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Abstract

This paper introduces a payoff perturbation technique, introducing a strong convex-
ity to players’ payoff functions in games. This technique is specifically designed
for first-order methods to achieve last-iterate convergence in games where the
gradient of the payoff functions is monotone in the strategy profile space, poten-
tially containing additive noise. Although perturbation is known to facilitate the
convergence of learning algorithms, the magnitude of perturbation requires careful
adjustment to ensure last-iterate convergence. Previous studies have proposed a
scheme in which the magnitude is determined by the distance from an anchoring
or reference strategy, which is periodically re-initialized. In response, this paper
proposes Gradient Ascent with Boosting Payoff Perturbation, which incorporates a
novel perturbation into the underlying payoff function, maintaining the periodically
re-initializing anchoring strategy scheme. This innovation empowers us to provide
faster last-iterate convergence rates against the existing payoff perturbed algorithms,
even in the presence of additive noise.

1 Introduction

This study considers online learning in monotone games, where the gradient of the payoff function is
monotone in the strategy profile space. Monotone games encompassed diverse well-studied games as
special instances, such as concave-convex games, zero-sum polymatrix games [Cai and Daskalakis,
2011, Cai et al., 2016], A-cocoercive games [Lin et al., 2020], and Cournot competition [Bravo et al.,
2018]. Due to their wide-ranging applications, there has been growing interest in developing learning
algorithms to compute Nash equilibria in monotone games.

Typical learning algorithms such as Gradient Ascent [Zinkevich, 2003] and Multiplicative Weights
Update [Bailey and Piliouras, 2018] have been extensively studied and shown to converge to equilibria
in an average-iterate sense, which is termed average-iterate convergence. However, averaging the
strategies can be undesirable because it can lead to additional memory or computational costs in the
context of training Generative Adversarial Networks [Goodfellow et al., 2014] and preference-based
fine-tuning of large language models [Munos et al., 2023, Swamy et al., 2024]. In contrast, last-iterate
convergence, in which the updated strategy profile itself converges to a Nash equilibrium, has emerged
as a stronger notion than average-iterate convergence.

Payoff-perturbed algorithms have recently been regaining attention in this context [Sokota et al.,
2023, Liu et al., 2023]. Payoff perturbation is a classical technique, e.g., [Facchinei and Pang, 2003]
and introduces a strongly convex penalty to the players’ payoff functions to stabilize learning, which
leads to convergence to approximate equilibria, not only in the full feedback setting where the perfect
gradient vector of the payoff function can be used to update strategies, but also in the noisy feedback
setting where the gradient vector is contaminated by noise.
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However, to ensure convergence toward a Nash equilibrium of the underlying game, the magnitude
of perturbation requires careful adjustment. As a remedy, it is adjusted by the distance from an
anchoring or reference strategy. Koshal et al. [2010] and Tatarenko and Kamgarpour [2019] simply
decay the magnitude in each iteration, and their methods asymptotically converge, since the perturbed
function gradually loses strong convexity. In response to this, recent studies [Perolat et al., 2021, Abe
et al., 2023, 2024] re-initialize the anchoring strategies periodically, or in a predefined interval, so
that they keep the perturbed function strongly convex and achieve non-asymptotic convergence.

We should also mention the optimistic family of learning algorithms, which incorporates recency
bias and exhibits last-iterate convergence [Daskalakis et al., 2018, Daskalakis and Panageas, 2019,
Mertikopoulos et al., 2019, Wei et al., 2021]. Unfortunately, the property has mainly been proven in
the full feedback setting. Although it might empirically work with noisy feedback, the convergence
is slower, as demonstrated in Section 6. The fast convergence in the noisy feedback setting is another
reason why payoft-perturbed algorithms have been gaining renewed interest.

This paper, in particular, focuses on Adaptively Perturbed Mirror Descent (APMD) [Abe et al., 2024],
which achieves O(1/+/T)" and O(1/T'10) last-iterate convergence rates in the full/noisy feedback
setting, respectively. The motivation of this study lies in improving the convergence rates of APMD.
We propose an elegant one-line modification of APMD, which effectively accelerates convergence.
In fact, we just add the difference between the current anchoring strategy and the initial anchoring
strategy to the payoff perturbation function in APMD.

Our contributions are manifold. Firstly, we propose a novel payoff-perturbed learning algorithm
named Gradient Ascent with Boosting Payoff Perturbation (GABP). This method incorporates a
unique perturbation payoff function, enabling it to achieve faster convergence rates than APMD. Sub-
sequently, we prove that GABP exhibits accelerated O(1/T") and O(1/T'7) last-iterate convergence
rates to a Nash equilibrium with full and noisy feedback, respectively. We further show that each
player’s individual regret is at most O ((ln T)Q) in the full feedback setting, provided all players play
according to GABP. Finally, through our experiments, we demonstrate the competitive or superior
performance of GABP over Optimistic Gradient Ascent [Daskalakis et al., 2018, Wei et al., 2021]
and APMD in concave-convex games, irrespective of the presence of noise.

2 Preliminaries

Monotone games. In this study, we focus on a continuous multi-player game, which is denoted
as ([N], (X;)ie(n)s (vi)iern])- [N] = {1,2,---, N} denotes the set of N players. Each player
i € [N] chooses a strategy m; from a d;-dimensional compact convex strategy space X;, and we
write X = Hie[ N] X;. Each player ¢ aims to maximize her payoff function v; : X — R, which
is differentiable on X'. We denote 7_; € [] i ¥; as the strategies of all players except player ¢,
and m = (m;);c[n) € & as the strategy profile. This paper particularly studies learning in smooth
monotone games, where the gradient operator V(-) = (V,v(-))ie[n of the payoff functions is
monotone: Vm, 7’ € X,

(V(r) =V(r'),m — ') <0, (1
and L-Lipschitz for L > 0
IV (m) = V(x| < Lz — ', @
where || - || denotes the ¢5-norm.

Many common and well-studied games, such as concave-convex games, zero-sum polymatrix games
[Cai et al., 2016], A-cocoercive games [Lin et al., 2020], and Cournot competition [Bravo et al.,
2018], are included in the class of monotone games.

Example 2.1 (Concave-Convex Games). Consider a game defined by ({1, 2}, (X7, X2), (v, —v)),
where v : X} X X5 — R. In this game, player 1 wishes to maximize v, while player 2 aims to
minimize v. If v is concave in z; € A and convex in x5 € A>, the game is called a concave-convex
game or minimax optimization problem, and it is not hard to see that this game is a special case of
monotone games.

"We use O to denote a Landau notation that disregards a polylogarithmic factor.
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Nash equilibrium and gap function. A Nash equilibrium [Nash, 1951] is a widely used solution
concept for a game, which is a strategy profile where no player can gain by changing her own strategy.
Formally, a strategy profile 7* € & is called a Nash equilibrium, if and only if 7* satisfies the
following condition:

Vi € [N],Vm; € X, vi(n],7*;) > vi(mi, m5,).

We define the set of all Nash equilibria to be IT*. It has been shown that there exists at least one Nash
equilibrium [Debreu, 1952] for any smooth monotone games.

To quantify the proximity to Nash equilibrium for a given strategy profile m € X', we use the gap
function, which is defined as:
GAP(7) := max (V(m), 7 — 7).
rex
Additionally, we use another measure of proximity to Nash equilibrium, referred to as the tangent
residual. This measure is defined as:

tan = : i v + ,
() aegrvlgtﬂ)l\ (m) +all

where Nx (7) = {(ai)icin) € vazl R% | Z;N:Mai,ﬂé —m;) <0, ¥a' € X'} is the normal cone of
7w € X. Itis easy to see that GAP () > 0 (resp. 7% () > 0) for any 7 € X, and the equality holds
if and only if 7 is a Nash equilibrium. Defining D := sup, /¢y ||7 — 7’| as the diameter of X', the
gap function for any given strategy profile m € X is upper bounded by its tangent residual.

Lemma 2.2 (Lemma 2 of Cai et al. [2022a]). For any m € X, we have:
GAP(7) < D - r*" (7).

The gap function and the tangent residual are standard measures of proximity to Nash equilibrium;
e.g., it has been used in Cai and Zheng [2023], Abe et al. [2024].

Problem setting. This study focuses on the online learning setting in which the following process
repeats from iterations ¢ = 1 to T: (i) Each player i € [N] chooses her strategy 7! € X;, based on

previously observed feedback; (ii) Each player 7 receives the (noisy) gradient vector V, vi(wt) as
feedback. This study examines two feedback models: full feedback and noisy feedback. In the full

feedback setting, each player observes the perfect gradient vector V., v;(7!) = V., v;(7?). In the
noisy feedback setting, each player’s gradient feedback V. v;(7) is contaminated by an additive
noise vector &, ice., Vo, v;(mt) = Vovi(nt) + &, where £ € R%. Throughout the paper, we
assume that &! is the zero-mean and bounded-variance noise vector at each iteration .

Adaptively perturbed Mirror Descent. To facilitate the convergence in the online learning setting,
recent studies have utilized a payoff perturbation technique, where payoff functions are perturbed by
strongly convex functions [Sokota et al., 2023, Liu et al., 2023, Abe et al., 2022]. However, while
the addition of these strongly convex functions leads learning algorithms to converge to a stationary
point, this stationary point may be significantly distant from a Nash equilibrium. Therefore, the
magnitude of perturbation requires careful adjustment. Perolat et al. [2021], Abe et al. [2023, 2024]
have introduced a scheme in which the magnitude is determined by the distance (or divergence
function) from an anchoring strategy o;, which is periodically re-initialized. Specifically, Adaptively
Perturbed Mirror Descent (APMD) [Abe et al., 2024] perturbs each player’s payoff function by a
strongly convex divergence function G(m;, 0;) : X; x X; — [0, 00), where the anchoring strategy o;
is periodically replaced by the current strategy 7! every predefined iterations 7.

M) as the anchoring strategy after k() updates. Since o; is overwritten every T,

Let us define o,
iterations, we can write k(t) = [(t — 1)/T,| + 1 and Uf(t) = /o RO=DFL Eycept for the payoff
perturbation and the update of the anchor strategy, APMD updates each player ¢’s strategy in the

same way as standard Mirror Descent algorithms:

7rf+1 = arg max {77t <§mvi(7rt) — V., G(rt O’k(t)),l’> — Dy(z, wf)} ,

i1 Y4
rEX;



123
124
125
126

127

128
129

130

131
132

134

135

136

137

138
139

140

141
142

Algorithm 1 GABP for player :.

Require: Learning rates {n; };>0, perturbation strength x, update interval T, initial strategy 7,
k<1, 70
2: o} 7}
3: fort=1,2,--- ,T do R
4:  Receive the gradient feedback V., v;(7")
5:  Update the strategy by

~ k_ ol
Ferl = arg max {nt <v7rivi(ﬂ-t) - M% —H (ﬂ-zf - O’f) 7m> - % Hx - ﬂ-fHQ}

TEX;
6: T+ 71741
7. if 7 =T, then
8: k<« k+1, 70
9: af — 7r,f+1
10:  endif
11: end for

where 7, is the learning rate at iteration ¢, i € (0, 00) is the perturbation strength, and D, (m;, 7}) =
Y(m;) — P(wh) — (V(n}), m; — w}) as the Bregman divergence associated with a strictly convex
function ¢ : X; — R. When both G and Dy, is set to the squared ¢?-distance, this algorithm can be
equivalently written as:

R 1
7+ = arg max {m <vai(7rt) —u (wf - Uf(t)) ,Jc> ) |z — 7TZHQ} . 3
TEX;

We refer to this version of APMD as Adaptively Perturbed Gradient Ascent (APGA). Abe et al.

[2024] have shown that APGA exhibits the convergence rates of O(1/v/T) and O(1/T'10) with full
and noisy feedback, respectively.

3 Gradient ascent with boosting payoff perturbation

This section proposes an accelerated version of APGA, Gradient Ascent with Boosting Payoff
Perturbation (GABP). The pseudo-code of GABP is outlined in Algorithm 1. In order to obtain faster
last-iterate convergence rates compared to APGA, GABP introduces a novel payoff perturbation term

in addition to APGA’s original payoff perturbation term, x (77{ — af (t)) . Formally, GABP updates
each player’s strategy as follows:

k(t) 1
A~ ; - ) 1
7T§+1 = arg max {nt <Vﬂ.i'l}i(7rt) — NO—];(t)i_'_? —H ('/T;5 - Uf(t)) ,$> B 5 ||'L — '/Tf||2 } (@]
—

reEX;
()
The term () is our proposed additional perturbation term. It shrinks as k(t), the number of updates

()

k(t) -
of o;"", increases.

For a more intuitive explanation of the proposed perturbation term, we present the following update
rule, which is equivalent to (4):

= k(t)ol-c(t) +a} 1 2
t+1 t t % % t
= argeriax {nt <Vﬁvi(7r )—p (7% — 7k(t) 1 ) =g Haz — 7TZH .

From this formula, it appears that GABP replaces the reference strategy af ®

k(t) 1
term in (3) of APGA with % As a result, the anchoring strategy in GABP evolves more

gradually than in APGA, leading to further stabilization of the learning dynamics. There is a tradeoff

for the perturbation
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between the shrinking speed of the term (*) and the stabilizing impact on the last-iterate convergence
rate of GABP. The shrinking speed of 1/(k(t) + 1) achieves a faster convergence rate, and we believe
that this represents the optimal balance for this trade-off. Although one might think that the term (x)
is closely related to Accelerated Optimistic Gradient (AOG) [Cai and Zheng, 2023], we discuss the
detail in Appendix F to be concise and avoid a complicated explanation.

4 Last-iterate convergence rates

This section provides the last-iterate convergence rates of GABP in the full/noisy feedback setting,
respectively.

4.1 Full feedback setting

First, we demonstrate the last-iterate convergence rate of GABP with full feedback where each player
receives the perfect gradient vector as feedback at each iteration ¢, i.e., V., v; (') = V., v;().
Theorem 4.1 shows that the last-iterate strategy profile 77 updated by GABP converges to a Nash
equilibrium with an O(1/T') rate in the full feedback setting.

Theorem 4.1. If we use the constant learning rate n, = n € (0, W) and the constant perturba-

tion strength > 0, and set T, = ¢ - max(1, %) for some constant ¢ > 1, then the strategy

7t updated by GABP satisfies for any t € {2,3,--- , T + 1}:

) o
Tn(T+np) (H+ +1 >,and

1) <
GAP(r') < P p

T,tan (7Tt) S

61n3(T+1)
17eD (W + 1) 14nL
t—1 pot ‘
1

This rate is significantly faster than APGA’s rate of O(1/+/T). Moreover, it is a competitive rate
compared to the previous state-of-the-art rate of O(1/T") [Yoon and Ryu, 2021, Cai and Zheng, 2023].
Note that the rate in Theorem 4.1 holds for any constant perturbation strength p > 0.

4.1.1 Proof sketch of Theorem 4.1

To derive the bound of the gap function GAP(r"), it is sufficient to derive that of 7*** (") due to
Lemma 2.2. This section provides the proof sketch of Theorem 4.1. The complete proof is placed in
Appendix B.

(1) Decomposition of the tangent residual of the last-iterate strategy profile. From the first-

. . .. _ k(t—1) 1
order optimality condition for 7f, we can see that V(7!~1) — u (wt_l - W) -
1

L(xt —7t=1) € Nx(n'). Therefore, from the triangle inequality and L-smoothness (2) of the

n
gradient operator, the tangent residual %3 (7rt) can be bounded as:

tan/_t\ _ : _ t
rt(t) = min | {|=V(r) + |
_ _ S 1
<ot =) +o ([s= - +0 (1)

Let us define the stationary point ot , which satisfies the following condition: Vi € [N],

k(t) k(t) R 2
w7 =arg max{vi(x,w“f ) — B Hx—ok(t) },
TEX; 2
L) k(t)or ol . t . . k(%)
where 5, = N TOFS We will show that 7" converges to the stationary point 7/ " at an
. . k(t) . . . . _
exponential rate later. By using 7" and applying the triangle inequality to |7t — wt=1|, we de-

k(t—1) k(t—1)

= 7).

compose the term of O(||7t — #«t~1||) into O(||xt — 7H° |I) and O(]|x*°
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Similarly, the term of O(||x*~1 — ¢*(=1|) is decomposed into O(||xt= — 7#=*“~"||) and

(9(||7r”’"w)_1 — o*=1|). Then, the tangent residual is bounded as follows:

ey 0 =) o =)

] )RR e —

k(t—1)

.. . k(t)—1 k(t—1) _
Therefore, it is enough to derive the convergence rate on || —7t|| and ||7H-© — gkt

(2) Convergence rate of 7! to the stationary point it
perturbation payoff function, £ ||z — &f © 2, we show that 7! converges to ot exponentially
fast (in Lemma B.1). That is, we have for any ¢t > 1:

t—(k(t)—1)Ty—1
oo ol ()™ e
np

Using the strong convexity of the

Since the first and second terms of the right-hand side of (5) are bounded by the distance between the
stationary point and the anchoring strategy by using (6), we have:

)0 (rn71) »

(t)—

k(t—1) N
rtan(ﬂ_t) <0 (Hﬂ_p,a _ o_k(t 1)

"and o1, To derive the

H we define the following potential function P*(*):

(3) Potential function for bounding the distance between o

B(t—1) -
upper bound on H’]T‘U”U — okt=1)

pRt) . k(t)(k(;) +1) H’i‘r”’ak(t)_l B &k(t)leQ
ROk + 1) (550 — ™07 O gk,

By some algebra, we can see that P*(!) is approximately non-increasing (in Lemma B.3). That is, we
have for any ¢ > 1 such that k(¢) > 2:

PROFL < PHO 4 (k(t) +1)%- O (HW“"’M - ”k(t)HH + H”kail - Uk(t)H) - ®

Using (6) again, it is easy to show that Hﬂ'“"’km — gh+1 H—F‘ et O gh®) <0 (m)

for a sufficiently large T,,. Therefore, under the assumption that T, > €2 (InT"), by telescoping of (8)

and some algebra, we can derive the following upper bound on Hw“*’km — ok H (in Lemma B.2):

Nvo'k“) - k(t)H < O 1 9

H” ="k 1) ©)
(4) Putting it all together: last-iterate convergence rate of 7'. By combining (7) and (9), we get
rtan(gt) < O (m) Therefore, since k(t) = | % | +1, itholds that r***(z*) < O (
Finally, taking T,, = ©(In T"), we have:

InT
tan/ __t <0 .
T < <t - 1>
The upper bound on the gap function is immediately obtained since we have Lemma 2.2. O

TO‘
t+T5—2 )°

4.2 Noisy feedback setting

Next, we establish the last-iterate convergence rate in the noisy feedback setting, where each
player i observes a noisy gradient vector contaminated by an additive noise vector ¢! € R9::

Ve vi(mt) + &!. We assume that the noisy vector &! is zero-mean and its variance is bounded.
Formally, defining the sigma-algebra generated by the history of the observations as F; :=

o ((@7r vi () ie[N]s - - - (V, vi(wtfl))q;e[NO , Vt > 1, the noisy vector &! is assumed to satisfy
the following conditions:
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Assumption 4.2. Forallt > 1 and i € [N], the noise vector &! satisfies the following properties: (a)
Zero-mean: E[¢¢|F;] = (0,---,0) 7, (b) Bounded variance: E[||¢||?|F:] < C? with some constant
C >0

Assumption 4.2 is standard in online learning in games with noisy feedback [Mertikopoulos and
Zhou, 2019, Hsieh et al., 2019, Abe et al., 2024] and stochastic optimization [Nemirovski et al., 2009,
Nedi¢ and Lee, 2014]. Under Assumption 4.2 and a decreasing learning rate sequence 7, we can

obtain a faster last convergence rate O(1/7'7) than the convergence rate O(1/7'10) of APGA.
Theorem 4.3. Let k = 5,0 = W. Suppose that Assumption 4.2 holds and V (7) < ( for
any m € X. We also assume that T, is set to satisfy T, = c - maX(Tg7 1) for some constant ¢ > 1.
If we use the constant perturbation strength i > 0 and the decreasing learning rate sequence
Mt = %G=T, (k(lt)_l))+20, then the strategy w7 ™1 satisfies:

E [GAP(x"1)]
_ 26D+ L)+ VDT DD 0 T 7 Nl <D2+02ln (wH)) +1) .

- T K60 20

Note that the non-increasing property, as described in (8), of the potential function holds regardless
of the presence of noise. This implies that a proof technique similar to the one used with the potential
function in the full feedback setting can also be applied in the noisy feedback setting. The detailed
proof can be found in Appendix C.

5 Individual regret bound

In this section, we present an upper bound on an individual regret for each player. Specifically,
we examine two performance measures in our study: the external regret and the dynamic regret
[Zinkevich, 2003]. The external regret is a conventional measure in online learning. In online learning
in games, the external regret for player ¢ is defined as the gap between the player’s realized cumulative
payoff and the cumulative payoff of the best fixed strategy in hindsight:
T
Reg;(T) := max 2 (vi(@,7";) — vi(7")) .

The dynamics regret is a much stronger performance metric, which is given by:

T
DynamicReg;(T) := Z (Héa}g( vi(z, 7)) — vi(wt)) :

We show in Theorem 5.1 that the individual regret is at most O ((ln T)z) if each player ¢ € [N] plays
according to GABP in the full feedback setting:

Theorem 5.1. In the same setup of Theorem 4.1, we have for any player i € [N] and T > 3:
Reg;(T) < DynamicReg,(T) < O ((InT)?).

This regret bound is significantly superior to the O(+/T') regret bound of Optimistic Gradient Ascent,
and it is slightly inferior to the O(InT') regret bound of AOG [Cai and Zheng, 2023]. The proof is
given in Appendix D.

6 Experiments

In this section, we present the empirical results of our GABP, comparing its performance with
Adaptively Perturbed Gradient Ascent (APGA) [Abe et al., 2024] and Optimistic Gradient Ascent
(OGA) [Daskalakis et al., 2018, Wei et al., 2021]. We conduct experiments on two classes of concave-
convex games. The first experiment is carried out on random payoff games, which are two-player
zero-sum normal-form games with payoff matrices of size d. In this game, each player’s strategy
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Figure 1: Performance of 7t for GABP, APGA, and OGA with full and noisy feedback in the random
payoff and hard concave-convex games, respectively. The shaded area represents the standard errors.
Note that we report the gap function for the random payoff game, while the tangent residual is
reported for the hard concave-convex game.
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Figure 2: Dynamic regret for GABP, APGA, and OGA with full and noisy feedback.

space is represented by the d-dimensional probability simplex, i.e., X1 = X, = A% All entries
of the payoff matrix are drawn independently from a uniform distribution over the interval [—1, 1].
We set d = 50 and the initial strategies are set to 77 = 75 = él. The second instance is a hard
concave-convex game [Ouyang and Xu, 2021], formulated as the following max-min optimization
problem: max e x, minyex, f(x,y), where f(z,y) = =32 Hz + h'x + (Az — b, y). Following
the setup in Cai and Zheng [2023], we choose X; = Xy = [—200, 200]d with d = 100. The precise
terms of H € R%*?4 A € R¥*? p € R? and h € R? are provided in Appendix E.2. All algorithms
are executed with initial strategies 71 = 73 = %1. The detailed hyperparameters of the algorithms,
tuned for best performance, are shown in Table 1 in Appendix E.3.

The numerical results of the random payoff game and the hard concave-convex game are shown in
Figure 1. Both the full feedback and noisy feedback experiments in the random payoff game were
conducted with 50 different random seeds, which corresponds to using 50 different payoff matrices.
For experiments on the hard concave-convex game with noisy feedback, we use 10 different random
seeds. We assume that the noise vector &/ is generated from the multivariate Gaussian distribution
N(0, 0.12T) in an i.i.d. manner for both games. We observe that GABP exhibits competitive or faster
performance over APGA and OGA in all experiments.

Figure 2 illustrates the dynamic regret in the hard concave-convex game. GABP exhibits lower
regret than APGA and OGA in both settings, demonstrating its efficiency and robustness. Note that
APGA and OGA exhibit almost identical trajectories with full feedback, with their plots overlapping
completely.

7 Related literature

No-regret learning algorithms have been extensively studied with the intent of achieving key objectives
such as average-iterate convergence or last-iterate convergence. Recently, learning algorithms
introducing optimism [Rakhlin and Sridharan, 2013a,b], such as optimistic Follow the Regularized
Leader [Shalev-Shwartz and Singer, 2006] and optimistic Mirror Descent [Zhou et al., 2017, Hsieh
et al., 2021], have been introduced to admit last-iterate convergence in a broad spectrum of game
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settings. These optimistic algorithms with full feedback have been shown to achieve last-iterate
convergence in various classes of games, including bilinear games [Daskalakis et al., 2018, Daskalakis
and Panageas, 2019, Liang and Stokes, 2019, de Montbrun and Renault, 2022], cocoercive games
[Lin et al., 2020], and saddle point problems [Daskalakis and Panageas, 2018, Mertikopoulos et al.,
2019, Golowich et al., 2020b, Wei et al., 2021, Lei et al., 2021, Yoon and Ryu, 2021, Lee and Kim,
2021, Cevher et al., 2023]. Recent studies have provided finite convergence rates for monotone games
[Golowich et al., 2020a, Cai et al., 2022a,b, Gorbunov et al., 2022, Cai and Zheng, 2023].

Compared to the full feedback setting, there are significant challenges in learning with noisy feedback.
For example, a learning algorithm must estimate the gradient from feedback that is contaminated by
noise. Despite the challenge, a vast literature has successfully achieved last-iterate convergence with
noisy feedback in specific classes of games, including potential games [Cohen et al., 2017], strongly
monotone games [Giannou et al., 2021b,a], and two-player zero-sum games [Abe et al., 2023]. These
results have often leveraged unique structures of their payoff functions, such as strict (or strong)
monotonicity [Bravo et al., 2018, Kannan and Shanbhag, 2019, Hsieh et al., 2019, Anagnostides
and Panageas, 2022] and strict variational stability [Mertikopoulos et al., 2019, Azizian et al., 2021,
Mertikopoulos and Zhou, 2019, Mertikopoulos et al., 2022]. Without these restrictions, convergence
is mainly demonstrated in an asymptotic manner, with no quantification of the rate [Koshal et al.,
2010, 2013, Yousefian et al., 2017, Tatarenko and Kamgarpour, 2019, Hsieh et al., 2020, 2022, Abe
et al., 2023]. Consequently, an exceedingly large number of iterations might be necessary to reach an
equilibrium.

There have been several studies focusing on payoff-regularized learning, where each player’s payoff
or utility function is perturbed or regularized via strongly convex functions [Cen et al., 2021, 2023,
Pattathil et al., 2023]. Previous studies have successfully achieved convergence to stationary points,
which are approximate equilibria. For instance, Sokota et al. [2023] have demonstrated that their
perturbed mirror descent algorithm converges to a quantal response equilibrium [McKelvey and
Palfrey, 1995, 1998]. Similar results have been obtained with the Boltzmann Q-learning dynam-
ics [Tuyls et al., 2006] and penalty-regularized dynamics [Coucheney et al., 2015] in continuous-time
settings [Leslie and Collins, 2005, Abe et al., 2022, Hussain et al., 2023]. To ensure convergence
toward a Nash equilibrium of the underlying game, the magnitude of perturbation requires careful
adjustment. Several learning algorithms have been proposed to gradually reduce the perturbation
strength p in response to this [Bernasconi et al., 2022, Liu et al., 2023, Cai et al., 2023]. These
include well-studied methods such as iterative Tikhonov regularization [Facchinei and Pang, 2003,
Koshal et al., 2010, Tatarenko and Kamgarpour, 2019]. Alternatively, Perolat et al. [2021] and Abe
et al. [2023] have employed a payoff perturbation scheme, where the magnitude of perturbation is
determined by the distance from an anchoring strategy, which is periodically re-initialized by the
current strategy. Recently, Abe et al. [2024] have established O(1/+v/T) and O(1/T'10) last-iterate
convergence rates for the payoff perturbation scheme in the full/noisy feedback setting, respectively.
Our algorithm achieves faster O(1/7") and O(1/7T'7) last-iterate convergence rates by modifying the
periodically re-initializing anchoring strategy scheme so that the anchoring strategy evolves more
gradually.

8 Conclusion

This study proposes a novel payoff-perturbed algorithm, Gradient Ascent with Boosting Payoff
Perturbation, which achieves O(1/T) and O(1/T'7) last-iterate convergence rates in monotone
games with full/noisy feedback, respectively. Extending our results in settings where each player
only observes bandit feedback is an intriguing and challenging future direction.
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A Broader impact

Our study can bring about a positive impact on society by contributing to the advancement of the

Game Al industry. However, as far as we can envision, there are no conceivable negative social
impacts.

B Proofs for Theorem 4.1

B.1 Proof of Theorem 4.1

Proof of Theorem 4.1. From the first-order optimality condition for 7, we have for any = € X’:

-1 k(t—1) 1 1
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then we get by triangle inequality:

rtan(ﬂ_t) < H_V(ﬂ-t) + V(?Tt_l) - k(t _l;’-) " 1(0.k(t—1) _ 0'1)

. M(ﬂu,a’“(t*) _ Fu,ak“*” Lot Uk(t—l)) . l(ﬂ_t . Wt—l) ‘
<=V (rt) + V(nt—1 K H k(t—1) _ 1H
<||-vEh) +Vin )||+7k(t—1)+1 1% o

i i Hﬂ_u,o_k(tfl) i O_k(t—l)H + L Hﬂ_up—’ﬂ(t—l) . 7Tt_1H + 1 ||7Tt . 7Tt_1H

n

L+nL, , t—1 pD
I i B vy

+ 1 Hﬂ_,u.,ok(tfl) _ O_k(t—l)H + 1 Hﬂ_,u,a'k(tfl) _ 7Tt—1H

1+nL H k(t—1) . uD k(t—1) E(t—
< = w,o .t H o _ (t 1)”
< " us T +7k(t71)+1+u7r o

1 L c(t—
O

(t—1) k(t—1) =1

—7rtH andHW“’“ T

In terms of upper bound on Hw““’k , we introduce the following

lemma:
Lemma B.1. Ifwe use the constant learning rate n; = n € (0, (L-s-#) we have for any t > 1:
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Next, we derive the following upper bound on Hw/""k(t_l) — gkt=1) H
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By combining (11) and Lemma B.2, we get:
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489 B.2 Proof of Lemma B.1
490 Proof of Lemma B.1. First, we have for any three vectors a, b, c:

1 1 1
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491 Thus, we have for any ¢t > 1:
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494  Similarly, from the first-order optimality condition for ot , we get:
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496 where the second inequality follows from (1). From Cauchy-Schwarz inequality and Young’s
497 inequality, the second term in the right-hand side of this inequality can be bounded by:
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498 where the second inequality follow from (2), and the last inequality follows from the assumption that
a9 < ﬁ By combining (15) and (16), we get:
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_ < 1 ) ﬂ_’u,}o'k(t‘f—l) . O_k(tJrl)H2 ) (19)
1L +nu

507 By combining (17), (18), and (19), we have for any ¢ > 1:

t—(k(t)—1)T,
Hﬂu’okm _ 7Tt+1H2 < 1 (k( )
“\1l+nu

t—(k(t+1)=1)T,
Hﬂ'#’ak(tﬂ) B 7Tt+1H2 < 1 (k(t+1)-1)
“\1l+nu

508 O

2
k(%)
o k(@) H ,

2
k(t+1) X
. _ o_k(t+1)H )
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s09 B.3 Proof of Lemma B.2

510 Proof of Lemma B.2. First, we have for any Nash equilibrium 7* € II* and ¢ > 1 such that k(¢) > 1

k(t)+1)(k(t) + 2 : 2 : ¢
RO+ DO *2) ||z _ 500 |* 4 ((e) + 1) k(1) +2) (550 ™ ™ k0

B A DEO+2) || oo i
2

(k1) + 1) ((B(0) + DM O 01— (k(t) + 2™ e 5k
_ )+ 10 +2)

e sk + k() + 1) <01 kT et 5_k(t)>
+ (k(t) + )(k() ><ak<t>+1 AT )

1
_ k) + 1)2(’“( )+ 2 ne 0 sr][* (k(t) +1) <01 — o™ et av’f<t>>

() + 12 (HOH = gt O 50

_ O+ DED +2) || _por® k|| o™ O k(t
= 5 et gkt —|—(k(t)—|—1)<a -7t ()—O'k()>

+ (k(t) +1) <7r* — ot , TR A &k(t)> + (k(t) + 1) <0k(t)+1 _ ot : oot a_k(t)> .

N o k(t)
511 Here, the first-order optimality condition for 7+ Y

(V™) = (o™ b0 et ) > 0

k(t) . k(t) 1 k(t) k(t) 1 k(t)
= <7T“"’ — 5*®) g — e > > - <V(7T”’” ), — > > <V(7T*), I > >0,
w w

where we use (1) and the fact that 7* is a Nash equilibrium. Combining these inequalities yields:
(k(t) + D)(k(t) +2) H?T“’gk(t) B &k(t)H2 n

512

2

> (k(t) + I)Q(k:(t) +2) meguw k() + 1) <U o, ™0 &k(t)>

FQb() + 1 (507 g 50,

() + 1)(k(t) +2) (HOH — et et _ i)

2
— &k

513 From Young’s inequality, we have for any pq, ps > O:

(k(t) + D(k(t) +2)

2
k(1) R
Hﬂ_,u,o' O_k(t)

2 o (b() + 1) (k(t) +2) (HO+ — i g gh0))
¢ 2
> O+ DED +2) ) oro_ ro||P - 1O +D)

g 2 (k‘(t) + 1) Hﬂ'“’ak(t) _ &k(t)HQ
2 2 2p1
~ pa(k(t) +1)° H R+ _ pao™® 2 (k@) +1)? Hﬁu,ok“) _ &k(t)HQ
2 2p2
_ ((kr(t) +D(k(#) +2) k@ +1 (k) +1) ) H PCCE AWH
2 2p1 2p2
k(t)+1 k(t)+1)% 4 .t
_Pl( (2)"’ ) Ha1_ﬂ_* 2_:02( (;‘i‘ ) Ha_k(t)—&-l_ﬂ_u,ak()
514 By setting p1 = ,C(t‘)l”,pz = 4(&%?21), we obtain:
k() +1)(k(t)+2 ¢ 2 ¢ ¢
(k(t) + )2( () +2) HwW“ : —&’““)H + (k(t) + 1) (k(t) +2) <a-’“<t>+1 — o ot —av’f<t>>
< (k) + 1)(k(t) +2) Hﬂ_u,ak,(t) _ sk 2 2(k() +1) ||‘71 B W*HQ
= 4 k(t) +2
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2(k(t) +

k(t) + ;)3 Ho’“(”“ e
> (k(t) + 1L(k(t) +2) Hﬂ—u,ak(t) B &k(t)HQ 9 ||01 g |2 —2(k(t) +1)? Hak(t)+1 Pl 2
(20)
515 Here, we introduce the following lemma:
st6  Lemma B.3. Foranyt > 1 such that k(t) > 2, we have:
(k(t) + I)Q(k(t) +2) meamw B &k(t)HQ + k() + 1) (k(t) + 2) <6_k(t)+1 e e &k(t)>
< k(t)(k(;) +1) meok(t)—l B 6k(t)_1H2 RO KO + 1) <&k(t) B Wu)oku)flmu)gk(w*l _ &k(t)_1>
+ (k(t) + 1) <(k(t) 1) (o = RO k(1) (oM — o™ GRO) 0’““)>
517

By combining (20) and Lemma B.3, we get:

(k(t) + 1)(k(t) +2) Hﬂwkm - &k(t)”2
4

< (k@) + D(k(E) +2) Hﬂ

< oo sk(t)
2

+2H01 —7*

2 (¢ :

- (k(E) + 1) (k(t) +2) (RO = qie™ et ki)
0112

2 2(k(t) + 1) || RO et

2 o (t
| +6(0% —mm et = ot k2ot = P 2(k() 4+ 1)? [ — et
k(t)

+ 3+ ) (@ 1) = oY) i(ot =), o e
=2

1
<3 HW“"’ -5t

2

g

=3 Hw“"’l — 01‘ ’ +2 <202 +ol — 377“’”1,71'“"’1 — 01> +2 ||o'1 — 71'*“2

+ Z(k(t) + 1)2 ‘O_k(t)Jrl _ 7_(_pﬂ(,k(t)

k(?)
2 -1
+ § :(l + 1) <(l + 1)(7r,u,al _ O_l+1) + l(o_l _ ﬂ#,gl )76_1 _ 7TI_L70-1>
=2

2

=3 HW”’Ul — 01‘ +2 <01 — w“’”l,ﬂ“"’l — 01> +4 <02 — ﬂ“’”l,ﬂ“’gl — 01>
112
492 Hal _ ”*HQ +o(k(t) +1)2 Ho_k(t)Jrl _ ot ®
k(t)

>+ {1 = o) (et = ),
=2

i
&l — o >

2 t
o = oo =) st -
k(1)

2

+ 30 D) (A ) = o) i a6
=2

!
&t — g >

2 -
— ku,al _ng —|—2Hgl — 2+2(k(t)+1)2H0k(t)+1 _ﬂ_up_k()
k(t) o
l ! -1 1
R e ) S 2t
=1 =

k(t)
o112
S 3D2 + 2(/€(t) + 1)2 Ho_k(t)-‘rl _ 7-(-1“'70'k( )H + 2D(k(t) + 1)2 Z H,R.,qu'l . 0_l+1” .
=1
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sts  Therefore, we have for any ¢ > 1 such that k(¢) > 2

519

520

521

522

524

526

527

2 9 k(¢)
H )O-k(t) B Ak(t)HQ 12D H k(t)+1 B M’Uk(t) H H lu’o-l N l+1H
T o < + 8|lo T + 8D E s o .
= 2
(k(t) +1) —

By the definition of 5*(*),

) _ 1
pot® k(t)H ||U o H 2 < ot k() k() 1>
HW (D) + 12 +k(t)+1 s o\, o (o)
k(t)
12D2 k(t) [|2 1
e ]
(k(t) +1)2 —

Therefore, from Cauchy-Schwarz inequality, we have:

2
k(t)
Hﬂu,a _ k() H

2 k(t) & 12D32
< we*® k) 1 k(t)>
N OES! (m e ) i) 1 1)

) k(t) l
+ SDZ Hﬂ”’a — ol+1H
=1

180t

2D k(1) 12D2 k(e ||2 1
e L B e R R e |
“ k() +1 (k(t) + 1) ;
(21
Furthermore, from Lemma B.1, we have for any & > 1:
i 2 Ts 2
oot o < (5) ww’“—aku |
L+npu

Combining (21) nad (22), we have for any ¢ > 1 such that k(¢) >

2
PO 2 < 2D H ok ® o) H n 12D
| 7 = k@ k() + 1)?
T, To
1 - . 2 1 :
8 ( ) LA O] | 8D%k(t) ( ) .
L+np L+np

T, 3
Therefore, since T,, > max(1 61n?’(TH)) = ( L ) < BO+D? 1 e have for k(t) > 2:

> In(1+np) T+nu = (I+nu)Te = 16°

1 ( O ko) 2D\’ 2D? 12D? D? 16D?
s Hn O] < + + < :
2 k(t)+1 (kM) +1)2  (k(t)+1)2  2(k@)+1)2 — (k(t)+1)2
and then:

H””’am k| < 2D N 42D . 8D

Sk +1 k@) +1 7 k() +1

On the other hand, for k(t) = 1, we have:

wol H <p< B0 8D
HW 11
In summary, for any ¢ > 1, we have:
[t — k]| < B2
T k(t)+1
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s28  B.4 Proof of Lemma B.3

520 Proof of Lemma B.3. From the first-order optimality condition for ot , we have:
<V(7r“"’k(t)) _ u(w”"’k(t) _ &k(t))ﬂru,o’““) _ 7rma’“<f>*1> > 0.

_ . - OF
530 Similarly, from the first-order optimality condition for 77" e have:

k(t)—1 k(t)—1 R _ k(t)—1 k(t)
<V(7r“"’ ) — p(he — &k®) 1), e — qho > > 0.

531 Summing up these inequalities, we get for any ¢ > 1 such that k(t) > 2:
k(t) k(t)—1 k(t) k(t)—1 k(t) . k(t) k(t)—1
0< <V(7Tu,ff ) — V(xte ), o > — <7Tu,ff _ Uk(t)’ﬂu,a — o >

Ak(t)—1 ,a’“(t)*l ,ok(‘)*l 7Jk(t)
+M<0() -t , — gt

IN

k(t) R k(t) k(t)—1 R _ k(t)—1 k(t)—1 k(t)
—p <7r”"’ _ Uk(t)7 P T > + 1 <Uk(t) 1_ qwo i - >

—u <ﬂu,a’“<t> — O k) _ 5h(®) gua™ D _ k() 4 k() _ ﬂu,ak=<t>—1>
. _ k(t)—1 k(t)—1 k(t)
+p <ok(t) R , — w7 >

S Hﬁu,a’““) )

‘2 o <7rn,ok<t> _ k) k() _ Wu,ak(‘>’1>
)
R k() k(t)—1 R _ k(t)—1 k(t)—1 k(t)
— <0k(t) — ok®) o™ o > + 1 <Uk(t) L qho o — o >

2
k(1)
=—u Hﬂ'“"’ — ok®) ‘

k(t) k(t)—1
—u <7ru,o — ) kO _ puo >

k(t) k(t)—1 k(t)—1 . _ R k(t)—1 k(t)
+ 1 <7TWT T — Uk(t)> + 1 <0k(t) L_ k) pmo T > .
532 Here, for any vectors a, b, ¢, it holds that:

1 1 1
(a=b,b=c) = glla—el* = Sb—cl* = 5lla — b1,
1

1
(a—b,c—d>=§\|a—b||2+ 5

1
le = d||* = 5lld — ¢ +a =]

533 Thus, we have:

0< —p Hﬂ.uycf’“(” _ok® ‘2 _F Hﬁuﬁk(” _ o7 ?
- 2
M k(-1 ko ||? L M k() k(1|
e o
n k(%) k(t) 2 k(t)—1 k(1) 2 k(t) k(t)—1]2
0 - O e
I PYIORS NPV IO 2 LK Hﬂﬂ,gwt) _ ot 2
2 2
Lot _ a0 L k=1 k() ‘2
2
H k() RO-112 B k) k)1
__HK ’ﬂ.uﬂ _ o ‘ +2 GR®) _ 5k H
2
n ‘Wu,gkm e O L k-1 &k(t)H2
2
f k) RO |12 k) k||
<_7’Ww ey ’+7U<>_U<> H
-2 2
_ _% ’Tr#vak(t) _ ﬂ_’u‘,o_k(t)71 ‘2 +% &k(t) _ WMJ;@@)A +7T'u70_k(t)—1 _ 6_k(t)-1H2
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2 2 2
k(t)—1 R _ R k(t)—1 k(t) k(t)—1
= g Hﬂu,o _ &k 1H + % &k _ o — g HWMG — o

u <(}k(t) _ 7T'u’crk(t,)—:7_ru’gk(t,)—1 _ 6_k(t)—1> ' (23)

53¢ Here, from the definition of 6%(), we have:

1 A K(t) k-1 2 1 IO k=1 2
— |67 — gt — = |7t —
1 3
e
_ 1 k(t)gk(t) + ol B /H_M’o_k(t)—l ﬂ_u,o_k(t) B ’H_M’o_k(t)—l k(t)ak(t) + ol B WM;Uk(t)_l 7 ﬂ_’u’o_k(t) n Wu,o_k(t)—l
2 k(t) +1 k() + 1
1 <01 + (k(t) + 1)7.ru,gk(t) _ Z(k(t) + 1)7Tu,ak(t)—1 + k(t)o.k(t) k(1) " o'k(t)>
= = ag —
2 k(t)+1 ’
]. t t
= ag (200 + DM 200 = 2(k(e) 42w MO o)
1 k(t)+2 4 k(t) k . k(1)
- 3k(t AV — 2k(t 1N gFO+F15kE) _ p.0
+2k(t)< k(t)+lg + (3k(t) +4)m (k(t)+1)o G 7
1 K(t) -1 k)2 . . k()
———{ —ok(t)ywt° (&) k@) _ ppo
+2k:(t)< () +k(t)+1a 7 m
= k(l?(;)r? <&k(t)+1 _ Wu,ok(t)7&k(t) _ Wﬂ,ak<t>>
1 k(t) + 2 k() (k(t) +2) PICIN )
% <_k(t) S Gy vy o™+ (k(t) + a7, oM —
1 t)— t
4 o <2(k(t) 1) (am o 2 GROF) 4o (p) (oh®) — gro 0T Gh(1) _ puo™ >>
_ 7k(t) +2 <(}k(t)+1 . ,/Tp,,ak(t) Wu,ak“‘) o 5_k(t)>
k(t) ’
_ k(t) +2 /k(t)o* ") + o _ oo™ sk(t) ot
2k(t) k(t) +1 ’
1 c(t t)—1 t
+ gy (B + (™ = MO ) (10— e, GO et )
. k(t) +2 <0A_k(t)+1 . ,n_p,,O'k(t) ﬂ_M’o.k(t) . &k(t)> _ k(t) +2 ~k(t) ﬂ_u)o.k‘(f) 2
k(t) ’ 2k(t)
1 c(t t)—1 c
g (RO + D g O (o0 - GH ey

535  Combining (23) and (24) yields for any ¢ > 1 such that k(¢) > 2:

k(t) +2 HW,L,UM _ s’ k(t) +2 <&k(t)+1 et ® ok a_k(t)>
2k(t) k(t) ’
1

_ 2 _ o(t) —
< 5 HW“’UHt) 1 _ &k(t)_lH 4 <&k(t) _ ﬂ_u,ak(t) 1,71_”707@(0 1 _ &k(t)—1>

1

G

<(k:(t) + 1)(7Tu,ak(t) _ 0,k(t)+1) n k(t)(ak(t) . ﬂ_u,ak(t)fl))a_k(t) _ Wu,ak<t>>_

53 Multiplying both sides by k() (k(t) + 1), we have:

(k(t) + D k() +2) HW,L,UM )
2

2 c(t t
- (k(E) + 1) (R(e) +2) (§HOF — oo™ ™ k0
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537

538

539

540
541

542
543

544

545

546

547

548

549

- k(t)(k(2t) +1) Hﬂﬂ,gwu _6k(t)_1H2 R k(1) + 1) <a_k(t) _

+ (k(t) + 1) ( () + 1)

ok

C Proofs for Theorem 4.3

C.1 Proof of Theorem 4.3

Proof of Theorem 4.3. Let us define K :=

— "D 4 (1) (oD

k(t)—1 k(t)—1 ” _
e , o _ &R@®) 1>

7TT+1> + <V(7TH7JK)77T'U"JK

follows:
GAP(xT+1)
_ TH+1y .. _ T+l
= max (V(a"h), o — a1
K K K
= raaneaz}c( (< V(mt o ,x — 7 > — <V(7r“"’ ), x — > + <V(7TT+1), T — 7TT+1>)
_ o, oK _ ,u,ch _ o T+1
= max (< v LT — T > <V(7r )—V( ),
e R e BT R
Sgleap}(((< T L — T >+D V(m )=V(@ T+ || ™ )
< GAP(x") + (LD + ¢) ‘w“ ol _ T+ H
<D.- min H—V(w“"’K) + cH + (LD +¢) Hw“v"K .

CENx (w0 k)

)

k(t)—1, k(t)
_ e ), sk _ o > )

O

Tl. We can decompose the gap function for 771 as

where the last inequality follows from Lemma 2.2. From the first-order optimality condition for

K
w9 we have for any x € X:

(V") = (" -

Ko¥ 4+ o1

K+1

) 77TM,UK

_x>>07

and then V(77" ) — 1 (W”’UK - M) € Ny(m*" ). Thus, the gap function for 77+ can

be bounded by:

GAP(zTt) < uD -

<uD-

K+1

Taking its expectation yields:

E [GAP(x"11)] <

pD?
K+1
2
<MD
KA+l

4+ uD - E [wa

Kok + o1

|+

(LD+¢)-E

Here, we derive the following upper bound on E [Hw“"’km — ittt H ] :

Lemma C.1. Let k =

3u*+8L2
5,0 = =&
20

n(thg(k(lt)fl))Jrze’ we havefor anyt > 1:

2
k(t)
E {wa —7rt+1H }

<

— R (= (k@) —1)

20

Tg)+29<

22

02

D?*+ —1n

K0

K K
p,ot LD H pot T+1H
K _ 1
e o s |
(K+1+HW KH) (LD +¢) [me™ = 2741,

K
[ = =m]]

(t = (k(t) = DT)

20

[Hﬂ“"TK - O'K’H + (LD +¢) - \/E [HWWK - 7TT+1H2}.

(25)

. Suppose that Assumption 4.2 holds. If we set n, =

(/@

-4

+1)).



ss0  Setting t = T' = KT, we can write k(t) = | £2e=1 | + 1 = K. Therefore, from Lemma C.1, we

551 have:
2 20 C? (KT,
E H o' _ T+1H <Y (p2y (e 4y 2
{” T S 20\ e M\ T (26)

k(t)

552 On the other hand, in terms of [E H‘w“"’ ( ok ® ’H , we introduce the following lemma:

553 Lemma C.2. If we set ), = =T (k(lt)_l))+29 and T, > max(1, Tg), we have for any t > 1:

E (f+f;t;ﬁ+f) (\/H <D2+Celn<2§+l>)+1>.

o

ss4 By setting t = KT, in this lemma, we get:

sl o)< L (o G5 ) )

K K 20
(27)
555 Combining (25), (26), and (27), we have:
E [GAP(c" )]

_ uD? +ND.6(\/E+\/§+\/1W+\F <\/
v )

S K+1 K
T, 6Ta(\/E+\/5+x/D9+\F 1, KT
< uD?=5 + D - 7D+—1 —+1) ) +1

x|

(S (o)) )
)

20
T K 20

+<LD+@.¢;; (024 S (50 41))

ss6  where the second inequality follows from K =
s57 any 1" > Ty:

E [GAP(c"11)]
<cul32+6cw(\/%+\/é+\/179+\/ﬁ) (\/1 (D2+021 (T+1>>+1>

T T% K K0 20

220 2 (1 G (1)

T%. Finally, since T, = ¢ - max(1,T'7), we have for

o

/\\1\

f+f+f+””> (2 (S ) )
S <ﬁm+m<z§+>>+1>

9 (uD + LD + () mfww)(w(pwm(Tﬂ))ﬂ)
< 71 P K0 20 '
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558

559

560

561

562

563
564

Since T' = T, K, we have finally:
E [GAP(x"1h)]

S9c(uD+LD+C)(\/Eﬂ“/(ﬂ*/lﬁJr‘/E“LD (\/ D2+ln(ﬂ+l>)+1>

T+ 0 20

:9c(D(u+L)+C)(fT+7(\F+1)\F+\[ <\/i Dz+1n<';§+1>)+1>

18¢(D(p+ L) + Q) <f+\/D+1 D+9 1 T
< = D2 + —1 —+1})])+1
T% K 20
26¢ (D L D+1)(D+0)+
 26e(D(u+ 1) +0) DD T O (T VY )
T7 K K0 20
O
C.2 Proof of Lemma C.1
Proof of Lemma C.1. From the first-order optimality condition for ¢+, we have for t > 1:
<7lt (V(ﬂ_t) p(rt — &k(t))) B 7Tu.,g"‘(t>> > 0. (28)

Combining (28), (12), and (14), we have:

1 Ko HlH?_}H oF® t’2 Ly win 42
H s ™ 5 i 0 +2H7r 7T||

< V() — p(at — 65, 7tH1 W,t,gk<t>>

=1 <V(7r”’”k(t)) - M(W“’”k(t) — gk, pt W”’Uk(t)> — Mep

2
k(t)
’/T'U"U 7Tt+1 H

+ 1 <V(7rt) R e e G A RS G

k(t)
+ <ﬂ_t+1 B >

+ <V(7rf) V(rtth), mttt — W“’Uk(t)> + e <ft77rt+1 — F’L’ak(t)>

=~ ’ mh ot 7Tt+1‘ + Ui ||7TtEle — 77t||2 + Mk ’ L Wu,ak(t) s SR |[2
2 2
+ <V(7Tt) - V(7Tt+1)77rt+1 _ ﬂ,mgk(t)> o, <ft,7rt+1 _ Wﬂ’ak(t)>
= —% ‘wt“ e ‘2 _ Ik Hyrt _ ot e |t — |
+ M <V(7rt) — V(rtt), pt T Wﬂ,gk<t>> o <£t7 Lt 7Tu,ak<t>> 7 29)

where the third inequality follows from (1). From Cauchy-Schwarz inequality and Young’s inequality,
the fourth term on the right-hand side of this inequality can be bounded by:

T ———

k(t)

< HV(Wt) _ V(ﬂt+1)|| ] Hﬂ.t—&-l _ o

<L H,n_t _ 7T75+1H ) HﬂtJrl _ oot

24

=T <V(7Tt+1) — p(rtt — Erk(t))ﬂftﬂ - W“’”k(t)> + Mt <V(7Tt) —V(xt) — p(rt — 7t T~ w“’“km>

) = (= HO) wt et L (V') = V(') - (= 7t

t+1 Wﬂ,dk(t’) >

k(t)
ot



< g |7 *71't+1||2 LB ‘ S o) 2
oK 8
2 -
S o e s B e
k) [|2
- 4L? o HWt _ 7Tt+1||2 Hﬂt _ o H

565 By combining (29) and (30), we have:

2 2
k(t) k(t) + k(t)
Rt I 7 et S I ()]

2
- (1 o <32M * 45)) [ 7rt||2 + 2, <ft77rt+1 - 7r’“okm>

< (1 B M) HWt B WU)Uk(t)HQ B (1 o <3u n 4L2>> [+t — ﬂ_tHQ
2 2 N

+ 2, <€t’ﬂ_t _ 7Tﬁwk<t>> +om, <§t7ﬂ_t+1 _ ﬂ.t>

2

k(t)

2 2
(=) [ |

=(1—mnk) Hﬂ't — e
+on, <£t’ﬂ_t _ 7T,A7t,ze<t>> 4o, <£t7ﬂ_t+1 _ Ft>.
s66 By taking the expectation conditioned on J; for both sides and using Assumption 4.2 (a) and (b),

+ 2
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s67 Therefore, under the setting where 7, = ST (k(lt)71))+20 , we have for any ¢ > 1:
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Since k(s) = k(t) for any s € [(k(t) — 1)T, + 1,

T, telescoping the sum yields:
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Here, we have:
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Combining (31), (32), and the fact that 7*(")—DTo+1 — 5k(1) e have:
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C.3 Proof of Lemma C.2

Proof of Lemma C.2. First, from Lemma C.1, we have for any & > 1:
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Furthermore, for k(t) = 1, we have:
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Therefore, we have for any ¢ > 1:
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D Proof of Theorem 5.1

Proof of Theorem 5.1. By the definition of dynamic regret, we have:

DynamicReg, (T) = ;T: (max vi(z,mt,) — Ui(ﬂ't))

zeX,

Here, we introduce the following lemma:
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Lemma D.1 (Lemma 2 of Cai et al. [2022a]). For any m € X, we have:

‘ T €EX; TEX
=1

N
Z (max Vi (T, i) — U¢(7r)> < GAP(7) < D -max(V(w), 7 — 7).

Therefore, we have:
T
DynamicReg,(T) < O(1) + Z GAP(7").
t=3
Thus, from Theorem 4.1:

L InT
DynamicReg,(T) < O(1)+ » O —
ynamicReg >0 (%)
<o(wTy).

E Experimental details

E.1 Information on the computer resources

The experiments were conducted on macOS Sonoma 14.4.1 with Apple M2 Max and 32GB RAM.

E.2 Hard concave-convex game

Following the setup in Ouyang and Xu [2021], Cai and Zheng [2023], we choose

~1 1 1 0
1 0
1 1 1
A=- -1 1 eER™" b=-|---| €R”, h=-|--| €R",
411 1 411 410
1 1 1

and H = 2AT A.

E.3 Hyperparameters

For each game, we carefully tuned the hyperparameters for each algorithm to ensure optimal perfor-
mance. The specific parameters for each game and setting are summarized in Table 1.

Game Algorithm n T, m

OGA 0.05 - -
Random Payoff (Full Feedback) APGA 0.05 20 1.0
GABP 0.05 10 1.0

OGA 0.001 - -
Random Payoff (Noisy Feedback) APGA 0.001 2000 1.0
GABP 0.001 1000 1.0

OGA 1.0 - -

Hard Concave-Convex (Full Feedback) APGA 1.0 20 0.1
GABP 1.0 20 0.1
OGA 0.5 - -
Hard Concave-Convex (Noisy Feedback) APGA 0.5 50 0.1
GABP 0.1 100 0.1
Table 1: Hyperparameters
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F Relationship with accelerated optimistic gradient algorithm
Our GABP bears some relation to Accelerated Optimistic Gradient (AOG) [Cai and Zheng, 2023],
which updates the strategy by:

1

1 ~ 1 _ gt 1
"% = ang s { (9ot + T ) ot

TeEX; t+ 1
7 = arg max{ ( gV vv(ﬂtJr%)JrWil ki x 71||m77r?H2
' reX; o t+1’ 2 il

This can be equivalently written as:

1 ~ 1 trt + 7wt
ot a0 (9t 0) - -
TEX; +

2}
)

2}
tTI'E-‘rTK'vl

This means that AOG employs a convex combination —5— of the current strategy 7! and initial

strategy 7} as the proximal point in gradient ascent. However, our GABP diverges from AOG in that it

L k(e o] k(t)
uses a convex combination W of Oi

term.

- 1 trl + 7}
it = arg max { n <vai(ﬂ't+%),x> —— ||z — iy

and o} as the reference strategy for the perturbation
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: We have clearly stated the contributions and scope of this study.
Guidelines:
* The answer NA means that the abstract and introduction do not include the claims
made in the paper.
* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.
* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.
* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: In “Introduction” and “Conclusion”, we have reiterated the limitation of this
study.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

30



661

662

663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679

680

684

694

710
71

712

713
714
715

Justification: Please see the theoretical results and their proofs in the Appendix.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.
The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We have provided descriptions of experimental setups in the experiments
section.

Guidelines:

The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]
Justification: We have included the experimental code in the supplementary material.
Guidelines:

» The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We have provided descriptions of experimental setups in the experiments
section.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: Please see Figures.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).
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10.

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We have shown the computer resources for this study in Appendix E.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We have carefully reviewed and followed the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: We have described the potential societal impacts of our study in Appendix A.
Guidelines:

» The answer NA means that there is no societal impact of the work performed.

e If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: There are no such risks associated with the paper.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: This study does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: This paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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