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Abstract

We study risk-sensitive reinforcement learning in finite discounted MDPs with recursive
entropic risk measures (ERM), where the risk parameter 8 # 0 controls the agent’s risk
attitude: 8 > 0 for risk-averse and § < 0 for risk-seeking behavior. A generative model of
the MDP is assumed to be available. Our focus is on the sample complexities of learning the
optimal state-action value function (value learning) and an optimal policy (policy learning)
under recursive ERM. We introduce a model-based algorithm, called Model-Based ERM
Q-Value Iteration (MB-ERM-QVI), and derive PAC-type bounds on its sample complexity
for both value and policy learning. Both PAC bounds scale exponentially with |8]/(1 — ),
where 7y is the discount factor. We also establish corresponding lower bounds for both value
and policy learning, showing that exponential dependence on |3|/(1 — 7) is unavoidable
in the worst case. The bounds are tight in the number of states and actions (S and A),
providing the first rigorous sample complexity guarantees for recursive ERM across both
risk-averse and risk-seeking regimes.

1 Introduction

In reinforcement learning (RL), the aim of the agent is to conventionally maximize the expected return, which
is defined in terms of a (possibly discounted) sum of rewards [71]. The environment is typically modeled
via the Markov Decision Process (MDP) framework [60], wherein efficient computation of an optimal policy,
thanks to optimal Bellman equations, renders possible. However, as a risk-neutral objective, the expected
return is inadequate to capture the true needs of many high-stake applications arising in, e.g., medical
treatment [24], finance [65, 10], operations research [20], and transportation [39]. In these domains, decision
making must take into account the variability of returns, and risks thereof. To address this limitation, one
may opt to maximize a risk measure of the return distribution. Alternatively, one may model the entire
distribution of return, as in distributional RL [9], which has received significant attention over the last
decade. In this paper, we focus on the former.

Within the first approach, the risk is elegantly quantified via concave risk measures, which lead to well-
defined optimization problems. Notable risk measures include mean-variance [16], value-at-risk (VaR) [21],
Conditional VaR (CVaR) [66], entropic risk [33], and entropic VaR (EVaR) [2], all of which have been
applied to a wide-range of scenarios. Among these, CVaR has become particularly popular for modeling
risk-sensitivity in MDPs [18, 11, 15, 7], mainly due to a delicate control it offers for the undesirable tail of
return distribution. Despite its popularity and appealing interpretation, learning in MDPs with CVaR-based
objectives may pose technical challenges [7]. ERM, as another popular notion, has long been considered for
risk-sensitive control in MDPs and RL [33, 14, 31, 34, 27]. However, much of the existing literature focuses on
undiscounted settings, despite the prevalence of discounted MDPs; see, e.g., [8, 31, 55] for notable exceptions.

In risk-sensitive RL with a specified risk measure, objectives can be formulated in two fundamentally different
ways, depending on how the risk functional is applied to the reward sequence (r;);>o. The first approach,
referred to as non-recursive (also called non-iterated or static), consists in directly applying the risk functional
to the total return (e.g., >_,o,7'r¢ in the discounted case) [13, 14, 32]. The second, termed recursive (also
called iterated, nested, or dynamic), applies the risk functional at every step ¢ to the reward-to-go [4, 5, 22];
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see Section 3 for details. In other words, the non-recursive formulation captures trajectory-level risk, whereas
the recursive formulation deals with risk locally at each step. The two formulations are qualitatively different
and should be viewed as orthogonal modeling choices. While trajectory-level risk is often easier to interpret,
it may lead to policies that allow the agent to visit high-risk states, even though the risk of the entire
trajectory is still controlled, which might be unacceptable in many safety-critical applications. In contrast,
the recursive formulation may lead to more cautious behavior by discouraging entry into high-risk states at
every step, which can be either desirable or overly conservative depending on the application [22]. From
a theoretical perspective, another key distinction is that non-recursive formulations do not generally admit
Bellman-type optimality equations and may lead to time-inconsistent optimal policies (see [30]), whereas
recursive formulations preserve Bellman-type optimality structures. Motivated by these considerations, we
study risk-sensitive discounted RL with objectives defined via the recursive ERM.

1.1 Main Contributions and Paper Organization

We consider risk-sensitive RL in tabular discounted MDPs under recursive ERM, encompassing both the
risk-averse and risk-seeking regimes. We assume that the agent has access to a generative model of the MDP,
namely, a simulator that generates samples from the true MDP for arbitrary state-action pairs. Learning
performance is assessed in terms of sample complexity, defined as the total number 7" of samples required,
for given (g,6), to obtain either an e-optimal policy (policy learning) or an e-close approximation of the
optimal Q-value in the max-norm (value learning), with probability exceeding 1 — 6.

We make the following contributions. We develop a model-based algorithm, called Model-Based ERM Q-
Value Iteration (MB-ERM-QVI), and establish PAC-type bounds on its sample complexity for both value
learning and policy learning. MB-ERM-QVT is based on a plug-in estimation of the transition kernel com-
bined with a Q-value iteration scheme adapted to recursive ERM objectives. This QVI structure is inspired
by the value iteration method of [5], which considers the risk-averse planning setting with known dynamics.
We show that its sample complexity for value learning (Theorem 1) and policy learning (Theorem 2) scales

1
~ SA ~ SA 1
o 626/(17)> and o( minds 625/(17)> ’
<€2(1—7)2|5|2 e2(1—7)%(BI { (1—7)2}

as
respectively. These bounds hold for any discounted MDP with S states, A actions, discount factor 7, and
risk parameter 8, with 5 > 0 (respectively, 8 < 0) corresponding to a risk-averse (respectively, risk-seeking)
agent; see Section 3 for a precise definition. Moreover, the bounds are valid over the entire e-range, namely
e € (0, ﬁ] A notable feature of these results is the exponential dependence on the effective horizon
1/(1 — ), which is absent in the conventional risk-neutral setting, wherein 8 = 0.

We further establish worst-case lower bounds on the sample complexity of recursive ERM. Specifically, we
show that for value learning (Theorem 3) and policy learning (Theorem 4), at least
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samples are required to achieve e-optimality. These lower bounds demonstrate that the exponential depen-
dence on |3|/(1 — v) in sample complexity upper bounds is unavoidable, thereby establishing that learning
under recursive ERM is fundamentally more challenging than in the risk-neutral case. To the best of our
knowledge, these results constitute the first upper and lower bounds on the sample complexity of recursive
ERM in discounted MDPs. A summary of our results is provided in Table 1.

The remainder of this paper is organized as follows. Section 2 reviews related work. Section 3 introduces
the necessary background and formal problem setup. Section 4 presents the MB-ERM-QVT algorithm, while
Section 5 reports its sample complexity guarantees, with proofs deferred to Section 6. Lower bounds are
presented in Section 7. Section 8 presents numerical results to demonstrate the performance of MB-ERM-
QVI. Finally, Section 9 concludes with a discussion and directions for future research. Additional background
on risk measures, along with omitted proofs, is provided in the appendix.

IThroughout the paper, O and Q suppress logarithmic factors in the relevant problem parameters.
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Problem ‘ Upper Bound ‘ Lower Bound
ERM (value learning) 5(2(17)2‘[3‘2@2‘5'/(1_7)) [Theorem 1] 5( T elfl/(= W)> [Theorem 3]
ERM (policy learning) 5(W min {S, = ) }52\5\/(1*7)) [Theorem 2] 5( 2‘5[23“'2 elBl/(1—= ’Y)) [Theorem 4]
Risk-neutral (value learning) 5(%) (30] ﬁ(ﬁ) [30]
Risk-neutral (policy learning) 6(525%) [30, 1, 47, 37] 5(52(1514_”3) [30]

Table 1: Summary of upper and lower bounds presented in this paper. 8 denotes the risk parameter, where
B > 0 (respectively, S < 0) corresponds to a risk-averse (respectively, risk-seeking) agent.

2 Related Work

Risk-neutral discounted RL. There is a large body of papers on provably-sample efficient learning
algorithms in tabular discounted MDPs, encompassing a variety of settings such as the generative setting
[38, 30, 1, 67, 47, 37], the offline (or batch) setting [61, 19], and the online setting [70, 45]. In our overview
of risk-neutral work, we restrict attention to the generative setting —which is the setting we consider— with
the aim of collecting most notable developments and key results. In this line, [40] reports the earliest known
sample complexity bounds, which is achieved by a model-free method. Azar et al. [30] substantially improve
upon this by showing that a simple model-based method attains optimal sample complexity bounds scaling
as (9(177)3) for both value learning and policy learning, albeit for substantially limited e-ranges. It also

establishes a lower bound of Q(W) for value learning. Further algorithms and results are reported in

more recent subsequent work, notably including [67, 74, 48, 37]. Among these, [67, 74, 37] present model-free
methods, with [67, 37] presenting minimax-optimal bounds, although valid for restricted e-ranges. Under
model-based methods, minimax-optimal bounds, beyond [30], are reported in [1, 48]. In particular, [1] uses

empirical MDP combined with a black-box planner, and reports a minimax-optimal bound for € € (0, \/%),

thus expanding that in [30]. More recently, [48] establishes minimax-optimal bounds for the entire e-range,
which are achieved by model-based methods built via the empirical MDP but with reward perturbations or
conservative planning. It is worth emphasizing that existing optimal sample complexities rely on techniques
that crucially exploit the additivity of the return with respect to rewards; this structural property generally
fails for risk-sensitive objectives, and the corresponding techniques do not carry over.

We remark that the abovementioned works look at the learning performance in a worst-case scenario, which
yield sample complexity bounds that hold for a model class. This is typically done via uniformly sampling
various state-action pairs. In contrast, some studies (e.g., [3, 70]) consider adaptive sampling to account for
the heterogeneity across state-action space of the MDP, typically resulting in instance-dependent bounds.

Risk-sensitive RL. There exists a substantial literature on decision making under a risk measure in bandit
and RL settings. In bandits, risk-sensitive objectives are typically studied through regret minimization; see,

e.g., [64, 51, 42]. Extensions to MDPs introduce substantially richer structural and algorithmic challenges,
which are the focus of this work. The literature on RL under risk measures may be broadly categorized
by the type of risk measure studied. Representative examples include CVaR [22, 23, 16, 44], ERM [14, 50,

, 53, 31], mean-variance risk [09, 35, 43], and EVaR [57, 29]. Among these, CVaR has been the most
extensively studied. Under non-recursive CVaR, [23] and [106] investigate online episodic RL in the regret
setting for tabular MDPs and MDPs with function approximation, respectively, while reward-free RL is
studied in [58]. Under recursive CVaR, [22] analyzes sample complexity in the generative setting; however,

its analysis relies on structural properties specific to CVaR and does not extend to ERM.

ERM has also been widely studied, beginning with early work such as [33] and followed by a rich literature

across diverse settings [14, 12, 13, 63, 27, 25, 26, 52, 53, 56, 31]. Under non-recursive ERM, most work
focuses on the average-reward or episodic settings, with planning studied in [33, 14, 53] and learning in
[13, 56, 52]. The discounted setting has received comparatively little attention, largely due to technical
challenges introduced by discounting; notable exceptions include planning results in [8, 31] and learning
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results in [55], which modify the problem formulation to address time inconsistency. Under recursive ERM,
recent works such as [27, 26, 25, 34, 50] study online episodic RL in the regret setting. To the best of
our knowledge, existing work on discounted MDPs under recursive ERM is limited to planning; a notable
example is [5], which provides a thorough theoretical treatment but does not propose learning algorithms.
The analysis in [5] (and the works in the known-model setting) is limited to the case of known models, where
the problem does not involve statistical estimation. As a result, sample complexity analyses (under policy
or value learning), which aim to characterize statistical hardness, are not relevant in this setting.

Some work in risk-sensitive RL and control studies broader classes of risk measures. Two notable classes
studied in this context are coherent risk measures and optimized certainty equivalent (OCE) measures, both
of which include important special cases such as mean—variance and CVaR. While ERM is not coherent, it
belongs to the OCE class for 8 > 0; a brief overview of risk measures is provided in Appendix A. Results
for coherent risks [59, 72, 44, 77] do not apply to ERM, and existing results for OCE risks [73, 75, 62]
do not address provably sample-efficient learning under recursive ERM in discounted MDPs. In particular,
[62] considers offline RL in discounted MDPs under recursive OCE but does not provide sample-complexity
guarantees. We also note that a connection between MDPs with recursive coherent risks and distributionally
robust MDPs has been established in [5]. Finally, we note that approaches such as safe RL and constrained
MDPs [19, 17] incorporate risk awareness into policies via constraints, but without altering the definition of
return; they are therefore generally regarded as orthogonal to the present setting.

3 Background

Notations. For n € N, let [n] :={1,...,n}. 14 denotes the indicator function of an event A. Given a set
X, A(X) denotes the probability simplex over X. We use the convention that || - || := || - ||c and explicitly
use the subscript || - ||, when using p-norms for 1 < p < co. The notation L> (2, F,P) denotes the space of
essentially bounded random variables on the probability space (€2, F,P).

3.1 Entropic Risk Preferences

The entropic risk measure (ERM) is rooted in expected utility theory [54]. Consider for 8 # 0 the class of
utility functions wu(t) = %(1 — e7Pt) defined for t € R. The utility u is supposed to describe the preferences
of some economic agent in the form of how much utility u(t) she derives from some monetary quantity
t € R. For any bounded random variable X € L*>°(Q, F,P), it is easy to verify that the associated certainty
equivalent to u is v~ (E[u(X)]) = _71 log(E[e#X]), which expresses the amount of money that would give
the same utility as that of entering in the bet given by the random variable X. We thus define the functional
p: L>®(Q, F,P) — R by?

1

B

Evidently, when 8 — 0 we recover the risk-neutral case, which simply coincides with the expectation:
limg_,0 p(X) = E[X]. Further, it is straightforward to see that p admits the following:

p(X) i= p(X: ) i= — = log (E[e™Y]). (1)

p(X) < p(Y), for any X <, 2)
p(c) =c¢, for any c € R, (3)
p(X) <E[X], for >0, (4)
p(X) > E[X], for <0, (5)

where properties (4)-(5) follow from Jensen’s inequality. Using p as a measure of the preference for different
random variables, it follows directly from (3)-(5) that p(X) < p(E[X]) for § > 0 and that p(X) > p(E[X])
for 8 < 0. It further shows that S > 0 is associated with risk-aversion, while 8 < 0 is associated with a
risk-seeking behavior. It is well-known that the ERM, unlike CVaR, does not belong to the nice class of
coherent risk measures; we refer the reader to Appendix A for a primer on risk measures, where we collect
some definitions and concrete examples.

2We note that there is a lack of consensus regarding the sign of 8 in the definition of ERM. We follow this convention
considering its widespread use in the actuarial literature [41]. We refer to Appendix A for a related discussion.
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3.2 Discounted Markov Decision Processes with Entropic Risk

We write the 6-tuple M = (S, A, P, R,~, ) to denote a finite, discounted infinite-horizon Markov decision
process (MDP), where S = {1,2,...,5} is the finite state space of size S := |S|, A = {1,2,..., A} is the
finite action space of size A := |A|, P : Sx.A — A(S) is the transition probability function, R : Sx.4 — [0, 1]
is the reward function, v € (0, 1) is the discount factor, and 3 # 0 is the risk-parameter. We use Z =S x A
to denote the set of all state-action pairs, and write P, ,(s’) as short-hand notation for P(s’|s,a) for any
(s,a) € Z. For simplicity of exposition, we consider a deterministic reward function, as is standard in the
literature. The agent interacts with the MDP M as follows. At the beginning of the process, M is in some
initial state s € S. At each time ¢ > 0, the agent is in state s; € S and decides on an action a; € A
according to some rule. The MDP generates a reward r; := R(st,a:) and a next-state s;11 ~ P(:|st,az).
The MDP moves to s;+1 when the next time slot begins, and this process continues ad infinitum. This
process yields a growing sequence (s, at,7¢)i>0. The agent’s goal is to maximize an objective function, as a
function of the collected rewards (r¢):>0, which depends on both + and £.

To concretely define the agent’s objective using ERM, we discuss two approaches of applying the functional
p in (1) in the context of MDPs. The first approach, called non-recursive (or static or non-iterated) [31, 53],
consists in applying p to the total discounted sum of rewards p( >co 'ytrt), which is well-defined under the
bounded rewards assumption, i.e., r; € [0, 1] for all ¢£. This problem admits no obvious optimality equation,
although solution and approximation schemes for planning have been proposed in the literature [31, 53]. The
other approach where p is applied at every step is called recursive (also called dynamic or iterated) [4]. The
planning problem in this case is tractable thanks to existence of Bellman-type optimality equations. The
recursive approach also guarantees the existence of an optimal stationary deterministic policy, whereas the
non-recursive approach may lead to optimal policies that are not time-consistent (see [36]). In this paper,
we study the case where the RL objective is defined via the recursive ERM.

3.3 Value Function and Q-function

We shall introduce some notation and definitions to formally define the value function V' and state-action
value function @ (henceforth, Q-value) of a policy. We follow the approach of [4] and [6], but since none of
their cases include our 5 < 0 case and also only cover value function, we present in Appendix B the full setup
with history-dependent policies as well as a thorough definition of the value and @-values. There, we prove
existence of a stationary optimal policy, and show that the value functions of this policy satisfy a Bellman
optimality equation and that the value of any policy satisfies a Bellman recursion. We give an outline here
that only deals with stationary policies, which is justified by the results of Appendix B.

Let v € R® and 7 : S — A be a stationary deterministic policy. We define Ps.a’ RS - R as

pea(v) = =5 108 (Eumr, [ (6)

and slightly abusing the notation, we write ps r when a = m(s), i.e., psx = psr(s)- We then introduce
the operator J, : RY — R with J.(v)(s) = R(s,7(s)) + vps.(v). The N-step total discounted utility
Jn(s,m) is defined as applying J, recursively N times to the O-map: Jy(s,7) := JY(0)(s). Note that the
outer-most iteration corresponds to the immediate time-step. Then, the value of policy m is defined as:
V7(s) = imy_00 Jn(s,m) for all s € S. By properties (2)-(3), it follows that Jx (s, ) is increasing in N and
that Jy(s,7) < ﬁ for all s € S, so that the limit above exists and the value function is thus well-defined.
The optimal state-values are defined as V*(s) = sup, V™ (s) for all s € S, where the sup is taken over all
possible policies. Any policy achieving V*(s) at all states is called optimal and V* is called the optimal
value function. Further, given € > 0, a policy achieving V™ (s) > V*(s) — ¢ for all s € S is called e-optimal.

In [4], the authors consider a more general MDP framework that is not restricted to finite MDPs or stationary
policies; they prove that under some conditions —that are trivially fulfilled in the case of finite MDPs—
there exists a stationary deterministic optimal policy in the 8 > 0 case. This result is easily extended to
the 5 < 0 case and we give a unified proof for completeness in Appendix B. The optimal value function V*
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satisfies the Bellman optimality equation:

V*(s) = max (R(s, a)—%log (Eszwp&a[e_ﬁv*(s/)D) , VseS.

acA

Further, for any stationary deterministic policy 7, the value function satisfies the Bellman recursion:

V7(s) = Rls.n(s) ~ o (Esw .- [eBV“S'n) | vses. (7)

We introduce the Q-value functions using a similar approach. Given 7 : S — A, we define the operator L :
RS — R9*4 as follows: forallv : S — R, for all (s,a), L (v)(s,a) = R(s,7(s))+7ps~(v). Also, we define the
operator L : R¥ — RS*4 as follows: for allv: S — R, for all (s,a), L(v)(s,a) = R(s,a)+7ps.q(v) . We define
the N-step total discounted utility of the state-action pair (s, a) under 7 as Ly(s,a,7) := (Lo JN~1(0))(s,a)
and the limit is denoted Q™ (s,a): Q™ (s,a) = limy_,o0 Ln(s,a, ). Although [4] does not consider Q-value
functions, building on their arguments we show in Appendix B that it suffices to consider stationary policies
when solving max, Q™ (s,a) =: Q*(s,a) for all (s,a) and that Q* satisfies the optimality equation:

Q*(s,a)=R(s,a)— % log (IES/NPM e maxa Q*(S/’a/)]) , Y(s,a) €S x A

Similarly, the @-value of a policy 7 satisfies the Bellman recursion:
Q" (s,a) = R(s,a) — %log (]ES/NPM [e’ﬁQﬂ(S"”(S/))]) . V(s,a) € S x A.
Let us introduce the operators 77,7 : R4 — RS*4 which for f: Sx.A — R are defined as
(TS)(s5,0) = R(s,a) = Flog 3 Pra(s/)e? Mo S50,

(T f)(s,a) = R(s,a) — %logzPs’a(sl)e*ﬂf(s’)rr(s/)) .

Then, the Bellman equations above can be written as Q* = 7Q* and Q™ = T*Q™.3

We conclude this section by a remark about the case of rewards bounded in [Rmin, Rmax)-

Remark 1. For rewards bounded in [Rumin, Rmax], one can equivalently consider rewards in [0, 1] but with a
risk parameter g, with w := Rpax — Rmin. This is verified by observing that (i) p is translation invariant,
implying that the range w is important —not the absolute values— so that one must model rewards as belonging
to [0, w]; and (#) one has p(wX,B) = —wlﬁlog(E[e_B""X] = wp(X,wp) for any w > 0, so that scaling the
range by w amounts to working with p with a risk parameter wB. This observation justifies our focus on
rewards in [0, 1], but more importantly signals that the risk parameter is calibrated to a specific reward range.

3.4 Learning Performance

We consider RL algorithms that aim to find an e-optimal policy or an e-optimal value function for input ¢ > 0
under ERM, while having access to a generative model (or simulator) of the MDP. Precisely speaking, the
generative model can produce a sample s’ ~ Ps , for any queried state-action (s,a). We consider two types
of such algorithms, which we generically denote by U: The first type outputs a Q-value Q% : S x A — R,
whereas the second outputs a policy 74 : S — A using T samples. We evaluate the quality of an algorithm
that outputs a Q-value by [|Q* — Q%|. For an algorithm that instead outputs a policy, we evaluate it in
terms of |[V* — g |I. Often, we will suppress T' from the notation. This leads to the notion of (g, §)-correct
value and policy for input parameters (g, d):

3We note that our analysis only rests on the Bellman optimality equation; the Bellman equations for V™ and Q™ are included
for completeness.
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Definition 1 ((g,d)-correct value and policy). An algorithm U that outputs a Q-value QY is called (g,0)-
value-correct on a set of MDPs M if P(||Q* — QY| < &) > 1—6 for all M € M. Similarly, an algorithm U
that outputs a policy ™ is called (e, d)-policy-correct on a set of MDPs M if P(||V* — V”uH <eg)>1-96
for all M € M.

The notion of (e, §)-value-correctness yields a sample complexity notion in the case of value learning, while
(e, 6)-policy-correctness serves a similar role for policy learning.

We remark that any algorithm that outputs a @-value also outputs a policy, e.g., the one obtained by acting
greedily with respect to the @-value. However, it is well-known that such a greedy policy can be off by a
factor of 1/(1 — ), which impacts the corresponding sample complexity of policy learning; see discussions
in [68, 67, 1]. To remedy this, the literature resort to proof arguments, which may however come at a cost
of limiting the e-range, as briefly discussed in Section 2.

4 Model-Based ERM Q-Value lteration

In this section, we present a model-based algorithm, called MB-ERM-QVI, for value and policy learning
settings under ERM, assuming access to a generative model of the MDP. Then, we derive PAC-type bounds
on its sample complexity.

We begin with introducing the protocol for obtaining N samples from each state-action pair in Z = 8§ x A;
this is done by making a total of T'= NSA calls to the generative model (see Algorithm 1).

Algorithm 1: Model estimation Algorithm 2: ERM-QVI
Input: Generative model f Input: Empirical MDP M = (S, A, ﬁ, R,~, ), number
Output: Model estimate P of iterations k
Function EstimateModel(N): Output: Estimate Qj of optimal Q-function Q*
YV (s,2) ESXZ:m(s,z) =0 1 Initialization: V(s,a) set Q(s,a) =0
for each z € Z do 2 for j=0,1,...,k—1do
forz—12 ,N do 3 for all (s, )ESX.AdO
( ()| ) (5. 2) 4 Qg+1(8ya)
m(s,z) :=m(s,z) +1 R —Bmax,s Q;(s',a’)
S ( ) 10g( VP [6 max,s Q;(s",a ])
Vs € 81 Pls,s) = M)
s€S5: P(s,2) N 5 end
end
~ 6 end
return P 7 Vs €S mi(s) = argmaxge 4 Qk (s, a)
8 return @ and 7

Let P denote the plug-in estimator built using the T = NSA independent samples obtained from the
generative model; that is, for (s,a,s’) € Z x S, 13(5’|3, a) = Tb(éT'”/), where n(s, a, s’) denotes the number of
times s’ was observed under the queried pair (s,a) € Z. The model-based approach we describe relies on the
empirical MDP formulated using ﬁ, M= (S, A, R,ﬁ,% B), but it is otherwise general in the sense that it
can use any oracle that outputs an e-optimal policy for any € > 0. We prove the existence of one such oracle
in the analysis (cf. Lemma 2) in the form of a Q-value iteration akin to that of the classical risk-neutral
setting. It is the basis for ERM-QVI (Algorithm 2), which is a @Q-value iteration for discounted MDPs with
ERM with correctness guarantees.

Equipped with these, we introduce MB-ERM-QVI. For an input ¢ > 0, the algorithm consists in:

(i) building an empirical MDP M= (S, A, ]3, R,~, ) via calling the generative model N times (namely,
P = EstimateModel(N));

(ii) returning ERM—QVI(M\, k).

We show in Lemma 2 how to pick k := k(g) to ensure e-value-correctness (i.e., ||Q* — Qx| < €) and e-policy-
correctness (i.e., |[V* — V™| <e).
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5 Sample Complexity Analysis of MB-ERM-QVI

In this section, we present a sample complexity analysis of MB-ERM-QVI under both policy learning and
value learning.

5.1 Properties of ERM-QVI

We first state two results for ERM-QVI, establishing its convergence properties. Their proofs are presented
in Appendix D.

Lemma 1 (Contraction properties). The operators T and T™ are y-contractions with respect to the max-

norm, i.e., ||Tfi =T faoll < | f1 — foll and [|[T7 f1 = T faol| < 3| fr — fa| for value functions fi and fs.

The proof of this result is very similar to that of Part (a) in Theorem 3.1 in [1]; nevertheless, we include it
for completeness. The next lemma shows that for large enough £ in ERM-QVI, we can obtain @ and V7*
that are as close to, respectively, @* and V* as desired:

Lemma 2. Fiz e > 0. Under ERM-QVI (Algorithm 2), one has: (i) ||Qr — Q|| < e if k > =loe( ) .

2 log(1/7)
(ii) [V = V*|| < e if b > 820800 e),

5.2 Sample Complexity Upper Bounds

We are ready to present sample complexity bounds for MB-ERM-QVI: Theorem 1 states such a result for
the case of value learning, while Theorem 2 offers a bound for policy learning.

Theorem 1 (Sample complexity, value learning). For anye >0, § € (0,1), and any MDP M with S states
and A actions, if the learner makes

25 A~? elBl/a=7 _1\? SA
B ()
e2(1=1) |8l 6

model calls to the generative model, then P(||Q* — Qx| <e&) >1—4.

Theorem 2 (Sample complexity, policy learning). For any e > 0,6 € (0,1), and any MDP M with S states
and A actions, if the learner makes

L i Qmm{ Y e (454N 4SA|H|}
= 2(1-9)2 E -2 2\7s )%\

model calls, then P(|V* = V™| <e) >1— 4. Here, II denotes the set of stationary deterministic policies.

The sample complexity bound oﬁered by Theorem 2 can be further simplified using the worst-case bound
ITI| < A% to O( 2(1 'v 2 min {S = 7)2 })LQ) with L = ﬁ(ew/(k” — 1). To be more precise, by including
log-terms, depending on Whether S < 1/(1 —¥)? in the problem at hand, one may obtain a bound of

o(m(5)) o olarttplom())0)

Let us remark however that in problems where |II| grows polynomially with S, one will get a substantially
better bound.

Remark 2. Taking the limit in the PAC bound of Theorems 1-2, as  — 0, yields corresponding sample
complezity bounds for the risk-neutral case. The resulting bound for value learning is off the optimal bound
by a factor of (1 —~)~1, and for policy learning by a factor of (1 —~)~tmin{S, (1 — v)~2}; we again refer
to Table 1 for a related comparison. It is worth stressing, however, that these implied bounds are valid for
the entire e-range, unlike the results in, e.g., [50, 1, 07].

Remark 3. Existing derivations of minimaz sample complezity bounds in the risk-neutral setting (e.g., [

, 07, 477]) rely on techniques that crucially exploit the additive structure of the return with respect to rewards,
such as variance lemmas establishing Bellman consistency of the variance of cumulative discounted rewards.
These tools do not extend to ERM due to its intrinsic non-linearity, and are therefore not applicable in our
setting.
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6 Proofs: Sample Complexity Upper Bounds

In this section, we prove Theorems 1 and 2. As preliminarily, we present some results that will be used in
the proofs. The first one concerns basic decompositions of the error terms associated to V™ and Q. Let
V* and Q* denote the optimal value and Q-value in M respectively, and 7* denote an optimal policy in M.
Then, for any (s,a) € S X A,

Qr(s,a) > Q"(s,a) — Q7 — Q[ - 1Qx — Q" (8)

VT (s) 2 V7 (s) = [V = V| = [P = V| = [V = V7 (9)

These follow from standard techniques, but for completeness, we derive them in Lemma 6 in Appendix C.

In (8), the term ||Q™ — Q*| captures the statistical hardness due to having the generative model, whereas

the term [|Q) — Q*|| represents the computational challenge and can be made desirably small after enough

iterations of value iteration, and its control follows from the contraction property of ERM, which is also

present in the case of known model. Similarly, in (9), the terms ||[V™ — V™| and ||[V™ — V*|| correspond
to the statistical hardness, while ||[V™ — V*|| captures the computational hardness.

The second result concerns smoothness of Q-values under ERM when the transition function is perturbed.
More specifically, it asserts how different Q-values of a fixed policy are in two different MDPs that differ
only slightly in their transition functions. This parallels the result in [11, 70] to ERMs.

Lemma 3 (Q-value smoothness under ERM). Consider two MDPs M = (S, A, P,R,v,() and M =
(S, A,ﬁ,R,%ﬁ) differing only in their transition functions. Fir a stationary policy 7, and let QT and @”
be respective Q-values of m in M and M. It holds that Q™ — @’TH < EW; for B <0, and ||Q™ — @”H < EWs

for B >0, where £ := (1*7)\5\6|B|/(1_7) and
Wy = max’ Z s a _ ﬁsﬁa(s/)]e—WKﬁ—V"(w))|’
S,a 5 ES
Wy = max| Z s, a ) — 1587(1(5’)]67|B|V7f(s’)} , with Vﬂ‘(s) = max, QW(S, (1).
s'eS

6.1 Proof of Theorem 1

Proof. Let 8 > 0 and € > 0. In view of the error decomposition in (8), to establish e-value-correctness it
suffices to ensure ||Q™ — Q*|| < £/2 and ||Qr — Q*|| < €/2. By Lemma 2, we can have ||Qr — Q*|| < /2
using enough iterations of the optimization oracle. Further, by Lemma 3, if

_ sveish _ EX =Bl _i1/a-v) _.
rg%x\z; vaals)) = Puals/ e PIV0] < ST AN i (10)

then |Q™ — Q*|| < £/2. To ensure this, we use the following lemma (proven in Appendix D):

Lemma 4. Let 7 be any fived policy and 7> 0. If N > 55 (1 —e |B|/(1_7))2 log(2SA/6), then it holds that
(i) max| Z sa(8") = Poa(s))e V7

with probability > 1 —40, [ > 0;

(i) max | Z P o(s") — Psﬂ(s’)]e_l'el(vw(s/)_ﬁ)| <71 with probability >1—46, [ <O.

Applying Lemma 4, inequality (i), with 7 = 7*, we observe that (10) holds with probability at least 1 — §
by picking N > 515 (1 — e“5|/(1_"’))210g(2514/5). Noting that the total calls to the generative model is
T = SAN and substituting in the value for 7, we can ensure for all (s,a) that Qx(s,a) > Q*(s,a) — & with
probability larger than 1 — § by using a total number of samples

2 1BI/(1=7) _ 1\ 2
T> 225A’y i (e 1) log <2SA> .
e2(1—7) 18] g

The case of 8 < 0 is proven using very similar lines, but will use inequality (ii) in Lemma 4. O
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6.1.1 Proof of Theorem 2

Proof. Let ¢ > 0 and 8 # 0. In view of the error decomposition in (9), to establish e-policy-correctness it
suffices to require: (i) |[V™ — V*| < &/3, (ii) |[V™ — V*|| < /3, and (iii) ||[V™ — V™| < /3. For (i), we
can have HXA/“" — V*|| < £/3 using enough iterations of the optimization oracle as a consequence of Lemma
2. To control (ii) and (iii), let us define the event

E = Neen{|V™ = V7| <¢/3}.

We can show that P(E) > 1 — 4 for sufficiently large N. Indeed, for a given = € II, an application of Lemma
3 and Lemma 4, identical to the treatment in the proof of Theorem 2, shows that ||[V™ — V™| < ¢/3 with
probability at least 1—&/[TI| if N > 515 (1— e_'@/(l_w))2 log(2SA|TI|/§) with T = 8(1;7::)‘5'6"&/(1_7). Hence,

P(E) =P(3r €I [VT = V™| >¢/3) < > P([V" = V7| >¢/3) <4,
well

so that P(FE) > 1—4. Tt is evident that conditioned on E, (ii) and (iii) holds. Hence, with probability greater
than 1 — §, e-policy-correctness is maintained using a total number of model calls of

95442 [elfl/a-m —1\? 25 Al
T, s = I . 11
Ls 62(1—7)2< B )g( 5 ) D

To establish the second bound, first observe that Theorem 1 implies that ||[VV™ — V*|| < & with probability

exceeding 1 — 0 if T' > % (e'm/(l’w — 1)2 log (%); this is verified by noting that

||‘77”“ -V = max ‘ max @’T’“(s,a) — max Q" (s, a)| < max |@”’“(s,a) — Q" (s, a)‘ =|Qr — Q|

To proceed, we make use of the following lemma, which is proven in Appendix D:

Lemma 5. Let a > 0. Let V € R be a value function obeying |V* = V|| < «, and 7€ := argmax,[R(s, a) +
vps.a(V(s"))] be a greedy policy with respect to V. Then, ||[V* — V7| < 12_—7704.

Choosing V = V™, we have shown that ||\A/’”» — V*|| < € with probability 1 — §. Further, note that m; by
construction is the greedy policy with respect to V™. Therefore, by Lemma 5, the true value of 7 satisfies,
with probability at least 1 — 4,

2
[ve—ve < e,
which yields the following bound:
8SA2  [elBl/0-1 _1\? 25 A
Ths = 1 — . 12
o= () (5 -

Final Bound. To derive the final bound, we put together (11) and (12), while suitably adjusting the
error probabilities. Therefore, e-policy-correctness is guaranteed with probability exceeding 1 — § if T >
min{TLg/Q,Tgyg/Q}. D

7 Sample Complexity Lower Bounds

In this section, we provide two sample complexity lower bounds. The first (Theorem 3) concerns value
learning, whereas the second (Theorem 4) addresses policy learning,.

10
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Theorem 3 (Lower bound for value learning). There exist constants ci,co > 0 such that for any RL
algorithm U that outputs a Q-value Q%, any & € (0, %), and € € (O, ﬁﬁ(l — e_|f8|/(1_7))), the following
holds: if the total number T' of samples satisfies

SAN? (elPl/0=7) _3) (SA)

c1e2 812 20

then there exists some MDP M with S states and A actions for which P(||Q%, — Q%] >¢) > 6

Theorem 4 (Lower bound for policy learning). There exist constants c¢1,ca > 0 such that for any RL
algorithm U that outputs a policy 74, any § € (0, i), and € € (O, %%(1 — e*m'/(l’w)), it holds that if the
total number T of samples satisfies

act B <6)

then there exists some MDP M with S states and A actions for which P(||Vy; — v | >¢) >0

While analogous policy learning lower bounds are often stated in the risk-neutral literature, explicit proofs
are typically omitted, to the best of our knowledge. For completeness, we provide a detailed, step-by-step
derivation, emphasizing its close connection to the corresponding value-learning lower bound as well as the
subtle differences that arise in the final guarantee.

Theorems 3—4 establish that an exponential dependence on the effective horizon 1/(1 — «) in the sample
complexity is unavoidable under both value and policy learning. These bounds cover both risk-averse (8 > 0)
and risk-seeking (8 < 0) agents, providing strong impossibility results for recursive ERM. Comparing with the
sample complexity bounds of MB-ERM-QVT (Theorems 1-2), we observe a similar exponential dependence;
however, a gap of order (1_17)26‘[3‘/ (1=7) remains. Closing this gap may require either a refined analysis
of MB-ERM-QVI or more sophisticated algorithmic ideas. Nevertheless, these lower bounds confirm that
risk-sensitive RL under ERM is fundamentally harder in the worst case than the risk-neutral setting, where

minimax sample complexity scales polynomially with 1/(1 —~).

R=1 R=0

Figure 1: Hard-to-learn MDP construction

Proof sketch. The proofs are provided in Appendix F; here we sketch the main ideas for value learning
(Theorem 3). The construction involves a class of hard-to-learn MDPs (Figure 1) with two absorbing states
5@ and sB, yielding rewards R = 1 and R = 0 under any action, respectively. All other state-action pairs z
give zero reward and transition only to s& or s® with probability P(s%|z) = ¢ and P(sP|z) = 1— g, for some
g > 0. This construction critically allows us to calculate explicitly Q*(z) for a given parameter ¢ and for two
different MDPs My, M in the class, where gy = p and g1 = p + « for appropriately chosen values of p and
a. It is key to choose them in a way to ensure that Q3 (2) — Q}, () > 2¢, which means that any specific
algorithmic output Q“(z) cannot be e-close to both Q3 (2) and Q},, (z). We then show by a likelihood ratio
argument that any algorithm I that is (g, 6)-correct on My, i.e. that Po(|Q}, (2) — Q¥(2)| < &) > 4, will
also satisfy that Py (|Q3,, (2) — Q¥(2)| < &) > 0 provided that the algorithm does not try out z enough times
on My and exactly because Q3 (2) — Q3 (2) > 2¢, the event {|Q}, (2) — Q¥(z)| < e} is disjoint from the
event on being e-close to 7, . The final part of the proof is to exploit that the different state-action pairs

11
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contain no information about each other, which allows for an independence argument for the estimation of
QY (z) and QY(2') for z # 2'.

We note that, in the course of this analysis, we also correct a minor issue in Lemma 17 of [30]. Specifically,
the issue arises in the derivation of a lower bound on the likelihood ratio between two Bernoulli distributions
with means p > % and p+a on a high probability event, for p > % Additionally, we establish a corresponding
bound for p < %, which may be of independent interest. For policy learning, a similar construction is used,
augmented with a known action ag to facilitate the analysis.

Algorithmic intuition. The above construction also provides insight into how a model-based algorithm
such as MB-ERM-QVI behaves on these instances. Since all rewards are zero except in the absorbing states,
learning reduces to estimating the transition probability ¢ = P(s%|z) for each state-action pair z. The
algorithm therefore forms an empirical estimate § and computes @-values based on this estimate. On the
hard instances My and M, the true probabilities differ only by a small amount (go = p vs. ¢1 = p+«a). When
the number of samples is limited, the empirical estimate ¢ will typically not be accurate enough to reliably
distinguish between these two cases. As a result, the algorithm may construct a model that is statistically
consistent with both My and M, leading to Q-value estimates that are necessarily inaccurate for at least
one of them.

Remark 4. The best lower bound in the risk-neutral setting is derived in [30] using a richer construction than
above. However, with a risk-sensitive learning objective, the optimal Q-value function in that construction
does not admit an analytical solution, which is crucial for tuning transition probabilities and deriving our
bounds.

Remark 5. We note that the bound becomes vacuous for |8 < (1 — ~)log(3). This is partly due to a final
approzimation introduced to make the bound more interpretable; importantly, this approximation does not
affect the dependence on |3 for large |8]. Even without this approzimation, the bound still becomes vacuous
as B — 0. This behavior arises because, in this limit, p — 1 or p — 0 depending on the direction of the
limit. Since our information-theoretic argument yields a sample complezity proportional to p(1 — p), the
bound vanishes in this regime.

8 Numerical experiments

We conduct a numerical experiments to showcase the empirical performance of MB-ERM-QVI. We consider
a RiverSwim MDP [70] (Figure 2a) with 8 states with discount factor v = 0.95. In this MDP, there two
actions in each state, corresponding to moving ‘left’ or ‘right’. The rewards are zero, except in two places:
a reward of 0.05 (low reward) under ‘left’ in the left-most state (s = 1), and reward of 1 (high reward)
under ‘right’ in the right-most state (s = L). The low reward is easy to access because of the actions
with deterministic transitions. The agent has a risk-sensitive objective defined using recursive ERM. To
showcase the performance of MB-ERM-QVI, we consider three different values of 5 € {0,1,1.25}; we recall
that 5 = 0 corresponds to the risk-neutral case. For each value of 3, we generated datasets of increasing
sizes T' € {160,320, ...,1600} (multiples of SA = 16) by sampling each state-action pair in the MDP. The
MB-ERM-QVI algorithm was run on each dataset to produce an output policy #. This procedure was run
for 1000 independent runs.

Figure 2 depicts ||[V* — V|| averaged over the 1000 runs for the three values of 3. The true value of 7 is
computed using a value iteration procedure based on (7). In this figure, one may consider a particular value
of € to observe the number of samples needs to output an e-optimal policy. It is evident that this number of
samples increases as [ increases. Furthermore, it is evident that even a small increase in 8 (from 1 to 1.25)
leads to a large increase in the number of samples to learn an e-optimal policy. We also note that when the
output policy T matches the optimal policy for all the runs, the curve would hit the horizontal axis. These
results showcases that learning a near-optimal policy under ERM could be substantially more demanding in
terms of data even in such a rather simple MDP, and the data efficiency may be severely impacted as the
risk parameter  increases.

12
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Figure 2: (a) The L-state RiverSwim MDP [70]; (b) Policy learning error ||[V* — V7| under MB-ERM-QVTI.

9 Concluding Remarks

We studied the sample complexities of value learning and policy learning in finite discounted MDPs, where
the agent exhibits recursive risk preferences modeled via the ERM and has access to a generative model.
The generative model setting is commonly used in theoretical RL as it provides a clean framework in which
the statistical difficulty of the problem can be isolated and precisely characterized. In particular, it removes
effects due to exploration and data collection, allowing us to focus on the intrinsic difficulty induced by
the risk-sensitive objective. We introduced a model-based algorithm, MB-ERM-QVI, and derived PAC-type
bounds on its sample complexity. In addition, we established sample complexity lower bounds for both policy
and value learning. These lower bounds reveal that an exponential dependence on the horizon 1/(1 — ~) is
unavoidable in the worst case, demonstrating that this setting is fundamentally harder than the risk-neutral
case. To our knowledge, these constitute the first upper and lower bounds for this setting. The bounds are
tight in S, A, 4, and e, but gaps remain in the dependence on 1/(1 — 7).

Closing these remaining gaps leads to interesting directions for future work. Firstly, our lower bound is valid
for |8] > (1 — ) log(3), and it would therefore be interesting to derive a lower bound that would uncover
the risk-neutral lower bound as [ tends to zero. It is not immediately clear whether this requires improving
the upper bound, the lower bound, or both. Designing hard MDP instances for lower bounds is subtle:
they should be difficult to learn, yet still tractable enough to compute value functions; this is a challenge
amplified in the risk-sensitive setting. The plug-in estimator used in MB-ERM-QVI is provably optimal
in the risk-neutral case, raising the natural question of whether this optimality extends to ERM. Another
promising direction is the development of model-free algorithms for this setting and the analysis of their
statistical efficiency.

It would also be valuable to extend the study to MDPs with function approximation (e.g., [78]), as well as
more complex RL settings, including offline RL [61], where data is collected under a fixed (but unknown)
behavior policy, and online RL [70, 45], where the agent’s learned policy directly impacts the data collection
process. A representative next step is offline RL, where, under a model-based approach, plug-in estimators
combined with pessimism-style corrections are often used (e.g., [48]). Some technical tools developed in this
paper may be of independent interest and could potentially be useful in analyzing related offline RL settings.
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A Risk Measures

In this section, we give a very brief introduction to risk measures. In the actuarial and mathematical finance
literature, working with both losses and reward is common. A good introduction is [28], which like us uses
the rewards formulation. Due to this ambiguity in the literature, we here collect some precise definitions for
the reward setting, and then list some of the most important risk measures.

To begin with, let (2, 7, P) be a background probability space, and M some convex cone of random variables
defined on the background space. That is, for any X, Y € M and A > 0, it holds that X +Y € M and
AX e M.

Definition 2 (Risk measure). A functional ¥ : M — R is said to be a risk measure if it satisfies the
following properties:

¥(0) =0, (Normalization)
if X <Y then ¢(X) > (YY), (Monotonicity)
Y(X +c)=9Y(X)—¢, VeceR (Translation invariance)

If, in addition, 1 satisfies the properties

P(eX) =cp(X), Ve>0, (Positive homogeneity)
Y(X +Y) <P(X) +9(Y), (Sub-additivity)

it is called a coherent risk measure. A weaker notion is convex risk measure, which is one obeying

PAX + (1 -NY) < p(X)+ (1 =Nyp(Y), VYrelo,1]. (Convexzity)

Finally, a risk-measure ¢ is called law-invariant if ¥(X) only depends on the distribution of X under P.

We now mention some examples of risk measures.
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Entropic Risk Measure (ERM). The risk measure given by
1
BRA, (X) = 1 g (B[~

is known as the entropic risk measure (ERM) with parameter 8 # 0. Notably, ERM is not coherent (see, e.g.,
[28]) as it is does not satisfy the positive homogeneity property. Letting 8 — 0 one recovers the expectation
E[X], and letting § — oo yields the essential infimum risk measure.

Value-at-Risk (VaR). The risk measure given by
VaRy(X) := ¢o(X) :=inf{z e R: Fx(z) > a}

is called the Value-at-Risk (VaR) at level o € (0,1). VaR is in general not sub-additive, and hence also not
coherent.

Conditional Value-at-Risk (CVaR). The risk measure given by
1 [e3
CVaR,(X) := E/ VaR, (X)du
0

is known as the Conditional Value-at-Risk (CVaR), or sometimes as the expected shortfall (ES). It is known
to be a coherent risk-measure.

All the examples so far are evidently law-invariant.

It is worth highlighting that the actual functional p used to rank random variables is the negative of the
ERM-risk measure ERMg(X), introduced above, with the interpretation being that a lower quantity of risk
is preferable. More formally, we consider the functional p : M — R given by p(X) := —ERMg(X), featuring
the following properties:

p(0) =0, (Normalization)
if X <Y then p(X) < p(Y), (Monotonicity)
p(X +¢)=p(X)+ec (Translation invariance)

It is common in the literature to overload notation and also refer to p as the ERM and we will do so and
henceforth we will no longer work directly with risk measures, but only with this specific functional p. It
follows immediately from the normalization and translation invariance that p(c) = ¢ for any ¢ € R.

We will often use the short-hand notation ps ,(V(s")) as p applied to the random variable X that takes on
the values {V(s')}scs with probabilities P(X = V(s')) = P(s|s, a).

B Bellman Optimality and Bellman Recursions

In this section, we properly define the state-value functions and state-action value functions of any possibly
history-dependent policy m and show that the problem of finding an optimal policy can be achieved by a
stationary policy and that the value functions satisfy Bellman recursions when the value functions are defined
iteratively with respect to the ERM. Several similar results exist in the literature, e.g., [4] and [6] that also
cover the case of 8 > 0. These results are derived under more general assumptions on & and 4. These
general assumptions are trivially satisfied when S and A are finite but their proofs require assumptions
on the functionals to ensure the existence of a stationary optimal policy usually by invoking a measurable
selection theorem. We avoid this complication by only considering finite S and A and we in turn also give
the first proof for state-action value functions and not just for value-functions, which is needed as we consider
the problem of learning.

Let M = (S, A, P,R,~, p) be a finite MDP with p being the ERM, and R(s,a) € [0, 1] a deterministic reward
function. Let D = S x A, H; = S and H; = D*! x S for k > 2 the set of all possible histories up to
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stage k. A policy m = (m)ren is a sequence of maps 7 : Hpy — A. We denote the set of all policies by
II, and identify the set of all stationary policies with the set of measurable maps F' from S to A, which
is simply the set of all maps from S to A since all maps between finite sets that are both equipped with
the discrete topology are measurable with respect to the induced Borel o-algebras. Let B(Hy) be the set
of maps Vi : Hry — R equipped with the supremum norm, and let 7 = (7mx)ren be any policy. For any
Vit1 € B(Hg41) and hy, € Hy, we denote by pp, r, (Vit1) the functional p applied to the random variable
concentrated on the set {Vii1(hi, mr(hi), s') }sres with P(sg1 = 8') = P(s'|sg, 7k (hi)). By monotonicity of
p, we get that pp, r, (Vit1) < [[Via |-

Next, we define the operators L, : B(Hi4+1) — B(Hy) by
(L Vit 1) (hi) = Ly vy (i) 7= R(sk, mi(hie)) + 7Pns mic (Vi)
Similarly, we define L, : B(Hy4+1) — B(Hy) by
(LaVit1)(hi) = La,vi iy (hie) := R(sk, @) + 7ps,a(Vit1),

with ps, o defined analogously as py,, , as above. By the basic properties of risk-measures, it follows directly
that 0 < Ly, v, ., (hx) < 1+ 7||Vig1]|| and similarly for L,.

For any initial state sy = s, we define the N-step discounted utility as
In(s,a,7m) = (Lg o Ly, 0---0L;.)0(s)
where 0(hy) = 0 for all hy € H and all k € N.

By monotonicity of p, it holds that the sequence (Jn(s,a,7))nen is non-decreasing and bounded in the
interval [0, ﬁ} for any s,a,m € S x A x II, and so the limit

J(s,a,m) := A}im In(s,a,m)
—00

exists for any state s, any action a, and any policy .

The agent wishes to find J*(s,a) = sup,cr; J(s,a,m) and an optimal policy 7* attaining J*(s,a), namely,
J(s,a,7*) = J*(s,a).

Theorem 5. There exist a unique non-negative function Q € B(S x A) (non-negative map from S x A — oo
equipped with sup-norm) and a stationary decision rule f*:S — A such that

Q(s,a) = R(s,a) + 7ps.a(max Q(s',a"))
= R(s,a) +7ps,a(Q(s', f(5))) -

Moreover, Q(s,a) = J*(s,a) = J(s,a, f*) meaning that f* is an optimal stationary policy.

Proof. We start by proving existence of Q. Let L : B(S x A) — B(S x A) denote the operator given by
LQ(s, a) := R(s,a) + 7ps,a(max Q(s', a)) .
Let Q1,Q2 € B(S x A). We then have for all (s,a) that
LQ1(s,0) = LQx(s,0) = Y[ps,a(max Qi(s', a)) = ps,a(max Qs(s',a"))]

=[ps.a(maxQi(s',a')) = ps.a(max Qu(s', ') — max Qi (s', a') + max Qa(s', a”))]
< ps.a(max Qu(s', ') = ps.a(max Qu(s', ') + max{Qa(s',a") = Qu(s',a"))})]
< ’Y[Ps,a(maé}x Q:1(s',a")) — Ps,a(mai}x Q(s',a") +[|Q1 — Q2|))]
=7[Q1 — Q2|
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We start by showing that L : B(S x A) — B(S x A), that is, it takes non-negative functions and returns
non-negative functions. By normalization and monotonicity of p, we have for any non-negative Q € B(S x.A)
that

LQ(s,a) = R(s,a) + 7ps,a(max Q(s, a)) > 0+ 7ps,a(0) = 0.

By a completely similar argument, we have LQ2(s,a) — LQ1(s,a) < v||Q1 — Q2]|, so that L is a contraction,
and since for S x A we can identify B(S x .A) with the closed subset of the complete metric space(R*4||-||)
that consists of vectors with non-negative coordinates. Since this subspace is closed, it is also a complete
metric space and the existence of () then follows from the Banach fixed-point theorem.

Since there are only finitely many states and actions, we can pick a stationary decision rule where f*(s) is
an arbitrary element of argmax, Q(s, a).

Let V be the function given by V(s) := Q(s, f*(s)) for all s. We then observe that
V(s) 2 R(s,a) +7ps.a(V(s))

for every s € S. Let m = (7 ) € N be any policy in II. The above inequality then shows that for any history
hi, k € N we have that V(s;) > L,V (h;) and furthermore we note that Q(s1,a) = L,V (h1). This implies
for any N € N that

Q(s,a) = (Lo o Ly, 0+ 0 Lay)V(s) 2 (Lo © Lx, 0+ 0 Lzy)0(s) = Jn(s,a,m),
where we have used that Q(s,a) > 0. Finally taking the limit we find that Q(s,a) > J(s,a, 7).

Finally, we aim to show that Q(s,a) < J(s,a,f*). By induction, we wish to show that V(s)
In (s, f¥(s), f*) +AN||V|| for all N € N. For the induction step, we start by noting that J (s, f*(s), f*)
R(s, f*(s)) and so

A

Vi(s)

I
oy

(s, f7(5)) +vPs, () (V(5))
(5, /7 (s)) +vps, () (IV]])
)
) f

A
T =

(s, f7(s)) IVl
(s, [ (), ) +AIVI

for all (s,a) € S x A. For the induction step, we assume that V(s) < Jn(s, f*(s), f*) + +¥||V||. By using
that V(s) = Ly-V(s) and that L is monotone, we see that

V(s) = Lg-V(s)
< Ly« (In (s, f* (), f5) + ANV
= (RC, () + 90 () IN G £ 1) AN IV (9)
= In1(s, 5 (8), f) + NV
from which taking the limit as N — oo, we get that V(s) < J(s, f*(s), [*).

Il
<~

Finally, since
Q(s,a) = LoV (s) < Lo J (s, f*(s), f*) = J(s,a, f*),
the conclusion holds.

Since this shows that an optimal stationary policy exists, it will suffice to consider only stationary policies and
one can by completely analogous arguments show that for any stationary policy 7, there exists a non-negative
map Q7 € B(S x A) such that Q™(s,a) = J(s,a,n), that is, Q™ satisfies the Bellman recursion:

Q"(s,a) = R(s,a) + 7ps.a(Q7(s',7(s") ,

and similarly for state-value functions V7 (s) := Q™ (s, 7(s)). O

We also remark that in the proof, we see directly that Q(s,a) € [0 ] for all (s,a).

71—
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C Technical Lemmas
Recall that Qy is the Q-function output by the algorithm after k iterations, 7y is the greedy policy with
respect to Qk, and that 7* is an optimal policy of the true MDP M.

The first lemma establishes a decomposition result for MB-ERM-QVI, whose proof follows very similar lines
to the proof of Lemma 3 in [1].

Lemma 6. For any state-action pair (s,a) € S x A,
Qr(s,0) > Q*(s,0) = [Qx — Q| = 1Q"" - Q.
Further, for any state s € S,
V() 2 @(s) — VT = DT — [T = P = [P -V

Proof. For any (s,a) € S x A, we have
Qi(s.a) = Q(s,a) = Qu(s,a) = Q(s,0) + Q" (5,a) = Q(s.0)

> Qr(s,a) — @*(s,a) +Q7 (s,a) — Q*(s,a)
> —Qx — QI - IQ7 — Q7.
Similarly, for any s € S, we have
V™(s) = V*(s) = V™ (s) = V™ (s) + V™ (s) = V*(s) + V" (s) = V*(s)
> V7 (s) — V™ (s) + V7 (s) (s) + V™ (s) — V*(s)
> |V = V| = [V =V = [V =V

e
_

and the lemma follows. O

Next, we present two lemmas that collect a few useful inequalities. Some of these may be standard results,
but for concreteness, we collect them here.

Lemma 7. It holds that

1
log(1 —z) > —2 — 2% + 23, vz € |0, S]

1
log(1 —x) > —z — 2z, Y € [0, 5]
log(1+x) >z — 22, YV € [0, 00)
log(1 + z) > g vz €[0,1].

Proof. We only prove the first claim, as the rest could be proven using the same technique after some
elementary calculations.

Let f(z) =log(l — x) and g(z) = —x — x? + 23. It holds that f(0) = g(0), and since we have f'(z) = — 7=
and ¢'(z) = —1 — 22 + 322, it follows easily that
() > g (z) & 0 < x(l — 5z + 32?%),

where the inequality is satisfied for all = € [0, B—T\/ﬁ] C [0, £]. The result then follows from the fundamental
theorem of calculus. O

Lemma 8. Let o> 1. For any z € [0, 1], it holds that

Proof. Define f(z) =1 — (1 —2)* — % Since f"(z) = —a(a — 1)(1 — 2)*~2 < 0, f is strictly concave.
Further, since f(0) = 0 and f() = 1(1 - 1)* > 3 —1 >0, f is positive on the interval [0, 1], and the
result follows. 0
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D Analysis of MB-ERM-QVI: Missing Proofs

D.1 Proof of Lemma 1

Proof. We only give the proof for 7 as the claim for 7™ could be proven using extremely similar lines.

Consider two maps Q : R¥*4 — RS*4 and W : RS*4 — RS*A and let Q' = TQ and W’ = TW be their
respective T-transforms. Let (s,a) be any pair such that |Q'(s,a) — W'(s,a)| = [|Q — W'||~, and assume
without loss of generality that Q'(s,a) > W'(s,a). Further, define

V(s):= max Q(s,a), X(s) := maxW(s,a).

a

Assuming § > 0, we then have

HQ/ - WI” = Ql(87a) - WI(Sﬂa')

:—log(ZP |s,a)e PV )—|—glog<ZP(s'|s,a)e_5X(sl))

s/

. — s)—X (s’ b 4 —BX(s")

10g< P(s']s,a)e BV (s)—X( )))+10g( P(s'ls,a)e™" )
> e s (32 Pt

W (zp@f.s,@e—ﬁxw»-mv—m) g (i)

=9V - X]|
<HQ-w],

and the lemma follows. The proof for the case of 8 < 0 follows very similar lines, and is thus omitted. [

D.2 Proof of Lemma 2

Proof. By Lemma 1, we have that 7 is a «-contraction and that Q* is its unique fixed point. We thus have
1Qr — Q% = ITQr—1 — TQ*|| <¥||Qr—1 — Q*|. Applying this inequality k times yields

k
* * B
1Qk — Q% <+*(lQo — @ HSE.

Solving % for k, we get that if k > W, then [|Qr — Q*|| < €, thus proving the first claim.

To show the other claim, we start by noting that [|[V™ — V*|| < ||Q™ — Q*||. Furthermore, by design we
have that T™*Q™ = Q™ and that TQr = 7™ Q. Thus,

Q™ — Q7| < 1Q™ — Qull + 1Qr — Q|-

The first term in the right-hand side is bounded as follows:

Q™ — Qkll = IT™Q™ — Qx|
<|NT™Q™ — TQk| + [|ITQk — Qkll
=[T™Q™ — T™Qkll + | TQk — T Q1|
<HQ™ = Qll + 1@k — Qr—1ll

which means that
k

v
(1=

The proof is completed by observing that picking & > log (ﬁ)/ log(1/v) implies [|[V™ —V*|| <e. O

Q™ — Qill < ||Qk — Q-1 < 7”@1 Qoll <
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D.3 Proof of Lemma 3

Proof. There are four cases to consider, corresponding to the combinations of 8 > 0 or 8 < 0 and whether,
at the state—action pair (s,a) attaining the maximum, Q(s,a) > Qa(s,a) or Q2(s,a) > Q1(s,a).

Case 1: 8> 0 and Q1(s,a) > Q2(s,a). We have

,y ’ P s,a)e /3V2(s

|Q1 — Q2| = = log 2o P2 /| )e —

B Yo Pi(s'|s,a)eBVi(s’

T (S Pals]s,a)e AV
= B g< zs/ ( ’|s,a) —BVi(s’) )
< Dog [PVl >y Pa(s'|s, a)e= PV
- /B ZS/ Pl( /|S a)e BVi(s")

P ~BVA()
=9[Vi - V2H+710 (Zs 2(s'ls,a)e )

S Pi(s|s,a)e=BVa(s)
Y Z , P2(5’|5,a)e*5V1(s’) _ Z)/ P1(8/|s,a)e*BV1(S')
< - =1 1 5 s
< 'YHQI QQH + I3 Og( + Zs’ Pl( '|8 a)e*5V1(S’)
v, Pa(sl|s,a)e Vi) — 57 Py(s!|s, a)ePVi(s)
Do P1(8’|s a)e=BVi(s’)

7|Z [Py(s'|s,a) — Py(s'|s,a)]e” ﬁvl(s)|
<@ — Q2||+ e

<]Q1 — Q2| +

Rearranging the terms yields the asserted result:

eﬁ/( v
Q1 — Q2] < 1 \ZPQ '|s,a) — Py(s']s, a)le=#V )|

Case 2: 8> 0 and Q1(s,a) < Q2(s,a). The proof is very similar to Case 1, but the extension Va(s) =
V1(s) + Va(s) — Vi(s) is now done in the numerator instead:

, Pi(s']s,a)ePVa(s)
101 — Qall = L tog B DLl a)e
B P\, Pa(s]s, a)e=AV2()
_7 1 Zs/ .Pl(sl‘s7 a)efﬁ\ﬁ(s')
- B o8 Zs/ P2(S/|S a)efﬂvl(s')*ﬁ(Vz(s’)fv( )
< Diog (efIVim Vol g Pr(8 |5, a)e PV ()
A S Po(s[s, a)e— V()

gl o Pi(s']s,a)e” VD
=~||V1 — WV 1 s
’YH 1 — QH + og (ZS/ PZ( /|S (L) —BVi(s)

Y Z ’ Pl(S |$,a)efﬁvl(5/) _ Z , P2(8/|S,a)efﬁvl(5/)
<A)1Q: - Vo (14 2= ‘
< 7||Q1 Q2|| + 3 og( + Ze’ PZ( '|8 a)e*ﬂvl(S’)
1 S P15, a)e ) — 52, Py(s]s,aje )
SWAE o

Y |Z [ ( |5 a) PQ(S/‘S’Q)]B*BVH(S’”
<9)|Q1 — Q2| + T 7

<Q1 — Q2| +

which again yields
eB/(1=7)

191 — Q2| < %ig[pz(sqw (s ]s,a)e V)]

s’/
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Case 3: 0 <0 and Q1(s,a) > Q2(s,a). We have

, Pi(s']s,a)elPIVi(s)
1Q1 — Q2] = L 1o > Pi( /\ ) e
1Al >y Pa(s']s, a)elPIVa(s)
- Lo >, Pi(s']s,a)elAV1(s)
g : S Pi(s'|s, a)elBIVi(s)=1BI(Va(s) =Va(s")
! 18IVa(s")
< na log Yo Pi(s']s,a)e
|ﬂ| Zs/ Pl(S/‘S,a)e‘m‘ﬁ(s/)fw‘HV17V2”

ZS/ P1(3/|57a)€|ﬁ|\/1(5’)
Zs’ P2(5/|57 a)el[ﬂvl(s’)

ZS/ P1(5’|3, a)e‘m%(s/) _ Zs’ P2(8/|S, a,)@w\Vl(S’)
> Pa(8'|s, a)elAIVi(s)

<AQ1 — Q2| + W| Z[P1(3/|S,a) _ P2(Sl|8’a)]e‘5‘vl(8/)|

=7|[|[Vi = Va|| + — 1o (
’Y||1 2|| |5| 2

<101 - Qo + w log (1 +

<Y1Q1 - Qall + %e‘ff‘/“ﬂ S [Ps(s']s,a) — Pu(s']s, a)lel )],
S/

which implies

elﬁl/( L
Q1 — Q2H<— |ZP2 s, a) — Py(s'|s, a)]elP IV - 51

Case 4: < 0 and Q2(s,a) > Q1(s,a). The proof of this case is similar to the other three cases and is
omitted. ]

D.4 Proof of Lemma 4

Let N denote the number of calls to the generative model on each state-action pair such that the total
number of calls is SAN. Let P(s'|s,a) denote the plug-in estimator obtained from N samples of s’ ~ P 4,

that is P(s|s, a) = ~ Eg_l 1;x,—s1, where X, taking values in S according to P; q.
Lemma 4. Let 7 be any fived policy and 7 > 0. If N > 5 (1 —e ‘ﬁV(l_”))? log(2SA/6), then it holds that

(@) max| Y [Puals) = Pea(s)]e V"
@ s

,  with probability > 1—46, B >0;

(i3) max | Z[Ps’a(s’) - ﬁw( Nle —IBIVT (s = )‘ <7 with probability >1—-4, S <0.

Proof. We only prove the first claim —i.e., the case of 3 > 0— as the other case is proven using completely
similar lines. We note that for the random variable » , Lrx, —g1e —AV™(s") | we have that

E[Z ]].{ans/}eﬁv"(s/):| _ ZE[I{XNZS/}]efﬂV"(s’)
s’ o
= ZP(sl|s,a)e_5V“(s/)
s/

and that it is bounded in [e=#/(1=7) 1]. Also, since

Z]S(s’|s,a —BVT(s) = ZZ]I{X sype —BVT(sh)

nls’
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it follows directly from Hoeffding’s inequality that

2Ne?
]P’( 25)§2exp<— c 2).
(1_6—6/(1—7))

Thus, by picking N = 515 (1 — 6*5/(1’7))2 log(25A4/6) and a union bound,

Z[P(s’\s, a) — ﬁ(sl‘s’ a)]efﬁvﬂ(s’)

/

P(max 1> [P(s']s,a) — P(5]s,a)le™ V)| > g> <5,
s,a ;

E Proof of Lemma 5

Next we prove a result that bounds the quality of a greedy policy with respect to the quality of the value-
function for which the policy is greedy. The result is a generalization of [68] from the expectation to
that of ERM and the derivation follow the same lines. Throughout, we use the notation psq(V(s')) as
shorthand notation for p applied to the categorical random variable X with support {V(s')}scs where
P(X =V (s)) = P(s|s,a).

Lemma 5. Leta > 0. LetV € RS be a value function obeying [|[V*—V| < a, and 7 = argmax,[R(s,a) +
vps.a(V(8'))] be a greedy policy with respect to V. Then, ||[V* —V7¢| < %a.

Proof. Let 5 be a state such that |[V* — V& = V*(5) — V&(5), where V& := V™. We then consider the
two actions a* := 7*(5) and a® := 79(5); ties can be breaking arbitrarily. Since 7 is greedy with respect
to V¢, we have that

R(5,a") +1ps.0 (P(5) < R(5,a%) + 7ps.00(V())
By assumption, it holds for any s € S that
V*(s) —e < V(s) SV*(s) +e.
By monotonicity and translation invariance of p, we thus get

R(5,0") +7ps.a- (V(5) = R(5,0") +yps.a- (V*(5') =€)

5,
(5,0") + vps.a- (V7 (s')) — 72,

R
R
and similarly we have

R(5,0%) + 95,00 (V(5) < R(5,0) + 1ps.ac (V¥ (5) + e,
which collectively imply

R(s,a%) = R(5,a%) < 2ve +7(ps.ac (V' (s) = ps.a- (V' (s")) -
Finally, we obtain

V*(3) = VY (5) = R(5,a") = R(5,a%) + yps.a- (V(s) = 1ps5,a0 (VE(s"))
< 278 +9ps,a0 (V") = 1ps.ar (VI (') +vp5.0- (V) = 15,00 (VE(S))

=276 + 7(ps.ac (V*(s') = ps.ac (VE(s)))
=2ve +4|V* = VE,

from which the result follows. ]
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F Proofs of Lower Bounds

F.1 Lower Bound on Bernoulli Likelihood Ratio

We revisit and develop a technical result that bounds the likelihood ratio of two samples under different
hypotheses on a high probability event. Parts of the proof closely resembles parts of Lemma 17 in [30];
however, we stress that our treatment fixes an error in the proof, which however requires slightly stronger
assumptions than those imposed in [30]. In addition, while the result in [30] only considers p > %, ours deal
with both cases of p > % and p < %

Let p € (0,1) and p = max{p,1 — p}. Let a € (0, %] Consider two coins (Bernoulli random variables),
one with bias ¢ = p and one with bias ¢ = p + @. We name the two statistical hypotheses Hy : ¢ = p and
Hi:q=p+a.

Let W be the outcome of flipping one of the coins ¢ times and the associated likelihood function under
hypothesis m as

Lyp(w) =P, (W =w) (13)

for hypothesis H,, with m € {0,1} and for every possible history of outcomes w, and where P, (W = w)
denotes the probability of observing the history w under the hypothesis H,,. The likelihood function defines
a random variable L,, (W), where W is the stochastic process of realized coin tosses.

Let t € N and 6 = exp ( — pc(ll‘f;)). Let k£ be the number of successes in the t trials and

i k if p>
-k ifp<

NN

Finally, we define the event £ as

£= {f)t— k< \/Zp(l - p) log(;)},

where ¢o > 2 is any constant.

Theorem 6. For ¢y = 32, it holds that ﬁégg;lg > g]ls .

Proof. We distinguish two cases depending on the value of p.

Case 1: p > % The likelihood ratio can be written as
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We start by bounding the second factor using that log(1 — z) > —2 — 22 + 2® for z € [0, 1] (Lemma 7) and
that exp(z) > 1+ z for all z along with our assumption that a < 1%”:

1— 2 3
1o p| « « : « 3]

p |[1-p (1-p?2 (1-p)
- a 0[2 063

p p(l—p) p(l—p)?

«Q 0[2 Oé3
>1—— - +

where we have used that p > 1 — p.
Using this along with the fact that £ <t and p > 1 — p, it follows that

Note that we have a2 < (155)2 < p(lQ;p) < p(lgp). Using this and the fact that log(l — z) > —2x for
z € [0, 3], we obtain

where we have used that 22 > 1.

co
Now on the event £, we have that ¢t — % < Q%tlog(%). Using this along with the fact that % log(53) <

2 . .
‘fit, which follows since

p(1—p)

log (Ci) = log (Cz exp {Cla% D <log <exp [ cro®t D = cio®t
20 2 p(1-p)]) ~ p(1—p) p(1—p)’
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we obtain that

k 212 tlog(ca/(26))
(1-1%5) =(1%)
1-p 1-p

> e (27 2 Py a0))

Putting these together, we see that

2\/§+2(1—P)+l
Ll(W)]]_ S % Vel T oper c1
LQ(W) &€= Co

so that choosing c; = 32 yields the claimed result:

Ly(W) 20
1g > —1¢.
LQ(W) €= C2 €

Case 2: p < % Define m =t — k, which is now the number of failed coin flips. Hence,

Liw) (-p-—a)"(p+a)™™ _ (1_ a>m<1+ a>t—7fb
p

Lo(W) (1 —p)mpt—m 1-p

o m a mlf—p a t—lfmp
_(1) <1+) <1+> |
1-p D D

Again, using exp(1 + ) > x for all € R and using that log(1 + x) > z — 22 for all z > 0, we get that

1—p 2
(1+5) 2o (515 55))
D 1-plp »p

8]

1+ @
- 1-p p(l-p)
« Oé2 063
>1+4

~ 1-p p(l-p) p(l-p)p?
@ a?
—(1+ ) (1 - ) .
( 1—p p(1—p)
Using this along with the fact that (1 — p) > p and m < ¢, we have

(o) ) (3

2 2t tflinp
(i) ()
p(1—p) P
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Again, using log(1 — z) > —2z for € [0, 3], we get that

>0
4
29) °1
Z -
C2
On the event &, we have that ¢ — 775 < % log(5%). Using this along with the fact that é log(5%) <
p(‘iiz_tp), we get on the event £ that
< a>tlmp < 04>1 /%tlog(%)
- 1-=
p N p
2t 2
> exp ( -2 g )
¢ pi—p) 20
2\/5 C2
> ——1
P ( NG °g<20)>
2v2
20\ ver
-(2)
We thus get the desired result for ¢; = 32:
4 4 2V2
L 20\ =1tV 2
() ()
LO(W) C2 Co
O

F.2 Lower Bound for Q-value Learning

For a lower bound we construct the following class of MDPs with S’ := S + 2 states and A actions where
the first states are labelled Sy, , ..., sg, s, s® and the actions are labelled ay,...,as. The states s¢ and s?
are absorbing under any actions and R(s%,a) = 1 for all j and R(s®,a) = 0 for all @ € A. For the states
s € {s1,...,85}, we have that R(s,a) = 0 for all « € A. We have SA state-action pair combinations from
{s1,...,85} x A =: Z on which we assume some ordering allowing us to write z;,i € [SA]. Finally for all
state-action pairs z; € [SA] we have P(s%|z;) = ¢; and P(s?|z;) = 1 — ¢; for some ¢; € [0,1]. The structure
of this class of MDPs allows us to get lower bounds on the samples needed to learn the @Q-value of each
state-action pair z; and then use the fact that samples used to learn the @)-values for different state-action
pairs bring no information on each other to get the final bound.

Figure 3: Dynamics and rewards of the hard-to-learn MDP class
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For any state-action pair we can explicitly calculate the state-action value-functions

—y _g_1_
Qzi) = B log(gie 77 +1—q;),

Denote the collection of all such MDPs by M.

Fix any index i and consider the two hypotheses H{ : ¢i = p and Hi
are given by

B 1—e P for g > 0,
P= eIl for g <0,

_ .18l 1 : 1 51 _ I8z
and o = 8¢ T for any ¢ in the range ¢ < (1 — e 7IT=7).

: ¢ = p+ o where p and «

We use M, to denote an MDP where Hé holds and M; to denote an MDP where instead Hé holds and
Eo and Py as the expectations operator and probability operator under H? and similarly E; and P; under
H{. Fix any (e,d)-correct Q-algorithm Y. We start by showing that with these parameter we have that

Qir, (2i) — Qhy, (2i) > 2¢, which we do by casing on the sign of 3 :

Case 1: 8 < 0. In this casep= ¢~ 1P175 . We then have

1Bl o
Q}KWl(Zi) _Q*MO(Zz) = ’ylog((p“!‘a)e +1—0p

1Al pelﬁlﬁ-i-l—p
1Bl _ 1
:vlog(Ha(elW)
1B pe'ﬁlﬁ +1-p
S elBlT -1
~ 18l 2pelﬂ|ﬁ+1fp

T o8l
> ——(e"'T=7 —1
Blat )

= 2¢,

*)

where we have used that p = e /?/75 and the fact that log(1+4 ) > § for x € [0,1].
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Case 2: > 0. The case for § > 0 is similar, although in this case we have p =1 — ¢ P75 and use the
inequality log(1l + z) < z for all x > —1 to get that

Byl
* * Y (p+0é)€ 17+1—p—04
Qv (2:) — Qg (2 =—log<
]\/[1( ) M()( ) ﬂ pe_ﬁli’v—f—l—p

B
:_;k%<1_tﬂle>>

l—p—l—pe*ﬁﬁ
1— -8Btz
vk%<1a<ff;0>
A (1—p)e =
1—efs

o—
(1+ p)e_ﬂﬁ
1

o

Y

1
— 6_[3 I—

vV

™R @R ™I

1

2e P17
eﬁﬁ -1
2

Y
o

Il
N
)

In particular, this means that the events By := {|Q}, (2i) —Q4(z;)| < e} and By := {1Q3%s, (2:)— Q% ()] < e}
are disjoint events. Let ¢ be the number of times the algorithm tries z;. Since U is (g, §)-correct it holds that
Po(By) > 1—6 > 3.

Let & be the number of transitions from z; to s¢ in the t trials. We then define &, p and 6 by

k if p>

32a%t - i
e::exp(_p ))7 p:max{pﬁl_p}, k:: {t_k 1fp<

(I1-p

SN

and the event

£ = {ﬁt k< \/2p(1 —p)tlog(;e)}

for which, we have Py(€) > 3 by Lemma 16 in [30] and thus Po(By N &) > 3. Now by Theorem 6, we get
that

L 6 0 0
P1(Bo) > P1(BoNE) =Eq[Lelp,] = Eo {L; 15130} > Z]Eo[lsllBo] = ZPO(E N By) > 3
Solving for ¢ in % > § we find
p(l —p)
t < ——log(=—
< 3oz lo8lgg):
and since
18| 18]
p(1—p) _ ie 1Bli= (1—e \5\14)(8\5|ﬁ 1)
a? |8)? 642
N ~? Bl _37
T 642 B

we conclude that if the algorithm U tries the state-action pair z; less than

2 182 _ 3 1

~ ’y (& Y

T = log(—
(&:9) = Sousz 1 °8(55)
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times under the hypothesis H}, then P (By) > § and By C Bf.

Let n := SA. If the number of total transition samples is less than %Tv(aé) there must be at least n/2
state-action pairs z; that has been tried no more than T'(g, §) times which without loss of generality we might
assume are the state-action pairs {zl}?:/ f

Let T; be the number of times the algorithm has tried z; for ¢ < n/2 Due to the structure of the MDPs in

M it is sufficient to consider only the algorithms that outputs an estimate of Q% based on samples from z;
since any other samples can yield no information on Q*(z;)

Thus by defining the events A; := {|Q},, () — Q% (2:)| > ¢} we have that A; and A; are conditionally
independent given T; and T;. We then have

Py ({Af h1<i<ny2 N{T: < T(sza)}lgign/Q)
T(e,0)  T(e,8)
= Z Z Pi({T; = ti}1<i<n/2)P1({Af hi<i<ny2 DT = tit1<i<n/2)

t1=0 tn/2=0

T(e,0)  T(e,0)

= Z Z P1({Ti = ti}1<i<n/2) H Py (A7 NA{T; = ti})

t1=0  t,/2=0 1<i<n/2
T(e,0)  T(e,8)

= Z Z Py({T; = ti}r<icny2)(1 — 8)"/2,
t1=0 tn/Z:O

where we have used the law of total probability from line one to two and from two to three follows from
independence. We now have directly that

Py({ASh1<icn/o{Ti < T(,0) Yi<icny2) < (1—0)%.

Thus, if the total number of transitions 7T is less than %T(a, d), then

Pl -l > m( U A)

zESXA

=1- IP’l( N A;’)
1<i<n/2
>1-Pi({A{hi<i<n/2{T:, < T, 0) bi<i<ng2)
>1—(1—6)"?
on

>77
!

when 64 < 1 by Lemma 8. By setting ¢’ = §% and substituting back S’ we obtain the result. This shows
that if the number of samples is smaller than

r_ elBlis _ r_
_ (s 2)A~? SOg((S 2)A) (14)

4096 2 |B? 320

on the MDP corresponding to the hypothesis Ho : {H{|1 <i < n} it holds that Py ([|Q3,, — Q%[ > &) > §'.

F.3 Lower Bound for Policy Learning

For a lower bound we construct the following class of MDPs with S’ := S + 2 states and A’ := A+ 1 actions
where the first states are labelled sq, ..., sg, s, s® and the actions are labelled ag, a1, ..., a4. The states s
and s® are absorbing under any actions and R(s%,a) = 1 for all j and R(s®,a) = 0 for all a € A. For the

states s € {s1,..., 85}, we have that R(s,a) =0 for all « € A.
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From the state s; with probabilities that depend on the action taken the agent will then end up in either a
good state s¢ which is absorbing and yields the maximal unit reward under all actions or in the bad state
sB which is also absorbing but which yields no reward under any action. The different MDPs thus differ
only in their transition probabilities in the choice states s;.

Fix an index 1 < ¢ < S. We then consider the following set of possible parameters called hypotheses
Hj,1€{0,1,2,..., A} given by

H(i) :q(si,a0) = p+ « q(s;,a) = p for a # ag
Hj :q(si;a0) =p+a q(si,a) = p for a ¢ {ao, 1} q(si,a1) = p+2a,

where p and « are given by

{1—6_61i7 B >0,
p:

e Pls B8 <0,
C_slgl e
v el 17
-8l
where we allow for 0 < & < #Im(l - efwﬁ), which ensures that o < %

Consider a fixed hypothesis H;] for some [ # 0 and the sub-MDP that only consists of the states {s;, s%, s%}.
Here the optimal action is a* = a;, the second best action is ag and all other actions are even worse so
the value-error over all states in the triplet for any suboptimal choice of actions will be at least as large as
V*(s;) — V9(s;) where VY is the value by choosing a = 0. We now show that any non-optimal action is e-bad
on s;.

Case 1: > 0. We have

V(s - VO(s1) = — ((p+2a)e—51—1w+1—p—2a)

(p+a)6_5ﬁ+1—pfoz

2 @l

|

1—efrs
= 10g<1—a I I )
pe_’gﬁJrl—pfoz(lfe_Bﬁ)

V

v

1

@R ™R @I

Y
>t
=B e s
%a(l—e_ﬁﬁ)
>,

where we have used log(1 + x) > « for x € (—1,00) \ {0}.
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Case 2: < 0. We have

Bl
V*(si>—v0<si>=Vlog((p*{"“)e T tlop 2“)
1B (p+ )’ == +1-p—a

~y e|5|ﬁ -1
:log(1+a 5T T )
B pe P77 + 1 —p+a(e®'T=7 —1)

1Bl _ 1
y elflT=
—
28] pe=PT5 41— p+a(?I T —1)

>

y e|5\ﬁ -1
o ;

218l 2 + a(elfIT= — 1)
v e|5|ﬁ 1

v

> o —
2187 2+ &
5 Yy 18] ==

= ——a(e”'T=7 —1
2179 )

> e,

where we have used log(1 4+ z) > § for z € (0,1).

Now having shown that all non-optimal actions are e-bad, we wish to show that any algorithm that is (g, §)-
correct on H{, i.e. choosing the action ay with probability at least 1 — §, will also have a probability of
choosing ag on H} that is larger than ¢ provided that a; is not tried sufficiently many times under Hg.

Let P, and E; denote the probability operator and expectation operator under the hypothesis H. Let ¢ := ¢!
be the number of times the algorithm tries action [ in s; under Hy. Assuming that § € (0, ;) and using that
the algorithm is (e, §)-correct we have that Po(B) > 1— 4 > 2 where B = {n%(s;) = ao} is the event that
the algorithm outputs the action ag.

Let 6 = exp ( — pﬁ‘fg)). Fix some t € N and let k£ be the number of transitions to siG in the t trials and

i k if p> %
-k if p< %
Finally, we define the event £ as
.= 8
e={m-ks Y- g3} (15)

From the Chernoff-Hoeffding bound and as shown in [30], we have that Po(£) > 2, and thus, Po(BNE) > 1.
From Theorem 6, we get that

Ly(W) 0 0 0
> = > >Ey|— - > 2.
Py(B) =2 P1(BNE) =Ei[1ple] > Eo {LO(W)ISILB} > Eo [41513 4P0(5ﬂ3) Z 3 (16)
Now solving for % > §, we see that if
. 1 1 '72 elﬁliliw _ 3
t<T(e,d) = —log(—)—5 ——— 17
< T(e.) = g lorlgy) 55 - 3 (1)

then P;(B) > § and the event B is containing the event that the algorithm does not choose the optimal
action a;.

Since this holds for all the A hypotheses H},l = 1,2,..., A, it follows that the algorithm needs at least
T(e,d) := AT (g, 6) samples to be (g, d)-correct on the state s;.
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Next we use the fact that the structure of the MDPs is such that the information used to determine 7*(s;)
carries no information to determine 7*(s;) for i # j.

If the number of total transition samples is less than gf (g,9), then there must be at least % states in the
set {s;}7_, for which some action (apart from ag) has been tried no more than T(e,6) times. Without loss
of generality, we might assume that these are the states {sz}fﬁ and that it is action a; that has been tried
out at most T'(¢, §) times in each of these states.

Let T; be the number of times the algorithm has tried sampled any action on s; for ¢ < S/2 Due to the

structure of the MDPs in M it is sufficient to consider only the algorithms that yields an estimate of W%
based on samples from s; since any other samples can yield no information on 7*(s;).

Let us define the events A; := {|Vy; (si) — v (s;)] > e} fori=1,...,S. Then, we have that A; and A; are
conditionally independent given 7; and T);. We then have that for the MDP M; € M ~the one corresponding
to the hypothesis Hy := {H}|1 < i < n}- it holds that

T(e,8)  T(e,0)
P({Afhi<icso T < T(e,0)hicicsy2) = o 0 PH{T = tidi<icsy2) P({AS <izsye VT = ti}i<ics)2)

t1=0 ts/2=0
T(e,6)  T(e,8)

= - Y P({Ti=tih<icsp) [[ PATN{T =t:3)
t1=0  tg/2=0 1<i<S/2
T(e,8)  T(e,0)

= Z Z P({T; = ti}1<i<s/2) (1 — 8)5/2,
t1=0 ts/2=0

where the first line follows from the law of total probability, and the second line from independence. We
now have directly that

NI%)

P(Mf}lgigS/z‘{Tz‘ < T(575)}1§iSS/2) <(1-4)2.

Thus, if the total number of transitions T is less than gf(g,é) on the MDP M, corresponding to the
hypothesis Hy : {H}|1 <14 < n}, then on M; it holds that

P([V* — V™| > €) > IP( U A(z))

1<i<S/2

=1—1P>( N Ag)

1<i<5/2
>1- P<{Af}1§z‘g3/2 ‘ {T., < f(gvé)}lgiSS/Q)
>1—(1-6)%?
35
— 4
when %S <1 by Lemma 8. By setting 6’ = 62 and substituting back 5" and A’, we obtain the result. This
shows that if the number of samples is smaller than

T_ (S"=2)(A"—-1) o

S —2 42 lflTs 3
1600 e )z EE

on Mo, then on M, it holds that P(|V* — V™| > &) > 6.

35



	Introduction
	Main Contributions and Paper Organization

	Related Work
	Background
	Entropic Risk Preferences
	Discounted Markov Decision Processes with Entropic Risk
	Value Function and Q-function
	Learning Performance

	Model-Based ERM Q-Value Iteration
	Sample Complexity Analysis of MB-ERM-QVI
	Properties of ERM-QVI
	Sample Complexity Upper Bounds

	Proofs: Sample Complexity Upper Bounds
	Proof of Theorem 1
	Proof of Theorem 2


	Sample Complexity Lower Bounds
	Numerical experiments
	Concluding Remarks
	Risk Measures
	Bellman Optimality and Bellman Recursions
	Technical Lemmas
	Analysis of MB-ERM-QVI: Missing Proofs
	Proof of Lemma 1
	Proof of Lemma 2
	Proof of Lemma 3
	Proof of Lemma 4

	Proof of Lemma 5
	Proofs of Lower Bounds
	Lower Bound on Bernoulli Likelihood Ratio
	Lower Bound for Q-value Learning
	Lower Bound for Policy Learning


