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Abstract

The learning rate in stochastic gradient methods is a critical hyperparameter that is notoriously costly
to tune via standard grid search, especially for training modern large-scale models with billions of
parameters. We identify a theoretical advantage of learning rate annealing schemes that decay the
learning rate to zero at a polynomial rate, such as the widely-used cosine schedule, by demonstrating
their increased robustness to initial parameter misspecification due to a coarse grid search. We
present an analysis in a stochastic convex optimization setup demonstrating that the convergence rate
of stochastic gradient descent with annealed schedules depends sublinearly on the multiplicative
misspecification factor p (i.e., the grid resolution), achieving a rate of O (p'/(>P*1) /NT) where p is
the degree of polynomial decay and T is the number of steps. This is in contrast to the O (p/VT)
rate that arises with fixed stepsizes and exhibits a linear dependence on p. Experiments confirm the
increased robustness compared to tuning with a fixed stepsize, that has significant implications for
the computational overhead of hyperparameter search in practical training scenarios.

1. Introduction

Stochastic Gradient Descent [SGD, 32] is a cornerstone of modern machine learning. Starting at a
point x1, the update step of SGD takes the form x,,1 = x; — 1, g;, where 7, is the stepsize at step ¢ and
gr 1s a stochastic gradient at x;. An effective stepsize sequence 11, 172, . . . is critical for performance,
yet it is notoriously hard to tune in many scenarios and applications [e.g., 4, 33]. Furthermore,
as models continue to scale, the computational burden of stepsize tuning becomes increasingly
demanding.

A common approach to tuning the stepsize sequence is simply using a fixed stepsize, selecting
the best fixed value by performing a geometric grid search [3]. In this method, the stepsize is selected
based on its performance on a validation set, with the grid resolution determining the (multiplicative)
proximity to the best stepsize within the specified range.

A primary approach to moving beyond fixed stepsize sequences is stepsize scheduling. In stepsize
scheduling [e.g., 13, 26, 35], the step at time ¢ is determined by multiplying a baseline stepsize
parameter with a parametric sequence. While the approach enables more versatile stepsize sequences
and often leads to improved performance, it still requires tuning the baseline stepsize parameter,
typically through grid search. Some stepsize schedules also exhibit theoretical benefits, such as
anytime convergence guarantees and better last-iterate guarantees [e.g., 9, 17, 24, 41].

While stepsize tuning is a widely adopted practice, its theoretical foundations remain under-
explored. One key question is how sensitive this procedure is to the grid resolution. Limited
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computational budgets restrict the resolution of grid searches, an issue that has become increasingly
prominent with the emergence of modern models consisting of billions of parameters that take days—
sometimes weeks—to train. In fact, at massive scales, it is often the case that any methodological
tuning of the stepsize is prohibitive and therefore abandoned entirely.

Standard analyses of fixed stepsize SGD in the convex setting demonstrate a linear degradation in
convergence rate as a function of the multiplicative misspecification of the stepsize, which can be
significant when performing a coarse—or even absent—grid search. This work investigates to what
extent stepsize schedules can mitigate this dependency, providing more robust performance at lower
grid resolutions.

Focusing our analysis on stochastic convex optimization, we establish convergence guarantees
for SGD with stepsize schedules that decay polynomially to zero, which reveals a key advantage of
automatically adapting to multiplicative overestimation of the stepsize. For commonly used schedules,
such as cosine annealing, our guarantees yield a sublinear dependence on the misspecification factor,
in contrast to the linear dependence that arises with fixed stepsizes. We further validate our theoretical
findings through experiments on synthetic and real data, demonstrating improved robustness to
stepsize tuning using decaying schedules compared to tuning a constant stepsize using a grid-search.

1.1. Summary of contributions

In more detail, we consider stochastic first-order convex optimization settings, where we aim to
minimize a convex objective f : X — R, where X c R is a convex set with diameter D, while
accessing f only through a (sub-)gradient oracle g (i.e., E[g(x)] € df(x) for all x € X). Given an
initial stepsize n > 0, it will be convenient for our development to view a stepsize schedule as being
specified by a continuous function % : [0, 1] — [0, 1] through n, = nh(%), where T is the total
number of SGD update steps.'

We make the following contributions:

* Our main result is a convergence guarantee for (the last iterate of) T-steps SGD using a decaying
schedule h, supporting both the convex Lipschitz case and the convex S-smooth case. The
convergence guarantee is of the form

1
Rate ). inf ! ——
0( ateh,T) 761[20,1){ () +th(T)},

where Rateth‘{T is the convergence rate using a tuned stepsize, p = n/nw > 1 is the multiplicative
overestimation factor of 7 compared to the tuned stepsize ny,, and Hy, and Qy, are certain functions
that depend only on the schedule 4. In the Lipschitz case we may take 1y to be zero, and in the
smooth case it is the fraction of steps with 17, > 1/28.2 When 7y is sufficiently small (or zero), the
infimum above is at most O (p) for any schedule, but, as we show next through key applications of

the main result, it can become sublinear in p for certain annealed schedules.

* Applying our main result to the cosine annealing schedule in the convex Lipschitz case, we obtain
that the last-iterate convergence rate of SGD is O (p*->DG /VT). Similarly, applying the same result

1. While simple discrete schedules can be handled directly, the analysis of more complex schedules will be more
conveniently done through integrations of the continuous representation rather than with discrete sums.

2. The dependence on 7y in the smooth case is unavoidable (up to constants), as convergence in smooth optimization
requires step size smaller than 2/p.
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to the polynomially decaying schedule (1 — %)P for a constant degree p > 1, we obtain that the
last-iterate convergence rate of SGD is O (p'/?P*1) DG /T). In the convex smooth case, assuming
m = nh(0) < 1/28, we obtain the same multiplicative sub-optimality of p*-2 and p'/?P*1) for
cosine annealing and (degree p-)polynomially decaying schedules.

* Additionally, we validate the robustness of various learning rate schedules to tuning in experiments,
by performing grid search on two tasks: a synthetic logistic regression task with a linear model and
the CIFAR-10 classification task with a deep neural network. We find that, when using a coarse
grid, annealing schemes—specifically cosine annealing and linear decay—demonstrate greater
robustness compared to a fixed step size schedule.

Our theoretical results show that polynomially decaying schedules, including cosine annealing,
achieve convergence rates with a sublinear dependence on the misspecification factor, in contrast to
the linear dependence observed in SGD with a fixed stepsize (which is unavoidable, as we demonstrate
in Appendix D for both the fixed schedule and the “any-time” 57, = 7/t schedule). This distinction
is particularly striking since, while both fixed and annealed stepsizes are able to attain the optimal
convergence rate when properly tuned, the latter exhibits significantly greater robustness to parameter
misspecification. When tuning the stepsize using a coarse grid search under a limited computational
budget, this difference in robustness can significantly impact performance, as also illustrated in our
synthetic and real-data experiments.

Due to space constraints, we focus below on the convex Lipschitz case, deferring the treatment of
the convex smooth case to Appendix B and the experimental evaluation to Appendix C. Additional
related work is discussed in Appendix A.

1.2. Overview of approach and key ideas

Before describing the key ideas of our approach, it is illustrative to first consider a straightforward
strategy for bounding the convergence of fixed-stepsize SGD when the stepsize is overestimated
by a factor p > 1 relative to the tuned stepsize. For convex Lipschitz objectives, the standard
average-iterate convergence rate of fixed-stepsize SGD is O(D?/(nT) + nG?), where G? denotes a
bound on the second-moment of the stochastic gradients. Plugging in an overestimated stepsize of
n = pD/(GVT), which is larger than the worst-case optimal stepsize by a factor of p, we obtain a
bound that degrades linearly in p due to the linear dependence on 7 in the second term.

While this linear degradation in p is unavoidable for fixed stepsize SGD (see Appendix D),
our key insight is that pairing it with an annealing schedule reduces the misspecification at some
(unknown) point in time, due to gradual stepsize decay. To exploit this property in the analysis, we
avoid “unrolling” the standard convergence analysis all the way from the final iterate x4 to the
initial point x; instead, we analyze the algorithm starting from some intermediate iterate x;, where
the stepsize nx has sufficiently decayed so as to mitigate the initial misspecification.

A challenge with this approach lies in the algorithm’s output: standard analyses of SGD typically
rely on (possibly weighted) averages of the iterates, but since the optimal starting index k is unknown
in advance (as it depends on unknown problem parameters), we cannot determine a suitable averaging
scheme. To circumvent this, we turn from an average-iterate to a last-iterate analysis of SGD with
varying stepsizes, which avoids this issue as the final point is independent of the choice of k. By
combining these observations, we can analyze the convergence of SGD from an implicitly specified
“optimal” starting point £ and show that it yields a strictly improved robustness to the initial stepsize
misspecification, despite the smaller number of steps that remained for convergence after step k.
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Figure 1: Comparison of different schedules under learning-rate grid search with varying grid multiplicative
factors (the multiplicative spacing between consecutive learning rates). Shown is the test error of the best
model selected from each learning-rate grid, averaged over grids constructed with the same multiplicative
factor. (left) Test loss on a synthetic logistic regression task; “w/ AVG” denotes uniform iterate averaging.
(right) CIFAR-10 top-1 test error of WideResNet28-10; “w/ AVG” denotes polynomial iterate averaging.
Results per learning rate are averaged over 3 runs. See Appendix C for details.

2. Preliminaries
2.1. Problem setup

In this work, we are interested in first-order stochastic optimization over a bounded domain within
the d-dimensional Euclidean space, R?, equipped with the Euclidean norm, defined as ||-|| £ ||-||,.
Let X ¢ R4 be a convex set with diameter D (i.e., forallx,y € X, |[x —y|]| < D)andlet f : X - R
be a convex function. Our goal is to find some x € X such that f(Xx) — min,ex f(x) is small, where
we access f only through an unbiased sub-gradient oracle g : X — R (i.e., E[g(x)] € df(x) for all
x € X, where we denote with a slight abuse of notation Vf(x) = E[g(x)]).

For space reasons, we restrict attention to the convex Lipschitz setting, deferring the treatment of
the convex smooth case to Appendix B. Here we assume g has a second moment bound, that is, for
some G > 0, E||g(x)]|* < G for all x € X. This implies in particular that f is G-Lipschitz.

Stochastic Gradient Descent (SGD). We will analyze the (projected) SGD algorithm, which starts
at some x; € X and performs update steps of the form x,.; = [1x (x; — 1;g:), where 1, is the stepsize
atstep t, g, = g(x;) is a stochastic sub-gradient at x,, and IT1x (-) is the Euclidean projection to X. The
output of 7-steps SGD is typically some average of the iterates or the last iterate. The convergence
rate guarantee of the average iterate of fixed stepsize SGD with tuned stepsize is O(DG/VT) in the
convex Lipschitz case and O(BD?/T + Do /NT) in the convex smooth case [See, e.g., 22].

Stepsize scheduling. Our focus will be on stepsizes of the form r; = nh(%), for some 1 > 0 and
h:[0,1] — [0, 1], where T € N is the number of SGD steps. Common schedules include i(u) = 1
(fixed stepsize), h(u) = % + %cos(nu) (cosine annealing), and h(u) = (1 — u)? for some p > 1
(polynomial decay). In particular, we will assume that 4 (u) is monotonically non-increasing, and
satisty h(u) = 0 © u = 1; we will call such a schedule annealed for brevity. We additionally assume
for technical reasons that the annealed schedules we consider are differentiable and p-Lipschitz.
Using an annealed schedule, SGD with a properly tuned step size yields the same rate as optimally
tuned fixed stepsize SGD, up to constant factors (where we treat p as a constant). See Appendix H
for additional details. Notable annealed schedules include cosine annealing and polynomial decay.
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Robustness to stepsize misspecification. Fixing an initialization x; € X and a stepsize schedule
h(-), it remains to tune the base stepsize n. Considering a tuned stepsize ny,,°> we investigate the
sensitivity of SGD when the stepsize is only tuned to a multiplicative misspecification factor p > 1
(i.e., stepsize n = pny, where p is of course unknown to the algorithm).* In this case, the convergence
rate will likely degrade as p increases. For instance, the standard guarantee of fixed stepsize SGD
degrades linearly in p; we demonstrate this fact in the convex Lipschitz setting in Appendix D.

Our main inquiry is to what extent stepsize schedules can mitigate this degradation, enabling
more robust performance when the stepsize is crudely tuned (e.g., when tuned using a coarse grid
search), and achieving convergence rates with sublinear dependence on p, for p > 1.

We remark that adaptive and parameter-free methods provide other avenues for robustness beyond
stepsize scheduling, which are beyond the scope of this work; see Appendix A for details.

2.2. Convergence analysis with stepsize schedules

Here we present a convergence guarantee for SGD using an annealed schedule. The tuned stepsize
and respective convergence rate will serve as the baseline for establishing a sublinear dependence on
the misspecification parameter. For the proof, see Appendix H.

Let i be a differentiable p-Lipschitz annealed schedule 4. We define the following two functions
associated with A:

! H; (u)?
v Hh(u)

Throughout, convergence bounds will be expressed in terms of Hj, and Qj,.

1
Hy,(v) é'/ h(u)du and Onlv) = du. )

Lemmal Let X ¢ R? be a convex set with diameter D > 0, f : X — R a convex function,
x* € argmin, .y f(x), and g : X — R an unbiased first-order oracle of f with second-moment
bounded by G* > 0. Let x1,x,...,XT41 be the iterates produced by T-steps SGD with stepsizes

n = nh(%) using the oracle g, where h is a differentiable p-Lipschitz annealed schedule. Then it
2 8pnG>
holds that E[ f (x741) — f(x*)] < m +2nG?Q(0) + PT7'

We denote the tuned stepsize and respective convergence guarantee (up to lower-order terms) by

D 2DG
e 2G+THL(0)Q4(0) and I:%"’It(:“thu,T = W 01,(0)/Hp(0). 2)
h h

As previously mentioned, under the mild assumption p = (1) (the Lipschitz parameter of /),
the guarantees match the rates of optimally tuned fixed stepsize SGD (see Appendix H for details).

>

Remark. A straightforward baseline approach to account for stepsize overestimation is to substitute
1 = pny, for misspecification factor p > 1 into Lemma 1. Under this substitution, the second term in
the bound of Lemma 1 becomes 2nG2Q,,(0) = pDG+/Q(0)/H}(0) = %Rateth“’T, implying that the
bound deteriorates at least linearly with p (neglecting lower-order terms). Our goal in this work is to
improve over such a linear deterioration and obtain bounds that scale sublinearly with p.

3. By “tuned” we mean a stepsize that minimize a corresponding convergence guarantee that depend on 7, possibly
ignoring lower-order terms for simplicity.

4. We focus on p > 1 because (A) grid search necessarily includes values that overshoot the optimal learning rate, and
(B) in the context of decaying schedules, annealing is expected to be beneficial when the learning rate is overestimated.
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3. Convex and Lipschitz setting

This section considers a convex objective where the second moment of the sub-gradient oracle is
bounded. The main result of this section is a convergence guarantee that mitigates the imbalance
caused by overestimation by automatically adapting to the tails of H,(v) and Qj(v). The key
observation in obtaining this result is that any suffix of iterates xg,...,xr;; can be viewed as a
(T — k +1)-steps SGD starting at x, effectively ignoring the large stepsizes prior to step k that would
otherwise degrade the convergence bound.

Next, we present the general guarantee, followed by corollaries for specific schedules.

Theorem 1 Let X C RY be a convex set with diameter D > 0, f : X —> R a convex function,
x* € argmin, .y f(x), and g : X — R? an unbiased first-order oracle of f with second-moment
bounded by G*> > 0. Forany p > 1, let x1,x3, .. .,x74] be the iterates produced by T-steps SGD
with stepsizes n; = nh(%) using the oracle g, where n = p - ny, and h is a differentiable p-Lipschitz
annealed schedule. Then it holds that

2
[E[f(xm)—f(x*)]s%Ratet,;{T- inf (10 th(T)) o(lm), 3)

+
rel0.n\pHp(t) ~ Qn(0) T
where Hy, Qp, N, and Ratethu’T are given in Egs. (1) and (2). In particular, the optimal T satisfies
Hp(t)H, (1) = —H,(0)01,(0)/p? (or T = 0 if there is no solution).

First, note that for p = 1, Theorem 1 recovers Ratethu’T up to low order terms, as the infimum is at
most 2. Furthermore, as p > 1 and both Hy(v) and Qj(v) are decreasing and equal O at v = 1, the
infimum adapts to the imbalance of the ﬁ and p terms which are introduced by the overestimation.

Following are corollaries for polynomially decaying and cosine annealing schedules which
provide concrete examples for the power of Theorem 1. We defer the proof of Theorem 1 and the
following corollaries to Appendix F.1.

Corollary 2 In the setting of Theorem 1, assuming h(u) = (1 — u)? for some p > 1,

1 G? 2(p+1)DG \pDG
E - )] = Rate‘“ . 21’1” +0 (_ppmu ), h Ratetu = " _-0 .
[f (x741) = f(x7)] n1'P T where T = ’

We observe that for p = ©(1), the optimal rate is the same as tuned SGD with fixed stepsize (up to
1

constants), while the dependence on p > 1 is sublinear, as we aimed to achieve. The dependence p 2P+!
might lead to the idea that a larger p is always better, but as p increases the optimal rate degrades at a
rate of O(4/p). In particular, using p = ©(log p) the convergence rate will be O(DG+/log p/NT),
and increasing beyond this point will not improve the final rate.

We proceed to the cosine annealing guarantee.

Corollary 3 In the setting of Theorem 1, assuming h(u) = %(1 + cos(mu)),

1 pnwuG? w 2DG 10DG
E[f(x741)-f(x*)] <Ratel..-18p3 +0(—), where Rate, .= ——+/20,(0) < ——.
- hT T T VT

Again we observe a sublinear dependence on p with an optimal rate of O(%). Note that this is the
same behavior as in Corollary 2 with p = 2, which arises from the tail behavior of A (u). To see that,
one can verify that (1 —u)? < h(u) < %(1 —u)? forall u € [0, 1]. We also remark that the numerical

constants in Corollary 3 are not tight; in Appendix E, we show that improved bounds can be obtained
by numerically evaluating the bound in Theorem 1 for the cosine annealing schedule.
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Appendix A. Additional related work

Adaptive and parameter-free methods. Beyond learning rate scheduling, several approaches
have been developed to minimize the need for extensive tuning in first-order optimization. These
include adaptive methods, such as AdaGrad and Adam [e.g., 11, 20], as well as recent theoretical
advancements [1, 2, 12, 18, 19, 25, 31, 37], which utilize gradient statistics to dynamically adjust
learning rates. Additionally, parameter-free methods [e.g., 5-7, 27, 29, 30, 36] primarily focus on
automatically adapting to the problem’s complexity, such as the distance to the optimal solution. Re-
cently, several parameter-free approaches demonstrated impressive practical performance, narrowing
the gap to finely-tuned methods [8, 16, 28]. While these approaches take different paths to reduce
tuning, adaptive methods and scheduling schemes are often used together in practice.

Theoretical analyses of stepsize annealing. Several studies have analyzed different stepsize
schedules. The influential work of Jain et al. [17] showed that the schedules 7, = 5/t and i, = 7/t
yield suboptimal last-iterate guarantees and proposed a new schedule with optimal last-iterate
performance. Later, Defazio et al. [9] demonstrated that a linear decay schedule also achieves an
optimal last-iterate guarantee. Additionally, Defazio et al. [10] introduced "schedule-free” SGD,
which eliminates the need to know the training length 7" in advance. While these works focus on
optimality with well-tuned stepsizes and last-iterate guarantees, our work examines the robustness
of these schedules when the step size is not finely tuned. Under additional assumptions, different
stepsize schedules demonstrated other benefits compared to the fixed stepsize schedule, including
improved convergence rate for quadratic objectives [14] and improved noise adaptivity under the
Polyak-t.ojasiewicz condition [23], and Wu et al. [39] compared different stepsize decaying schedules
in the context of overparameterized linear regression. Additionally, new scheduling schemes continue
to emerge, such as those proposed by Zhai et al. [42] and Hu et al. [15], which incorporate a cooldown
phase to accommodate varying training durations. The robustness perspective we propose helps us
better understand the benefits of different schedules and guides the design of more robust ones.

Appendix B. Convex and smooth setting

In the following section, we extend our robustness result to the convex smooth setting, in which we
replace the second-moment gradient oracle assumption with the assumptions that the gradient oracle
has bounded variance (i.e., for some o > 0, E[||g(x) — Vf(x)||2] < o2 for all x € X) and that f is
B-smooth.> The core technique is the same as in Section 3, with some additional considerations due
to the requirement in standard smooth analysis that the stepsizes satisfy i1, ...,n7r < /% for some
constant ¢ < 2.

Before presenting our robustness result, we present a standard convergence guarantee in the
convex smooth case with an annealed schedule in order to define the reference tuned stepsize and
tuned convergence rate. For the proof see Appendix H.

Lemma2 Let X c RY be a convex set with diameter D > 0, f : X — R a S-smooth convex
function, x* € argmin .y f(x), and g : X — R< an unbiased first-order oracle of f with variance
bounded by 0> > 0. Let x1,x2, ...,x74 be the iterates produced by T-steps SGD with stepsizes

5. A function f : X — R is said to be S-smooth if ||V f(x) — Vf(y)| < Bllx — y|| for all x, y € X. In particular, this
implies that | f(y) — f(x) = Vf(x) - (y —x)| < glly —x||2 forallx,y € X.

11
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=1

n: = nh( 7 ) using the oracle g, where h is a differentiable p-Lipschitz annealed schedule and

nh(0) < 35 Then it holds that

2

ELf (o) = fO)] € =2 4 700,(0) +

4p770'2
~ 2nTH(0) '

T

We denote the tuned stepsize over n € (0, M] as

A

| D
sm a o . ’ !
My mm{zﬁh(O) o 2THh(0)Qh(O)} N

and the respective convergence guarantee (up to lower-order terms) as

D? BD*h(0) Do
RateSMU 2 —_— 4 p8M520,(0) < =———2 + =——+20,,(0)/H,(0). (5)
T T H,(0) TH,(0) = T
Next is the main result of this section, a convergence guarantee robust to a multiplicative
misspecification of the stepsize.

Theorem 4 Let X ¢ R be a convex set with diameter D > 0, f : X — R a B-smooth convex
function, x* € argmin .y f(x), and g : X — R< an unbiased first-order oracle of f with variance
bounded by 0> > 0. Forany p > 1, let x1, X, . . ., X741 be the iterates produced by T-steps SGD with
stepsizes 1; = nh(%) using the oracle g, wheren = p - ntsum and h is a differentiable p-Lipschitz
annealed schedule. Denote 19 = min{t € [0, 1) : nh( LTTT J) < ﬁ}. Then it holds that

sm 2

ELf(xr:1) - f(x*)] < Rate} 3" - Tei[gofl)(pfgh(("j) + Pg:(g)) + 0(”‘”’;! . ) (6)

where Hy, Qp, 4", and FiateflmT’tu are given in Egs. (1), (4) and (5). In particular, the optimal T

satisfies Hy (t)H,; (1) = —Hp(0)Q,(0) /p? (or T = 10 if there is no solution).

Asin Theorem 1, Theorem 4 shows similar adaptivity to p using the tails of Hj, and Q. One small yet
important difference is that the infimum is limited to the range [79, 1), where 79 denotes the fraction
of iterations in which the stepsize exceeds 1/(28). This dependency is somewhat unavoidable (up to
constants) as stepsizes larger or equal to 2/8 do not converge. Additionally, note the above guarantee
holds even if we specify a stepsize larger than 2/, which is not the case with fixed stepsize SGD.

Next are corollaries of Theorem 4 with polynomial decay and cosine annealing schedules. The
proofs of the main theorem and corollaries follow.

Corollary 5 In the setting of Theorem 4, let h(u) = (1 — u)? for some p > 1 and p < %. Then if
p? = (1 —19)” 2%,

Evunn—ﬂfﬂzﬁmﬁgmgyo@ﬁﬂ,

and if p* < (1 — 1)~ r+D),

Euuno—ﬂfﬂ=ﬂm%2W$*0“f )
70

2
In addition, Rate};" = O (@ + %)
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Corollary 6 In the setting of Theorem 4, let h(u) = %(1 + cos(mu)) and p < 27T Then if
p*=(1-19)73
E[f(re) - F(*)] = Ratef - (%),

and if p* < (1 = 19) 7,

ELf(rren) = F(*)] =Rate2f”ft“-0( : )

1- T0
sm tu _ BD> | D
In addition, Rate; O(T + T(T’)
Observing Corollaries 5 and 6, a similar improved dependence on p as in Corollaries 2 and 3
holds when 7y is sufficiently small. When 71y is large, we obtain the expected inverse dependence on
the fraction of steps with small enough stepsizes, which is unavoidable as we explained above.

B.1. Proof of Theorem 4

In the proof, we use the following last-iterate guarantee for convex-smooth optimization, replacing
Lemma 4 which we used in the convex Lipschitz case. The lemma is based on the technique
introduced by Liu and Zhou [24] and the proof appears at Appendix G.

Lemma3 Let X C R? be a convex set, f : X — R a convex function, and g : X — R an
unbiased first-order oracle of f with variance bounded by 02> 0. Letx1,xa, . .., x74+] be the iterates
produced by T-steps SGD with stepsizes n1, . . ., nt (satisfying n; < ﬁ forallt € [T]) and using the
oracle g. Then for any % € X,

S12 T2
[lx1 — %] i

E[f(xr+1) = f(X)] < 22{21 Ns v =1 Zs‘ tnS

We proceed to the proof of Theorem 4.
Proof Let 7 € [19,1) and let k = |[7T| + 1 € [T]. Consider the suffix xj, Xg+1, ..., X741 as an SGD
sequence starting at x; and note that since % is non-increasing, 77 = nh(%) < nh(r) < % Thus,
by Lemma 3 with £ = x*,
—D2 + 0'2 i
ZZZ:]{ Ns =k z‘45 th

E[f(xre1) = f(X)] <

Ast e [k—;l, %), invoking Lemma 5 with ¢; = D?/2 and ¢; = o
D? U h(u)? dnpo?
* 2
ELf(vr) = (6] € 5 o [ s dus =12
Substituting 7 = p - ;" and using Eqgs. (4) and (5),
! D’ ' h(u)? 4pp
E _ * dul - nSMg2 4 ZEF sm 2
[f(xT+1) f(x )] th(T) 2773mT +( . Hh(u) M) r]tu o+ T r]tu o
2
_ Hi(0) D> pOu(®) am g g 4 PP T
" pHA(T) 2 TH,(0) © 0a(0) T T

2

4 sm
< RatezfnT.(Hh(O) +th(r))+ PPy

pHp(t)  Qn(0) T
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This inequality holds for any 7 € [19, 1), hence it holds for the infimum over all 7 € [1g, 1). It is left
to find the 7 which minimizes the right-hand side. Let

CHW0) p0n(™)
s = ) T 0n0)

This is the same function as in Eq. (7), so the same solution to Hy,(7)H, (1) =

—-Hy (O)ZQh 0) is the

minimizer of the function, and if there is no solution, the function is increasing (positive derivative)
and the minimizer is at 7 = 1. |

B.2. Proof of Corollary 5

Proof As in the proof of Corollary 2, h(u) is annealed as h(u) is non-increasing, differentiable,
p-Lipschitz and satisfy h(u) = 0 & u = 1. Hence, we can use Theorem 4. In addition,
Hy(7) = 57 (1= 0)P* Hj (1) = =(1 = 7)P and 0 (7) = Z2(1 = 7)P, 50

Hp(0)  pQn(7) _

DHL (D) + 0,(0) ~ sl +p(1-1)P.

-2
If p2 > (1 —19)~?P*D we can pick 7 = 1 — p2*T, as T € [10, 1). In this case,

Hi(0)  pOn(®) _ 1 2

- = S TP pT =2p%
pHp(7)  0n(0) o p Sl

If p2 < (1 = 19)~?P*1 and 7y > 0, picking 7 = 79 and using the p-Lipschitz property of &,

PPy _ ph(ro) . pp
T = 28h(0) * 2Bh(0)T
5" h(0) < 55)

— o= (1-22)a-m)7 (h(0) = 1)

1 [1 1
(1—¥)(1—To)+ 1 -1 =0(1—T0)’

where the last two transitions use p? < (1 — 79)~?P*!) and the assumption p < lp. Since p > 1

1 1 1
BT < nh(ro - T) = pntsumh(To - T) < pngh(to) +

and

HAO)  pOuln) _
oHp(0)  0n(0)  p(1—1)P+!

+p(1 -1)P <

there is no case where p? < (1 — 79)~?”*1) and 7y = 0. Bounding the infimum of Eq. (6) in the two
cases with our choices of 7, if p> > (1 — 79) =27+,

sm ;.2
E[f(xr+1) — f(x*)] = RateS3" - o(pzp%) +0 pp”tTu )
and if p2 < (1 — 79)~P+D),
1 Sm0_2
ELf(xrs1) = f(x¥)] = Rateim’t“ -0 +0 p—PUtu )
T 1 -1 T
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Noting that by the assumption p < %

sm,tu
ppntsumo-Z 3 ntsumo-z 3 Rateh’T _ O(Ratesm’tu
T =2 T 2040 h,T 77

we obtain our final convergence guarantees. The bound of Ratefl'}’tu follows from plugging
Hy(0) = -1 and Q4 (0) = PT“ to Eq. (5). u

B.3. Proof of Corollary 6

Proof As in the proof of Corollary 3, & is annealed as h(u) is non-increasing, differentiable,
Z-Lipschitz and satisfy 2(u) = 0 & u = 1. Hence, we can use Theorem 4. We already established at
Eq. (15) of the proof of Corollary 3 that

H;(0) +.0Qh(T) - 3 +125.0(1—T)2
pHp(t)  Qnr(0) = 2p(1-1)3 8 '

If p2 > (1 — 79) > we can pick 7 = 1 —p_Tz, as T € [19, 1). In this case,

Ho(0)  pQu(®) _ 3 125p-p5 _137p5
pHp(T) 0n(0) — 2p -p_T() 8 8

Gil—

< 18p5.

If p> < (1 - 19)~> and 79 > 0, picking T = 79, using the definition of 7y and the Lipschitz property of

o _ ph(t) | mp
2T~ 2Bh(0) T 4BR(0)T”
15" h(0) < )

1 1 1
57 < nh(ro - ;) = pnfumh(ro - ;) < pnyy h(To) +

implying (with 2(0) = 1) that
”P) ”P) 2
>(1-=% >(1=-2E) - )
p=(1-22)) = (1-22) 1 -m)

In addition to the assumption p? < (1 — 79) >,

Hj,(0) N pOn(t0) _ 3 N 125p(1 — 19)?
pHu(10)  On(0) ~ 2p(1—19)3 8

. 3 +125/ 1 _0( 1 )
T2(1-2)(1-1%) 8 Nl1-1 “\l-7/

where the last transition uses the assumption p < % Since p > 1 there is no case where

p? < (1 —19)~@P*D and 19 = 0. Bounding the infimum of Eq. (6) in the two cases with our choices
of 7, if p> > (1 - 19) >,

E[f(xr+1) — fF(x)] = Ratei':"T’t“ . O(p%) +0 .

pnfum02)
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and if p% < (1 - 10) 7>,

E[f(irar) - £(*)] = Ratef - 0( 1 -170) +0

Py
.

We obtain our final convergence guarantees by noting that p < %, which, together with the fact that
05,(0) = ©(1) implies

sm,tu
pntsumo'z . 2]715um0'2 2Rateh’T _ O(Ratesm’tu)
T ~ o = 100 h,T 7

and plugging back to the above bounds. The bound of Rateflmr’tu is immediate from Eq. (5) as
Hy,(0) = % and Q5 (0) = ©(1) (as we established in Eq. (14)).
|

Appendix C. Experimental evaluation

Our theory predicts that annealing schemes are more robust to learning rate tuning than fixed learning
rates. To support the prediction, we perform experiments to compare the performances of different
scheduling strategies under varying grid search resolutions for learning rate tuning.

We conduct two types of experiments: the first involves a synthetic logistic regression task closely
aligned with the theoretical setting, while the second involves training a neural network classifier.

C.1. Experimental setup

We consider common schedules, namely, fixed learning rate (as our baseline), in addition to the
decaying cosine annealing, and linear decay schedules. To simulate varying grid resolutions, we train
the models using a geometric grid of learning rates with a multiplicative factor of approximately
V10 ~ 2.15 (the values {1,2.2,5} multiplied by 10¢ with different i’s), and consider the different
subsets with resolutions 2.15,2.15%,2.153, etc. For example, with range [0.01, 5] and resolution of
2.153, we find the best model for each of the grids6 {0.01,0.1, 1}, {0.022,0.22, 2.2}, {0.05,0.5, 5},
and report the average test loss/top-1 error across grids.

Synthetic logistic regression. In the synthetic experiment, we generate 100,000 samples of
dimension 100, drawn from a normal distribution. Labels are assigned by thresholding probabilities
determined by a “true weights” vector of size 100, also sampled from a normal distribution. To
introduce additional noise, we flip each label with a probability of 0.1. A test set of the same size
is generated similarly. We train a linear classifier using binary cross-entropy loss, SGD without
momentum, a batch size of 1,000, and a single epoch (updating the scheduler after each step). For the
fixed learning rate scheduler, we report both the last iterate and the averaged iterate performances.

Wide ResNet on CIFAR-10. We train a Wide ResNet 28-10 model’ [40] without dropout on the
CIFAR-10 dataset [21]. We train for 200 epochs, using a batch size of 128, Nesterov momentum of
0.9, and weight decay of 0.0005. The scheduler is updated after each epoch. As the last iterate of fixed
stepsize SGD underperforms, we use polynomial averaging [34] with parameter y = 8, following
Ivgi et al. [16].

6. We average the performance over 3 runs per learning rate.
7. We use the PyTorch implementation of Wide ResNet at https://github.com/bmsookim/wide-resnet.pytorch.
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Figure 2: (left) Test loss for the logistic regression task with varying learning rates and different learning rate
schedules. Each point represents 3 runs, reporting average and standard deviation. (right) Test loss of the best
model in a sub-grid averaged over multiple sub-grids with the same multiplicative grid factor. “Fixed stepsize
w/ AVG” stands for fixed stepsize SGD with iterate averaging.
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Figure 3: (left) CIFAR-10 top-1 test error of WideResNet28-10 with varying learning rates and different
learning rate schedules. Each point represents 3 runs, reporting average and standard deviation. (right) Test
error of the best model in a sub-grid averaged over multiple sub-grids with the same multiplicative grid factor.
“w/ AVG” stands for polynomial iterate averaging.

C.2. Results

The test loss per learning rate appears in Fig. 2 (left). For each resolution, Fig. 2 (right) illustrates the
logistic regression test loss averaged across the best models for each sub-grid. At high resolutions
(e.g., grid parameters up to 10), we observe a comparable performance degradation across different
schedules (besides fixed stepsize without averaging which underperforms). However, as grid resolution
decreases, the gap between the fixed learning rate schedule and the decaying schedules widens. For
instance, with a grid factor of approximately 100, the performance of the fixed learning rate (with
averaging) decreases by 0.08, whereas cosine annealing and linear decay schedules experience smaller
drops of 0.01 and 0.014, respectively, with similar trends observed for grids with lower resolutions.

Fig. 3 (right) shows the CIFAR-10 top-1 test error for each resolution, averaged over the best
models per sub-grid, with the raw test error per learning rate appearing in Fig. 3 (left). Similar to the
logistic regression task, degradation remains similar for high resolutions while the gap between the
fixed learning rate schedule and the decaying schedules widens for large grid factors. With a grid
factor of approximately 22, the performance of the fixed learning rate decreases by 0.61, with smaller
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drops of 0.3 and 0.35 observed for cosine annealing and linear decay schedules, respectively, and the
trend continues for grids with lower resolutions.

C.3. Discussion

The experiments show that decaying schedules are more robust to coarse grids, while performance
differences on fine grids remain minimal. These findings align with our theory, which suggests that all
decaying schedules perform similarly to iterate averaging under small multiplicative misspecification
but outperform it when misspecification is large. However, our theory also predicts robustness varia-
tions across decay rates, which are not observed in the real-data experiments. A possible explanation
is the small difference in convergence rates among decaying schedules when misspecification is low,
as illustrated in Fig. 4 where we compute numerically the convergence rates with different scheduling.

Appendix D. Sensitivity of non-annealing schedules to misspecification of the stepsize

D.1. Sensitivity with a fixed stepsize

Given a G-Lipschitz function f : X — R, where X C R4 is a convex set with diameter D, the
standard average-iterate convergence guarantee of 7-steps Gradient Descent (GD) with a fixed stepsize
n>0is

D> 1nG?
— mi < Rate 2 —+—.
221(1\,1 fx) < con, 7 (1) T + 3

1 T
f(?tzz;xt

D

The optimal 7 = ovT satisfy Ratecon,7 (tu) = %

optimal stepsize, n = pny, for p > 1, the convergence guarantee is

. Given a multiplicative overestimation of the

1
Ratecon,r(pnw) = I:{atecon,T(Tltu)(ﬁ + g) = Q(pRatecon,r(1w))-

A natural follow-up question is whether this linear dependence on p is simply an artifact of the
analysis or a true degradation in the convergence rate of GD. Next, we show that for any weights
wi, ..., wr, the worst-case convergence rate of the (weighted) average iterate is Q(pRatecon,7(71))-

LetTeN,D>0,G>0,0<p< % T and wy,...,wr > OsuchthatZthl w; > 0. First we
will assume that wy + w3 + ...+ wo (7-1)/2)41 = W2 +Wa+ ... +wy 7)2). Letn = %T for some
p = 1, f(x) = G|x| defined over the domain X = [—%, %], and let x| = %Gn € (0,3 D) (point
inside the domain). After a single gradient step, x, = [Ix(x; — nG) = —‘—llGn € (—%D,O). After
another update step, x3 = x, +nG = %Gn = x1. Hence, the iterates will move back and forth between
%Gn and —4—11G77, and the average iterate x will satisfy

Gn(3Xic13.. Wi — Xi=2a..wi)  Gn(2Zic15..wi) nG

1 T
D Wik = > =
Zthl Wr =1 4 Zthl Wy 8 =13, Wt 4

X =

where we used our assumption that wi + w3 +. .. +Wwa|(7-1)/2)+1 = W2 + W4 +...+wy 1/2). Hence,

G*> pDG

1) 2 T = o = QpRatecon ().
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If, on the other hand, it holds that w1 + w3 + ...+ wa| (7-1)/2)+1 < W2 + W4 + ...+ W2 T/2], WE Can
initialize x| = —% and mirroring the same argument will conclude the proof.

Hence, the worst-case convergence rate of fixed stepsize GD degrades linearly in a multiplicative
misspecification of the stepsize. As GD is a special case of SGD, the lower bound also holds for

SGD with a second-moment bound G2.

D.2. Sensitivity of the inverse square root schedule

Next is an example showing that even for the natural “any-time” schedule 1, = 1/, infinitely many
iterates suffer (in the worst case) a linear dependence on the misspecification parameter p, with
respect to the tuned stepsizes n; = D/(G+/t) when minimizing a G-Lipschitz convex function f over
a domain with diameter D.

Note that by Lemma 4, the tuned schedule produces a nearly-optimal last-iterate convergence
guarantee,

DG r 1/t
E - f(X)] £ ——+2DG e p——
[f Geren) = fD] < 5 ST Z} ST
DG r 1/t . . .
<—+ DG B —— (Bounding sum by integration)
ANT+1-1) ;VT+ —\t s v Imee

DG I 2NT +1
STeY s TR AP, )
_ DG . 2DG i(l 1 ):O(DGln(T+1)
ANT+1-1) ~NT+113 \NT

P v
Let f(x) = G|x| (which is a convex G-Lipschitz function over a domain of diameter D). Let
xX; = %D and n; = pD /Gt for p € (1,4/T/16). The gradient descent update step is the Euclidean
projection of x; — n;g;, where g; is a sub-gradient at x,, and for simplicity assume we use +G as the
sub-gradient at 0.
Let Ty = [4p*] < T/4, such that for all t > Ty, 7, < 0.5D/G, which means that the projection
from this point will be the identity as

). (ZN | < 1+In(N))

1
Ix: —n:8:l = llx¢| = n:G| < max{|x;|,n;G} < ED-

Hence, by the triangle inequality, for any ¢ > Ty, |x;| + |x;+1]| = Gn;. Summing for¢t =Ty, ..., T -1,
T-1 T-1
byl + Pzl +2 D x| = G D me = 2pD(NT = T).
t=Tp+1 t=Tpy

Hence, after rearranging and adding non-negative terms,

p(\/TT— VTo) _ Q(p\?TG')

1 T
o > f(x) > DG
=1
This implies that infinitely many iterates must satisfy f(x;) > Q(’%).
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Figure 4: Numerically evaluating the coefficient of DG /VT for the convergence guarantee of Theorem 1 with
different schedules and varying multiplicative misspecification parameter p.

Appendix E. Tighter constants using numerical analysis

The constants of Corollary 3 are not tight; in particular, the bound is established using crude (up
to constants) bounds for Hy,(u#) and Q,(u). While a tighter bound can be obtained, the framework
easily yields to numerical analysis as we demonstrate next.

The convergence guarantee of Theorem 1 is not posed as a closed-form equation but rather as a
minimization over integrals that depend on the schedule. For a specific schedule and misspecification
parameter, we use Scipy’s [38] quad integration to evaluate Hy,, Qj,, and fsolve to solve the minimization
of Theorem 1.

In Fig. 4 we provide a numerical analysis for the convergence guarantee of Theorem 1 with several
decaying schedules, including the cosine annealing, showing in particular that the convergence rate

of SGD with cosine annealing is bounded by Spé %.

. . . . 1
and the quadratic decay schedule have similar convergence guarantees with a coefficient between 4p5

We observe that the cosine annealing schedule

to 5p5. In addition, even for a somewhat large misspecification parameter of size 50, the difference
between cosine annealing and the different polynomial decaying schedules is at most a factor of 2,
which indicates that even mild decay might be sufficient if the grid is not too coarse.

Appendix F. Proofs of Section 3
F.1. Proof of Theorem 1

Before proving our main theorem, we first state a few lemmas we will require. The first is a last-iterate
convergence guarantee, using the techniques of Liu and Zhou [24], Zamani and Glineur [41] (proof
appearing in Appendix G).

Lemmad Let X C R be a convex set, f : X — R a convex function, and g : X — R? an
unbiased first-order oracle of f with second-moment bounded by G* > 0. Let x1, . ..,x741 be the
iterates produced by T-steps SGD with stepsizes 11, . . . ,nr using the oracle g. Then for any X € X,

ELf (xre) — ()] < !’; +262 Z

s=1 = s t 775
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Next is a key lemma, translating the suffix of the last-iterate bound in Lemma 4 to one based on
integrating the stepsize schedule (proof given later in the section).

LemmaS5 Letk € [T], c¢1,c2,n >0, andn; = nh(%)for some differentiable p-Lipschitz annealed

schedule h. Then for any T € [k ! ;

T -4 2
ci n; Lo 277/ T h(u) du+4n62p.
T

+C) +c
ZT i s 1=k Zs t Nls nTHh(T) Hp,(u) T

We proceed to the proof of Theorem 1.
Proof Let 7 € [0,1) and let k = |tT] + 1 € [T]. Consider the suffix xg, X¢+1, . . ., X741 as an SGD
sequence starting at x;. By Lemma 4 with £ = x*,

D’ 2ZT: 77%
E[f(x741) = f(x)] £ -———+2G :
223k s t=k Z; t s
Ast e [5L %) by Lemma 5 with ¢y = % and ¢, = 2G?2,
DZ 1 h(bt)2 SPUGZ
)] < =———— +29G? d
ELCra) = 10O < 9 ¥ 2197 ) ™ 1
L h(u)?
! H;(0) pr T\ 8ppnuG?
= zRatej’ - = dEq. 2
2 h.T pHy(7) + O1 Z(':)z)du + T (n = pnw and Eq. (2))
hlu

(H}, (u)* = h(u)*, Eq. 1)

21 tu Hy(0)  pOn(7)\ . 8ppnuG?
= ~Rate;, ;- + .
pHu(T) ~ Qn(0) T
This inequality holds for any 7 € [0, 1), hence it holds for the infimum over all 7 € [0, 1). It is left to
find the T which minimizes the bound. Let
Hi(0) | pQu(»)

g(v) = -
pHR(v)  Qn(0)
By the fundamental theorem of calculus, H, (v) = —h(u) and

(N

O A S o A O L N (Ol
) ‘( R A d”) )
H; (v)?
o THROH ) PEey o —pHL() (HR(0)04(0) ,
= ) 01(0) Qh(0>Hh<v)2( ot T OED)
B oh(v) , Hp(0)0,(0)
" 0n(0)H, () (Hh(V)H”(V) s )
Hence, when 7 satisfy Hj,(7)H, (1) = —_Hh(op)Q” © ¢'(r) =0. Forv > 7,
Hy,(v)H, (v) = —Hp(v)h(v) > —H,(v)h(t) > —Hp(1)h(7) = —w,

so g’(v) > 0and g(v) > g(7). Similarly, for v < 7, g’(v) < 0 and g(v) > g(7). Hence, 7 satisfying
Hy(T)H) (1) = W is the minimizer. If no such 7 exists, the derivative is always positive
(as h is continuous and Hy,(1)H} (1) = 0), and the minimizer is at 7 = 0. |
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F.2. Proof of Lemma 5

Proof Let 7 € [k Lk 7). As h is non-increasing, we can use integration to obtain the following bound,

T 2 T 2
C1 un C1 Cc2 un

T m"'cz S S T 1 +?Zﬁ
t=k t=k &«is=t!ls T]fk h(T)dl‘ t=k ft h(T)dS

_ C1 + € < 77):2 _ Cl + C2 i Utz

—_ —1 — 1 - e >
0T [y hydu T [ b du nTHh(k—;l) nT = Hh(%)

where the last two inequalities follows by changing integration variables and Eq. (1). Again bounding
by integration and changing variables,

nT = Hh(%)_ r Hh(k}l) k Hh( ) T\ Hy(5%

as _ ¢ h(%) (IT) _cn h(k—%kl)lz)J,Tﬂl_} h(u)® du

As h(u) is differentiable, p-Lipschitz, and A(1) = 0, for any v € [0, 1),

1 1
2pH,(v) = 2p/ h(u)du > 2/ h(u)(=h(w)) du = h(v)? = h(1)? = h(v)>. (8)

v

h(5)?
(T) < 2p and since |1 — %I <

S h@? T h@)’ T hw)? o 2
'/kT_' Hh(u)du _/T Hh(u)du+/l<T—l Hh(u)du S‘/T Hh(u)du+7,

Plugging back,

Nl—

1 S T e

1
+ C2 < +1nc) / du
ZZ:k Nt =k Zs =t Ts nTHp(7) T Hp,(u) T

F.3. Proof of Corollary 2

Proof First note that 4(u) = (1 — u)? is non-increasing, differentiable, p-Lipschitz (since |’ (u)| =
p(1 —u)P~! < p) and satisfies 7(u) =0 < u = 1. Hence, h is annealed and we can use Theorem 1.

Integrating, Hy (1) = Iﬁ(l —7)P*! and H (7) = —(1 —7)P. Thus,

' H) (u)? _p+

On(7) = du

1
- Hyw (1=m)"

We proceed to solve the optimality equation of Theorem 1, Hy(T)H, (7) = —H,(0)Q1(0)/ %

1
—(1 = 7)2r+! _-b_ le_(p+1)2p+1
p+1 pp? pp?
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While this value is optimal, it may be negative for small p, so we select a slightly sub-optimal value
-2
of T =1- p2+ € [0, 1) which is always valid. Using this value,

2(p+1)
Hp(0) . pQn(7) _ (1=~ *D o p 2 i
— + = +p(1-7)P = +pp?H = 2p2 T, ©)

pHy(T)  Qn(0)

Hence, using this value to bound the infimum of Eq. (3),
GZ
E[f(erar) — f(*)] < Ratell - p77 + o(pf’”;u )

We conclude by plugging the values of Hy,(0) and Q5 (0) to Eq. (2) (and using p > 1). |
F.4. Proof of Corollary 3
Proof Note that i(u) is non-increasing, differentiable (h'(u) = =" sin(7u)), 7-Lipschitz (as

|h'(u)| < %) and satisfy h(u) = 0 & u = 1. Hence, h is annealed and by Theorem 1,

H;(0) N PQh(T)) +0(P77tuG2)
)

. 1 tu .
ELfGrra) = f6)] < SRatey, - inf |0 s+ 7500,

Next, we will bound h(u), H,(u) and Qp(u) using polynomials. As cos(m — ) = —cos(8) and
cos(6) > 1- %2,

1 n? 5 5 2
h(u)zi(l—cos(ir(l—u)))s I(l—u) SE(I—u) . (10)

On the other hand, for u € [0, 1),

> 0.

h(w) ' =Fsin(mu)(1-u)* +2(1—u) 4 —x(1 — u) sin(7u) J4-n
((1—M)2) - (1—u)* B 2(1 —u)3 = 2

Using the fundamental theorem of calculus, for all u € [0, 1),

hw)  RO) U h(v)
<1—u>2‘<1—0>2+/ ((1—v>2

)dv21+/u0.dv:1 = hu)>(1-uw)? 1D
0

Using integration, Egs. (10) and (11) also implies that

L —w? < Hytw) < 21— w)’. (12)
3 6
Using the above inequalities,
1 2
0nn= [ My < [ iau= - (13)
and
6(1—u)4 3
otz [ 8= =T (14)
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Using the bounds, setting 7 = 1 — p~%% € [0, 1), and noting that H,,(0) = %fol(l + cos(nu))du = %,

H 7 125(1 - 7)? 125pp 708
n©  pOn(® 3 : L p1250-9° 3 - PP _ 18002, (15)
pHp(T)  Qnr(0) ~ 2p(1-17) 8 2pp~ " 80x(0)
Thus,
G2
ELf(xra1) = f(*)] < Ratell - 18p% + 0(””‘T)
Again noting that Hj,(0) = 1 and using Eq. (13),
2DG . 10DG
RatelY . = \/Q (0)/Hy(0) = \/2Q 0) < il
T = " " \NT T
|

Appendix G. Last iterate guarantees for stochastic gradient descent

A last-iterate convergence analysis of Stochastic Gradient Descent (SGD) for convex Lipschitz and
convex smooth functions follows. The technique, introduced by Zamani and Glineur [41] and later
refined by Liu and Zhou [24], is based on comparing the iterates of SGD (xy, x5, . ..) with iterates of
the form

t
V-1 Vi-1 Vo . Vs = Vs—1
2t g+ (1 : )xt = Dpa )y (16)
Vi Vi Vi =1 Vi
for some non-increasing sequence vg, vi, v, . . ., starting at some zo = X € X. Note that by Jensen’s

inequality, for any ¢ > 2,

Vs—1

Fz) < —f( )+Z B sl (xy). (17)

In particular, for any ¢ € [T], we will use

A nr
vy = (18)
ZST:; Ns

and vo = vy, similarly to Liu and Zhou [24]. Next, we restate the convergence results. Their proofs
follow.

Lemma4 Let X C R? be a convex set, f : X — R a convex function, and g : X — R? an unbiased
first-order oracle of f with second-moment bounded by G? > 0. Let x1,...,x74 be the iterates
produced by T-steps SGD with stepsizes 11, . . ., nT using the oracle g. Then for any X € X,

llxer = 2117 2
E[f(x41) = fF(D)] < 22s:177 2G Zzsrlns.
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Lemma3 Let X C R? be a convex set, f : X — R a convex function, and g : X — R? an
unbiased first-order oracle of f with variance bounded by 02 > 0. Let x1,x2, . . ., X741 be the iterates
produced by T-steps SGD with stepsizes 11, . . ., nt (satisfying n; < ﬁ forallt € [T]) and using the
oracle g. Then for any % € X,

2
EU@nﬁ—ﬂ@]|m ”' 22]

22 Zzﬂh

G.1. Proof of Lemmas 3 and 4
To prove the last-iterate guarantees we need the following lemmas. Their proofs follow. The first

translates from an average regret-like guarantee to a last-iterate guarantee.

Lemma 6 Let X C R? be a convex set, x1,X € X, f: X - R aconvex function and T € N. Then
for any sequences g, ...,8T € R4 and N1, ...,07 > 0, the iterates defined by x;+1 = x; — 1,8, satisfy

T
novr (f (xre) = F(£) < D mevie(f (een) = £(20)),
=1

where 20, ...,zr and vy, . .., vt are defined by Egs. (16) and (18).

Lemma7 Let X C R? be a convex set, x1,% € X, f : X = Ra convex function and T € N. Then
for any t € [T, the iterates of SGD satisfy

2 2 2
t— <t - t+1 — <t |l —HAr+1 — At
llxe=2zell” = llxeen =217 =[x =2 |
2n,

E[f ()= f(z)] <E + ) = f(x0) + 80+ (xr=Xp41) |

where 2, . . ., zr are defined by Eq. (16).

We proceed to the proof of Lemmas 3 and 4.
Proof By Lemma 7,

2 2
Xt —Z —|[Xr+1 — 2
E[ (i) — £ (2] < E| 1 ”'JMH 1)
t

where A; = f(xi41) — f(x1) + g5+ (xXr — Xp41) — W By the definition of z; and the fact that
Vi = Vi-1,

2
I” =

Vi-1
- Zt—l”2 < —x = Zt—l||2-
V; Vi

llx; — 2z

Combining with our previous inequality multiplied by 7,v;,

Vet llxe = 2o ||2 = Vellxee1 = Zt”2

E[n:ve(f(xi41) — f(2:))] < E 5

+77tVtAt]-

Summing for 7 = 1, ..., T, and removing —v7|[xr41 — z7]|* < 0,

T
E Z Meve (f (xee1) — f(21))

t=1

2 T
Vol[lX1 — <
SE[ﬂlzon+me&.
t=1
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Combining with Lemma 6, and noting that zg = £,

112 T
vollxi — %]
I — Z Nevel: |.

> 2. (19)

nrvr(f(xr+) — f(£)) < E

Next, we assume a second-moment bound (as in Lemma 4). From convexity,

41 —xz”2

MV S G2+ 2
un

ELfCera1) = fOe)] S E[VS(xp41) « (1 —x)] < E

]

2 lxer=xll
" =

Hence, using the second-moment bound, EA; < 25,G?. Plugging the bound of E[A,] to Eq. (19)
concludes the proof of Lemma 4. Next we assume that f is S-smooth, a variance bound, and that
1 < 2,3 for all # € [T] (as in Lemma 3). By smoothness,

where we used the inequality 2u - v < llull? + |[v]|%. Similarly, g; « (xr — xz+1) < 1¢l|8¢

F ) = Fx) SVEQG) » (Xpe1 —0) + = ||xt+1—x,||2

1
SVF(x) - (1 —xp) + 4_||Xt+1 _xt” (m: < %)
¢

By the inequality 2u - v < ||lu]|® + |[v]|%,

V) s (e1 —x0) = (Vf(x0) —80) + (a1 = X0) + 81+ (X1 — X1)

2 41 —xt”Z
< lIVF(xe) = gl +4—+gt « (Xp41 = X1).
un
Hence, using the variance bound,
2 o2 o2
[EAt < I]E T]tllvf(xt) _ gt||2 + ||'x[+1 'x[” + ||xl+1 'xf” _ ||x[+1 'x[” < T]tO'Z,
4n, 4n, 2n;

Plugging the bound of E[A;] to Eq. (19) concludes the proof of Lemma 3. |

G.2. Proof of Lemma 6
Proof By Eq. (17),

~

Z () = 1)) 2 25 ntvt(ﬂxm) - (?f(ae) +> %ﬂm))
t s=1 t

(th(le) - (vOf()?) + > (v - Vs—l)f(xs)))
s=1

M* EM*} I

(th(le) = f (&) = Doy = v ) (f(xs) = f(f)))

s=1

~
Il
—_

nrvr (f (xr+1) = f(£))

iM”

(Ut 1e-1 = (ve = vi- I)Zﬁs)(f(xt) f(X)).

S=t
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Note that vi = vpandfor2 <t < T,

Mol M1 STl

=0.
ZZ:t—l Ns ZZ:Z—] s+ ZZ:; Ns

T
Me-1Ve-1— (Ve = vi-1) Z’]s =1nr
s=t

Thus,

T

nrvr (f(ers) = F(R) < D 3meve(f (ean) = f(z0)).

t=1

|
G.3. Proof of Lemma 7
Proof Using the convexity of f,
ELf(xee1) = f(z0)] = BLf () = f (20) + f (ko) = f (x0)] 20)

SE[VL () s 0 =20) + fxe41) = f(x0)].

Focusing on the first term, as z; does not depend on g;,
E[VSf(xe) s (xe —20)] = Elge » (xr — 20)] = E[8r » (xr1 = 20) + 80+ (%1 = X141)].

Note that the update step is

) 1
Xp4] = arg mm{f(Xz) +g(x—x;)+ 2—le - xrllz}-
xeX un

From the first-order optimality condition,

1
n_(xt+l —X; +1:8¢) * (2t — Xp41) 2 0.
t
Rearranging,
2 2 2
lxr = ze 117 = llxesr = 22 |I7 = X1 — x4
8 (X1 —24) < .
2n,
Thus,

2 2 2
Ix: = z¢ |17 = e = 2|17 = Mg — x4l

2n,

+ 810 (X = X41)

E[Vf(xe) - (xr —2)] < [E[
Returning to Eq. (20), we conclude that

llx; =z ||2_ 1741 —2¢ ||2_ |27 41 = ”2
2n,

E[f ()= f(20)] < [E[ + [ (1) = f(x0) + g+ (xy _xt+1)]'
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Appendix H. Convergence analysis with stepsize schedules

In this section, we provide convergence guarantees for SGD with an annealed schedule in the convex
Lipschitz and convex smooth settings. The guarantees are established by combining a last-iterate
guarantee with Lemma 5, which translates the sums of stepsizes to integrals that depend on the
schedule. The proofs follow.

Lemmal Let X C R? be a convex set with diameter D > 0, f + X = R a convex function,
x* € argmin, .y f(x), and g : X — R9 an unbiased first-order oracle of f with second-moment
bounded by G* > 0. Let x1,X2,...,x741 be the iterates produced by T-steps SGD with stepsizes
n = nh(%) using the oracle g, where h is a differentiable p-Lipschitz annealed schedule. Then it

holds that E[ f (x741) — f(x™)] < m +2nG20,(0) + 8pnG

Note that when we tune n according to Eq. (2), we obtain a convergence rate of

2DG pDG /\Hr(0)Q1(0)
W Qh(o)/Hh(0)+0 T3/2 )

Lemma2 Let X ¢ R be a convex set with diameter D > 0, f : X — R a B-smooth convex
function, x* € arg min, .y f(x), and g : X — R? an unbiased first-order oracle of f with variance
bounded by 02 > 0. Let x1,xo, ...,x7+1 be the iterates produced by T-steps SGD with stepsizes
1n: = nh(=L) using the oracle g, where h is a differentiable p-Lipschitz annealed schedule and
nh(0) < 1T Then it holds that

2

4p770'2
~ 2nTHy(0) '

#7070 (0) + ==

E[f(xrer) = fF(M)] <

Similarly, when we tune 1 according to Eq. (4), we obtain a convergence rate of

Dzh(O) PDU'/\/Hh(O)Qh(O
TH(0) T 20,(0)/Hp(0) + 7302 )

Note that using the fact that 4 is non-increasing and the Lipschitz condition,
1 min{1,h(0)/2p} 1
h(0) > Hp(0) = / h(u)du > / Eh(O)du = Eh(O) min{1, 2(0)/2p}.
0 0

Additionally,

1 h(u)Z
o Hn(u)

1
0,(0) = du > ‘/0 h(u)du = H, (0) > %h(O) min{1, 2(0)/2p}

and using Eq. (8),

UH; (1)
04 (0) =/O TGy <20

Hence, assuming #(0) = ©(1) and p = ©(1), H,(0) and Q(0) are ®(1), and the rates above match
those of optimally tuned fixed stepsize SGD up to constant factors.
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H.1. Proof of Lemma 1

Proof By Lemma 4 with £ = x*,

D>
E 1) = F(x* +2G?
[f(x741) = fF(XT)] < 22“:177 sztns

Using Lemma 5 with ¢; = D?/2, ¢, =2G* k=1land7t=0

D2 =T h(u)? | 8pnG>
E _ * <— 342 G2/ d
[fGer) = F0] < e #mnG? | posdut ==
D2 8p7]G2
< ——— +21G?
< STH.) +2nG~0,(0) + T

where that last inequality follows by the fact that 4(«) and Hy,(u) are non-negative and the definition
of Q h (u) |

H.2. Proof of Lemma 2

Proof As 1 = nh(0) < 2’3 and & is non-increasing, n; < 5- and we can use Lemma 3 with £ = x*,

obtaining

D2 ) T 7712
ELf(eran) = f(¥*)] € ————+
Lf (ere1) = f(x)] < 5T o 2i5T

Invoking Lemma 5 with ¢ = D2/2, cr=0%k=1and T =0,

D2 l—% h 2 4 2
E[f(xr41) — f(x)] < 2TH,(0) +77<Tz/0 Hilzl)du+ n;;a'
§ 4pno?
Smﬂﬂf 200(0) + —— T

where that last inequality follows by the fact that 4(u) and Hj (1) are non-negative and the definition
of Q h (u) . |
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