gain. Both of those things are naturally
possible in Bayesian analysis but difficult when the true model is unknown. Moreover, Bayesian
posteriors may inadequately represent model uncertainty from a frequentist perspective. We high-
light three strands of research that have attempted to address this challenge:

Confidence-set based information ratio approaches: Works such as [ 1,
[ ], and [ ] extend the notion of the information ratio to

frequentist settings by constructing high-probability confidence sets for the instantaneous regret and

information gain. These results are mostly limited to setting with some linear structure.

Distributionally robust and worst-case information-regret trade-offs: The Decision-to-Estimation-
Coeffiecient(DEC) line of work of [ s s R , s
,a, , ] explores the frequentist setting by analyzing worst-case trade-offs
between regret and information gain. One limitation is that the DEC is an inherently worst-case
measure of comlexity. Moreover, algorithms based on the DEC usually require solving complex
min-max optimization problems at each time step, making their practical implementation challeng-
ing and unclear.
Optimistic posterior approaches for frequentist guarantees: The approach most closely related to
our work modifies the Bayesian posterior to provide frequentist guarantees. Introduced by
[ ], the optimistic posterior is a modification of the Bayesian posterior which enables frequentist
regret bounds for a variant of Thompson Sampling. Subsequently, [ ] studied the
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optimistic posterior framework in greater depth, defining a frequentist analog of the information
ratio to extend IDS to frequentist settings. A notable limitation of these works is their restriction to
constant learning rates in the optimistic posterior, which limits adaptivity, an issue that we address
in this paper.

B Analysis of the Optimistic posterior

This section provides further details about the prior underlying the optimistic posterior and guaran-
tees on the posterior updates.

B.1 Follow the regularized leader analysis

The main step in our analysis of the optimistic posterior is to leverage the follow the regularized
leader formulation of our optimistic posterior update

Qfy = argmin(P, L") + N L) + o(P).
PeA(©)

B.1.1 Proof of lemma 2

As is usual in the analysis of the follow the regularized leader algorithm, we introduce the Fenchel
conjugate of the regularization function ® = Dy (-||Q7) as the function ®* : R® — R taking
values ®*(L) = suppea (o) {(P L) — #(P)}. The Fenchel-Young inequality guarantees that for

any P € A(©),L € R®, we have
(P,L) < ®(P)+®*(L)

We now introduce the maximum likelihood estimator 6; = argmingcg Lgl)(e) and let L =

—n(Lgpl)(-) — Lgpl)(HT)) — )\TL(Tz)(-). Since Ar is never used by the algorithm, we can further
assume that A\ = Ap_;. The role of the maximum likelihood estimator is to make sure that the

term LEI) (0) — Lgl) (6,) is always non-negative. Applying Fenchel-Young to L gives us the follow-

ing bound:
n (L9 0r) = (P.LY)) = A (PLY) < 0(P) + @ (=n(L () = L (0r)) = M L)())
Noticing that (P, Lgpl )> =— ZtT:l A(P, A;) and rearranging the terms concludes the proof.

B.1.2 Proof of Lemma 4
We start by rewriting the potential function in the form of the following telescopic sum:

o (—n(Ly () = LY (01)) = A\ LY ()
At

_ i & (—n(L" () = L (0) = MLP () @ (=L () = L2 (0i1) = Aea L2 ()
)\t )\t—l .

In the usual follow-the-regularized-leader analysis, we use the fact that A — w is non-

decreasing for any L € R®. Here however, only some of the linear loss is scaled by \; and the
usual FTRL analysis fails. Crucially, because we introduced the maximum likelihood estimator 6,

we have that Lgl) () — Lgl)(ﬂt) > 0 and we can instead use the following lemma that guarantees
that a scaled and shifted dual is monotonous.

Lemma 9. Let ® > 0,9* be a convex function and its dual as defined previously, L1, Ly € R®
with Ly > 0, then A € RT™* — M is a non-decreasing function.

Proof. By definition, we have
O*(—L1 + ALz)  SUPpea(o) (P,—L1 + ALg) — @(P)
A B A
P L o(P
= sup <P,L2>*< ) 1>+ ( )
Pea(o) A
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For any P € A(©), we have that ®(P) + (P,L;) > 0 and the term inside the supremum is
non-decreasing with respect to lambda. Since the supremum of non-decreasing functions is also
non-decreasing, this concludes the proof. O

Applying the previous lemma, we upper bound the previous sum by replacing each \; factor by
A¢—1 (using the convention Ao = 1/2), and then we replace the maximum likelihood estimator 6,
by 6y inside ®* to obtain

Lo (V) = LV 0) = ML () @ (=0T () = LY (0-1)) = Aeer LI ()

P At At—1
< i o (—n(L{ () = LV (00)) = ALP () 2@y () = L (1) = AL ()
o At—1 At—1
_ i & (—n(L" () = LV (00) = MLP () (=0 () = L (00) = ML ()
)\t—l )\t—l

t=1

n
At—1

+ (L (8) — LV (80) + LY, (B0) — LY, (8,-1)).

It remains to bound the difference of the negative log likelihood of the true parameter and the max-
imum likelihood estimator. This is done via the following result (whose proof we relegate to ap-
pendix E.1.1).

Lemma 10. Foranyt > 1, we have
d(1+2 dt
0<E [Lg”(eo) - Lg”(at)] < inf {th + slog e(“;/p)} <6+ slog % (15)
P

Using this lemma, we can further bound the previously considered expression as the following
telescopic sum:

T
E > ()00 — L7 (00) + L (00) LY (Br-0)) + 55 (L 60) - Lg})(eT))]
T T
=E lz Atn_l (L) () — LV (00)) = > %(Lg”(et) . Lgn(eo))]
T
o sl o] (4-5L)

Il
-

¢
_ n(6 + slog e‘iT).
STy

Here, the first inequality comes from the non-negativity of Lgl)(%) - Lgl)(Gt) by definition of 6;

and the second one is from Lemma 10 just above and a telescoping argument. Finally we obtain the
claim of Lemma 4.

B.1.3 Controlling the losses separately

The focus of this section is to understand how to control ®*(—L) where L is either the negative-
likelihood loss or the estimation-error loss. We start by analyzing the negative-likelihood loss. As
was done in [ ], we will relate the negative-likelihood loss to the
surrogate information gain.

For this analysis, we define the true information gain as

16:(m) = 5 3 (a) [ (0 00.0))* 47 0), (16)

acA

and note that, by linearity reward function, the surrogate information gain is always smaller than the
true information gain. This is stated formally below.
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478 Proposition 1. For any policy m € A(A) and any t > 1 we have that
ﬁt(ﬂ') SIGt(ﬂ') (17)

479 The proof is provided in Appendix I.1. This result can then be used to relate the surrogate and the
480 true information gain to the negative-likelihood loss. This result and its proof are identical to the
481 proof of Lemma 17 in [ ].

4s2  Lemma 11. Assume that the noise €; is conditionnally 1-sub-Gaussian, then for anyt > 1,17, > 0
483 such that v = "5 (1 — na) > 0, the following inequality holds

p(Yilf, Ar) \™ _ _ -
B log [ (HEHES) 40 0)] < -2 - 2)EUG ) i
< =29(1 = 29)E [IGy(m1)] - (19)

a8+ In particular, the constant 2v(1 — 27) can be maximized to the value % by the choice na = %

485 Proof. By the tower rule of expectation and Jensen’s inequality applied to the logarithm, we have

[-ee | Glriman) |2 (o] G ) 1o
<e-wse| [ Givinsy) |74
5[t [ o (- (=00 0= G0t T

s8s  Now, we fix some § € O and to simplify the notation, we let ro = (o, A;) and r = (6, A;). Using
487 some elementary manipulations and the conditional sub-gaussianity of €; and Y; = r9+¢€; which im-
ags  plies that for any (F;, A;)-measurable (;, E [exp (Y:(:)|Fr, At] = exp(ro)E [exp (e:(t)|Fe, Ae] <

2
a89  exp(ro;)exp (%) , we have

E {exp (—na ((Yt - (Y- ro)z) ’E,At]

2 2

=E [exp (—%(2)@ —7r—70)(ro — r)) ‘]:t, At}
rg¢ —r?
2

T2*7’2 2.2

<exp (a5 ) exp (rara(r = ro))exp (5 o)) )

= exp (~(r—r0)* - B2 (1= na)) .

a90  Further, defining v = B* (1 — na), we have

oo (57 )

< exp(—y(r —ro)?)

= exp (na > E [exp (naYi(r — ro))|Ft, Al

72
< 1—7(7"—7”0)24'3(7"—7”0)4
<1 —7(r =10)* + 29*(r — ro)?
<1 —~(1=29)(r —r)*.

a9t Here, we used the elementary inequality exp(z) < 1+z+ %2 for x < 0 and then used |r — ro| < 2.
492 Finally, using that log z < x — 1 for any = > 0, and taking the integral over ©, we get that

E[—log / (MH <=2 | L m) [ <<9—eo,a>>2] 407 (0)

acA
= —29(1 — 29)E [IG¢(my)] -
493 Rearranging and combining the result with Proposition 1 yields the claim of the lemma. O
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We now turn our focus to the estimation error loss and relate it to the surrogate regret through the
following lemma, whose proof is a straightforward application of Lemma 23.

Lemma 12. Foranyt > 1,6 > 1, if BA:—1 < 1, we have

log /@ exp(ﬁ)\t_lA(at,G))dQ;"(H)} <E [zﬁt(m)]. (20)

1
E
[ BAt-1
B.1.4 Separation of the two losses: proof of Lemma 5

We now make use of the fact that the Fenchel dual of ® can be explicitly written as ®*(L) =
log [ exp(L(6)) dQ1(0) . As a result, we have

)\t,1 >\t71

5 li o (L") = L 00) = Mr L () 2 (i () = L (0)) = A L5 ()

at n
Jo (Z85225 ) exp (1 A4, 0) exp (—nL{M (0) = A1 L1 (0)) dQ1 (9)

|

N Joexp (=1L (0) = ML, (0)) dQi(0)

L (sl Y
=F log/e (p(Y}|9o,At)) exp (A\—1A(Ay,0)) dQ:(G)]

=k _Z:: a1 10g/® (p(Y}|90,At) + BN log/eexp (BA—1A(A4,0)) dQT(0) |,

where the last equality is by definition of the optimistic posterior and the last inequality follows from
using Holder’s inequality with the two real numbers «, 5 > 1 that satisfy é + % = 1. Combining

Lemma 11 and Lemma 12 with the choice a = 5 = 2, the fact that n = i and the last inequality
yields the claim of the Lemma. O

B.2 Choice of the prior and comparator distribution: proof of Lemma 3

In order to construct the prior () and the comparator P for the regret analysis, we need to take into
account two criteria: that Dgy, (P]|Q1) be controlled and that |(P, L) — L(6)| be small. Note that
the comparator should be a function of the unknown parameter 6y, and thus we denote it by P(6p).
As for the prior, it should take into account the sparsity level of the unknown 6, but should have no
access to its support.

For the prior, we first design a distribution IT over the set of all subsets of [d] = {1,...,d}, which
have cardinality at most s. We choose the distribution such that: a) the probability assigned to each
subset depends only on its cardinality; b) the probability assigned to the set of all subsets of size &k
is proportional to 27%, where 1 < k < s. In other words, we prefer smaller subsets and have no
preference over which indices in [d] are included. The distribution that satisfies these requirements is

9I5|
(\g\) D127k .

For S = (), we set I1(S) = 0. Doing so only complicates matters if the support of 6, is empty (i.e.,
0o = 0). However, in this case, the reward function is 0 everywhere, which means any algorithm
would have 0 regret. We therefore continue under the assumption that 8y # 0. The most impor-
tant property of this distribution, which we will use later, is that for any subset S of cardinality s,
log(1/I1(S)) < slog(2ed/s). For each subset S, we define (s to be the uniform distribution on
©g. The prior is defined to be

11(s) = 1)

Q= > (s

ScCld]:|S|<s

As for the comparator distribution P(6), we would ideally like to take a Dirac measure on 6, but
this would make the KL divergence appearing in the bound blow up. Thus, we pick a comparator
P which dilutes its mass around 6. For any 6 € ©, with support S, and any e € (0,1), we define
theset (1 —€)0+eOg ={(1 —€)0+ €0 : 0 € Og} C Og. We will choose P to be the uniform
distribution on (1 — €)fy + €©g,. We now bound ®(P) = Dk (P||Q1) for this choice of P in the
following lemma, from which the claim of Lemma 3 then directly follows.
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Lemma 13. For any 0 € ©, let S denote its support, and let |S| = s. If, fore € (0,1), P =
U((1 =€) +€Og) and Q1 = 3 g a).15=s L(S)Qs, then Dyr, (P[|Q1) < slog 2ed

Proof. We notice that (1 — €)f + €O g is an s-dimensional L1 ball of radius €, which is contained in
©g. Therefore, on the support of P, d dQ is equal to the ratio of the volumes of a unit L1 ball and

an L1 ball of radius €, which is (1/¢€)®. Thus,

dP dP 1 1
Dy (P = [log—=———-——dP < [ log——=——dP < slog— +1 — .
(7101 = [ o8 =P < [ os g < shoe L+ ok

Using the definition of II and the bound (f) < (es—d)s on the binomial coefficient, we have

1 d - 2ed
log = 1og< ) + slog(2) +log22”C < slogi.
s

I1(S) s —

Combining everything, we obtain

1 2ed 2ed
Dxi (P||@Q1) < slog — + slog “h_ slog e , (22)
€ s €s

as advertised. O

C Proof of the history-dependent part of Theorem 1

We now focus on the case in which J); is allowed to depend on the history. Following the original
analysis, we arrive again at equation 2

* (1) (1) (2) /.
DkL (Pl|@ Q*(—nLy’ () +nL + ArLy
A1 AT )\T

where P € A(O) can be any comparator distribution. Lemma 3 is still valid and we can chose the
same prior as before. We can still choose a comparator distribution supported on an e-ball around 6.
|PLy) ~ L7 (60)]
AT _1

A(P, (lt) S

However, because \; depends on the history, we can no longer upper bound E {

by E [%} Using Lemma 21, we still have that L{?(-) is 27-Lipschitz and E {L;”(.)} is 27-
Lipschitz. Hence,

T
<2TeCor, and Y |A(6o,ar) — A(P,a;)| < 2Tk,
t=1

1P LY — LY (60)|
Ar_1

where we used C3 1, a deterministic upper bound on 5 171 . Exactly the same telescoping of ®* can

be done, however because the learning rate is history-dependent, the difference between the negative
log likelihood of 6 and #; must be treated with more care. We have the following lemma

Lemma 14. Let C) 1 be a deterministic upper bound on ( L _ /\%) that holds for allt < T, then

Aty
T
LV 0,) — LV (0) + LY, (00) — LY, (0,_1)) + %(L(Tl)(%) — LW (0r))
(12 + 3slo %) .

A complete proof of that result can be found in appendix E.2.1.

Finally, as was the case in the history independent version the telescoping sum can be handled by
looking at the explicit formula for ®* and Lemma 5 still holds. Applying Lemma 5 and setting

€ = g5 yields the claim of the theorem.
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D Proof of Theorem 3

We turn our attention to data-dependent bounds (that will scale with the cumulative information
ratio rather than the time horizon). Combining the second part of Theorem 1 with Lemma 6 and the
choice A = 6—;)\75_1, we have that for any non-increasing sequence of learning rates A; satisfying

Ao < %, the following holds

C T 32 > 16 5
Rr <E | +min (Y TAAR (m), 5 3V 3AIR (m) | | | (24)
Ar_1 po 3 3
4e3d*T3C% . Co 7 . .
where Cr = 2 + slog ————~—— and Cy r, respectively C r are deterministic upper bounds
on )\i — %, respectively L
t t—1 T-—1

3
(2) _ s (3) _ s ; —
We let \,”/ = T R and \;” = ( iy \/mi3>(7rs)> , and verify that \; =
dT

max(/\,(f), /\g?’)) is decreasing and always smaller than % . We also verify that Cy 7 = Co.r = “

are valid upper bounds. As a result, we have the following upper bound

463d2T3 012,T027T

52

d\*? edT
Cr =2+ slog < 2+ slog4e3T*5 (s) <2+45s 1og(T). (25)

We know focus on bounding the sum containing the information ratios. Applying Lemma 7, we
obtain that for all t > 1, ﬁ?) (m) < 2d and forany T' > 1

T T 52
—(2 IR, (m
Y ADRY (1) = 5> T (r¢)

t=1 t=1 4/2d + 22;11

T M2
IR (71'75)
<Vs E L
=1 /3¢ TR
Zs:l s (WS)

T
<2,|s Y R (m)
t=1

t=1

T-—1
<2.|s <2d+ 3 IRf)(wt)),

ﬁ and a; = ﬁl(?) (m;) to get the second
inequality. This can be seen as a generalization of the usual Zthl % < 2V/T inequality. We
now define Rg? ) = \/ s (2d + ZtT:_ll ﬁ?) (7rt)>, the constant-free regret rate associated to the 2-

surrogate-information ratio.

where we applied Lemma 19 with the function f(z) =
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567 We now turn our attention to the 3-information ratio. Applying Lemma 7 we obtain that for all
568 t21,ﬁ§3)(wt)§5 = CZ and for any T > 1

=1 =1 s - ™ (3)
t T s VR

IN
| o
»

Wl
TN
(]~
ot
a
&
E)
~

t=1
T-1
3 1( 3v6
< —s3 Vs + IRE )(m) )
2 Cmin
t=1
s69 where we applied Lemma 19 with the function f(z) = - and a; = IRES)( ;) to get the
x3
s70 second inequality. This can be seen as a generalization of the usual Zt 4 < %T%. We
t3
2
571 now define R\ = s7 [ 3x6s 4 Z R(S) (7¢) i the constant-free regret rate associated
T VCin v &

572 to the 3-surrogate-information ratio. We now consider the last time that the learning rates )\ES)

573 and )\§2) have been used. More specifically, we denote 7o = max{t < T, )\,EQ_)l > /\izi)l}, and
s74 T3 = max{t < T, )\,@1 > )\,(52_)1}. Coming back to the bound of Equation 24 and using the defini-
575 tion A, = max(\{”, \{*))), the following bound holds

Rr
32 —(2) 16 = (3)
—M—1IR —c3\/ 3 _1IR
)\T1+;mm<3 t-1IRy (), -3\ 3Ae—1IR, ™ ()
1 1 32 16 —
E [{Cp min (}\(2) NE ) + me (3 max()\§2 1,,\§3 I R(2)( ?c;’\/g maX(AEQ_)I,)\E:i)l)IR?) (m)>] .
T-1 A1

576 We can now separate the sum obtained at the last line based on which learning rate was used at time
577 L.

me ( max()\iz)l,)\g )I)IR(2 (1), C3 \/3 max(\ §2)1’ (3) )IR(B)( ))

16 , —
< Y DERYm Y LR ()

Ai?lzkis’ NS Ve
516 B
<Z 25 R (m) + Y 5 AP IR (my).
t=1
575 We further bound 3772, 32)\(?) TR} )(7r) < 84 R and S A8 3\ IR(g)( ¢) < 16R(3)
t=13 t) = 3 t=1 t—1
579 (Using the explicit value c5 = —3).

ss0 The crucial observation is that which of )\; ) or )\(2 is bigger will determine whether R(Q)
581 Rg?’ ) is the term of leading order (up to some constants). More specifically, Let 7" be such that
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600

W

(2) (3) - S s _
A’y 2 ApZ, which means that \/m > ( EN v \/IR(S) m)) . Rearrang

VCmin

2
ing, thi T-IRP 2 ( 3/6s (3) o
g, this implies that \/s (2d + > ] IR, (m) ) < s3 T Z . (m) ] , which
Ags*z

means that R%) < qu ), Following the exact same steps, we also have that
that Rgf’ ) < Rg? ). We apply this to the time 75 in which )\% )_1 > A% )_1 by definition. we have that
R% ) < R% ) and putting this together with the previous bound, we have

1> /\ggll implies

| Cr (2) 3)
Ry <E L Hpe 105
SR
C 64 16 (3]
<E| Ry + SR+ —R‘T?
C 64 16
<E| "R+ S RE + R<T‘°;)
4 1
<E CTR<3>+6 R® 4 6R<3>
3 3T |
<E (CT 80) R(g):|
L\ s 3

where we use the fact that 7" — R;? ) and T — Rg? ) are non-decreasing and 7o < T, 15 < T

Similarly by definition of T3, we have that )\% )_1 > )\% )_1 and we can conclude that Rgf; ) < R% ),
Putting this together, with the previous bound, we have

[ or 6l 16
Ry <E (5 5 Ry + 5 Ry
R
C 64 16
<E|=CRyY + SR+ 5 Rg?;
ge L6
SE| R+ SR+ 33%
c 16 o]
<E|-IRY + §R§?) + 5 Ry
: Cr 2) _
<E|(ZEL+3
S ( 5 + 3 )RT

where we use the fact that ' — Rg? Jand T — Rg?’ ) are non-decreasing and Ty < T,7T3 < T.

Putting both of those bounds together with Equation 25 yields the claim of the Theorem.

E Maximum likelihood estimation

The focus of this section is to bound the difference between the log-likelihoods associated with the
true parameter and the maximum likelihood estimator (MLE). We start by establishing an upper
bound that holds in expectation which suffices to handle history-independent learning rates. Then,
we move on to high-probability bounds that will allow us to deal with data-dependent learning rates.

E.1 Bound in expectation

We start with the case in which the maximum likelihood estimator is computed on a finite subset of
the parameter space ©.

Lemma 15. Lett > 1, and ©' be a finite subset of ©, we define the MLE over ©’ as

Ovie(0) = arg min LV (0).
C_)/
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624
625

Then,
E |:L1(51)(90> — Lgl)(GMLE’t(G)'))} S IOg |@/| (26)

Proof. By the concavity of the logarithm and Jensen’s inequality, we have

f[ P(Ys|Omies(©), AL)

(1) _ 7@ W <
E[Lt (60) — LY (0MLE,t(9))] < logE p(Y |00, Ay)

p(Ysl0, As)
=logE
o8 [m oVl £2)

<1ogElz 11 pglz)’f“

6cO’ s=1

(Ys]6, As)
o2 3" 2 [H ey

6coe’ s=1

By Lemma 25, we have that exp (L (6o) — ( )) = HS 1 % is a non-negative su-

permartingale with respect to the filtration ]—'{ = U(]-'t, 1, A;). That implies that each term in the
sum is upper bounded by 1. Hence,

E | L{"(60) ~ L{ (wie.(0)| <log 3 1=1log |6V,
0o’

which proves the claim. O

To extend the previous bound to the full parameter space, we use a covering argument. A subset
©’ C O is said to be a valid p-covering of © with respect to the ¢; norm if for every § € ©, there
exists a 0’ € ©’ such that ||§ — ¢'||; < p. We denote by N(O, || - ||1,p) the smallest possible
cardinality of a valid p covering. We have the following bound on this quantity.

Lemma 16. For every p > 0,

d s ed(1+2
g ATO - 1.) < tog () 1+ 2)° < stog LEE22).

Proof. For each subset S C [d] of cardinality |S| = s, there is a surjective isometric embedding
from (Og, || - ||1) to (B(1),]| - ||1)- In particular, to embed 6§ € ©g into B(1), one can simply
remove all the components of 6 corresponding to indices not in .S. Therefore, for every p > 0,
N(@s, |-l p) < N(B5(), || - |1, p). Moreover, via a standard argument, we have N (B3 (1), || -
l1,0) < (14 )S (see, e.g., Lemma 5.7 in , ). Now, let © 5 , denote any minimal
p-covering of @s and notice that for an arbitrary # € © with support S, there exists a subset S
such that S C S and |S| = s. Therefore, there exists § € ©4 , such that [|0 — 0], < p. Hence,
Usc[d):|5|=s©Os,p forms a valid p-covering of © and its cardmahty is bounded by

N©.I o) < [Usciis—s,d = X (1+2) = (1) (1+2)".

Scld]:|S|=s

and we conclude by the elementary inequality ( ) < ( . )S. O

E.1.1 Proof of Lemma 10

We bound the difference between the log-likelihood of the true parameter and that of the maximum
likelihood estimator on the full parameter space. To this end, let p > 0 and ©’ be a minimal valid
p-cover of © as is defined in Lemma 16, and §' € ©' be such that ||¢’ — 6,]] < p, which exists by
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648

definition of a p-covering. Then,
E L (00) = L 00)] =E |27 (00) — (" (Ouie.(6) |
+E [L{) (01 (8) — LO(@)]
+E[LM(0) - LD (0))]
<10g(N(©, [l . p) + 0 + 2,

where the first term is bounded by Lemma 26, the second term is non-positive by definition of
the maximum likelihood_estimator because ' € ©’ and the third term is bounded because the
mapping 0 — E [Lgl) (9)} is 2t-Lipschitz with respect to the 1-norm by Lemma 21. Finally applying

Lemma 16 and setting p = % yields the desired bound. O

E.2 High-probability bounds

We begin with the case where the maximum likelihood estimator is computed over a finite subset of
the parameter space © and provide a corresponding high-probability bound.

Lemma 17. Let ©' be a finite subset of ©, we define O, (0') = argmingcg, L,El) (0). Then

/
P [Elt > 1, L (00) — L (Oar25.4(0')) > log K?'] <. 27)

Proof. Fix 6 € ©'. By Lemma 25, we have that exp (Lgl)(ﬁo) - Lg”(@)) =11\, % isa

non-negative supermartingale with respect to the filtration 7] = o(F;_1, A;), allowing us to invoke
Ville’s inequality to get the following guarantee:

1
P [Elt > 1, exp(L{M (60) — LV (6)) > 5} <.
Taking the logarithm and a union bound on ©’ yields the desired result. O

‘We now provide a bound on the expected product of a bounded random variable with the differenece
in log-likelihood between the true parameter and the maximum likelihood estimator.

Lemma 18. Let B € R and X be a random variable satisfying 0 < X < B almost surely. Then
foranyt > 1,

ed(1+ 2
E X(LE”(&U)—LE)(@))] < inf {E lelog(Sélp)

6,p>0

elts (14 2)
+ 2Bpt + Bislog #

S

s

2e2dT?2 B2 1
<4tslogt Y PR {X+T} (28)
S

Proof. Let §,p > 0 and ©' be a minimal valid p-cover of © as defined in Lemma 16, N = [©/],
let ¢ = Oy, (©’) and let & € ©' be such that H0 — 0, || < p, which exists by definition of a valid
p-cover. We have the following decomposition:

E [ X(L{"(00) ~ LV (0))] <E [X(L{(80) = L O 10 01 (01 08 251

1 1
+ BE [(Lg (60) — Ly )(9/))1{#’(90>—L§”(9')>1og %}]

+ BE [(LV(0) - LM (00)] + BE (L (0) - LV 9))] -

The first term is upper bounded by E [X log %], the third term is upper bounded by 2Bpt because

E [Lgl) ()} is 2t-Lipschitz by Lemma 21. The fourth term is non-positive because 6’ minimizes the

negative log likelihood on ©’. Finally, we turn our attention to the second term. To simplify the
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s49 computations, we let Y = Lgl)(Go) — Lgl)(é’/), and compute E [Yl{y>1og ~y |- Conditionting on
650 Wwheter € is larger or smaller than log % yields the following identity

P[Y > ¢ if e > log &
P [Y1 > } = N — o
{Y>log ¥} Z € {]P’ [Y > log %] otherwise.

651 We can now upper bound the expectation as follows

E[Y1(ysi0 )] = /OOOP Ly siog 3} 2 €] de

§5log%+5,

652 where we used the change of variable ¢ = log & 5 and used P [Y > log 6] 6 by Lemma 17.
2 s
ed(1 +/’)) , by Lemma 16,

S

es3  Finally, putting everything together and using N < N(O, ||-||;, p) < (
654 we get

: erid(l+2)

1
s

o 5 ed(1 +
E[x(L"6,) — L (et))] <E|Xslog— 2| +2Bpt + Béslog

SO s

S

655 To balance the trade- off between the approximation error and the covering complexity, we choose
656 O = BT, and 6 = BT which yields the desired form of the logarithmic factors. Subsituting these
657 into the bound completes the proof. O

658 E.2.1 Proof of Lemma 14

659 As was noted in the analysis, since Ay is not used by the algorithm, we can replace Ar by Ar_; in
660 Our computations We have

Z 5 (00 = LV (00) + L2, 6) - Lil_)1<ot_1>>+%<L¥><oo> —L&l)(oT))]

—E lz o’ £V (80) z_;% Lgl)(Qo))]

— M1

n- XT:E[L“ (6) — LV (6,)) (Al—)\tl_l)].

t=1 t

~+

tlﬂ - ,\%) Applying Lemma 28 to X =

es1 Let Cjr be a deterministic upper bound on ( X

1
662 (At+1 — /\—) and telescoping, we get

2e*dt*CE - )

n(12 4 3slog %)
271
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where in the last step, we used 1 < ﬁ which implies ﬁ +1< % This finishes the proof. [

F Bounding the surrogate information ratio

F.1 Proof of Lemma 6

The surrogate regret of a policy is directly related to its 2- and 3-information ratio by definition

1
Bulm) = VIG(m)R? (m) = (IG:(m)R;” () )
By the AM-GM inequality, we have that for any A > 0, the surrogate regret is controlled as follows

Et (71') A

~ —(2
Rulm) < =55+ Z1R§ ().

Similarly, by Lemma 27 which generalizes the AM-GM inequality, we can obtain the following
regret bound

~ 1G(7 —

Ay(m) < % + )\IR,(;?)(W),
where ¢3 < 2 is an absolute constant defined in Lemma 27. This concludes the proof. 0
F.2 Proof of Lemma 1
The proof of Lemma 1 is essentially the same as the proof of Lemma 5.6 in [ ], but we

state it here for completeness. Throughout this proof, we use (p, f) = > . 4 p(a)f(a) to denote
the inner product between a signed measure p on A and a function f : A — R. Using this notation,

we can, for example, write the generalized surrogate information ratio as IR(W)( ) = (m, ﬁ?)).

We define 7r£7) € argmin, a4 IRE )(77) to be any minimizer of the generalized surrogate infor-
mation ratio with parameter v > 2. First, we observe that
2(m, AA,  ((m, A))?IG,

7(2) _ —
VIR, () = (7,1Gy) ({7, 1Gy))>

Therefore, from the first-order optimality condition for convex constrained minimization (and the

fact that ﬁf) is convex on A(A)), we have

vr e A(A), 0< (m— Wt(SOIDS)7 Vwm?)(ﬂ_t(SOIDS)».

In particular,

2<W§SOIDS), £t><,ﬂ_t(7) — r(SOIDS), 3t> B (<7T§SOIDS)7 £t>)2<7r:£7) _ W(SOIDS),ﬁt>

0< — —
(x5O0 5, (x(SOTDS) TG,)y2

This inequality is equivalent to
()
N SOIDS) R 1G, SOIDS) R
2", Ay > (m| LA 1+ W > (rf A
<7Tt ’ IGt>
From this inequality, we obtain

(<7T§SOIDS) £t>).Y (<7rt(SOIDS) A >) (< SOIDS)’£t>)7_2

9

<W£SOIDS)’Et> (n T(SOIDS G,)
_ Um™ A2 (m O, Ayy)r—?
- (m"),1G,)
< 27_2«77{”’&»7 =272 min IRE’Y)(W)v
= 1G,) TEA(A)
thus proving the claim. O
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F.3 Proof of Lemma 7

This section is focused on bounding the information ratios of the sparse optimistic information
directed sampling policy. As is widely done in the information directed sampling literature, we will
introduce a “forerunner” algorithm with controlled surrogate information ratio. By Lemma 1, the
sOIDS policy will then automatically inherit the bound of the forerunner.

As one of our forerunners, we will make use of the “Feel-Good Thompson Sampling” first intro-
duced by [ 1. Letting 6; ~ Q;", the FGTS policy is defined as

7 FETS) () — P, [a*(é}) - a} . (29)

Which can be seen as the policy obtained by sampling a parameter §; ~ @Q; and then picking the
optimal action under this parameter. Compared to the usual Thompson Sampling policy, this boils
down to replacing the Bayesian posterior by the optimistic posterior. Whenever the optimal action
for 6 is non-unique, we define a*(6) to be any optimal action with minimal O-norm. If there are
multiple optimal actions with minimal 0-norm, ties can be broken arbitrarily.

For the bound on the surrogate 3-information ratio, we assume that the prior Qf and the action set
A are such that for all # in the support of the prior, there exists a’ € argmax, 4 r(a, ) such that
lla’|lo < s. We refer to this as the sparse optimal action property. Since the support of our prior Q7
only contains s-sparse vectors, the sparse optimal action property is satisfied whenever the action
set is a a unit £, ball. Note also that the hard instances in both the v/ sdT" lower bound in Theorem
24.3 of [ ] and the s2/372/3 lower bound in Theorem 5 of

[ ] satisfy the sparse optimal action property’. Therefore, even with this addtional assumption,
the lower bounds for both the data-rich and data-poor regimes remain meanginful. Whenever the
optimal action for € is non-unique, we define a*(f) to be any optimal action with minimal 0-norm,
with ties broken arbitrarily.

F.3.1 Bounding the two information ratio

We will now prove the first part of lemma 7, by showing that the information ratio of the FGTS
policy is bounded by the dimension. The proof is exactly the same as in the Bayesian setting as
is done in Proposition 5 of [ ], Lemma 7 of Lemma 7 in [ ] or
in Lemma 5.7 of [ ], except the Bayesian posterior is replaced with the optimistic
posterior. We provide the proof here for completeness.

Since we defined the surrogate information gain in terms of the model 6, as opposed to the optimal
action a*(6), we follow the proof of Lemma 7 in [ ]. For brevity, we let o, =

7 FETS) (g) = P, {a*(@) = a] We define the | A| x |A| matrix M by
Ma,a’ = Vgl (E’t [T(a’v 5t)|a* (575) = a/] - T(aa é(Q?))) .

Next, we relate the surrogate information gain and the surrogate regret to the Frobenius norm and
the trace of M. First, we can lower bound the surrogate information gain of FGTS as

TGu(r"™) = 5 3 o [ (r(0.0(@) = r(0.))24Q7 (0)

acA

3300 [ 3 Lo (r0.0(@1)) = (@.)) 2407 (0)

a€A “a'cA

320 20 0 [ Lo dQF ORI 5(QF) = rlaBla’ (B) = o]

acAa’'€A
1 _ ~ ~ 2
Z 5 o (7(a,0(QF)) = Eclr(a, 04)|a”(0:) = d']
2
acAa’ €A
1 1
=3 SN M= §||MH%-
acAa’'€A
The optimal actions in the hard instance used to prove Theorem 5 in [ ] are 2s-sparse, which

still allows us to prove the same bound on the surrogate 3-information ratio, up to constant factors.
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717 Next, we can re-write the surrogate regret of FGTS as

At(ﬂ't(FGTS)) :/ r(a*(0),0)dQ; (0 Z aa/ r(a,)dQ; (30)
© acA
/ Z 1a(0)=ayr(a*(6),0)dQ; (6 Zaa a,0(Q))
acA acA
= ZaaEt (a, Gt)\a 9t =d] Z aqr(a,0(Q7))
acA acA
=tr(M).
718 Using Fact 10 from [2016], we bound ﬁ?) (' FETS)) g
A (7 (FGTS)\y2 2
=@, _(FaTs), _ (Ad(m ) _ 2(tr(M))
IR, (7T1£ )) == t(FGTS) < U2 < 2-rank(M).
1G, (m; ) M7
719 All the remains is to show that M has rank at most d. Enumerate the actions as A = {a1,...,a4/},

720 and let y1; = By[6]a*(6;) = a;]. By linearity of expectation (and of the reward function), we can

721 Write
M; j = Jaia; (i — 0(Q7 ), aj) .

722 Therefore, M can be factorised as
Var(m —0(Qf) "
M= ; Vaim - yaa)
VA (a —0Q))T

723 Since M is the product of a K x d matrix and a d x K matrix, it must have rank at most min (X, d).

724 F.3.2 Bounding the three information ratio

725 To bound the 3 information ratio we follow [ ] and we introduce the exploratory policy
[ = arg max opmin (Z w(a)aaT> . (€2))
TEA(A) acA

726 We define the mixture policy Wt(mix) =(1- +~u where v > 0 will be determined later.

727 First, we lower bound the surrogate information gain of the mixture policy in the same way that we
728 lower bounded the surrogate information gain of the FGTS policy previously. This time, we obtain
729 the lower bound

G(rf™) > = 3" 7™ (a) Y Bula* (B2) = a)(r(a, 5Q7 ) ~ Eelr(a, B)la’ @) = a')?

acA a’€A

1 mix o
52 m (@) Y Pu(at(B) = a) uw — Q). a)*,

acA a’€A

’y)ﬂ_EFGTS)

730 where po = Eiff;|a*(6;) = ']. From the inequality w(mlx) (a) > ~u(a), and the definition of
731 Cmin, W€ have

Gy (x(™) > 1 5 2 Pula(B) =) Y~ p(a)(par — 6(Q)) T aa (uar — B(Q))

a’'eA acA
’Y _
Z Z Pt Ht =a ) min”,ua’ - 9(@;)”% .
a’eA

732 Using the expression for the surrogate regret of FGTS in (30), we obtain

A, (xFETS) Z Py(a*(6) = a)(E[(6,), a)|a*(6;) = a] — (A(Q), a))

acA

¢ 3" Pua @) = )l dla* @) = a] — (6(Q7), )2,

acA
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where in the last the line we used the Cathy-Schwarz inequality. Due to the sparse optimal action
property, all actions for which P;(a*(6;) = a) > 0 have at most s non-zero elements. Therefore,

3" Bula* (@) = a)(ElGra)a” (3) = al - 0@, 0))° < 3 Pila* (B) = a)sllna—0(QH) 3.
acA acA
This, combined with the lower bound on Et(wt("‘i")) means that
ATy < I3 Pu(a(6)) = a)s|la — Q)13
acA
25 v ~
_ \/ G 2 Pea ) = il — 0@
7 min
25— mix
= \/7 mmIGt(ﬂt( ).

Choosing v = 1, this tells us that

~ 25
(Ay(rFET9))2 < 221G, (p).

min

We bound the information ratio in three cases. First, suppose that ﬁt( ) < < A, (m FGTS)) In this
case,

~

A B _ 2By(xTET))? s
IGi(n)  — 1G: (1) ~ Cin

Next, we consider the case where A (1) > ﬁt(wt(FGTS)). For any v € (0,1],

RO (pimi) _ (A= DA 1 9A0)° (1= 2)Bu(m” ™) + 980 ()°
" (1= NG(r{"™) +91Gu() MGy (1)

We define f(v) = (1 — ) A (wFETS) 4 yA,(1))3/(41Gs(1)) to be the RHS of the previous
equation. One can verify that the derivative of f () is

(1= AT 4 4A (1))

=(3)
IR, (1) =

R R [ _(FGTS X (_(FGTS
') = = 29(Bu() = By(r{TETS)) = By(#{FET)]
Gy (1)
and that f(v) is minimised w.r.t. v > 0 at 7, where 7 is the positive solution of f'(¥) = 0, which is
X (_(FGTS
S G

X X _(FGTS)\,
2(8¢(1) = By (m"ET))
That 7 is always positive follows from the fact that ﬁt(u) > ﬁt(ngGTs)). If ¥ < 1, then we can
take the forerunner to be the mixture policy with v = 7. In this case,
36/ A X _(FGTS)\\ A , (FGTS
(3)°2(8e(n) = By(m ") A, (")

—(3) mix
IRy (ri™) = =5 G/ (1)

Otherwise, if ¥ > 1, then
~ 3~
Au(w) < SR(m"ETS).

In this case, we can take the forerunner to be u. The surrogate 3-information ratio can then be upper
bounded as

' () = D@ 267 A2 (57 9

Et(u) o IGt( ) - Cvmin C’min .
Therefore, one can always find a value of v € (0, 1] such that

=(3),_(mix) 27s
IR; < —.
( ) a C’min
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G Choosing the learning rates

This section is focused on the choice of the learning rates required to obtain the bound of Theorem 2.

G.1 Technical tools

We start by a collection of technical results to help with choosing a time-dependent learning rate.

Lemma 19. Let a; > O and f : [0,00) — [0, 00) be a nonincreasing function. Then

T t 'Z;‘F:o a:
Z as f (Z ai) < / f(x)dx. (32)
t=1 i=0

ao

The proof follows from elementary manipulations comparing sums and integrals. The result is taken
from Lemma 4.13 of [ ], where a complete proof is also supplied. The following
lemma ensures that the learning rates are non-increasing.

Lemma 20. Let Cy > e,Cy > 0 and define A\, = %, then \; is a non-decreasing sequence.

Proof. Lett > 0, we have

log(Cy(t+1))  log (Cit (B1))  log(Cyt) + log (H1) T S
log(Cit)  log(Cit) log(C1t) - tlog(Cyt) — t’

where the first inequality uses log(1 + z) < z for any x > —1 and the second inequality uses

log(C1t) > log(Cy) > 1 because we assumed C; > e. Since %;1) =1+ ¢, we can conclude

that the sequence ); is non-increasing. O

G.2 Data-rich regime: Proof of Lemma 8

We start by focusing on the data rich regime, and we bound the following part of the regret bound
given in Equation (12):

T
Cr 32 —(2)
+ = M—1IR .
>\T71 3 tz:; t—1 t (ﬂ-t)
Here, C7 = 5+ 2slog e‘iT. To proceed, we let \; = « d((j;ﬁ), where a > 0 is a constant that we

will optimize later. Because ¢ — C} is increasing, we get that A;_; < « Cd—f. By Lemma 7, we

know that for all ¢ > 1, ﬁf) (m¢) < 2d, hence

Cr
Ar_1

32 & @) 1 64 T 4q
22N AR < =\/CrdT + —ay/ .
+3;t1 t(ﬂt)fol Cr t3o C’T;M

1 12
< —Crdl + —38a\/CTdT
«

NEREANT

(07

< 16,/§chT,

where the second line uses the standard inequality 23:1 % < 2¢/T, and the last line is obtained by

optimizing the expression (1 + 122 with the optimal choice o = /13 which yields the value

16\/2 . This concludes the proof of the claim. O
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G.3 Data-poor regime: proof of Lemma 8

We now focus on the data-poor regime and specifically on bounding the following part of the bound
given in Equation (12):

Ar—1

Cr 16 . ¢ R
? Z At 1IR 7Tt)

'2
Here, Cr = 5 + 2slog e‘iT. Now, we let \; = « (% f‘f’;‘“) ’ , where v > 0 is a constant that

we will optimize later. Because ¢ — C is increasing, we get that A\, < « (CTi VC“) ° By

ts

Lemma 7, the 3-surrogate-information ratio is bounded for all ¢ > 1 as ﬁgg) (m) < C— Hence,
the following holds:

T
Lr 36 Z\/ A TR )<é(cT)

Wl

< Lvs > +48c§@(OT)é< ‘/5_ >

T-1 \% C(min len =1
1, (T \? . LT\
< — 3 3
< ot () +mavanent ()
1 « 1 T/ s %
< (G +msva) en? (\/%)

<12.6%(Cr)3 (%)

Here, we have applied Lemma 19 with the function f(z) = z3and a; = 1 to bound ., t~1/3 <
%T% in the second line, the last line comes from the choice & = —+ which optimizes the constant
463

(% + 144¢5V/20) (as per Lemma 27). This proves the statement. O

G.4 Joint learning rates, end of the proof of Theorem 2

In the section below, we present the technical derivation related to choosing the choice of learning

2
rate A, = min(}, max(\?, A7), where AP = /3% and AP = L (CedCan )
63

with Cy = 5 + 2slog <2* €dt This choice interpolates between the data-rich and data-poor regimes. As

a first step, we start by conﬁrming via Lemma 20 that both A§2> and )\Eg) are non-increasing and the
bound of Theorem 1 holds with our choice of ;.

First, note that our choice of learning rates ensures that \; < % holds as long as T is larger than

an absolute constant, and thus we focus on this case here (and relegate the complete details of

establishing this absolute constant to Appendix G.5). To proceed, we define the (constant-free)
2

regret rates REQ) = /C}dt and R§3) = (t sci) : and note that they correspond to the regret
bounds obtained when using the respective learning rates /\iz) and )\E?’), as per Lemma 8.

We now consider the last time that the learning rates /\(3) and )\(2) have been used More specifically,
we denote Tp, = max{t < T, )\EQ 1> /\(3)1} and T3 = max{t < T, )\(3) > )\ } Combining the

L max()\g ) )\(3))) the following bound

bound of Equation 12 and using the definition \; = min(3,

28



795 holds

C 16 —
r +Zm1n< >\t 1IR(2)( )§C§ 3)\75_11R£3)(7Tt)>‘|

mm(l max()\(T) 1 Ag?ll))

27

T
2 1 1 1 —(
+ Zmin 3—min(f,Ina}(()\f)l,)\(?’) NI R(Q)(m) 603\/3 min(- max()\§2)1,)\(3) ))IRS)(W)
t=1 3 2 3 2’
1 1 32
< E [Crmin (}\(2) , )\(3) ) + Zmln <3 Inax()\§2 L )\§3)1)IR 2)( 03\/3 max ( /\E2)l’ )\t 1) R(3) (ﬂ-t))] .
T-1

796 We can now separate the sum obtained at the last line based on which learning rate was used at time
797 L.

me( max(/\£2)1,)\f 1)IR(2) (7), 63\/3 max( )\§2 1,/\(3) )IR RY )( ))

2) 752 16 , 3) 75 (3)
< Z ?AE—)IIRt (me) + Z 36 3)‘1(5—)11Rt (m¢)

ABZA® PYRPIVS:
T2 T3
32 (2) 75 (2) 16 . 3) —(3)
gngQlIRt (mHZ?cB AP R (my).
t=1 =

798 Following exactly the same step as in the proof of Lemma 8, we further bound
o S0 EAPTRY () < 8\/2RY) and 1 e A TR () < 8- 65 R,

)

soo  The crucial observation is that which of Ag? or )\(T) is bigger will determine whether Ré? ) or Ry 3

go1 is the term of leading order (up to some constants). More specifically, Let 7" be such that /\(2) >

802 )\gf’)_l which means that 1‘3§§T > L (CTi VC‘““) . Rearraging, this implies that /CrdT <

4.63 TVs
oo 5 (T s

go4 have that )\(T?’il > A(TQl , implies that Rg? ) < 64§ Rgpz ). We apply this to the time 7% in which
6
5
s AG_, > A by definition. we have that R}, < SZ R and putting this together with the
gos previous bound, we have

c 2 1
Ry < A(Tf +8\/QR(T22) +8-63 Ry

2
3 5 B
) 3, which means that Ré? ) < %Rgp‘s ). Following the exact same steps, we also

<4-65RY +8\/§ Rﬁé +8-65RY
<4'63R(3)+4-63R(3)+8-6€R§§3
<4-65RY +4.65RY +8.65RY
<16-65 Ry,

807 where we use the fact that 7" — RE,? ) is increasing and T < T',T5 < T.

808 Using the same argument as before, we have that )\gf; )_1 > )\% )_1, and we can conclude that R% ) <
(2)
809 5 Ry,

29



810

811

812

813

814

815

816

817

819

820
821

822
823
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825
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Putting this together, with the previous bound, we have
Cr 2) 1 (3)
Rr ) +8\/QRT2 + 8- 63 Ry,

(T
\[ $) +8-6 - 66R§§3>
f oy g+ 10 308
\[ RY + \f Ry —|—16\/> RY
<32\/;R§?>,

where we use the fact that T — R(T3 ) is increasing and T, < T', T3 < T'. Evaluating the constants
numerically yields 16 - 63 ~ 29.07 < 30 and 32\/2 ~ 26.13 < 27.

G.5 Upper bound on the learning rates

We now consider the case where the learning rates exceed %, and show that this only holds for small
values of T'. First, we have that )\g?zl <1iif

[ 3Cr 1
< -
128dT — 2

Rearranging the inequality and recalling Cr = 5 + 2slog <

15 Bs el
*32d 16d

EdT < dT

edT

, this is equivalent to

Using the loose inequality log <= , we get that this condition is satisfied for any 7" > 1.

Similarly, we have that /\(Tz1 < 5 if

1 CTVCmin %<1
165\ Ts =2

‘We note that

Ea, [AAT
Cmin = Inax Umln(EANu [AA ]) max r( Avpe [ }) S 1,
HEA(A) REA(A) d

where the first inequality uses that the trace of a matrix is always bigger than d-times its smallest
eigenvalue and the second inequality uses the fact that for any matrix A, we have Tr(AAT) =

Zf L a? < dmax; |a;| < d because we assumed that all the actions are bounded in infinity norm.

Hence the previous inequality will be satisfied if

%
1 : Cr < 1
4.63 \T/s 2
Rearranging the inequality, this is equivalent to

T>4\[Ct_8flog(eT)+f< +810gd>

Applying Lemma 24 with ¢ = 8v/3s and b = v/3s (% + 810g(%)), we find that the previous
inequality is satisfied for all

3 8ev/3d
T22alogea—|—2b:40\/;+16\/£log e\/\g .
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Thus, letting Tiin = 40\/> + 16v/3slog sefd be the constant given above, both learning rates

stay upper bounded by 3 L for all T > T, and the upper bound on the regret given the previous
subsection holds. Otherw1se we upper bound the instantaneous regret by 2 and this leads to an
additional 27 ,,;, = O(y/slog %) in the regret. Putting this together with the bound proved in the

previous section, we thus have that the following regret bound is valid for any 7" > 1:

< - - R
Ry < min (27\/(5 + 2slog 5 ) dT’, 30 (5 + 2slog 5 ) ( = m) >+O (\/glog NG

This concludes the proof of Theorem 2. O

N————

I Technical Results

In this section, we state and prove the remaining technical results.
Lemma 21. Let 7 € A(A), the function  — A(w, 0) is 2-Lipschitz with respect to the 1 norm. Let
t > 1, the function 6 — E {log (m)] is 2-Lipschitz with respect to the 1 norm.

Proof. Let 6,6 € O, we have

[r(m,0) —r(m, 6] =

> w(a)(0 -0, a)

acA

<Y w@)(® -0, a)|

acA

<> w(a) 16—l all

acA
<lo—el, .

Similarly,

* 5N — _ NN < _ NN < —ol. .
7*(6) — ()] = | max r(a,0) ~ maxr(a,6")| < max|r(6,a) — r(a,0)] < |0~ ],

Finally
[A(m,0) = A, 0)| = |r*(0) = r*(6") + r(m,6") —r(m,0) <26 -0, .

For the negative log-likelihood, for simplicity, we let = (0, A;), ' = (¢, A;) and rog = (0o, A¢),

e e ()~ (s )| = 320040 =39 = 40 =307

SE[r—Y? — (7 = %]
1
1

SB[ =) +17 = 2]

= 5IE[(r —7")(r 471" —2r)]
<2[0 -0,
O

Lemma 22. (Hoeffding’s Lemma) Let X be a bounded real random variable such that X € [a, b
almost surely. Let n # 0, then we have
(b —a)?

3 (33)

1
;108 E lexp (nX)] < E[X] +
Proof. See for instance Chapter 2 in [ ]. O

31



845
846

847
848

849
850

852

853
854

855
856
857

858

859

860

861

863
864

865

866

867

868

869
870

We now provide a data dependent version of Hoeffding’s lemma that is used in the analysis of the
gaps in the optimistic posterior.

Lemma 23. (A data dependent version of Hoeffding’s Lemma) Let X be a real random variable
and n # 0 be such that nX < 1 almost surely, then we have

% log E [exp (n.X)] < E [X] +nE [X?] < 2E [X]. (34)

Proof. Using the elementary inequalities log(z) <2 —1forz > O0ande® < 1+ 2+ z2forx <1,
we get that

—_

% log E [exp (nX)] < —E[exp(nX) — 1]

—= 3

< —E [nX +n*X?]

3

< E[X]+7E [X?].

The following lemmas help us to analyze when the learning rates are smaller or bigger than %
Lemma24. Leta > 1,b > 0, then, the equationt > alog et+b is verified for any t > 2alog ea+2b

Proof. We let f(t) =t — aloget — b, we have that f'(¢) > 0 on [a,400) and f(a) < 0. Hence
f(t) = 0 has a unique solution « on [a, c0) such that f(t) > 0if ¢ > «. We now focus on upper
bounding . The equation f(«) = 0 is equivalent to

—b
loga:L—l.
a

Now taking the exponential and reordering this is also equivalent to

Lo () =5,
a a

a
Let
1
g: (=00, 1] = [~7,0)
x — ze®.
| . (e
The previous equation can be rewritten g (=) = ———=.
We define W_; : [-2,0) — (—o00, 1] as the(functional) inverse of g. g is the —1 branch of the

Lambert W function.

We have that for any © < —1, W_;(ze”) = z and that for any y > e, ,W_l(,%) < 2log(y).

Since g is decreasing on its domain, W_1 is well-defined and decreasing. Moreover, for any x < —1

exp(,aTer

, W_1(g9(x)) = x . In particular, we have that o = aW_; (— )) We will use that

formulation to find an upper bound on .
We fix some y > e. We have —2log(y) < —1 hence W_; (—2log(y)e(~21°e®))) = —21og(y),

e(loa(v)) 2

2log(y) — 2log(y)”

Because of the elementary inequality 2log(z) < z for x > 0, we conclude that y < y*. Since
y— —W_, (—%) is an increasing function we finally have that for any y > ¢

() v () -

32
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Applying this to y = aexp (“FL) > e, we get
—1
a=W_; () < 2log(y) = 2alogea + 2b.
Y

Since any ¢ > « will satisfy f(t) > 0, this concludes our proof.
O

Lemma 25. Let 0 € ©, then M, = exp(L{" (60) — LIV (0)) = [T._, 25442 is a supermartin-

gale with respect to the filration F;.

Proof. We have

B((ijweo,j;)) 7 1,At] _ [exp<(<90,At>— 1)’ . — (8, Ay) — ))’ft 1,At}
— 5 |ex ( (Ot A0 - >> ‘]—‘t_l,At}
— exp <_W> E [exp (e0(0 — 6o, A0))|Fim1, Al]
< oxp (_(<9 — ag,At>)2> exp <(<9 - QS,AQ)Q)

=1,

where the inequality comes from the conditional subgaussianity of ;. Finally, by the tower rule of

conditional expectations
p(Y:|6, A
}t—1:| =E |:E |:( t‘ ! t)

o 20040
p(Yt|HOaAt) p(}/t|007At)

ft—la At:|

»7:26—1:| <1

I.1 Proof of Proposition 1

This is coming from the fact that the mean is the constant minimizing the mean squared error. We
remind the reader of the definition of the surrogate information gain and the true information gain
for a policy m € A(A)

— 1 _
Gu(r) = 5 3 (o [ 6= 8@).ap* aaue) G5)
where 6(Q;") = E,_ oF [6] is the mean parameter under the optimistic posterior Q; .
1
1G,(r) = 5 3 wla [ (@.0) = 0.0 aqz 0), 36)

Let’s fix a € A, we have that
({0 —00,a))* = (0 — 0(QF) +0(Q7) — b0, a))?
= ({0 - 0(Q)),a))? +2(0 = 0(Q}), a)(6(QF) — 0o, a) + (B(QF) — 0o, @))?
> ((0 - 0(QF),a))* +2(0 — 0(Q), a)(0(QF) — bo, a)
Now using that #(Q}") = [, 0 dQ; (f) and integrating, we get

\_/

/ (6 — 60, a)? Q7 (6) > / (0 — B(QF). a))? dQ7 (6).
® (€]

Multiplying by 7(a) and summing over actions, we get the claim of the lemma.
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I.2 Generalization of the AM-GM inequality

Dealing with the generalized information ratio requires bounding the cubic root of products. While
one could use Holder’s inequality to deal directly with products, we find it more flexible to use a
variational form of this inequality. In all that follows, we let p > 1 be a real number and ¢ be such
that % + é = 1. It is not hard to check that ¢ = 2% We start by stating a direct consequence of the

Fenchel-Young Inequality which can be seen as an extension of the AM-GM inequality.
Lemma 26. Let x,y > 0, then

zy < — 4 —. 37
p
With equality if and only if pxP~' =y

Proof. One can check that the Fenchel dual of the function

f Rt —R
P
T — —
p
is exactly f*(y) = %|y\qsgn(y). Then the Lemma is a direct consequence of the Fenchel Young
inequality and of its equality case. O

Refining a bit this Lemma, we get the following variational form of the previous inequality :
Lemma 27. Let x,y > 0,\ > 0, then

X 1
VIS T+ 00T 38)

p—1

® ‘

where ¢y = (p — 1)%# with equality if and only if t =y = 0 or A = p%

|

Y

Proof. We apply the previous lemma to {/5* and {/ %. O

In order to go from the variational form to the product form, we may use the following result.
Lemma 28. Let o, 8 > 0, then

/{I;fo% +BAFT = cpar B (39)
1 =1 . p—1 .. . p—1 pT?l
where ¢, = p=; 7 satisfies c,-c;, 7 = 1, and the minimum is reached at \* = (p—1) 7 &=
B
_P_
Proof. Applying the previous Lemma to x = « and y = ¢ ' fP~ ! yields the result. O

Remark An alternative is to pick A to make both terms equals resulting in the same result but with
2 as a leading constant. Now

With equality if and only if p = 2. So, the choice of ¢, always yields a better leading constant.
However, c3 ~ 1.88 so one could argue that the gain is small. Since we will usually use Lemma 27,
c,, will naturally appear and ¢, will cancel it, ultimately making the leading constant as simple as
possible.
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Figure 1: Cumulative regret for d = 20 (left) 40 (middle) and 100 (right). We plot the mean +
standard deviation over 10 repetitions.

J Experimental details

We aim to verify that, in both the data-rich and data-poor regimes simultaneously, the regret of
SOIDS is comparable with the regret of existing algorithms that achieve near optimal worst-case
regret in either the data-rich or the data-poor regime. Our baseline for the data-rich regime is the
online-to-confidence-set (OTCS) method proposed by [ ], which has worst
case regret of the order v/ sdT'. For a tougher comparison, we run this method with the confidence
sets from Theorem 4.7 of [ ], which have much smaller constant factors than
those used by [ ]. Our baseline for the data-poor regime is the Explore
the Sparsity Then Commit (ESTC) algorithm proposed by [ ], which has worst-case
regret of the order (sT')?/3. For reference, we also compare with LinUCB

[ ], which does not adapt to sparsity.

It is generally difficult to run the SOIDS algorithm exactly because the surrogate information ra-
tio contains expectations w.r.t. the optimistic posterior. In our implementation of SOIDS, we use
the empirical Bayesian sparse sampling procedure of [ ] to draw approximate sam-
ples from the optimistic posterior, and then approximate the surrogate information ratio via sample
averages.

For each d € {20,40, 100}, 6, is the s-sparse vector in R¢, with s = d/10, in which first s com-
ponents are 10/s and the remaining components are zero. The action set consists of 200 random
draws from the uniform distribution on [—1, 1]¢. The noise variance is 1 and we run each method
10 times. In Figure 1, we report the cumulative regret over 7' = 1000 steps. As d is varied from 20
to 100, we appear to transition from the data-rich regime to the data-poor regime: for d = 20, the
OTCS method is the best performing baseline, whereas for d = 100, ETCS is the best performing
baseline. As our theoretical results would suggest, SOIDS performs well in both regimes.

To run the SOIDS algorithm, one must minimise ﬁf) (m) w.rt. 7 in each round ¢. This is not

straightforward, because EEQ) (7) contains expectations w.r.t. the optimistic posterior Q;". When
we use the Spike-and-Slab prior in Appendix B.2, we are not aware of any efficient method that can
be used to maximise ﬁf)(ﬂ'). Instead, we draw (approximate) samples 1) ... 0(M) from Q;

to produce the estimates ﬁt(w) and INGt(ﬂ') for the surrogate regret and the surrogate information
respectively, where

~ 1 M (1) - 1 1 M (i) = 2
Ay(m) = Zw(a)MZA(a,H ),  IGy(m) = §ZW(a)MZ(<0 —Orya))” .
acA =1 acA i=1

Here, 0, is the sample mean ﬁ Zi\il 6("). We then maximimse the approximate surrogate infor-

. . o=5(2)
mation ratio IR, " (7), where

_ A 2
R () = Bem)”
IGt (7'(')
To draw the samples 61, ..., (™) we use the empirical Bayesian sparse sampling procedure pro-
posed by [ ], which is designed to draw samples from the Bayesian posterior. To

sample from the optimistic posterior, we incorporate the optimistic adjustment into the likelihood.
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This method replaces the theoretically sound spike-and-slab prior with a relaxation in which the
“spikes” are Laplace distributions with small variance, and the “slabs” are Gaussian distributions
with large variance. In particular, the density of this prior is

d
a@)= > p _le + (1= 73)%0(6)]-

~v€{0,1}4

Here, 11 (0) is the density function of a univariate Gaussian distribution, with mean 0 and vari-
ance pi, and vy is the density function of a univariate Laplace distribution, with mean O and scale
parameter po. p(7y) is a product of Bernoulli distributions with mean §. In our experiments, we
always use p; = 10, po = 0.1 and 5 = 0.1. Also, we set the learning rates to = 1/2 and

( slog(detdt/s)’ (Iog(etdt/s) )2/3))

ol
At = min(3, 15

Implementing the OTCS baseline exactly would require us to compute the means of the distributions
played by an exponentially weighted average forecaster with a sparsity prior. These distributions are
the same as the optimistic posterior, except A\; = 0 (i.e. there is no optimistic adjustment). In our
implementation of the OTCS baseline, we draw samples using the same empirical Bayesian sparse
sampling procedure, and then replace the exact means with the sample means. We use the same
choices for the parameters 7, p1, pg and 5. We set the radii of the confidence sets to the values given
in Theorem 4.7 of [ ]

For the LinUCB baseline, we set the radii of the confidence sets to the values given in Theorem 2 of
[ ]. For the ESTC baseline, we set the exploration length 7T to 50 when
d = 20, 100 when d = 40 and d = 100. These values were chosen based on a small amount of trial

max

and error. The theoretically motivated values in Theorem 4.2 of [ ] are much larger
than these values. Also for ESTC, we set the LASSO regularisation parameter to A = 44/log(d) /71,
which is the value given in Theorem 4.2 of [ 1.
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