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ABSTRACT

The theories of offline and online reinforcement learning, despite having evolved
in parallel, have begun to show signs of the possibility for a unification, with
algorithms and analysis techniques for one setting often having natural counterparts
in the other. However, the notion of density ratio modeling, an emerging paradigm
in offline RL, has been largely absent from online RL, perhaps for good reason: the
very existence and boundedness of density ratios relies on access to an exploratory
dataset with good coverage, but the core challenge in online RL is to collect such a
dataset without having one to start.

In this work we show—perhaps surprisingly—that density ratio-based algorithms
have online counterparts. Assuming only the existence of an exploratory distribu-
tion with good coverage, a structural condition known as coverability (Xie et al.,
2023), we give a new algorithm (GLOW) that uses density ratio realizability and
value function realizability to perform sample-efficient online exploration. GLOW
addresses unbounded density ratios via careful use of truncation, and combines
this with optimism to guide exploration. GLOW is computationally inefficient; we
complement it with a more efficient counterpart, HYGLOW, for the Hybrid RL
setting (Song et al., 2023) wherein online RL is augmented with additional offline
data. HYGLOW is derived as a special case of a more general meta-algorithm that
provides a provable black-box reduction from hybrid RL to offline RL, which may
be of independent interest.

1 INTRODUCTION

A fundamental problem in reinforcement learning (RL) is to understand what modeling assumptions
and algorithmic principles lead to sample-efficient learning guarantees. Investigation into algorithms
for sample-efficient reinforcement learning has primarily focused on two separate formulations:
Offline reinforcement learning, where a learner must optimize a policy from logged transitions and
rewards, and online reinforcement learning, where the learner can gather new data by interacting with
the environment; both formulations share the common goal of learning a near-optimal policy. For
the most part, the bodies of research on offline and online reinforcement have evolved in parallel,
but they exhibit a number of curious similarities. Algorithmically, many design principles for offline
RL (e.g., pessimism) have online counterparts (e.g., optimism), and statistically efficient algorithms
for both frameworks typically require similar representation conditions (e.g., ability to model state-
action value functions). Yet, the frameworks have notable differences: online RL algorithms require
exploration conditions to address the issue of distribution shift (Russo and Van Roy, 2013; Jiang et al.,
2017; Sun et al., 2019; Wang et al., 2020c; Du et al., 2021; Jin et al., 2021a; Foster et al., 2021), while
offline RL algorithms require conceptually distinct coverage conditions to ensure the data logging
distribution sufficiently covers the state space (Munos, 2003; Antos et al., 2008; Chen and Jiang,
2019; Xie and Jiang, 2020, 2021; Jin et al., 2021b; Rashidinejad et al., 2021; Foster et al., 2022; Zhan
et al., 2022).

Recently, Xie et al. (2023) exposed a deeper connection between online and offline RL by showing
that coverability—that is, existence of a data distribution with good coverage for offline RL—is
itself a sufficient condition that enables sample-efficient exploration in online RL, even when the
learner has no prior knowledge of said distribution. This suggests the possibility of a theoretical
unification of online and offline RL, but the picture remains incomplete, and there are many gaps
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in our understanding. Notably, a promising emerging paradigm in offline RL makes use of the
ability to model density ratios (also referred to as marginalized importance weights or simply weight
functions) for the underlying MDP. Density ratio modeling offers an alternative to classical value
function approximation (or, approximate dynamic programming) methods (Munos, 2007; Munos
and Szepesvari, 2008; Chen and Jiang, 2019), as it avoids instability and typically succeeds under
weaker representation conditions (requiring only realizability conditions as opposed to Bellman
completeness-type assumptions). Yet despite extensive investigation into density ratio methods for
offline RL—both in theory (Liu et al., 2018; Uehara et al., 2020; Yang et al., 2020; Uehara et al., 2021;
Jiang and Huang, 2020; Xie and Jiang, 2020; Zhan et al., 2022; Chen and Jiang, 2022; Rashidinejad
et al., 2023; Ozdaglar et al., 2023) and practice (Nachum et al., 2019; Kostrikov et al., 2019; Nachum
and Dai, 2020; Zhang et al., 2020; Lee et al., 2021)—density ratio modeling has been conspicuously
absent in the online reinforcement learning. This leads us to ask:

Can online reinforcement learning benefit from the ability to model density ratios?

Adapting density ratio-based methods to the online setting with provable guarantees presents a
number of conceptual and technical challenges. First, since the data distribution in online RL is
constantly changing, it is unclear what densities one should even attempt to model. Second, most
offline reinforcement learning algorithms require relatively stringent notions of coverage for the data
distribution. In online RL, it is unreasonable to expect data gathered early in the learning process to
have good coverage, and naive algorithms may cycle or fail to explore as a result. As such, it may not
be reasonable to expect density ratio modeling to benefit online RL in the same fashion as offline.

Our contributions. We show that in spite of these challenges, density ratio modeling enables
guarantees for online reinforcement learning that were previously out of reach.

* Density ratios for online RL. We show (Section 3) that for any MDP with low coverability,
density ratio realizability and realizability of the optimal state-action value function are sufficient
for sample-efficient online RL. This result is obtained through a new algorithm, GLOW, which ad-
dresses the issue of distribution shift via careful use of truncated density ratios, which it combines
with optimism to drive exploration. This complements Xie et al. (2023), who gave guarantees for
coverable MDPs under a stronger Bellman completeness assumption for the value function class.

* Density ratios for hybrid RL. Our algorithm for online RL is computationally inefficient.
We complement it (Section 4) with a more efficient counterpart, HYyGLOW, for the hybrid RL
framework (Song et al., 2023), where the learner has access to additional offline data that covers
a high-quality policy.

¢ Hybrid-to-offline reductions. To achieve the result above, we investigate a broader question:
when can offline RL algorithms be adapted as-is to online settings? We provide a new
meta-algorithm, Ho O, which reduces hybrid RL to offline RL by repeatedly calling a given offline
RL algorithm as a black box. We show that H,O enjoys low regret whenever the black-box offline
algorithm satisfies certain conditions, and demonstrate that these conditions are satisfied by a
range of existing offline algorithms, thus lifting them to the hybrid RL setting.

While our results are theoretical in nature, we are optimistic that they will lead to further investigation
into the power of density ratio modeling in online RL and inspire practical algorithms.

1.1 PRELIMINARIES

Markov Decision Processes. We consider an episodic reinforcement learning setting. A Markov De-
cision Process (MDP) is a tuple M = (X, A, P, R, H, d;), where X is the (large/potentially infinite)
state space, A is the action space, H € N is the horizon, R = {Rh}hH:1 is the reward function (where
Ry : X x A — A([0,1])), P = { Py, }n<1 is the transition distribution (where P, : X x A — A(X)),
and d; is the initial state distribution. A randomized policy is a sequence of functions 7 = {7, :
X — A(A)}HL . When a policy is executed, it generates a trajectory (z1,a1,71), .-, (Tr,am, )
via the process aj, ~ 7 (2r), 7h ~ Rp(xph,ap), xpt1 ~ Py(zp, ap), initialized at 21 ~ dy (we use
Zpr+1 to denote a deterministic terminal state with zero reward). We write P”[-] and E™[-] to denote
the law and corresponding expectation for the trajectory under this process.

For a policy 7, the expected reward for is given by J(7) := E™ [Zthl rh] , and the value functions

given by V7 (z) := E*[S 0 _, r | @ = 2], and Qf (x,a) = E™[S 0 _, v | &1, = z,a, = a.
We write 7* = {m}}L | to denote an optimal deterministic policy, which maximizes V™ at all
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states. We let 7;, denote the Bellman (optimality) operator for layer h, defined via [T, f](z,a) =
E[rh + maxy f(xpi1,a) | zp =20, = a] for f: X x A—R.

Online RL. In the online reinforcement learning framework, the learner repeatedly interacts with an
unknown MDP by executing a policy and observing the resulting trajectory. The goal is to maximize
total reward. Formally, the protocol proceeds in N rounds, where at each round ¢ € [N], the learner

selects a policy 7 = {ﬂ;f)}le in the (unknown) underlying MDP M™ and observes the trajectory

{(z}),ay’,r;”)}H_,. Our results are most naturally stated in terms of PAC guarantees. Here, after
the N rounds of interaction conclude, the learner can use all of the data collected to produce a final

policy 7, with the goal of minimizing
Risk := Ez.,[J(7*) — J(7)], 1
where p € A(IT) denotes a distribution that the algorithm can use to randomize the final policy.

Additional definitions and assumptions. We assume that rewards are normalized such that
Zthl rn € [0,1] almost surely for all trajectories (Jiang and Agarwal, 2018; Wang et al., 2020a;
Zhang et al., 2021; Jin et al., 2021a). To simplify presentation, we assume that X’ and A are countable;
we expect that our results extend to handle continuous variables with an appropriate measure-theoretic
treatment. We define the occupancy measure for policy 7 via df (¢, a) := P™[z), = z, a, = al.

2 PROBLEM SETUP: DENSITY RATIO MODELING AND COVERABILITY

To investigate the power of density ratio modeling in online RL, we make use of function approx-
imation, and aim to provide sample complexity guarantees with no explicit dependence on the
size of the state space. We begin by appealing to value function approximation, a standard ap-
proach in online and offline reinforcement learning, and assume access to a value-function class
F C (X x A x [H] — [0, 1]) that can realize the optimal value function Q*.

Assumption 2.1 (Value function realizability). We have Q* € F.

For f € F, we define the greedy policy 7 via 7, (z) = arg max, f»(z, a), with ties broken in an
arbitrary consistent fashion. For the remainder of the paper, we define IT := {7y | f € F} as the
policy class induced by F, unless otherwise specified.

Density ratio modeling. While value function approximation is a natural modeling approach, prior
works in both online (Du et al., 2020; Weisz et al., 2021; Wang et al., 2021) and offline RL (Wang et al.,
2020b; Zanette, 2021; Foster et al., 2022) have shown that value function realizability alone is not
sufficient for statistically tractable learning in many settings. As such, value function approximation
methods in online (Zanette et al., 2020; Jin et al., 2021a; Xie et al., 2023) and offline RL (Antos et al.,
2008; Chen and Jiang, 2019) typically require additional representation conditions that may not be
satisfied in practice, such as the stringent Bellman completeness assumption (i.e., TpFn+1 C Fp).

In offline RL, a promising emerging paradigm that goes beyond pure value function approximation
is to model density ratios (or, marginalized important weights), which typically take the form
dj; (z,0) /1, (z,a) for a policy 7, where py, denotes the offline data distribution.! A recent line of
work (Xie and Jiang, 2020; Jiang and Huang, 2020; Zhan et al., 2022) shows, that given access
to a realizable value function class and a weight function class WV that can realize the ratio 43 /p;,
(typically either for all policies 7, or for the optimal policy 7*), one can learn a near-optimal policy
offline in a sample-efficient fashion; such results sidestep the need for stringent value function
representation conditions like Bellman completeness. To explore whether density ratio modeling
has similar benefits in online RL, we make the following assumption.

Assumption 2.2 (Density ratio realizability). The learner has access to a weight function class
W C (X x A x [H] — Ry) such that for any policy pair 7,7’ € I, and h € [H|, we have
wp'™ (z,a) = i (@) /ar (2,0) € Wh.?

Assumption 2.2 does not assume that the density ratios under consideration are finite. That is, we do

not assume boundedness of the weights, and our results do not pay for their range; our algorithm will
only access certain clipped versions of the weight functions (Remark B.1).

"Formally, in offline reinforcement learning the learner does not interact with M* but is given a dataset of
tuples (zn, an, rh, Th+1) collected i.i.d. according to (xn, an) ~ pin, Th ~ Rp(zh,an), Tnt1 ~ Pu(Th, an).
We adopt the convention that #/o = +o0o when = > 0 and 9/0 = 1.
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Compared to density ratio approaches in the offline setting, which typically require either realizability
of 43, /u,, for all w € II or realizability of di” /un, where p is the offline data distribution, we require
realizability of 47 /a7’ for all pairs of policies 7,7’ € II. This assumption is natural because it
facilitates transfer between historical data (which is algorithm-dependent) and future policies. We
refer the reader to Appendix B for a detailed comparison to alternative assumptions.

Coverability. In addition to realizability assumptions, online RL methods require exploration
conditions (Russo and Van Roy, 2013; Jiang et al., 2017; Sun et al., 2019; Wang et al., 2020c; Du
etal., 2021; Jin et al., 2021a; Foster et al., 2021) that allow deliberately designed algorithms to control
distribution shift or extrapolate to unseen states. Towards lifting density ratio modeling from offline
to online RL, we make use of coverability (Xie et al., 2023), an exploration condition inspired by the
notion of coverage in the offline setting.

Definition 2.1 (Coverability coefficient (Xie et al., 2023)). The coverability coefficient Ceo, > 0 for
a policy class ILis given by Ceoy = 1nf )\, pen(xxA) SWPrer he(m) |9 /unll o We refer to the
distribution iy, that attains the minimum for h as the coverability distribution.

Coverability is a structural property of the underlying MDP, and can be interpreted as the best value
one can achieve for the concentrability coefficient Ceonc (1) 1= SUP et pe [H |47/ un | ., (a standard
coverage parameter in offline RL (Munos, 2007; Munos and Szepesvari, 2008; Chen and Jiang,
2019)) by optimally designing the offline data distribution x. However, in our setting the agent has
no prior knowledge of 1* and no way to explicitly search for it. Examples that admit low coverability
include tabular MDPs and Block MDPs (Xie et al., 2023), linear/low-rank MDPs (Huang et al., 2023),
and analytically sparse low-rank MDPs (Golowich et al., 2023); see Appendix C for further examples.

Concretely, we aim for sample complexity guarantees scaling as poly (H, Ceoy, log|F|,log|W|,e71),
where ¢ is the desired bound on the risk in Eq. (1).> Such a guarantee complements Xie et al. (2023),
who achieved similar sample complexity under the Bellman completeness assumption, and parallels
the fashion in which density ratio modeling allows one to remove completeness in offline RL.

Additional notation. For n € N, we write [n] = {1,...,n}. For a countable set Z, we write A(Z)

for the set of probability distributions on Z. We adopt standard big-oh notation, and use 5() and (~2()
to suppress factors polylogarithmic in H, T, e =1, log| F|, log|W]|, and other problem parameters. For
each h € [H], we define Fj, = {fr, | f € F} and W}, = {wy, | w € W}

3 ONLINE RL WITH DENSITY RATIO REALIZABILITY

This section presents our main results for the online RL setting. We first introduce our main algorithm,
GLOW (Algorithm 1), and explain the intuition behind its design (Section 3.1). We then show
(Section 3.2) that GLOW obtains polynomial sample complexity guarantees (Theorems 3.1 and 3.2)
under density ratio realizability and coverability, and conclude with a proof sketch.

3.1 ALGORITHM AND KEY IDEAS

Our algorithm, GLOW (Algorithm 1), is based on the principle of optimism in the face of uncertainty.
For eachiterationt < T' € N, the algorithm uses the density ratio class YV to construct a confidence set
(or, version space) F C F with the property that Q* € F®. It then chooses a policy 7" = )
based on the value function f® € F® with the most optimistic estimate E[f; (z1, 77 1(x1))] for the
initial value. Then, it uses the policy 7™ to gather K € N trajectories, which are used to update the
confidence set for subsequent iterations.

Within the scheme above, the main novelty to our approach lies in the confidence set construction.
GLOW appeals to global optimism (Jiang et al., 2017; Zanette et al., 2020; Du et al., 2021; Jin et al.,
2021a; Xie et al., 2023), and constructs the confidence set F* by searching for value functions
f € F that satisfy certain Bellman residual constraints for all layers h € [H] simultaneously. For
MDPs with low coverability, previous such approaches (Jin et al., 2021a; Xie et al., 2023) make use of
constraints based on squared Bellman error, which requires Bellman completeness. The confidence
set construction in GLOW (Eq. (3)) departs from this approach, and aims to find f € F such that the

3To simplify presentation as much as possible, we assume finiteness of F and W, but our results extend to
infinite classes via standard uniform convergence arguments. Likewise, we do not require exact realizability, and
an extension to misspecified classes is given in Appendix E.
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average Bellman error is small for all weight functions. At the population level, this (informally)
corresponds to requiring that for all » € [H] and w € W,*

Ego [wn(@n, an)(fu(@n, an) — [Tafasal(@n, an))] — ' Ego [(wa(zn, an))?] < 7. (2)

where dj) = 3, dr"” is the historical data distribution and o® > 0 and 8 > 0 are
algorithm parameters; this is motivated by the fact that the optimal value function satisfies
E™ [wh(xh,ah)(Q,*l(xh, ap) — [ﬁQ,*LJrJ (Q:h,ah)ﬂ = 0 for all functions w and policies 7. Our

analysis uses that Eq. (2) holds for the weight function w}’ := ar” /d?, which allows to transfer

bounds on the off-policy Bellman error for the historical distribution d® to the on-policy Bellman
error for .

Remark 3.1. Among density ratio-based algorithms for offline reinforcement learning (Jiang and
Huang, 2020; Xie and Jiang, 2020; Zhan et al., 2022; Chen and Jiang, 2022; Rashidinejad et al.,
2023), the constraint (2) is most directly inspired by the Minimax Average Bellman Optimization
(MABO) algorithm (Xie and Jiang, 2020), which uses a similar minimax approximation to the average
Bellman error.

Partial coverage and clipping. Compared to the offline setting, much extra work is required to

. . . . . HOws
handle the issue of partial coverage. Early in the learning process, the ratio w;f) o= df" /d? may
be unbounded, which prevents the naive empirical approximation to Eq. (2) from concentrating. To
address this issue, GLOW carefully truncates the weight functions under consideration.

Definition 3.1 (Clipping operator). For any w : X X A — R U {oo} and v € R, we define the
clipped weight function (at scale vy) via clip, [w](x, a) = min{w(z, a),v}.

We replace the weight functions in Eq. (2) with clipped counterparts clip, ) [w](,a), where
4" := ~ - t for a parameter v € [0, 1]. For a given iteration ¢, clipping in this fashion may render
Eq. (2) a poor approximation to the on-policy Bellman error. The crux of our analysis is to show—via
coverability—that on average across all iterations, the approximation error is small.

An important difference relative to MABO is that the weighted Bellman error in Eq. (2) incorporates a
quadratic penalty —a® - E ) [(wp, (xh, ap))?] for the weight function. This is not essential to derive
polynomial sample complexity guarantees, but is critical to attain the 1/e2-type rates we achieve
under our strongest realizability assumption. Briefly, regularization is beneficial because it allows
us to appeal to variance-dependent Bernstein-style concentration; our analysis shows that while the
variance of the weight functions under consideration may not be small on a per-iteration basis, it
is small on average across all iterations (again, via coverability). Interestingly, similar quadratic
penalties have been used within empirical offline RL algorithms based on density ratio modeling
(Yang et al., 2020; Lee et al., 2021), as well as recent theoretical results (Zhan et al., 2022), but for
considerations seemingly unrelated to concentration.

3.2 MAIN RESULT: SAMPLE COMPLEXITY BOUND FOR GLOW

We now present the main sample complexity guarantees for GLOW. The first result we present, which
gives the tightest sample complexity bound, is stated under a form of density ratio realizability that
strengthens Assumption 2.2. Concretely, we assume that the class WV can realize density ratios for
certain mixtures of policies. For ¢ € N, we write 7" as a shorthand for a sequence (7™ -+ 7®),

) (1:) (@
where 7 € II, and let d™ = % Z§=1 dm .

Assumption 2.2’ (Density ratio realizability, mixture version). Let T' be the parameter to GLOW

(Algorithm 1). Forallh € [H|, m € IL t < T, and 7™, ..., 7% € II, we have
(1t dr
W™ (2,a) = T gy
i (x,a)

This assumption directly facilitates transfer from the algorithm’s historical distribution Jﬁp =
A dg(t) to on-policy error.  Under Assumption 2.2/, GLOW obtains 1/e2-PAC sample
complexity and v/T-regret.

*Average Bellman error without weight functions is used in algorithms such at OLIVE (Jiang et al., 2017) and
BILIN-UCB Du et al. (2021). Without weighting, this approach is insufficient to derive guarantees based on
coverability; see discussion in Xie et al. (2023).
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Algorithm 1 GLOW: Global Optimism via Weight Function Realizability
input: Value function class F, Welght function class W, Parameters T', K € N, 'y € [0,1].

1: //For Thm. 3. 1, set T = O((H?*C 2) . log(IF1IWl/5)), K =1, and v = \/ Ceov/(T 1og(|F||IW]/8))
2: //For Thm. 3.2, set T = O(H?Ceov 2), K= (1 log(IF711Wl/s)), and v = y/Ccov/T.
3: Sety® =~ -t,a® =8/4® and 3O = (36v/Kk(t-1)) - log(6IFIIWITH/s).
4: Initialize D}’ = @ forall h < H.
5:fort=1,...,Tdo
6: Deﬁne conﬁdence set based on (regularized) minimax average Bellman error:
FO = {f € F|Vhs sup B [([Bnfl(@,a,m,2") - @n(w,0) = o - (@n(,0))°] < 6<‘>},
wEWYp, h
3)
where w := clip,, [w] and [Ahf](x, a,r, ') == fp(x,a) —r —maxy fri1(z’,a’).
7: Compute optimistic value function and policy:
fo = argrnaxfhiz _pwlfi(zr,me(z1))],  and "= o) 4)
fer® T
8:  Initialize D}/ < D} for h € [H].
9: fOI' ]{3 = 1, ey K dO // Online data collection.
10: Collect a trajectory gxl, a1,71),.-.,(xg,am, ) by executing 7.
11: Update D" < Dy U {(zp, an, 1, xh11)} for each h € [H].
12: output: policy 7 = Unif(r™, ... 7™). // For PAC guarantee only.

Theorem 3.1 (Risk bound for GLOW under strong density ratio realizability). Let ¢ > 0 be given, and
suppose that Assumptions 2.1 and 2.2' hold. Then, GLOW, with hyperparameters T = © ((H*Ceor/c?) -
log(IFIW/s)), K = 1, and v = \/Cen/(T1og(1711WI/s)) returns an e-suboptimal policy 7 with
probability at least 1 — § after collecting

2
N=0 <H g log(f||W|/6)> (5)

trajectories. Additionally, for any T' € N, with the same choice for K and v as above, GLOW enjoys
the regret bound Reg := Zthl J(7*) = J(7®) = O(H\/Ccou T log(IF1WV//5)).

Next, we provide our main result, which gives a sample complexity guarantee under density ratio
realizability for pure policies (Assumption 2.2). To obtain the result, we begin with a class W
that satisfies Assumption 2.2, then expand it to obtain an augmented class W that satisfies mixture
realizability (Assumption 2.2"). This reduction increases log|W| by a T factor, which we offset by
increasing the batch size K; this leads to a polynomial increase in sample complexity.’

Theorem 3.2 (Risk bound for GLOW under weak density ratio realizability). Let € > 0 be given, and
suppose that Assumptions 2.1 and 2.2 hold for the classes F and V. Then, GLOW, when executed
with a modified class W defined in Eq. (30) in Appendix E, with hyperparameters T = ©(H>Ceo/c?),
K = (:)(Tlog(\fllwl/rs)), and v = +/Ceov/T, returns an e-suboptimal policy T with probability at
least 1 — 0 after collecting N trajectories, for

B 402
N = O<H§C°"10g(fllw/5)). (6)

Theorems 3.1 and 3.2 show for the first time that value function realizability and density ratio
realizability alone are sufficient for sample-efficient online RL under coverability. In particular,
the sample complexity and regret bound in Theorem 3.1 match the coverability-based guarantees
obtained in Xie et al. (2023, Theorem 1) under the complementary Bellman completeness assumption,
with the only difference being that they scale with log(]F||W]) instead of log|F|; as discussed in

3This reduction also prevents us from obtaining a regret bound directly under Assumption 2.2, though a
(slower-than-v/T") regret bound can be attained using an explore-then-commit strategy.
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Xie et al. (2023), this rate is tight for the special case of contextual bandits (H = 1). Interesting open
questions include (i) whether the sample complexity for learning with density ratio realizability for
pure policies can be improved to /<2, and (ii) whether value realizability and coverability alone are
sufficient for sample-efficient RL. Extensions to Theorems 3.1 and 3.2 under misspecification are
given in Appendix E; see also Remark B.1 We further refer to Appendix C for examples instantiating
these results, Appendix E.1 for a proof sketch, and Remark B.3 for a connection of our algorithm to
the GOLF algorithm (Jin et al., 2021a; Xie et al., 2023).

4 EFFICIENT HYBRID RL WITH DENSITY RATIO REALIZABILITY

Toward overcoming the challenges of intractable computation in online exploration, a number of
recent works show that including additional offline data in online RL can lead to computational
benefits in theory (e.g., Xie et al., 2021b; Wagenmaker and Pacchiano, 2023; Song et al., 2023; Zhou
et al., 2023) and in practice (e.g., Cabi et al., 2020; Nair et al., 2020; Ball et al., 2023; Song et al.,
2023; Zhou et al., 2023). Notably, combining offline and online data can enable algorithms that
provably explore without having to appeal to optimism or pessimism, both of which are difficult to
implement efficiently under general function approximation.

Song et al. (2023) formalize a version of this setting—in which online RL is augmented with offline
data—as hybrid reinforcement learning. Formally, in hybrid RL, the learner interacts with the MDP
online (as in Section 1.1) but is additionally given an offline dataset D,g collected from a data
distribution v. The data distribution v is typically assumed to provide coverage for the optimal policy
7* (formalized in Definition 4.3), but not on all policies, and thus additional online exploration is
required (see Appendix F.2 for further discussion).

4.1 H50: A PROVABLE BLACK-B0OX HYBRID-TO-OFFLINE REDUCTION

Interestingly, many of the above approaches for the hybrid setting simply apply offline algorithms
(with relatively little modification) on a mixture of online and offline data (e.g., Cabi et al., 2020; Nair
et al., 2020; Ball et al., 2023). This raises the question: when can we use a given offline algorithm as
a black box to solve the problem of hybrid RL (or, more generally, of online RL?). To answer this,
we give a general meta-algorithm, HoO, which provides a provable black-box reduction to solve the
hybrid RL problem by repeatedly invoking a given offline RL algorithm on a mixture of offline data
and freshly gathered online trajectories. To present the result, we first describe the class of offline RL
algorithms with which it will be applied.

Offline RL and partial coverage. We refer to a collection of distributions y = {yup, } /., where up, €
A(X x A), as a data distribution, and we say that a dataset D = {Dy, }L | has H - n samples from
data distributions p ", ..., ™ if D, = {(x},, ap 7 @) Yoy where (z)),a) ~ ), ry) ~
Ru(xy,ap)), 0y ~ Pu(x)),ay’). We denote the mixture distribution via ™ = {py"™ ML,
where p1f"™ == 13" | 1\7. An offline RL algorithm Alg. g takes as input a dataset D = {Dj, }/L;
of H - n samples from @, ..., ™ and outputs a policy 7 = (m4)_,.% An offline algorithm is
measured by its risk, as in Equation (1); we write Risk.¢ when we are in the offline interaction
protocol.

An immediate problem with directly invoking offline RL algorithms in the hybrid model is that
typical algorithms—particularly, those that do not make use of pessimism (e.g., Xie and Jiang,
2020)—require relatively uniform notions of coverage (e.g., coverage for all policies as opposed
to just coverage for ) to provide guarantees, leading one to worry that their behaviour might be
completely uncontrolled when applied with non-exploratory datasets. Fortunately, we will show
that for a large class algorithms whose risk scales with a measure of coverage we refer to as clipped
concentrability, this phenomenon cannot occur.

Definition 4.1 (Clipped concentrability coefficient). The clipped concentrability coefficient (at scale
v € Ry ) for € Il relative to a data distribution 1 = {5, }1_,, where iy, € A(X x A), is defined as

d7T
cli h}
Py [Mh

%When parameters are needed, Alg « should instead be thought of as the algorithm for a fixed choice of
parameter. Likewise, we treat function approximators (F, W, etc.) as part of the algorithm. We consider

n

adaptively chosen (11?)i, because, in the reduction, Alg, will be invoked on history-dependent datasets.

CCh(m, p,7) =

1,dx
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This coefficient should be thought of as a generalization of the standard (squared) Lo () concentrabil-

™

ity coefficient Cfonc’zh(w, ) = |9/ un ||§‘ﬂh = ||9%/un ]y 47 » & fundamental object in the analysis of
offline RL algorithms (e.g., Farahmand et al., 2010), but incorporates clipping to better handle partial
coverage. We consider offline RL algorithms with the property that for any offline distribution p, the
algorithm’s risk can be bounded by the clipped concentrability coefficients for (i) the output policy

7, and (ii) the optimal policy 7*. For the following definition, we recall the notation v =~ - n.

Definition 4.2 (CC-bounded offline RL algorithm). An offline algorithm Alg ¢ is CC-bounded at
scale v € Ry under an assumption Assumption(-) if there exists scalars a., b, such that for all
n € N and data distributions p, . .., u™, Alg & outputs p € A(I) satisfying

H
Riskort = Eznp[J(1%) — J(@)] < Y % (CCh (™, ™ 4™ 4 Bz [CCH (R, ) 7)) + b,
h=1

@)

with probability at least 1 — O, when given H - n samples from p™ ..., u"™ such that
Assumption(u™™ | M™*) is satisfied.

This definition does not automatically imply that the offline algorithm has low offline risk, but simply
that the risk can be bounded in terms of clipped coverage (which may be large if the dataset has poor
coverage). In the sequel, we will show that many natural offline RL algorithms have this property
(Appendix F.1).7

The H5O algorithm. Our reduction, H-O, is given in Algorithm 2. For any dataset D, we will
write D| 1., for the subset consisting of its first ¢ elements. The algorithm is initialized with an offline
dataset Dog = {Dogr 1 }L |, and at each iteration ¢ € [T'] invokes the black-box offline RL algorithm
Alg ¢ with a dataset Dyybria = {Dhybrid,» }1L, that mixes the first ¢ elements of Dogj, with all
of the online data gathered so far. This produces a policy 7, which is executed to gather trajectories
that are then added to the online dataset and used at the next iteration. HoO is inspired by empirical
methods for the hybrid setting (e.g., Cabi et al., 2020; Nair et al., 2020; Ball et al., 2023), and in
particular the meta-algorithm is efficient whenever Alg g is.

Algorithm 2 H5O: Hybrid-to-Offline Reduction

input: Parameter T' € N, offline algorithm Alg , offline datasets Dog = {Dog 1 } 1 each of
size T'.

1: Initialize Dy, = D{V) a0, = @ forall h € [H].

2: fort=1,...,Tdo

3: Get policy 7® from Alg ¢ on dataset ngri 4= {D}(l';bri dhthe

4: Collect (z1,a1,71),- .., (xHg,am, ) using T, Df;;t) = ID(()tr)L,h U{(xh,an,Th, The1)}-
5: Aggregate offline and online data: D}(;blr)i ah = Dog7h|1: U D(()tn*;f forall h € [H].

6: output: policy © = Unif(7®, ... 7).

Main risk bound for H>O. We now present the main result for this section: a risk bound for the
H>O reduction. Our bound depends on the coverability parameter for the underlying MDP, as well as
the quality of the offline data distribution v, quantified by single-policy concentrability.

Definition 4.3 (Single-policy concentrability). A data distribution v = {vy, }}_, satisfies C-single-
policy concentrability if max;, ||d2*/uh HOO < Ck.
Theorem 4.1 (Risk bound for H;O). LetT' € N be given, let Dog consist of H - T samples from

data distribution v, and suppose that v satisfies C,-single-policy concentrability. Let Alg ¢« be CC-
bounded at scale v € (0,1) under Assumption(-), with parameters a., and b.. Suppose that ¥ t €

[T) and ..., 7@ € I, Assumption(u®, M*) holds for p® := {1/2(vj, + 1/t '_, d;“(i))}hH:l.
Then, with probability at least 1 — 0T, the risk of HoO (Algorithm 2) with T, Alg g, and Dog is

"Examples of assumptions for Assumption include value function completeness (e.g., for FQI (Chen and
Jiang, 2019)) and realizability of value functions and density ratios (e.g., for MABO (Xie and Jiang, 2020)).
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bounded as®

Risk < O (H (“V(C;C) n bw)> . 8)

For the algorithms we consider, one can take a, oc 9/y and b, oc b~y for scalar-valued problem
parameters a, b > 0, so that choosing ~ optimally gives Risk < O(H y/(C++Cew)ab/T) . This is a
special case of a more general result, Theorem F.6, which handles the general case where v need not
satisfy single-policy concentrability.

4.2 APPLYING THE REDUCTION: HYGLOW

We now apply H»O to give a hybrid counterpart to GLOW (Algorithm 1), using a variant of MABO
(Xie and Jiang, 2020) as the black box offline RL algorithm Alg ¢ in HoO. Further examples, which
apply Fitted Q-Iteration (FQI) and Model-Based Maximum Likelihood Estimation as the black box,
are deferred to Appendix F.1.

More specifically, the offline RL algorithm we consider is a variant of MABO that incorporates
clipping and regularization in the same fashion as GLOW, which we call MABO.CR. Our algorithm
takes as input a dataset D = {Dj, } with H - n samples, has parameters consisting of a value function
class F, a weight function class W, and a clipping scale -y, and computes the following estimator:

H
fe ar}gegingle%z ’EDh {wh(l‘h,ah)[Ahf](Ih,ah,Th,%H)}‘ —a™Ep, [w}(zn,an)], (9)
h=1

where ™ := 8/y( and Wy, := clip,m) [wy]. By instantiating HoO with this algorithm, we obtain a
density ratio-based algorithm for the hybrid RL setting (HYGLOW; Algorithm 3) that is statistically
and computationally efficient.

Theorem 4.2 (Risk bound for HYGLOW). Let ¢ > 0 be given, let Dog consist of H - T
samples from data distribution v, and suppose that v satisfies C\-single-policy concentrabil-

ity. Suppose that Q* € F and that for all t € [T}, 7 € I, and h € [H|, we have
@i/ € W, where ;i = 2(v, + Y3, d;;m). Then, HYGLOW (Algorithm 3) with

inputs T = O((H"(CentC)/c2) - log(IFIIW|/5)), F, augmented W defined in Eq. (34), v =
5) <\/(C*+Ccov)/TH2 log(1711wl/s) |, and Dog returns an e-suboptimal policy with probability at least

1 — T after collecting N = 5(% log(\FIIWI/5)> trajectories.

This result is obtained from Theorem 4.1 by showing that MABO.CR is CC-bounded under
Q*-realizability and a density ratio realizability assumption (cf. Theorem F.1). While the sample
complexity and realizability assumptions parallel those of GLOW, the computational efficiency is
improved because we remove the need for global optimism. More specifically, note that when clipping
and the absolute value signs are removed from Eq. (9), the optimization problem is concave-convex
in the function class F and weight function class VV, a desirable property shared by standard density-
ratio based offline algorithms (Xie and Jiang, 2020; Zhan et al., 2022). To accommodate clipping
and the absolute value signs efficiently, we note that Eq. (9) can be written as a convex-concave
program in which the max player optimizes over the set W, 5, := {clip.,,,[ws] | ws € W} and
the result continues to hold if the max player optimizes over any expanded weight function class

17\77 C W' such that ||wl| ., < yn for all w € W'; we defer the details to Appendix F.1.2.

5 CONCLUSION

Our work shows for the first time that density ratio modeling has provable benefits for online rein-
forcement learning, and serves as step in a broader research program that aims to clarify connections
between online and offline reinforcement learning. On the theoretical side, promising directions for
future research include (i) resolving whether sample efficiency is possible under only coverability and
value function realizability, and (ii) generic reductions from offline to online RL (see Appendix F.3 for
a brief discussion). In addition, we are excited to explore the possibility of developing practical and
computationally efficient online reinforcement learning algorithms based on density ratio modeling.

8We define risk for the hybrid setting as in Eq. (1). Our result is stated as a bound on the risk to the optimal
policy 7*, but extends to give a bound on the risk of any comparator 7 with C replaced by coverage for 7.
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A ADDITIONAL RELATED WORK

Online reinforcement learning. Xie et al. (2023) introduce the notion of coverability and provide
regret bounds for online reinforcement learning under the assumption of access to a value function
class F satisfying Bellman completeness. Liu et al. (2023) extend their result to more general
coverage conditions under the same Bellman completeness assumption. Our work complements these
results by providing guarantees based on coverability that do not require Bellman completeness.

To the best of our knowledge, our work is the first to provide provable sample complexity guarantees
for online reinforcement learning that take advantage of the ability to model density ratios, but a
number of closely related works bear mentioning. Recent work of Huang et al. (2023) considers the
low-rank MDP model and provides an algorithms which takes advantage of a form of occupancy
realizability. Occupancy realizability, while related to density ratio realizability, is stronger assump-
tion in general: For example, the Block MDP model (Krishnamurthy et al., 2016; Du et al., 2019;
Misra et al., 2019; Zhang et al., 2022; Mhammedi et al., 2023) admits a density ratio class of low
complexity, but does not admit a small occupancy class. Overall, however, their results are somewhat
complementary, as they do not require any form of value function realizability. A number of other
recent works in online reinforcement learning also make use of occupancy measures, but restrict to
linear function approximation (Neu and Pike-Burke, 2020; Neu and Okolo, 2023). Lastly, a number
of works apply density ratio modeling in online settings with an empirical focus (Feng et al., 2019;
Nachum et al., 2019), but do not address the exploration problem.

Offline reinforcement learning. Within the literature on offline reinforcement learning theory,
density ratio modeling has been widely used as a means to avoid strong Bellman completeness
requirements, with theoretical guarantees for policy evaluation (Liu et al., 2018; Uehara et al., 2020;
Yang et al., 2020; Uehara et al., 2021) and policy optimization (Jiang and Huang, 2020; Xie and
Jiang, 2020; Zhan et al., 2022; Chen and Jiang, 2022; Rashidinejad et al., 2023; Ozdaglar et al., 2023).
A number of additional works investigate density ratio modeling with an empirical focus, and do
not provide finite-sample guarantees (Nachum et al., 2019; Kostrikov et al., 2019; Nachum and Dai,
2020; Zhang et al., 2020; Lee et al., 2021).

Hybrid reinforcement learning. Song et al. (2023) were the first to show, theoretically, that the
hybrid reinforcement learning model can lead to computational benefits over online and offline
RL individually. Our reduction, H,O, can be viewed as generalization of their Hybrid Q-Learning
algorithm, with their result corresponding to the special case in which FQI is applied as a the base
algorithm. Our guarantees under coverability complement their guarantees based on bilinear rank.

14
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Other recent works on hybrid reinforcement learning in specialized settings (e.g., tabular MDPs or
linear MDPs) include Wagenmaker and Pacchiano (2023); Li et al. (2023); Zhou et al. (2023).

B COMPARING WEIGHT FUNCTION REALIZABILITY TO ALTERNATIVE
REALIZABILITY ASSUMPTIONS

In this section, we compare the density ratio realizability assumption in Assumption 2.2 to a number
of alternative realizability assumptions.

Comparison to Bellman completeness. A traditional assumption in the analysis of value function
approximation methods is to assume that F satisfies a representation condition called Bellman
completeness, which asserts that 7, Fr4+1 C Fp; this assumption is significantly stronger than just
assuming realizability of Q* (Assumption 2.1), and has been used throughout offline RL (Antos et al.,
2008; Chen and Jiang, 2019), and online RL (Zanette et al., 2020; Jin et al., 2021a; Xie et al., 2023).

Bellman completeness is incomparable to our density ratio realizability assumption. For example,
the low-rank MDP model (Jin et al., 2020) in which Py (2’ | z,a) = (¢n(x,a), ¥ (x")) satisfies
Bellman completeness when the feature map ¢ is known to the learner even if v is unknown (but
may not satisfy it otherwise), and satisfies weight function realizability when the feature map ¢ is
known even if ¢ is unknown (but may not satisfy it otherwise). Examples C.1 and C.2 in Appendix C
give further examples that satisfy weight function realizability but are not known to satisfy Bellman
completeness.

Comparison to model-based realizability. Weight function realizability is strictly weaker than
model-based realizability (e.g., Foster et al., 2021), in which one assumes access to a model class
M of MDPs that contains the true MDP.? Since each MDP induces an occupancy for every policy,
it is straightforward to see that given such a class, we can construct a weight function class V that
satisfies Assumption 2.2 with

log|W| < O(log| M| + log|TI]),

as well as a realizable value function class with log|F| < O(log|M]|). On the other hand, weight
function realizability does not imply model-based realizability; a canonical example that witnesses
this is the Block MDP.

Example B.1 (Block MDP). In the well-studied Block MDP model (Krishnamurthy et al., 2016;
Jiang et al., 2017; Du et al., 2019; Misra et al., 2019; Zhang et al., 2022; Mhammedi et al., 2023),
there exists realizable value function class F and weight function class W with log|F|, log|W| <
poly(|S], |Al,log|®|), where S is the latent state space and @ is a class of decoder functions.
However, there does not exist a realizable model class with bounded statistical complexity (see
discussion in, e.g., Mhammedi et al. (2023)). q

Alternative forms of density ratio realizability.

Remark B.1 (Clipped density ratio realizability). Since GLOW only accesses the weight function
class W through the clipped weight functions, we can replace Assumption 2.2 with the assumption
that for all w,w" € 11, t <T', we have clip.,, [w“?“/] €W, whereT € Nand~ € |0, 1] are chosen
as in Theorem 3.2. Likewise, we can replace Assumption 2.2" with the assumption that for all = € TI,
and for all t < T, and ., € TI*, we have clip.,, [w’“”(l:t)] €W, forT € Nand~ € |0, 1] chosen
as in Theorem 3.1.

Remark B.2 (Density ratio realizability relative to a fixed reference distribution). Assumption 2.2 is
weaker than assuming access to a class W that can realize the ratio @ /v, (or alternatively v/dy)
for all m € 11, where vy, is an arbitrary fixed distribution (natural choices might include vy, = uj,
orvy, = dz* ). Indeed, given access to such a class, the expanded class W' := {w/v' | w,w" € W}
satisfies Assumption 2.2, and has log|W’| < 2log|W)|.

Remark B.3 (Connection to GOLF). Prior work (Xie et al., 2023) analyzed the GOLF algorithm of Jin
et al. and established positive results under coverability and Bellman completeness. We remark that

“Up to H factors, this is equivalent to assuming access to a class of transition distributions that can realize
the true transition distribution, and a class of reward distributions that can realize the true reward distribution.
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by allowing for weight functions that take negative values,'® GLOW can be viewed as a generalization
of GOLF, and can be configured to obtain comparable results. Indeed, given a value function class
F that satisfies Bellman completeness, the weight function class W = {f — f' | f, [’ € F} leads
to a confidence set construction at least as tight as that of GOLF. To see this, observe that if we
set v > 2 so that no clipping occurs, our construction for F (Eq. (3)) implies (after standard
concentration arguments) that Q* € F and that in-sample squared Bellman errors are small with
high probability. These ingredients are all that is required to repeat the analysis of GOLF from Xie
etal. (2023).

C EXAMPLES FOR GLOW

In this section, we give two new examples in which our main results for GLOW, Theorems 3.1 and 3.2,
can be applied: MDPs with low-rank density features and general value functions, and a class of
MDPs we refer to as Generalized Block MDPs.

Example C.1 (Realizable Q* with low-rank density features). Consider a setting in which (i) @* € F,
and (ii), there is a known feature map ¢y, : X x A — R¢ with |[¢5 (2, a)||, < 1 such that for all
m € I, df (z,a) = (¢Yn(z,a),0™) for an unknown parameter 6™ € R? with ||67||, < 1. This
assumption is sometimes referred to as low occupancy complexity (Du et al., 2021), and has been
studied with and without known features. In this case, we have C.q, < d, and one can construct a
weight function class W that satisfies Assumption 2.2’ with log|W| < O(dH ) (Huang et al., 2023).!!
As aresult, Theorem 3.1 gives sample complexity O(H 3d*1og| F|/ 82). Note that while this setup
requires that the occupancies themselves have low-rank structure, the class F can consist of arbitrary,
potentially nonlinear functions (e.g., neural networks). We remark that when the feature map 1) is not
known, but instead belongs to a known class W, the result continues to hold, at the cost of expanding
W to have size log|W| < O(dH + log|¥|).

This example is similar to but complementary to Huang et al. (2023), who give guarantees for
reward-free exploration under low-rank occupancies. Their results do not require any form of
value realizability, but require a low-rank MDP assumption (which, in particular, implies Bellman
completeness).'? q

Our next example concerns a generalization of the well-studied Block MDP framework (Krish-
namurthy et al., 2016; Jiang et al., 2017; Du et al., 2019; Misra et al., 2019; Zhang et al., 2022;
Mhammedi et al., 2023) that we refer to as the Generalized Block MDP.

Definition C.1 (Generalized Block MDP). A Generalized Block MDP M =
(X,S, A, Patent, Riatent, ¢, H, d1) is comprised of an observation space X, latent state space S,
action space A, latent space transition kernel Platent @ S X A — A(S), and emission distribution
q: S — A(X). The latent state space evolves based on the agent’s action aj, € A via the process

Th ~ Rlatent(sha ah)a Sh+1 ~ ]Dlatent(' | Sh, ah)7 (10)
with s1 ~ dy; we refer to sy, as the latent state. The latent state is not observed directly, and instead
we observe observations z;, € X’ generated by the emission process

zh~q(- | sn)- Y
We assume that the emission process satisfies the decodability property:
suppq(- | s) Nsuppq(- | s') =2, Vs #s€S. (12)

Decodability implies that there exists a (unknown to the agent) decoder ¢, : X — S such that
¢x(xn) = Sp a.s. for all h € [H|, meaning that latent states can be uniquely decoded from observa-
tions. Prior work on the Block MDP framework (Krishnamurthy et al., 2016, Jiang et al., 2017; Du
etal., 2019; Misra et al., 2019; Zhang et al., 2022; Mhammedi et al., 2023) assumes that the latent

1%In this context, W can be thought of more generally as a class of test functions.

"To be precise, WV is infinite, and this result requires a covering number bound. We omit a formal treatment,
and refer to Huang et al. (2023) for details.

"2The low-rank MDP assumption is incomparable to the assumption we consider here, as it implies that
dr(z) = (Yn(x),07), but does not necessarily imply that the state-action occupancies (i.e. dj(x,a)) are
low-rank.
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space S and action space A are finite, but allow the observation space X to be large or potentially
infinite. They provide sample complexity guarantees that scale as poly(|S|,|A|, H,log|®|, e~ 1),
where @ is a known class of decoders that contains ¢,. We use the term Generalized Block MDP fo
refer to Block MDPs in which the latent space not tabular, and can be arbitrarily large.

Example C.2 (Generalized Block MDPs with coverable latent states). We can use GLOW to give
sample complexity guarantees for Generalized Block MDPs in which the latent space is large, but
has low coverability. Let ITjatent = (S % [H] — A(A)) denote the set of all randomized policy that
operate on the latent space. Assume that the following conditions hold:

* We have a value function class Fiatent such that Q5. € F, where Q7. is the optimal
Q-function for the latent space.

* We have access to a class of latent space density ratios Wiatent such that for all h € [H],
and all 7, 7" € atents

s
mr’ L dlatent,h(57 a)
wlatent,h(s’ a‘) T d~’ € Wlatent7
latent,h (87 CL)
where d7 . . = P (s, = s, ap, = a) is the latent occupancy measure.
* The latent coverability coefficient is bounded:
T
dlatent,h
K

CVcov,latent = inf sup ’
Hise s H EA(SXA) 1€ apent, hE[H]

We claim that whenever these conditions hold, analogous conditions hold in observation space
(viewing the Generalized BMDP as a large MDP), allowing GLOW and Theorem 3.2 to be applied.
Namely, we have:

* There exists a class F satisfying Assumption 2.1 in observation space such that log|F| <
O(log| Flatent| + log|®|).

* There exists a weight function class W satisfying Assumption 2.2 in observation space such
that log|W| < O(log\Wiatent| + log|®|).

¢ We have Ccov < Ccov,latent~

As aresult, GLOW attains sample complexity poly (Ceov.iatents H, 10| Flatent|, 10g[Wiatent |, log| @[, 71).
This generalizes existing results for Block MDPs with tabular latent state spaces, which have
1Og|]:1atent|a 1Og‘wlatent |; C(cov,latent = pOlY(|3|’ |-’4|7 H) <
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D TECHNICAL TOOLS

Lemma D.1 (Azuma-Hoeffding). Let M € N and (Y,,)m<m be a sequence of random variables
adapted to a filtration (F ) m<m. If Y| < R almost surely, then with probability at least 1 — §,

ZY —Epm_1[Yi]| < R-/8Mlog(26—1

Lemma D.2 (Freedman’s inequality (e.g., Agarwal et al., 2014)). Let M € N and (Y,,)m<m be a
real-valued martingale difference sequence adapted to a filtration (F.,)m<m- If Y| < R almost
surely, then for any n € (0,1/R), with probability at least 1 — 0,
M M
log(26~!
S Vo <0 3 B (V07 + g(n)
m=1

The following lemma is a standard consequence of Lemma D.2 (e.g., Foster et al., 2021).

Lemma D.3. Let M € N and (Y,,)m<m be a sequence of random variables adapted to a filtration
(ZFm)m<m- If 0 <Y, < R almost surely, then with probability at least 1 — 6,

M
ZYmggZEm 1[Yon] + 4R1og(2071),

and
M

ZEm 1[Von] €23 Y, + 8Rlog(2671).
m=1

D.1 REINFORCEMENT LEARNING PRELIMINARIES
Lemma D.4 (Jiang et al. (2017, Lemma 1)). For any value function f = (f1,..., fu),

H
Bayna [f1(z1, 7, (21))] = J(7p) = ZEde [fn(@n, an) = [Tnfas1](@n, an)]-
h=1

Lemma D.5 (Per-state-action elliptic potential lemma; Xie et al. (2023, Lemma 4)). Let d, ..., d™
be an arbitrary sequence of distributions over a set Z, and let u € A(Z2) be a distribution such that

d(2)/u(z) < C forall z € Z and t € [T). Then, for all z € Z, we have

= 4o (2)

2t A (2) + Cp(z)

<2log(1+1T).
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E PROOFS FROM SECTION 3 (ONLINE RL)
This section of the appendix is organized as follows:

* Appendix E.1 gives a high-level sketch of the proof of Theorems 3.1 and 3.2, highlighting
the role of clipped density ratios and coverability.

* Appendix E.2 provides supporting technical results for GLOW, including concentration
guarantees.

» Appendix E.3 presents our main technical result for GLOW, Lemma E.4, which bounds
the cumulative suboptimality of the iterates 7, ..., 7™ produced by the algorithm for
general choices of the parameters 7', K, and v > 0.

* Finally, in Appendices E.4 and E.5, we invoke with specific parameter choices to prove
Theorems 3.1 and 3.2, as well as more general results (Theorems 3.1” and 3.2’) that allow
for misspecification error.

E.1 OVERVIEW OF PROOF TECHNIQUES

In this section we give a proof sketch for Theorem 3.1, highlighting the role of truncated weight
functions in addressing partial coverage. We focus on the regret bound; the sample complexity bound
in Eq. (5) is an immediate consequence.

By design, the constraint in Eq. (3) ensures that @* € F* for all ¢ < T with high probability. Thus,
by a standard regret decomposition for optimistic algorithms (Lemma D.4), we have

T
Reg:ZJ(ﬂ'*) 7) ZZE#) 0 (zh, an) — [Tf,(:jrl](xh,ah)], (13)
t=1

t=1 h=1

On-policy Bellman error for f(t) under 7 (*)

up to lower-order terms, where we abbreviate d® = a". Defining [Ap f©](z,a) =
3 (@,a) — [Thfplq](z,a), it remains to bound the on-policy expected bellman error
Ed(h,t) [[Ar f®](zp,ar)]. To do so, a natural approach is to relate this quantity to the weighted off-

policy Bellman error under d® := - 3. _, d™"” by introducing the weight function 4 /a® € W:

dﬁf (l‘ha Clh)

d;—z) (."l? h ah)

Unfortunately, this equality is not true as-is because the ratio d® /4 can be unbounded. We address
this by replacing d® by d“** throughout the analysis (at the cost of small approximation error),
and work with the weight function w{" = d}”/d** € W, which is always bounded in magnitude
t. However, while boundedness is a desirable property, the range ¢ is still too large to obtain
non-vacuous concentration guarantees. This motivates us to introduce clipped/truncated weight
functions via the following decomposition.

]Ed(ht) [[Ahf(”](x;“ ah)] S Eciﬁf“) [[Ahf(t)](l‘h, ah) . C|ip,y(t) [’w;;)] (LL'}“ ah)} + ]Ed;t) []I{w;;)(xh, ah) Z ’}/m}] .

E o [[Af ) n, an)] = Egeo | [Anf ] (@n, an) -

On-policy Bellman error (Ay): Clipped off-policy Bellman error (B¢): Loss due to clipping

Recall that w V(” = clipyo [w,(;)](xh,ah). As w® € W, it follows from the constraint in
Eq. (3) and Freedman type concentration that the clipped Bellman error in term (A;) has order

a® - Egun [(w)))?] + B, so that Et 1A < Z _1 - Eger [(w”)?] + B©. Since we

clip to v = ~t, we have thl B < - Tlog(|F||W)|/d); bounding the sum of weight functions
requires a more involved argument that we defer for a moment.

We now focus on bounding the terms (B;). Each term (B;) captures the extent to which the weighted
off-policy Bellman error at iteration ¢ fails to approximate the true Bellman error due to clipping.
This occurs when d““**) has poor coverage relative to d’, which happens when 7 visits a portion of
the state space not previously covered. We begin by applying Markov’s inequality (I{u > v} < /v
for u, v > 0) to bound

1 ‘
Bt S WEdg) [w;L)(xh,ah)} =

1 { 4 (zh, an) ] 1y [ A\ (zh, an)
d® - alt
v %

y® d7 0 (e, an) J;f“) (zh,an)

]7 (14)
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where the equality uses that Y := ~ - t and d“*" := d**V - t. Our most important insight is that
even though each term in Eq. (14) might be large on a given iteration ¢ (if a previously unexplored
portion of the state space is visited), coverability implies that on average across all iterations the error
incurred by clipping must be small. In particular, using a variant of a coverability-based potential
argument from Xie et al. (2023) (Lemma D.5), we show that

d” (zh,a
>y | e
I <t+1)(

S O(Ccov IOg(T))a
Th, ap)

so that Zthl B; < 6(Cco\, /7). To conclude the proof, we use an analogous potential argu-
ment to show the sum of weight functions in our bound on Zthl Ay also satisfies Zthl a® .

Egeo [(w))?] < 6(C’COV /7). The intuition is similar: the squared weight functions (corre-
sponding to variance of the weighted Bellman error) may be large in a given round, but cannot
be large for all rounds under coverability. Altogether, combining the bounds on A; and B; gives

Reg = 6(H(C% + v - T'log(|F|[W|HTé~1))). The final result follows by choosing v > 0 to
balance the terms.

We find it interesting that the way in which this proof makes use of coverability—to handle the
cumulative loss incurred by clipping—is quite different from the analysis in Xie et al. (2023), where
it more directly facilitates a change-of-measure argument.

E.2 SUPPORTING TECHNICAL RESULTS

Forz,2’ € X,a € A, r €[0,1],and h € [H], recall the notation
[Anfl(@,a,r, ') = falz,a) —r — max fp(z',a’),
[Anfl(x,a) = fu(z,a) = [Thfn](z, a),

wp(z,a) = clipyo [wr](z, a).
Lemma E.1 (Basic concentration for GLOW). Let v > 0 for t € [T). With probability at least
1 =6, all of the following inequalities hold for all f € F, w € W, t € [T| and h € [H]:

~ o~ . . - (]
) ‘ED;@ [[Ahf](xhaah:Thax;H.l) 'wh(xmah)] —Ego [ALf(@h, an) - Wn (2R, an)]| < %Edf;f) [(wn(zn, an))?] + &

] . ) ®
(b) ﬁEdﬁp (@ (xn, an)] < 17(‘)[ w(@n an)] + 2=,

~ ()

(C) ﬁEDS) [u’)i(xh,ah)] < %%Egit) [m%(mmahﬂ + /39 ’

(d) J(W*) - Erl~d1[f1(xlv7rf1(x1))] < Exlwpif)[maXaQI(xlaal)*fl(zlvﬂ—fl(xl))] +
\/810g(6\]—‘||W|TH/6)
K(t—1) ,

where Wy, := clip., o) [wp] and 3 = 3((3”( ' 1o g(6|F||WITH/S).

Proof of Lemma E.1. Fixany h € [H]andt € [T]. Let M = K (t—1) and recall that the dataset D,
cons1sts of M tuples of the form {(z}", ay™ , 7™, 2"V, ) }m<nr wWhere 2}, ~ P(- | z™ a;:”),
and a;" = 7, () (z},"") where 7(m) = [m/k]. Fixany f € F and w € W.

Proof of (a). For each m € [M], define the random variable

= [Anfl(ay™, ag™ ) - () a%m))—EdELﬂm))[[Ahf](xh,ah)'wh(xh,ah)]

Clearly, E,,_1[Y;,] = 0 and thus {Y},, } m<as is @ martingale difference sequence with

[Yin| < 3 sup |wp(zh,an)|] < 377,

Th,h
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since |[Ap f](2™, al™ 7™, ziV)| < 2 and |[Ap f](xh, an)| < 1. Furthermore,

M
Z Yo = Z Ahf f;fn)’a;zm) r;lm) x;fl)1) wh(x;l’”’ (m) Z Edw(m))[[ﬁhf](fﬂh,ah) W (T, an)]
m=1 m=1

m=1

t—1
= K(t - 1)ED,(1’5) [[Ahf](l‘h? ap,Th, CC%JFI) . 'Uv)h(l'h; ah)} - K Z Edgf) [[Ahf] (.’L‘h, ah) . ﬁ)h(l‘h, ah)]

=K(t- 1)Epl(f) [[Ahf](l”h»ah, Thy Thi1) "Uv)h(xhvah)} - K(t-1) Eg [Anfl(zn, an) - wn(zn, an)]-
Additionally, we also have that

Bt [(V)?] < 2B [(Bn ) 0l v 2, (o))’
+2Em_1 [(Edﬁj(m)) [Anfl(zn, an) - Wn(zh, ah)])z}
SEna {&Dh( i, a) + 2E ) [([Ahf](fl?h, an) 'wh(xh’ah))QH
<E,_1 {Swh(xh'"), (h’”))2 + 2Ed§j<"‘)’ [(wh(ﬂfmah))QH
= 10E ¢r(my |:(7J/h($h7 ah))z}

where the second line follows since |[Ay, f](z\™, al™  ri™, z;")1)| < 2 and by using Jensen’s
inequality, and the third line uses |[Ay, f](z}, ah)\ <1

Thus, using Lemma D.2 with 7 = 1/34(", we get that with probability at least 1 — §’,

M
> v
m=1

= K(t — 1)‘IED§:'> [[ﬁhf](xh, Ak Ths x/h-&-l) . ’LDh(l‘h, ah)} - Egglt) [[Ahf](xh, Gh) : 7jfh(xha ah)}

10K &4
~ 2 +
< s 2 B [0 00 37 08 (2/9)

10K (t — 1)

= o g [(@n(en. )] + 39 0g(2/).

The above bound implies that

‘]Epm [[ﬁhf](ﬂih, hs Ths Thy1) - Wi (Th, ah)} —E o [[Anfl(@n, an) - Wn(zh, an)]
h h
10

3y
= 3y®

E [(wn(zh, an))?] + K(t—1)

log(2/6").

Plugging in the value of 8 gives the desired bound. The final result follows by setting §' =
¢/3|F|\w|TH, and taking another union bound over the choice of f,w,t and h.

Proof of (b) and (c¢). For each m € [M], define the random variable

Y, = (wh(xh >,a§lm)))2.

Clearly, the sequence {Y}, },n<a is adapted to an increasing filtration, with ¥; > 0 and |Y;| =

I(wh(xﬁ”),a;m))ﬂ < (y™®)2. Furthermore,

t—1

Z Epne1[Ym] = KZE(W [(Wn(zn,an))?] = K(t — DE 0 [(@n (zh, an))?],

T=1

and,

M
D Y= > (Wnlwnan)’ = K(t - 1)[@17}(:» [(n(xn, an))?].

m=1 (z,a)GDfﬁ
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Thus, by Lemma D.3, we have that with probability at least 1 — ¢,

8(v")?log(2/4")

]EJELf) [(Wn(zh,an))?] < QED;ﬁ) [(wp (2, an))?] + Ki—1)

and

~

Epo [(Wp (2, an))?] < SEJW [(wn(zn,an))?] +

4(y)? log(2/9")
K(t—1)

The final result follows by setting 6" = 9/3|||w|TH, and taking another union bound over the choice
of f,w,t and h.

Proof of (d). For each m € [M], define the random variable

Ym = mgx Qi’(x(lm)7a) _ f] (x(lnt)77rfl (.r(lm))).

Clearly, |Y,,| < 1. Thus, using Lemma D.1, we get that with probability at least 1 — ¢,
M M
S BV < 3 (max @i, 0) — Al mp, (257)) ) + /EM Tog(2/5).
m=1 m=1

Setting M = K (¢t — 1) and noting that E,,_1[Y;,] = J(7*) — Ey, oa, [f1 (21, 74, (21)] since 2™ ~
dy for any m € [M], we get that
8log(2/4")

J(T(*) —Ezd, [fl(.’[?l,ﬂ'fl (56'1)] < EINDY) [maax QT(.’L‘h(I) - fi (.’131, Tf (.’131)):| + K(t _ 1)

The final result follows by setting 8’ = 9/3|7||w|TH, and taking another union bound over the choice
of f,w,tand h. O

Lemma E.2 (Properties of GLOW confidence set). Let v > 0 for t € [T']. With probability at least
1 — 6, all of the following events hold:

(a) Forallt > 1, Q* € F™"
(b) Forallt > 2, h € [H], f € FY, andw € W, we have

. 20 . 78
E,;;f)[[Ahf](xhvah) “p(Th,an)] < W]Eg;f) [(n (zh, an))?] + T
Furthermore,
) 40 . s TB® @
Egeen [Anf1(zn; an) - dn(zn, an)] < WEJ;;H) [(@n(zh,an))?] + 9 16022

(¢c) Forallt > 2, we have

N ) . 81og (6|F||W|TH/5
B, [max Qi (a1, ) — ;><xmi><x1»}<\/ SO,

y . . )
where Wy, := clip.,« [wp] and B = 1??:71) log (6| F[|W|TH/9).

Proof of Lemma E.2. Using Lemma E.1, we have that with probability at least 1 — §, for all f € F,
weW, te[T)and h € [H],

‘IAEDm [[ﬁhﬂ(ﬂfm hs Thy Thy) = W (Th, ah)} —E o [[Anfl(zn, an) - n(zh, an)]
h h
10 B

<3 o (15)

Ego [(@n(n, an))?] +
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1 2 - 23
WEJ](—:) [(Wp (2, an))?] < WED? [(wn(zn,an))?] + ﬁg , (16)
1 3 ©
WED)@ [(wp (2, an))?] < e Ed’(hf) [(wn(zn,an))?] + %, (17)
and,
J(7*) = Ea [fi (01,75, (@0)] < B [max Q1 (w1,0) = fulan, 7y, (1))
8log(6|F||W|TH/9)
\/ Kioyo

For the rest of the proof, we condition on the event in which (15-18) hold.

Proof of (a). Consider any ¢ € [T, and observe that the optimal state-action value function Q*
satisfies for any wy, € W,

Egzn [(Qi(fﬁiu ap) —rp — H}f}XQZH(fEZH»G/)) “Wh(Zh, ah)} =0,
where Wy, := cIip,ym [wp,]. Using the above relation with (15), we get that
10

3y

4
< 5B [(on(zn, an))?] +

®
Ego [(wn(zh, an))?] + 512

B
12

< %]ED? [(Wn(xn,an))*] + B,

ED;w [(QZ(ﬂfh,ah) —Th — IT;%}X Q2+1($Z+1a a/)) 'wh(ifh, ah) <

where the second-last inequality follows from (16).
Plugging in the values of o and 8, rearranging the terms, we get that

B [(@i(@ns an) = = max @ yy (@) - (s an) — @ (i (o, an))?| < 8.
Since the above inequality holds for all w € W, we have that Q* € F.

Proof of (b). Fix any ¢, and note that by the definition of 7, any f € F® satisfies for any
w € W, the bound
~ . 10 . t
Ep® [(fh(ﬂﬂh, ap) —rp — max frr(@hy . a’)) - (zn, ah)} < WEDS’ (W (zn, an))®] + B,
Using the above bound with (15), we get that

10 10 ~

13
T " ;s 2 e - 2 =16
]EJE:)HAhf](:C}Hah) wh(a:h,ah)} < 37(0 Ed;t) [(Wh(dfh,ah)) } + ’7“’ ED}(:) [(wh(xhﬂlh)) ] + 126 .
Plugging the bound from (17) for the second term above, we get that
20 76®
Ego [[ARfI(zh, an) - Wn(Th, an)] < ~® Ejo [(wn(zn,an))?] + 7?8 :

Finally, noting that d*+" =

t—1)d® +4®
()%, we can further upper bound as:

E g [[Anf](wn, an) - n(zn, an))

< (72(1 B o)) + T ) 42 By [0 an) - wn(ens an)]
< 2(3(0) E g0 [(wn(zn, an))?] + 715;“) + %Ediﬁ ([@n (zh, an)]]

= %Edy) [(n(n, an))*] + 759“’ + %Edﬁp [ (zh, an)?] + 125;;2

- %Ecﬁfﬂ) [(Wn(zn,an))?] + 7B9<” + 12;127

where the second-to-last line follows from an application of AM-GM inequality.
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Proof of (¢). Plugging in f = f® in (18) and noting that max, Q7 (z1,a) = Q3 (x, 7*(x)) for any
r € X, we get that

8log(6|F||W|TH/S)

J(7*) — Bz mnd, [fl“)(xl,wflm (m))] < IEMNDM [Q (21, 71 (21)) — f{t)(ilfl,ﬂf;w(fl))} + \/ K —1)

However, note that by definition, f* € arg max IE[fl (1,7, (21)], and using part-(a), Q* € F.
Thus, I@D@ {Q’l‘(xl,ﬂ(xl)) — £ (a1, 7Tf1(t)(x1)):| < 0, which implies that

JE) = By, [17 1,700 (1)) < ¢ T

O

Lemma E.3 (Coverability potential bound). Let d, ..., d™ be an arbitrary sequence of distribu-
tions over X x A, such that there exists a distribution i € A(X x A) that satisfies |47 /u|| oo < C
forall (x,a) € X x Aandt € [T). Then,

T
dY(z,a
ZE(m,a)Nd(t) [w‘| S 5C lOg(T),

t=1 d(t+1)(‘r7 CL)
where recall that d*+V := St dY forallt € [T).

Proof of Lemma E.3. Let 7(z,a) = min{t | d**V(2,a) > Cu(x,a)}. With this definition, we
can bound

T T
dY(z,a d®(z,a

ZEd(t) ,\,()‘| = Z]Ed(f,) [w . H{t < T(JZ, a)}]
t=1 d“+)(z, a) =1 d“+(z, a)

dY(z,a)

E -I{t >
—|—Z PO d<t+1> (.q) {t > T(x,a)}]
d x,a)
< g a0 [I{t < 7(x,a) —&-; d® ldﬁﬂ) @.0) It > T(x,a)}l»
(I): burn-in phase (II): stable phase

where the second line uses that 4 (z,a)/d(+1) (3,4) < 1.

For the burn-in phase, note that
ZEd(ﬂ [I{t < 7(x,a) Z Z d"(z,a) ZCT(’(””’“”(JC,Q) < ZCu(x,a) =
z,a t<7(x,a) z,a z,a
where the last inequality uses that by definition, d*(z,a) < Cu(x,a) for all t < 7(z, a).

For the stable phase, whenever ¢ > 7(z, a), by definition, we have d*" (z,a) > Cpu(x,a) which
implies that d“* (z,a) > (d"*”(m a) + Cu(x,a)). Thus,

d®(z,a) ]

an < 2 Z E (19)

d®(z,a) + Cu(z, a)

B d®(z,a)-d?(z,a)
B 222 d®(z,a) + Cu(z, a)

d d®(z,a)
<2) max d"(z,a) max Z ~ : .
2 R 2o\ & @0(2,0) + O, a)
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Using the per-state elliptical potential lemma (Lemma D.5) in the above inequality, we get that

(D) < 4log(T + 1) m%w (x,a) < 4Clog(T + 1) Z,u:v a) =4Clog(1+T), (20)
t'e

where the second inequality follows from the fact that H % H < C (by definition), and the last
equality uses that } ., p(2,a) = 1. Combining the above bound, we get that

< 5C log(T).

E.3 MAIN TECHNICAL RESULT: BOUND ON CUMULATIVE SUBOPTIMALITY FOR GLOW

In this section we prove a key technical lemma, Lemma E.4, which gives a bound on the cumulative
suboptimality of the sequence of policies generated by GLOW. Both the proofs of Theorem 3.2 and
Theorem 3.1 build on this result. To facilitate more general sample complexity bounds that allow for
misspecification error in W. In particular, for each ¢ € [T], we define &; as the misspecification error

of the clipped density ratio ;. /a(+" in class W), defined as

()
& = sup inf sup clipy [d(h‘}i”] — clipy [wp]

; 2
he[H] wEWh rell

1,d7

where recall that for any function v : & x A — R and distribution d € A(X x A), the norm
llull1,q4 := E(z,q)~al|u(z, a)|]. Note that under Assumption 2.2 or 2.2", {; = 0 for all ¢ € [T'].

Lemma E.4 (Bound on cumulative suboptimality). Let 7V, ... 7™ be the sequence of policies
generated by GLOW, when executed on classes F and VW with parameters T, K and ~y. Then the
cumulative suboptimality of the sequence of policies {7}y (7| is bounded as

ZJ(W*) _ J(ﬂ_(t)) _ O<H<Ccov10g(1 +T) 4 'YTlOg(‘FHW‘HT(S_l) +Z€t +’leg(T)>>
t=1 t=1

o K
Proof of Lemma E.4. Fix any ¢t > 2. We begin by establishing optimism as follows:
J(7%) = J(xD) = By g, [max Qi (w1, 0) | = J(x)
= Epiay [max Qi (@1, 0) = fi7 (01,7 (1)) + oy, [£7 (1,7 (20))] = I (x)

_ [8108(61F (T H/6)
= K(t—1)

+ By, [f17 (1, 7 (21))] = T (7 ©),

where the last line follows from Lemma E.2-(c). Using Lemma D.4 for the second term, we get that

) ) Slog(6|F||WI|TH/S) & t
T~ T(n) < \/ ) S Bl 180 )
where recall that [Ap, f](xn, an) := f" (2, an) — [Tufy 1] (xh, an). Thus,

T T
I = J(@0) < J(xt) = J(xV) + Z J(*) — J(x®)

T T H
8log(6|F||W|TH/S)
Z¢ ' t”_l' P S ey e [N ),
t=2 h=1
(22)

where the second inequality uses that J(7*) < 1 and J(7®") > 0.
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We next bound the expected Bellman error terms that appear in the right-hand-side above. Consider
any t > 2 and h € [H], and note that via a straightforward change of measure,

d;;)(xhv ah)
J;Z_H)(xh, ah)

Since v < min{u, v} + ul{u > v} for any u, v, we further decompose as

Ed;ﬁ) [[Ahf(t)](xh, ah)] = Egﬁlwl) |:[Ahf<t)](ajh, ah) .

t t : d;?(:chvah) t
Edgf) [ARfONzh, an)] < Eg(hwrm [[Ahf( N(zh,an) - mln{WaV( )

(A): Expected clipped Bellman error

d(t)(‘Th ah)
+E o |IQ A2 > 40
o Mt >

(B): clipping violation

<

where in the second term we have changed the measure back to dj;” and used that |[Ay, f©](zp, a)
1. We bound the terms (A) and (B) separately below.

Bound on expected clipped Bellman error. Let w;” (zp,,as) € W denote a weight function which
satisfies
®)
clip, {d(thﬂ)} — clip. [w},’] <&, (23)
h

sup
s
1,d}

which is guaranteed to exist by the definition of &. Then, we have

. . d;;)(xhvah)
(A) = By |:[Ahf( N(@n, an) - clipyo [c?g*%:chah)
(t)

(®

< Eg(;ﬂ) [[ALFON@n, an) - clipyo [w)) (zh, an)]] + ||clipo Ll;fh“)} — clip. [w},’]

1’d~§t+1>
< Ed*;t«kl) [[Ahf(”](xh, ah) . C|ip,y(t) [w,(:)(xh, (Lh)]] + &,

where the second line uses that |[Ap, f®](xp, ap)| < 1, and the last line plugs in (23). Next, using
Lemma E.2-(b) in the above inequality, we get that
78® A

40 . () 2
A) < W]Eggﬁn [(C"Fww [wh” (@, an)]) } T T oo

+ & (24)

Further splitting the first term, and using that (a + b)2 < 2a2 4 2b2 , we have that

B [ (cipyco [wf (o, 00)])°]

- T\ 27 2
d(t)(l‘h ah) (t)
< 2E—(f+1) (clip (t) —h o R + 2 C|ip (t) —h_|_ C“p (t) w(t)
= t +1 +1 h
dh v _d<ht )(CL'}“ah)_ v d;lt ) ¥ [ ] Q’d*;wd)

. [ d;:)(xhaah) N’ )
S QEd*Slt+1) Cllp,y(f,) -m- + 2’Y

()
H h H ()
Cllp,y(t) |:d—(t+1):| — Cllp,y(t) [wh ]
h

A(t+1)
Ldl
- ) o

< 2E 41 | | clipyo M + Q’Y(t)ft
= dh Y _dg.erl)(.Th,G;h)_ 5

where the second line holds since [[wl|3 ; < [[wl|oo [|w]|1,a and clip. ) [w] < ~® for any w, and the
last line is due to (23). Using the above bound in (24), we get that

80 a9 (zn,, an) 2 4
A< —E in¢ =AW 2 A0 4 108®
(A) < @ Eagn [(mm{ T (2, an) v }) +4& + 108" + 02
80 ds? (zn, ap) A
< —E 0 | =tp 4l + 1080 + ——
-y d;) |:d;;+l) (xh;ah) + ft + 6 + 80¢2
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Y
A8, + 108 4+ =

_ @E ( d;;)(l'h,ah)
L dy (s an)

where the second line simply follows from a change of measure, and the last line holds since v = ~t,
and dt+D = ¢+,

Bound on clipping violation. Since [{u > v} <  for any u,v > 0, we get that
1 d® Th,ap 1 d Tp,ap
dh (xh;ah) Y h dh (xh,ah)
where the last line holds since v = ~t.

Combining the bounds on the terms (A) and (B) above, and summing over the rounds t = 2,...,T,
we get

d (JIh, ah
(f+1)
dy " (o

ZEdm (AL D), an) <—2Ed< +1025<’>+42@t 0, (25)

*

il < Ceov, We get that

For the first term, using Lemma E.3, along with the bound |

ZE ® [ xh’ah) ‘| < 5Ceoy log(1+T).

=2 dy ™ (wn, an)

For the second term, we have

T T _ B
S0 =3 36yt log(6|.F|WIHT6™") _ 7297 log(6|F|\W|HTS ')
K(t—1) - K

t=2

Combining these bounds, we get that

T

> _EolAnfO)(@n,an)] = O <CC

t=2

wlog(1+T)  ATlog(|FIWIHTSY) <&
. + = +) &+ ylog(T) |,

t=1
(26)

Plugging this bound in to (22) for each h € [H] gives the desired result.

E.4 PROOF OF THEOREM 3.1

In this section, we prove a generalization of Theorem 3.1 that accounts for misspecification error
when the class VWV can only approximately realize the density ratios of mixed policies. Formally, we
make the following assumption on the class W:

Assumption 2.2f (Density ratio realizability, mixture version, with misspecification error). Let

T be the parameter to GLOW (Algorithm 1). For all h € [H|, = € II, t € [T], and 7" =
(1:t)

(7, ..., m®) € 11, there exists a weight function w;, ™ (x,a) € Wj, such that
dy (1)
< h T
Eup dﬂ.(lzf,) — Wy < Eapx-
well h 1.d7
"h

Note that setting £,,x = 0 above recovers Assumption 2.2’ given in the main body.

Theorem 3.1'. Ler ¢ > 0 be given, and suppose that Assumption 2.1 holds. Further, suppose that
Assumption 2.2 (above) holds with Eapx < ¢/18H. Then, GLOW, when executed on classes F and VW
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with hyperparameters T = é((H2CC°V/€2) : log(\}'IIWI/a)), K =1, and y = \/Ceon/(T10g(1711W//5))
returns an e-suboptimal policy 7 with probability at least 1 — ¢ after collecting

N = o(H €CC°V (f||W|/5)> 27)

trajectories. In addition, for any T' € N, with the same choice for K and vy as above, the algorithm
enjoys a regret bound of the form

Reg := ZJ J(7 D) = O(H/Cooy T log(IFIWI/s) + HT ). (28)

Clearly, setting the misspecification error ,px = 0 above recovers Theorem 3.1.

Proof of Theorem 3.1’. First note that by combining Assumption 2.2 with the fact that clip, [2] is

1-Lipschitz for any v > 0, we have that for any h € [H| and ¢t € [T, there exists a weight function
w; € Wi, such that

()

sup||clipy [“}L)] —clipy) [wﬁm < Eapx- 29)
mell dh

1,d7

Using this misspecification bound, and setting K = 1 in Lemma E.4, we get that with probability at
least 1 — 6,

T
HCoylog(1+T _
Reg = » J(r*) — J(x¥) = o( (;g( +7) +~yHT log(6|F||W|HT6 ) + HT&apx)

Further setting v = \/Ceo/(T log(6|F|[W|HTs~")) implies that

Reg < O (H\/Ccoleog(T) log (6| F|PV[HT5—1) + HTeapX>.

For the sample complexity bound, note that the returned policy 7 is chosen via T ~
Unif({z ™, ..., 7™}), and thus

E[J(7*) — =z Z J( (7)< 0 (H\/ < log(T) log(6| F||W|HT§ 1) + Hsapx)

Hence, when e, < O(¢/H), setting T = ) (Hi# log(6]F]| |W|HT5*1)> implies that the returned
policy 7 satisfies
E[J(r*) — J(7)] < e.

The total number of trajectories collected to return an e-suboptimal policy is given by

-~ H2 cov _
T.K<O( gf log (6| F|[W| Hb 1)).

E.5 PROOF OF THEOREM 3.2

In this section, we prove a generalization of Theorem 3.2 in Theorem 3.2’ (below) which accounts
for misspecification error when the class W can only approximately realize the density ratios of pure
policies. Formally, we make the following assumption on the class W.

Assumption 2.2¢ (Density ratio realizability, with misspecification error). For any policy pair
w1, 7o € Il and h € [H], there exists some weight function w(”1 ™2 e W, such that
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Setting £,px = 0 above recovers Assumption 2.2 given in the main body.

Note that Assumption 2.2* only states that density ratios of pure policies are approximately realized by
W},. On the other hand, the proof of Lemma E.4, our key tool in sample complexity analysis, requires
(approximate) realizability for the ratio 4’ /a¢+1 in W),, which involves a mixture of occupancies.
We fix this problem by running GLOW on a larger class JV that is constructed using YV and has small
misspecification error for 4 /a¢+1 for all t < T Before delving into the proof of Theorem 3.2, we
first describe the class W .

Construction of the class VV. Define an operator Mixture that takes in a sequence of weight
functions {w™ ..., w™®} and a parameter ¢ < T, and outputs a function [Mixture(w™, ..., w®;¢)]
such that for any z,a € X’ x A,

1

s)

IE:smUnif([t]) [w;L (ZL’, a)] '

[Mixture(w™, ..., w™;t)]p(z,a) ==

Using the operator Mixture, we define W via

WO = IMixture(w™, ..., w®;t) |w™, ..., w" € W},
and then define
W = Uper WO, (30)
As a result of this construction, we have that
W< (IWI+1)T < 2T (31)

In addition, we define W), = {wj;, | w € W}. The following lemma shows that /' has small
misspecification error for density ratios of mixture policies.

Lemma E.5. Lett > 0 be given, and suppose Assumption 2.2* holds. For any sequence of policies
7W, .., m €11, and h € [H), there exists a weight function wy, € W} such that for any v > 0,
®

. h . — 2
C|'P«, [Cl(htﬂ)] - C|'Py [wp, ] < Y Eapxs

sup
™ 1,dy

J+1) 1 t (s)
where recall that dy,"™ = ¢ > _, d,”.

The following theorem, which is our main sample complexity bound under misspecification error, is
obtained by running GLOW on the weight function class W.
Theorem 3.2'. Let & > 0 be given, and suppose that Assumption 2.1 holds. Further, suppose that
Assumption 2.2% holds with Eapx < O(£°/c3,u°). Then, GLOW, when executed on classes F and
W (defined in Eq. (30)) with hyperparameters T = ©(H*Cen/e?), K = O(T log(IFIW|/s5)), and
v = +/Ceov/T returns an e-suboptimal policy T with probability at least 1 — § after collecting
~H*C2

N = 0(574“ 1og(\7’IIW\/5)).
trajectories.
Setting the misspecification error g,px = 0 above recovers Theorem 3.2 in the main body.

Proof of Theorem 3.2’. Using the misspecification bound from Lemma E.5 in Lemma E.4 implies
that with probability at least 1 — 6,

T = _
HCoylog(1+T HT log(6|F||W|HTS§ !

S ) - I(r) = o< o Of( +1) , yHTlog(6 [y | ) ¢ BT+ oH 10g(T)>.

t=1

Using the relation in Eq. (31), we get that [W| < (2|)W|)T and thus

T V¥ —

HCeoylog(1+T HT log(6|F||W|HTs~!
2 :J(Tr*) — J(x®) = O( C. o;g( +T) 4 Y og (6] Kl—‘ ’ ) +H’Y2T35apx —i—fyHlog(T)).
t=1
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Setting K = 27T log(6|F||W|HT5~1) and v = 1/ %2 in the above bound, we get
T
3T - J(x) ((H\/CCOVT log(T)) + HCCO\,TQsapx)).
t=1
Finally, observing that the returned policy 7@ ~ Unif ({#® ... 7™ }), we get

T
Z J(r*) = J(=xP) <0 ( (H C;?V log(T) + HC’CO\,T25apx> ) .
t=1

Thus, when €,px < O(="/c3,u%), setting T = @( 2 Jog? ( %)) in the above bound implies that
E[J(m*) = J(7)] < e.

The total number of trajectories collected to return e-suboptimal policy is given by:

H4 2
T K= 0(%"“ 1og(|f|W|HT5—1)>.
3

O

Proof of Lemma E.5. Fix any h € [H] and ¢ € [T]. Using Assumption 2.2, we have that for any
s < t, there exists a function w;"* € W), such that

d(a‘) .
sup|| =tz —w| < eape (32)
mell|] &, 1,d7
Let wy, = [Mixture(w“’”7 e wtts t)} n € Wh, and recall that d*+9 = Eunif(14) [d;ﬂ For any

r,a € X x A, define

1 . { 1 }
")/ — min = 77 .
Es~uni (1)) [ n@a)/dd (@, a)} Esunif((e) [w* (2, a)]

((z,a) := |min

Using that the function g(z) = min{%, 7} = T is v2-Lipschitz, we get that

D S
max{z,y~

d;:)(xa a) st
NEs~unif([) LW — Esunit() [y (2, 0)]

((z,a) <77

) (z,a) o
< 72 ]ESNUnif([t]) H m - w;;,,)(x’ a) :| )

where the last inequality follows from the linearity of expectation, and by using Jensen’s inequality.
Thus,

. { d (zh, an)
ming =-———-—————<

’Y} - min{@h(l“h,ah)ﬁ}”

sup Erh sQh Nd |:

el d\ 0 (zn, ap)’
= sup Eq, ap~ay [C(2h, an)]
well
9 d( s)
< 7 sup Egunif([1) H b —wy
well d 1,d7

<~ ESNUmf([t] sup M d(’) — w;:””

1,d;:‘|
2
S ’Y 5apX7

where the second-to-last line is due to Jensen’s inequality, and the last line follows from the bound in
(32). O
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F PROOFS AND ADDITIONAL RESULTS FROM SECTION 4 (HYBRID RL)
This section is organized as follows:

* Appendix F.1 gives additional details and further examples of offline algorithms with which
we can apply H»O, including an example that uses FQI as the base algorithm.

* Appendix F.2 includes a detailed comparison between HY GLOW and purely offline algo-
rithms based on single-policy concentrability.

* Appendix F.3 includes a discussion on generic reductions from offline to online RL using a
class of algorithms we call optimistic offline RL algorithms.

* Appendix F.4 contains the proof of the main result for H,O, Theorem 4.1.

* Appendix E.5 contains supporting proofs for the offline RL algorithms (Appendix F.1) we
use within H5O.
F.1 EXAMPLES FOR H>O

This section contains additional examples of base algorithms that can be applied within the H,O
reduction.

F.1.1 HYGLOW ALGORITHM

For completeness, we state full pseudocode for the HY GLOW algorithm described in Section 4.2 as
Algorithm 3. As described in the main body, this algorithm simply invokes H2O with a clipped and
regularized variant of the MABO algorithm (MABO.CR, Eq. (9)) as the base algorithm.

We will invoke MABO.CR with a certain augmented weight function class JV, which we now define.
For any w € W, let w™ € (X x A x [H] = R U {400}) be defined by

o _ Jwp(x,a) ifh="1
W (2, 0) = { . o (33)

and let W™ = {w™ | w € W}. Define the set
W = WU (=W) Upeia) (WD U (=W™)). (34)

Note that the size satisfies W is |W| < 2(H + 1)|W| < 4H|W|.

We recall that the MABO.CR algorithm with dataset D and parameters v, 5, W is defined via

H
fe arg ﬁin HIE%Z ‘Eph, [ﬂ)h(xh,ah)[Athxha aharh,%“)} ’ —a™Ep, [w}(n,an)], (35)
S

where o™ := 8/ and Wy, := clip., ) [wp].
In Appendix F.5.2 we will prove the following result.

Theorem F.1 (MABO.CR is CC-bounded). Let D = {Dy}L | consist of H - n samples from
p®P o u™. Forany v € Ry, the MABO.CR algorithm (Eq. (9)) with parameters F, augmented

class W defined in Eq. (34) in Appendix F.1.1, and v is CC-bounded at scale ~ under the Assumption
that Q* € F and that for all m € WL and h € [H], dn/u{"™ € W.

The risk bound for HYyGLOW will follow by Theorem 4.1. Namely, we have the following.

Theorem 4.2 (Risk bound for HYGLOW). Let ¢ > 0 be given, let Dog consist of H - T
samples from data distribution v, and suppose that v satisfies C\-single-policy concentrabil-
ity. Suppose that Q* € F and that for all t € [T], 7 € I, and h € [H|, we have

G/ € W, where p = 1a(v, + Ve S d7"). Then, HYGLOW (Algorithm 3) with
inputs T = O((H'(CertC)/e?) - log(IFIWVI/5)), F, augmented W defined in Eq. (34), v =
&) (\/(C*+Ccov)/TH2 1og(|f\\W\/5)>, and Dog returns an e-suboptimal policy with probability at least

1—0T af[er c()llecting N = 6(% log(‘}_HWl/é)) trajectories.
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Algorithm 3 HYGLoOw: H;O + MABO.CR

input: Parameter T’ € N, value function class F, weight function class W, parameter v € [0, 1],
offline datasets Dog = {Dog 1 } 1 each of size T'.

1: Set 7(t) =t a® = 4/7@) and 5@,) — (127/K) .]Og(G\}'HW\TH/(;).
2: Initialize D), = Dflly)bridﬁ =g forall h € [H].
3: fort=1,...,Tdo
4: Compute value function f® such that
H ~ ~ ~
o e ar?;egin 1%&%; E‘DS;)brid,h [wh($h7 an)[Anfl(@n, an,Th, xﬁlﬂ)] lia(n)Efoy)brid,h [wi(xh’ an)]
(36)
where @ := clip.,« [w] and [Ap, f](z, a, 7, 2") := fu(z,a) —r — maxy fonii(2,a’).
5: Compute policy 7 < ).
6: Collect (z1,a1,71), ..., (xg,ay,ry) using 7; D(():“;L) = D(()"Ilh U{(xn, an,mh, Thi1)}
7. Aggregate offline and online data: D{i 1)y, = Dot n|,., U Doy, forall b € [H].
8: output: 7 = Unif (7™, ... 7).

F.1.2 COMPUTATIONALLY EFFICIENT IMPLEMENTATION FOR HYGLOW

In the following, we expand on the discussion after Theorem F.1 regarding computationally efficient
implementation of the optimization problem in Eq. (9) and Eq. (36) via reparameterization. Let y > 0
and n > 0 be given to the learner, and suppose that in addition to the class WV, the learner has access
to a function class W™ that satisfies the following assumption.

Assumption F.1. The function class W™ satisfies
(a) Forallw € W™ and h € [H), |[|[wp|loc < 1.
(b) Forall h € [H], {#clip.,, [w] | w € W} C W™,
(¢) Forall h € [H], {#clip.,,,[w™] | w € W} C W™ where w™ is defined as in Eq. (33).

Note that W™ also satisfies the density ratio realizability required by MABO.CR (cf. Theorem F.1).
We claim that optimizing directly over the class W™, which does not involve explicitly clipping,
leads to the same guarantee as solving Eq. (9). In more detail, consider the following offline RL
algorithm, which given offline datasets { D}, },< i, returns

H

f € argmin max g Ep, [wh(xh,,ah)[A;Lf](a:h,ah,rh,x;H_l)] — a™Ep, [w(zn,an)].
fe].‘ wEW(’Yvn) he
(37)

Using the next lemma, we show that the function obtained by solving Eq. (37) leads to the same
offline RL guarantee as MABO.CR when [log(W®©)| = O(log(|W|) + poly(H)). In particular,
substituting the bound from Lemma F.1 in place of the corresponding bound from Lemma F.6 in
the proof of Theorem F.1, while keeping rest of the analysis same, shows that the above described
computationally efficient implementation of MABO.CR is also CC-bounded. Using this fact with
Theorem 4.1 implies the desired performance guarantee for HYGLOW (similar to Theorem 4.2).

Lemma F.1. Suppose F and W satisfy Assumption 2.1 and Assumption F4. Additionally, let
v € (0,1) and n > 0 be given constants, and for h € [H|, let Dy, be datasets of size n sampled

from the offline distribution u;;"”. Furthermore, let W™ be a reparameterized function class

that satisfies Assumption F.1 w.r.t. W. Then, the function f returned by Eq. (37), when executed
with datasets {Dy, }n<m, weight function class W™, and parameters o™ = 2 satisfies with

%)
probability at least 1 — 6,

H I .
> ’Euif:") [[Ahﬂ(”’ an) - On(En, ah)} ‘ < O<Z —E [(wh(xh, ah))Q] + H25(7L)> ,

h=1 h=1

Sforallw € W, where ™ = O(% 10g(24\.7:|\W\H2/5)>.
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Proof of Lemma F.1. Repeating the same arguments as in the proof of Lemma E.2 with K = 1 (we
avoid repeating the arguments for conciseness), along with the fact that || w}, || < yn forall h € [H]

and w’ € W™ we get that the returned function [ satisfies for all w’ € W™,

H

H
-~ 1 Hyn N
;1 B, o [0 fl(wn, an) - wh (2, a1)] < O (Z ~ B (), (e an))?] + =% tog(|F |V >|H/5)> .

n—1
h=1

However, as in the proof of Lemma F.6, since for any w € W we have that both clip.,,, [w™] € W™
and —clip,,,,[w™] € W™ for every h € [H], the above inequality immediately implies that for
every w € W,

H

H N 2
S |B, o [0 A, an) - inlen,an)] | < (Z %n E, o (@ (@, an))*] + 2 10g(|]—'||W“‘”)H/6)>,
h=1

n—1
h=1

where we used that the RHS is independent of the sign. The final statement follows by plugging in
that [log(W™)| = O(log(|W)]) + poly(H)). O

F.1.3 FITTED Q-ITERATION

In this section, we apply HoO with the Fitted Q-Iteration (FQI) algorithm (Munos, 2007; Munos and
Szepesvari, 2008; Chen and Jiang, 2019) as the base algorithm. For an offline dataset D and value
function class F, the FQI algorithm is defined as follows:

Algorithm F.2 (Fitted Q-Iteration (FQI)).
1. Set fH+1(x, a) =0 forall (x,a)
2. Forh=H,... 1:

fn € argminEp, [(fh(xh, ap) — rp — max Fra1(znir,a)))?
fh€Fn @

3. Output 7 = T
We analyze FQI under the following standard Bellman completeness assumption.
Assumption F.2 (Bellman completeness). For all h € [H], we have that TpFp+1 C Fn

Theorem E.3. The FQI algorithm is CC-bounded under Assumption F.2 with scaling functions
a, = % and b, = 1024 log(2n|F|)~, for all v > 0 simultaneously. As a consequence, when invoked

within Ho O, we have Risk < 6(H\/(C*+Cmv) 108(|]:\571)/T) with probability at least 1 — 0T .

The proof can be found in Appendix F.5.3.

The full pseudocode for HoO with FQI is essentially identical to the Hy-Q algorithm of Song et al.
(2023), except for a slightly different data aggregattion strategy in Line 7. Thus, Hy-Q can be
interpreted as a special case of the HoO algorithm when instantiated with FQI as a base algorithm.
The risk bounds in Song et al. (2023) are proven under an a structural condition known as bilinear
rank (Du et al., 2021), which is complementary to coverability. Our result recovers a special case of a
risk bound for Hy-Q given in the follow-up work of Liu et al. (2023), which analyzes Hy-Q under
coverability instead of bilinear rank.

F.1.4 MODEL-BASED MLE

In this section we apply HoO with Model-Based Maximum Likelihood Estimation (MLE) algorithm
as the base algorithm. The algorithm is parameterized by a model class M = {M }1 | where
My, C{M} : X x A— A(R x X)}. Each model M = {M},}L | € M has the same state space,
action space, initial distribution, and horizon, and each M}, € My, is a conditional distribution over
rewards and next states for layer h. For a dataset D, the algorithm proceeds as follows.

Algorithm F.4 (Model-Based MLE).
» Forh € [H]:
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— Compute the maximum likelihood estimator for layer h as

]\/4\;,, = arg max Z log(Mp(rp, xpe1 | h,an)) (38)

MpeMn (zh,an:rhTh+1)EDR

* Output 71';7, the optimal policy for M= {Z/W\h}h
We analyze Model-Based MLE under a standard realizability assumption.
Assumption F.3 (Model realizability). We have that M* € M.

Theorem F.5. The model-based MLE algorithm is CC-bounded under Assumption F.3 for all v > 0
simultaneously, with scaling functions a, = % and b, = 8log(|M|H/)~. As a consequence, when

invoked within H2O, we have Risk < 5(H\/(C*+Ccov) 10g(\M\H6*1)/T) with probability at least
1—46T.

The proof can be found in Appendix F.5.4.

F.2 COMPARISON TO OFFLINE RL

In this section, we compare the performance of HYGLOW to existing results in purely offline RL
which assume access to a data distribution v with single-policy concentrability (Definition 4.3)

Let 1. be the offline data distribution. Let us write w™ := d"/u, w* = d" /, and V* for the

optimal value function . The most relevant work is the PRO-RL algorithm of Zhan et al. . Their

algorithm is computationally efficient and establishes a polynomial sample complexity bound under

the realizability of certain regularized versions of w* and V*. By contrast, our result requires

(Q*-realizability and the density ratio realizability of w™ for all = € II, but for the unregularized

problem. These assumptions are not comparable, as either may hold without the other. Their sample
6 402

* 7 x,E

complexity result is also slightly larger, scaling roughly as 0] (%) , where C, . is the single-

policy concentrability for the regularized problem, as opposed to our 9] (H 2(C*+Ccov)/52). However,
our approach requires additional online access while their algorithm does not.

To the best of our knowledge, all other algorithms for the purely offline setting that only require
single-policy concentrability either need stronger representation conditions (such as value-function
completeness Xie et al. (2021a)), or are not known to be computationally efficient in the general
function approximation setting due to the need for implementing pessimism (e.g., Chen and Jiang
(2022)).

F.3 GENERIC REDUCTIONS FROM ONLINE TO OFFLINE RL?

Our hybrid-to-offline reduction HoO and the CC-boundedness definition also shed light on the
question of when offline RL methods can be lifted to the purely online setting. Indeed, observe that
any offline algorithm which satisfies CC-boundedness (Definition 4.2) with only a 7T-coverage term,
namely which satisfies an offline risk bound of the form

H
a

Risko < 3 9 Ea, [CCh (7, p™) b, 39

is fF_};n plCCh (T, n,yn)] + by (39)

can be repeatedly invoked within HoO (with Dog = &) to achieve a small y/Ceov/T-type risk bound
for the purely online setting, with no hybrid data. This can be seen immediately by inspecting our
proof for the hybrid setting (Theorem F.6 and Theorem 4.1).

We can think of algorithms satisfying Eq. (39) as optimistic offline RL algorithms, since their risk only
scales with a term depending on their own output policys; this is typically achieved using optimism.
In particular, it is easy to see, that GLOW and GOLF (Jin et al., 2021a; Xie et al., 2023) can be
interpreted as repeatedly invoking such an optimistic offline RL algorithm within the H5 O reduction.
This class of algorithms has not been considered in the offline RL literature since they inherit both
the computational drawbacks of pessimistic algorithms and the statistical drawbacks of “neutral” (i.e.
non-pessimistic) algorithms (at least, when viewed only in the context of offline RL).

In more detail, as with pessimism, optimism is often not computationally efficient, although it
furthermore requires all-policy concentrability (as opposed to single-policy concentrability) to
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obtain low offfine risk. On the other hand, neutral (non-pessimistic) algorithms such as FQI (Chen
and Jiang, 2019) and MABO (Xie and Jiang, 2020) also require all-policy concentrability, but
are more computationally efficient. However, our reduction shows that these algorithms might
merit further investigation. In particular, it uncovers that they can automatically solve the online
setting (without hybrid data) under coverability and when repeatedly invoked on datasets generated
from their previous policies. We find that this reduction advances the fundamental understanding
of sample-efficient algorithms in both the online and offline settings, and are optimistic that this
understanding can be used for future algorithm design.

F.4 PROOFS FOR HyO (THEOREM 4.1)
The following theorem is a slight generalization of Theorem 4.1. In the sequel, we prove Theorem 4.1

as a consequence of this result.

Theorem F.6. Let T € N be given, let Dog consist of H - T samples from data distribution
v. Let Alg « be CC-bounded at scale v € [0, 1] under Assumption(-), with parameters a., and
b,. Suppose that ¥ t € [T] and #,..., 7™ € II, Assumption(u™, M*) holds for p* :=
{Y/2(vp, + 1/t Zle dg(l) V}HL |, Then, with probability at least 1 — 0T, the risk of H2O (Algorithm 2)
with T, Algg, and Dog is bounded as"

2a ZH ZT 1 Ceov@
. y () ~ cov By

h=11t=1

=lerroff

Proof of Theorem F.6. Recall the definitions dif’ == df ", di’ == 32!} d?, and d}Y’ == 2;d{".

Furthermore, let dj, := dj; for all b < H. Note that the data distribution for D), . is p(® =
{py M, where pj” = 1 (v), +dj,’), where vy, is the offline distribution. As a result of Definition 4.2,
the offline algorithm Algoff invoked on the dataset Dh beiq Outputs a distribution p, ~ A(II) that
satisfies the bound:

H

]:E,n.(t),\,pt [J(ﬂ'*) 7T(t) Z % CCh 7T ,u( ’,’yt) + Eﬂ-(t)wpt [CCh(w“’ ,u“) ’Yt)]) + b%
h=1

(41)

with probability at least 1 — §, where a, and b, are the scaling functions for which Alg ¢ is CC-
bounded at scale ~y. By taking a union bound over 7', the number of iterations, we have that the event
in Eq. (41) occurs for all ¢ < T with probability greater than 1 — 7.

Plugging in the definition for the clipped concentrability coefficient above and summing over ¢ from
1,...,T, we get that

T

Reg =E lz J(m*) — J(M)}

t=1
H /T . T
a ) dr a ] d(f«)
<3 (% et [ L] 4T % Byt [ 2 - HTo,
h=1 \ t=1 Fr dlla: =1 VRN W)

(M (11)
For each h € [H], we bound the two terms I and II separately below.

Term (I). Note that p1)” (2, a) > vp,(z,a)/2 for any z, a. Thus,

- [dy
vl

3We define risk for the hybrid setting as in Eq. (1). Our result is stated as a bound on the risk to the optimal
policy 7*, but extends to give a bound on the risk of any comparator 7 with C replaced by coverage for 7.

T

@< 2“72%

t=1

T
1
= 2a, Z ;CCh(Tr*7 v,4t).
t=1

1,dp

35



Published as a conference paper at ICLR 2024

Term (II). We bound this term uniformly for any 7 ~ p;. So, fix 7 and note that
T
1 d\(z,a)

) =a —E & {min{’i’,ytH

27 B (M )

(3 ey [Tt e N g L

= B0 | 7 = T dY ) ¢ ’
&0 [ @a) g (w.a) £ ) (r,a)

t=1

(ILA) (IL.B)
where the second line holds since min{u, v} = ul{u < v} 4+ vIl{v < u} forall u,v € R.

In order to bound the two terms appearing above, we use certain properties of coverability, similar to
the analysis of GLOW (Appendix E). For a parameter A € (0, 1), let us define a burn-in time

) (@,0) = min{t |0 (2, a) > Coor Hil2:0) } w
and observe that
L 20
ZEd(n ]I{t < 7'(’\) (z,a) z Z d;f)(m,a) < ;OV, (43)
t—1

z,a t<7'}(ﬁ)(;v,a)

which holds for any A € (0, 1). This bound can be derived by noting that

oI S TR e
<r®)( z,a
= Z jﬁ;ﬂ*)(mwa)—l)(x’ a) + Z dﬁff’(w,a))(x, a)
T,a

<Z cov * +chovﬂh x CL)

xT,a

< Ceov (i+1> < 2o

z,a)

A

We also recall the follow bound, which is a corollary of the elliptical potential lemma (Lemma D.5):

do( ®)
sz(t) z, & H{t > 7T (A) 33 a } sz(t) z, a h H{t> (1) QZ‘,CL)} < 510g(T)Ccov-

t=1 z,a t=1 z,a
(44)
The inequality (i) can be seen derived by noting that, under the event in the indicator, we have

A (2,a) > Ceoupify (2, a) and thus d\° (z, a) > L (Ceoypif; (x, @) + d® (x, a)). This gives

szm z,a L(x VIt > 7 (2,0)} < 222&” z,a dy (@, 0)

t=1 z,a d(t) (z,a) t=1 z,a d(t) (z,a) + Ceovpi, (z, a)

from which we can repeat the steps from Eq. (19) to Eq. (20).

Term (ILA). To bound this term, we introduce a split according to the burn-in time 7" )(a:, a),ie.

() () T.a
(ILA) Z E {dm( ’a;]l{jgt)ix’,a; }(H{t <7 (wa)} +I{t > 7. (x,a)})

The first term is bounded via

d?(z,a) [ dyY(z,a)
Z Ed(f) |: (t) ]I{ /,L}(;;)(J@a) S’yt}l[{t < 7' Qj a :| <’yZEd(f) ]I{ﬁ <rT }]

(z,a)

< 270cova
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by Eq. (43) with A = 1. The second term is bounded via:
d\(z,a) [d¥(z a) dy (z,a)
Em[ - ]I{ — }]It>7'(1>xa ]<2 Em[hfﬂt> (m,a)}
Z d o 1 (x, a) { Z aP | go { t
~7H{t > 70 (, a)}}

(z,a)
W Ld ()
< 10 1Og(T)Ccow

d()

d( )(:c a)

by using that u\ (x,a) > and Equation (44).

Adding these two terms together gives us the upper bound (II.A) < 2vCo, + 1010g(T")Ceov-
Term (IL.B). We have

oo ({3 )] Sre s )
<72Edm { Conti(0:) ., 3

d(t)(a: a)
0 )5 B 1t <m0}
t=1

4C’COV
v

|

= 4Cvcov,

where the inequality (i) follows from applying the upper bounds d}’ (z,a) < Ceoup} (2, a) and

py (z,a) > 1d(x,a), and the inequality (ii) follows from the definition of the burn-in time
(Eq. (42) with A = 7/2.

Combining all the bounds above, we get that
(ID) < 2a, (27Ccov + 1010g(T") Ceov + 2Ccov)
=40,Ceoy (v + 10log(T) +1).

Adding together the terms so far, we can conclude the regret bound:

H T
1
Reg < 2a, Z Z ECC}L(W*, v,7t) + H (4a,Ceoy (v + 101log(T) + 1) + Tb,) .
h=1t=1

It follows that the policy 7 = Unif (7™, ..., 7™) satisfies the risk bound

H T
2a 1 a,C
Risk < =X —CCp(m™ )+ H (4= 10log(T 1 b
ok 5 305G ) + H (4B () 0kon(D) £ 1) 1)

I=€erroff
H T
~ 2a, 1 Ceovliy
== EZME:l;CCh v 'yt)+0< ( T +b,

with probability at least 1 — 67", where in the last line we have used that v € [0, 1]. O

We now prove Theorem 4.1 as a consequence of Theorem F.6.

Theorem 4.1 (Risk bound for HyO). LetT' € N be given, let Dog consist of H - T samples from
data distribution v, and suppose that v satisfies C,-single-policy concentrability. Let Alg ¢« be CC-
bounded at scale v € (0,1) under Assumption(-), with parameters a., and b.. Suppose that ¥ t €

[T] and 7@, ... ,«x® € II, Assumption(u®, M*) holds for u* := {1/2(vp, + 1/t Zle d;w) 7

37



Published as a conference paper at ICLR 2024

Then, with probability at least 1 — 0T, the risk of HoO (Algorithm 2) with T', Alg g, and Dog is

bounded as'*
Risk < O (H (“”(C;O) + b,y)> . )

Proof of Theorem 4.1. Under the assumptions in the theorem statement, Theorem F.6 implies that
%2, e~ 1 a,C
Risk < =X ~CCh(7* )+ H (4=~ 10log(T) + 1) + b, ).
isk < = ;;t n(T* v, t) + ( 7 (7 +101og(T) +1) + b,

dr” (z,a)

vn(w,a)

Since maxj maxy q

< C,, we have CCp, (7™, v,4t) < C,, so we can simplify the first
term above to

%XH:ZT:EC T, v, At) 2“” HZ 6“” * H log(T),
Th—:t n( vt) og

using the bound on the harmonic number Zthl 1/t < 3log(T'). Combining with the remainder of
the risk bound in Theorem F.6 gives us

H ~ C* C'cov
< jf‘” (6C, 1og(T) + 4Ceoy (v + 10log(T) + 1))+Hb., = O <H (CW(TH + bv>> :

where we have used the fact that y € [0, 1]. O

Corollary F.1. Let T' € N and Dog consist of H - T samples from data distribution v. Suppose
that for all t € [T] and 7, ..., 7™ € II, Assumption(u®, M*) holds for u = {/2(v, +

eSt, d;{(i) VHL . Let Alg g be CC-bounded at scale v € [0, 1] under Assumption(-) and with
parameters a., = % and b, = by. Consider the HoO algorithm with inputs T, Alg ¢, and Dog.
Then,

e If Alg g is CC-bounded at scale v = © (\ / aCcov/bT) and T is such that v € [0, 1], we have

b A1 ~ Ceovab
. * t) cov
RlSkSQHTCcov E E ECCh(w N7 )+O<H T )

with probability greater than 1 — 0T.

» If v satisfies C\-single-policy concentrability and Alg ¢« is CC-bounded at scale v =

© (m) and T is such that y € [0, 1], then
Risk < O (H/(©+Caat/r)

with probability greater than 1 — §7T.

Proof of Corollary F.1. We start with the first case. We recall the definition of errog appearing in
Theorem F.6:

4 C'cov ~ C'cov
erfofy = H (a”T (7 + 8log(T) + 1) + bw> = O(H( T“” - bw))

and the risk bound from Theorem F.6.

H T
. 2a 1 .
Risk < T”g: E: - CCh(m", v, ) + errog. (45)

14We define risk for the hybrid setting as in Eq. (1). Our result is stated as a bound on the risk to the optimal
policy 7*, but extends to give a bound on the risk of any comparator 7 with C replaced by coverage for 7.
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Plugging in a, = % and b, = by into erryg gives

errof = H <4;;1

Ceov (7 + 8log(T) + 1) + b”y) )

The above is optimized by picking v = 2\/

g o (T) + 1). Plugging this in gives us

B abCroy(8log(T) + 1) aCeov \ = abCeoy
erroffH<4\/ T +4 T =0|H B ,

as desired. For the second result, recall from Theorem 4.1 that the risk bound when v satisfied
C-policy-concentrability is

Risk < Ha, (6C’ log(T) + 4Ccov(y + 8log(T) + 1)) + Hb,,.

Plugging in a, = % and b, = Ew gives us

Ha
Risk < ﬂ( 6C, log(T') + 4Ccov (v + 8log(T') + 1)) + Hbr.

\/ a(6C, log(T)4+4Cco (748 log(T)+1))
Tb

This expression is optimized by v = , which when substituted

gives us the risk bound

Risk < 2H\/ab (6C. log(T) + 4Ccov (v + 8log(T) + 1)) _ 6<H< W))

T T
as desired. O

F.5 PROOFS FOR HyO EXAMPLES (APPENDIX F.1)
F.5.1 SUPPORTING TECHNICAL RESULTS

Lemma F.2 (Telescoping Performance Difference (Xie and Jiang (2020, Theorem 2); Jin et al. (2021b,
Lemma 3.1))). Forany f € F, we have that

J (7 Z o Tnfnr(@ns an) = fu(@n, an)] + Eyrs [fu(en, an) = Tofr1 (@, an)]-

This bound follows from a straightforward adaptation of the proof of Xie and Jiang (2020, Theorem
2) to the finite horizon setting.

Lemma F.3. For all policy m € 11, value function f € F, timestep h € [H]|, data distribution
w={un}t, where u, € A(X x A), and v € R, we have

Eaz [[Anf](@n, an)] < B, [[Ahﬂ(xh, an) - clip, [/‘MH TP [/‘M > v} |
Similarly,
B (A0, 00)] < By | ([0 Tln, ) i, | 2 | g gpr | IR ]
where recall that [Ay f](z,a) = fr(x,a) — [Thfria] (2, ).

Proof of Lemma F.3. In the following, we prove the first inequality. The second inequality follows
similarly. Using that |[[Ap f](x,a)| < 1forany z,a € X x A, we have

Ear [[Anfl(zn, an)] < Bag [[Anfl(@n, an) - Kpn(@n, an) # 03] + Eaz [I{pn (2n, an) = 0}].
For the second term, for any v > 0,

Euz [Ty (e an) = 0}] < Euy [ﬂ{d(”) > v}] _pr [d(’”’) > fy].

th(zhaah) Mh(l’h,ah)
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For the first term, using that v < min{u, v} 4+ ul{u > v} forall u,v > 0, and that |[A, f](z,a)| < 1

for any x,a € X x A, we get that
Eaz [[Anf](zn, an) - K pn(zn, an) # 0}]

= Eﬂh

<E

122

=E

1220

Furthermore, also note that
dy Th,ap
w [[ARSf(Th, an) - C|lp7{ it )

pr(znh, an)

1A an) -
[An fl(zn, an) - clip,
+ Eﬂh [

[Anfl(zn, an) - clip,

2.

(zn,an) st pp(zh,an)=0

A ) #0)]
[df; (zn, an) |
Lin(@n, an) |
dﬁ(fﬂmah)ﬂ{ dp (xn, an)
pn(xn,an) | pn(zn, an)
_d;zr(xfh ah) ]
L n(Ths an) |

[tnan.an) = 03]

The final bound follows by combining the above three terms.

Wun(zn, an) # 0}-

Hpn(zn, an) # 0}

pn(@n, an) - [Ap fl(zn, an) 'C“Py[

> ’Y}H{Mh(xha an) # 0}}

+ ]Edg [H{

dZ(CEh, ah) >

pn(zh, an)

d2($h7ah):| —0
fin(xhs an) '

O

Lemma F4. For any policy w, data distribution . = {up }EL | where uj, € A(X x A), scale y € R,

and horizon h € [H), we have

pr [d;{(xh,ah)
pn(Th, an)

Proof of Lemma F.4. Note that
P |:dh('rh7 a’h) > 'Y:|

wn(znh, an)

IN

where the first inequality follows from

vy R (x,a) > pn(2,a) = vy ldR(z,a) >

3
——— 7 \f —
=
>

2 dp
> | < —||clip,
v Hh

(xhyah) }:|
h(frh,ah)
d’;{( an)

+ v 1d”(xh,ah)

df (wp, an) ]
pn(h, an) +y~1d} (xp, an)

e itan]| =3

1,d7

and the second inequality follows by Markov’s inequality.

it
clip,

>3]

K

|

)
1,d7

(@) 77 (2, ),

O

Lemma F.5. For any policy w, data distribution p = {up}- | where p, € A(X x A), scale

v € Ry, and horizon h € [H), we have

T

d
clip [h
T Lpn

2

2,pn

<2

d7T
2 ||clip,, [ h} .
Fh ] 1,dx

Proof of Lemma F.5. Beginning with the left-hand side, we have,

i (@n, an) Yor

E min{ ,
pn(Th, an)

Hh Hh

)]

(

IN

df (zn, ah))QH{ df (zp, an)
pn(zh, an) wn(Th, an)

40
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+2E,, {7- di(on, ) -H{dh(xh’ah) > vH

wn(zh, an) tn(zh, an)

(i) dr dr dar
< 2Ed;1‘|: h(xhaah)ﬂ{ h(wmah) 7H 2K, [7 ]I{ m(zh,an) -

pn(xn,an) | pn(xh, an) pn(Th, an)

(i) dr
< 2Ry [min{h(‘mh’ah),f}/}].
" fh(Th, an)
In (i), we have used that for all u,v € RT, min{u,v} < ul{u < v} + /uvl{v < u} and that

(u+v)? < 2(u? +0?), thus that min{u, v}? < 2(uv’I{u < v} +uwvl{v < u}). In (i), we have done
a change of measure from 15, to df. In (iii), we have used that min{u, v} = ul{u < v}+vl{v < u}.

O

F.5.2 PROOFS FOR MABO.CR (PROOF OF THEOREM F.1)

Suppose the dataset D = {Dj, },<p is sampled from the offline distribution . In this section,
we analyze our regularized and clipped variant of MABO (Eq. (9)). We analyze MABO.CR under the
following density ratio assumption. Recall for any sequence of data distributions p®, ... u(™, we
denote the mixture distribution by p@ = {4 }L |, defined by py ™ == L 3" | pl! ).

Assumption F.4. For a given sequence of data distributions ™V, .. . u™, we have that for all = € 1],
and for all h € [H],

di ew

(1) :

h

We first note the following bound for the hypothesis freturned by MABO.CR.

Lemma F.6. Let D = {D,,}}L_, be a dataset consisting of H -n samples from iV, . .., n™. Suppose

that F satisfies Assumption 2.1 and that VV satisfies Assumption F.4 with respect to ™. Let f be
the function returned by MABO.CR, given in Eq. (9), when executed on { D}, },< g with parameters

7y, F, and the augmented weight function class YV defined in Eq. (34). Then, with probability at least
1 — 6, we have

H H
Z Eﬂgllzn) {[Ahﬂ(xh,ah) -wh(a:h, ah)] ‘ < Z —E G [(wh(xh,ah))g +T’78H2,8("), (46)

h=1 h=1
forallw € W, where ™ = 36V(n) log(24|F||[W|H?/6).

Proof of Lemma F.6. Repeating the argument of Lemma E.2 (a), we can establish that Q* satisfies
the following bound for all h € [H|,w € W:

Ep, [([AhQ*](ﬂﬁh,ah,Th,%H)) 'wh(l'h,ah)} <Ep, [Ozm) : (wh(fhaah))z} + 3™, @7

with probability at least 1 — §, where a™ = 8/y( and B = 367"/ _1log(6|F||W|H/S) <
367/ —11og(24|F||W|H?/5). Going forward, we condition on the event that this holds. Now,
since the right-hand side of Eq. (47) is independent of the sign of w0, we can apply this to —w € W
to conclude that

‘EDh {([ﬁhQ*}(xhaahﬂ“h,x;l+1)) 'wh(afh,ah)” <Ep, [Oé(") : (wh<$h7ah))2} + 8.

Summing over h € [H] and taking the max over w € W, we can conclude that:

H
max Z‘Em [([AhQ J(@h, an, rhy T i1)) - On(Th, an) H—ED {a(m (wh(ffh»ah))Q] < HB™.
e h=1

By Assumption 2.1 and the definition of the hypothesis freturned by MABO.CR, we have:

o~ o~ . ~ " . 2 "
m%Z’EDh[ ([ARfl(@h, an,Thy @ 11)) 'wh(xhaah)H —Ep, [Oz( Vo (wp(zh, an)) } < HB™,
we
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and in particular the bound that for all w € W
H R H 9
> Ep, [([Ahf](%,ahﬁh,%ﬂ) Wn(2n, an) } ZE’D;L{ @ (b (xn, an)) } + HB™.

Repeating the argument for Lemma E.2 (b), we can conclude that for all w € W

THR™
18

Euzl:n) [(Wh(xh; ah))2] +

H
Z]Euﬁfm) [[Ahﬂ(xh,ah) 'wh(l'haah)] < Z
h=1 )

Applying this to w™ € W and to —w™ € W, and again noting that the right-hand side is
independent of the sign of w0, we can conclude that for each h € [H],w € W:
THR™

18

‘]E (1im) {[Ahf](fh»ah) wp(xn, an) H < E (i [(@n (s an))?] +

Summing over h € [H] gives the desired bound. O

Theorem F.1 (MABO.CR is CC-bounded). Let D = {Dy}L | consist of H - n samples from
p®P o u™. Forany v € Ry, the MABO.CR algorithm (Eq. (9)) with parameters F, augmented
class WV defined in Eq. (34) in Appendix F.1.1, and vy is CC-bounded at scale ~y under the Assumption
that Q* € F and that for all m € Il and h € [H], di/u{™ € W.

Proof of Theorem F.1. Let7 = T . Using the performance difference lemma (Lemma F.2), we note
that

Mm

J(r*) = J(@) < ) By [- [Anfl(@n, an)] + Z]Ed" (A4 fl(xn, an))- (43)

h=1 h=1

However, note that due to Lemma F.3 and Lemma F.4, we have that

~ -~ . dﬁ(a:h,ah) :|:| 4 dﬂ-
E[([Anfl(zh,a <E (| ([Anf](zh,a cllpn{ln +— ||clipyn, | 5% ;
s 080T o)) < B (80 e | EEL |2 et | .
M
(49)
and,
. ~ _ A7 (zh, ap) 4 g
E o [(—=[Anfl(zh, an))] S E am [(—=[Anf]l(zh,a cllpn{i‘,ﬂ’ +— ||clipyn | 5
ap [(=[Anf](@n, an))] < E o >[( [An fl(zh, an))clip,, 2 o an) o e L
a
(50)

We bound the terms (I) and (II) separately below. Before we delve into these bounds, note that using
Lemma F.6, we have with probability at least 1 — 6,

20

< lH%("), (51)
ry(”)

B o (o)) <

H
iy (o [ Tonan]| -

wew
h=1

where 8 = ?;?%’f log(24|F||W|H?/§). Moving forward, we condition on the event under which
Eq. (51) holds.

Bound on Term (I). Define w via wy, := % and wy, = clip,, [(dl’ln)] , and note that due to
Hp, Hp,

Assumption F.4, we have that w € W. Thus, using (51), we get that

Z]E @ [(=[AnFl(@n, an) )i (zn, an)] < Z ‘E o [(=[An f)(@n, an))in (2, ar)]
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20 7
<) —E o [(n(xn, an))?] + 178H25(n)

7
- Z e |C|'p7n W Hz i + HQﬁ(")

7
clip.,,[wn ||1 7 + EHQﬁ(n)’

where the last step follows by Lemma FE.5 and the definition of wy,.

*

Bound on Term (II). Define w} = % and Wy, = cIip,m [C(l{Ln)] , and again note that due to
Mo, K,

Assumption F.4, we have that w;, € W),. Thus, using (51), and repeating the same arguments as
above, we get that

40 7
(H) S h; WHCHP’Yn[wZ]Hl,d;’L* + EHQﬁ(n)7

Plugging the two bounds above in (53) and (54), and then further in (52), and using the definitions
for wy, and wyj;, we get that with probability at least 1 — 9,

H * H =
40 dy 5 dy 14
J(r*) —J@) <> — ||clip n{ hn} +) = |clip n{ } + — H?B™
Z 1 T Ly 1,d7" ;; v Ty 1,d7 18
H * ~
40 . dy , dy 14 .
= Z ) ( C|Ip7n|: (?n>:| Cllp’yn[ (1hn):| A) + EHQﬁ( )
he=t1 ! P 1,d7" P 1,d7
=t 40 ~ (1) 2 n 2
= oo (CC(, 1, ym) 4+ CCu (R, p 7 m)) + 28Hy - log (24| F|WIH? /9)
h=1
40
< D2 2 (CONGR™ O, ym) 4 CCa(, )+ 56 log (241 FI W H? ),
h=1
which establishes that the algorithm is CC-bounded for scale -, with scaling functions a, = 40 and
b, = 56 H%vlog(24|F||W|H?/9).
O

Theorem 4.2 (Risk bound for HYGLOW). Let ¢ > 0 be given, let Dog consist of H - T
samples from data distribution v, and suppose that v satisfies C\-single-policy concentrabil-
ity. Suppose that Q* € F and that for all t € [T|, 7 € II, and h € [H], we have

di/D € W, where i) = 12(v, + eS| dzm). Then, HYGLOW (Algorithm 3) with
inputs T = O((H'(CentC)/2) - log(IFIWI/s)), F, augmented W defined in Eq. (34), v =
&) (\/(C*""Cccv)/THQ log(1711wl/s) ), and Dog returns an e-suboptimal policy with probability at least

1 — 0T after collecting N = 5(% log(\f||W|/5)> trajectories.

Proof of Theorem 4.2. This follows by combining Theorem F.1 with Corollary F.1. O

F.5.3 PROOFS FOR FITTED Q-ITERATION (FQI)
In this section we prove Theorem F.3.

We quote the following generalization bound for least squares regression in the adaptive setting.
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Lemma F.7 (Least squares generalization bound; Song et al. (2023, Lemma 3)). Ler R > 0,9 € (0, 1),
andH : X — [—R, R] a class of real-valued functions. Let D = {(x1,y1) ... (@1, yr)} be a dataset
of T points where xy ~ pt(asl 4—1,Y1:4—1) and y; = h*(xy) + € for some realizable h* € H and ¢,
is conditionally mean-zero, i.e. E[yt | 2] = h*(x¢). Suppose maxy [y:| < R and max, |h*(z)| < R.

Then the least squares solution h € arg ming, ¢4 Zt | (h(zy) — yi)? satisfies that with probability
at least 1 — 9,

> By, () = 17 (2))?] < 256R% 10g(2[#]/5).

Using the above theorem, we can show the following concentration result for FQI.

Lemma F.8 (Concentration bound for FQI). With probability at least 1 — 6, we have that for all
h € [H],

]EHELLM ([Ahﬂ(xmah))Q] = i;ﬂi(%ah)w;ﬂ {(fh(%?ah) - [ﬁﬁwﬂ(l‘h’ah)f]

log(2|F|H /)

IN

1024

Proof of Lemma F.8. Fix i + 1. Consider the regression problem induced by the dataset D;, =
{2y, where 2 = (z1”,a5”) ~ ui” and y;” = 7@ + max, fhﬂ(x;fjrl, a'). This
problem is realizable via the regression function E[y” | z7] = h*(20") = T fuy1(20") € F, and
satisfies that |y;’ (2;7)| < 2. In this regression problem, the least squares solutlon from
Lemma F.7 is precisely the FQI solution, so by Lemma F.7 we have

—~ 2 18 ~ 2
(@nsan) sl (fh (zh,an) — [Tfh+ﬂ(£13h,ah))) = ZE(MHG}JNM (fh(fl?h,ah) [Tfh,+1](93h,,ah)>
i=1
< 10241082171/8)
n
with high probability. Taking a union bound over h € [H| gives the desired result. O

Theorem E.3. The FQI algorithm is CC-bounded under Assumption F.2 with scaling functions
a, = % and b, = 1024 1og(2n|F|)~, for all v > 0 simultaneously. As a consequence, when invoked

within Ho O, we have Risk < 6(H\/(C*+Cm) log(| 715~ 1)/ with probability at least 1 — 6T .

Proof of Theorem F.3. Let 7 = T . Using the performance difference lemma (given in Lemma F.2),
we note that

H

J(@*) = J(7®) <D By [~ (A fl@n, an)] + > Bz [[An fl(wn, an)]. (52)

h=1 h=1

Howeyver, note that due to Lemma F.3 and Lemma F.4, we have that

-~ -~ . d%(xh ah) 4 d%
7 < Lin _Zh\"hy"h) = h
Eyz [([An)(zn, an)] <E, ¢ >[([Amm,ah))chpw[w ,ﬁ(mh’ah)ﬂgn c"Pw[M;;"”]
i)
(53)
and,
A e e [z 1] 8 0]
E .« [(—[A <E am|(=[A | —h TR — |cli —h_
ap [(=[Anf](@n, an))] < E o >[( [ hf](xhaah))c'Panxm(%,ah) +7n clip, P e
(n
54)
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Bound on Term (I). Note that

IN

dj, (1, an) H

N . ~ 2 _ A7 ’ 2
]Euﬁf"” ([Anfl(zn, an))clip,, Lx:m (on.an) E#;}:m {([Ahf](fﬂmah)) } Eug:m [(C“Pw [M}) ]

log(2|F|H) H , { dy ]
cli )
n

IN

2048

b
1:n
2,ui™

where the second line follows from Cauchy-Schwarz and the last line follows by Lemma F.8. AM-GM
inequality implies that

2
2048log(2|F|H) dy, 1 1 ”
\/Og(|| H [ M} <1 ( c||p,m|: M} +204810g(2|]—"|H)7>
n h 27H(h1:n) 2 yn ,uh 27M(hl:n)
1( 4 dr
S 5 <'Y7’L Cllp'yn|: (1}:Ln):| ~ +204810g(2f|H)7> )
Hp 1,dF

where the last line is due to Lemma FE.5.

Bound on Term (II). Repeating the same argument above for 7*, we get that

*

2 dy
(D) < — |iclip,,, {(’}n)} + 1024 log(2|F|H)~.
mn Hp 1,dr*
Combining the above bounds implies that
T 9 ar’ i
J(m*) = J(@) <Y — | |dlip,, [(h)] clip., [ﬁn)} + 204810g(2|F|H )
hey T Hp, 1,dr* Hp, 1,d7

H

2
= o (CC(, p, ) + CCu(7, n* ™, 7)) + 2048 log (2| F|H)y,
h=1

which shows that FQI is CC-bounded at scale v under Assumption F.2, with scaling functions a., = %

and b., = 2048 log(2|F|H ).

It remains to show the stated risk bound when FQI is applied within H5O. This follows by applying
Corollary F.1. O

F.5.4 PROOFS FOR MODEL-BASED MLE

In this section we prove Theorem FE.5. We quote the following generalization bound for maximum
likelihood estimation (MLE) in the adaptive setting.

Lemma F.9 (MLE generalization bound; Agarwal et al. (2020, Theorem 18)). Consider a sequential
conditional probability estimation setting with an instance space Z and a target space Y and
conditional density p(y | z). We are given F : (Z x V) — R. We are given a dataset D =
{(z¢, ) }1_| where z; ~ Dy = Di(z1.4-1,y1:4-1) and yr ~ p(- | z). Fix § € (0,1), assume
|F| < oo and there exists f* € F such that f*(y | z) = p(y | z). Then, with probability at least
1-4,

Fela -0 12|, <2108071/5)

where
T

fG argmax » log f(y: | z¢).
gmax )

t=1

Recall the notation that each model M € M defines a conditional probability distribution of the form
M(r,z’ | x,a). We apply the above generalization bound to our setting to obtain the following.

45



Published as a conference paper at ICLR 2024

Corollary F.2. Under Assumption F.3, we have that the model-based maximum likelihood estimator
of Equation (38) satisfies

n

Vi * 2 log(|M|H /o
VhelH]: E o |:HMh(' | @n,an) = My (- | 2n, an)|| ] < plos(MIH/0)

Note that we have taken an extra union bound over H so that the MLE succeeds at each layer.
This is easily seen to imply an error bound between the associated Bellman operators.
Corollary F.3. Let [%f](x, a) = E o) BT fara) [r + max, f(z', a’)] denote the Bellman optimal-

ity operator of M , and T denote the Bellman optimality operator of M*. Then we have that for all
h e [H]andforall f : X x A —[0,1],

E, [([ﬁf](-rh,ah) - mf}(mh,am)Q] < glos(MIH/0)

n

Proof of Corollary F.3. Notice that

(T f1(@,0) = [Taf] (2, @) = By ) 57000y 7+ 005 S (0,0)| = Branynss ooy 1+ ma f (a7, ')
< 9|3 | 2.0) = Mi (- | 2a)|

O

Theorem FE.5. The model-based MLE algorithm is CC-bounded under Assumption F.3 for all v > 0
simultaneously, with scaling functions a., = % and b, = 8log(|M|H/d)~. As a consequence, when

invoked within HyO, we have Risk < 6(H\/(C*+Ccov) log(IMIH6™") /1) with probability at least
1—6T.

Proof of Theorem F.5. We note that Corollary F.2 implies a squared Bellman error bound for thq,

the optimal value function for M, since

2

~ 2
va,a: ((ThQ, ) )@0) = [TQ ,, J@.a) = (Q5,(@.0) = [ThQ ., )@.0) .
by the optimality equation for Q“}”\?. Thus we have

2 log(|M|H/d
Vh € [H]: E, o [(Q*ﬁyh(mh,ah) - [n@*ﬁ_’hﬂ](mh,ah)) ] < SM' (55)
This is enough to repeat the proof of CC-boundedness for FQI (Theorem F.3), with Q;‘W taking

the place of the FQI solution J? Indeed, the only algorithmic property that we used for FQI was
Lemma E.8, which also holds for Q;\/Z by Equation (55). Tracking the slightly different constants

resulting gives us the desired values for a., and b,,. O
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