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Abstract

We investigate the concept of algorithmic replicability introduced by Impagliazzo
et al. [2022], Ghazi et al. [2021], Ahn et al. [2024] in an online setting. In our
model, the input sequence received by the online learner is generated from time-
varying distributions chosen by an adversary (obliviously). Our objective is to
design low-regret online algorithms that, with high probability, produce the ex-
act same sequence of actions when run on two independently sampled input se-
quences generated as described above. We refer to such algorithms as adversari-
ally replicable.

Previous works (such as Esfandiari et al. [2022]) explored replicability in the on-
line setting under inputs generated independently from a fixed distribution; we
term this notion as iid-replicability. Our model generalizes to capture both adver-
sarial and iid input sequences, as well as their mixtures, which can be modeled by
setting certain distributions as point-masses.

We demonstrate adversarially replicable online learning algorithms for online lin-
ear optimization and the experts problem that achieve sub-linear regret. Addi-
tionally, we propose a general framework for converting an online learner into an
adversarially replicable one within our setting, bounding the new regret in terms
of the original algorithms regret. We also present a nearly optimal (in terms of
regret) iid-replicable online algorithm for the experts problem, highlighting the
distinction between the iid and adversarial notions of replicability.

Finally, we establish lower bounds on the regret (in terms of the replicability pa-
rameter and time) that any replicable online algorithm must incur.

1 Introduction

The replicability crisis, which is pervasive across scientific disciplines, has substantial implications
for the integrity and reliability of findings. In a survey of 1,500 researchers, it was reported that
70% had attempted but failed to replicate another researchers findings [Baker, 2016]. A recent
Nature article [Ball, 2023] discusses how the replicability crisis in Al is creating a ripple effect
across numerous scientific fields, including medicine, due to Als broad applications. This highlights
an urgent need to establish a formal framework for assessing the replicability of experiments in
machine learning.

Driven by this context, Impagliazzo et al. [2022] (see also Ghazi et al. [2021], Ahn et al. [2024])
initiate the study of reproducibility as a property of algorithms themselves, rather than the process
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by which their results are collected and reported. An algorithm ALG drawing samples from an
(unknown) distribution D is called p-replicable if, run twice on independent samples and the same
randomness R, ALG produces exactly the same answer with probability at least 1 — p. For instance,
consider the task of estimating the average value of a distribution D over R, say u, using n iid sample
from D. If we simply use the empirical average, say i, it won’t lead to a p-replicable algorithm.
However, replicability can be achieved at the cost of a little accuracy: we overlay a grid on R with a
fixed width (sufficiently larger than the standard deviation of /i) but a random offset, and then round
[ to the nearest grid point (see Impagliazzo et al. [2022] for more details). In this work, we focus
on studying and designing replicable online learning algorithms.

In the context of an online learning algorithm, say for instance for the setting of learning with experts
advice or online linear optimization, p-replicability means that when the algorithm is run using the
same internal randomness on two input sequences sampled iid from an (unknown) distribution D,
the entire sequence of actions performed is identical in both the runs with probability at least 1 — p.
More precisely, suppose the inputs to the an online algorithm, say ALG, arrive one by one, i.e., input
¢t at time ¢, where ¢; € x for some input domain . For an input sequence S = (¢1, ca, ..., cr) we
let a+(S, R) be the action of ALG at time ¢: since ALG is an online algorithm, a; (.S, R) is a function
only of the history seen till time ¢ — 1 and internal randomness R. We say that ALG is p-replicable
if for all input distributions D over x we have:

Pr  [Vt:a:(S,R)=a;(S',R)]>1-p,
S+DeT
S'eRD‘x’T

where S and S’ are independent sequences of T iid random variables sampled from D (see Sec-
tion 2).

However, we would also like our online algorithm to achieve low regret as compared to the best
course of action in hindsight. In the above set-up let the cost incurred by an action a € A, where A
is the action space, on input ¢ be Cost(a, ¢). For instance, in the case of online linear optimization
a,c € R™ and Cost(a, ¢) = a-c (the inner product of a and c¢), and for the experts setting a € [n], ¢ €
R™ and Cost(a, ¢) = c(a) the cost of expert a. Then, the regret of ALG on input S = (¢q,...,cr) is

T T
Reg(ALG(S)) = IIP% lz Cost(ay, ct)] - Hgﬂz Cost(a, ¢t).
L=t ==

Since the notion of replicability is under stochastic iid inputs, a first demand on ALG is that while
being p-replicable, it has low expected regret when the input sequence is sampled iid from D, for
all input distributions D. In other words, Eg, per[Reg(ALG(S))] is low and ALG is p-replicable.
Such a setting was explored by Esfandiari et al. [2022] in the case of stochastic multi-arm bandits:
see Section A for more works in this setting . A stronger yet natural requirement is that the worst-
case regret of ALG remains low; that is, supg,r Reg(ALG(S)) is minimized while maintaining
p-replicability. This gives us a best-of-both-worlds scenario: the algorithm achieves low regret in
the worst case, while remaining replicable for stochastic iid inputs.

Another natural extension is to allow the distribution on inputs to vary over time. Since an online
algorithm processes inputs indexed by time, it is reasonable to permit their distributions to be time-
dependent. For instance, consider an online algorithm that recommends a stock to invest in daily
based on historical performance, or the online shortest path problem in traffic management, where
edge weights at time ¢ represent travel times on streets. One could also generalize this requirement
to cases where part of the input is stochastic and part is adversarial.

We capture the above points into a single concept. We assume that for each time ¢ the adversary
chooses a distribution D; (in an oblivious fashion) and selects a cost vector ¢; from that distribution.
The distributions D; could be point-masses, reducing to the standard adversarial online formulation,
but they could also be more general. The goal of the online learner ALG is to (a) achieve low regret
with respect to the actual sequence c1, co, ..., cr of cost vectors observed and (b) to be replicable:
for any sequence D1, Do, ... Dy, with probability at least 1 — p the algorithm has the exact same
behavior on two different draws S, S’ from this sequence when the learning algorithm uses the same
randomness R, i.e.,

Pr [Vt:a:(S,R) = a;(S",R)] >1—p.
S,8",R



If this is the case then we say that ALG is adversarially p-replicable. To distinguish it from the
previous situation we will say that ALG is iid p-replicable if the replicability guarantees are only
against iid inputs. (See Section 2.)

Remark. One could also study a notion of approximate replicability by requiring that, for each
time step t,

Pr [a;(S,R) = as(S",R)] > 1— p,
S,8'.R

meaning that at each time step t, the actions of the algorithm on S and S’ are the same with proba-
bility at least 1 — p. This contrasts with the stronger requirement that the entire sequence of actions
on S and S’ be identical with probability at least 1 — p.

Choosing the stronger notion of replicability of course implies approximate replicability, but it also
allows the algorithm to be composed with other algorithms, preserving replicability across compo-
sitions.

1.1 Our Contributions

We present online learning algorithms for online linear optimization and the experts problem that
achieve both sub-linear regret and adversarial p-replicability. Moreover, we introduce a general
framework for transforming an online learner for the above problems into an adversarial p-replicable
online learner, with a bound on its regret based on the regret of the original algorithm. Furthermore,
we also give an almost optimal algorithm (in terms of regret) for the experts problem in the iid-
replicability setting.

We also explore how replicability affects the regret of an algorithm by proving lower bounds of the
regret of any online p-replicable algorithm in the adversarial and iid settings. Up to lower order
terms the upper and lower bounds match for the iid-replicability setting while their being a gap for
the adversarial-replicability setting.

The key ideas are outlined below.

1.1.1 Adversarially p-replicable Online Linear Optimization

We examine the online linear optimization problem which is a linear generalization of the standard
online learning problem. Here, at time ¢ the algorithm taken an action a; € R"™ and receive an
input ¢; € R", and accrues a cost a; - ¢; (see Section 2). In this context, we demonstrate a low
regret algorithm that is adversarially p-replicable. Our algorithm leverages two main strategies: a)
partitioning the time horizon into blocks and updating its action only at the endpoints of blocks
(referred to as transition points), and b) rounding of cumulative cost vectors to the grid points in a
random grid. Below, we provide a brief overview of these key ideas:

Blocking of time steps: The algorithm partitions the time horizon into blocks of fixed size and
only changes its actions at the end of a block. Here, for two independent sequences S, S’ drawn
from the same sequence D1, - - - , Dy, since the sequences are close to each other but not exactly the
same, a traditional low-regret algorithm, e.g. “Follow the Perturbed Leader”(FTPL) by Kalai and
Vempala [2005], might change its actions in different but relevantly close time steps. Consequently,
the idea of blocking allows us to argue that this switching behavior of the algorithm happens with
high probability within the same block. Hence, when the algorithm only changes its actions at the
endpoint of a block, with high probability it shows the same behavior over two different sequences.

Rounding of cumulative cost vectors to the grid points in a random grid Here, at the end of
each block, the online learner rounds the cumulative cost vectors to the grid points in a grid with
a random offset, and selects the action that minimizes the total cost pretending the grid point is
the cost vector. This idea is inspired by the seminal “Follow the Lazy Leader” (FLL) algorithm
of Kalai and Vempala [2005]. Since S, S’ are drawn from the same sequence Dy, - -+ , Dr, the
cumulative cost vectors are within a bounded ¢; distance with high probability, and hence the cost
vectors get rounded to the same grid point with high probability. This property helps us argue that
the online learner picks the same action at all the block endpoints (and also all the time steps) with
high probability.

These two ideas help us achieve replicability guarantees, however, we need to be careful when
setting the block size and the randomness of the grid; as we increase them, it is easier to achieve



replicability, however, the regret will suffer. We show that by carefully selecting the blocksize
and picking the randomness of the grid, low-regret learning and replicability over all time steps is
possible.

Theorem 1.1 (Informal; see Theorem 3.1). Let p > 0 be a parameter. For the online linear opti-
mization problem, there exists an adversarially p-replicable algorithm with sub-linear regret.

1.1.2 An Adbversarially p-Replicable Algorithm for the Experts Problem

Next, we explore the experts problem, where, in each period, the online learner selects an expert
from a set of n experts, incurs the cost associated with the chosen expert, and observes the cost
[0, 1] for all experts in that round. The objective of the online learner is to achieve low regret
compared to the best expert in hindsight while ensuring replicability across all time steps. We present
an adversarially p-replicable learning algorithm with sub-linear regret. This algorithm applies the
strategy of partitioning the time horizon into blocks and only updating its actions at the end of each
block. Initially, geometric noise is added to each expert, and at the end of each block, the algorithm
chooses the expert with the lowest cumulative cost, incorporating the initial noise. We demonstrate
that, with appropriately chosen block sizes and noise levels, it is possible to achieve low-regret
learning along with adversarial p-replicability. To prove replicability, we leverage the properties of
geometric noise, such as memorylessness, and argue that when two trajectories are sufficiently close
in {, distance, with high probability the best experts in these trajectories are the same.

Theorem 1.2 (Informal; see Theorem 4.1). Let p > 0 be a parameter. For the experts problem,
there exists an adversarially p-replicable algorithm with sub-linear regret.

1.1.3 A General Framework for Converting an Online Learning Algorithm to an
Adversarially p-Replicable Learning Algorithm

Furthermore, in Section 5, we present a general framework for converting an online learner to an
adversarially p-replicable algorithm where its regret is a function of the regret of the initial algorithm.
For this conversion we need the further assumption that the cost incurred on action a and input c,
i.e., Cost(a, ), is linear in ¢: Cost(a,c1 + ¢2) = Cost(a, ¢1) + Cost(a, c2) (this assumes that the
input sequence is itself in an ambient vector space). We illustrate how this general framework can be
applied to both online linear optimization and expert problems. However, this approach comes with
a trade-off: while it provides a versatile and unified solution, it gives worse regret bounds compared
to algorithms specifically designed for each individual setting.

We continue with the approach of grouping time steps into blocks and rounding the cumulative cost
vector at the end of each block to the nearest grid point. Specifically, at the end of block i, we
compute the difference between the rounded cumulative cost vectors at the ends of blocks 7 and
1 — 1. This difference is then fed as the ¢-th input to the initial algorithm, and the action suggested
by the initial algorithm is applied throughout block 7 + 1.

However, we need a slightly more sophisticated approach to relate the regret bound of the external
algorithm to that of the internal algorithm (the initial online learner). When providing the i-th input
to the internal algorithm, we use two fresh random grids to compute the rounded cumulative cost
vectors at the ends of blocks ¢ and 7 — 1. Consequently, the cumulative cost vector at the end of
block i is rounded in two different ways: once for the i-th input to the internal algorithm and once
for the (¢ + 1)-th block. (See Lemma F.1 for more details on why this helps.)

As before, we need to strike a balance between the grid size and the block size to achieve both
low-regret and adversarial replicability.

Theorem 1.3 (Informal; see Theorem 5.1). Let p > 0 be a parameter, and assume that the cost
function Cost(a, c) is linear in ¢, i.e., Cost(a,c; + c2) = Cost(a,c1) + Cost(a, c2). Given an
internal algorithm ALG;,,; with bounded regret, it can be converted to an adversarially p-replicable
external algorithm ALG.ys with bounded regret.

1.1.4 iid-Replicability for the Experts Problem

To investigate and contrast the differences between iid and adversarial replicability, in Section H we
design an iid p-replicable online algorithm for the experts problem which has low worst-case regret.
Recall that in this setting, we have n experts, and the cost vectors are drawn iid from an unknown
distribution D over [0, 1]™. The goal is to design an iid p-replicable algorithm with worst-case regret
as low as possible which means the following: (1)We say an algorithm has worst-case regret K if



for any cost sequence S = (cq, ..., cr), the expected regret satisfies Eg [Reg(S, R)| (2)We say
an algorithm has replicability p if for iid cost sequences S and S” we have

Pr [Vt:a:(S,R) =a(S’,R)] >1— p.
S,S".R

While it is possible to use algorithms that are adversarially replicable, we adopt a different approach
here to achieve better regret bounds. We still group time steps into blocks, but in this case, the
blocks are of varying lengths. Additionally, we add geometric noise of varying magnitude at the end
of each block, which helps in keeping the regret low while achieving replicability.

As before, at the end of each block, we select the expert with the minimum cumulative cost (incor-
porating the added noise) to use for the entire next block. The first block has length approximately
VT, providing an estimate of each experts expected cost under D with an accuracy of 7-1/4. Us-
ing these estimates, we select the best expert at the end of block 1 (after incorporating noise) and
stick with them for the next block, which has length T3/4, Proceeding in this manner, we ensure an
expected regret of at most /7" per block, with at most log log(7") blocks in total. (See Algorithm 9
for details.)

Theorem 1.4 (Informal; see Theorem H.1). Let p > 0 be a parameter. For the experts problem,
there exists an iid p-replicable algorithm with worst-case regret roughly O(/T log(n)/p).

In light of our lower bounds (see below or Theorem 1.2) the regret achieved is optimal up to
poly(loglog(7")) and other logarithmic factors.

1.1.5 Lower Bounds on Regret for Replicable Online Algorithms

In Section I we prove lower bounds on the regret a p-replicable algorithm must suffer, both in
the iid and adversarial settings. The main idea for the iid setting is to using the lower bound on
the replicability of the coin problem from Impagliazzo et al. [2022]. The coin problem involves
identifying the bias of a coin (either 1/2+7 or 1/2—7) using T iid samples, with success probability

1 — ¢ and replicability at least 1 — p, which requires p > Q (ﬁ) By embedding this problem

in the experts setting (even with n = 2) with 7 &~ Reg/T, we obtain Reg > (g) In the

case of adversarial replicability with n experts, we use the above idea in log(n) phases of length
~ T/ log(n) to essentially embed log(n) different instances of the coin problem.

Theorem 1.5 (Informal; see Theorems 1.2 and 1.3). If the parameter p is sufficiently larger than

1/\/T then any iid p-replicable algorithm must suffer a worst-case regret Q(~/T(1/p + /log(n)).
Further, any adversarial p-replicable algorithm must suffer a worst-case regret of Q(+/T log(n)/p).

2 Model
Online Linear Optimization Online linear optimization is a linear extension of the online learn-
ing problem, where the online learner ALG must take a series of actions aq,as, - each from a

possibly infinite set of actions A C R™. After the ¢ action is taken, the decision maker observes
the current step’s cost ¢; € C C R™. The cost of taking an action @ when the cost is cis a - ¢, and the
total cost incurred by the algorithm is ), a; - ¢;. We use S = {c1,-- -, cr} to denote the sequence
of costs. The learner aims to minimize the regret accrued over T’ steps where regret is defined as:

Reg(ALG(S)) = Xt: cL-ap — (rlréiﬂzt:a e

Experts Problem In this problem, in each period ¢, the learner ALG picks an expert a; from a set
of n experts denoted by A, pays the cost associated with the chosen expert ¢;(a;), and then observes
the cost between [0, 1] for each expert. Let .S denote the cost sequence {cy,--- ,cr}. The goal of
the learner is to have low regret, i.e. ensure that its total cost is not much larger than the minimum
total cost of any expert.

Reg(ALG(S)) = > cr(ar) — min > ala)

t



iid-Replicability Let D be a distribution over an input domain x, and let ALG be an online al-
gorithm. Let S;.S” be independent sequences of length T' of inputs drawn iid from D, and let R
represent the internal randomness used by ALG. Further, let a;(S, R) be the action at time ¢ on input
S and internal randomness R. We say that ALG is p-iid replicable if:

: = 4 >1—p.
S’IS),r’R[Vt €T):a:(S,R)=a:(S,R)]>1—p

Adversarial Online Replicability Throughout the paper, we consider a more general version of
replicability where all the examples in the sequences S, .S’ are not drawn necessarily from the same
distribution D. Instead, we assume an adversarial sequence of distributions Dy, Do, ..., Dp, and
the t*" element of the sequence is drawn from distribution D;. Let P = ®tT:1Dt, i.e., the product
distribution D1 X ... x Dp. Under this assumption, we say an online algorithm ALG is adversarially
p-replicable if for sequences S, S’ each of length 7" sampled independently from P, it produces the
same sequence of actions with probability at least 1 — p, i.e.,

SPr V€ T] (S R) = au(S' R)) > 1=

3 Adversarially p-Replicable Online Linear Optimization

In this section, we present Algorithm [ that is an adversarially p-replicable algorithm with sub-linear
regret for online linear optimization. Our algorithm leverages two main ideas of first partitioning
the time horizon into blocks and updating its action only at the endpoints of blocks, referred to as
transition points, and second rounding of cumulative cost vectors to the grid points in a random
grid. The rounding idea is inspired by the “Follow the Lazy Leader”(FLL) algorithm of Kalai and
Vempala [2005]. However, we argue that their algorithm is not necessarily replicable and to fix this
issue, we also need the idea of blocking timesteps and updating the algorithm’s actions only at the
transition points. Algorithm 1 is described in Section 3.1. We analyze the regret of Algorithm 1 by
appealing to a different algorithm “Follow the Perturbed Leader with Block Updates” that incurs the
same expected cost as FLL (Section D.1). Finally, Theorem 3.1 shows that by selecting the block
size and noise level carefully Algorithm 1 achieves adversarial p-replicability with sublinear regret
bounds.

3.1 Follow the Lazy Leader with Block Updates (FLLB(¢))

Algorithm 1 is a modified version of the “Follow the Lazy Leader”(FLL) algorithm of Kalai and
Vempala [2005]. FLL first picks a n-dimensional grid with spacing 1/ where ¢ is given as in-
put, and a random offset p ~ Unif([0,1/£)™). Then at each iteration, it considers the cube
Zf;i ¢; +10,1/e)™, that is the cube starting at ZZ;} ¢; with side length 1/e, and then the al-
gorithm picks the unique grid point g;_; inside this cube (see Figure 1). Subsequently, it plays the
action that minimizes the total cost pretending the cost vector is g1, a; = argmin,c 4 @ - gi—1.
FLL achieves sublinear regret, however, in Example 3.1, we argue that FLL does not necessarily
satisfy the adversarial p-replicability property.

Example 3.1. Consider two different cost sequences S, S’ sampled from the same product distribu-
tion P arriving in an online fashion. Suppose there are only two actions a1, as € A where a1 has
a lower cost in hindsight. Suppose ¢; = ¢} = (0, B), where B < 0. This means that day 0 gives
a bonus to the second action and pretends that as has a better performance initially. Therefore,
the algorithm keeps predicting as until after a sufficient number of examples arrive at timestep T
and it becomes clear that a1 has better performance, and then, the algorithm shifts to outputting a,
for the rest of the timesteps. However, since S, S’ are different sequences, it is not necessarily the
case that the switching thresholds for S and S’ are the same. Consequently, FLL is not necessarily
adversarially p-replicable.

In Algorithm 1, in addition to the rounding idea of FLL, we leverage the idea of blocking timesteps
to overcome the challenge presented in Example 3.1. Since at each timestep ¢, both Sy, S; are
drawn from the same distribution D, it is the case that the switching thresholds for S and S’ are
“approximately” the same. We use this intuition to block the timesteps and during each block output
the same action. Now as long as the block sizes are large enough, the switching threshold for both
sequences S, S’ would be within the same block. That helps us to achieve replicability. However,
since we are outputting the same action for each block and not updating our decision at each round,
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Figure 1: An illustration of the FLLB(e, B) algorithm. The perturbed point ¢;.;—1 + p is uniformly
random over a cube of side 1/¢ with vertex at ¢1.;—1 (similarly for ¢;_; + p). In Theorem 3.1,
we prove that by McDiarmid concentration bound, two different trajectories ¢1.;—1 and ¢}.,_; are

within a distance (v/nT) with high probability, and they get mapped to the same grid point g;_;
with high probability.

the regret will suffer. Nevertheless, we show that by carefully selecting the block size, we can
achieve adversarial p-replicability and sublinear regret guarantees.

Now we are ready to formally present our “Follow the Lazy Leader with Block Updates” algorithm
(Algorithm 1). In the beginning, choose offset p € [0, %)" uniformly at random, determining a grid
G ={p+ 12|z € 2"}, thatis a grid that originates from p with side length 1/e. Then at each
iteration ¢, if ¢ — 1 is a multiple of the block size B, the algorithm plays the action that minimizes

the cost pretending the cost vector is g;_1, where g;_1 is the unique point in G N (61;t—1 +[0, %)" R

where c;.;_1 is the cumulative cost from time 1 to ¢—1. Therefore, the action played by the algorithm
in step ¢ is a; = argmin,c 4 a - g;—1. However, if £ — 1 is not a multiple of B, the algorithm stays
with the action played in the previous round. In Theorem 3.1, we prove that by setting the values of
¢ and B carefully, FLLB achieves strong replicability and sublinear regret guarantees.

Algorithm 1 Follow the Lazy Leader with Block Updates (FLLB(e, B))

Input: Sequence S = {c1, -+ , ¢} arriving one by one over the time. € > 0 and block size B.
Sample p ~ [0, 1)™ uniformly at random.

Let a; be a random action picked from .A.

Let G+ {p+1z]|z€ 2"}

fort:1,---,T do

if t — 1 is a multiple of B then

L gi—1 < GN (cl:ti1 + o, é)n)

Gy ¢ aTgmin,c 4 G - Gy—1.

else
/I Stay with the previous action.
Ap < Ap—1.

Theorem 3.1 (Regret and Replicability Guarantees of FLLB). FLLB(e, B) is adversarially p-

replicable and achieves regret O

2/3
(DT5/5n1/6p=1/3), when B = (2(\/@+2)WT> and
_ 1
€= VBT

In order to prove the theorem, first, we analyze the regret of Algorithm 1. However, we need to be
careful when picking the values of € and B so that the regret does not blow up. If € is too large

and D is the {1 diameter of the action set A.
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then in Algorithm 1, a lot of different accumulated cost vectors c;.;—; get mapped to the same grid
point g,_; which would cause a lot of regret. Similarly, when B is too large, the algorithm takes the
same action for a large block of time and does not update its decision which would cause the regret to
suffer. In order to pick optimal values for € and B, we analyze the regret of Algorithm 1 by appealing
to a different algorithm “Follow the Perturbed Leader with Block Updates” (FTPLB(e, B)) that in
expectation behaves identically to FLLB(e, B) on any single period and incurs the same expected
cost. This algorithm is a modified version of the “Follow the Perturbed Leader” (FTPL(¢)) algorithm
by Hannan-Kalai-Vempala.

3.2 Follow the Perturbed Leader with Block Updates (FTPLB)

First, we describe the FTPL(¢) algorithm (Algorithm 5) by Hannan-Kalai-Vempala. FTPL(e) first
hallucinates a fake day 0 with a random cost vector ¢g, where ¢g ~ Unif([0,£)™). Then in each
time period t, it picks the action that minimizes the cost of all days cq, - -+ , c;—1:

a; = argmin({cy + ¢y + -+ -+ ¢t—1,a)
acA

Algorithm 2 Follow the Perturbed Leader(FTPL(¢)) [Kalai and Vempala, 2005]

Input: Sequence S = (¢, -+ , cr) arriving one by one over the time, € > 0.
Sample ¢y ~ [0, é)” uniformly at random.

fort:1,---,T do
L a; + argming 4 Y- ba- e

The same argument used in Example 3.1 demonstrates that Algorithm 5 is not adver-
sarially p-replicable. ~ Now, we describe the “Follow the Perturbed Leader with Block
Updates”(FTPLB(e, B), Algorithm 6). FTPLB first hallucinates a fake day 0 with a random cost
vector ¢g, where ¢y ~ [0, é)” uniformly at random. Then, it picks the action that minimizes the cost
of all days co, - - -, cg|¢+—1/B), Where B is the block size.

a; = argmin(cog + ¢ + -+ CB\_(t—1)/BJ7a>
acA

Algorithm 3 Follow the Perturbed Leader with Block Updates (FTPLB(e, B))

Input: Sequence S = (¢, -+ , cr) arriving one by one over the time. £ > 0 and block size B.
Sample ¢y ~ [0, é)” uniformly at random.
fort:1,---,T do

if t — 1 is a multiple of B then

. t—1
L ap <—argmingc 4 Y .o a- ¢

else
L // Stay with the previous action.

Qp < A¢—1.

| // this is equivalent to having a; = arg min,, ¢ 4 Zfztl(tfl)/m a-c

Remark 3.2. In each step t when t is a transition point, FLLB pretends that the cumulative cost
vector is gi_1 that is the unique grid point inside the cube c1.4—1 + [0,1/€)™. Due to the random
offset p of the grid considered in FLLB, g;_1 is uniformly distributed inside this cube. Furthermore,
FTPLB, also pretends the cumulative cost vector is c¢1.4—1 + co where ¢ ~ Unif([0,1/e)"), and
therefore it has the same distribution as gy_1. This implies, FLLB and FTPLB have the same
expected cost.

Next, we bound the regret of the FTPLB algorithm. The proof is deferred to the Appendix.
Theorem 3.3 (Regret Guarantee of FTPLB). Assume the maximum {1 length of any cost vector
¢ € Cis 1, and the {1 diameter of the action set Ais D. If co ~ Unif([0,1/€]™) then the expected
regret of FTPLB(e, B) in T steps satisfies:

E[Reg] < D(BeT + 1/¢)

setting e = 1/(v/ BT) gives an expected regret at most Dv/ BT.
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Finally, we are ready to provide a proof sketch of Theorem 3.1. The full proof is deferred to Sec-
tion D.

Proofsketch of Theorem 3.1. First, we bound the probability of non-replicability. Recall that Algo-
rithm 1 chooses a uniformly random grid of spacing 1/e. In each transition ¢, if ¢ is a transition
point {B+1,2B+1,---,}, Algorithm 1 picks the action that minimizes the total cost, pretending
the cumulative cost vector is g;—1, where g;_1 is a grid point that lies inside ¢1.t—1 + [0, 1/2)™ (see
Figure 1). Consider two different trajectories ¢1,--- ,¢; and ¢}, -+, ¢; where each ¢;, ¢; ~ D;.
First, we bound the probability that g;—1 # g;_; as follows. This event happens iff the grid point
inc1.e—1 + [0, 2]" isnot in ¢}, _; + [0, 1]™. In the proof, we argue that for any v € R™, the cubes
[0,1/€]™ and v + [0, 1/]™ overlap in at least a (1 — ¢ (v)) fraction. Furthermore, we prove that
with high probability, the ¢, distance between cumulative cost vectors c¢;.; and ¢}, is bounded as

follows when p = /21og(2T/p) + 2.

Pr <€1(Cl:t — 1) ZP”) < (<

L
2T 2T

Now by taking union bound over all the transition points t = { B + 1,2B + 1, - - - } the total proba-

bility of non-replicability is at most (5% +£pv/nT’) L. Consequently, we can set values of B, £ such
that the probability of non-replicability over all the time-steps is at most p:

P T
P LT = <
(o Tervnl)m <»p

to achieve this, it suffices to have:

Bp
€= ——2rs
2p\/nT3/2
Additionally, in order to minimize regret by Theorem 3.3, we need to set £ = \/%. In the proof
we show that by setting B = O(T2/3n1/3(1/p)/3), we get a regret bound of O(Dv/BT) =
5(DT5/6n1/6p—1/3). ]

4 Experts

In this section, we investigate the experts problem and present our algorithm “Follow the Perturbed
Leader with Block Updates and Geometric Noise”(FTPLB*) (Algorithm 4) that is an adversarially
p-replicable learning algorithm with sublinear regret. This algorithm applies the strategy of parti-
tioning the time horizon into blocks and only updating its actions at the end of each block. Initially,
geometric noise is added to each expert, and at the end of each block, the algorithm chooses the
expert with the lowest cumulative cost, considering the initial noise. Theorem 4.1 demonstrates that
with appropriately chosen block sizes and noise levels, it is possible to achieve no-regret learning
along with adversarial p-replicability.

Algorithm 4 Follow the Perturbed Leader with Geometric Noise and Block Updates
(FTPLB* (¢, B))

Input: Sequence S = (¢1,- -, cr) arriving one by one over the time. £ > 0 and block size B.
Sample for every expert a € A, X, ~ Geo(¢).
fort:1,---,Tdo

if t — 1 is a multiple of B then
. t—1
L ay < argmingc 4 > ,_; ¢i(a) — X,.
else
L /I Stay with the previous action.

Ay < Ap—1.

| // this is equivalent to having a; = arg min,, . 4 Zfztl(t_l)/m ci(a)




Theorem 4.1 (Regret and Replicability Guarantees of FTPLB*). FTPLB* (e, B) is adversarially

2/3
~ . /2(lesBT/p) In(n)T
p-replicable and achieves regret O(T°/6 ln"/6(n)p_1/3) when B = <8 Fhogn—+1) Inr) )

P
_ Inn
ande = \/ LT

Proof is deferred to Section E.

S A General Framework for Replicable Online Learning

In this section, we demonstrate a general recipe for converting a regret minimization algorithm
ALG;,,;, which we call the internal algorithm, to an adversarially p-replicable algorithm ALG..;
with potentially a higher regret. Our general procedure uses two main ideas, a rounding procedure of
the loss trajectories inspired by the “Follow the Lazy Leader”(FLL) algorithm of Kalai and Vempala
[2005], and blocking of time-steps. Here we present the results for the setting where the internal
algorithm ALG,,,; takes as input bounded ¢; cost vectors. Section G provides the results for the /.,
case. As mentioned in the introduction, we require the further assumption that the cost function
Cost(a, c) is linear in c, i.e., Cost(a,c; + cz) = Cost(a,c1) + Cost(a, cz). However, this is still
sufficient to capture both the settings of online linear optimization and experts problem.

Our framework is as follows: At each timestep ¢ if £ — 1 is a multiple of the block size B, then,
it picks an n-dimensional grid with spacing 1/¢ where ¢ is given as input, and a random offset
pt ~ [0,1/e)™, where n is the dimension of the space. Then it considers the cube ¢;..—1 +[0,1/2)",

where ci.; = )., ¢;, and picks the unique grid points g;_; inside this cube. Furthermore, for
a fresh random offset p; ~ [0,1/e)™, it picks a new n-dimensional grid with spacing 1/¢ and
offset p}. Then, it considers the cube ¢1..—1—p + [0, 1/¢)™ and picks the unique grid point g;_, 5
inside this cube. Then, it gives m(gt_l — g;_,_p) as the input argument to the algorithm
ALG;,,t, and plays the action returned by ALG;,; for the next B timesteps. This framework is
given in Algorithm 7. Theorem 5.1 demonstrates that Algorithm 7 is adversarially p-replicable with
bounded regret.

Theorem 5.1 (Regret and Replicability Guarantees of Algorithm 7). Let p > 0 be a parameter,
and assume that the cost function Cost(a, c) is linear in ¢, i.e., Cost(a,c; + ¢2) = Cost(a,c1) +
Cost(a, c2).

Suppose for two different input trajectories c1,--- ,cr and dy, - - - , dp where for each time-step t,
ct, dy ~ Dy, for each time step t, the {1 distance between c1.; and dy.; is at most m with probability
at least 1 — ~. Then, Algorithm 7 is adversarially p-replicable and achieves cumulative regret

(’)(BRegT/B(ALGMt)) when vy is at most %, B = % and e = 2n/B.

Proof is deferred to Section F. Next, we show the application of Algorithm 7 to the online linear
optimization problem.

Corollary 5.2. In the online linear optimization setting, Algorithm 7 is adversarially p-replicable
and achieves cumulative regret O(DT7/3n3/8p=1/4),

6 Further Directions & Open Quesitons

The questions we address in this paper fall within the full-information setting, specifically the experts
problem and online linear optimization. A natural future direction is to extend these techniques to
the bandit/partial-information setting while requiring adversarial replicability, where we believe our
ideas could be valuable.

As mentioned, it would also be interesting to explore other problems, such as clustering and rein-
forcement learning, that have been studied in the iid context, and extend them to the adversarial
replicability setting.

Additionally, the current lower bounds on regret (Theorems 1.2 and 1.3), while optimal for the iid-

replicability setting, do not match the upper bounds in the adversarial replicability setting for either

the experts problem or online linear optimization. An intriguing open question is to prove an w(v/7T)
lower bound on regret for a fixed value of p, say 1/100, in the experts setting, or to design an

algorithm that achieves O( VT ) regret while remaining p-replicable.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: Our paper is theoretical and we provide proofs for all our theorems.
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

e It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We provide lower and upper bounds for our problem, and we discuss the
limitations include a gap between our bounds in the further directions and open questions
section.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
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judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All the proofs for theoretical claims are provided in the main body and ap-
pendix.

Guidelines:
* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: No experiments, just theoretical results.
Guidelines:
* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all sub-
missions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear
how to reproduce that algorithm.
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(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: No experiments only theoretical results.
Guidelines:
* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so No is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

¢ The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: No experiments, only theoretical results.
Guidelines:
* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.
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The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [NA]

Justification: No experiments only theoretical results.

Guidelines:

The answer NA means that the paper does not include experiments.

The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

The assumptions made should be given (e.g., Normally distributed errors).

It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.

For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA|

Justification: No experiments only theoretical results.

Guidelines:

The answer NA means that the paper does not include experiments.

The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
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Answer: [Yes]

Justification: There are no potential harmful consequences with this study.

Guidelines:

The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: There are no negative impacts. We are studying the replicability of online
learning.

Guidelines:

The answer NA means that there is no societal impact of the work performed.

If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA|

Justification: The paper has no such risks.

Guidelines:

The answer NA means that the paper poses no such risks.
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Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: NA. We build on previous theoretical results and cite all the relevant results
in the intro and related work.

Guidelines:

The answer NA means that the paper does not use existing assets.
The authors should cite the original paper that produced the code package or dataset.

The authors should state which version of the asset is used and, if possible, include a
URL.

The name of the license (e.g., CC-BY 4.0) should be included for each asset.

For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/
datasets has curated licenses for some datasets. Their licensing guide can help
determine the license of a dataset.

For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [NA]

Justification: No new assets are being released.

Guidelines:

The answer NA means that the paper does not release new assets.

Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

The paper should discuss whether and how consent was obtained from people whose
asset is used.

At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.
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14.

15.

16.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA]
Justification: No crowdsourcing.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA|
Justification: NA
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.

Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: the core method development in this research does not involve LLMs any
important, original or non-standard components.

Guidelines:

e The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

e Please refer to our LLM policy (https://neurips.cc/Conferences/
2025 /LLM) for what should or should not be described.
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A Further Related Work

Online learning is a well-studied and classical field, with extensive literature on the subject. Our
work is inspired by Kalai and Vempala [2005].

Algorithmic replicability was independently introduced by Impagliazzo et al. [2022], Ghazi et al.
[2021], Ahn et al. [2024], and later studied in the context of multi-armed bandits Esfandiari et al.
[2022], reinforcement learning Eaton et al. [2024], clustering Esfandiari et al. [2024]. Several works
have shown statistical equivalences and separations between replicability and other notions of al-
gorithmic stability including differential privacy [Bun et al., 2023, Kalavasis et al., 2023]. In fact,
replicable bandit algorithms have also found use in medical contexts Zhang et al. [2024]. How-
ever, all of these works focus on the iid-replicability setting, making it intriguing to explore these
problems in the adversarial replicability setting.

B Some Standard Concentration Inequalities

Theorem B.1 (Blackwell [1997](Theorem 1) (see Howard et al. [2020])). Let Sy be a real valued
martingale with So = 0. If |AS| < 1 for all t, then for any a,b > 0, we have

P(3teN:S;>a+bt) <e 2.
Therefore, we also have
P(3teN:S; < —a—bt) <e 2,
Theorem B.2 (McDiarmid’s Inequality McDiarmid [1989]). Let X1, Xo, ..., X, be independent

random variables taking values in a set X, and let f : X™ — R be a function such that for all i and
all xy,...,zn, 2, € X,

fl@y, oo @y xn) — flon, .2, )| <
for some constants c1,ca, . .., cn. Then, for any ¢ > 0,
2¢2
P(f(Xl,X27. .. 7Xn) —E[f(Xl,Xg,. . ,Xn)] Z 8) S exp <_n2) y
D im1 G
and

2
]P)(f(X17X27' . ;X’n) _]E[f(leXQa .. 7Xn)] S _E) S €xXp (_2721802) .
i=1"1

C Concentration of trajectories in /;-norm

Lemma C.1 (Concentration of trajectories in ¢1-norm). Let D1, ..., D; be distributions over the
unit {1 ball in Rt. Consider two independent sequences of independent random n-dimensional
vectors {v; }!_, and {w;}!_,, where each v; and w; is drawn from D;. Then, for ¢ > 2 we have

Pr [ > c\/%] < exp (—(6_2)2”) .

2
Proof. Let u; = v; — w;. Note that always |lu;|l; < 2. Let f(u1,...,u) = ||Ziu;||, Then
fur, .. ui—1, — Uig1,...,us) : R — Ris 2-Lipschitz for all ¢ € [t]. Hence by McDiarmid’s
inequality (see Theorem B.2),

t

> (v —w;)

i=1

0.2
Pr[f<ul,...7ut>E[f(ulw-vmﬂ”]ge"p( jf )

Now, for a vector u let u(*) denote the k*"* component. Then,

k=1 |:=1

n t
Y E
k=1

|
|

Sl

i=1

20



Applying Jensen’s inequality we have:

n 2
k=1 i

which by canceling cross terms gives

E

|
NE

= ()]

)

£
Il

1

Further, by the CauchySchwarz inequality we have:

3 )] = (o [ [ )] e

k=1 i %

=vnx,|E

2
||uz-||2]
i=1

=2vVin  (Jugly < 2as Juily < 2)
j]E[f(ulw"7“14)] gz\/%

Finally, setting € = (¢ — 2)+/tn we have,

Pr[f (w1, ) > ev/in] < exp (—(0_22)2")

which proves the lemma. O

D Proof of Theorem 3.1

First, we analyze the regret of Algorithm 1. However, we need to be careful when picking the
values of € and B so that the regret does not blow up. If € is too large then in Algorithm 1, a lot
of different accumulated cost vectors c1.¢4—1 get mapped to the same grid point g;—; which would
cause a lot of regret. Similarly, when B is too large, the algorithm takes the same action for a
large block of time and does not update its decision which would cause the regret to suffer. In
order to pick optimal values for € and B, we analyze the regret of Algorithm 1 by appealing to
a different algorithm “Follow the Perturbed Leader with Block Updates” (FTPLB(e, B)) that in
expectation behaves identically to FLLB(e, B) on any single period and incurs the same expected
cost. This algorithm is a modified version of the “Follow the Perturbed Leader” (FTPL(¢)) algorithm
by Hannan-Kalai-Vempala.

D.1 Follow the Perturbed Leader with Block Updates (FTPLB)

First, we describe the FTPL(g) algorithm (Algorithm 5) by Hannan-Kalai-Vempala. FTPL(e) first
hallucinates a fake day 0 with a random cost vector cg, where ¢g ~ Unif([0,2)™). Then in each
time period ¢, it picks the action that minimizes the cost of all days cg, - -+ , ci—1:

a; = argmin{cy +¢; + -+ + ¢i—1,a)
acA
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Algorithm 5 Follow the Perturbed Leader(FTPL(¢)) [Kalai and Vempala, 2005]

Input: Sequence S = (¢, - - , er) arriving one by one over the time, £ > 0.
Sample ¢y ~ [0, 1)™ uniformly at random.

fort:1,---,Tdo
L a¢ — argmingg 4 Z:;éa-ci.

The same argument used in Example 3.1 demonstrates that Algorithm 5 is not adver-
sarially p-replicable. =~ Now, we describe the “Follow the Perturbed Leader with Block
Updates”(FTPLB(e, B), Algorithm 6). FTPLB first hallucinates a fake day 0 with a random cost
vector ¢g, where ¢y ~ [0, %)” uniformly at random. Then, it picks the action that minimizes the cost
of all days co, - - -, cg|+—1/B), Where B is the block size.

a = argr?n(co ‘e 4+ CB\_(t—l)/BJva>
ac

Algorithm 6 Follow the Perturbed Leader with Block Updates (FTPLB(e, B))

Input: Sequence S = (¢, -+, cp) arriving one by one over the time. £ > 0 and block size B.
Sample ¢ ~ [0, £)" uniformly at random.
fort:1,---,T do

if t — 1 is a multiple of B then

: t—1
L ay < argmingc 4 > ., a- G
else
L /I Stay with the previous action.

Ay < Ap—1.

a- Cc;

| //this is equivalent to having a; = argmin,, ¢ 4 EiB:Lft*l)/BJ

Remark D.1. In each step t when t is a transition point, FLLB pretends that the cumulative cost
vector is gi—1 that is the unique grid point inside the cube c1.+—1 + [0,1/€)™. Due to the random
offset p of the grid considered in FLLB, g,_1 is uniformly distributed inside this cube. Furthermore,
FTPLB, also pretends the cumulative cost vector is ¢1.4—1 + co where cog ~ Unif([0,1/e)"), and
therefore it has the same distribution as g;_1. This implies, FLLB and FTPLB have the same
expected cost.

In order to bound the regret of Algorithm 6, first we show the following lemma holds.
Lemma D.2. First, we show that the non-implementable’ “Be the Leader” (BTL) algorithm of
picking
a; = argmin{c; + - - + ¢, a)
acA

has zero (or negative) regret:

(c1,a1) + (c2,a2) + -~ + (cr,ar) < (c1,ar) + (c2,ar) + -+ - + (cr, ar).

Proof. We prove this by induction on 7T'.
Base case: For 7' = 1, the left-hand side and right-hand side are equal.
General case: By induction, we can assume:
(c1,a1) + {c2,a2) + -+ {er—1,ar-1) < {c1 +ca+ - ,cr_1,ar_1).
We also know by definition of ar_1, that:
(c14+cat-,ero1,ar—1) < (c1 + -+ +er-1,ar).
Putting these together, and adding {(c¢r, ar) to both sides, yields the theorem.

O

%it is not implementable since it assumes at time ¢ the algorithm knows the cost vector ¢; before picking
action a;.
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Figure 2: An illustration of the FTPLB algorithm. The blue and red boxes are corresponding to
FTPLB and BTPL respectively.

Theorem 3.3 (Regret Guarantee of FTPLB). Assume the maximum (1 length of any cost vector
c € Cis 1, and the {1 diameter of the action set Ais D. If co ~ Unif([0,1/€]™) then the expected
regret of FTPLB(e, B) in T steps satisfies:

E[Reg] < D(BeT + 1/¢)
setting ¢ = 1/(v/ BT) gives an expected regret at most D/ BT.

Proof of Theorem 3.3. We consider another non-implementable algorithm BTPL and argue that the
expected cost paid by FTPLB at time ¢ is close to the expected cost paid by BTPL at time ¢. BTPL
takes the action a; = arg min ¢ 4 ZZ:O a - ¢;. Here, similar to BTL, BTPL assumes knowledge of
cost vector ¢; before choosing a; which is infeasible. Moreover, we demonstrate that the expected

cost of BTPL is close to BTL, and since BTL has zero (or negative) regret, we can upper bound the
regret of FTPL.

FTPLB is choosing its objective function a; = argmin,¢ 4 Z?:H(t_l)/ Bl g. ¢; uniformly at random
from a box of side-length 1/ with corner at¢; + - -- + cp |t—1/B]- BTPL is choosing its objective
function uniformly at random from a box of side-length 1/ with corner at ¢;+- - -4-¢; (Figure 2). We
call these boxes Box" "B and Box®TP" respectively. These boxes each have volume V' = (1/¢)".
Their bottom corners differ by the sum of vector cg|;—1/B)+1, " , ¢t each of 1 length at most 1,
and therefore in total differing by an ¢; length at most B. As a result, the intersection of the boxes
has volume at least (1/¢)" — B(1/¢)"~* > V(1 — Be).

This implies that for some p < Be, we can view FTPLB as with probability 1 — p choosing its
objective function uniformly at random from I = Box! "B N BoxBTPL, and with probability p
choosing its objective function uniformly at random from F' = Boxf TPLB \ BoxfTPL. Similarly,
we can view BTPL as with probability 1 — p choosing its objective uniformly at random from I,
and with probability p choosing its objective function uniformly at random from B = Boxi3TPL \
BoxtFTPLB. Thus, if a; = Eeor[{c,ar) | ap = argmingc 4(c,a)], ar = Eeur[{cr,ar) | ap =
argmin, ¢ 4(c,a)], and ap = Ecop[(c,a:) | a; = argmin,c 4(c, a)], then the expected cost of
FTPLB at time ¢ is (1 — p)as + par and the expected cost of BTPL at time ¢ is (1 — p)ay + pag.

Now, if we prove that |ap — ap| < D, then the difference in expected cost between FTPL and
BTPL at time ¢ is at most p|ap — ap| < BDe. Summing over all times ¢ we get a difference
at most BDTe. To prove that |ap — ap| < D, note that for any ¢ € C and a,a’ € A, we have
(e,ay — {¢,a’) < D. This follows from the fact that the ¢, length of ¢ is at most 1 (this follows
from the assumption that ¢; length of ¢ is at most 1) and the ¢; diameter of 4 is D. Consequently,
|04F — OéB| S D.

Next, we bound the difference between the cost of BTPL and BTL. Let a®"Pt and aBT- show the

actions taken by BTPL and BTL at time ¢ respectively. Let a2 be the optimal action in hindsight.

For any vector ¢y, by Lemma D.2, we have

(o, aBTPYY + -+ (e, aBTPY) < ((co + -+ + 1), aBTPY) < ((co + - - - + ¢1), aBTH).
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Therefore,

(er,aBTPYY 4+ (e, aBTPY) < ((er + -+ er), aBTY) + (co, BT — aBTPYY. (1)

The left-hand side of Equation (1) is the cost of BTPL. The first term on the right-hand side of Equa-
tion (1) is the cost of the optimal action in hindsight. Therefore, the expected regret of BTPL is at
most E[(cy, aBT — aBTPL)]. Since A has ¢; diameter at most D, and each coordinate of ¢y has

expected value 1/¢, therefore E[{cy, aBTH — aSTPL)] < D/e.

This implies the regret of FTPL is at most BDTe + D /e and the proof is complete. O

D.2 Proof of Theorem 3.1

Now we are ready to analyze regret and replicability guarantees of FLLB(¢).
Theorem 3.1 (Regret and Replicability Guarantees of FLLB). FLLB(e, B) is adversarially p-

2/3
replicable and achieves regret (5(DT5/6n1/6p71/3), when B = (2( v QIOg(ﬂ;}/pHQ)\/ﬁT) , and

= \/%, and D is the ¢y diameter of the action set A.

Proof. First, we bound the probability of non-replicability. Recall that Algorithm | chooses a uni-
formly random grid of spacing 1/e. In each transition ¢, if ¢ is a transition point {B + 1,2B +
1,---,}, Algorithm 1 picks the action that minimizes the total cost, pretending the cumulative cost
vector is g;_1, Where g;_1 is a grid point that lies inside ¢1.;—1 + [0, 1/¢)™ (see Figure 1). Consider
two different trajectories ¢1,--- ,¢; and ¢}, - - , ¢} where each ¢;,c, ~ D,. First, we bound the
probability that g;—1 # g;_; as follows. This event happens iff the grid point in ¢1.;—1 + [0, %]” is
not in ¢f,,_; + [0, 2]™. First, we argue that for any v € R", the cubes [0, 1/£]™ and v + [0,1/¢]"
overlap in at least a (1 — e/ (v)) fraction. Take a random point z € [0,1/e]™. If x ¢ v + [0,1/£]™,
then for some 4, z; ¢ v; + [0, 1/¢] which happens with probability at most e¢; (v;) for any particular
i. By the union bound, we are done. Thus in order to upper bound the probability that g;—1 # g;_1,
we need to upper bound the ¢; distance between cumulative cost vectors c¢;.; and ¢},. For any
1<t T

Pr (&(Cl:t — ) > pﬁ) 2
_ 9\2
<Pr <fl(01:t — 1) = pm) < eXP(-%) 3)
1 Pn_ P
S epmioeT/y) = o) Sar @

where Equation (3) holds by Lemma C.1, and Equation (4) holds by setting p = /2 log(27'/p) + 2.
This implies that the probability of non-replicability at a transition point ¢, i.e. g:—1 # g;_1, is at

most #= + epv/nT. By taking union bound over all the transition points t = {B + 1,2B +1,---}

the total probability of non-replicability is at most (5% + epv/ nT)%. Consequently, we can set
values of B, € such that the probability of non-replicability over all the time-steps is at most p:

p T
— vnT)—= <
(op +epvnT) g =»
in order to achieve this, it suffices to have:

epy/nT?3/?
VT /9
5 p/

or equivalently:
Bp

NSTNTEE

24



Additionally, in order to minimize regret by Theorem 3.3, we need to set e = \/%. Now by setting

Bp 1

2p\/nT3/2 /BT

it implies that

2/3
B <2(\/ 210g(2T,£p) + 2)\/5T> — O(T*n/3(1/p)?/3)

Finally, plugging in the value of B in Theorem 3.3, gives a regret bound of O(DvBT) =
6(DT5/6n1/6p—1/3). ]

E Missing Proofs of Section 4 (Proof of Theorem 4.1)

In order to prove Theorem 4.1, first, we bound the regret of FTPLB* (e, B).
Theorem E.1. The expected regret of FTPLB* (e, B) in T steps satisfies:

1
E[Reg(FTPLB")] < eBT + %

setting € =/ Il’;—; gives an expected regret at most v/ BT Inn.

In order to prove Theorem E. 1, first, consider the non-implementable algorithm “Be the Perturbed
Leader” (BTPL) that takes action a®TPt = arg min, . 4 Zle ¢i(a) — X, in each round has small
regret. It is non-implementable since it assumes knowledge of the cost vector of the current step
before taking an action in the current period.

Lemma E.2. For any expert a € A,

E[Cost(BTPL)] < Cost(a) + E[maj( X4
a€c

Proof. We assume a time zero and assume c(a) = —X, for simplicity of notation. Then it is the

case that:
t

aBTPL — argmin g ci(a)
acd 32

Let BTt be the action taken by the non-implementable “Be the Leader” algorithm that is similar to
BTPL but does not take into account the noise on each expert:

¢
a8 = arg min Z ci(a)

acA i—1
Then a?ﬂ- is the optimal action in hindsight given the true cost sequence cy, - - - , cr. For any vector
co, we have:
T T T
BTPL BTPL BTL
ci(a; ") < Zci(aT ) < Zci(aT ) (&)
i=0 i=0 i=0
where the first inequality exhibits that BTPL has zero or negative regret on the cost sequence
co,+ ,cr and is proved similar to Lemma D.2. The second inequality holds since a2TPL is the
optimal action in hindsight given cost sequence cg, c1, - - - , cp. Therefore,
T T
BTPL BTL BTL BTPL
Z ci(a; ") < Zci(aT )+ colar ™) —colag ) (6)
i=1 i=1

The left-hand side of Equation (6) is the cost of BTPL. The first term on the right-hand side is the
cost of the optimal action in hindsight. Term co(a8™) — ¢o(a8TPL) < max,e 4 X,. Therefore, the
expected regret of BTPL is at most E[max,e 4 X,] and the proof is complete. O
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The following lemma shows that the cost paid by FTPLB* at time ¢ is close to the cost paid by
BTPL at time ¢. Let afTP'B" denote the action taken by FTPLB* at time ¢, then af TF-B" —
arg min, ¢ 4 Zfﬂo(t_l)/BJ ci(a) — X,.

Lemma E.3. For any time 1 <t < T, Pr[afTP'®" #£ oBTPL] < B,

Proof. We prove that for any a* € A, Pr[aB™" = a* | af TP'B" = 4*] > 1 — B and this will
imply lemma. This is the case since

Prlaf FTPLB* _ BTPL Z Prla BTPL a* | atFTPLB* a*] Pr[atFTPLB* = ¢*]
a*€eA

and the above would imply the RHS is at least 1 — e B.
First, we define some notations. For any a € A, let U, = Zf!l(tfl)/m ¢i(a), and v, =
ZE:BL(t—l)/BJ-‘,—l ci(a). Now, af TPLB" = o* implies that:

Ua* - Xa* S Ua - Xa
Therefore for all a € A:

Xa* Z Ua* - Ua +Xa
Similarly, we have aBTPL = a* if for all a € A:

Xa" 2 Ua* - Ua + Xa + (Ua" - Ua)

Next, condition on X, = z, for all a # a*. Given these z, values, define V' = max,-q- v, — U,
and v = MaxXg£q+ Ugr — Vg, since all the ¢;(.) values are at most 1, v < B. Then it is the case that:

Pr[ BTPL — o0 | afTPYB" = 0%, X, = 24,0 # a*] > )Fr (X >V +0+Ugs | Xgx >V +Ug+|

where the probability is only over the randomness in X« since that is the only random variable
remaining. By the memorylessness property of geometric random variables, we show the RHS is
(1 — ¢)B. First, we remind the reader of the memorylessness property of random variables:

Fact E.4 (Memorylessness of Geometric Random Variables). Let X ~ Geo(p), then for any pa-
rameter k, we have:
Pr[X > k+1]
> —(1—
xS P

This is the case since X ~ Geo(p) implies Pr[X > t] = (1 — p)t~! as the first t — 1 experiments
must fail.

PriX >k+1|X >kl =

Therefore, we get that for any conditioning of X, = z,, for a # a*, we have:

Pr(afT = a* [ af TP = ", X, = g0 £ a"] = (1-0)% > (1-¢B)

which implies:
PT[G?TPL —a* | afTPLB _ a*} > 1—¢B

this yields the lemma. ]
Now we are ready to prove Theorem E. 1.

Proof of Theorem E. 1. First, we argue that E[Cost(FTPLB*)] < E[Cost(BTPL)] + eBT.
T
Cost(FTPLB*) — Cost(BTPL) = Y " cy(af "®") — c;(af ™)
t=1
Forany 1 <t < T, we see that ¢;(af TP*B") — ¢, (aBTPL) < 1, and is indeed 0 if af TP-B" = ¢BTPL,
Therefore:

~

E[Cost(FTPLB*)] — E[Cost(BTPL)] Z afTPLBY £ (BTPL < cBT
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where the last inequality holds by Lemma E.3.
By Lemma E.2, we know that for any expert a € A:

E[Cost(BTPL)] < Cost(a) + E[maj( X4
a€c

We can bound the expectation of the maximum of geometric random variables using the following
fact:

Fact E.5 (Expectation of maximum of geometric random variables). Let X1, -, X,, ~ Geo(p)
be iid geometric random variables. Then, E[max; X;] < 1+ PZID n ywhere H,, is the n'™ Harmonic
number.

which implies that for any expert a € A:

1
E[Cost(BTPL)] < Cost(a) + %
Finally, for any expert a € A:

Inn

E[Cost(FTPLB*)] < Cost(a) + eBT + —
5

O

Now we are ready to prove Theorem 4.1.
Theorem 4.1 (Regret and Replicability Guarantees of FTPLB*). FTPLB*(e, B) is adversarially

2/3
- /o log(8T/p) In(n
p-replicable and achieves regret O(T%/%1n®/®(n)p=1/3) when B = <8 o UT)

P
_ Inn
ande = \/ 7.

Proof. First, we bound the probability of non-replicability. Consider two different trajectories

c1,--,ceand df, -+, ¢ whereeach ¢;, ¢, ~ D;. Foreacha € A, let function f, : C; x---xCy = R
where f,(c1,--+ ,¢:) = S _, ¢i(a). Then foreach a € A, f, satisfies the bounded difference prop-
erty. Foralli € [t]and all ¢; € Cy,¢c0 € Co, -+, ¢t € Cy, since we assume the £, of all cost vectors

is at most 1(this is the case since we assume cost of each expert at each time ¢ is in [0, 1]), we have:

sup | fa(ei, -+, i1, ¢ Cip1, v 5 ¢) — faler, - ,Ci—1,0§70i+17"' o) <2
C;ECi

Hence by McDiarmid’s inequality (see Theorem B.2),

|

5.2
fa(01,---70t)—E[fa(01’-~-vct)}>€H ngXp( jte )

Therefore, for each expert a € A:

Pr(
2

—p‘lnn) 2

SQGXP< 9 > = 2

By triangle’s inequality and union bound:

.

faler) = E [fuler)] | = VT n> <P ( faler) = E [fuler)] | = pvin n)

np2/2

fa(crs) = falcl)| = 2pv Tlnn) < 4 @)
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By taking the union bound over all experts in .A:

fa(clzt) - f(l(cllzt)

Pr(ﬂaGA: W72T

22p¢m> <Aoo ®)

where the last inequality holds when p = 2(% +1).

At a step t, where ¢ is a transition point, i.e. t = {B + 1,2B +1,---,}, let a} ""*®" denote the

action taken by FTPLB* given cost sequence cy, - - - ,¢;_1, and b5 TPB" denote the action taken by
FTPLB* given cost sequence ¢, - - ,c;_,. We prove that for any a* € A,

Pr[pfTPE" — % | af TPLB" — %] > 1 — 4epVTlnn
This would imply:
Pr[afTPLB" — pFTPLB"| _ Z PrFTPLE" — % | aFTPLB" — ] Pr[aFTPLB" — ¢%] > 1—depy/TTnn
a*cA

FTPLB*
Now, a;

= a* implies that:
fa* (Cl:tfl) - Xa* S fa(cl:tfl) - Xa

Therefore for all a € A:
X(L* Z fa* (Clzt—l) - fa(clzt—l) + Xa

Now if X+ > for(c1:4—1) — fa(c1:4—1) + Xo +4pVT Inn and for all experts a € A, | fo(c1.4—1) —
fa(chi—1)] < 2pVTInn, then it is the case that:

Xa* Z fa* (C/l:tfl) - fa(cll:tfl) + Xa

and therefore b} TPLB™ = ¢*.

Now, we get that for any conditioning of X, = z,, for a # a*, by the memorylessness property of
geometric random variables we have:

Pr[pFTPLB" — % | aF TP — 0% X, = 24,0 # a*] > (1 — )Y > (1 — 4epyV/T'Inn)

a*

which implies:
Pr[pf TP — % | af TPLB" — %] > 1 — 4epVTnn

This implies that the probability of non-replicability at a transition point ¢, is at most 5% +
4epVT Inn. By taking union bound over all the transition points t = {B + 1,2B + 1,--- } the

total probability of non-replicability is at most (g% + 4epv'T In n)% Consequently, we can set
values of B, € such that the probability of non-replicability over all the time-steps is at most p:

T
(i +4€valnn)§ <p

2T
in order to achieve this, it suffices to have:
4epv/InnT?/?
-5 p/2
or equivalently:
Bp

e P
8pvInnT3/2

Additionally, in order to minimize regret by Theorem E.I, we need to set ¢ = 4/ 5+~. Now by
setting
Bp Inn

spvInnT3/2 BT
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34
35
36

37
38
39

40

41

42

43

44

it implies that

log(8T/p) 2/3
o <81/2( — +1)1n(n)T> B (1))

p

Finally, plugging in the value of B in Theorem E.1, gives a regret bound of O(vBT Inn) =
O(T/8 106 (n)p=1/3). O

F Missing Proofs of Section 5

Algorithm 7 General framework for converting a learning algorithm ALG,,,; to an adversarially
p-replicable algorithm ALG.,; when ALG;,,; gets a bounded ¢; cost vector as input

Input: Sequence S = {cy,--- ,cr} arriving one by one over the time. € > 0 and block size B and
a learning algorithm ALG.

Let a1 be a random action picked from A.

fort:1,---,T do

if t — 1 is a multiple of B and t > 1 then

// the u*™ time block starts with u = (¢ — 1)/B + 1.

Sample p;, p; ~ [0, 1)™ uniformly at random.

Let G« {p: + 12| z € Z"}.

Let G' + {p, + 1z | z € Z"}.

gi—1+— GnN (Clzt—l +-2, %)n)
dhorop & @0 (1mn 4 3. 3)"),

ap < ALGint<ﬁ(Qt—l - g;,—l—B)>'

else
/I Stay with the previous action.
¢ < Ag—1

In order to prove Theorem 5.1, first we prove the following lemma holds which bounds the regret of
Algorithm 7.

Lemma F.1. Assume that that the cost function Cost(a, c) is linear in ¢, i.e., Cost(a,c; + ¢c2) =
Cost(a, ¢1) + Cost(a, co). In Algorithm 7, the regret of ALG.t over T timesteps is at most:

E[Regs (ALGext)] < (B + 2n/e)Regr)p(ALGint)

Proof. First, we define the following sequences: S = {ci, - ,cr}, S = {9B,(92B —
98),+ (9BIT/B) — 9B(|T/B)-1)} S = §/(B + 2n/e). S is the sequence that we feed into
ALG;,,;. Let R;,,: denote the internal randomness of ALG;,,; and R.,; be the randomness of ALG,;
over random offsets p;, p} at each transition point t. Let Cost(ALG,.S) define the cost of running
ALG on sequence S which is equal to Cost(ALG, S) = ", cost(a?®, S;), where a?© is the it
action taken by ALG, and cost(a?''C, S;) is the incurred cost when action a*"C is chosen and the
cost vector is .S;.

By the regret guarantees of ALG;,,; over T'/ B timesteps, it is the case that for any fixed sequence X
and action a € A:

E [Cost(ALG;nt, X)] < Cost(a, X) + Regp/5(ALGjnt) 9)
and therefore:
. Q < R ‘
Rin},ERem[COSt(ALGmt, 9)] < REt[COSt(a, S+ RegT/B(ALGmt) (10)
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Note that S is a probabilistic sequence that depends on R.:. Moreover, Cost(ALG;¢, 5‘) is a
random variable tllat depends on the randomness of R;,,; and the random sequence S. Since S is a
scaled version of .S, then:

E  [Cost(ALG;nt, S)] = (B+2n/e)  E  [Cost(ALG;nt, S)] (11

Rint,Rext Rint,Rext

Next, we bound the total cost of ALG,; on the true cost sequence S. WLOG we assume 7 is a
multiple of B, if not, we add zero cost vectors to S to make 7" a multiple of B. Then:

T/B
. tI?IRm[Cost(ALGem, S)| = u; - }?:Rm[cost(au, Clu—1)BuB)] (12)

where in Equation (12), a,, is the action taken by ALG,,; in the u-th block, and Clu—1)B:uB 18
the cumulative cost vector within the time-interval ((u — 1) B, uB]. Cost(ALG.y:, S) is a random
variable that depends on R ;,,; and R.,;. This is the case since the action a,, that is chosen by ALG;,;
depends on R ;,,; and the probabilistic rounded cost vector that is fed into ALG;,,; which depends on
Re:pt-

Furthermore:
T/B
G = /

R,in,}}::Rewt[COSt(ALGin“ S)] - ; R,-nj,ERe“[COSt(a“’ guB — g(U71)B)] (13)
T/B /B

_ , B /

- uz::l & LE [Cost(au, gup — glu—1)p)lau]] = uz::l & [Cost(au, B lgup — glu—nyplad)]

(14)

T/B T/B

pr— ]E _ — E ‘ . 1
7; Rm,,[COSt(a“’ CuB = Clu-1)B)] uzz:l RW[COSt(a“’ C(u—1)B:uB)] (15)

where Equation (14) holds by using the linearity of the cost function, and Equation (15) holds using
the fact that a,, is independent of both g, ;) ; and g, 5. This is the case since u = (t —1)/B + 1

and at a transition point ¢, a; depends on g;_; and g;_,_p implying that a,, depends on g(,_1)p
and 9@—2) g (and not gEu_l) g and g, ). Putting together Equations (12) and (15) implies that:

RWI})EIRM [Cost(ALG;t, S)] = Rm}?:Rm [Cost(ALGeyt, 5)] (16)

Now, combining Equations (11) and (16) implies:

E  [Cost(ALGeyt,S)] = (B+2n/e)  E  [Cost(ALG;pt, S)] 17

Rint;Rext Rint;Reaxt

Now, for any action a € A, we bound Ex,_, [Cost(a, S)] as follows:

E [Cost(a,S)] = (1/(B + 2n/c)) E [Cost(a, )] (18)
T/B

= (1/(B+2n/e) > RIE”[Cost(a, GuB = u-1)B)] (19)
/8

= (1/(B+ 2n/e)) Z Cost(a, ¢(u—1)B:uB) (20)

= (1/(B 4+ 2n/e))Cost(a, c1.7) 21

= (1/(B 4+ 2n/e))Cost(a, S) (22)
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Now, combining Equations (10), (17) and (22) implies that for any action a € A:
ER;pt Ron [COSt(ALGeyt, S)) < Cost(a, 5)

B +2n/e ~— B+2n/e

which implies that for any sequence S and any action a € A:
E  [Cost(ALGeyt, S)] < Cost(a,S) + (B + 2n/e)Regr; p(ALGint)

Rint ;Rezt

and the proof is complete. O

Theorem 5.1 (Regret and Replicability Guarantees of Algorithm 7). Let p > 0 be a parameter
and assume that the cost function Cost(a, c) is linear in ¢, i.e., Cost(a,c; + ¢2) = Cost(a,c1) +
Cost(a, c2).

Suppose for two different input trajectories c1,--- ,cr and dy, - - - ,dp where for each time-step t,
ct, dy ~ Dy, for each time step t, the {1 distance between c1.; and dy.; is at most m with probability
at least 1 — . Then, Algorithm 7 is adversarially p-replicable and achieves cumulative regret

O(BRegT/B(ALGmt)) when v is at most %, B= % and e = 2n/B.

Proof of Theorem 5.1. First, we argue about the replicability. Here we assume that given two dif-
ferent cost sequences ¢y, -+ ,cr and dy, - - - , dp, where for each timestep ¢, ¢;, d; are drawn from

the same distribution, for each time step ¢, the ¢; distance between c;.; and dj.; is at most m with
probability at least 1 — .

Let g, ¢’ denote the sequence of grid points selected given the cost sequence {c1,--- ,cr} and ¢, ¢
denote the sequence of grid points selected given the cost sequence {ds, - - ,dr}. First, we bound
the probability of the event that g;—1 # g:—1. This event happens iff the grid pointin ¢;.;—1 + [0, é]”
isnotin dy.¢—1 +[0, 2]". We argue that for any v € R", the cubes [0, 1/£]™ and v+[0, 1/]™ overlap
in at least a (1 — ¢4 (v)) fraction. Take a random point z € [0,1/¢]™. If x ¢ v + [0, 1/¢]™, then for
some 4, z; ¢ v; + [0,1/e] which happens with probability at most e¢; (v;) for any particular 7. By
the union bound, we are done.

This implies the probability of the event that g;_1 # ¢;—1 at a transition point ¢, i.e. ¢t — lis a
multiple of B, is at most 7 + em. Similarly, the probability that 92—1— 5 # qg_l_ p 1s at most
~ + em. By taking union bound over all the transition points t = {B + 1,2B + 1,-- - } the total
probability of non-replicability is at most 2(y + sm)%. Consequently, we can set values of B, ¢
such that the probability of non-replicability over all the time-steps is at most p:

T
:2 —_
p=2y+em)g

Since v < %, we need to set 22T — p/2. Now, we consider the regret. By Lemma F.1, the regret

of Algorithm 7 is (B + 2n/e)Regy /g (ALGint), therefore, in order to minimize the regret, we need

to set B = 2n/e, which implies that p = 4<2L — 8mL - Consequently, B = %, and the
regret of Algorithm 7 is 2BRegy /5 (ALGint). O
F.1 Proof of Corollary 5.2

Proof. By Lemma C.1, for two different trajectories c1,--- ,¢; and dy, - - - ,d; of n-dimensional
vectors where for each i, ¢;, d; ~ D; we can bound the ¢; distance of the cumulative costs of these
two trajectories as follows:

_ 9\2
Pr [t1(er = dia) > pV/nT | < Pr[fa(ere = dia) > pVnl| < exp ((7’22)”) 23)

where the right hand side is at most ;% when p > / Qlogni/p + 2. Now, we can apply Theorem 5.1,

where m = (\ / 21°gni/p+2) vnT by Equation (23). In Algorithm 7, we use FTPL algorithm as the
internal algorithm for 7'/ B timesteps that gives regret bound Regy ¢, , = O(D+/T/B). By Theo-
rem 5.1, the regret of Algorithm 7 is 2(BRegy, 5 (ALG;y)) when B is set as 4/ %. Plugging in

the values of 7, B and Regp g, , gives a total cumulative regret of O(DT7/373/8p=1/4). O
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G General framework when the internal algorithm takes as input bounded
{~ cost vectors

In this section, we consider a setting where the internal algorithm ALG;,,; takes as input a sequence
of bounded /., cost vectors. We provide a general framework in Algorithm 8 that converts the in-
ternal algorithm to an adversarially p-replicable algorithm ALG,,; with bounded regret. The frame-
work is similar to Algorithm 7, but with a different normalizing step. Similar to Algorithm 7, if t — 1
is a multiple of the block size B, it picks a n-dimensional grid with spacing 1/e where ¢ is given as
input, and a random offset p, ~ [0, 1/¢)™, where n is the dimension of the space. Then it considers

the cube ¢1.4—1 +[0,1/€)™, where ¢1., = Ele c;, and picks the unique grid points g;_ inside this
cube. Furthermore, for a fresh random offset p; ~ [0,1/¢)", it picks a new n-dimensional grid with
spacing 1/e and offset p;. Then, it considers the cube ¢1.t—1—p + [0,1/¢)™ and picks the unique
grid point g;_, _ 5 inside this cube. Then, it gives ﬁ% (gt—1 — g,_1_p) as the input argument to
the algorithm ALG;, ;. The normalizing factor makes sure that the input given to ALG;,,; has ¢, cost
at most 1. Then ALG,,; plays the action returned by ALG,,,; for the next B timesteps. We derive
regret and replicability guarantees for Algorithm 8 in Theorem G.2. In order to prove Theorem G.2,
first we bound the regret of Algorithm 8 in Lemma G.1. The steps of proving this lemma are similar
to Lemma F.1, with taking into account the different normalizing factor.

Algorithm 8 General framework for converting a learning algorithm ALG;,,; to an adversarially
p-replicable algorithm ALG,,; when ALG;,,; gets a bounded /., cost vector as input

Input: Sequence S = {ci,- -, cr} arriving one by one over the time. € > 0 and block size B and
regret minimization algorithm ALG.

Let a; be a random expert picked from A.

fort:1,---,Tdo

if t — 1 is a multiple of B and t > 1 then

Sample p;, p; ~ [0, 2)™ uniformly at random.

Let G« {p+1z]|z€ 2"}

Let G' « {p, + 1z | z € Z"}.

gi-1 < GN (61:#1 + [*%a %5]”)

gé—l—B — G/ N (ClztflfB + [_%8’ 215}71)-
ag < ALGmt(ﬁ(gt—l - 927173))-
else
/I Stay with the previous action.
| Gt — Qp—1

Lemma G.1. Assume that that the cost function Cost(a, c) is linear in ¢, i.e., Cost(a,c; + ¢2) =
Cost(a, ¢1) + Cost(a, co). In Algorithm 8, the regret of ALG, over T timesteps is at most:

E[Reg(ALGst)] < (B + 2/5)RegT/B(ALGmt)

Proof. First, we define the following sequences: S = {ci,---,crd, S = {gB, (g2 —
98)s,(gB|T/B) — g}g(LT/ijl))}, S = 5’/(B + 2/e). S is the sequence that we feed into
ALG;,,;. Let R;,; denote the internal randomness of ALG;,,; and R.,; be the randomness of ALG,;
over random offsets p:, p} at each transition point t. Let Cost(ALG, S) define the cost of running
ALG on sequence S which is equal to Cost(ALG, S) = Y, cost(a?'®, S;), where a*'© is the it"

i
action taken by ALG, and cost(a2©, S;) is the incurred cost when action a*"C is chosen and the
cost vector is S;.

By the regret guarantees of ALG;,,; over T'/ B timesteps, it is the case that for any fixed sequence X
and action a € A:

E [Cost(ALGjnt, X)] < Cost(a, X) + Regy/5(ALGint) (24)
and therefore: :
» ER [Cost(ALG;ps, S)] < R]E [Cost(a, S)] + Regr, g (ALGint) (25)
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Note that S is a probabilistic sequence that depends on R.:. Moreover, Cost(ALG;¢, 5‘) is a
random variable tllat depends on the randomness of R;,,; and the random sequence S. Since S is a
scaled version of .S, then:

E  [Cost(ALG;nt,S)] = (B+2/e)  E  [Cost(ALG;pnt, S)] (26)

Rint,Rext Rint,Rext

Next, we bound the total cost of ALG.,; on the true cost sequence S. WLOG we assume 7" is a
multiple of B, if not, we add zero cost vectors to S to make 7" a multiple of B. Then:

T/B
RmtI?IRm[Cost(ALGem, S)] = UZ:l le?lnm[COS'C(CLu7 Clu—1)B:uB))] (27)

where in Equation (27), a,, is the action taken by ALG,,; in the u-th block, and Clu—1)B:uB 18
the cumulative cost vector within the time-interval ((u — 1) B, uB]. Cost(ALG.y:, S) is a random
variable that depends on R;,; and R..:. This is the case since the action a,, that is chosen by ALG;,,¢
depends on R ;,,; and the probabilistic rounded cost vector that is fed into ALG;,,; which depends on
Re:pt-

Furthermore:
T/B
; 3] = o
Rm}?Rem[Cost(ALGmt, S 7; Rm}f,‘:Rem[Cost(au, GuB g(uil)B)] (28)
T/B
= /
= 2_:1 < E [Cost(au,gun)] = E_ [Cost(au,(,—1)p)] (29)

now using the fact that a,, is independent of both gzu_l) g and g, g we have (note that a,, depends

on g(u—1)B and gzu—2)B)’

(30)
T/B
= ugl 'Rm},E'Rem[COSt(CLU7 C(ufl)B:uB)] (31)
Putting together Equations (27) and (31) implies that:
RMI})EIRM [Cost(ALG;t, S)] = RWI?:RW [Cost(ALG¢yt, 5)] (32)
Now, combining Equations (26) and (32) implies:
RmtIljZRczt[Cost(ALth, S)] = (B+2/e) Rim]ljZRm[Cost(ALGmt, )] (33)
Now, for any action a € A, we bound Ex,_, [Cost(a, S)] as follows:
E [Cost(a, S) = (1/(B +2/)) B [Cost(a, S)] (34)
T/B
=(1/(B+2/¢) ) E [Cost(a, gup = gfu-1p)] (35)
u=1
T/B
= (1/(B+2/e)) Y _ Cost(a,c(u—1)p:un) (36)
u=1
= (1/(B + 2/¢))Cost(a, c1.1) 37
= (1/(B + 2/¢))Cost(a, S) (38)
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Now, combining Equations (25), (33) and (38) implies that for any action a € A:
ER;piRenr [COSL(ALGeyt, S)] < Cost(a, S)

B+2/e ~ B+2/e

which implies that for any sequence S and any action a € A:

- ER [Cost(ALGeyt, S)] < Cost(a, S) + (B + 2/e)Regr) 5 (ALGint)

and the proof is complete. O

Theorem G.2. (Regret and Replicability Guarantees of Algorithm 8) Let p > 0 be a parameter,
and assume that the cost function Cost(a, c) is linear in c, i.e., Cost(a,c1 + c2) = Cost(a, 1) +
Cost(a, ¢2). Suppose for two different trajectories c1,- -+ ,cr and dy, - - - , dp where for each time-
step t, ¢y, dy ~ D;, we can prove that for each time step t, the {1 distance between c1.; and d.; is at
most m with probability at least 1 —~. Then, Algorithm 8 is adversarially p-replicable and achieves

cumulative regret Q(BRegT/B(ALGmt)) when vy is at most %, B= % ande = 2/B.

Proof of Theorem G.2. First, we argue about the replicability. Here we assume that given two dif-
ferent cost sequences ¢y, -+ ,cr and dy, - - - , dp, where for each timestep ¢, ¢;, d; are drawn from
the same distribution, for each time step ¢, the ¢; distance between cy.; and d;.; is at most m with
probability at least 1 — .

Let g, ¢’ denote the sequence of grid points selected given the cost sequence {c1,--- ,cr} and ¢, ¢
denote the sequence of grid points selected given the cost sequence {dy, - - ,dr}. First, we bound
the probability of the event that g; 1 # ¢:—1. This event happens iff the grid pointin ¢;.;—1 + [0, é]”
isnotin dy..—1+[0, 1]"”. We argue that for any v € R", the cubes [0, 1/£]™ and v+[0, 1/]™ overlap
in at least a (1 — ¢4 (v)) fraction. Take a random point z € [0,1/¢]™. If x ¢ v + [0, 1/¢]™, then for
some i, x; ¢ v; + [0, 1/¢] which happens with probability at most /1 (v;) for any particular i. By
the union bound, we are done.

This implies the probability of the event that g;_1 # ¢;—1 at a transition point ¢, i.e. ¢t — lis a
multiple of B, is at most 7 + em. Similarly, the probability that 92—1— B # qg_l_ p 1s at most
~ + em. By taking union bound over all the transition points ¢t = {B + 1,2B + 1,-- - } the total

probability of non-replicability is at most 2(y + sm)%. Consequently, we can set values of B, ¢
such that the probability of non-replicability over all the time-steps is at most p:

= 9y + em) -
p=2(y+em) 5

2emT

Since v < %, we need to set = p/2. Now, we consider the regret. By Lemma G.1, the regret
of Algorithm 8 is (B + 2/¢)Regr, 5 (ALGint), therefore, in order to minimize the regret, we need

to set B = 2/¢, which implies that p = 2e2mT = 8g’2T . Consequently, B = %, and the regret

of Algorithm 8 is 2BRegy/ 5 (ALGiyt). O

G.1 Application of Algorithm 8 to the experts problem

Corollary G.3. In the experts problem setting, Algorithm 8 achieves adversarial p-replicability and
cumulative regret O(T7/3nt/8p=1/4),

Proof. By Lemma C.1, for two different trajectories ci,--- ,¢; and dy, - - - ,d; of n-dimensional

vectors where for each i, ¢;, d; ~ D; we can bound the ¢; distance of the cumulative costs of these
two trajectories as follows:

o2
Pr [51 (c1:¢ — di1xg) > p\/ﬁ} <Pr {el(cl:t —dy.¢) > p\/ﬁ} < exp (_(])22)71) (39

where the right hand side is at most ;2= when p > 4/ % +2. Now, we can apply Theorem G.2,
where m = (\/ % + 2) vnT by Equation (39). In Algorithm 7, we use FTPL algorithm
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. . . . logn
as the internal algorithm for 7'/ B timesteps that gives regret bound Regp g, , = O(4/ TTg).
By Theorem G.2, the regret is 28 RegT/B(ALGmt) when B is set as 4/ %. Plugging in the values

of m, B and Rega ¢, . gives a total cumulative regret of O(T7/3n1/8p=1/4), O

H iid-Replicability in the Experts Setting

In this setting we have n experts, say A = {1,2...,n}. At each time step ¢ we get a cost profile:
e = (ee(1),¢e(2), ..., ce(n)) € [0, 1]™ with |e¢]|0o < 1. We want our algorithm to be iid p-replicable
with worst case regret K. Recalling from Section 2, this entails:

1. (Worst-Case Regret) For any sequence of costs S = (¢1,¢a,...,cr) the maximum ex-
pected regret (over internal randomness R) suffered by the online algorithm is at most K,
ie,

<
_E_[Reg(S, R)] < K.

where Reg(.S, R) denotes the regret of the algorithm on the sequence S and using internal
randomness R.

2. (Replicability) Let S1, S2 be two independent cost vectors of length 7" sampled iid from
DT where D is an unknown cost distribution over [0, 1]™. Further, let R be the internal
randomness of the algorithm. Then,

= >1—p.
o 1 ALG(S1, R) = ALG(S), R)] > 1~

The optimal situation would be to have an iid p-replicable algorithm with worst case regret
O(VTInn x f(1/p)) where f is a mildly growing function. It turns out that even with n = 2
we require f(1/p) 2 1/p. This is because we can embed the coin problem from Impagliazzo
et al. [2022] into an instance of regret minimization with n = 2. The coin problem is as follows:
given T iid samples from a coin whose bias is promised to be either 1/2 + 7 or 1/2 — 7 (for some
7 € [0,1/2]), we need to identify which is the case with probability at least 1 — ¢ for some § < 1/16,
and while being replicable with probability at least 1 — p. In such a case from Impagliazzo et al.

[2022] we have p > ) (ﬁ) We can embed the coin problem in the experts setting by letting

7 =~ K/T (K is the regret upper bound) (see Theorem 1.2 for more details). Hence, we get that
K> (@)

It turns out that we can match this bound up to logarithmic factors. Specifically, we design an iid
p-replicable algorithm (Algorithm 9) with

K<O (11) x (loglog(T))? x log <k’g1°pg(T)> X m) .

Now, we turn to explaining the ideas behind Algorithm 9. In the discussion below, we ignore various
logarithmic factors such as y/logn and think of p > 0 as a small fixed constant.

Performance under iid cost sequence: Let us first focus on achieving low regret when we are
promised that the cost sequence S = (c1,ca,...,cr) is sampled from D®T, for some unknown
distribution D over [0, 1]". We can always use a standard regret minimizing algorithm for this
purpose such as FTPL: however, such an algorithm will not satisfy the replicability properties.
Hence, we need to adopt a different approach.

The idea is that if we observe the experts for the first L() = /T time steps, we have a good
approximation of the expected cost of each expert a € A, ie, j1, = IED [¢(a)], to within an accuracy
c—

m
of T—1/4, using the empirical average 25:11 cj(a)/L™M). (The standard deviation of the empirical
average is of the order 7~ /%.) During these times we always select a fixed expert, say a(!) = 1.

Further, we accrue a regret of at most /7" during this block of L(!) steps.
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. . . 5
Now, using our estimates of the ji,’s we select expert a(?) = arg min, ¢ 4 Zle ¢;(a) for the next

L) = T3/ time steps. During these 7%/4 time steps, compared to an expert a € A, we accrue a
regret of at most roughly 7~ 1/4 x T3/4 = T'V/2: this is because f, ) — pta S T~/

Now, we re-update our estimates of 1, s using the new empirical averages and our accuracy is now
. . @

roughly 7-3/8. This allows us to select expert a(®) = argmin,¢ 4 Zle cj(a) for the next block

of T'7/8 time steps while only accruing roughly /7' more in regret. Continuing in this fashion we

end up using roughly log log(T") blocks and hence the regret accrued at the end of T steps is at most
O(loglog(T)VT).

But how do we make the above algorithm replicable? The above strategy is unfortunately not repli-
cable. To see this consider the situation when p1; = g = ... = fi,,. In this case a(? is equally
likely to be any of the n experts. To overcome the above hurdle we add some noise to each ex-
pert at the end of each block. Specifically, after time L(*), when deciding expert a?), we add
Geo(c ~ T~'/%) noise to each expert independently. The added noise helps us ensure that in two

different samples of ci,...,cpa) from D®L(1), we choose the same a(? with high probability:
®

we expect that with high probability Va € A : Zle cj(a) € (g £ T7Y*)LM). Further, let

an’) = argmin, g 4 pao L) — X, then, due to the memorylessness of the Geometric Distribution

(see Theorem H.1 for more details), we have that with probability at least 1 — e7'1/4

( min@) MQL(U — Xa> — (,ua(z) — Xa(z)) > T4,
a€A\{a:”'} : :

In such a case a(?) = a,(f). To ensure replicability throughout ¢t = 1,...,7, we add appropriate
Geometric noise to each expert at the end of each block.

Worst-Case Regret: Given the above discussion we know that with high probability the regret of

the algorithm never crosses ~ log log(T")\/T if the cost sequence S = (cy, ..., cr) is sampled from
Do,

Hence, to achieve a worst-case regret bound, we switch to a usual regret minimizing algorithm such
as FTPL (with regret upper bound ~ v/T"), whenever the regret of the algorithm at the current time
steps exceeds roughly log log(T)v/T. Now, clearly on any cost sequence S = (ci, ..., cr) we can
never exceed a regret of roughly O(log log(T)V/T).

Below we formalize the above discussion into Algorithm 9 and Theorem H.1.
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Algorithm 9 Follow the Perturbed Leader with varying Noise & Block Lengths

Input: Cost sequence S = (cy, ..., cr) arriving one by one over time and replicability parameter p
Result: iid p-replicable algorithm with worst case regret K.

t < 0y + /In(8nloglog(T)/p); v < WQ(T) /1 some useful parameters

K + 1000 x (% x (loglog(T))? x log(nloglog(T)/p) x \/T)
fori=1,...,do

/* Block 7 begins )
L « T1=27" // this is the length of block i

if =0 then
L aD =1 /fselect expert 1 for the first block

else

el 51 // this is noise parameter used for Block i

Va € Asample X\” ~ Geo(c®)

a) « arg minge 4 (Z;Zl ¢j (a)) - Xéi)
foru=1,...,L;do
t—1t+1

ag < a™  // select the same expert throughout the block

ift =T orReg, > K — 2v/T Inn then
| go to Algorithm 9

if} < T then
L Follow usual FTPL with noise Geo(¢ = /Inn/T') for the remaining time steps

Theorem H.1 (iid-replicable algorithm for experts). Algorithm 9 is iid p-replicable and achieves
regret
1 log log(T
(@] ( x (loglog(T))? x log (nogog()> X \/T> .
p p

Proof. Regret analysis: Clearly, the regret of Algorithm 9 can never be more that K because as soon
as Reg, > K — 2v/T Inn we switch to the usual FTPL with geometric noise Geo(e = /Inn/T),
which in expectation suffers an additional regret of 2+/7 Inn.

Replicability analysis: First, we make a few observations that are helpful to show the replicability
property of Algorithm 9. Let P = 3" _ L) e, the end of block 7, and i, = E..p[c(a)]. We
analyze the probability of various events below and the probability should be thought of as over the
cost sequence S ~ D®T and internal randomness R.

1. The number of blocks used by Algorithm 9 at Algorithm 9, say B, is at most log log(T")+1.
This is because
210g log(T) T T
=—+=—>T.
V2 o2

i ©) .
2. Recall that o = /In(8n loglog(T) /p). Let E" be the event that Zle cj(a) ¢ [na PO+

aVvV P (i)]. Hence, if Eg) does not take place then the cumulative cost of expert a when block
i ends, ie, at time ¢t = P9 is within oV P® of the expected cost of expert a. Here, v/ P;
can be thought of as a proxy for the standard deviation of the cumulative cost up till P,

2— log log(T)—1

Llog log(T)+1 + Llog log(T) = Tl_ T Tl—

By McDiarmid’s inequality (see Theorem B.2), we have Pr[E((li)] < 2exp(—2a?). Thus,

Pr |E = U EW| < 2nBexp(—2a2) < p/8.

acA
1€[B]
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3. Recall that ¢ =

where -y For i, let a,(ki) =

[ A ___p
20V PG—1) 8loglog(T) "

argming 4 (uaP(Fl) — Xt(lj’)) Further, let (9 denote the event that there exists an
a € A such that

p, o PUY = X0 s 1, POY - X 204/ Pl-1).

Here, we should think of a!? as the expected expert to be selected at the beginning of block
1 conditioned on the values of X C(ll) When the event F() does not happen we have that the
expected expert aff) is well separated from other experts such that on typical cost sequences
from D®T, ones where UaeAEéi_l) does not occur, it will be the case that al® = aff).

We claim that Pr[F()] < () x 2av/ P(i=1) = . To see this, for a fixed action a € A and
constant Y € R let F%y be the event that aff) =g and

(i-1) _ ( (i-1) _ (i)>) _
I%éjﬁf (uaP 1P X! Y.

Upon conditioning, we have

Pr[FO | B, y] = Pr [X(’;Z) <Y +20V/P6D | X9 > Y] < e x 20/ Pli-1),
(2> is distributed as Geo(¢(?)) and using the memorylessness of the Geometric

distribution.

since X

Since this is true for all values of aii) and Y, we have the above claim. Hence,

Pr|F:= (] FY| <By<p/s.
i€[B]

. Letn = /21In(16n/p) For a € A, let G, be the event that there exists a t € [T'] such that
|5<0 (@) = pat
cost of expert @ at any time ¢ is within 7v/T of its expected cumulative cost till time ¢.

Note that event Eéi) provides possibly a stronger bound on the cumulative cost of expert
a at time P, but not at all times. Then, by using Theorem B.l with parameters

ft = > j<t¢i(a) — pat and a = g, b = ﬁ, we have Pr[G,] < 2exp(—n?/2);
ence,

> nv/T. Hence, when GG, does not occur it means that the cumulative

Pr [G = U Ga] < 2nexp(—n*/2) < p/8.
acA

. Let 8 = In(8nloglog(T)/p) and M) = max {X((li) |ac A}, and let H(") be the event
that M) > 6% Hence, if H* does not occur then the noise added at the beginning of
block ¢ to any expert a € A is at most a multiplicative factor 3 over the expected value of
1/e®,
Then, using the fact that X((li) ~ Geo(c(") and by a union bound over a € A, we have

Pr [H(i)} <n(l- g(i))ﬁ/e(i) < nexp(—23).
Thus,

Pr |H = U H® | <nBexp(—p) < p/8.
i1€[B]
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Properties 4 and 5 will be used later to bound the chance of the algorithm calling the usual FTPL
(Algorithm 9), and properties 2 and 3 will be used to bound the chance that the same expert is
selected across each block in two different runs of the algorithm on iid inputs. In what follows for
a RV Z we denote by Z(S, R) the realization of Z on the cost sequence S ~ D®T and internal
randomness R: further, for an event I let I(.S, R) be 1 if (S, R) € I and 0 otherwise. To show
replicability we need to show that with probability at least 1 — p (over the internal randomness
of the algorithm and over independent cost sequences S;, S from D®T) at all times ¢ we have
a(S1, R) = a;(S2, R) (ay is the expert selected by the algorithm at time ¢). For this it is sufficient
to show that with probability at least 1 — p: for all i € [B] we have that () (S}, R) = a() (S5, R)
and Algorithm 9 is never called (i.e., at no time does the regret exceed K — 2v/7T Inn.)

Now, from the above observations, with probability at least 1 — p over R and S; we have that
E(Sl,R) = F(Sl,R) = G(Sl,R) = H(Sl,R) = 0 and E(SQ,R) = F(SQ,R) = G(SQ,R) =
H(S3,R)=0.

Next, consider any Si, S3, R such that E(Sq, R) = F(S1,R) = G(S1,R) = H(S1,R) = 0 and
E(S3, R) = F(S2,R) = G(S2, R) = H(S2, R) = 0. In such a case we have:

1. Vi € [B] : a®(S1, R) = a'?(Sy, R): This is because agf)(Sl, R) = an)(Sl, R), since in
both cases we are using same randomness R. Further, since E(S1, R) = F(S1,R) = 0 we
have that () (Sy, R) = o' (54, R). Similarly, a((Ss, R) = a{” (S3, R).

2. At no time does the regret exceed K — 2v/Tlnn: Since G(S1,R) = H(S1,R) = 0,
therefore, at any time ¢ < T the regret suffered by the algorithm can be analyzed as follows.

Let ¢ 4+ 1 be the block which contains the time index ¢. Then, for any expert a € A at time
t the cost incurred on (S1, R) is:

> ¢i(@)(S1,R) > pat = VT (- G(S1,R) =0)

=LV + L®pg+ .. 4+ LOpy + (t — POy — VT, (40)

The cost incurred by the algorithm till time ¢ is at most:

LW 41 (ua<2><s1,R> + 2m/P(2>) ... +LO (uam(sh,{) +2aV/ P(i)>

+(t— P(i)),ua(iﬂ)(ShR) + 277\/?.
(41)

This is because for a particular block say v < i the algorithm selects expert a(*) (S, R) and
incurs a cost that is close to the expected cost for a(*) (S}, R) for L(*) time steps: within the
L™ time steps the cost incurred by expert a(*)(S;, R) can deviate from Ha) (s, R)L(”)
by at most avV' P*—1) + aVP®) < 20/ P®) (as E(S1, R) = 0). The additional 21v/T

term accounts for the deviation over the expected cost for the time steps P() +1, ...t (as
G(S1,R) =0).

Now, let us analyze ua(”)(Sl, R) — p, for a fixed block v. (For ease of presentation in
what follows we have removed the explicit reference to (51, R) at some places: each RV
should be thought of as its realization on (S, R).)

Notice that by Algorithm 9 we have:

plv—1) pv—1)
Z cj(a(“)) - Xiﬁ% < Z cjla) — X,
j=1 j=1

Also, as E(S7, R) = 0 we have

plv—1)
[y POV — a/ Po=1) < Z c;(a™)
j=1
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and

plv=1)

S ¢j(@) < PPV 4 aV/PeD,

Jj=1

thus, using Xa(:3> < M™) we have

20V P=1) 4 M)
Haw) = fa < PO D -
Finally, we can upper bound the regret at time ¢ on (S7, R) as (Equation (41) - Equa-
tion (40)):
B .
Li+ Y (faw — ta) LY+ (t = PO () — pa) + 2aBVT + 39v/'T
v=2
B
200V Pv=1) 4 M)
<L+ Y LW x a T + (2aB + 3n)VT,
—~ P(v—l)

)2
= % x vV P(v=1) apnd p(v=1) > pv=1) — (L ) , becomes

which, by using MO < [i)

el

B
< (2aB+3n+)VT + (2a+5/7) Y VT

v=2
< (2aB + 30+ 1)VT + B(2a + B/)VT,

which upon substituting the values of a = /In(8nloglog(T)/p), B =
In(8nloglog(T)/p), v = W@ﬂ and n = /21n(16n/p) becomes,

1 log log(T
<1000 x <p % (log log(T))? x log (m’g;g()) x \/T) —2VThn
=K —-2vTInn.

I Lower Bounds for Replicable Regret Minimization

First we prove a lower bound on the regret of an iid p-replicable algorithm even with two experts
via a reduction from the coin problem of Impagliazzo et al. [2022](Lemma 7.2).

The coin problem is as follows: promised that a 0 —1 coin has bias either 1/2—7 or 1/24-7 for some
fixed 7 > 0 how many flips are required to identify the coins bias with high probability? Below we
state the result from Impagliazzo et al. [2022] regarding the replicability of such an algorithm for
the coin problem.

Lemma I.1 (Impagliazzo et al. [2022](Lemma 7.2): Sample Lower Bound for the coin Problem).

Lett < % and p < 11—6. Let B be a p-replicable algorithm that decides the coin problem with success

probability at least 1 — 6 for 6 = % using T iid samples. Furthermore, assume B is p-replicable,

even if its samples are drawn from a coin C with bias in (l -7, % + T). Then B requires sample

2
complexity T € Q (#), Le., p €} (T\l/f)

Using the above lemma we obtain the following result.

Theorem 1.2 (Lower Bound on the regret of an iid p-replicable algorithm for two experts). Suppose
there are two experts A = {1,2}, ie, n = 2. Let p > 0 be a parameter. Then, any iid p-replicable
algorithm must suffer a worst-case regret of K = min{Q(v/T/p), T/64} : in fact, there exists a
distribution D over [0, 1)? such that on a cost sequence S = (ci,...,cr) sampled from D®T the

expected regret of the algorithm is K = min{Q(\/T/p), T /64}.
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Remark. Using the usual regret lower bound for n experts we can conclude a lower bound of

Q(VT/p+ /Tlog(n)) provided this is lesser than T /64.

Proof. Let ALG be an iid p-replicable algorithm with worst-case regret K. Further, let the expert
selected by ALG at time ¢ be a;. We reduce an instance of the coin problem from above with
parameters pT = 6T’ and § = 1/16 to the expert setting as follows. For a sequence of coin flips

1, Ca, .. cT, where each ¢; € {0, 1}, let ¢, ..., cr be the cost sequence such that ¢;(1) = ¢; and
¢i(2) = 1- é;.
Now, we feed ALG the cost sequence ¢4, . . . , cr corresponding to iid coin flips ¢1, co, . . . , ¢ Where

the bias of the coin is between 1/2 + 7 and 1/2 — 7. For such inputs we know that ALG is p-
replicable. Further, when the coin’s bias is either 1/2 + 7 or 1/2 — 7, a = MAJ{a; | t € [T]} is
a good indicator of the coin’s bias: we answer that the coin has bias 1/2 4+ 7 ifa =2and 1/2 — 7
if a = 1. Also, we will be correct with probability at least 1 — 4. To see this, suppose that the coin
has bias 1/2 + 7 and notice that the expected cost of ALG is (the expectations below are over the
internal randomness of the algorithm and the coin flips leading to the sequence c1, ..., cr):

E[Cost(ALG)] = Z]I ar = 1)er (1) + Iay = 2)e(2)]

,_.

I
Mm

E[l{a; = 1]e (1) + Iay = 2]ci(2)) (Linearity of Expectation)
1

<.
Il

I
B

Ellla; = 1](1/2 4 7) + Ia; = 2](1/2 — 7)] (. at is independent of ¢;)
1

<.
Il

=T/2—7E Z]I 2] —I[a; = 1]

Using the fact that the regret is at most K and that ]E[Z 1¢5(2)] = T/2 — 7T (where the expec-
tation is over the coin flips) we get:

T/2=7E | (> oy =2~ Ta, =1] | | <T/2-7T + K

a K
— E Z]I[at =2 —Tlay =1] | | =T = K/r=(1-8)T (using7 = =)
— Pr[MAJ{a, [t e [T]} =2] x T > (1 —6)T
— PrMAJa, [te[T)} =2 >1—0.

Hence, we can use Lemma I.1 to conclude that p > Q( \F) provided 7 < 1/4. Using 7 = T and
d = 1/16 the constraint on 7 translates to K < T'/64. This gives the theorem.

O

Now, we use the above lemma to obtain the lower bound on regret in the case of n > 2 experts when
we have an adversarially p-replicable algorithm.

Theorem 1.3 (Lower Bound on the regret of an adversarial p-replicable algorithm for n experts).
Suppose there are n experts A = {1,2,... ,n}. Let p > 0 be a parameter. Then, any adversarially

p-replicable algorithm must suffer a worst-case regret of min{Q(/T log(n)/p), T/64}.

Proof. Let the set of experts be A = {1,2,...,n}. Itis sufficient to prove the above theorem when
n = 2™ for m € N. We will proceed by induction to prove that the worst-case regret for any iid

p-replicable algorithm, say ALG, is at least min{U x —Vim, T/64} where U > 0 is a universal

constant.
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For m = 1 this follows from Theorem I.2. For m > 1 we proceed as follows. WLOG we can

assume p is such that U x —Vz;m < T/64 or else we can always increase the value of p until the

inequality is satisfied. Let L = T'/m and consider a cost sequence ¢1, . . ., ¢z, for two experts {1, 2},
ie, each ¢; € [0,1]%. Letcy, ..., cr, be the cost sequence for n experts such that c¢j(a) = ¢;(1) for
a € [n/2] and ¢;(a) = ¢;(2) fora > n/2.

By using Theorem 1.2 we know that there exists a sequence of ¢y, ..., ¢r such that the regret of
ALG on ¢y, ..., cy, is at least min{U x v/L/p,L/64} = U x v/L/p. Further, either all experts
1,2,...,n/2 or all experts n/2 + 1,...,n are the min-cost experts for ¢i,...,cr,. WLOG let us
assume that it is the former case.

Now, for a cost sequence ¢r1,..., ¢ for the experts 1,2,...,n/2, ie, each ¢; € [0, 172, let
CL+1,- - ., cr be the cost sequence such that ¢;(a) = é;(a) if a € [n/2] and ¢j(a) = 1if a > n/2.
Notice that even conditioned on receiving ¢y, ..., cr, ALG remain adversarially p-replicable. By
induction we can find a cost sequence ¢, 41, . . ., ¢p for the n/2 experts 1,2, ...,n/2 such the regret

V(T-L)(m—1) T—L}_
p ) 64 -

of ALG (conditioned on ¢, ...,cr)oncri1,...,cr is at least min{U X

U x 7V(T_I;)(m_l). Hence, the overall regret of ALG is

UxVL/p+U x (Ti)(ml) =U x VTm/p.

This can be seen by substituting L = T'/m.
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