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Abstract

Thanks to their simple architecture, Restricted Boltzmann Machines (RBMs) are
powerful tools for modeling complex systems and extracting interpretable insights
from data. However, training RBMs, as other energy-based models, on highly
structured data poses a major challenge, as effective training relies on mixing the
Markov chain Monte Carlo simulations used to estimate the gradient. This process
is often hindered by multiple second-order phase transitions and the associated
critical slowdown. In this paper, we present an innovative method in which the
principal directions of the dataset are integrated into a low-rank RBM through a
convex optimization procedure. This approach enables efficient sampling of the
equilibrium measure via a static Monte Carlo process. By starting the standard
training process with a model that already accurately represents the main modes of
the data, we bypass the initial phase transitions. Our results show that this strategy
successfully trains RBMs to capture the full diversity of data in datasets where
previous methods fail. Furthermore, we use the training trajectories to propose a
new sampling method, parallel trajectory tempering, which allows us to sample
the equilibrium measure of the trained model much faster than previous optimized
MCMC approaches and a better estimation of the log-likelihood. We illustrate the
success of the training method on several highly structured datasets.

1 Introduction

Energy-based models (EBMs) are a classic approach to generative modeling that has been studied for
decades. They were introduced using the Restricted Boltzmann Machine formulation by Smolen-
sky [IL] and later further developed by Sejnowski et al. [2]. They provide a straightforward method for
modeling effective interactions within complex data distributions and for sufficiently simple energy
functions, such as the Boltzmann machine (BM) [3]], it is also possible to interpret and infer the
underlying constituent rules from the observed data. This inference strategy is often associated with
the inverse Ising problem and pairwise interaction models [4]], and it has found a great variety of
applications in fields such as neuroscience [5] or computational biology [6]. A recent work has
proposed replacing the use of pairwise models with the Restricted Boltzmann Machine (RBM) [7]],
as it allows the same direct interpretation of its energy function as an explicit many-body interaction
model while greatly extending the expressive power of the model. RBMs are also very useful for
grouping data into hierarchical families [8]. On the diametrically opposite side (on interpretability)
are generative ConvNets [9,|10], where the energy function is formulated as a deep neural network,
which are capable of synthesizing photorealistic images but are almost impossible to interpret as a
physical model.

The applications of simple EBMs in science are very diverse. For example, they are often used today
to encode the Hamiltonian of physical many-body systems, such as Quantum wave functions [[11]]
or the accurate determination of ground state wave functions of strongly interacting and entangled
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quantum spins [12] or they have proven to be suitable for the representation of the AdS/CFT
correspondence in theories of quantum gravity [[13] [14]. Simple EBMs are also very common to
encode the evolutionary constraints in protein families [6} [15]], and to predict mutations [16], or to
generate realistic synthetic sequences, such as fake human genomes [[17,18]. These examples show
that, despite their somewhat old-fashioned architecture, shallow EBMs are increasingly seen as useful
tools for better understanding modern physics/biology, as they allow for a certain level of analytical
description.

Despite the appealing modeling properties of RBMs, they are notoriously difficult to train, a challenge
common to EBMs in general. The main difficulty arises from the computation of the log-likelihood
gradient, which requires an ergodic exploration of a dynamically evolving and potentially complex
free energy landscape using Markov Chain Monte Carlo (MCMC) processes. Recent studies have
shown that models trained with non-convergent MCMC processes suffer from out-of-equilibrium
dynamic memory effects [[19} 20l 21]]. This dynamical behavior can be explained analytically using
moment-matching arguments [19, 22]. While exploiting these effects can yield fast and accurate
generative models, even for highly structured data [23]] or high-quality images with RBMs [24], this
approach results in a sharp separation between the model’s Gibbs-Boltzmann distribution and the
dataset distribution, thereby undermining the interpretability of the model parameters [22,[7]. Thus,
to extract meaningful information from datasets using RBMs, it is essential to ensure proper mixing
of the chains during training, in short, one needs equilibrium models.

Both the ability to train an RBM in equilibrium and to generate convincing new samples from its
equilibrium measure strongly depend on the dataset in question. For typical image datasets such
as MNIST or CIFAR-10, good RBMs can be obtained by increasing the number of MCMC steps.
However, this approach is no longer feasible for highly structured datasets [25]]. Datasets from
which one seeks scientific insights are often highly structured, such as genomics/proteomics data
or low-temperature many-body physical systems. These datasets typically exhibit distinct clusters,
identifiable via principal component analysis (PCA) which form distant groups of similar entries.
We show an example of the PCA of 4 clustered dataset we will be studying in this work in Fig.
details about these datasets are given in the caption and in the Supplemental Information (SI). During
training, the model must evolve from an initial normal distribution to an increasingly multimodal
distribution. Sampling from multimodal distributions is particularly challenging because the mixing
times are determined by the transition times between modes. But this is not the only difficulty. These
distant modes are encoded by second-order phase transitions during training [26, 27} 28], leading to
diverging mixing times in these regions — a phenomenon known as critical slowdown —, which
means that mixing times are expected to grow with a power of their system size. This sampling
challenge not only hinders the training process, but also limits the model’s ability to generate new
samples. Obtaining new and independent configurations would require an impractically large number
of sampling steps.

2 Related work

Training EBMs by maximizing log-likelihood has long been a challenge in the community [29) [10].
EBMs gained popularity with the introduction of the contrastive divergence algorithm [30], in which
a set of parallel chains is initialized on independent examples in the minibatch and the MCMC
process iterates for a few steps. Despite its widespread use, this algorithm yields models with poor
equilibrium properties that are ineffective as generative models [31} 132} 21]]. An improvement is the
persistent contrastive divergence (PCD) algorithm [33]], which maintains a permanent chain in which
the last configurations used to estimate the previous gradient update are reused. PCD acts like a
slow annealing process improving gradient estimation quality. However, it often fails on clustered
data as the statistical properties of the permanent chain quickly move away from the equilibrium
measure and degrade the model [25]]. This problem, which is primarily related to phase coexistence,
can be addressed with constrained MCMC methods if appropriate order parameters are identified.
For RBMs, these order parameters are related to the singular value decomposition of the model
coupling matrix, which enables efficient reconstruction of multimodal distributions [25]. Although
this method is effective for evaluating model quality, it is too computationally intensive to be used
in training, even if it leads to models with good equilibrium properties. Other optimized MCMC
methods, such as the Parallel Tempering (PT) [34] algorithm, simulate multiple models at different
temperatures, facilitating mixing through temperature exchange [35,132]]. However, PT is costly and
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Figure 1: Clustered datasets. In A-C we show the 4 different clustered data sets that we will consider
in this paper, projected onto their first two PCA components. In A we show the data of the MNIST
01 dataset (both projected and some instances), which contains only the 0-1 images of the complete
MNIST dataset. In B, we show the Mickey dataset, an artificial dataset whose PCA forms a “Mickey"”
face shape. In C, we show data from the Human Genome Dataset (HGD), which contains binary
vectors each corresponding to a human individual and whose sites correspond to selected genes. A
value of 1 at a particular position means that a mutation was observed there compared to an individual
reference sequence. Details of these data sets can be found in the SI. In D-F we show the samples we
generate with the low-rank RBMs that are used as initial point of a standard training.

often ineffective, especially because EBMs undergo first-order phase transitions at the temperature
where PT typically fails because one needs too many temperatures to make the moves accepted. We
will see below that a more appropriate approach exchanges the models at different training times,
which only implies crossing second-order phase transitions.

The population annealing algorithm, which reweights parallel chains during learning based on their
relative weight changes during parameter updates, was proposed as an alternative [36]. Similarly,
reweighting chains using non-equilibrium physics concepts such as the Jarzynski equality has been
proposed [37]]. Both approaches struggle with highly structured data sets. To prevent the different
chains to get too correlated around the training phase transitions, one must either increase the
number of sampling steps or decrease the learning rate, which in practice means very long training
processes to ensure a proper equilibrium training. Another strategy is to use EBMs as corrections
for straightforward-to-sample flow-based models [38]]. This simplifies sampling and learning, but
sacrifices the interpretability of the energy function, which was our goal. An evolving flow model
can be used as a fast sampling moves proposer for the EBM [39] objective. This method requires the
training of two different networks in parallel and may result in the drop of the move acceptancy as
the EBM becomes specialized.

For RBMs, a recent method called “stacked tempering" [40] dramatically speeds up sampling by
training smaller RBMs with latent variables from previous models, allowing fast updates to be
proposed using a PT like algorithm. Authors also showed that this algorithm was much faster than
the standard PT. While effective, it is too cumbersome for use in training. Also for RBMs, it has



113
114
115
116
117

118
119
120
121
122
123
124
125
126

127

128
129
130
131
132

133
134
135

137
138
139

140
141
142

143
144
145
146
147

148
149
150
151
152

153
154
155
156
157

recently been shown that it is possible to train a low-rank RBM that accurately reproduces the
statistics of the data projected along the d first data principal directions through a convex and very
fast optimization process (see [41]] and the discussion below). This low-rank model can be seen as a
good approximation to the correct RBM needed to describe the data, and has the nice property that it
can be efficiently sampled via a static Monte Carlo process.

In this paper, we will show how to drastically reduce training times by starting the RBM training
process at this low-rank RBM, as this means that the first and strongest dynamic effects associated
with them are directly bypassed. We also show that one can exploit the training trajectory to develop
an effective sampling method, the parallel trajectory tempering (PTT) that outperforms the “stacked
tempering" [40]] and only requires saving a reduced number of models during the training. This
strategy also allows to obtain reliable estimations for the log-likelihood in well-trained models, much
better than those obtained with the standard Annealing Important Sampling (AIS) techniques [42].
Using both strategies, we show that we are able to train and evaluate methods that accurately represent
the different modes in the dataset, where standard methods lead to mode collapse effects.

3 The Restricted Boltzmann Machine

The RBM is composed by N, visible nodes and [V}, hidden nodes. In our study, we primarily use
binary variables {0, 1} or £1 for both layers. The two layers (visible and hidden) interact via a
weight matrix w, with no direct couplings within a given layer. Variables are also adjusted by visible
and hidden local biases, 8 and 7, respectively. The Gibbs-Boltzmann distribution for this model is
expressed as

1
p(v,h) = - €XP [-H (v, h)] where H(v,h) = — Zviwmha — Z Oiv; — Znaha, e))

where Z is the partition function of the system. As with other models containing hidden variables, the
training objective is to minimize the distance between the empirical distribution of the data, pp(v),
and the model’s marginal distribution over the visible variables, p(v) = ), exp [-H(v, h)] /Z =
exp [—H (v)] /Z. Minimizing the Kullback-Leibler divergence is equivalent to maximizing the
likelihood of observing the dataset in the model. Thus, the log-likelihood £ = (—H(v))p —
log Z can be maximized using the classical stochastic gradient ascent. For a training dataset D =
{v(m)}m=17_“7 M the log-likelihood gradient is given by

oL oL oL
B (viha)D — (Vihe)RBM, a0, (vi)yp — (vi)rBM, o = (ha)p — (ha)rBM, (2)

where (-), denotes the average with respect to the entries in the dataset, and (-) ;) With respect
to p(v, h). Since Z is intractable, the model averages in the gradient are typically estimated us-
ing Ny independent MCMC processes, and observable averages (o(v, h))gp\ are replaced by

Zle o(v™ A" /R, with (v(") h(") being the last configurations reached with each of the
r = 1,..., R parallel chains. To obtain reliable estimates, it should be ensured that each of the
Markov chains mix well before each parameter update. However, ensuring equilibrium at each update
is impractical, slow and tedious. The common use of non-convergent MCMC processes is the cause
of most difficulties and weird dynamical behaviors encountered in training RBMs [21]].

Typical MCMC mixing times in RBMs are very small at the beginning of the training and grow as
it progresses [21], suffering with sharp increases every-time the training trajectory crosses each of
the critical transitions that give birth to new modes [28]]. In order to minimize out-of-equilibrium
effects, it is often useful to keep R permanent (or persistent) chains, which means that the last
configurations reached with the MCMC process used to estimate the gradient at a given parameter

update ¢, P; = {(vy), hﬁ”) R |, are used to initialize the chains of the subsequent update ¢ + 1.
This algorithm is typically referred as PCD. In this scheme, the process of training can be mimicked
to a slow cooling process, only that instead of varying a single parameter, the temperature, a whole
set of parameters ®; = (w;, 0, 1) are updated at every step to @1 = O, + vV L, with VL,

being the gradient in Eq. (2) estimated using the configurations in P}, and ~ being the learning rate.
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4 The low-rank RBM pretrained

In Ref. [41]], it was shown that it is possible to train exactly (i.e. by direct numerical integration
instead of MCMC sampling) an RBM containing a reduced number of modes in the weight matrix
W by exploiting a mapping between the RBM and a Restricted Coulomb Machine and solving a
convex optimization problem, see the SI. In other words, it is possible to train a RBM with a coupling
matrix of this simplified form

d
W = Z TR TITA with  (wg, ) € RV x RVe, (3)
a=1

and where the right singular vectors {u, }2¢_; correspond exactly to the first d principal directions
of the data set. Under this assumption, it is possible to write p(v) only as a function of d order
parameters given by the magnetizations along each of the u,, components, mq, (v) = uq, - v/v/Ny,
and in particular,

d
H(v) = =) logcosh (x/Nvua > wema + na> = H(m(v)), 4
a a=1

where m = (mq,...,m,). As proposed in [41], the optimal parameters of such a model can
basically be determined by solving a regression problem. We describe this method in details in the
SI. This means that once the model is trained, we obtain a probability p(m) defined on a much
lower dimension than the original p(v). Such a probability can be straightforwardly sampled using
inverse transform sampling. Since this method requires a discretization of the m-space both for
training and generation, we cannot consider intrinsic space dimension d > 4 dimensions in practice.
These low-rank RBMs are then trained to reproduce the statistics of the dataset projected in its first d
principal components. Despite their simplicity, the low-rank models are already able to generate an
approximate version of the dataset, as shown in Fig. [T[}-D-F for the 4 datasets previously presented.

In the initial stage of the standard learning process, the model encodes the strongest PCA components
of the data through multiple critical transitions [26} 27, [28]]. Pre-training with the low-rank construc-
tion allows us to bypass these transitions and avoid out-of-equilibrium effects caused by critical
slowing down associated to these transitions. Once the main directions are incorporated, training can
efficiently continue with standard algorithms like PCD, as the mixing times of pre-trained machines
tend to be much shorter. In particular, in the PCD-100 training with MNISTOI, relaxation times for
the visible variables’ time correlation reach 5 - 10> MCMC steps at the first three transitions, coincid-
ing with the growth of singular values in the model weight matrix . In contrast, the pre-trained
machine has a much shorter relaxation time of ~ 103, allowing us to safely restart the PCD process
from a set of equilibrium samples generated by static sampling of the low-rank RBM.

Overcoming these transitions has dramatic implications for the quality of the models we can train
and how accurately they reproduce the statistics of the data. In Fig. 2] we show for 3 datasets the
equilibrium samples drawn from 3 RBMs trained with identical number of samples, minibatch size,
k = 100 Gibbs steps, and learning rate v = 0.01, but different training strategies. In particular,
we consider 2 RBMs trained from scratch with the standard PCD [33] and the recently proposed
Jarzynski reweighing method [23] (see SI for our specific implementation in the RBM), and a final
machine trained with PCD and pre-trained with a low-rank RBM. In all cases, the quality of the
generated samples is significantly better when pre-training is used. For the Mickey dataset, neither
JarRBM nor normal PCD are able to generate convincing data. For the MNISTO1 dataset, all 3
methods are able to generate convincing data, but only Pretrain+PCD is able to correctly balance all
modes, as can be seen in Fig. [3] where we compare the histograms of the generated data projected
onto the first 3 PCA directions with those of the dataset and a random selection of the generated
samples. We see that the pre-training+PCD training perfectly balances the different modes (here we
show the first 3 directions, but it goes much further), unlike the other 2 methods, and also generates
more diverse images. We can also compare the log-likelihood of all 3 models and find that the
pre-trained RBM achieves higher values. At this point, it is important to emphasize that in order to
properly quantify the increase in log-likelihood, we need to use the PTT algorithm (see section [5)) to
correctly thermalize in these well-trained machines. For comparison, we show our PTT measure in
dark and solid lines, while the standard AIS [42]] estimate is shown in light dashed lines.

Already from the scatter plots we see that the pre-training has a dramatic effect in obtaining models
where all modes are properly balanced, but also has important effects in the maximum test-likelihood
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Figure 2: We compare the equilibrium samples generated by RBMs trained on the Mickey, MNISTOI,
and HGD datasets using three different training schemes: Jarzynski (JarRBM), PCD, and PCD
initialized on low-rank RBMs (used to generate the samples in Fig. [T}-D-F). To assess the fitting of
the modes, we show a density plot of the projections of the data in the first two principal directions
of each dataset. We compare these results with the density plot of the original datasets in the first
column.

we can achieve. In all cases, these equilibrium samples are drawn using the trajectory PT algorithm
that will be explained in the next section, and the log-likelihood obtained using the equilibrium
configurations obtained at different epochs as a result of the trajectory PT flow.

S Standard Gibbs sampling vs. Parallel Trajectory Tempering (PTT)

One major challenge with structured datasets is quantifying the model’s quality, since sampling the
equilibrium measure of a well-trained model is often too time-consuming. This affects the reliability of
generated samples and indirect measures as log-likelihood’s estimation through Annealing Importance
Sampling (AIS) [42], making them inaccurate and meaningless.

To illustrate this problem, let us consider the MNISTOI and the HGD datasets. MNISTO1 dataset is
bimodal and the HGD highly multimodal as shown in their PCA in Figs.[T}-A and C. Let us consider
that we want to sample the equilibrium measure of the RBMs trained using low-rank RBM pretraining.
In order to draw new samples from these models, one would typically run MCMC processes from
random initialization and iterate them until convergence. The mixing time is controlled by the
jumping time between clusters. To accurately estimate the relative weight between modes, the
MCMC processes must be ergodic, requiring many back-and-forth jumps. However, as shown in
Figs. @l-A and C for the MNISTO1 and HGD datasets, Gibbs sampling dynamics are extremely slow,
rarely producing jumps even after 10* MCMC steps. The yellow curves in Figs. @—B and D show the
mean number of jumps over 100 independent chains as a function of MCMC steps, indicating that a
proper equilibrium generation would require at least 105 — 107 MCMC steps.

One effective way to accelerate the dynamics is to exploit the training trajectory, where the model
progressively specializes through second-order phase transitions. To achieve this, we save RBMs
trained at various epochs and propose swaps between configurations of similarly trained models. We
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Figure 3: We compare the samples generated by the 3 RBMs (JarRBM, PCD, pretrain+PCD) trained
with MNISTOI data. In A, we show the histograms of the generated data projected on the first, second
and third principal directions with those of the dataset. We see that only the pretrain+PCD correctly
balances the different modes. In B we show 10 images generated by each machine. In C, we compare
the log-likelihood of each model’s dataset as a function of training time. The dark and full curves
were obtained using the PTT algorithm discussed in section [ and the lighter and dashed curves
using the AIS method [42].

call this the Parallel Trajectory Tempering (PTT) algorithm. Unlike the standard Parallel Tempering
(PT) algorithm, which attempts swaps configurations between different temperatures, the PTT swaps
between model parameters with different degrees of specialization. This approach is more natural
for this problem because it involves crossing only second-order transitions, unlike the first-order
transitions occurring in temperature annealing. And in fact, we show in Figs. A and C, that this
approach allows us to sharply accelerate the dynamics, as opposed to the standard PT algorithm
(studied in detail for the MNIST dataset in [40]).

In the PTT algorithm, the configurations & = (v, k) of neighboring machines indexed by ¢ and ¢ — 1
are interchanged with the probability

Pace(x’ < 2'™1) = min (1,exp (A’Ht(wt) — A"Ht(:ct_l))) .

This move satisfies detailed balance with our target equilibrium distribution p(x) = exp(—H(x))/Z,
ensuring that the moves lead to the same equilibrium measure. As “nonspecialized" models mix
very quickly, either because the distribution is essentially Gaussian at the initialisation of a standard
training, or because the low-rank RBM can be sampled with a static Monte Carlo process (yielding
independent configurations each time), the trajectory flow significantly accelerates convergence
to equilibrium. The time interval between successive machines is selected in such a way that the
probability of accepting interchanges between neighboring machines remains around 0.3. Pre-trained
machines require a significant fewer number of models to be effective, because most selected models
are positioned at the most prominent phase transitions. We give the number of machines used for
each sampling process in the SI. We also provide there a specific and detailed description of the
algorithm used.

In the red curves in Fig. @)-B and D, we show the number of jumps between clusters as a function
of the number of elementary MCMC steps, which in the PTT scheme refer to 1 Gibbs sampling step
+ one swap proposal. For the DNA dataset, we have two measures corresponding to jumps along the
two principal component directions. We observe at 10 MCMC steps an increase of the number of
jumps by a factor of 80 for MNISTO1 and by a factor of 1350 for the HGD in this machine, although
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Figure 4: Comparison between PTT and classical Gibbs sampling for the MNISTO1 dataset (A and
B, respectively) and the human genome dataset (C and D, respectively). In A and C, we show the
trajectory of two independent chains (red and orange) projected onto the PCA along the sampling
process of the pretraining+PCD model for 10* MCMC steps. The black contour represents the density
profile of the dataset and the position of the chains is plotted every 10 steps. In B and D we show the
average number of jumps from one cluster to another as a function of the MCMC steps performed.
The average is calculated over a population of 100 chains. In D, we show the average jump time
between clusters along the first (solid line) and second (dashed line) principal components of the data.

we achieve higher factors in other machines, as we show in the SI. The sampling of RBMs training
on the MNISTOI1 dataset was the subject of the study of the “stacked tempering" algorithm in [40].
If we compare the numbers with their work, we see that we achieve a 3-4 times higher speedup factor,
where our model has the advantage that it does not need additional training, but simply uses the stored
machines correctly.

Another desirable advantage of our PTT algorithm is that we can easily use it to compute an improved
estimate of the AIS log-likelihood, except that in our case we consider the training trajectory instead
of a cooling process and use the equilibrium samples obtained for each of the models to compute the
model averages. In Figs. 3}-C [5F-A we compare the log-likelihood estimates obtained with our method
(AIS-PTT) in full and dark lines and in light and dashed lines the AIS estimate (AIS). We see that
both measures coincide for most parts of the training and that they split when the sampling becomes
too long to thermalize along the temperature annealing curve in AIS. This effect is particularly evident
for the JarRBM run in [5}-A, where AIS takes a long time to recognize that the model suffers from a
strong mode-collapse effect.

6 Opverfitting and privacy loss as quality indicators

In this section, we examine the quality of the samples generated, regarding overfitting and privacy
criteria which have been defined for genomic data in particular. We look at this on the models trained
with PCD with and without pre-training. We do not include the Jarzysnki method here, as this method
fails to obtain a reliable model as clearly shown in the evolution of the Log-likelihood in Fig.[5] We
focus on the human genome dataset, as shown in Fig.[T}-C, to evaluate the ability of various state-
of-the-art generative models to generate realistic fake genomes while minimizing privacy concerns
(i.e., reducing overfitting). Recent studies [17, [18]] have thoroughly investigated this for a variety of
generative models. Both studies concluded that the RBM was the most accurate method for generating
high-quality and private synthetic genomes. The comparison between models relies primarily on the
Nearest Neighbor Adversarial Accuracy (AArg) and privacy loss indicators, introduced in Ref. [43]],
which quantify the similarity and the level of "privacy" of the data generated by a model w.r.t. the
training set. We have AArs = %(AATme + AASynth) where AAryye [resp. AAgynsn] are two
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Figure 5: We compare the quality of the RBMs trained with the human genome data (HGD). In A,
we show the log-likelihood as a function of the training epochs for the 3 training procedures. Solid
lines correspond to AIS-PTT and dashed lines to AIS. The JarRBM falls down because the training
breaks eventually. In B and C we compare privacy and overfitting based on the A Arg indicator.

quantities in [0, 1] obtained by merging two sets of real and synthetic data of equal size N and
measuring respectively the frequency that a real [rep. synthetic] has a synthetic [resp. real] as
nearest neighbor. If the generated samples are statistically indistinguishable from real samples, both
frequencies AAry,e and AAgyn, should converge to 0.5 at large N;. AArg can be evaluated both
with train or test samples and the privacy loss indicator is defined as Privacy loss = AAYSt — A Aain
and is expected to be strictly positive. Fig.[5|shows the comparison of AArg and privacy loss values
obtained with our two models, demonstrating that the pre-trained RBM clearly outperforms the
other model, and even achieves better results (AArg values much closer to 0.5) than those discussed
in [18].

7 Conclusions

We have shown that the strategy of initiating the training on a pre-trained low-rank RBM is an
extremely effective strategy to obtain high quality models for structured datasets that accurately
represent all the modes in the datasets and with significantly higher log-likelihoods. We have also
shown that the models obtained in that way are: (i) better generative models than those obtained
with standard trainings, both, in the sense that they over-fit less at the same time they are more
indistinguishable from the test samples, (ii) they display faster relaxational dynamics.

We have also proposed a new fast sampling method that exploits the progressive learning of features
in the training of RBMs to design an efficient trajectory PT strategy that allows accelerating the
parallel Gibbs sampling dynamics by many orders of magnitude and overcome the performance
of recent efficient sampling methods without adding any extra cost than saving models during the
training.

Both strategies for training and sampling are very general, and could be generalized to more complex
EBMs. In this sense, the low-rank RBM model could be used as a more efficient pre-initialisation
in deeper structures, and the trajectory PT algorithm is suitable to be directly used in any EBM no
matter how complex it is.

8 Code availability

The code and datasets are available at https://github.com/nbereux/fast-RBM.


https://github.com/nbereux/fast-RBM
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A Details of the pre-training of a low rank RBM

A.1 The low-rank RBM and its sampling procedure

Our goal is to pre-train an RBM to directly encode the first d principal modes of the dataset in the
model’s coupling matrix. This approach avoids the standard procedure of progressively encoding
these modes through a series of second-order phase transitions, which negatively impact the quality
of gradient estimates during standard training. It also helps prevent critical relaxation slowdown of
MCMC dynamics in the presence of many separated clusters.

Given a dataset, we want to find a good set of model parameters (w, 8 and 1) for which the statistics
of the generated samples exactly match the statistics of the data projected onto the first d directions
of the PCA decomposition of the training set. Let us call each of these « = 1,. .., d projections
Mo = g - v/+/Ny the magnetizations along the mode «, where u,, is the a-th mode of the PCA
decomposition of the dataset. A simple way to encode these d-modes is to parameterize the w-matrix
as:

d
w = Z Wa oW, , with (U, y) € RN x RVA, 3)
a=1

where u and u are respectively the right-hand and left-hand singular vectors of w, the former being
directly given by the PCA, while w,, are the singular values of w. Using this decomposition, the
marginal energy on the visible variables, #(v) = log > ", exp H(v, h) can be rewritten in terms of
these magnetizations m = (my, ..., mq

d
H(v) = — Z log cosh <J]\T,ﬂa Z WaMqa + 7)a> = H(m(v)). ©)

Now, the goal of our pre-training is not to match the entire statistics of the data set, but only the
marginal probability of these magnetizations. In other words, we want to model the marginal
distribution

¢ 1
Pem (m) = Pem (U) 5 (moz - UZ;’U) ) (7)
o) = 2 pemn(® L3\ me =
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where § is the Dirac §-distristribution. In this formulation, the distribution of the model over the
magnetization 1 can be easily characterized

d
1 1
p(m) = — Xv:e H >aH:1 5 <ma - 7 ufv) ®)
1 d
- Ej\/(rn) exp Z log cosh (ua Z WoMea + na> )
a a=1
_ L nmmyenesim) _ L —Nofim) (10)
Z
where N'(m) = 3, T[%_, 0 (ma — ﬁugv) is the number of configurations with magnetiza-

tions m, and thus S(m) = log N(m)/N, is the associated entropy. Now, for large NV, the entropic
term can be determined using large deviation theory, and in particular the Girtner-Ellis theorem:

est(rn)
pprior(m) = oN, ~ exp (_sz(m)) ) (11)
with the rate function
I(m) =sup [m"p — ¢(u)] = m"p* — o(p*), (12)
I

1 1 1
o(w) = Jim <—log (M) = lim —log zi= D eV Rt Ruven - (13)
v

Ny, —00 IV N, —00 Nv
1M d
= N{igoo Fv Zl log cosh (VNV Zl Maumi) . (14)

Then, given a magnetization 712, we can compute the minimizer p*(m) of ¢(u) — mT p which is
convex, using e.g. Newton method which converge really fast since we are in small dimension. Note
that in practice we will obviously use finite estimates of ¢, assuming N, is large enough. As a result
we get p*(m) satisfying implicit equations given by the constraints given at given NN,,:

N d
1 Y
My = us tanh N, ufuz . (15)
VR 2 V2

It is then straightforward to check that spins distributed as
Pprior (V|M) eNen T m(v) (16)

fulfill well the requirement, as <u£v / \/Nv>p _
having mean magnetization m,, just by choosing v; as

= M. In other words, we can generate samples

d
Pprior (Vi = 1|m) = sigmoid <2x/NV > ua,i,uj;(m)> (17)
a=1

The training can therefore be done directly in the subspace of dimension d. In Ref. [41]], it has been
shown that such RBM can be trained by mean of the Restricted Coulomb Machine, where the gradient
is actually convex in the parameter’s space. It is then possible to do a mapping from the RCM to
the RBM to recover the RBM’s parameters. In brief, the training of the low-dimensional RBM is
performed by the RCM, and then the parameters are obtrained via a direct relation between the RCM
and the RBM’s parameters. The detail of the definition and of the training of the RCM is detailed in

the appendix
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A.2 The Restricted Coulomb Machine

As introduced in [41]], it is possible to exactly train a surrogate model for the RBM, called the
Restricted Coulomb Machine (RCM), on a low dimensional dataset without explicitly sampling the
machine allowing to learn even heavily clustered datasets. We will briefly outline the main steps to
train the RCM. A more detailed explanation can be found in Appendix [A.2]

The RCM is an approximation of the marginal distribution of the RBM with {—1, 1} binary variables:

H(v) = — Z v;0; — Z log cosh (Z WiqV; + na> ) (18)

We then project both the parameters and variables of the RBM on the first d principal components of
the dataset:

1 N, N, 1 N,
o = iUios aa = iaUias 9(){ = 61 (2o (19)

with « € {1,...,d} and v the projection matrix of the PCA. The projected distribution of the model
is then given by

exp (Nv [S(m) + Zi:l Oame + N%J 251\21 log cosh (\/]Tv Zi:1 MaWeaa + na)D

PRBM(m) = 7

(20)
where we ignore the fluctuations related to the transverse directions and S[m] accounts for the
non-uniform prior on m due to the projection of the uniform prior on s for the way to compute it.

The RCM is then built by approximating
log cosh(z) ~ |z| — log 2, 21

D o

which is valid for = large enough. The probability of the RCM is thus given by:

exp (Nv {S(m) + Zi:l Oome + Zivzhl Ga
A

d
D1 NaMa + 2q

Prem(m) =

where

d
NvaQ na:$’ za:n—a. (23)

aa d / d
_ 2 2
a=1 Za:l Waaq NU Za:l Waa

This can be easily inverted as

Ga =

1
\/qunfa and Na = qaRa,
v

in order to obtain the RBM from the RCM. The model is then trained through log-likelihood
maximization over its parameters. However, this objective is non-convex if all the parameters are
trained through gradient ascent. To relax the problem, since we’re in low dimension, we can define a
family of hyperplanes (n2, z) covering the space and let the model only learn the weights of each to
the hyperplane. We can then discard the ones with a weight low enough for the approximation to
be bad.

The gradients are given by
0J(O)

Waa =

311 - EmNPD(m) [lngm + Za” - EmNPRcM(m) [|nzm + Z“H ’ 24
a
0J (O
aéa - By (m) [Ma] = Emapey(m) [Mal - (25)

The positive term is straightforward to compute. For the negative term, we rely on a discretization of
the longitudinal space to estimate the probability density of the model and compute the averages.
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Figure 6: Scheme of PTT. We Initialize the chains of the models by starting from a configuration a:éo)

and passing it through the machines along the training trajectory, each time performing & memc steps.
For pre-train+PCD, :céo) is a sampling from the RCM, otherwise it is a uniform random initialization.
The sampling consists of alternating one mcmc step for each model with a swap attempt between
adjacent machines. For pre-train+PCD, at each step we sample a new independent configuration for

RBMj using the RCM.

Model Dataset # of machines  Alg. # of steps  acc. factor @ 10* steps
pre-train+PCD MNISTO1 6 (+1) 10000 80
JarJar MNISTO1 28 10000 50
PCD MNISTO1 13 10000 30
pre-train+PCD  Human Genome 6 (+1) 10000 1350
PCD Human Genome 13 10000 7100

Table 1: Performance comparison of different models on various datasets for the sampling using
PTT versus Gibbs sampling for 10* mecmc steps. The acceleration factor is defined as the ratio
of the average number of jumps obtained until 10* steps between PTT and Gibbs sampling. For
pre-train+PCD, the RCM machine has not to be counted among the list of models (hence the +1)
because it is very fast to sample from.

B Sampling via Parallel Tempering using the learning trajectory

Assuming we have successfully trained a robust equilibrium model, there remains the challenge of
efficiently generating equilibrium configurations from this model. Although models trained at equi-
librium exhibit faster and more ergodic dynamics compared to poorly trained models, the sampling
time can still be excessively long when navigating a highly rugged data landscape. Consequently,
we devised a novel method for sampling equilibrium configurations that draws inspiration from
the well-established parallel tempering approach. In this traditional method, multiple simulations
are conducted in parallel at various temperatures, and configurations are exchanged among them
using the Metropolis rule. Unlike this conventional technique, our method involves simultaneously
simulating different models that are selected from various points along the training trajectory. This
approach is motivated by the perspective that learning represents an annealing process for the model,
encountering second-order type phase transitions during training. In contrast, annealing related to
temperature changes involves first-order phase transitions, making traditional parallel tempering less
effective for sampling from clustered multimodal distributions.

A sketch of the Parallel Trajectory Tempering (PTT) is represented in fig. [f] Specifically, we save
ty models at checkpoints t = 1, ..., ¢; along the training trajectory. We denote the Hamiltonian of
the model at checkpoint ¢ as H;, and refer to the Hamiltonian of the RCM model as H,. We define
GibbsSampling(#, x, k) as the operation of performing k Gibbs sampling updates using the model
‘H starting from the state . In all our sampling simulations we used k = 1.
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The first step is to initialize the models’ configurations efficiently. This involves sampling N

chains from the RCM model, :1:60) ~ RCMSampling(H°), and then passing the chains through

all the models from ¢t = 1 to t = t¢ performing k Gibbs steps at each stage: m§0) ~

GibbsSampling(H:, wg(i)h k).

The sampling process proceeds in steps where we update the configuration of each model except H
with k& Gibbs steps, and sample a completely new configuration for the RCM model . Following
this update step, we propose swapping chains between adjacent models with an acceptance probability
given by:

Pace(@t <> 1) = min (1, exp (AH () — AH(21-1))), (26)

where AH(x) = Hi(x) — Hio1 ().

We continue alternating between the update step and the swap step until a total of Ny,eme Steps is
reached. The sampling procedure is illustrated in the following pseudo-code:
Input: Set of models {#:}, t = 0,...,ts, Number of Gibbs steps k, Number of MCMC steps
chmc
Output: Configurations x; fort = 1,...,t¢
Initialize: Sample N chains from the RCM model ac(()o) ~ RCMSampling(Ho)
for t = 1tot; do
2" ~ GibbsSampling(H,, =\, k)
end for
for n = 1to | Neme/k] do
fort = 1tot; do
x{™ ~ GibbsSampling(H,, z{" ", k)
end for
Resample ") ~ RCMSampling(#)
fort = 1tot; do
Compute acceptance probability

pacc(w,gn) YRS :Bgr_l)l) = min (1, exp (A’Ht(:c,gn)) — A’Ht(wgz)l)))

Swap 2\™ and @\™), with probability pacc(@!™ < ™))

end for
end for

A comparison of performances between PTT and standard Gibbs sampling is reported in Tab. [I]

C Training details

We describe in Tables [2|and |3|the datasets and hyperparameters used during training. The test set
was used to evaluate the metrics. All experiments were run on a RTX 4090 with an AMD Ryzen 9

Table 2: Details of the datasets used during training.

Name #Samples #Dimensions Train size Test size

Human Genome Dataset (HGD) 4500 805 60% 40%

MNIST-01 10610 784 60% 40%

Mickey 16 000 1000 60% 40%
5950X.

D Training of the RBM using the Jarzynski equation

In this section, we describe a procedure similar to the one introduced in [37] for training the RBM
by leveraging the Jarzynki equation. In one of its formulations, the Jarzynski equation states that
we can relate the ensemble average of an observable O with the average obtained through many
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Figure 7: Comparison between PTT and standard Gibbs Sampling for RBMs trained using PCD (A
and B) and JarRBM (C and D) on the MNISTO1 dataset. A and C show the sampling trajectory of
two chains recorded every 10 steps for a total of 10* mcmc steps. B and D show the average number
of jumps of a population of 100 chains as a function of the sampling time.
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Figure 8: Comparison between PTT and standard Gibbs Sampling for RBMs trained using PCD on
the Human Genome dataset. The sampling has been performed under the same conditions of fig. [7]

repetitions of an out-of-equilibrium dynamical process. If we consider the training trajectory of an
RBM, pg — p1 — -+ — pt_1 — pt, We can write

<O> _ <067Wt>traj (27)
t= T w0

<6 Wt>traj
where the average on the lhs is done over the last model p;, the averages on the rhs are taken
across many different trajectory realizations and W, is a trajectory-dependent importance factor. By
all practical means, under the assumption of having quasi-adiabatic parameters updates, namely
p(©i—1 = ©y) = p(6©; — O;_1), this means that we can assign to each Markov chain of the

simulation ("), r = 1,..., R, an importance weight given by:
t
W =3 M) - Hea(2))] (28)
T=1

and then compute the gradient of the log-likelihood by means of a weighted average over the chains:

—_wm
L ZL 0 e

<O> ZRil e_Wt(T)

(29)
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Table 3: Hyperparameters used for the training of RBMs.

Name Batch size #Chains #Epochs Learning rate #MCMC steps #Hidden nodes
HGD

PCD 2000 2000 10 000 0.01 100 185
Jar-RBM 2000 10000 10000 0.01 100 185
Pre-train+PCD 2000 2000 10 000 0.01 100 185
MNIST-01

PCD 2000 2000 10 000 0.01 100 200
Jar-RBM 2000 10000 10000 0.01 100 200
Pre-train+PCD 2000 2000 10 000 0.01 100 200
Mickey

PCD 2000 2000 10 000 0.01 100 100
Jar-RBM 2000 10000 10000 0.01 100 100
Pre-train+PCD 2000 2000 10 000 0.01 100 100

551 Notice that, since Eq. (27) is an exact result, the importance weights should, in principle, eliminate
s52  the bias brought by the non-convergent chains used for approximating the log-likelihood gradient in
s53  the classical PCD scheme. However, after many updates of the importance weights, one finds that
ss54 only a few chains carry almost all the importance mass. In other words, the vast majority of the chains
555 we are simulating are statistically irrelevant, and we expect to get large fluctuations in the estimate of
ss6  the gradient because of the small effective number of chains contributing to the statistical average. A
557 good observable for monitoring this effect is the Effective Sample Size (ESS), defined as [37]

2
- _w
<R ! 27{11 eV )
R-1 ZR ) e—2W ™
r=
ss8  which measures the relative dispersion of the weights distribution. A way of circumventing the weight
559 concentration on a few chains, then, is to resample the chain population according to the importance

se0 weights every time the ESS drops below a certain threshold, for instance 0.5. After this resampling,
s61  all the chain weights have to be set to 1 W =0vr=1,...,R).

ESS =

€ [0,1], (30)
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and precede the (optional) supplemental material. The checklist does NOT
count towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

¢ You should answer [Yes] , ,or [NA] .

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification:
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

 The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.
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The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

 The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
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* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
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Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.
* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification:
Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code Of Ethics
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10.

11.

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

» If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification:
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.
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12.

13.

14.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification:

Guidelines:

» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification:

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer:
Justification:
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.
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* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification:

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

25



	Introduction
	Related work
	The Restricted Boltzmann Machine
	The low-rank RBM pretrained
	Standard Gibbs sampling vs. Parallel Trajectory Tempering (PTT) 
	Overfitting and privacy loss as quality indicators
	Conclusions
	Code availability
	Details of the pre-training of a low rank RBM
	The low-rank RBM and its sampling procedure
	The Restricted Coulomb Machine

	Sampling via Parallel Tempering using the learning trajectory
	Training details
	Training of the RBM using the Jarzynski equation

