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Bullet Trains: Parallelizing Training of Temporally Precise
Spiking Neural Networks

Anonymous Authors1

Abstract
Continuous-time, event-native spiking neural net-
works (SNNs) operate strictly on spike events,
treating spike timing and ordering as the represen-
tation rather than an artifact of time discretization.
This viewpoint aligns with biological computation
and with the native resolution of event sensors and
neuromorphic processors, while enabling com-
pute and memory that scale with the number of
events. However, two challenges hinder practical,
end-to-end trainable event-based SNN systems:
1) exact charge–fire–reset dynamics impose inher-
ently sequential processing of input spikes, and 2)
precise spike times must be solved without time
bins. We address both. First, we use parallel as-
sociative scans to consume multiple input spikes
at once, yielding up to 43x speedups over sequen-
tial simulation while retaining exact hard-reset
dynamics. Second, we implement differentiable
spike-time solvers that compute spike times to
machine precision without discrete-time approx-
imations or restrictive analytic assumptions. We
demonstrate the viability of training SNNs us-
ing our solutions on four event-based datasets on
GPUs.

1. Introduction
A commonly cited advantage of spiking neural networks
(SNNs) is their ability to operate in an event-based manner,
processing information only when spikes occur (Merolla
et al., 2014; Davies et al., 2018). On appropriate neuro-
morphic hardware, this implies energy efficiency, as com-
putation only occurs when spikes are present (Roy et al.,
2019; Yao et al., 2024). At the same time, much SNN
research still happens on readily available hardware such
as graphical processing units (GPUs) so accelerating this
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Figure 1. Our parallel method achieves up to 43x speedups over
serial processing of spike events on several event-based datasets
while retaining exact hard-reset dynamics. The plot shows results
for the Spiking Speech Commands (SSC) dataset.

workload (e.g., via parallelization) and mirroring properties
of biology and event-based neuromorphic hardware (e.g.,
precise spike times) (Carr & Konishi, 1990; Thorpe & Gau-
trais, 1998; Amir et al., 2017; Richter et al., 2024) is an
important research direction. In this work, we present a
strictly event-based SNN system that processes multiple
spike events in parallel, achieving significant speedups over
sequential processing. Second, we present differentiable
spike-time solvers that enable machine-precision spike tim-
ing. These two contributions allow us to take a step toward
event-native spiking computation, where preserving con-
tinuous spike times is the objective—both for biological
fidelity and for compatibility with neuromorphic sensing
and hardware—and where efficiency follows from operating
directly on events.

SNNs are challenging to parallelize along the time dimen-
sion due to the sequential nature of “charge–fire–reset” dy-
namics. After consuming each and every input spike, a
neuron must determine whether it will produce a spike itself
before the next input spike arrives. Performed naively, SNNs
must process one spike at a time, leading to significant com-
putational bottlenecks on modern parallel hardware such
as graphical processing units (GPU) (Shrestha & Orchard,
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Figure 2. Our contributions visualized—state trajectory of a LIF neuron consuming input spikes in parallel and producing an output spike
with our Newton-Raphson solver. A shows the neuron jumping from the initial state s0 at time 0 (composed of membrane potential
and synaptic current) directly to all future states s1 = f1(s0), s2 = f2(s0), . . . in parallel using associative scans. We use lightweight
analytical checks to determine if an output spike will occur in the interval between any consecutive pair of input spikes by computing—in
parallel—tVmax(s), the time of maximum voltage starting at the interval’s left endpoint, and V (tVmax) the voltage at that time, namely
the maximum voltage value. The voltage state is hard reset at the spike time. B shows our iterative Newton-Raphson solver finding the
output spike time t⋆, computed to machine precision.

2018; Engelken, 2023; Fang et al., 2023; Li et al., 2024;
Zhong et al., 2024; Feng et al., 2025). In the past few years,
many methods have been proposed to parallelize spiking
dynamics, but they all modify the neuron model in some
way, such as removing resets entirely, which can reduce the
non-linear expressivity of the neuron and/or deviate from
the way biological neurons operate.

In this work, we propose a method for parallel training of
exact hard-reset spiking dynamics using parallel associa-
tive scans. The key idea is to process input spike trains in
chunks, where each chunk is processed in parallel using
associative scans. Crucially, this is spike-aware chunking:
lightweight analytical checks quickly determine whether a
neuron spikes within a chunk and, if so, locate the first such
spike, allowing the simulation to jump directly to that time.
The next chunk resumes processing input spikes immedi-
ately after the output spike. In practice, even if a portion of
work is discarded, the overall speedup relative to sequential
processing is significant because of the parallelism afforded
by modern hardware. The result is a parallel system that
achieves up to 43x speedups over sequential processing on
several event-based datasets while retaining exact hard-reset
dynamics.

A second challenge that arises in strictly event-based SNNs
is determining spike times precisely without the use of
discrete-time bins. Nearly all SNN implementations to date
operate on discrete-time grids (Bauer et al., 2023; Ham-

mouamri et al., 2024; Nowotny et al., 2025), which means
that neurons are performing computation at every time step,
regardless of whether spikes are present. The result of
this modeling choice is computation—and often memory
usage—that scales with the number of time steps rather
than the number of spikes, severely limiting the number
of time steps that can be simulated. Temporal resolution
is limited by the time-step size and spike ordering within
a time bin cannot be determined (Bauer et al., 2023). In
contrast, several systems have proposed analytical solutions
for continuous spike times, but these methods often impose
restrictions on the neuron model, such as the relationship
between synaptic and membrane time constants in leaky-
integrate-and-fire (LIF) neurons (Mostafa, 2018; Göltz et al.,
2021; Engelken, 2023).

In this work, we apply several methods for differentiable
spike-time solvers—namely Newton-Raphson and Bisec-
tion numerical root solvers—which resolve spike times to
machine precision without the need for discrete-time approx-
imations. This removes a constraint on SNN systems (e.g.,
to support heterogeneous time constants (Perez-Nieves et al.,
2021)), facilitates the exploration of neuro-inspired theories
of time-based computation (Yang & Zador, 2012; Xie et al.,
2024), matches the temporal-resolution of event-based sen-
sors and neuromorphic hardware (Müller et al., 2024), and
enables compute and memory to scale in proportion to the
number of spikes.
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2. Related Work
Parallelizing Spiking Dynamics. Biological neurons go
through a “charge–fire–reset” cycle and in the “reset” stage,
the neuron’s membrane potential is set to a baseline value
(Hodgkin & Huxley, 1952). It has been argued that this hard
reset is essential for implementing precise feature detection
(Berry & Meister, 1998). The sequential dependency of
the “charge–fire–reset” cycle in simulated Leaky Integrate-
and-Fire (LIF) neurons presents a fundamental barrier to
parallel training on modern hardware. While sub-threshold
dynamics are linear and can be parallelized using associa-
tive scans—similar to state-space models (Schöne et al.,
2025)—the non-linear spike generation and hard reset in-
troduce a sequential dependency that prevents complete
parallelization. Early approaches, such as the Parallel Spik-
ing Neuron (PSN), circumvented this “charge–fire–reset”
cycle by removing the reset mechanism entirely, effectively
reducing the neuron to a linear filter solvable via convolu-
tions (Fang et al., 2023). While efficient, this sacrifices the
non-linear regulation (i.e., “hard reset”) of the membrane
potential essential for expressivity and biological fidelity
(Bauer et al., 2023). Subsequent methods like the Parallel
Spiking Unit (Li et al., 2024) and SPikE-SSM (Zhong et al.,
2024) decoupled the reset from integration, but rely on “soft
reset” mechanisms (linear subtraction) rather than “hard
reset” (reset-to-zero). Most recently, Fixed-point Parallel
Training (FPT) attempted to model hard resets via iterative
scans, yet to guarantee convergence of the fixed-point iter-
ation, FPT must relax the discontinuous spike generation
into a continuous sigmoid surrogate during the forward pass
(Feng et al., 2025). Consequently, existing parallel meth-
ods either fundamentally alter the neuron model (removing
resets), assume linearity (soft resets), or solve a relaxed
approximation (smoothed dynamics). To the best of our
knowledge, no prior work has achieved parallel acceleration
of exact, hard-reset dynamics without approximation.

Precise Spike-Time Solvers. SNN implementations must
make two core design choices: 1) whether to use surro-
gate gradients or exact gradients, and 2) whether to use a
discrete-time grid or operate in continuous time. If exact
gradients are coupled with continuous time, a third deci-
sion must be made: whether to use analytical spike-time
solutions or numerical spike-time solvers. Surrogate gradi-
ent (SG) methods (Shrestha & Orchard, 2018; Neftci et al.,
2019) are inextricably linked to discrete time steps. We
therefore focus our discussion on exact gradient methods to
retain machine-precision spike times. Many exact gradient
methods to date operate on discrete-time grids, where spike
times are approximated to the nearest time step (Bauer et al.,
2023; Nowotny et al., 2025; Mészáros et al., 2025). Sev-
eral methods have used analytical solutions for continuous
spike times, but these methods often impose restrictions
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Figure 3. Discrete-time binning causes quantization errors and
loses spike ordering. Here, two spikes occurring at different times
(0.0021s and 0.0027s) both round to 0.003s, making them indistin-
guishable to downstream neurons.

on the neuron model (Bohté et al., 2000; Mostafa, 2018;
Göltz et al., 2021; Engelken, 2023). Newton-Raphson and
Bisection methods have been proposed for finding spike
times in neural simulations (D’Haene et al., 2009) but have
not been explicated for training SNNs with gradient de-
scent. In this work, we demonstrate the effectiveness of
training SNNs using numerical spike-time solvers based on
the Newton-Raphson and Bisection methods, which can be
applied to a wide variety of neuron models—without restric-
tive assumptions—while working with exact gradients in
continuous time.

3. Event-Based Spiking Neural Networks
Here we describe our proposed methods for building event-
based spiking neural networks that 1) process multiple input
spike events in parallel while maintaining temporal causality
with exact hard-reset dynamics, and 2) determine spike
times precisely using differentiable numerical spike-time
solvers.

3.1. LIF Neurons

Our SNNs are built from current-based leaky-integrate-and-
fire (LIF) neurons (Rotter & Diesmann, 1999; Gerstner &
Kistler, 2002), one of the most popular neurons in the SNN
community (Wunderlich & Pehle, 2021; Göltz et al., 2021;
Nowotny et al., 2025; Hammouamri et al., 2024; Mészáros
et al., 2025), with the following sub-threshold dynamics—
the dynamics between spikes—on the synaptic input current
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Figure 4. An example input queue feeding a neuron. The chunk size is 4 spikes, which means 4 input spikes are consumed in parallel.
After consuming 3 input spikes in chunk 1, the neuron produces an output spike. The work done to consume the 4th input spike in chunk 1
is discarded, and the next chunk resumes processing input spikes immediately after the output spike time.

I(t) and membrane potential V (t).

τm
dV

dt
= −V (t) + I(t) (1)

τs
dI

dt
= −I(t) (2)

where τm and τs are the membrane and synaptic time con-
stants, respectively. Closed-form solutions for these differ-
ential equations are provided in Appendix Section A.

A LIF neuron emits a spike at time t when the membrane
potential crosses a threshold Vth (i.e., V (t) ≥ Vth), as de-
picted in Figure 2A and then resets to a reset potential Vreset,
which is set to 0 in this work. Neurons indexed by i that
are downstream of the spiking neuron j have their synap-
tic input currents incremented by the synaptic weights wij ,
which are learned during training. We also introduce learn-
able synaptic delays dij , which simulate the time a spike
would take to be transmitted from one neuron to the next.
The synaptic input current is then

I(t)← I(t) +
∑
k

wijδ(t− (tk + dij)) (3)

where tk is the time of the kth spike from neuron j and δ(t)
is the Dirac delta function.

3.2. Event-Driven Implementation with Exact Gradients

We implement our SNN in JAX in an event-based manner.
The core idea of an event-based SNN is that if for each
neuron in the system you know which of two events will
happen first, namely whether a neuron should first consume
an incoming spike or first emit a spike itself, then you can
directly advance the simulation to the appropriate event.
This highlights the distinction between our event-driven
approach and discrete time-stepped approaches, which sim-
ulate the entire network’s state (i.e., membrane potential
and synaptic input current) at every discrete point in time.
We train the model’s parameters via gradient descent using
exact gradients. The key idea for being able to use exact
gradient descent is that spike times are differentiable func-
tions of the SNN’s synaptic weights and delay parameters

4 6 8 10 12 14
Input Weight w

0.002

0.004

0.006

0.008

0.010

0.012

0.014

Sp
ik

e 
Ti

m
e 
t(w

) (
se

co
nd

s)

Continuous Spike Time
Discrete Spike Time

Figure 5. Spike time as a function of synaptic weight for different
time constant configurations. Discrete time approximation with
∆t = 1ms diverges from the ground truth spike time at nearly all
weight values, while our method closely tracks the ground truth
spike time.

(Mostafa, 2018; Wunderlich & Pehle, 2021). Intuitively,
if a weight onto a postsynaptic neuron is increased, it has
the effect of charging the neuron up faster, and in turn ac-
celerating the spiking time of the postsynaptic neuron (see
Figure 5). The event-based exact gradient approach is in
contrast to surrogate gradient methods, which use a discrete
time-stepped approach and lose the ability to disambiguate
spikes within the step window (see Figure 3) and therefore,
machine-precision spike times (Bauer et al., 2023).

3.2.1. PARALLEL PROCESSING OF SPIKE EVENTS

Processing incoming spikes to a LIF neuron one-by-one be-
comes a computational bottleneck because it scales linearly
with the number of input spikes as O(N) where N is the
number of spikes to be processed. State-space models sim-
ilarly face this problem due to their recurrent nature. One
solution to this problem is to parallelize computation along
the time-dimension through the use of an associative scan.
The key observation is to note that sub-threshold transitions

4
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of the LIF neuron state—its voltage and input current—can
be expressed as affine maps, which admit an associative
operation to these maps. These associative maps allow one
to compute a transition from an initial voltage and input cur-
rent state, s0 = [V0, I0]

⊺, to all neuron states in the future at
each input spike time, s1 = [V1, I1]

⊺, . . . , sN = [VN , IN ]⊺.
Importantly, once these affine maps are computed, we can
consume all input spikes in parallel using an associative
scan and directly advance the neuron to any intermediate
state (i.e., any state si for i ∈ [1, N ]) without having to
sequentially process all previous spikes. To understand how
we derive the associative operator, it is instructive to see
how the neuron’s state transitions from the first state s0 to
the second state s1 after consuming the first input spike.
Let Cm = exp (−t/τm) and Cs = exp (−t/τs). The affine
map f1 : s0 → s1 to transition the neuron from state i = 0
to state i = 1, for example, is given by[

V1

I1

]
︸ ︷︷ ︸
s1

=

[
Cm

τs
τm−τs

[Cm − Cs]

0 Cs

]
︸ ︷︷ ︸

M1

[
V0

I0

]
︸ ︷︷ ︸
s0

+

[
0
w

]
︸︷︷︸
b1

(4)

where we have denoted M1 as the matrix that advances
the neuron’s state, and b1 as the vector that injects a new
spike into the neuron with weight w. Equation 4 follows
from closed-form equations for our system (see Appendix
Equations 21, 22), and 3. Note that M1 is defined by the
time between the starting time, t0, and the spike time t1 (i.e.,
t = t1 − t0).

Examining the composition of two consecutive affine maps
(i.e., consuming 2 consecutive input spikes) shows that com-
posing such maps yields another affine map, which leads
us to an associative operator commonly called Combine
in parallel scan algorithms (lemma and proof in Appendix
Section B). The important point is that Combine allows
us to make use of the jax.lax.associative scan
function, which computes a sequence of K affine
maps, f1, f2, . . . , fK , with parallel depth O(logK)—
exponentially faster than the O(K) serial approach because
operations can be combined in a tree-like fashion (Blelloch,
1990). Once we have these affine maps, we can produce
the sequence (s0, s1, s2, . . . , sK) in parallel. Since a neuron
can produce a spike at any point after consuming a spike (see
Figure 2) and we would like to avoid discarding excessive
amounts of work, we consume input spikes in chunks, where
each chunk contains K input spikes that are processed in
parallel using the associative scan approach, which implies
a parallel compute graph depth of O(C logK) where C is
the number of chunks. Between each pair of spikes in a
chunk, we determine (see Section 3.2.2) if an output spike
will occur in that interval. If the neuron spikes, we dis-
card any work done within the chunk after the output spike
time and revisit those input spikes on the next iteration (see
Figure 4). Discarding work refers only to intermediate com-
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Figure 6. Training time per batch as we vary chunk size on the
SHD dataset with hidden dimensions ranging from 128 to 512 and
batch size ranging from 32 to 128. Averages are taken over 100
batches.

putations after the first within-chunk output spike; the event
order and hard resets for processed spikes are unchanged.
For efficient GPU JIT compilation, we pre-specify a fixed
compute budget—the number of chunks C and a per-neuron
output-spike cap Smax (Appendix Section E.2)—so all pro-
cessed spikes follow exact hard-reset semantics, though
if the cap activates some input spikes may remain unpro-
cessed within the compiled budget. In practice, we consume
≈ 90% of SSC input spikes in layer 1 (S(1)

max = 28) and
nearly 100% in layer 2 (S(2)

max = 28) (Appendix Fig. 11). A
spike-count regularizer (Appendix Section E.1) keeps firing
sparse, maintaining high consumption without sacrificing
accuracy.

3.2.2. DIFFERENTIABLE SPIKE-TIME SOLVERS

A core capability of any SNN system is to detect the times at
which a neuron produces spikes. This involves solving for
t⋆, the time at which the membrane potential V (t) crosses
the threshold Vth. We use root solvers, which keep our
system event-based and temporally precise. A spike occurs
at the time at which the following relation R is satisfied

R(V0, I0, Vth, t) = V (V0, I0, t)− Vth = 0 (5)

namely when the membrane potential V is equal to the
threshold, Vth, where V (V0, I0, t) is the membrane potential
at time t given initial conditions V0 and I0 (see Equation
21). For brevity, we denote the neuron’s initial state and
threshold as p = (V0, I0, Vth), allowing us to write the spike
condition compactly as R(p, t(p)) = 0, where t(p) is the
spike time as a function of these parameters.
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Figure 7. Convergence of the Newton-Raphson and Bisection
solvers towards the ground truth spike time.

There are many choices of root solvers for recovering the
output spike time t⋆. Two effective options are Newton-
Raphson, which iteratively refines the spike time (see Fig-
ure 2B), and Bisection, which repeatedly bisects an interval
containing the spike. We describe both in Appendix Sec-
tion D, but primarily use Newton-Raphson due to its fast
convergence rate (see Figure 7).

A final challenge is computing gradients of the spike time
t⋆ with respect to the neuron’s parameters p = (V0, I0, Vth).
Rather than differentiating through the iterative solver steps,
we use the Implicit Function Theorem (Mostafa, 2018; Chen
et al., 2018; Wunderlich & Pehle, 2021) to compute these
gradients directly. In particular, we aim to compute the
Jacobian ∂t⋆/∂p. We describe the derivation in Appendix
Section D.3.

3.3. Translating Spike Trains to Class Logits

Our model’s final layer is composed of Ncls weighted leaky
integrators (i.e., no spiking non-linearity) (Nowotny et al.,
2025), one for each class in the classification task, that
accumulate incoming spikes over time, which we directly
use as logits in a cross-entropy loss function. We can use
the associative operator Combine, to implement a Leaky
Integrator (LI) neuron, which follows the same dynamics
as the LIF neuron, except it does not produce output spikes.
Logits are computed via the following integral∫ t=τmax

t=0

e−t/τLIV (t)dt. (6)

where τmax is some prespecified maximum and τLI is the
exponential time constant. The intuition behind this vari-
ant is that spikes that arrive earlier at the output neurons
are weighted more heavily than spikes that arrive later. We
provide complete closed-form equations for computing this
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Figure 8. Speedup of our parallel SNN implementation over a
sequential event-based SNN implementation with exact hard-reset
dynamics on the SSC dataset as we vary the hidden dimension
and batch size. The model architecture uses 2 feedforward hidden
layers and delays. Averages are taken over 100 batches (forward
and backward pass) over 3 runs and chunk size is set to 128.

integral in an event-based manner in the Appendix. Further-
more, complete training details, including hyperparameters,
spike-count regularizer specification, dataset preprocessing,
and other implementation details are provided in the Ap-
pendix.

4. Experiments
Our experiments probe several research questions: 1) How
much speedup can be achieved by processing input spikes
in parallel using associative scans while maintaining exact
hard-reset dynamics? 2) Can numerical spike-time solvers
such as Newton-Raphson be used to train SNNs on event-
based datasets? 3) How does discretizing spike times into
time bins impact classification accuracy on a task requiring
sub-millisecond precision?

Our experiments are performed on four event-based datasets,
including the Spiking Heidelberg Digits (SHD) dataset
(Cramer et al., 2022), the Spiking Speech Commands (SSC)
dataset (Cramer et al., 2022), the latency-encoded MNIST
dataset, and the Yin-Yang (YY) dataset (Kriener et al., 2022).
Our model architecture is composed of fully connected lay-
ers of LIF neurons. The output layer is composed of Ncls
leaky integrator neurons, where Ncls is the number of classes
in the dataset. Complete training details are provided in the
Appendix. We compare our method against a sequential
event-based SNN implementation with exact hard-reset dy-
namics, which consumes input spikes one-by-one and after
each spike, checks if the neuron will produce an output
spike before the next input spike arrives. If so, the neuron
produces the output spike and resets its membrane poten-
tial to zero before continuing to consume input spikes. We
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Table 1. Classification accuracy comparison on event-based datasets. Model architectures are defined by number of layers and connectivity
pattern (F for feedforward, R for recurrent), number of hidden units (H), and use of delays (D) (e.g., 2F512HD means 2 layers, feedforward
connectivity, 512 hidden units, and use of delays). N is the number of spikes processed by a single neuron and T is the number of time
steps in the simulation. Our metrics are averaged over 5 random seeds and standard deviation is reported in parentheses.

Dataset Model Exact
Gradients

Continuous
Spike Times Parallelized Compute

Depth Memory Accuracy

MNIST
1F350H, τm = 2τs (Göltz et al., 2021) ✓ ✓ x O(N) O(N) 97.20 (0.10)
1F350H (Wunderlich & Pehle, 2021) ✓ ✓ x O(N) O(N) 97.60 (0.10)

1F350H (Ours) ✓ ✓ ✓ O(C logK) O(N) 98.04 (0.07)

SHD

2F256HD (Hammouamri et al., 2024) x x x O(T ) O(T ) 95.07 (0.24)
2F512HD (Mészáros et al., 2025) ✓ x x O(T ) O(N) 93.10

2F256HD (Ours) ✓ ✓ ✓ O(C logK) O(N) 94.29 (0.62)
2F512HD (Ours) ✓ ✓ ✓ O(C logK) O(N) 95.19 (0.34)

SSC
2F512HD (Hammouamri et al., 2024) x x x O(T ) O(T ) 80.69 (0.21)

2F512HD (Mészáros et al., 2025) ✓ x x O(T ) O(N) 76.10 (1.00)
2F512HD (Ours) ✓ ✓ ✓ O(C logK) O(N) 76.06 (0.16)

report training speed and explore how the chunk size (i.e.,
the number of input spikes processed in parallel) impacts
training speed. We also compare our method’s properties
and classification accuracy to those of prior works that use
discrete-time approximations, analytical spike-time solu-
tions, and surrogate gradients.

4.1. Parallel Associative Scan Speedups & Optimal
Chunk Size

We measure the training time per batch of our parallel SNN
implementation against a sequential event-based SNN im-
plementation with exact hard-reset dynamics. We vary the
batch size, number of hidden units, and chunk size (i.e., the
number of input spikes processed in parallel) to understand
how these parameters impact speedup. Here, we report re-
sults on the SSC dataset and report SHD results in Appendix
Section F.

In Figure 8, we find that our parallel SNN implementa-
tion achieves up to 43x speedup over the sequential base-
line. At larger batch sizes and larger hidden dimensions, we
still observe large speedups, particularly in absolute terms,
where sequential training slows down dramatically. We
also find that chunk size plays a significant role in maxi-
mizing throughput as seen in Figure 6. We find that the
optimal chunk size is determined by a combination of the
number of hidden units and batch size. Larger chunk sizes
allow for more parallelism, but also require moving more
data—taxing memory bandwidth—and scheduling more
work, which can lead to diminishing returns. We find that
chunk size 128 works well across a variety of batch sizes
and hidden dimensions. Larger chunk sizes may also lead
to more wasted computation, since more work is discarded
when a neuron spikes early in the chunk. However, we find
that this effect is manageable in practice since neurons tend
to spike sparsely relative to the number of input spikes they

receive. We quantify the percentage of work retained in
Appendix Section G.

4.2. Classification Accuracy

Table 1 summarizes key attributes of different methods and
their classification accuracy on event-based datasets.1

MNIST. We note the favorable computational scaling prop-
erties of our method, which has compute depth O(C logK)
due to our use of parallel associative scans, compared to
either O(N) or O(T ) for other methods, where T is the
number of discrete time steps in the simulation. We also
note an improved classification accuracy of 98.04% for the
same parameter count compared to prior works that use
exact gradients with analytical spike-time solutions where
the membrane and synaptic time constants are restricted to
have the relation τm = 2τs (Göltz et al., 2021).

SHD and SSC. We compare against methods that use exact
gradients with discrete spike times (Mészáros et al., 2025)
and surrogate gradients—with a discrete time grid (Ham-
mouamri et al., 2024) (see Figure 5 for a visualization of
how discretization affects the smoothness of the optimiza-
tion landscape). Compared to Mészáros et al. (2025), we
find that our method achieves competitive accuracy on both
the SHD and SSC datasets, confirming the feasibility of
using numerical spike-time solvers in SNN training. We
also note that our method not only operates over continu-
ous spike times, but also operates over continuous delays,
whereas Mészáros et al. (2025) use discrete delays. No-
tably, our system supports continuous delays and multiple
spikes per neuron—an important distinction from other re-
cent event-based continuous time SNNs with delays (Göltz
et al., 2025) (see Appendix Figure 11 for observed per-

1Best reported accuracy from Mészáros et al. (2025) on SHD
is 93.24 (1.0), though we benchmark comparable architectures.
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Figure 9. Impact of temporal discretization on Yin-Yang clas-
sification. We trained our method under different discrete-time
constraints by quantizing spike times to multiples of ∆t during
training and testing. Accuracy degrades significantly as ∆t in-
creases, dropping to near-chance (33%) at ∆t ≥ 2ms. Continuous
spike times (∆t → 0, our standard method) maintain the highest
accuracy, demonstrating that discrete-time methods would require
∆t ≪ 1ms—incurring substantial computational costs—to pre-
serve temporal information.

layer spike counts during training). Hammouamri et al.
(2024) use surrogate gradients, achieving higher accuracy at
the expense of machine-precision spike times, O(T ) com-
pute/memory (vs. our O(C logK) compute, O(N) mem-
ory), and binned input spike trains. We use full spike trains
with no loss of temporal resolution. We note that current
standard benchmarks (SHD, SSC) are solvable via rate-
coding, which favors the smoothing properties of surrogate
gradients (Ma et al., 2025). While benchmarks requiring
strict spike-timing codes are emerging, to our knowledge
there is not yet a widely adopted community-standard large-
scale benchmark whose performance robustly depends on
strict spike-timing codes. Our method provides the neces-
sary approach to train on such future datasets efficiently.

4.3. Impact of Discretization on Temporal Coding Tasks

To demonstrate the limitations of discrete-time methods
on temporal coding tasks, we created a barn owl-inspired
interaural time difference (ITD) task using the Yin-Yang
dataset (Kriener et al., 2022). Each sample consists of 5
input spikes arriving within 2ms, where spike times en-
code the (x, y) position on the Yin-Yang symbol. The 3-
way classification (yin, yang, dot) requires sub-millisecond
discrimination—analogous to barn owl sound localization
(Carr & Konishi, 1990). We trained our method under dif-
ferent discrete-time constraints to simulate what discrete-
time methods would experience. For each time step size
∆t, we quantized all spike times to the nearest multiple

of ∆t during training and testing. Figure 9 shows that ac-
curacy degrades significantly as ∆t increases, dropping to
near-chance levels (33%) at ∆t ≥ 2ms. Our method with
continuous spike times maintains the highest accuracy. This
demonstrates that achieving sub-millisecond precision (e.g.,
∆t = 0.1ms) would require discrete-time methods to incur
10× higher memory and computation costs compared to
1ms bins, whereas our continuous-time approach achieves
this precision without such penalties.

5. Discussion
This work opens up several avenues for future research.
One potential direction is to explore the application of our
method to more complex SNN architectures, such as con-
volutional or recurrent networks. Recurrence in particular
poses interesting challenges for parallel processing on mod-
ern hardware, such as GPUs, because the input queues to
each neuron are dynamic. While data structures such as
heaps/priority queues are sensible choices to consider, they
are very indexing and memory access intensive, which may
make them ill-suited for GPU architectures (Engelken, 2023;
Landsmeer et al., 2025). Additionally, now that we have
demonstrated the effectiveness of using numerical spike-
time solvers in SNN training, we can explore a wider range
of neuron models, which may lead to improved performance
on event-based tasks. Finally, evaluating the impact of train-
ing with precise spike times on downstream deployment to
temporally precise neuromorphic hardware is an exciting
direction and is left for future work.

This paper presents a novel combination of methods that
unlocks flexible and efficient training of temporally pre-
cise spiking neural networks on modern parallel hardware,
specifically via parallel associative scans—while main-
taining hard-reset dynamics—and differentiable spike-time
solvers. We demonstrate significant speedups in training
time over sequential event-based SNN approaches. We also
demonstrate that our numerical spike-time solver is capable
of machine precision spike times, which enables investiga-
tions into how the brain might leverage spike timing and
ordering for computation, compatibility with high resolu-
tion sensors and neuromorphic hardware, and computing
on an event-by-event basis, where memory and compute
scale with the number of spikes processed rather than the
number of discrete time steps simulated. Furthermore, we
enable continuous spike times while removing the restriction
that the neuron model must have an analytical spike-time
solution. Our method achieves competitive classification ac-
curacy on event-based datasets compared to prior works that
use discrete-time approximations, indicating the viability of
using numerical spike-time solvers in SNN training.
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Software and Data
Our codebase will be made publicly available upon
publication. The datasets used in this work are publicly
available at the following URLs: SHD and SSC datasets
https://tonic.readthedocs.io/en/latest/
datasets.html, and MNIST dataset https://
docs.pytorch.org/vision/main/generated/
torchvision.datasets.MNIST.html.

Impact Statement
This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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Bohté, S., Kok, J., and Poutré, H. L. SpikeProp: Backpropa-
gation for networks of spiking neurons. In The European
Symposium on Artificial Neural Networks, 2000.

Carr, C. E. and Konishi, M. A circuit for detection of
interaural time differences in the brain stem of the barn
owl. The Journal of Neuroscience: The Official Journal of
the Society for Neuroscience, 10(10):3227–3246, October
1990. ISSN 0270-6474. doi: 10.1523/JNEUROSCI.
10-10-03227.1990.

Chen, R. T. Q., Rubanova, Y., Bettencourt, J., and Duvenaud,
D. Neural ordinary differential equations. In Proceedings

of the 32nd International Conference on Neural Informa-
tion Processing Systems, NIPS’18, pp. 6572–6583, Red
Hook, NY, USA, December 2018. Curran Associates Inc.

Cramer, B., Stradmann, Y., Schemmel, J., and Zenke,
F. The Heidelberg Spiking Data Sets for the System-
atic Evaluation of Spiking Neural Networks. IEEE
Transactions on Neural Networks and Learning Systems,
33(7):2744–2757, July 2022. ISSN 2162-2388. doi:
10.1109/TNNLS.2020.3044364.

Davies, M., Srinivasa, N., Lin, T.-H., Chinya, G., Cao, Y.,
Choday, S. H., Dimou, G., Joshi, P., Imam, N., Jain, S.,
Liao, Y., Lin, C.-K., Lines, A., Liu, R., Mathaikutty, D.,
McCoy, S., Paul, A., Tse, J., Venkataramanan, G., Weng,
Y.-H., Wild, A., Yang, Y., and Wang, H. Loihi: A Neu-
romorphic Manycore Processor with On-Chip Learning.
IEEE Micro, 38(1):82–99, January 2018. ISSN 1937-
4143. doi: 10.1109/MM.2018.112130359.

D’Haene, M., Schrauwen, B., Van Campenhout, J., and
Stroobandt, D. Accelerating Event-Driven Simulation
of Spiking Neurons with Multiple Synaptic Time Con-
stants. Neural Computation, 21(4):1068–1099, April
2009. ISSN 0899-7667. doi: 10.1162/neco.2008.
02-08-707.

Engelken, R. SparseProp: Efficient Event-Based Simula-
tion and Training of Sparse Recurrent Spiking Neural
Networks. Advances in Neural Information Processing
Systems, 36:3638–3657, December 2023.

Fang, W., Yu, Z., Zhou, Z., Chen, D., Chen, Y., Ma, Z.,
Masquelier, T., and Tian, Y. Parallel spiking neurons with
high efficiency and ability to learn long-term dependen-
cies. In Proceedings of the 37th International Conference
on Neural Information Processing Systems, NIPS ’23,
pp. 53674–53687, Red Hook, NY, USA, December 2023.
Curran Associates Inc.

Feng, W., Gao, X., Du, W., Shi, H., Zhao, P., Wu, P., and
Miao, C. Efficient Parallel Training Methods for Spik-
ing Neural Networks with Constant Time Complexity.
In Forty-Second International Conference on Machine
Learning, June 2025.

Gerstner, W. and Kistler, W. M. Spiking Neuron Models
Single Neurons, Populations, Plasticity. Cambridge Uni-
versity Press, 2002.
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A. Solving the LIF Neuron ODE System
Here we solve the LIF neuron ordinary differential equation (ODE) system, which provides closed-form expressions for
V (t) and I(t), which are useful in later calculations. We are given

τm
dV

dt
= −V (t) + I(t) (7)

τs
dI

dt
= −I(t) (8)

V (0) = V0 (9)
I(0) = I0, (10)

where V0 and I0 are the initial membrane potential and synaptic input current at time t = 0. We can solve equation 8
through a separation of variables. We have

−τs
∫ I(t′=t)

I(t′=0)

1

I(t′)
dI =

∫ t′=t

t′=0

dt′ (11)

log(I(t′))

∣∣∣∣t′=t

t′=0

= − t

τs
(12)

log

(
I(t)

I0

)
= − t

τs
(13)

I(t) = I0e
−t/τs . (14)

Next, we solve for V (t) through the use of an integration factor et/τm . We have

dV

dt
et/τm =

1

τm
I0e

−t/τset/τm − 1

τm
V (t)et/τm (sub. in eq. 14) (15)

d

dt

(
V (t)et/τm

)
=

1

τm
I0e

−t/τset/τm (16)

where d
dt

(
V (t)et/τm

)
= dV

dt e
t/τm + V (t)et/τm

τm
is used in equation 16 and holds by the chain rule.

Let A = 1
τs
− 1

τm
. Integrating both sides, we have

∫ t′=t

t′=0

d

dt′

(
V (t′)et

′/τm
)
dt′ =

I0
τm

∫ t′=t

t′=0

e−t′Adt′ (17)

V (t)et/τm − V (0) = − I0
τmA

e−tA +
I0

τmA
(18)

V (t)et/τm − V (0) = I0
τs

τm − τs
[1− e−(t/τs−t/τm)]. (19)

Finally, multiplying by e−t/τm , the inverse of the integration factor, we have

V (t) = V0e
−t/τm + I0

τs
τm − τs

[e−t/τm − e−t/τs ]. (20)
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Note that we assume τm ̸= τs to avoid division by 0. For the τm = τs case, the system can be solved analytically (see Göltz
et al. (2021) for details), though our associative scan method still applies. The complete solution to the system is given as

V (t) = V0e
−t/τm + I0

τs
τm − τs

[e−t/τm − e−t/τs ] (21)

I(t) = I0e
−t/τs . (22)

B. Associative Scan
We can examine the composition of two consecutive affine maps (i.e., consuming 2 consecutive input spikes) to infer a
hypothesis for the Combine operation. f2 : s1 → s2 is given as

s2 = f2(s1) = M2s1 + b2 (23)
= M2(M1s0 + b1) + b2 (24)
= M2M1︸ ︷︷ ︸

M ′
2

s0 +M2b1 + b2︸ ︷︷ ︸
b′

2

(25)

where now we can define an affine map to map directly from s0 to s2 as

s2 = f ′
2(s0) = M ′

2s0 + b′
2 (26)

From this we propose a hypothesis for the associative Combine operator as

Combine((M2,b2), (M1,b1)) = (M2M1,M2b1 + b2). (27)

Lemma B.1. Let s1 = M1s0 + b1 and s2 = M2s1 + b2. Then the operator Combine defined
as Combine((M2,b2), (M1,b1)) = (M2M1,M2b1 + b2) is associative, i.e., Combine(Combine(a, b), c) =
Combine(a,Combine(b, c)) for any a, b, c.

Proof. We want to show that Combine(Combine(a, b), c) = Combine(a,Combine(b, c)). Expanding the left-hand-side, we
have

Combine((MaMb,Mabb + ba), (Mc,bc)) = (MaMbMc,MaMbbc +Mabb + ba) (28)

and expanding the right-hand-side, we have

Combine((Ma,ba), (MbMc,Mbbc + bb)) = (MaMbMc,MaMbbc +Mabb + ba), (29)

which proves their equivalence and allows us to conclude that Combine is an associative operator.

We note that our use of parallel associative scans is facilitated by the ability to express the inter-spike dynamics as affine
maps. This holds for any neuron model with linear dynamics. Specifically, any model where the state evolution between
spikes follows

ds

dt
= As(t) + c(t) (30)

where A is a constant matrix and c(t) is a state-independent vector, admits a closed-form transition operator that is
independent of the initial state s(0). This allows the temporal evolution to be parallelized via associativity.

C. Event-Based Leaky Integrator
We now derive event-based implementations of the unweighted and weighted leaky integrator (LI) neuron models (Nowotny
et al., 2025), which is used in the final layer of our SNN to translate output spike trains into class logits. Recall that a LI
neuron computes the integral ∫ t=τmax

t=0

V (t)dt (31)
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where t = 0 is the start of the integration period and τmax is some prespecified maximum (e.g., 2 seconds). We break the
integral into intervals between consecutive spikes and make use of the Combine operation to obtain the voltage value at the
left and right endpoints of the integrals

N−1∑
i=0

∫ ti+1

ti

V (t)dt (32)

where i indexes the input spikes. Expanding the integral between spike times ti and ti+1, we have∫ ti+1

ti

V (t)dt =

∫ ti+1

ti

Vtie
−(t−ti)/τm + Iti

τs
τm − τs

[e−(t−ti)/τm − e−(t−ti)/τs ]dt (33)

= Vti

∫ ti+1

ti

e−(t−ti)/τmdt (34)

+ Iti
τs

τm − τs
[

∫ ti+1

ti

e−(t−ti)/τmdt−
∫ ti+1

ti

e−(t−ti)/τsdt] (35)

= Vtiτm(1− e−∆t/τm) + Iti
τs

τm − τs
[τm(1− e−∆t/τm)− τs(1− e−∆t/τs)], (36)

where we’ve denoted the time between spikes as ∆t = ti+1 − ti. A successful variant of the LI neuron—and the one we use
in this work—is the exponentially weighted LI neuron (Nowotny et al., 2025), which is given as∫ t=τmax

t=0

e−t/τLIV (t)dt, (37)

where the analogous closed-form spike-to-spike voltage integral (cf. equation 36) is∫ ti+1

ti

e−t/τLIV (t)dt = (Vti + γ)eti/τmTm(e−ti/Tm − e−ti+1/Tm) (38)

− γeti/τsTs(e
−ti/Ts − e−ti+1/Ts) (39)

where Tm = τLIτm
τLI+τm

and Ts =
τLIτs
τLI+τs

and γ = Iti
τs

τm−τs
.

We found that using the weighted leaky integrator directly resulted in outputs with large absolute values, which caused
saturation in the softmax operation used in the cross-entropy loss. We explored four solutions to this problem: 1) applying a
fixed logit temperature multiplier before the softmax, 2) normalizing the output logits to have zero mean and unit variance
(Layer Normalization), 3) normalizing the output logits by the unweighted leaky integrator output (i.e., dividing by Equation
36), and 4) using AdamW (Loshchilov & Hutter, 2018) optimizer with weight decay on the output layer weights. We found
that applying a fixed logit temperature multiplier worked best in practice and used this method in all experiments.

D. Numerical Solvers
We now provide additional details on our numerical spike-time solvers.

D.1. Newton-Raphson Spike-Time Solver

The Newton-Raphson update rule for the predicted spike time is given by

tm+1 = tm −
R(p, tm)
∂R
∂t (p, tm)

(40)

where m indexes the procedure’s iteration. Given a sufficiently close initial guess, Newton-Raphson solvers converge
quadratically (i.e., the distance between the current guess and the true spike time, denoted ϵ, has the relation ϵm+1 = O(ϵ2m))
(Press et al., 2007). We initialize this iterative procedure by setting t0 =

tVmax−tnow

2 , or in other words the midpoint between
the current time (tnow = 0) and the time that the neuron reaches maximum voltage—note these are relative times, not
absolute times. tVmax can be computed analytically, which we describe below.
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In addition to using tVmax
to initialize the Newton-Raphson solver, we also use it to determine if the neuron will spike at all

between a consecutive pair of input spikes. Recall that the parallel associative scan method provides us the neuron state, and
in particular the membrane potential values, at the start and end of each interval, namely V (tnow) and V (tnext) where tnow is
left endpoint of the interval and tnext is the right endpoint—the relative time of the next input spike. We can also evaluate the
membrane potential at the time of maximum voltage, tVmax

to get V (tVmax
). Crucially, we can now apply the following

logic to determine if a spike occurs in the interval [tnow, tnext]:

If V (tnext) ≥ Vth =⇒ t⋆ from root solver
If V (tVmax

) ≥ Vth, tVmax
∈ [tnow, tnext) =⇒ t⋆ from root solver

Else =⇒ no spike in [tnow, tnext].

These lightweight checks allow us to avoid calling the root solver in between each pair of input spikes unnecessarily, leading
to considerable computational savings. This analysis also shows that when a spike will occur, tnow and tVmax

bracket the
spike time (i.e., the threshold crossing), which enables other solvers such as a Bisection solver, which will reliably recover
the spike time but has a slower convergence rate with ϵm+1 = 1

2ϵm. We implement a Bisection solver in our codebase,
though we use a Newton-Raphson solver to minimize the number of iterations required to find the next spike time to machine
precision (see Figure 7).

We now show how tVmax
can be computed. A maximum occurs when the condition dV

dt = 0 is satisfied, which implies
V (tVmax

) = I(tVmax
) by equation 7, which we solve for tVmax

to get

tVmax
=

τmτs
τm − τs

log

(
I0τm

V0(τm − τs) + I0τs

)
. (41)

We work with neuron models where τm > τs, so the maximum occurs at a positive time when the argument to the log
function is greater than 1 or more specifically, when

I0τm
V0(τm − τs) + I0τs

> 1 =⇒ I0 > V0. (42)

We defined unit tests to verify the correctness and numerical precision of our Newton-Raphson spike-time solver against
analytically computed spike times using the neuron model specified by Göltz et al. (2021) with τm = 2τs (τm = 20ms and
τs = 10ms). We vary the synaptic weight from very small values that cause late spikes to very large values that cause early
spikes and find that our implementation recovers ground truth spikes to within 10−7 seconds of the analytical solution with
14 iterations, even in the worst-case “just grazing” scenarios where the neuron barely reaches threshold.

A common question is, what happens if Newton-Raphson fails to converge? In our setting, it does not. We 1) only invoke
the solver on intervals that our analytic checks certify contain a spike, and 2) initialize in a conservative region where the
voltage evolution is well-behaved, and 3) clamp the output time to the search interval on each iteration. Concretely, for each
candidate interval [tnow, tnext] we use the analytic condition V (tVmax) ≥ Vth (with tVmax ∈ [tnow, tnext)) or V (tnext) ≥ Vth to
guarantee existence of a threshold crossing. We then initialize the Newton iteration at the midpoint between the left endpoint
and the maximum-voltage time,

t0 =
tnow+tVmax

2 , (43)

which lies inside an interval where the membrane potential is monotone increasing. For our current-based LIF model
(Equation 20) the membrane potential V (t) is a linear combination of two distinct exponentials, e−t/τm and e−t/τs .
Consequently, its time derivative dV

dt also takes the form of a sum of two exponentials:

dV

dt
= c1e

−t/τm + c2e
−t/τs (44)

Setting dV
dt = 0 to find critical points yields the equation:

et(
1
τs

− 1
τm

) = −c2
c1

(45)
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Since the exponential function on the left-hand side is strictly monotonic (given τm ̸= τs), this equation has at most one
solution for t. Therefore, dV

dt changes sign at most once. Given that V (t) decays to 0 as t → ∞, if a peak exists at
tVmax > tnow, the function must be strictly increasing on [tnow, tVmax ] and strictly decreasing thereafter. This unimodality
guarantees that the residual R(t) = V (t)− Vth has a unique root within the search interval, ensuring the non-oscillatory
convergence of the Newton solver.

Operationally, we run a fixed 14 Newton iterations, which our tests show suffices to reach float32 machine precision over
the entire weight range (including the grazing case). Our method operates at machine precision for single-precision floating
point numbers (i.e., float32), which follows from the fact our implementation must compute V (t) − Vth. In our work
Vth = 1.0, and at this scale, the next representable float32 number is 1.0000001192092896. So, for example, once the
numerical root solvers find t such that V (t) is equal to this number, further iterations will return the same spike time.
Therefore, our method is able to recover spike times to machine precision permitted by the root finding procedure in float32.
We also note that the term −

(
∂R
∂t

)−1
in Equation 47 can result in spike time divergence if the derivative is very close to

zero. To prevent this issue, we employ a Solver Regularization term—consistent with other exact gradient methods that
address diverging spike times (Mostafa, 2018; Göltz et al., 2021)—specified in Table 2 that limits the minimum absolute
value of the derivative.

D.2. Bisection Solver

Here, we define the Bisection solver’s algorithm. The Bisection method requires 20 iterations to achieve similar numerical
precision as the Newton-Raphson method in our tests.

Algorithm 1 Bisection Method for Spike Time

Input: LIF parameters θ, initial state s0 = (V0, I0), time of maximum voltage tVmax
, maximum iterations max iter

Define function R(t) = V (t)− Vth where V (t) is given by equation 20
Initialize tlow = 0.0, thigh = tVmax

for i = 1 to max iter do
tmid =

tlow+thigh

2.0
if R(tmid) > 0 then
thigh = tmid

else
tlow = tmid

end if
end for
Output: Estimated spike time tsolution =

tlow+thigh

2.0

Note that the Bisection method requires that you can bracket the root, i.e., find an interval [tlow, thigh] such that R(tlow)
and R(thigh) have opposite signs. We are able to do this by setting tlow = 0 and thigh = tVmax

. Again, recall that we
can evaluate V (tVmax

) to determine if it is greater than Vth, in which case we satisfy the requirement of a valid bracketing
that R(tlow) and R(thigh) have opposite signs. In contrast to the Newton-Raphson method, the Bisection method does not
require knowledge of the derivative of R(t). Both methods still require a procedure for evaluating V (t) given the initial
state s0 and time t.

D.3. Implicit Function Theorem Gradients

Recall that our aim is to compute the gradient of the output spike time t⋆ with respect to the parameters p that govern the
neuron’s dynamics. The spike time is implicitly defined as the root of the function

R(p, t(p)) = V (p, t(p))− Vth. (46)

In order for t(p) to be well-defined as a function locally in a neighborhood around the point (p, t⋆), it must be the case that
∂R/∂t|(p,t⋆) ̸= 0. If this condition is satisfied, then we can solve for the gradient of the output spike time with respect to
the parameters as follows. Since R(p, t(p)) = 0 holds for all p in a valid neighborhood, its gradient with respect to p must
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also be zero. Applying the multivariate chain rule gives

∇pR(p, t(p)) =
∂R

∂p
+

∂R

∂t

∂t

∂p
= 0

∂t

∂p
= −

(
∂R

∂t

)−1

· ∂R
∂p

.

(47)

Recall that ∂R
∂t = ∂V

∂t . This highlights a boundary case when ∂V
∂t = 0, which is when the spike time diverges to infinity.

Also note that equation 47 defines a Vector-Jacobian Product (VJP) rule in JAX for any root solver.

E. Implementation Details
We now describe key implementation details of our parallel SNN implementation. Our models are feedforward fully
connected SNNs composed of LIF neurons with hard-reset dynamics governed by the ODE system defined in equations 7
and 8. Our loss function has two components: 1) a classification loss, and 2) a spike-count regularizer. The classification
loss is a cross-entropy loss on the output logits produced by the weighted leaky integrator output as defined in equation 37
of Appendix Section C. The spike-count regularizer pulls spiking activity towards a target spike count. In particular, our
complete loss function is given as

L = LCE(ŷ, y) + λregLreg (48)

where LCE is the cross-entropy loss between the predicted class logits ŷ and the ground truth class y, Lreg is the spike-count
regularization loss (specified below), and λreg is a hyperparameter that controls the strength of the regularization. We now
describe the spike-count regularization term in detail.

E.1. Spike Count Regularization

To encourage a biologically plausible firing activity, we introduce a regularization term to the loss function. As the spike
count itself is non-differentiable, we optimize a differentiable proxy based on the membrane potential. The core idea is that
if a neuron is over-active, we penalize the maximum voltage (Vmax) in the intervals where it spiked, pushing the voltage
trajectory down. Conversely, if a neuron is under-active, we penalize the Vmax in the intervals where it remained silent,
pushing the trajectory up towards the firing threshold.

Let ctarget be the target spike count per trial. For a single neuron i and a single data instance k from a batch of size Nbatch, let
c
(k)
i be its measured spike count. We consider the M

(k)
i intervals defined by the input spike train for this instance. For each

interval j ∈ {1, . . . ,M (k)
i }, we can analytically compute the maximum voltage potential, denoted V

(i,j,k)
max .

We partition the intervals into two sets for each neuron and each instance:

• S(k)i = {j | The set of interval indices where neuron i produced a spike for instance k}

• S̄(k)i = {j | The set of interval indices where neuron i remained silent for instance k}

Note that the measured spike count for the instance is c(k)i = |S(k)i |.

To regulate the firing, we first define two per-instance auxiliary loss terms. For the over-firing case, the loss penalizes any
voltage maximum that exceeds the threshold Vth. For the under-firing case, the loss penalizes any voltage maximum that
falls below the threshold.

L(i,k)
under =

1

|S̄(k)i |

∑
j∈S̄(k)

i

ReLU
(
Vth − V (i,j,k)

max

)
(49)

L(i,k)
over =

1

|S(k)i |

∑
j∈S(k)

i

ReLU
(
V (i,j,k)
max − Vth

)
(50)
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where ReLU(x) = max(0, x) and is short for Rectified Linear Unit (ReLU). We then average these per neuron loss terms
over the batch, alongside the spike count:

c̄i =
1

Nbatch

Nbatch∑
k=1

c
(k)
i (51)

L̄(i)
under =

1

Nbatch

Nbatch∑
k=1

L(i,k)
under (52)

L̄(i)
over =

1

Nbatch

Nbatch∑
k=1

L(i,k)
over (53)

The total regularization loss for neuron i is a weighted sum of these batch-averaged terms, activated based on whether the
neuron’s average spike count is above or below the target.

L(i)
reg = ReLU

(
1− c̄i

ctarget

)
L̄(i)

under + ReLU
(

c̄i
ctarget

− 1

)
L̄(i)

over (54)

The final regularization loss is the average over all n neurons in the entire network: Lreg = 1
n

∑n
i=1 L

(i)
reg.

E.2. Event Queues

Working with precise spike times deviates from the common practice of discretizing time into fixed steps and using a ring
buffer to manage synaptic delays (Landsmeer et al., 2025). Instead, we maintain sorted event queues for each neuron that
store incoming spikes along with their arrival times. When a neuron processes its queue, it retrieves spikes in chronological
order, ensuring accurate temporal dynamics. We process events layerwise, meaning all neurons in a layer process their
queues, generate spikes, and then the resulting spikes are sorted into the queues of the next layer. This approach preserves
the temporal order of spikes across layers and allows for our chunked parallel processing method to be applied effectively.

It is also important to elucidate how we handle spiking within chunks. Within a given chunk, we only ever “commit” a
single output spike. After the parallel scan computes the per-interval analytic spike indicators (Section 3.2.2), we select the
first interval whose indicator is True (implemented as an argmax over a boolean array), solve for the corresponding spike
time, hard-reset the neuron, and discard any within-chunk work after that time. This is not an approximation—it matches
the semantics of a serial event simulator, which also stops processing input events once a neuron fires and then resumes
from the post-reset state. If a neuron spikes again immediately after reset, this is handled in the next iteration in exactly the
same way—the new “current time” becomes the previous spike time, and we again test for a spike between that time and the
next pending input spike time. Thus, multiple spikes per neuron are represented as multiple iterations over chunks/intervals.
Each chunk iteration advances the state to the first output spike (or completely consumes the chunk if no spike occurs),
preserving perfect temporal fidelity.

Note that in order to compile the jax.jit model function, we must prespecify the number of chunks that each layer will
process. We use the following heuristic for determining the number of chunks per layer. First, we observe the maximum
number of input spikes the input layer will receive, which we denote as Ninput. Next, we specify a desired chunk size K

and maximum number of output spikes permitted per neuron in each layer S(i)
max for layer i. Then for the input layer, we

set the number of chunks to ⌈Ninput/K⌉+ S
(0)
max so that each chunk processes at most K input spikes plus an allowance

for output spikes that may be generated within the chunk. For subsequent layers i > 0, we set the number of chunks to be
(S

(i−1)
max · n(i−1)/K) + S

(i)
max where n(i−1) is the number of neurons in the previous layer.

To bound memory and runtimes, we cap the number of retained output spikes per neuron (e.g., 28 for SHD/SSC). When
spiking activity is unusually high, this cap can become active, which may prevent complete consumption of the input queue
within the compiled compute budget. In practice, with Smax = 28 we consume approximately 90% of input spikes on
average in SSC layer 1 and nearly 100% in layer 2 (see Appendix Figure 11), and we regularize spike activity to keep this
fraction high while preserving accuracy. Increasing the cap improves consumption at the cost of runtime: for example,
raising from 28 to 35 in layer 1 increases epoch time by ∼18% due to additional scan steps and larger downstream queues
and empirically increases the consumed-spike fraction. When the cap does not activate (or as Smax and the compute budget
are increased), our implementation recovers the exact event-based hard-reset forward dynamics and the corresponding
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IFT/EventProp (Wunderlich & Pehle, 2021) gradients. The cap is therefore a practical knob for trading memory/throughput
against worst-case spiking activity, orthogonal to our core contributions (parallel scans and continuous-time spike solvers).
Future work can explore adaptive strategies that tune this cap online based on observed activity.

E.3. Sequential Baseline

While the main text describes our parallel SNN implementation, we also developed a sequential event-based SNN imple-
mentation with exact hard-reset dynamics to serve as a baseline for speedup comparisons. In this sequential implementation,
each neuron processes its input spikes one at a time in chronological order, updating its state and generating output spikes as
needed. In order to make this baseline even more competitive, we use the jax.lax.scan primitive to efficiently loop
over input spikes, and check for output spikes (note all jax methods we use are JIT-compiled). We also only call the solver
when a spike is detected between input spikes using our lightweight analytical checks, which is an optimization over a naive
implementation that calls the solver at every input spike. This sequential implementation serves as a benchmark to highlight
the efficiency gains achieved by our parallel SNN approach.

E.4. Dataset Preprocessing

Yin-Yang. The Yin-Yang dataset (Kriener et al., 2022) is a 3-way classification dataset with 5 input spikes. The first two
spike times are defined by the point (x1, x2) in the 2d plane on the Yin-Yang symbol. tlate is a user-defined time parameter
that governs when the latest time a spike can possibly occur. To symmetrize the input, spikes (tlate−x1, tlate−x2) are added.
Finally, an optional fifth spike, a bias spike, can be added to serve as both a reference time point and to boost neuronal
activity levels in downstream neurons.

For the discretization experiment in Section 4.3, we trained separate models (5 random seeds) at different time step sizes
∆t ∈ {0, 0.1, 0.25, 0.5, 1.0, 2.0, 5.0}ms, where ∆t = 0 represents continuous spike times (our standard method) and
∆t > 0 represents discrete-time constraints that round all spike times to the nearest multiple of ∆t.

MNIST. We work with a latency-encoded representation of MNIST, which has 784 input channels, each with up to 1
input spike, corresponding to the 784 pixels from MNIST digit images. We linearly map pixels in the range [1, 255] to
[tlate, 0] so that brighter pixels arrive earlier. tlate is set to 0.030. As a means of data augmentation during training, we apply
spike dropout at a rate randomly sampled from (0, 0.2) and time jittering to the input spikes by sampling from a zero-mean
Gaussian standard deviation set to 0.003. We set the maximum number of input spikes to Ninput = 784, from which we
derive the number of chunks for the input layer as described in Section E.2.

SHD. Cramer et al (2022) introduce the SHD dataset, which is a 20-way classification task, where the 20 classes are spike
representations of the spoken words 0 through 9 in English and German. There are 700 input channels each with multiple
spikes. We truncate the input spike trains to 1 second and apply the data augmentations described in Nowotny et al. (2025),
namely randomly shifting the input channels in the range [−40,+40] and blending pairs of input spike trains from the same
class. We set the maximum number of input spikes to Ninput = 14, 000, from which we derive the number of chunks for the
input layer as described in Section E.2.

SSC. The SSC dataset (Cramer et al., 2022) is a 35-way classification task, similar to SHD, where the 35 classes are spike
representations of spoken words such as “yes”, “no”, “up”, “down”, etc. There are 700 input channels each with multiple
spikes. We apply no data augmentation to this dataset. We set the maximum number of input spikes to Ninput = 14, 000,
from which we derive the number of chunks for the input layer as described in Section E.2.

E.4.1. WEIGHT INITIALIZATION

In this work, the initial network weights are drawn from a normal distribution layerwise, denoted N (µ(i), σ2
i ) where i

denotes the layer index and µ(i) and σi are defined as

µ(i) =
α
(i)
µ Vth

n(i−1)ν(0)τm
(55)

σi =
α
(i)
σ Vth√

n(i−1)ν(0)τm
(56)
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where α
(i)
µ and α

(i)
σ are layerwise gain parameters, Vth is the membrane threshold, n(i−1) is the number of neurons in the

previous layer, ν(0) is the average input spike rate (spikes per second) per neuron—note the assumption of a constant spike
rate across layers—and τm is the membrane time constant. The intuition for these equations is to think of the voltage as
a random variable and set the mean and variance of the weights such that the voltage mean is close to threshold and the
voltage variance is controlled, specifically for a neuron in layer i we want

E[V (i)] ≈ α(i)
µ Vth = µ(i)n(i−1)ν(0)τm (57)

Var(V (i)) ≈ (α(i)
σ Vth)

2 = (σi)
2n(i−1)ν(0)τm (58)

where we think of µ(i)n(i−1)ν(0)τm as the approximate expected voltage contribution from all incoming spikes over the
timescale of the membrane time constant, and similarly for the variance. We set α(i)

µ and α
(i)
σ to 0.8 for all layers though

more work is needed to determine optimal values for these parameters. At the start of training, we estimate ν(0) by averaging
the number of input spikes per neuron over the entire training dataset and dividing by the total input time duration in seconds
over 10 batches of training data.
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E.5. Hyperparameters

Table 2. System hyperparameters across the 3 datasets used.

Parameter Yin-Yang Value MNIST Value SHD Value SSC Value

Optimizer Adam Adam Adam Adam
Learning Rate Schedule Cosine Decay Exponential Cosine Decay Cosine Decay
Cosine Decay Steps 6000 — 10000 88500
Learning Rate 0.02 0.02 0.001 0.001
Learning Rate End Value 0.0001 0.001 0.0001 0.0001
Learning Rate Decay Factor — 0.95 — —
Learning Rate Warmup Steps 2000 500 500 2000
Delays Learning Rate 0.02 0.02 0.001 0.001
Delays Learning Rate Warmup Steps 2000 500 500 2000
Delays Learning Rate Decay Factor — 0.95 — —
Delays Learning Rate End Value 0.0001 0.001 0.0001 0.0001
Training Epochs 300 300 500 500
Early Stopping Patience — 30 100 100
Hidden Layer Sizes [50] [350] [512, 512] [512, 512]
αµ [0.8] [0.8] [0.8, 0.8] [0.8, 0.8]
ασ [0.8] [0.8] [0.8, 0.8] [0.8, 0.8]
Use Delays [False] [False] [True, True, False] [True, True, False]
Delay Activation Function — — ReLU ReLU
Delay Initialization Multiplier — — 0.1 0.1
Maximum Percent Missing Spikes [0.0] [0.0] [0.0, 0.0] [0.0, 0.0]
Weight Bump Steps 2 2 2 2
Weight Bumping Value 0.02 0.02 0.02 0.02
Output Spikes per Layer [6] [6] [28, 28] [28, 28]
Regularized Spike Count [3.0] [3.0] [14.0, 14.0] [14.0, 14.0]
λreg 1e-05 1e-05 0.001 0.001
τLI 0.01 0.5 2.0 2.0
τmax 0.02 0.5 2.0 4.0
Logit Temperature Multiplier 20.0 20.0 60.0 30.0
Dataset Dropout Probability 0.0 0.2 0.0 0.0
Time Jitter Standard Deviation — 0.003 0.0 0.0
Number of Blended Samples — — 7644 0
Dataset Maximum Time — — — —
Channel Shift Maximum — — 40 —
Batch Size 128 128 128 256
Solver Method Newton-Raphson Newton-Raphson Newton-Raphson Newton-Raphson
Solver Maximum Iterations 14 14 14 14
Solver Regularization 0.01 0.01 0.01 0.01
τs 0.0005 0.005 0.005 0.005
τm 0.002 0.02 0.02 0.02
Vth 1.0 1.0 1.0 1.0
Vreset 0.0 0.0 0.0 0.0
tlate 0.002 0.03 — —

E.6. Training Details

All hyperparameters used in our experiments are summarized in Table 2, which we describe in more detail below. We
train all models using the Adam optimizer (Kingma & Ba, 2014) and the learning rate schedules defined in Table 2. We
employ hyperparameter tuning and early stopping based on validation accuracy, with the exception of the SHD dataset
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where we use the test accuracy as per prior work (Hammouamri et al., 2024; Schöne et al., 2025). Early stopping is used
with a patience specified in Table 2. The number of fully connected hidden layers and their sizes are specified in Table 2,
where the number of list elements corresponds to the number of hidden layers and the integer values correspond to the
number of neurons in each hidden layer. The use of layerwise delays is similarly specified in Table 2, where a value of True
indicates that particular layer uses trainable synaptic delays and False indicates no delays are used. When delays are used,
they are initialized from a uniform distribution in the range [0, 0.1] seconds, where the right endpoint is specified in Table
2 as the Delay Initialization Multiplier. We employ a weight bumping scheme2 that adds a small constant value (Weight
Bumping Value) to all incoming weights of a neuron that has been silent for some number of batches (Weight Bump Steps).
We specify the maximum number of output spikes per layer (Output Spikes per Layer)—see their usage in Appendix Section
E.2—and a target regularized spike count (Regularized Spike Count). The weighted leaky integrator readout (Equation 37)
has two parameters corresponding to the exponential time constant (τLI) and the duration of the integration window (τmax).
Our system’s time constants are set according to Table 2, where τm is the membrane time constant, τs is the synaptic time
constant, Vth is the membrane threshold, Vreset is the reset potential after a spike, and tlate controls the latency encoding of
the MNIST dataset. We train on NVIDIA H100 GPUs with 80GB of memory.

F. Speedups from Parallel Spike Processing
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Figure 10. Speedup of our parallel SNN implementation over a sequential event-based SNN implementation with exact hard-reset
dynamics on the SHD dataset as we vary the hidden dimension and batch size. The model architecture uses 2 feedforward hidden layers
and delays. Averages are taken over 100 batches (forward and backward pass) over 3 runs and chunk size is set to 128.

2Similar to the procedure described in (Göltz et al., 2021).
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Table 3. Average training time (forward and backward pass) per batch in seconds on the SSC dataset for our parallel SNN implementation
versus a sequential event-based SNN implementation with exact hard-reset dynamics. The model architecture uses 2 feedforward hidden
layers and delays. Averages are taken over 100 batches (forward and backward pass) over 3 runs and chunk size is set to 128.

Hidden Layer Size Batch Size Computation Mode Avg. Runtime (std. dev.)

128

32 Parallel 0.167 (0.002)
Serial 7.221 (0.021)

64 Parallel 0.241 (0.003)
Serial 6.975 (0.043)

128 Parallel 0.390 (0.004)
Serial 7.300 (0.056)

256

32 Parallel 0.285 (0.004)
Serial 8.487 (0.018)

64 Parallel 0.429 (0.003)
Serial 8.496 (0.074)

128 Parallel 0.664 (0.006)
Serial 8.931 (0.030)

512

32 Parallel 0.546 (0.004)
Serial 11.372 (0.018)

64 Parallel 0.811 (0.007)
Serial 11.244 (0.054)

128 Parallel 1.535 (0.022)
Serial 12.485 (0.031)

Table 4. Average training time (forward and backward pass) per batch in seconds on the SHD dataset for our parallel SNN implementation
versus a sequential event-based SNN implementation with exact hard-reset dynamics. The model architecture uses 2 feedforward hidden
layers and delays. Averages are taken over 100 batches (forward and backward pass) over 3 runs and chunk size is set to 128.

Hidden Layer Size Batch Size Computation Mode Avg. Runtime (std. dev.)

128

32 Parallel 0.159 (0.001)
Serial 7.102 (0.056)

64 Parallel 0.235 (0.002)
Serial 7.173 (0.042)

128 Parallel 0.369 (0.002)
Serial 7.411 (0.052)

256

32 Parallel 0.273 (0.002)
Serial 8.281 (0.057)

64 Parallel 0.421 (0.002)
Serial 8.272 (0.035)

128 Parallel 0.652 (0.004)
Serial 9.047 (0.062)

512

32 Parallel 0.529 (0.002)
Serial 11.133 (0.023)

64 Parallel 0.829 (0.004)
Serial 11.472 (0.155)

128 Parallel 1.477 (0.008)
Serial 12.239 (0.059)

A natural question is how our method compares to optimized prior work in terms of speed and memory. In Table 5 we
compare against two discrete-time methods: a surrogate-gradient approach (Hammouamri et al., 2024) and an exact-gradient
CUDA implementation (Mészáros et al., 2025). We measured our method and Hammouamri et al. (2024) on an NVIDIA
H100 (80GB), while the Mészáros et al. (2025) numbers are taken as reported in their paper on an RTX A5000. Memory for
Hammouamri et al. (2024) is PyTorch peak allocated memory (torch.cuda.max memory allocated()), and ours
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Table 5. Absolute speed and memory comparison of our method to prior work on the SHD dataset. All methods use 2 hidden layers with
delays and 256 or 512 hidden units per layer. * denotes metrics reported in Mészáros et al. (2025) on an RTX A5000; all other numbers
were measured on an NVIDIA H100 (80GB). See text for details.

Method Epoch Training Time (s) ↓ Max Memory (MiB) ↓
256 (Hammouamri et al., 2024) 157.89 8,978
512 (Hammouamri et al., 2024) 338.94 16,366
256* (Mészáros et al., 2025) 38.93 4,824
512* (Mészáros et al., 2025) 141.35 8,632
256 (Ours) 21.54 7,721
512 (Ours) 46.99 18,924

is peak device memory reported by jax.profiler; neither accounts for peak reserved memory. All methods use matched
2-layer delayed models (256 or 512 hidden units), ∆t = 1ms (though ours uses exact spike times—no discretization), and
the full SHD input (700 channels). Our method performs favorably in terms of speed compared to Hammouamri et al. (2024),
where hardware differences are controlled for, and is competitive in memory. Hammouamri et al. (2024) does not support
sub-millisecond spike times and refining the time grid further would substantially increase both compute and memory. In
Mészáros et al. (2025), delays are discretized and implemented via per-neuron delay buffers, so holding the maximum delay
fixed while decreasing ∆t increases the number of delay slots (and thus delay-buffer memory) approximately as 1/∆t,
and increases the number of time steps that must be computed. We do not claim a hardware-normalized ranking. Table 5
situates our approach in the same practical regime (seconds/epoch, single-digit to tens of GiB) as optimized discrete-time
alternatives under matched architectures.

G. Work Analysis
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Figure 11. A visualization of 5 runs on the SSC dataset with 512 hidden units and chunk size 128. We note that both layer one and layer
two retain a very high percentage of work done (e.g., 80-90%+), indicating the chunking approach is resourceful in practice.

Since our method processes input spikes in chunks, some amount of work is discarded when a neuron spikes early in a
chunk. However, we find that this effect is minimal in practice since neurons tend to spike sparsely relative to the number of
input spikes they receive. In Figure 11, we quantify the percentage of work retained during training on the SSC dataset
with 512 hidden units. In particular, we define the work retention rate as the ratio of the number of input spikes processed
to the total number of input spikes consumed. In other words, every time an input spike is visited—which may happen
multiple times due to chunking—it contributes one unit of work to the denominator, but only contributes one unit of work to
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the numerator. So a high ratio implies that spikes are only visited once most of the time, indicating that chunking is not
causing excessive wasted work. We find that both layer one and layer two retain a very high percentage of work done (e.g.,
80-90%+). The work retained will depend on the chunk size, the number of input spikes, and the firing rates of the neurons.
We do not optimize for work retained in this work because our main focus is on accelerating training time.

G.1. Efficiency Constraints and Regularization

While our chunked parallel processing enables significant speedups in sparse firing regimes, we acknowledge that the
theoretical efficiency of this approach is sensitive to the firing rate. In the worst-case scenario—such as a “bursting” regime
where a neuron spikes within every chunk—the parallelism collapses to serial execution because the work done in a chunk
subsequent to a spike must be discarded and recomputed. However, we argue that this constraint aligns with the fundamental
premise of event-based SNNs, which prioritize energy efficiency through sparsity. To ensure our method operates within this
optimal regime, we employ a spike-count regularizer (see Appendix E.1) that penalizes excessive activity. This regularizer
serves a dual purpose. It promotes biologically plausible sparse representations and explicitly maintains the computational
efficiency of the parallel associative scan. In our experiments, this mechanism successfully maintained a high work-retention
rate (see Figure 11) confirming that the network learns to utilize the configurations where our parallel method excels, rather
than diverging into inefficient high-firing modes. Future work can explore more sophisticated regularization techniques or
adaptive chunking strategies to further enhance efficiency across diverse spiking regimes.
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