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Abstract001

With Large Language Models (LLMs) rapidly002
approaching and potentially surpassing human-003
level performance, it has become imperative to004
develop approaches capable of effectively su-005
pervising and enhancing these powerful models006
using smaller, human-level models exposed to007
only human-level data. We address this critical008
weak-to-strong (W2S) generalization challenge009
by proposing a novel method aimed at improv-010
ing weak experts, by training on the same lim-011
ited human-level data, enabling them to gener-012
alize to complex, super-human-level tasks. Our013
approach, called EnsemW2S, employs a token-014
level ensemble strategy that iteratively com-015
bines multiple weak experts, systematically ad-016
dressing the shortcomings identified in preced-017
ing iterations. By continuously refining these018
weak models, we significantly enhance their019
collective ability to supervise stronger student020
models. We extensively evaluate the general-021
ization performance of both the ensemble of022
weak experts and the subsequent strong stu-023
dent model across in-distribution (ID) and out-024
of-distribution (OOD) datasets. For OOD, we025
specifically introduce question difficulty as an026
additional dimension for defining distributional027
shifts. Our empirical results demonstrate no-028
table improvements, achieving 4%, and 3.2%029
improvements on ID datasets and, upto 6% and030
2.28% on OOD datasets for experts and student031
models respectively, underscoring the effective-032
ness of our proposed method in advancing W2S033
generalization.034

1 Introduction035

Rapid advancements in Large Language Models036

(LLMs) have largely been driven by extensive037

internet-scale data and improvements in compu-038

tational hardware. However, these vast datasets039

have largely reached their saturation point, offer-040

ing diminishing returns in terms of new knowl-041

edge, and hardware-driven performance gains are042

also diminishing. Despite these limitations, the043

need for LLMs to effectively generalize to out- 044

of-distribution, challenging, and unseen data re- 045

mains crucial. This capability becomes even 046

more essential as models approach and potentially 047

exceed superhuman performance (Burns et al., 048

2023), necessitating super-human level supervi- 049

sion from human-level data and models. In this 050

paper, we focus on enhancing the generalization 051

performance of human-level experts using limited 052

human-level labeled data and smaller-scale models. 053

We subsequently leverage these improved models 054

to supervise and enhance larger-scale models on 055

superhuman-level data. Our framework is inspired 056

from the “superalignment” or “w2s generalization” 057

problem by Burns et al. (2023), but extends it by 058

also focusing on generalization to superhuman- 059

level data using only human-level labeled data. 060

W2S generalization has been previously studied 061

(Sun et al., 2024; Burns et al., 2023; Ji et al., 2024; 062

Charikar et al., 2024; Lang et al., 2024); however, 063

several key challenges remain unresolved: (C1) 064

Generalization to Out-of-distribution (OOD) 065

and super-human level data. One key aspect 066

of W2S generalization is the ability to extrapo- 067

late from human-level performance to super-human 068

tasks using only easily accessible human-level data. 069

While “easy” examples are abundant and cheap 070

to label, “hard” or super-human examples often 071

lie beyond the reach of annotators, either due to 072

cognitive limits or prohibitive costs. In fact, for 073

many tasks, groundtruth labels at the superhuman 074

level may be fundamentally unavailable—raising 075

a critical obstacle to benchmarking generalization 076

at that level. Therefore, we believe that easy-to- 077

hard (E2H) generalization is central to the W2S 078

paradigm. To address this, we explicitly partition 079

data into “easy” and “hard” categories and develop 080

methods that promote generalization to harder ques- 081

tions even when trained solely on easy examples. 082

(C2) Limitation of Single Weak Supervisors. Pre- 083

vious research predominantly utilizes a single weak 084
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supervisor, often leading to biased, inconsistent, or085

incomplete supervisory signals. In practice, mul-086

tiple complementary weak experts (e.g., humans087

specializing in different domains) can be readily ac-088

cessed. Our work leverages an ensemble approach089

that aggregates these diverse weak supervisors, pro-090

viding a richer, more balanced supervisory signal091

and significantly enhancing overall model gener-092

alization. (C3) Lack of Iterative Weak Model093

Enhancement. Existing approaches typically treat094

weak models as static entities, neglecting the po-095

tential for iterative improvements through limited096

labeled data. Although methods such as voting097

(Anonymous, 2025) and debate (Du et al., 2023)098

have attempted model combination during infer-099

ence, they require a stronger supervisor (reward100

model or judge) to select optimal tokens or an-101

swers. In contrast, our approach iteratively refines102

weak models without relying on stronger supervi-103

sory signals or additional data, thereby fostering a104

self-reinforcing cycle of continuous improvement.105

This dynamic enhancement not only promotes con-106

tinuous improvement of weak models for improved107

w2s generalization but also holds potential for an-108

swering previously unsolved and challenging ques-109

tions.110

To address the above challenges, we propose En-111

semW2S, a novel token-level ensemble algorithm112

for autoregressive LLMs. Inspired by the spirit of113

AdaBoost—an ensemble method for binary clas-114

sifiers known for improving generalization while115

resisting overfitting—EnsemW2S trains and com-116

bines complementary weak models at the token117

level. Specifically, it adjusts token probabilities in118

a manner analogous to controlled decoding meth-119

ods (Mudgal et al., 2023a), but extends them to a120

multi-model setting. The approach iteratively im-121

proves newly introduced weak models based on122

identified shortcomings of prior models without123

requiring any additional labeled data.124

We evaluate generalization rigorously on un-125

seen data, distinguishing between in-distribution126

(ID) and OOD scenarios defined either by different127

datasets but the same task or question difficulty128

levels. We refer to this as easy-to-hard (E2H)129

generalization, a proxy for the unattainable goal130

of generalizing from human-level to superhuman131

performance—where groundtruth labels are inher-132

ently unavailable. By leveraging a small held-out133

labeled set for calibration, EnsemW2S enables ef-134

fective supervision that improves both weak and135

strong models. As a result, the final strong model136

attains significantly better generalization and can 137

even match or outperform models trained on full 138

groundtruth datasets. 139

The main contributions of this paper are the 140

following: 141

(1) EnsemW2S: A novel token-level ensemble 142

method to improve generalization to difficult data 143

and further improve w2s generalization. (a) En- 144

semW2S iteratively improves weak models with- 145

out using additional data and aggregates them 146

via a probabilistic voting mechanism. This self- 147

reinforcing cycle of improvement significantly en- 148

hances generalization. (b) We also provide theoret- 149

ical justification for exponential decay in training 150

error bounds as more weak models are incorpo- 151

rated (assuming our new weak learning condition 152

holds). We then discuss how training data margin 153

distribution improves, leading to better generaliza- 154

tion while preventing overfitting. (c) We achieve 155

improved generalization to unseen data by upto 156

4% for ID and 4.34%, 6% for OOD (easy-hard) 157

with test data from the same dataset and a different 158

dataset, respectively. 159

(2) Better weak models further improve W2S 160

Generalization by providing more effective super- 161

vision. We achieve performance improvement of up 162

to 3.2% on ID and 2.42%, 2.28% on OOD (easy- 163

hard) with test data from the same dataset and a 164

different dataset, respectively. 165

2 Framework 166

W2S Generalization with E2H Generalization 167

As a proxy for human and superhuman-level data, 168

we split data into easy and hard, using the former 169

to generalize to the latter. This E2H framework is a 170

more pragmatic setting to study the (im)possibility 171

of w2s generalization. in this framework, weak 172

models (or human-level models) trained on sim- 173

pler tasks guide a strong model (or superhuman- 174

level model) toward solving more complex chal- 175

lenges, mirroring real-world conditions of limited 176

human supervision. Figure 2 outlines EnsemW2S, 177

where weak expert models (hθ) proficient in ‘easy 178

tasks’ (xe,ye) supervise a strong model (fϕ) to 179

solve (unsolvable) hard problems (xh). The strong 180

student model under EnsemW2S is trained us- 181

ing unlabeled hard data alongside pseudo-labels, 182

(xh, hθ(x
h)), where hθ(x

h) = func({htθ}Tt=1,x
h) 183

denotes the ensemble-generated labels from weak 184

experts. Ultimately, our goal is to improve the Per- 185

formance Gap Recovered (PGR) which compares 186

EnsemW2S against two baselines: a lower bound— 187
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Figure 1: This figure illustrates the full pipeline of EnsemW2S. The top part shows how weak experts are iteratively improved
by training on the same human-level labeled data. The bottom part depicts how these experts are combined at the token level
during inference to supervise the strong student model. Training data is sampled using token-level weights, which define a
distribution over training tokens. Based on the token-level errors of each trained weak model, we compute model weights
(αt), which are then used during inference to compute a weighted combination of token-level probabilities. This aggregated
distribution is used to generate answer tokens for previously unseen, superhuman-level questions, providing supervision to the
strong model—following the setup in Burns et al. (2023). EnsemW2S reflects a realistic scenario where weak experts perform
well on easy questions and are leveraged to supervise a stronger model on harder (and potentially unsolved) tasks.

weak experts trained on easy data and evaluated on188

hard data—and an upper bound—the performance189

of a strong model trained directly on hard data. The190

upper bound or oracle, is the strong model (uϕ),191

which matches the student model in size and cal-192

iber but is trained using ground-truth labeled hard193

data (xh,yh), typically unattainable in real-world194

scenarios. This oracle sets the upper performance195

limit for W2S models.196

PGR = 

EASY DATA
 

HARD DATA
 

Weak-to-Strong - Weak
Strong Ceiling - Weak

=

Unlabeled HARD DATA labeled
by Weak Experts

LOWER
BOUND

UPPER
BOUND

HARD DATA 

Training Phase:

Inference Phase:

Figure 2: Overview. EnsemW2S leverages hard examples
with pseudo-labels generated by weak experts to train a strong
student model. To evaluate its effectiveness, we measure
Performance Gap Recovered (PGR) (Burns et al., 2023)

3 EnsemW2S: Improving W2S via197

Improved Expert Ensembles198

In this section, we introduce EnsemW2S, a token-199

level ensemble method for autoregressive genera-200

tive models such as LLMs. Figure 1 outlines the201

method. As classification is a subset of genera-202

tion, we first discuss ensemble methods for binary203

classification LLMs, followed by the challenges204

of applying such methods to generation tasks, and205

finally present our proposed solution.206

3.1 AdaBoost for Binary Classification LLMs207

AdaBoost is a well-known ensemble learning al-208

gorithm designed for binary classification. We209

apply AdaBoost to a binary classification LLM 210

to study W2S generalization. Historically, Ad- 211

aBoost demonstrates strong generalization on un- 212

seen data by increasing the margins of training 213

examples, which correlates with lower generaliza- 214

tion error, even after achieving zero training error- 215

making it ideal for this study. AdaBoost iteratively 216

reweights training examples, and trains weak ex- 217

perts one at a time focusing on hard-to-classify 218

samples (check Line 5 of Algorithm 2). The essen- 219

tial requirement is that each weak learner must per- 220

form slightly better than random guessing, thereby 221

satisfying the weak learning condition. The out- 222

puts of these weak experts are aggregated through 223

a weighted majority vote to produce pseudo-labels: 224

⊮
(∑T

t=1 αth
t
θ(x

h) > 0
)
∈ 0, 1, where αt are hy- 225

perparameters weighing each weak expert based 226

on accuracy. For a detailed mathematical summary, 227

refer to Appendix D. We then use this ensemble 228

to generate answers for challenging (“hard”) ques- 229

tions, xh. 230

3.2 Challenges of Ensemble for Generation 231

Task 232

Popular ensemble methods like AdaBoost (Fre- 233

und and Schapire, 1997) leverage the “wisdom of 234

the crowd” to build stronger classifiers by combin- 235

ing weaker ones, typically through classification 236

scores. Inspired by AdaBoost’s ability to increase 237

margin and improve generalization, we explore 238

whether its principles can be extended to gener- 239

ation tasks. However, applying AdaBoost to au- 240

toregressive LLMs is infeasible due to several key 241
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challenges: (1) Single-Class vs Multi-Class: Un-242

like binary classification, each token prediction in243

LLMs is a multi-class problem over a large vo-244

cabulary (typically >4000 classes). Aggregating245

such high-dimensional probability distributions in-246

troduces significant computational overhead and247

potential numerical instability. (2) Autoregressive248

Generation: Unlike classification, where scores249

are combined over a fixed output space, generation250

tasks involve sequential prediction, where early to-251

ken errors can propagate and affect future outputs.252

This makes ensemble aggregation over generations253

inherently more complex. (3) Variable-Length254

Outputs: LLMs generate variable-length outputs,255

making it non-trivial to combine their responses256

consistently.257

3.3 EnsemW2S: LLM Token-Level Ensemble258

Method259

To address the above challenges, we propose a260

multi-class, generation based, AdaBoost inspired,261

LLM ensemble algorithm where the number of262

classes corresponds to the vocabulary size. To de-263

velop this algorithm, we treat each token as an264

independent sample and include error for each to-265

ken. Algorithm 1 provides the steps for EnsemW2S266

algorithm for Multiple-Choice Q/A tasks. In the267

sections below we provide detail of each step along268

with theoretical proofs. Appx Fig. 5 gives details269

on algorithmic and data flow. Note, AdaBoost is a270

special case of EnsemW2S for binary classification271

task (see Algorithm 2 in Appx D). Refer Figure 1272

for outline and intuition behind our method.273

Token-Level Weighting. Our method generates274

weights for each token within a sentence sample.275

We define the initial token-sample weights vector276

D1(i, j) ← 1
n for all i ∈ [m], j ∈ [ki], where277

n =
∑m

i=1 ki, ki is the number of tokens in the an-278

swer part of each sample i, m is the total number of279

training data samples and j is the jth token in a par-280

ticular chosen ith sample. We update these weights,281

Dt(i, j), for each iteration t of EnsemW2S. Note282

here that unlike AdaBoost, EnsemW2S assigns283

weights to all tokens in a sample, adjusting for284

varying lengths, whereas AdaBoost maintains only285

one weight for each sample.286

Token-Level Data Sampling. We sample287

S′ = {(x′e
i ,y

′e
i )}mi=1 from S using token-sample288

weights Dt(i, j). By sampling with respect to prob-289

ability masses Dt(i, j) with repetition, we obtain290

a set of n =
∑m

i=1 ki tokens to train on. However,291

treating these n sampled tokens as independent292

training samples is very inefficient. Instead, we 293

“assemble” the sampled tokens back into the sen- 294

tences they belong to and implement label masking 295

to only train on the sampled tokens in each sen- 296

tence. Following this novel treatment proposed, 297

we can train on sampled tokens with minimal over- 298

heads. 299

Training and Generating New Weak Experts. 300

For each iteration, t, of EnsemW2S algorithm we 301

train a new weak expert model htθ on the sam- 302

pled data, S′. In this way, EnsemW2S itera- 303

tively improves weak models and recruits additional 304

weak models throughout the training process—the 305

first approach to dynamically refine weak mod- 306

els while training the strong model. This self- 307

reinforcing cycle of improvement significantly en- 308

hances generalization. 309

Incorporating Prior Term. Vanilla Adaboost 310

for binary classification uses αt = log(1−ϵt
ϵt

) to cal- 311

culate votes for each classifier. To keep αt positive 312

they introduce a weak learning condition, ϵt < 0.5, 313

which means that weighted error for each classifier 314

should be better than random. However, using the 315

same weak-learning condition and voting mecha- 316

nism is not feasible for multi-classification tasks. 317

Thus, Hastie et al. (2009) uses an additional prior 318

log(c− 1) term, where c is the number of classes, 319

in the calculation of the AdaBoost parameter αt. 320

This term serves two purposes: (1) It enables the 321

generation of weak models with accuracy above 1
c 322

%, where 1
c % is random selection accuracy. This 323

is crucial for smaller models and challenging tasks 324

that cannot achieve 50% accuracy. (2) It ensures 325

that α remains positive. Now, for generative LLMs 326

with large vocabularies, log(c−1) renders αt nearly 327

identical, making this approach infeasible. There- 328

fore, we introduce a different method for calcu- 329

lating votes, αt ← log(1−ϵt
ϵt

) + log( 1
1−ϵpre

− 1), 330

where ϵpre is the pre-trained model error of the cho- 331

sen LLM. We provide a theoretical proof (Theorem 332

1 in Section 3.3) regarding how the training error 333

bound of the ensemble weak learners reduces ex- 334

ponentially with the addition of new weak learners 335

while using new αt method. This term is sensi- 336

ble because ϵpre represents the pretrained model 337

error and makes our new weak learning condition 338

to be ϵt < ϵpre, effectively replacing the binary and 339

multi-class AdaBoost’s conditions. 340

Weighted Error Calculation. Following the 341

new weak learner’s condition, the strict condi- 342

tion for each weak expert training is now that 343

the weighted model error (calculated by com- 344
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Algorithm 1 Main Algorithm: EnsemW2S

Require: “Easy” Q/A dataset Se = {(xei , yei )}mi=1,
pre-trained weak expert model h0θ, iterations
T , “Hard” unlabeled (questions only) dataset
Sh = {xho}Oo=1

Ensure: Weak-to-Strong Student Model fϕ(·)
1: Initialize Token-Sample Weights:

D1(i, j) ← 1
n , ∀i ∈ [m], j ∈ [ki], where ki

is token length of ye
i = (ye,1

i ,ye,2
i ...ye,ki

i ) and
n =

∑m
i=1 ki

2: Compute Pre-Training Error of h0θ:
ϵpre ←

∑m
i=1

∑ki
j=1⊮{h0θ(xei , y

e,j−1
i ) ̸=

ye,ji }D1(i, j)
3: for t← 1 to T do
4: Sample S′ = {(xei , ye

′
i )}mi=1 from Se using

Dt(i, j)
5: Train new weak expert model htθ on S′

6: Compute error: ϵt ←∑m
i=1

∑ki
j=1⊮{htθ(xei , y

e,j−1
i ) ̸=

ye,ji }Dt(i, j)
7: if ϵt ≥ ϵpre then
8: Break
9: end if

10: Compute model weight: αt ← log 1−ϵt
ϵt

+

log
(

1
1−ϵpre

− 1
)

11: Update sample weights: Dt+1(i, j) ←
Dt(i,j)

Zt
eαt⊮{ht

θ(x
e
i ,y

e,j−1
i )̸=ye,ji }∀i ∈ [m], j ∈

[ki], where Zt =
∑m

i=1

∑ki
j=iDt(i, j) ·

eαt⊮(ht
θ(x

e
i ,y

e,j−1
i )̸=ye,j

i )

12: end for
13: for o← 1 to O do
14: for j ← 1 to ko do
15: Autoregressively generate the jth

token of the “pseudo-answer”
ŷh,jo ∼ ∆vocab

(∑T
t=1 αt ·

softmax(htθ(x
h
o , ŷ

h,1:j−1
o ))

)
, where

∆vocab denotes the simplex on the
vocabulary

16: end for
17: end for
18: Train weak-to-strong model fϕ(·) on
{(xho , ŷho )}Oo=1

paring each token of each sample) must be less345

than the pre-training error, i.e., ϵt < ϵpre. The346

weighted model error ϵt is defined as, ϵt =347 ∑m
i=1

∑ki
j=1⊮{htθ(xe

i ,y
e,j−1
i ) ̸= ye,j

i }Dt(i, j) <348

ϵpre. Here, ye,j−1
i is the (j − 1)th ground-truth to-349

ken in the answer part. The model htθ(x
e
i ,y

e,j−1
i ) 350

predicts the next token and compares it with 351

the ground-truth token yj
i (during training when 352

ground-truth is still available). 353

Weight Update Equation. Our sample-weight 354

update equation for each token is Dt+1(i, j) ← 355
1
Zt
Dt(i, j)e

αt⊮{ht
θ(x

e
i ,y

e,j−1
i )̸=ye,j

i } where Zt is a 356

normalization factor ensuring that the updated 357

weights satisfy
∑m

i=1

∑ki
j=1Dt+1(i, j) = 1. The 358

main idea is to adjust the sample weights to empha- 359

size misclassified examples, thereby guiding the 360

sampling process for next weak learner. 361

Combining experts to Generate Pseudo An- 362

swers for Hard Questions. To combine the out- 363

puts of different experts trained during the various 364

EnsemW2S rounds, we scale the probability distri- 365

bution for each token generated by the model htθ 366

in round t by its corresponding weight αt. Specif- 367

ically, we multiply αt by the probability distribu- 368

tion vector of each token. We then aggregate these 369

weighted distributions across all rounds, normaliz- 370

ing the resulting vector to form a new probability 371

distribution for each token. Using this aggregated 372

distribution, we sample the final predicted token. 373

The process is autoregressive, where the jth token 374

of the “pseudo-answer” is generated as 375

ŷh,j
o ∼ ∆vocab

(∑T
t=1 αt · softmax

(
htθ

(
[xh

o , ŷ
h,1:j−1
o ]

)))
(1) 376

where ∆vocab represents the simplex over the vo- 377

cabulary. 378

By combining the outputs of multiple experts, 379

each trained in different EnsemW2S rounds, the 380

ensemble approach leverages diverse perspectives 381

from the weak models. Each expert contributes 382

their learned strengths, and through weighted ag- 383

gregation, we diminish the influence of models that 384

are less confident or less effective on certain to- 385

kens. This helps reduce variance in the generation 386

process, ensuring that errors from individual weak 387

models are mitigated. The result is a more robust 388

pseudo-labeling system that is better aligned with 389

the true distribution of the hard data, often yielding 390

a performance improvement over any single weak 391

model. 392

Pseudo Answer Generation on Multiple- 393

Choice Datasets. On multiple-choice Q/A datasets, 394

instead of using generated tokens ŷh as pseudo- 395

answers, we can select one of the choices in 396

the MCQ dataset using negative log-likelihood 397

(NLL). Basically, we calculate the NLL between 398

the choices and ŷh and select the choice with the 399
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lowest NLL. For datasets without multiple choices,400

we can directly use ŷh.401

How does EnsemW2S improve generaliza-402

tion? First, Theorem 1 (3.3) shows that the train-403

ing error decreases as more weak learners are404

added. Next, the “Margin theory for generalization”405

demonstrates that the margin distribution over the406

training data improves with each additional weak407

learner. Consequently, adding new models in the408

EnsemW2S ensemble reduces training error with-409

out overfitting, thereby improving generalization.410

Theorem 1 (Exponential decay of training er-411

ror with additional weak learners) Under the412

condition ϵt < ϵprev, our token-level ensembling413

method, EnsemW2S, reduces the training error ex-414

ponentially:415

Errortrain = 1
n

∑m
i=1

∑ki
j=1

∑T
t=1 αt⊮

(
htθ(x

e
i ,y

e,j−1
i ) ̸= ye,j

i

)
<
∏T

t=1 Zt,

(2)416

where Zt < 1, T is the number of EnsemW2S417

rounds, n =
∑m

i=1 ki, and ki is the token length of418

the ith easy example Se = {(xe
i ,y

e
i )}mi=1. We as-419

sume tokens are i.i.d. for this proof. See Appendix420

F for full details.421

Margin Theory for Generalization. Drawing422

on results from AdaBoost (binary classification)423

and SAMME (multiclass boosting), we observe424

that the margin over training data increases with425

the number of weak learners, making the ensem-426

ble’s predictions more confident. Prior work shows427

increased margins improve generalization. Since428

we assume i.i.d. tokens, these conclusions can be429

directly apply. See Appendix G for details.430

Train W2S Model. The strong student model,431

fϕ(·), is trained using pseudo answers generated432

for the hard data {(xh
o , ŷ

h
o )}Oo=1. Unlike Burns et al.433

(2023), we also include easy human-level data in434

the training, as it is a sensible choice. For com-435

pleteness and proper comparison, we additionally436

run experiments that exclude the easy data.437

Ablation Studies. Logit combination instead438

of probabilities showed no improvement (see Ap-439

pendix Figure 9). We conducted ablation studies440

where, instead of treating each token as indepen-441

dent, we used a sliding window of length L while442

calculating weights and aggregating errors (see443

Appendix Figure 10 and 11). Different window444

lengths did not cause significant changes in values,445

so we ultimately chose a window of L = 1. We446

also explored treating each sample as independent447

instead of each token as independent in the sample-448

answer part, finding better results with the latter.449

This is reasonable since the error calculated using450

independent-sample weights is less accurate. 451

Evaluation Metric. We used two metrics to 452

evaluate this Q/A dataset. One is (1) Token-wise 453

comparison, where we compare each predicted 454

token and average the total error, and (2) Option- 455

wise comparison, where we compare the negative 456

log-likelihood (NLL) of the correct answer comple- 457

tion with the NLLs of the incorrect answer comple- 458

tions. Accuracy represents the number of entries 459

where the correct answer completion has the lowest 460

NLL among all choices. We use option accuracy 461

to reported results in the main paper. 462

Computational cost of EnsemW2S. The pri- 463

mary increase in computational cost compared to 464

the baseline—where a single weak expert super- 465

vises the student—comes from multi-LLM decod- 466

ing. However, its important to consider that unlike 467

other multi-LLM works (Anonymous, 2025; Du 468

et al., 2023), we do not use an additional reward 469

or judge model for combining multi-LLM outputs, 470

significantly reducing hardware demands. More- 471

over, we rely on the same labeled data rather than 472

collecting new data to train separate models. A de- 473

tailed computational analysis of each EnsemW2S 474

component is provided in Appendix I. 475

4 Experimental Setup 476

ID and OOD Data Setup. To assess our 477

method’s improvement in generalization on both 478

in-distribution (ID) and out-of-distribution (OOD) 479

datasets, we use factual question-answering 480

datasets such as ARC (Clark et al., 2018) and 481

Quartz (Tafjord et al., 2019), as well as more com- 482

plex mathematical datasets like math-mc (Tan et al., 483

2024) and MMLU (categories: high-school mathe- 484

matics, elementary mathematics, college mathemat- 485

ics) (Hendrycks et al., 2021). All these datasets fea- 486

ture multiple-choice QA tasks, facilitating pseudo- 487

label generation based on options. 488

For studying ID performance, we employ 489

ARC, Quartz, and math-mc datasets, randomly 490

splitting each dataset into two halves. One half is 491

used for training weak experts. We treat the second 492

half as unlabeled, generating pseudo-labels from 493

the trained weak experts. Subsequently, we train 494

the strong student model using both this pseudo- 495

labeled data and the initially labeled half. For 496

assessing OOD performance, we adopt two dis- 497

tinct strategies. First, we partition datasets into 498

easy and hard subsets, training weak experts on 499

labeled easy data, and the strong student on unla- 500

beled hard data combined with labeled easy data 501
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In-Distribution Performance
Qwen2.5-3B Qwen2.5-7B

Dataset Single Expert EnsemW2S Expert Student (Baseline) Student (Ours) Oracle Student on Expert’s data Pre-trained Student
ARC 54.02 57.04 56.74 58.70 59.39 56.04 45.48
Quartz 81.25 85.20 84.95 88.10 88.78 83.47 60.00
Math-mc 61.74 64.00 62.90 65.00 65.87 62.90 24.73

Out-of-Distribution Performance
Qwen2.5-3B Qwen2.5-7B
Single Expert EnsemW2S Expert Student (Baseline) Student (Ours) Oracle Student on Expert’s data Pre-trained Student

ARC 43.00 45.76 45.39 46.67 51.19 45.42 34.00
Quartz 80.99 82.02 83.29 85.71 87.5 82.48 56.12
Math-mc 33.00 37.00 55.86 59.74 60.91 49.00 26.72
MMLU-Elementary 71.43 73.28 73.91 76.19 75.66 73.57 44.71
MMLU-High-Skl 50.00 53.00 52.59 53.70 54.00 52.18 23.70
MMLU-College 33.00 37.00 46.00 47.00 47.50 44.00 33.00

Table 1: The first two columns show performance of a single weak expert and the EnsemW2S based ensemble. Its followed by
strong students trained on the single and combined experts. The table also includes an oracle upper bound and two baselines:
one trained on weak labels and one showing pretrained performance.

(similar to the ID setup). We evaluate performance502

on a small, labeled subset sharing the hard data503

distribution. Difficulty levels in math-mc are di-504

rectly available through question-difficulty ratings,505

whereas for ARC and Quartz, we generate diffi-506

culty ratings via a cross-validation approach de-507

scribed in Appendix H. Difficulty rating plots for508

ARC and Quartz are provided in Figures 7 and 8,509

respectively. The second strategy involves training510

weak and strong models on one dataset (math-mc)511

and evaluating performance on a different dataset512

(MMLU’s mathematics categories) to study how513

cross-data OOD generalization changes.514

Expert and Student Models. We employ515

Qwen2.5-1.5B and Qwen2.5-3B models as weak516

experts, and Qwen2.5-7B as the strong student to517

study both ID and OOD generalization. Addition-518

ally, we explore scaling laws through multiple com-519

binations of weak and strong model pairs using the520

Quartz dataset. For this scaling analysis, we uti-521

lize the Pythia model series, ranging from 70M to522

2.8B parameters since pythia even though relatively523

old model series provided us with a wide range of524

models sizes. To determine the optimal number525

of AdaBoost rounds—i.e., how many models to526

combine—we use a validation set matching the527

training distribution. We limit our experiments to a528

maximum of 5 AdaBoost rounds/models.529

Baseline. We compare EnsemW2S to a single530

weak expert and a strong student trained on out-531

puts of single weak expert. Additional baselines532

include training the strong student on weak experts’533

labeled data and strong student’s pre-training per-534

formance.535

5 Results536

5.1 Enhancing ID and OOD Generalization of537

Weak Experts using EnsemW2S538

As depicted in Figure 4, we analyze the in-539

distribution (ID) and out-of-distribution (OOD)540

generalization performance of our EnsemW2S- 541

based combination of weak experts for two models, 542

Qwen2.5-1.5B and Qwen2.5-3B. We compare the 543

performance of a single weak model (darker color) 544

against an ensemble of weak models trained on 545

the same labeled dataset, with lighter hues indi- 546

cating performance improvements. For ID gen- 547

eralization, we observe absolute improvements 548

between of 0.4-3.02%, 2.3-4%, and 2.24-2.26% 549

on the ARC, Quartz, and Math-MC datasets, re- 550

spectively. For OOD generalization based on an 551

easy-to-hard data split, the ensemble achieves 552

improvements between 1.02-2.84%, 1.03-1.66%, 553

and 3.7-4.34% on the same datasets. We also eval- 554

uate cross-dataset OOD performance by training 555

on the easy split of Math-MC and testing across 556

three difficulty levels in MMLU’s mathematics cat- 557

egories. In this setting, we observe gains between 558

of 2.07-2.7%, 3-6%, and 3-4% for elementary, 559

high school, and college-level math questions, re- 560

spectively. These results suggest that generaliza- 561

tion performance is more sensitive to question dif- 562

ficulty than to dataset variation. 563

As expected, performance of ID data is higher 564

than OOD data. However, the consistent gains 565

achieved by our ensemble method—despite using 566

the same labeled data as the single-model baseline— 567

highlight its robustness and effectiveness. A few 568

simple baselines are presented in Appendix J.1. 569

5.2 Stronger Expert further Improve Student 570

and its W2S generalization performance. 571

As shown in Table 1, we study how an ensemble 572

of weak models improves the generalization perfor- 573

mance of the strong model. We focus on Qwen2.5- 574

7B for this analysis and evaluate both ID and OOD 575

generalization, following the same setup as before. 576

For ID generalization, we observe absolute per- 577

formance improvement of 2%, 3.2%, and 2.1% 578

on the ARC, Quartz, and Math-MC datasets, re- 579

7
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Figure 3: (Quartz Data.) Top: Bar plots comparing W2S generalization of the strong student using our method (gray) vs.
baseline (blue) across weak–strong model pairs for SFT on Q/A data—ID (top bars) and OOD (bottom bars). Bottom: Line plots
showing accuracy and PGR. Left: ID (random split); Right: OOD (easy–hard split) for E2H generalization.
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Figure 4: Performance comparison of weak models (single vs.
ensemble). Blue bars: Qwen2.5-3B; orange: Qwen2.5-1.5B.
Dark shades show single-model performance; light shades
show ensemble gains. The bars are grouped into: (1) ID
evaluation (first three subplots), where train and test distribu-
tions are similar; (2) OOD via easy-hard splits (middle three),
where models are trained on the easy and tested on the hard;
and (3) cross-dataset OOD generalization (last three), where
models trained on the easy of Math-MC are evaluated on three
difficulty levels of MMLU.

spectively. For OOD generalization based on an580

easy-to-hard split, we observe gains of 1.28%,581

2.42%, and 1.17% on the same datasets. We582

also evaluate cross-dataset OOD performance by583

training the ensemble on the easy subset of Math-584

MC and testing on varying difficulty levels within585

MMLU’s mathematics categories. Here, we ob-586

serve improvements of 2.28%, 1.11%, and 1%587

for high-school, elementary, and college-level math588

questions, respectively.589

A few notable conclusions: the EnsemW2S-590

based ensemble of weak experts achieves perfor-591

mance comparable to the W2S-trained strong stu-592

dent, demonstrating the effectiveness of ensem-593

bling. It even outperforms a strong model trained594

on weak experts’ labeled data, despite the total595

combined model size being comparable in most596

cases. Moreover, the strong model trained with597

weak supervision from the ensemble surpasses the 598

baseline which use a single expert model. 599

5.3 Improvement in PGR and W2S 600

generalization for all range of model sizes. 601

Following Burns et al. (2023), we study scaling 602

laws for W2S generalization in Fig.3 by creating 603

multiple weak–strong model pairs from the same 604

model family. We use the Pythia model series, 605

which offers a wide range of model sizes. To en- 606

able a direct comparison with Burns et al. (2023), 607

we train the strong model using only hard data. 608

We also replicate the binary classification setup 609

on SciQ using AdaBoost and the code from Burns 610

et al. (2023) (Appendix J.3). Across experiments, 611

we observe consistent improvements—indicating 612

stronger W2S generalizations—except with mod- 613

els too small to learn—while the binary setup even 614

shows complete generalization, underscoring the 615

strength of ensemble-based weak supervision. 616

6 Conclusion 617

This paper presents a method to iteratively train 618

weak experts by exposing them only to human- 619

level labeled data, enabling them to better gener- 620

alize to superhuman-level data. These weak su- 621

pervisors are then combined at the token level 622

to generate stronger supervision, improving W2S 623

generalization for the strong student model. Our 624

method shows significant improvement on both 625

in-distribution and out-of-distribution datasets. 626
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7 Limitation and Future Work627

This work only explores the SFT phase. While SFT628

is an important part of the LLM learning pipeline,629

our future work will focus on developing weak630

supervision in the reward modeling phase. Another631

interesting future direction would be to improve632

the combination of tokens in the decoding phase633

by replacing the classical AdaBoost algorithm with634

more adaptive ensemble learning methods. We635

hope this work sparks discussion on combining636

multiple LLMs to improve w2s generalization.637
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A Limitation and Future Work 760

This work only explores the SFT phase. While SFT is an important part of the LLM learning pipeline, our 761

future work will focus on developing weak supervision in the reward modeling phase. Another interesting 762

future direction would be to improve the combination of tokens in the decoding phase by replacing the 763

classical AdaBoost algorithm with more adaptive ensemble learning methods. We hope this work sparks 764

discussion on combining multiple LLMs to improve w2s generalization. 765

Computational Overhead: For fully generative tasks, multiple forward passes are required in an 766

autoregressive manner. At each step, the final voted token is input to all LLMs to predict the next token. 767

This increases generation time, which can be mitigated using efficient decoding algorithms like speculative 768

decoding. Addressing this also forms part of our future work. Smaller Models: Another limitation is of 769

all w2s work is they attempt to mimic the weak and strong setting as an analogy to the realistic problem 770

and cannot test on a real human with super-human model. 771

B Broader Impact 772

The proposed framework for weak-to-strong (w2s) generalization using ensembles of weak language 773

models (LLMs) has significant implications across various domains. By demonstrating that multiple 774

weak supervisors can effectively train more powerful models, our research addresses the critical challenge 775

of superalignment, potentially transforming how advanced AI systems are developed and supervised. 776

This approach could democratize access to powerful AI technologies by reducing reliance on scarce, 777

high-quality labeled data and enabling more inclusive participation in AI development. Furthermore, 778

our method encourages the creation of robust AI systems capable of tackling complex problems, which 779

can drive advancements in fields such as healthcare, education, and scientific research. However, careful 780

consideration must be given to ethical implications, ensuring that the deployment of these advanced 781

models aligns with societal values and mitigates risks associated with misuse or unintended consequences. 782

C Related Work 783

Weak-to-Strong. (Burns et al., 2023) first introduced w2s generalization for super-alignment, aiming to 784

elicit strong model capabilities using only single weak model supervision. (Charikar et al., 2024) provides 785

a theoretical framework for the same with insights on how much w2s improvement can occur, though 786

their work is limited to a few layers of neural networks. (Lang et al., 2024) establishes expansion bounds 787

for w2s generalization under finite data distributions, but focuses solely on binary classification. (Zhang 788

et al., 2024) shows that transcendence—surpassing the capability of the training data source—is possible 789

via low-temperature sampling, offering insights relevant to w2s. 790

Several works have attempted to solve w2s generalization in LLMs. (Sang et al., 2024) explores 791

ensemble learning for and scalable oversight for binary classification NLP tasks, but sees limited gains. 792

(Ji et al., 2024) introduces a model that enhances the alignment of LLMs with human intentions by 793

correcting the residual differences between aligned and unaligned answers by training on a query-answer 794

correction dataset. It enhances w2s generalization by leveraging smaller models for supervisory signals. 795

(Sun et al., 2024) proposes a scalable e2h generalization method, training reward models on simpler tasks 796

and using them to evaluate harder ones. (Liu and Alahi, 2024) adapts the hierarchical mixture of experts, 797

using multiple specialized weak supervisors instead of a single generalist for w2s. (Bansal et al., 2024) 798

compares LLM training on weak (cheap) vs. strong (expensive) model-generated data and finds that larger 799

weak-model datasets yield better w2s. 800

Ensemble Learning. Binary Classification Boosting (Freund and Schapire, 1997) and multi- 801

classification boosting (Hastie et al., 2009) are common ensemble learning algorithms. In (Verga et al., 802

2024), they use a voting mechanism to combine multiple small LLMs instead of a single large LLM to 803

evaluate another LLM and show it performs better than large LLMs. 804

Multi-LLM learning: There are numerous works involving the collaboration of multiple LLMs. (Chang 805

et al., 2023) proposes Reinforcement Learning with Guided Feedback (RLGF), where a dynamic black-box 806

guide like GPT-3 is used to fine-tune large language models. (Rosset et al., 2024) introduces Direct Nash 807
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Optimization (DNO), a scalable algorithm that combines contrastive learning with general preference808

optimization. (Cai et al., 2024) presents MEDUSA, an innovative framework designed to accelerate809

inference in large language models by introducing multiple decoding heads, enabling simultaneous810

prediction of several tokens, and enhancing efficiency through reduced decoding steps and parallel811

processing capabilities. (Shen et al., 2024) proposes Co-LLM, a collaborative decoding framework that812

interleaves token-level generations from multiple models. This method optimizes the latent variable813

model for marginal likelihood, allowing a base model to decide when to generate tokens itself or utilize an814

assistant model, thereby improving performance across various specialized tasks without direct supervision.815

(Jin et al., 2024) introduces a novel collaborative decoding framework aimed at improving the factuality816

of large language models by employing a critical token classifier. This approach strategically uses both817

pre-trained and aligned models to selectively generate critical tokens, significantly enhancing the model’s818

ability to maintain factual accuracy without compromising the diversity of the generated content.819

Additionally, (Mudgal et al., 2023b) introduces Controlled Decoding (CD), a method for aligning820

language model outputs with desired outcomes using a separate prefix scorer module. This approach821

allows multi-objective RL without additional training and performs well on benchmarks, bridging the gap822

between token-level control and sequence-level best-of sampling strategies.823

D Adaboost for combing weak Binary classification LLM.824

AdaBoost is an ensemble learning algorithm that combines multiple weak classifiers, such as decision825

stumps, to create a strong classifier. It works iteratively by focusing on the samples that are hardest to826

classify, assigning them higher weights in each subsequent iteration. Weak classifiers are trained one827

at a time, and their contributions are weighted based on their accuracy. The final prediction is made by828

taking a weighted majority vote of all weak classifiers. AdaBoost is known for its ability to improve829

generalization by focusing on difficult cases and is often resistant to overfitting with simple weak learners.830

However, it can struggle with noisy data if overemphasis is placed on misclassified samples. Its also831

presented as Algorithm 2.832

We use Adaboost to conduct a thought experiment to test the ensemble idea in w2s generalization for833

simple classification task. This is also the first task evaluated by Burns et al. (2023). We use vanilla834

AdaBoost (Algorithm 2) to generate answers to hard questions, xh, from each weak LLM teacher,835

htθ(x
h) for t ∈ {1, . . . , T}, where T is max Adaboost round. AdaBoost iteratively reweights training836

examples, and trains weak teachers one at a time focusing on hard-to-classify samples, as described in837

Line 5 of Algorithm 2. The only requirement is they perform better than random, thus satisfying the838

weak learning condition. A weighted majority vote aggregates their outputs to produce a pseudo-label,839

⊮(
∑T

t=1 αth
t
θ(x

h) > 0) ∈ {0, 1}, where αt are hyperparameters weighing each weak teacher based on840

accuracy. A detailed mathematical summary is provided below.841

Let the training dataset consist of m samples:842

{(xi, yi) | i = 1, 2, . . . ,m}, xi ∈ Rd, yi ∈ {−1,+1}.843

Each weak learner ht(x) outputs a prediction ht(xi) ∈ {−1,+1}. The goal is to sequentially train844

weak learners such that the combined model minimizes the classification error. A weight distribution845

Dt(i) is maintained over the training samples at each iteration t, where:846

Dt(i) ≥ 0,

m∑
i=1

Dt(i) = 1.847

Initially, all samples are equally weighted: D1(i) =
1
m , ∀i848

Training the Weak Learners: For each iteration t = 1, 2, . . . , T , train a weak learner ht(x) using the849

current weight distribution Dt. Compute the weighted error:850

ϵt =
m∑
i=1

Dt(i) · I(ht(xi) ̸= yi),851

where I(·) is the indicator function.852
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Weak Learner Weight Assign a weight αt to the weak learner based on its performance: 853

αt =
1

2
ln

(
1− ϵt
ϵt

)
854

Intuition behind it is that if ϵt is small, αt is large, giving more importance to the weak learner. If ϵt = 0.5, 855

αt = 0, indicating no contribution to the ensemble. ϵt > 0.5 is undesirable, as the weak learner performs 856

worse than random guessing. 857

Update the weights of the training samples to focus on misclassified samples: 858

Dt+1(i) =
Dt(i) exp(−αtyiht(xi))

Zt
, 859

where Zt is a normalization factor ensuring
∑m

i=1Dt+1(i) = 1: 860

Zt =

N∑
i=1

Dt(i) exp(−αtyiht(xi)). 861

Misclassified samples (yi ̸= ht(xi)) receive higher weights, making them more influential in the next 862

iteration. The final strong classifier H(x) is a weighted majority vote of the weak learners: 863

H(x) = sign

(
T∑
t=1

αtht(x)

)
. 864

Generalization Abilities: AdaBoost improves generalization by maximizing the margins on the training 865

set. The margin for a sample (xi, yi) is defined as: 866

Margin(xi) = yi

T∑
t=1

αtht(xi). 867

AdaBoost aims to increase the margin for all samples, reducing the chance of misclassification. 868

Summary of Key Properties 869

1. Sequential Training: Weak learners are trained iteratively, with weights updated to focus on difficult 870

samples. 871

2. Weighting Scheme: Misclassified samples are emphasized in subsequent iterations. 872

3. Generalization: AdaBoost achieves strong generalization by maximizing margins and minimizing 873

exponential loss. 874

4. Flexibility: It can work with any weak learner as long as the learner achieves performance slightly 875

better than random guessing. 876

E Details on the EnemW2S Methodology 877

E.1 Detailed Flowchart 878

E.2 Important Notations 879

Easy Data: {(xe
i ,y

e
i )}mi=1 880

Hard Data: {(xh
o ,y

h
o )}Oo=1 881

Total number of Easy Data points: m 882

Total number of Hard Data points: O 883

Total EnsemW2S-AdaBoost Rounds: T Weak Teachers: {htθ}Tt=1 884

Strong Student (Oracle): uϕ 885
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Algorithm 2 AdaBoost (Freund and Schapire, 1997)

Require: Training Dataset S = {(xi, yi)}mi=1 ∼ Dm

T = AdaBoost iterations
D⃗1(i)← 1

m∀i ∈ [m]
for t← 1 to T do
ht such that ϵt =

∑m
i=0⊮{ht(xi) ̸= yi}D⃗t(i) <

1
2

αt ← 1
2 log

1−ϵt
ϵt

Zt ← 2
√
ϵt(1− ϵt)

D⃗t+1 ← 1
Zt
D⃗te

−αtyiht(xi)

g ←
∑T

t=1 αtht
end for
Return h(x) = sign(g)

Train-Error < 
s.t.

Figure 5: This figure explains our pipeline for easy-to-hard generalization using w2s generalization in complete detail including
the algorithm and data flow. We train weak models on easy data and strong models on hard data. A transfer model is trained using
pseudo labels generated by the weak model on the hard data. Ultimately, we aim to improve the Performance Gap Recovered
(PGR).
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Weak-to-Strong model: fϕ 886

Total number of tokens in the answer part of each sample i: ki 887

AdaBoost voting parameter: {αt}Tt=1 888

EnsemW2S-AdaBoost token-sample weights for ith sample and jth token: {Dt(i, j)}Tt=1 889

Pre-trained Model error: ϵpre 890

EnsemW2S-AdaBoost’s weighted model error for round t: ϵt 891

E.3 Intuition Behind Prior Term in EmsemW2S 892

The calculation of α cannot rely solely on error, ϵ, as the traditional Adaboost method is valid only when 893

ϵ < 0.5. Applying the same equation in our context could yield negative α values. We introduce a 894

prior term, log( 1
1−ϵpre

− 1). Below we provide justification and proof regarding exponential decay of the 895

training error using the new prior term. 896

Existing works on multi-class classification Adaboost (Hastie et al., 2009) suggest using 1
c (where c 897

is the number of classes) in the prior term, log(c − 1), as 1
c represents the random performance of the 898

model. However, when c (the number of classes) becomes very large, the log(c − 1) term also grows 899

significantly, causing the α parameters of Adaboost to become nearly identical and, consequently, less 900

useful. To address this, we introduce a pre-training error term, ϵpre, which represents an upper bound on 901

the sample error. We then use 1− ϵpre (a lower bound on accuracy) as a replacement for the 1
c term, as 902

our model’s lowest possible accuracy is 1− ϵpre, not 1
c . 903

F [Theorem 1:] Training Error Bound Exponential Decay. 904

Training Error of the combined weak learner is defined as the following: 905

Err(H) =
1

n

m∑
i=1

ki∑
j=1

T∑
t=1

αt⊮(htθ(xe
i ,y

e,j−1
i ) ̸= ye,j

i ) (1) 906

where T is EmsemW2S rounds, n =
∑m

i=1 ki, ki is the token length in the ith easy example Se = 907

{(xe
i ,y

e
i )}mi=1. 908

AdaBoost minimizes an upper bound on the exponential loss rather than directly minimizing the 909

classification error. The exponential loss for our case is: 910

L =
m∑
i=1

ki∑
j=i

D1(i, j) · e
∑T

t=1 αt⊮(ht
θ(x

e
i ,y

e,j−1
i )̸=ye,j

i ) (2) 911

To analyze how the training error decreases, consider the weight update rule: 912

Dt+1(i, j)←
1

Zt
Dt(i, j)e

αt⊮(ht
θ(x

e
i ,y

e,j−1
i )̸=ye,j

i ) for all i ∈ [m], j ∈ [ki] (3) 913

where Zt is the normalization factor: 914

Zt =

m∑
i=1

ki∑
j=i

Dt(i, j) · eαt⊮(ht
θ(x

e
i ,y

e,j−1
i ) ̸=ye,j

i ) (4) 915

Now we want the cumulative training error after T rounds to be bounded by (More details regarding 916

the following equation is in section F.1): 917

Err(H) ≤
T∏
t=1

Z
1

ϵpre

t (5) 918

Now for Errortrain to exponentially decay with t, Zt < 1. For Zt < 1 we must have αt > 0. 919

Thus, we want

log
1− ϵt
ϵt

+ log(
1

1− ϵpre
− 1) > 0
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(
1− ϵt
ϵt

) ∗ ( 1

1− ϵpre
− 1) > 1

Solving this we get920

ϵt < ϵpre

This forms the our weak learning condition. This basically means that each new weak learner (LLM)921

that is included in the ensemble should have error less than pretrained error. This error could also be the922

worst possible error below which any of the LLMs would not go.923

F.1 Calculating Training Error Bound for EnsemW2S924

In this section we will derive equation 5 of the previous section.925

We know our models weights from previous section: αt = ln
(
1−ϵt
ϵt

)
+ ln(

ϵpre
1−ϵpre

). We can break the926

equation 4 in the following form,927

Zt = (1− ϵt) + ϵt e
αt = (1− ϵt)(

1

1− ϵpre
) =

γt − ϵpre
1− ϵpre

.928

Potential. Define the exponential potential and multi-class margin mi929

WT+1 =
1

n

n∑
i=1

exp
(
−λm(T )

i

)
(6)930

931

m
(T )
i =

1

2

(
F

(T )

ye,j
i

(xe
i ,y

e,j−1
i )− max

k ̸=ye,j
i

F
(T )
k (xe

i ,y
e,j−1
i )

)
(7)932

where F
(T )
k is the accumulated vote after T rounds and λ = 1

ϵpre
.933

Mathematically, we can therefore write F
(T )
k as934

F
(T )
k (xe

i ,y
e,j−1
i ) =

T∑
t=1

αt1
[
htθ(x

e
i ,y

e,j−1
i ) = ye,j

i

]
In a similar way we can define the following final hypothesis,935

H(xe
i ,y

e,j−1
i ) = arg max

k∈[K]
Fk(x

e
i ,y

e,j−1
i )

A short algebraic check (see Zhu et al., 2006) gives the telescoping relation: Wt+1 = WtZ
(K−1)/K
t .936

Therefore,937

WT+1 =

T∏
t=1

Z λ
t . (8)938

Bounding the indicator. If H(xe
i ,y

e,j−1
i ) ̸= ye,j

i , then mi ≤ 0. Hence ⊮[H(xe
i ,y

e,j−1
i ) ̸= ye,j

i ] ≤939

e−m
(T )
i and e−m

(T )
i ≤ e−λm

(T )
i (λ < 1),940

Err(H) =
1

n

n∑
i=1

⊮[H(xe
i ,y

e,j−1
i ) ̸= ye,j

i ] ≤ 1

n

n∑
i=1

e−λmi . (9)941

The mi appearing in Eq. (2) is the margin after all T rounds. Therefore the right-hand side of equation942

8 is exactly the uniform-average potential in (7):943
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Err(H) ≤ WT+1 =
T∏
t=1

Z
1

ϵpre

t 944

Final bound. Using 1 + z ≤ ez (z ∈ [0, 1]) we have Zt ≤ eKγt . Here K = 1
1−ϵpre

and γt = 1− ϵt − 1
K 945

Err(H) ≤ exp
(
−(K−1)

T∑
t=1

γt

)
946

Thus, if every γt > 0 the empirical error decays exponentially with T . 947

□ 948

G Margin theory for generalization 949

For any θ > 0 define the small–margin setM(θ) = {i : m(T )
i ≤ θ}. From the derivation above 950

Pr
i∈S

[
m

(T )
i ≤ θ

]
≤ eλθ WT+1 ≤ exp

(
λθ − (K−1)

T∑
t=1

γt

)
. (B.1) 951

VC-style margin bound (multi-class). Let d = VCdim(H) for the weak-learner family. A direct 952

extension of the binary margin bound of Schapire, Freund, Bartlett & Lee (1998) to K classes (see 953

Schapire & Singer, 1999; Zhu et al., 2006) states: 954

Theorem G.1 (Generalisation via Margins) For any θ ∈ (0, 1] and δ ∈ (0, 1), with probability≥ 1−δ 955

over the draw of an n-sample S, the boosted classifier H satisfies 956

Pr
(x,y)∼D

[
H(xe

i ,y
e,j−1
i ) ̸= ye,j

i

]
≤ Pr

i∈S

[
m

(T )
i ≤ θ

]
+

√
c
(
d log n+ log(1/δ)

)
nλ2θ2

, 957

where c is an absolute constant. 958

Combining (B.1) with Thm. G.1. Using the empirical bound (B.1) inside the theorem yields 959

Pr
D

[
H(xe

i ,y
e,j−1
i ) ̸= ye,j

i

]
≤ exp

(
λθ − (K−1)

T∑
t=1

γt

)
+

√
c
(
d log n+ log(1/δ)

)
nλ2θ2

. 960

Choose a fixed margin target θ > 0. Because the first term decays exponentially in T (via
∑

t γt) and 961

the second shrinks as O(n−1/2), the overall test error can be made arbitrarily small by taking enough 962

boosting rounds and/or sufficiently many training examples. 963

G.1 Discussion 964

• Empirical error. Theorem F.1 shows that EnsemW2S drives the training error to zero at an 965

exponential rate provided every weak learner beats random guessing (ϵt < ϵpre). 966

• Generalization. Theorem G connects this fast margin growth to a quantitative VC-style bound on 967

test error, mirroring the classical binary AdaBoost margin theory. 968

• Practical implication. In practice, once the empirical small-margin fraction Pri∈S [mi ≤ θ] plateaus, 969

additional boosting offers diminishing returns unless more data (larger n) or a richer weak-learner 970

class (larger d) is available. 971
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H Experimental Setup972

H.1 Cross Validation method for difficulty rating generation973

Easy (xe,ye) and Hard (xh,yh) Data Split. We generate difficulty ratings using cross-validation in n974

folds, where the model trains on (n − 1) splits and tests on the remaining split, repeating for all folds.975

The errors aggregated across the samples serve as difficulty ratings. Low-rated samples are used for weak976

model training, while high-rated samples are used to generate strong model training data and testing data977

at random. This cross-validation approach, applied to both classification and generation tasks, ensures978

robust difficulty splits. Additional details and plots of difficulty ratings are provided in Figures 6, 7, and 8979

in the Appendix. Additionally, the continuous difficulty labels provided by Ding et al. (2024) for math,980

programming, chess, and reasoning datasets enable flexible easy-hard data splits at any chosen difficulty981

threshold. As this aspect is independent of our core message, we leave its exploration to future work.982

H.2 Difficulty rating for all the datasets983

We use GPT-2 for binary classification and pythia-160m for SFT task’s easy and hard splitting. We use984

the same training parameters as used in the training of the actual w2s results.985

Figure 6: This figure shows the difficulty rating distribution of sciq dataset.

Figure 7: This figure shows difficulty rating distribution of ARC dataset.
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Figure 8: This figure shows difficulty rating distribution of quartz dataset.

H.3 [Ablation Study: ] Comparison between probability based combination with logit based 986

combination of the tokens, during generation and evaluation of combined weak experts. 987

Figure 9: This figure compares probability-based combination with logit-based combination of the tokens across different
AdaBoost rounds. Here we show improvement from the baseline where baseline is single model. The orange bars represent logit-
based combination, while the blue bars represent probability-based combination, showing that probability-based combination
performs better.

H.4 [Ablation Study: ] Comparison between different window lengths for “sample and token 988

weighing”. 989

Figure 10: This figure compares different token window lengths for the Pythia 70M model across various AdaBoost rounds. The
plots show improvements over the baseline, where the baseline represents a single model. The different bars (red, blue, green,
yellow, and pink) correspond to window lengths of 1, 2, 4, 8, and 16, respectively. We observe that, overall, all window lengths
perform similarly. Window length in EmsemW2S plays a role only during sampling step.
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Figure 11: This figure compares different token window lengths for the Pythia 410M model across various AdaBoost rounds.
The plots show improvements/decline over the baseline, where the baseline represents a single model. Thus, the black colored
bars show decline. The different bars (red, blue, green, yellow, and pink) correspond to window lengths of 1, 2, 4, 8, and 16,
respectively. We observe that, overall, all window lengths perform similarly. Window length in EmsemW2S plays a role only
during sampling step.

I Cost Analysis of EmsemW2S990

Training Cost of Weak Learners: Each weak learner is trained sequentially, as its performance is991

contingent upon the outputs of the preceding weak learner. Consequently, while the GPU load may be992

lower because each weak learner is small as compared to the collection of weak-learners, the overall993

training time is directly proportional to the number of weak learners utilized.994

This is because the input and output token count for each weak learner during training remains995

approximately constant, as suggested by Adaboost. Only the frequency of samples are adjusted based996

on weights. In EnsemW2S we sample the tokens by token-weights but eventually combine the sampled997

tokens while masking the ones not sampled, thus keeping the total tokens approximately similar and998

training time for each weak-learner independent of the tokens sampled. In the practical superalignment999

case, pre-trained weak learners can be used, which may further mitigate concerns regarding sequentially1000

training the weak learners.1001

Strong Model Training and Inference: The strong model is trained using labels generated by the weak1002

learners and is evaluated on standard datasets. Therefore, the training cost and inference cost associated1003

with the strong model remains unchanged.1004

Inference Cost of Weak Learners: The generation process can be executed in parallel as well as1005

sequentially, resulting in a GPU load for generation or clock time for generation respectively, that scales1006

linearly with the number of weak learners. For decoding, once the token-level distributions generated1007

by the weak learners are combined using EmsemW2S algorithm, efficient decoding algorithms like1008

speculative decoding can be employed to produce the final response. However, this is not the focus of this1009

work.1010

We do agree that the primary increase in computational cost compared to the baseline—where a single1011

weak expert supervises the student—comes from multi-LLM decoding. However, its important to consider1012

that unlike other multi-LLM works (Anonymous, 2025; Du et al., 2023), we do not use an additional1013

reward or judge model for combining multi-LLM outputs, significantly reducing hardware demands.1014

Moreover, we rely on the same labeled data rather than collecting new data to train separate models. For1015

this same reason we use datasets which do not have very long outputs and are option based.1016

J Results1017

J.1 Baselines for weak-expert performance comparison1018

In this section we show one additional baseline to compare weak model’s performance. Basically instead1019

of using adaptive weights of the model we use fixed model weights i.e. αt = 1∀t = [1, T ]. This is similar1020

to bagging. You can find the results in the table 2.1021
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Qwen-1.5B Qwen-3B
Random (ID) Easy-Hard (OOD) Random (ID) Easy-Hard (OOD)
Single Model 5 Models Single Model 5 Models Single Model 5 Models Single Model 5 Models

ARC 46.02 47.00 38.14 38.22 54.02 52.75 42.92 43.00
Quartz 74.23 74.36 72.83 71.55 81.25 76.02 80.99 76.02
Math 47.17 47.20 45.42 46.00 61.74 56.3 50.16 50.02

Table 2: In this table we compare performance of weak experts on additional baseline where we combine all the model
(specifically 5 models) by giving each of them equal weight. The column 5 models depicts that. We also mention the baseline
shown in the main table which uses the first model. We observe that for all the case the 5-model baseline perform worse or
similar to the single model baseline.

J.2 Results on ARC Dataset for generation task 1022
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Figure 12: Generation Task (ARC Data): Top figure shows a bar plot comparing the w2s generalization of our method (grey)
with a baseline (blue) for various combinations of weak and strong model pairs for the SFT task on Q/A data for random data
split (top bar-plot) and easy-hard split (bottom bar-plot). Bottom figure shows a line plot comparing accuracy and PGR. The left
two figures are for random data split, while the right two are for the easy-hard split to show e2h generalization.

J.3 Results on Sciq Dataset for Binary Classification Task 1023

W2S Results with Random Training Data Splits. The baseline of this method is a replication of (Burns 1024

et al., 2023). From Figure 13, by applying AdaBoost, we observe a significant improvement in the weak 1025

model accuracy, significantly improving the PGR values. In the case of the GPT-2-medium to GPT-2-large 1026

pair, we even see the PGR exceeding 100%, meaning that the transfer model has outperformed the strong 1027

model’s performance. This is the ambitious aim of the w2s generalization problem, and our results show 1028

that w2s generalization is achievable. 1029

W2S Results with Easy and Hard Training Data Splits. From Figure 13, we see that applying 1030

AdaBoost significantly improves weak model accuracy, thereby enhancing the PGR values. However, for 1031

this holistic e2h generalization problem, we are far from reaching the full capability of a strong model. 1032

For very small (GPT-2) and large model pairs (GPT-2-xl and above), we do not see improvement in w2s 1033

generalization despite the weak models’ accuracy improvements. Overall, we observe an improvement 1034

of up to 14% in accuracy compared to the baseline and an average improvement of 6.52% and 3% for 1035

random and easy-hard splits, respectively. 1036
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Scaling Law. In Figure 13 (line plot), we see less PGR recovery for the Qwen-1.8B model even though1037

it is similar in size to GPT-2-xl. Similarly, in the bar plot, we see a drastic difference between the oracle1038

performance of GPT2xl and Qwen-1.8B. This is because the Qwen models series are more capable even1039

after being the same size. Thus, model size is not a good metric, but model capability is a better metric for1040

differentiating between weak and strong models.1041
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Figure 13: Binary Classification Task. Top figure shows a bar plot comparing w2s generalization of our method (grey) with a
baseline (blue) from (Burns et al., 2023) using accuracy values(%) for different combinations of weak and strong model pairs for
random data split (top bar-plot) and easy-hard split(bottom bar-plot). Bottom figure shows a line plot comparing the accuracy
and performance gap recovered values (PGR). The left two figures are for random data split, while the right two figures are for
the easy-hard split to show e2h generalization.

K Aggregated plots1042

Figure 14: Aggregated results for Quartz Data on Generation Task and Sciq Data on Binary Classification Task for both
random and easy-hard data splits. We aggregate results for three experimental runs will different seed across all model pairs
similar to (Burns et al., 2023).
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L Generative Task Details 1043

L.1 Supervised-Fine Tuning task for Quartz Question-Answer Dataset 1044

Weak Model Strong Model
Token-Avg Acc Option Acc Option Acc(on w2s) α oracle Token-Avg Acc Option Acc
Pythia-70m Pythia-160m

Baseline 17.95 ± 0.44 50.21 ± 0.23 49.7 ± 0.28 10.81 ± 0.04 50.77 ± 0.26 34.3 ± 0.44 51.11 ± 0.23
With Adaboost (T:03) 25.94 ± 0.38 50.64 ± 0.39 49.43 ± 0.25 10.67 ± 0.05 50.77 ± 0.26 34.17 ± 0.36 51.66 ± 0.45

Pythia-70m Pythia-410m
Baseline 17.95 ± 0.44 50.21 ± 0.23 49.7 ± 0.28 10.81 ± 0.04 59.18 ± 0.78 50.28 ± 0.44 50.68 ± 0.3
With Adaboost (T:04) 25.22 ± 0.15 50.51 ± 0.53 49.8 ± 0.14 10.68 ± 0.05 59.18 ± 0.78 50.88 ± 0.18 52.42 ± 0.33

Pythia-70m Pythia-1b
Baseline 17.95 ± 0.44 50.21 ± 0.23 49.7 ± 0.28 10.81 ± 0.04 63.35 ± 0.3 51.87 ± 0.11 50.89 ± 0.16
With Adaboost (T:05) 26.2 ± 0.06 50.55 ± 0.28 49.65 ± 0.11 10.66 ± 0.04 63.35 ± 0.3 51.83 ± 0.38 51.83 ± 0.31

Pythia-70m Pythia-1.4b
Baseline 17.89 ± 0.46 49.87 ± 0.06 49.46 ± 0.35 10.82 ± 0.05 68.83 ± 1.28 51.82 ± 0.05 50.17 ± 0.24
With Adaboost (T:04) 25.32 ± 0.82 50.04 ± 0.37 49.23 ± 0.27 10.7 ± 0.06 68.83 ± 1.28 51.76 ± 0.17 51.45 ± 0.07

Pythia-70m Pythia-2.8b
Baseline 18.06 ± 0.39 49.4 ± 0.39 49.73 ± 0.33 10.86 ± 0.02 73.38 ± 1.02 52.28 ± 0.29 50.21 ± 0.23
With Adaboost (T:02) 24.37 ± 0.99 50.13 ± 0.4 49.48 ± 0.21 10.74 ± 0.04 73.38 ± 1.02 52.3 ± 0.14 51.02 ± 0.22

Pythia-160m Pythia-410m
Baseline 33.51 ± 0.19 50.81 ± 1.0 49.6 ± 0.27 10.03 ± 0.0 59.18 ± 0.78 50.39 ± 0.3 50.68 ± 0.5
With Adaboost (T:04) 40.85 ± 0.49 51.79 ± 0.48 49.08 ± 0.32 9.81 ± 0.05 59.18 ± 0.78 50.39 ± 0.18 52.13 ± 0.3

Pythia-160m Pythia-1b
Baseline 33.51 ± 0.19 50.81 ± 1.0 49.6 ± 0.27 10.03 ± 0.0 63.35 ± 0.3 52.36 ± 0.29 50.6 ± 0.33
With Adaboost (T:02) 40.61 ± 0.8 51.36 ± 0.25 49.93 ± 0.52 9.76 ± 0.05 63.35 ± 0.3 52.45 ± 0.42 51.92 ± 0.31

Pythia-160m Pythia-1.4b
Baseline 33.42 ± 0.23 51.4 ± 0.59 49.43 ± 0.41 10.03 ± 0.0 68.83 ± 1.28 52.02 ± 0.2 51.02 ± 0.55
With Adaboost (T:03) 40.87 ± 0.49 51.02 ± 0.18 49.28 ± 0.13 9.75 ± 0.02 68.83 ± 1.28 52.11 ± 0.39 53.02 ± 0.55

Pythia-160m Pythia-2.8b
Baseline 33.42 ± 0.23 51.4 ± 0.59 49.43 ± 0.41 10.03 ± 0.0 73.17 ± 0.88 52.82 ± 0.02 51.45 ± 0.5
With Adaboost (T:04) 41.13 ± 0.51 51.23 ± 0.4 49.65 ± 0.14 9.78 ± 0.06 73.17 ± 0.88 52.51 ± 0.3 51.74 ± 0.17

Pythia-410m Pythia-1b
Baseline 52.71 ± 0.24 59.27 ± 0.46 55.54 ± 0.49 10.0 ± 0.01 63.35 ± 0.3 53.39 ± 0.2 56.21 ± 0.76
With Adaboost (T:02) 53.39 ± 0.17 58.5 ± 0.33 55.91 ± 0.35 9.69 ± 0.08 63.35 ± 0.3 53.87 ± 0.46 56.42 ± 0.56

Pythia-410m Pythia-1.4b
Baseline 52.9 ± 0.09 59.65 ± 0.15 55.66 ± 0.51 9.98 ± 0.02 68.83 ± 1.28 53.33 ± 0.74 56.34 ± 0.9
With Adaboost (T:02) 53.26 ± 0.27 58.8 ± 0.42 56.11 ± 0.34 9.66 ± 0.08 68.83 ± 1.28 54.14 ± 0.63 57.7 ± 0.61

Pythia-410m Pythia-2.8b
Baseline 52.13 ± 0.64 58.29 ± 1.1 55.94 ± 0.3 9.89 ± 0.06 73.38 ± 1.02 54.38 ± 0.31 55.74 ± 0.73
With Adaboost (T:04) 53.39 ± 0.19 59.18 ± 0.42 55.32 ± 0.51 9.85 ± 0.05 73.38 ± 1.02 55.71 ± 0.53 59.01 ± 0.94

Pythia-1b Pythia-1.4b
Baseline 55.65 ± 0.52 61.99 ± 0.51 58.6 ± 1.13 9.85 ± 0.01 68.62 ± 0.12 55.33 ± 0.31 58.93 ± 0.68
With Adaboost (T:03) 56.81 ± 0.47 62.12 ± 0.43 58.14 ± 0.85 9.74 ± 0.11 68.62 ± 0.12 55.99 ± 0.16 61.69 ± 0.57

Pythia-1b Pythia-2.8b
Baseline 55.54 ± 0.6 62.12 ± 0.51 58.55 ± 1.14 9.84 ± 0.01 73.3 ± 0.3 57.26 ± 0.3 61.52 ± 1.38
With Adaboost (T:02) 57.09 ± 0.41 62.84 ± 0.12 59.0 ± 0.62 9.63 ± 0.02 73.3 ± 0.3 58.1 ± 0.08 63.99 ± 0.93

Pythia-1.4b Pythia-2.8b
Baseline 57.11 ± 0.45 69.64 ± 0.97 66.87 ± 1.1 9.87 ± 0.02 73.76 ± 0.67 59.34 ± 0.24 67.94 ± 0.78
With Adaboost (T:02) 59.17 ± 0.12 70.66 ± 0.06 67.29 ± 0.77 9.65 ± 0.03 73.76 ± 0.67 59.3 ± 0.34 68.92 ± 1.06

Table 3: This table shows weak to strong generalization using random data-splits for quartz dataset. We also study the impact
of using ensemble learning methods, which combines weak learners, for weak to strong training. Each model is trained for 5
epochs and uses a learning rate of 5x10−5. The values in this table are generated by aggregating 3 experiments. We show here
mean and Standard Error of the Mean values.
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Figure 15: Quartz Dataset (Random): This figure shows bar plots comparing accuracy values of weak model performance,
w2s model performance (baseline and ours) and strong model performance (oracle) for one specific run of experiments. Values
are also mentioned in table 5.
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Weak Model Strong Model
Token-Avg Acc Option Acc Option Acc(on w2s) α oracle Token-Avg Acc Option Acc
Pythia-70m Pythia-160m

Baseline 16.27 ± 0.14 48.0 ± 0.51 49.21 ± 0.05 10.53 ± 0.0 47.11 ± 0.28 29.24 ± 0.18 49.11 ± 0.39
With Adaboost (T:03) 23.31 ± 0.9 47.11 ± 0.31 49.23 ± 0.41 10.43 ± 0.03 47.11 ± 0.28 29.24 ± 0.25 49.32 ± 0.23

Pythia-70m Pythia-410m
Baseline 16.27 ± 0.14 48.0 ± 0.51 49.21 ± 0.05 10.53 ± 0.0 52.3 ± 0.39 43.63 ± 0.29 47.32 ± 0.36
With Adaboost (T:04) 23.81 ± 1.01 47.66 ± 0.5 49.06 ± 0.2 10.42 ± 0.02 52.3 ± 0.39 43.53 ± 0.44 48.13 ± 0.47

Pythia-70m Pythia-1b
Baseline 16.27 ± 0.14 48.0 ± 0.51 49.21 ± 0.05 10.53 ± 0.0 55.91 ± 0.37 47.48 ± 0.23 47.92 ± 0.23
With Adaboost (T:05) 24.64 ± 0.22 47.49 ± 0.49 49.41 ± 0.38 10.39 ± 0.0 55.91 ± 0.37 45.5 ± 0.74 49.74 ± 0.24

Pythia-70m Pythia-1.4b
Baseline 16.07 ± 0.22 48.17 ± 0.43 49.38 ± 0.14 10.58 ± 0.04 65.35 ± 0.66 46.25 ± 0.61 47.96 ± 0.34
With Adaboost (T:04) 23.79 ± 0.55 46.94 ± 0.18 49.58 ± 0.27 10.44 ± 0.04 65.35 ± 0.66 45.53 ± 0.2 50.68 ± 0.17

Pythia-70m Pythia-2.8b
Baseline 16.12 ± 0.21 48.85 ± 0.48 49.75 ± 0.32 10.63 ± 0.04 70.2 ± 0.17 48.08 ± 0.18 48.85 ± 0.31
With Adaboost (T:02) 22.96 ± 0.75 47.02 ± 0.12 49.36 ± 0.11 10.5 ± 0.05 70.2 ± 0.17 48.58 ± 0.16 49.87 ± 0.06

Pythia-160m Pythia-410m
Baseline 25.61 ± 0.33 47.75 ± 0.35 49.83 ± 0.29 9.96 ± 0.02 52.3 ± 0.39 42.75 ± 0.91 47.75 ± 0.61
With Adaboost (T:04) 29.63 ± 0.55 47.02 ± 0.09 48.47 ± 0.3 9.7 ± 0.09 52.3 ± 0.39 43.78 ± 0.14 48.42 ± 0.12

Pythia-160m Pythia-1b
Baseline 25.61 ± 0.33 47.75 ± 0.35 49.83 ± 0.29 9.96 ± 0.02 55.91 ± 0.37 46.08 ± 0.38 49.36 ± 0.53
With Adaboost (T:02) 28.96 ± 0.23 46.43 ± 0.18 48.49 ± 0.11 9.69 ± 0.09 55.91 ± 0.37 44.7 ± 0.58 49.15 ± 0.73

Pythia-160m Pythia-1.4b
Baseline 25.76 ± 0.43 47.15 ± 0.15 49.26 ± 0.2 9.96 ± 0.02 65.35 ± 0.66 45.83 ± 0.64 49.7 ± 0.85
With Adaboost (T:03) 28.83 ± 0.84 46.56 ± 0.27 48.17 ± 0.14 9.64 ± 0.06 65.35 ± 0.66 45.4 ± 0.44 50.0 ± 0.22

Pythia-160m Pythia-2.8b
Baseline 26.46 ± 0.25 47.49 ± 0.33 48.98 ± 0.14 10.02 ± 0.03 70.2 ± 0.17 48.03 ± 0.13 49.4 ± 0.3
With Adaboost (T:04) 29.61 ± 0.51 46.6 ± 0.25 48.69 ± 0.47 9.54 ± 0.03 70.2 ± 0.17 48.4 ± 0.29 50.3 ± 0.41

Pythia-410m Pythia-1b
Baseline 36.73 ± 0.39 51.06 ± 0.39 53.26 ± 0.38 10.07 ± 0.01 55.91 ± 0.37 46.6 ± 0.38 50.72 ± 0.68
With Adaboost (T:02) 38.11 ± 0.44 49.36 ± 0.21 51.66 ± 0.35 9.76 ± 0.14 55.91 ± 0.37 46.4 ± 0.35 52.09 ± 0.3

Pythia-410m Pythia-1.4b
Baseline 37.23 ± 0.27 51.11 ± 0.4 53.19 ± 0.42 10.04 ± 0.03 65.35 ± 0.66 47.73 ± 0.78 53.66 ± 0.56
With Adaboost (T:02) 38.31 ± 0.23 50.17 ± 0.44 51.56 ± 0.22 9.53 ± 0.09 65.35 ± 0.66 48.35 ± 0.18 53.36 ± 0.5

Pythia-410m Pythia-2.8b
Baseline 37.13 ± 0.23 51.02 ± 0.47 52.87 ± 0.21 10.03 ± 0.03 70.2 ± 0.17 48.48 ± 0.36 54.47 ± 0.16
With Adaboost (T:04) 38.13 ± 0.26 49.87 ± 0.68 51.49 ± 0.28 9.6 ± 0.04 70.2 ± 0.17 49.05 ± 0.14 55.36 ± 0.47

Pythia-1b Pythia-1.4b
Baseline 40.3 ± 0.46 54.51 ± 0.73 54.25 ± 0.26 10.33 ± 0.08 66.67 ± 0.72 47.0 ± 0.22 56.76 ± 0.58
With Adaboost (T:03) 40.75 ± 0.67 53.36 ± 0.92 53.61 ± 0.44 11.0 ± 0.72 66.67 ± 0.72 47.25 ± 0.32 57.23 ± 0.37

Pythia-1b Pythia-2.8b
Baseline 40.33 ± 0.44 54.08 ± 1.07 54.33 ± 0.19 10.33 ± 0.08 73.09 ± 0.42 49.2 ± 0.2 58.08 ± 0.38
With Adaboost (T:02) 40.53 ± 0.34 52.34 ± 0.09 53.39 ± 0.2 11.68 ± 0.75 73.09 ± 0.42 49.48 ± 0.3 59.35 ± 0.52

Pythia-1.4b Pythia-2.8b
Baseline 42.2 ± 1.12 59.69 ± 0.83 62.39 ± 1.06 10.3 ± 0.1 73.17 ± 0.38 51.22 ± 0.5 62.46 ± 0.91
With Adaboost (T:02) 42.98 ± 0.64 59.82 ± 0.51 61.38 ± 0.48 10.52 ± 0.35 73.17 ± 0.38 51.72 ± 0.37 63.01 ± 0.28

Table 4: This table shows weak to strong generalization using easy-hard data-splits for quartz dataset. We also study the impact
of using ensemble learning methods, which combines weak learners, for weak to strong training. Each model is trained for 5
epochs and uses a learning rate of 5× 10−5. The values in this table are generated by aggregating 3 experiments. We show here
mean and Standard Error of the Mean values.
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Figure 16: Quartz Dataset (Easy-Hard): This figure shows bar plots comparing accuracy values of weak model performance,
w2s model performance (baseline and ours) and strong model performance (oracle) for one specific run of experiments. Values
are also mentioned in table 5.

Weak
Model
Size

Strong
Model
Size

Data Separation: Random
Improv(%)

Data Separation: Easy-Hard
Improv(%)W2S Performance W2S Performance

Baseline Ours Baseline Ours
Pythia-70M Pythia-160M 0.5077 0.5255 3.5% 0.48 0.4898 2%
Pythia-70M Pythia-410M 0.5077 0.5255 3.5% 0.4643 0.4923 6%
Pythia-70M Pythia-1B 0.5051 0.5255 4% 0.4758 0.5026 5.6%
Pythia-70M Pythia-1.4B 0.5026 0.5153 2.5% 0.4719 0.5089 7.8%
Pythia-70M Pythia-2.8B 0.5 0.5115 2.3% 0.4923 0.4987 1.3%
Pythia-160M Pythia-410M 0.5 0.5281 5.6% 0.4758 0.4834 1.6%
Pythia-160M Pythia-1B 0.5026 0.523 4.1% 0.4681 0.4898 4.6%
Pythia-160M Pythia-1.4B 0.5077 0.5217 2.8% 0.4936 0.5038 2.1%
Pythia-160M Pythia-2.8B 0.5077 0.5153 1.5% 0.4949 0.5128 3.6%
Pythia-410M Pythia-1B 0.551 0.551 0% 0.4921 0.5179 5.2%
Pythia-410M Pythia-1.4B 0.5816 0.5918 1.8% 0.5268 0.537 1.9%
Pythia-410M Pythia-2.8B 0.5599 0.611 9.1% 0.5434 0.5485 0.9%
Pythia-1B Pythia-1.4B 0.5982 0.6288 5.1% 0.5536 0.574 3.7%
Pythia-1B Pythia-2.8B 0.6288 0.6543 4.1% 0.5855 0.5957 1.7%
Pythia-1.4B Pythia-2.8B 0.6926 0.713 2.9% 0.6161 0.6288 2.1%

Table 5: This table shows weak to strong generalization using random as well as easy-hard data-splits for quartz dataset. As
compared to previous tables 3 and 4, here we run experiment once and note the improvement of our method with respect to the
baseline.
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L.2 Supervised-Fine Tuning task for ARC Question-Answer Dataset1045

Weak Model Strong Model
Token-Avg Acc Option Acc Option Acc(on w2s) α oracle Token-Avg Acc Option Acc
Pythia-70m Pythia-160m

Baseline 13.28 ± 0.05 25.31 ± 0.1 25.76 ± 0.94 10.73 ± 0.03 24.12 ± 0.48 26.91 ± 0.1 24.46 ± 0.06
With Adaboost (T:03) 17.93 ± 0.78 24.75 ± 0.76 25.82 ± 0.69 10.68 ± 0.02 24.12 ± 0.48 27.15 ± 0.36 24.23 ± 0.08

Pythia-70m Pythia-410m
Baseline 13.28 ± 0.05 25.31 ± 0.1 25.76 ± 0.94 10.73 ± 0.03 28.61 ± 0.08 41.29 ± 0.1 27.25 ± 0.24
With Adaboost (T:04) 17.94 ± 0.88 24.97 ± 0.69 25.82 ± 0.69 10.67 ± 0.04 28.61 ± 0.08 41.61 ± 0.02 27.27 ± 0.3

Pythia-70m Pythia-1b
Baseline 13.28 ± 0.05 25.31 ± 0.1 25.76 ± 0.94 10.73 ± 0.03 31.11 ± 0.02 45.13 ± 0.11 28.33 ± 0.18
With Adaboost (T:05) 19.7 ± 1.18 24.92 ± 0.28 26.23 ± 0.49 10.65 ± 0.04 31.11 ± 0.02 45.17 ± 0.11 28.52 ± 0.09

Pythia-70m Pythia-1.4b
Baseline 13.35 ± 0.06 25.06 ± 0.14 24.39 ± 0.42 10.77 ± 0.06 32.34 ± 0.3 45.21 ± 0.24 29.86 ± 0.28
With Adaboost (T:04) 19.75 ± 1.16 24.26 ± 0.56 25.7 ± 0.65 10.68 ± 0.05 32.34 ± 0.3 45.33 ± 0.14 30.35 ± 0.13

Pythia-70m Pythia-2.8b
Baseline 13.42 ± 0.11 24.63 ± 0.13 23.97 ± 0.55 10.77 ± 0.05 35.18 ± 0.02 48.07 ± 0.12 30.94 ± 0.13
With Adaboost (T:02) 19.88 ± 0.56 24.52 ± 0.49 24.87 ± 0.81 10.68 ± 0.04 35.18 ± 0.02 47.75 ± 0.08 31.43 ± 0.43

Pythia-160m Pythia-410m
Baseline 25.5 ± 0.66 24.12 ± 0.45 26.06 ± 0.68 9.89 ± 0.03 29.18 ± 0.04 41.39 ± 0.14 27.5 ± 0.27
With Adaboost (T:04) 31.95 ± 0.47 24.94 ± 0.29 25.88 ± 0.64 9.74 ± 0.03 29.18 ± 0.04 41.28 ± 0.03 27.7 ± 0.34

Pythia-160m Pythia-1b
Baseline 25.5 ± 0.66 24.12 ± 0.45 26.06 ± 0.68 9.89 ± 0.03 31.26 ± 0.44 45.12 ± 0.05 28.24 ± 0.18
With Adaboost (T:02) 32.25 ± 0.21 24.52 ± 0.34 26.06 ± 0.57 9.66 ± 0.01 31.26 ± 0.44 45.18 ± 0.14 28.47 ± 0.24

Pythia-160m Pythia-1.4b
Baseline 24.74 ± 0.14 23.97 ± 0.36 25.76 ± 0.51 9.86 ± 0.02 32.25 ± 0.35 45.01 ± 0.1 30.55 ± 0.07
With Adaboost (T:03) 32.55 ± 0.21 24.46 ± 0.22 26.12 ± 0.8 9.66 ± 0.01 32.25 ± 0.35 45.23 ± 0.05 30.86 ± 0.33

Pythia-160m Pythia-2.8b
Baseline 25.43 ± 0.66 24.34 ± 0.09 26.0 ± 0.32 9.86 ± 0.02 35.44 ± 0.06 47.88 ± 0.02 31.03 ± 0.15
With Adaboost (T:04) 32.6 ± 0.03 24.23 ± 0.18 26.47 ± 0.53 9.66 ± 0.02 35.44 ± 0.06 47.77 ± 0.08 31.68 ± 0.41

Pythia-410m Pythia-1b
Baseline 39.76 ± 0.3 27.85 ± 0.52 24.33 ± 0.97 9.39 ± 0.02 30.97 ± 0.08 44.94 ± 0.08 28.9 ± 0.12
With Adaboost (T:02) 40.69 ± 0.14 28.27 ± 0.11 24.33 ± 0.59 9.01 ± 0.04 30.97 ± 0.08 44.76 ± 0.14 29.41 ± 0.08

Pythia-410m Pythia-1.4b
Baseline 39.66 ± 0.22 27.82 ± 0.53 24.09 ± 0.8 9.39 ± 0.02 32.82 ± 0.27 45.54 ± 0.03 30.26 ± 0.56
With Adaboost (T:02) 40.82 ± 0.13 28.9 ± 0.21 24.51 ± 0.59 9.01 ± 0.04 32.82 ± 0.27 45.66 ± 0.09 30.94 ± 0.53

Pythia-410m Pythia-2.8b
Baseline 39.57 ± 0.24 28.01 ± 0.69 24.69 ± 0.44 9.39 ± 0.01 35.86 ± 0.26 48.06 ± 0.15 31.15 ± 0.3
With Adaboost (T:04) 40.56 ± 0.11 28.7 ± 0.34 25.34 ± 1.12 9.03 ± 0.07 35.86 ± 0.26 48.22 ± 0.12 31.88 ± 0.27

Pythia-1b Pythia-1.4b
Baseline 42.31 ± 0.2 30.35 ± 0.24 28.02 ± 0.76 9.53 ± 0.02 32.65 ± 0.43 45.41 ± 0.06 30.26 ± 0.22
With Adaboost (T:03) 43.22 ± 0.13 31.68 ± 0.55 27.79 ± 0.71 9.37 ± 0.01 32.65 ± 0.43 45.44 ± 0.06 31.28 ± 0.22

Pythia-1b Pythia-2.8b
Baseline 42.2 ± 0.29 30.46 ± 0.16 27.73 ± 0.89 9.53 ± 0.02 35.12 ± 0.26 48.12 ± 0.06 32.14 ± 0.02
With Adaboost (T:02) 43.61 ± 0.2 31.17 ± 0.93 27.79 ± 0.76 9.26 ± 0.02 35.12 ± 0.26 48.2 ± 0.08 32.54 ± 0.08

Pythia-1.4b Pythia-2.8b
Baseline 42.39 ± 0.37 33.42 ± 0.37 30.65 ± 1.82 9.48 ± 0.03 35.12 ± 0.26 48.35 ± 0.11 32.42 ± 0.44
With Adaboost (T:02) 43.58 ± 0.27 33.5 ± 0.22 30.71 ± 1.48 11.07 ± 0.84 35.12 ± 0.26 48.29 ± 0.13 33.19 ± 0.24

Table 6: This table shows weak to strong generalization using random data-splits for arc dataset. We also study the impact of
using ensemble learning methods, which combines weak learners, for weak to strong training. Each model is trained for 5 epochs
and uses a learning rate of 5x10−5. The values in this table are generated by aggregating 3 experiments. We show here mean
and Standard Error of the Mean values.
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Figure 17: ARC Dataset (Random): This figure shows bar plots comparing accuracy values of weak model performance, w2s
model performance (baseline and ours) and strong model performance (oracle) for one specific run of experiments. Values are
also mentioned in table 7 and 6.
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Weak Model Strong Model
Token-Avg Acc Option Acc Option Acc(on w2s) α oracle Token-Avg Acc Option Acc
Pythia-70m Pythia-160m

Baseline 8.17 ± 0.06 22.5 ± 0.33 27.85 ± 0.57 10.45 ± 0.0 22.3 ± 0.16 17.88 ± 0.11 22.27 ± 0.32
With Adaboost (T:03) 13.35 ± 0.54 22.81 ± 0.29 27.78 ± 0.46 10.35 ± 0.02 22.3 ± 0.16 17.87 ± 0.17 22.56 ± 0.06

Pythia-70m Pythia-410m
Baseline 8.17 ± 0.06 22.5 ± 0.33 27.85 ± 0.57 10.45 ± 0.0 19.28 ± 0.15 28.92 ± 0.14 17.06 ± 0.31
With Adaboost (T:04) 14.53 ± 0.72 22.93 ± 0.17 27.96 ± 0.46 10.32 ± 0.0 19.28 ± 0.15 28.84 ± 0.05 18.0 ± 0.07

Pythia-70m Pythia-1b
Baseline 8.17 ± 0.06 22.5 ± 0.33 27.85 ± 0.57 10.45 ± 0.0 21.5 ± 0.24 32.05 ± 0.13 19.96 ± 0.15
With Adaboost (T:05) 12.95 ± 0.88 22.58 ± 0.38 28.03 ± 0.21 10.35 ± 0.02 21.5 ± 0.24 31.84 ± 0.08 20.45 ± 0.06

Pythia-70m Pythia-1.4b
Baseline 8.23 ± 0.1 22.61 ± 0.42 27.37 ± 0.42 10.45 ± 0.0 21.76 ± 0.14 32.98 ± 0.04 20.45 ± 0.42
With Adaboost (T:04) 12.65 ± 0.05 23.24 ± 0.06 28.32 ± 0.76 10.33 ± 0.01 21.76 ± 0.14 32.95 ± 0.17 21.28 ± 0.02

Pythia-70m Pythia-2.8b
Baseline 8.33 ± 0.1 23.24 ± 0.23 27.19 ± 0.47 10.45 ± 0.0 26.59 ± 0.13 35.98 ± 0.09 22.78 ± 0.51
With Adaboost (T:02) 14.28 ± 0.15 23.26 ± 0.22 28.27 ± 0.14 10.37 ± 0.01 26.59 ± 0.13 35.86 ± 0.28 23.15 ± 0.2

Pythia-160m Pythia-410m
Baseline 17.46 ± 0.16 21.73 ± 0.35 26.95 ± 0.1 9.61 ± 0.0 19.11 ± 0.37 28.8 ± 0.23 18.15 ± 0.15
With Adaboost (T:04) 20.57 ± 0.1 22.16 ± 0.2 27.19 ± 0.5 9.22 ± 0.02 19.11 ± 0.37 28.9 ± 0.11 18.43 ± 0.04

Pythia-160m Pythia-1b
Baseline 17.46 ± 0.16 21.73 ± 0.35 26.95 ± 0.1 9.61 ± 0.0 21.59 ± 0.07 32.06 ± 0.06 19.65 ± 0.1
With Adaboost (T:02) 20.47 ± 0.09 22.27 ± 0.29 27.31 ± 0.51 9.24 ± 0.01 21.59 ± 0.07 32.07 ± 0.12 20.17 ± 0.14

Pythia-160m Pythia-1.4b
Baseline 17.61 ± 0.07 22.84 ± 0.58 27.79 ± 0.64 9.61 ± 0.0 22.33 ± 0.34 33.11 ± 0.1 21.19 ± 0.15
With Adaboost (T:03) 20.31 ± 0.24 22.5 ± 0.36 27.79 ± 0.42 9.27 ± 0.06 22.33 ± 0.34 33.01 ± 0.05 21.25 ± 0.28

Pythia-160m Pythia-2.8b
Baseline 17.64 ± 0.06 23.09 ± 0.54 27.91 ± 0.59 9.6 ± 0.01 26.82 ± 0.1 35.83 ± 0.36 22.44 ± 0.11
With Adaboost (T:04) 20.3 ± 0.19 23.01 ± 0.43 27.73 ± 0.25 9.26 ± 0.06 26.82 ± 0.1 36.06 ± 0.07 23.35 ± 0.1

Pythia-410m Pythia-1b
Baseline 27.3 ± 0.16 18.8 ± 0.21 31.01 ± 0.51 9.24 ± 0.0 21.33 ± 0.04 32.06 ± 0.07 20.05 ± 0.08
With Adaboost (T:02) 28.07 ± 0.12 18.35 ± 0.21 32.2 ± 0.31 8.68 ± 0.09 21.33 ± 0.04 32.36 ± 0.05 20.34 ± 0.06

Pythia-410m Pythia-1.4b
Baseline 27.5 ± 0.14 18.54 ± 0.32 31.6 ± 0.21 9.24 ± 0.0 22.36 ± 0.3 33.47 ± 0.07 21.13 ± 0.1
With Adaboost (T:02) 28.09 ± 0.08 18.17 ± 0.28 31.78 ± 0.4 8.67 ± 0.09 22.36 ± 0.3 33.18 ± 0.11 21.47 ± 0.12

Pythia-410m Pythia-2.8b
Baseline 27.48 ± 0.13 18.12 ± 0.13 31.66 ± 0.17 9.25 ± 0.01 26.03 ± 0.21 36.13 ± 0.09 23.07 ± 0.18
With Adaboost (T:04) 27.96 ± 0.11 18.09 ± 0.2 31.07 ± 0.27 8.69 ± 0.08 26.03 ± 0.21 35.93 ± 0.09 24.06 ± 0.15

Pythia-1b Pythia-1.4b
Baseline 30.64 ± 0.17 21.22 ± 0.72 32.5 ± 0.6 9.38 ± 0.01 22.01 ± 0.21 33.13 ± 0.11 21.5 ± 0.07
With Adaboost (T:03) 30.41 ± 0.42 21.11 ± 0.22 32.68 ± 0.56 10.98 ± 0.78 22.01 ± 0.21 33.31 ± 0.03 21.53 ± 0.08

Pythia-1b Pythia-2.8b
Baseline 30.64 ± 0.17 21.22 ± 0.72 32.5 ± 0.6 9.38 ± 0.01 25.51 ± 0.2 36.14 ± 0.11 23.75 ± 0.16
With Adaboost (T:02) 31.11 ± 0.12 21.67 ± 0.18 33.21 ± 0.56 9.4 ± 0.24 25.51 ± 0.2 36.13 ± 0.13 23.75 ± 0.06

Pythia-1.4b Pythia-2.8b
Baseline 31.09 ± 0.12 22.27 ± 0.55 34.05 ± 0.1 9.31 ± 0.01 25.26 ± 0.11 36.13 ± 0.05 23.49 ± 0.2
With Adaboost (T:02) 31.56 ± 0.1 21.79 ± 0.44 34.35 ± 0.59 10.89 ± 0.65 25.26 ± 0.11 36.36 ± 0.2 24.37 ± 0.16

Table 7: This table shows weak to strong generalization using easy-hard data-splits for ARC dataset. We also study the impact
of using ensemble learning methods, which combines weak learners, for weak to strong training. Each model is trained for 5
epochs and uses a learning rate of 5× 10−5. The values in this table are generated by aggregating 3 experiments. We show here
mean and Standard Error of the Mean values.
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Figure 18: ARC Dataset (Easy-Hard): This figure shows bar plots comparing accuracy values of weak model performance,
w2s model performance (baseline and ours) and strong model performance (oracle) for one specific run of experiments. Values
are also mentioned in table 7 and 6.
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M Training error decay for EnsemW2S1046

Let tokens be indexed by ν = (i, j) with i ∈ [m], j ∈ [ki] and n =
∑m

i=1 ki. At round t let1047

ϵt =
m∑
i=1

ki∑
j=1

Dt(i, j)⊮
[
h t
θ

(
xe
i ,y

e,1:j−1
i

)
̸= ye,ji

]
. (1)1048

Indicator-only weight update. The algorithm uses1049

Dt+1(i, j) =
Dt(i, j) exp

(
αt⊮[h t

θ ̸= y]
)

Zalg
t

, αt = log
1− ϵt
ϵt

+ log r = log
r(1− ϵt)

ϵt
, (2)1050

with r =
ϵpre

1−ϵpre
> 0 and the algorithmic normalizer1051

Zalg
t = (1− ϵt) + ϵte

αt = (1 + r)(1− ϵt) =
1− ϵt
1− ϵpre

≥ 1 . (3)1052

(Remark: (3) merely reweights the sample; it is not the shrink factor in the proof.)1053

Votes and margin. Define the votes and the predicted class1054

F
(T )
k (i, j) =

T∑
t=1

αt⊮
[
h t
θ(x

e
i ,y

e,1:j−1
i ) = k

]
, H(xe

i ,y
e,1:j−1
i ) = argmax

k
F

(T )
k . (4)1055

Use the r-average multiclass margin1056

m
(T )
i,j = F

(T )

ye,ji

(i, j) − 1

r

∑
k ̸=ye,ji

F
(T )
k (i, j) . (5)1057

When the weak learner is correct at (i, j), the margin increases by +αt; when it errs, it decreases by1058

−αt/r:1059

∆m
(t)
i,j =

{
+αt, h t

θ = ye,ji ,

−αt/r, h t
θ ̸= ye,ji .

(6)1060

Potential and temperature. Let1061

λ =
r

r + 1
∈ (0, 1), Wt =

1

n

m∑
i=1

ki∑
j=1

exp
(
− λm

(t)
i,j

)
. (7)1062

Using (6) and this λ,1063
Wt+1

Wt
= (1− ϵt)e

−λαt + ϵte
λαt/r =: Φt(αt). (8)1064

Choosing αt (consistency with the code). Minimizing Φt gives1065

0 = Φ′
t(α) = −(1− ϵt)λe

−λα + ϵt
λ

r
eλα/r ⇐⇒ α =

r

r + 1
log

r(1− ϵt)

ϵt
, (9)1066

which equals αt in (2). Therefore the proof shrink factor is1067

Zproof
t := Φt(αt) = (r + 1) (1− ϵt)

1
r+1

(ϵt
r

) r
r+1

. (10)1068
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Telescoping and 0–1 error bound. Since Wt+1 = Wt Z
proof
t , we have WT+1 = W1

∏T
t=1 Z

proof
t and 1069

W1 = 1 (because F (0) ≡ 0). If H misclassifies (i, j), then m
(T )
i,j ≤ 0, whence ⊮[H ̸= y] ≤ e−λm

(T )
i,j . 1070

Thus 1071

Errtrain =
1

n

∑
i,j

⊮[H ̸= y] ≤ WT+1 =
T∏
t=1

Zproof
t . (11) 1072

Weak-learning condition and exponential decay. From (10), 1073

Zproof
t < 1 ⇐⇒ ϵt <

r

r + 1
= ϵpre. (12) 1074

If (12) holds for all t, the product in (11) decays exponentially in T . 1075

Note: The reweighting constant Zalg
t in (3) may exceed 1; this does not affect the proof. Decay is 1076

governed by Zproof
t in (10). 1077

N Margin theory for Generalization bound (For Token-Level Ensembling) 1078

Define the small-margin set 1079

M(θ) = {(i, j) : m(T )
i,j ≤ θ}. (13) 1080

By Markov’s inequality and (7), 1081

Pr
(i,j)∈S

[
m

(T )
i,j ≤ θ

]
≤ eλθ WT+1 = eλθ

T∏
t=1

Zproof
t . (14) 1082

Let d be the complexity of the weak-learner family (VC dimension, or Natarajan dimension for 1083

multiclass). A standard multiclass margin bound (Hastie et al., 2009; Freund and Schapire, 1997) applied 1084

to the r-margin with λ = r
r+1 yields: for any θ ∈ (0, 1] and δ ∈ (0, 1), with probability at least 1− δ over 1085

an i.i.d. n-token sample, 1086

Pr
(x,y)∼D

[
H(x) ̸= y

]
≤ Pr

(i,j)∈S

[
m

(T )
i,j ≤ θ

]
+

√
c
(
d log n+ log(1/δ)

)
nλ2θ2

, (15) 1087

for a universal constant c. Combining (14) with (15) gives the final bound specialized to your algorithm: 1088

Pr
D
[H ̸= y] ≤ exp(λθ)

T∏
t=1

[
(r + 1) (1− ϵt)

1
r+1

(
ϵt
r

) r
r+1
]
+

√
c
(
d log n+ log(1/δ)

)
nλ2θ2

, (16) 1089

with λ = r
r+1 and r =

ϵpre
1−ϵpre

. 1090

Remarks. (i) If r = K − 1 (i.e. ϵpre = 1− 1
K ), (10)–(16) reduce to the SAMME formulas of (Hastie 1091

et al., 2009). 1092

(ii) If tokens are dependent (autoregressive), (11) is unchanged (deterministic on the training set). In 1093

(16), one may replace n with an effective sample size neff under a dependence model (e.g. β-mixing) and 1094

optionally weight sequences first to avoid long-sequence dominance. 1095

O Non-IID Margin Generalization 1096

The training-set decay (10)–(11) is deterministic and needs no independence. To pass from empirical 1097

margins to test error under dependence, we control one quantity: 1098

p̄n(θ) :=
1

n

n∑
t=1

E
[
⊮{m(T )

t ≤ θ}
∣∣∣Ft−1

]
, 1099

the average (over time) conditional probability that the margin at the next token is at most θ, given the 1100

history Ft−1. This is the natural “next-step” risk for an autoregressive process; if the process is stationary 1101

(or mixing), p̄n(θ) coincides with the population probability up to vanishing bias. 1102
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Step 1: A Martingale Deviation Bound (Azuma). Let Xt = ⊮{m(T )
t ≤ θ} ∈ [0, 1] and define the1103

martingale differences Dt = Xt − E[Xt | Ft−1]. Then {Sn =
∑n

t=1Dt} is a martingale with |Dt| ≤ 1.1104

By Azuma–Hoeffding, for any δ ∈ (0, 1), with probability at least 1− δ,1105

p̄n(θ) =
1

n

n∑
t=1

E[Xt | Ft−1] ≤
1

n

n∑
t=1

Xt +

√
log(2/δ)

2n
. (NI-1)1106

Step 2: Bound the Empirical Small-Margin mass by the Potential. By Markov’s inequality and the1107

potential definition (7),1108

1

n

n∑
t=1

Xt = Pr
(i,j)∈S

[
m

(T )
i,j ≤ θ

]
≤ eλθ WT+1 = eλθ

T∏
t=1

Zproof
t . (NI-2)1109

Step 3: Combine. From (NI-1) and (NI-2), with probability at least 1− δ,1110

p̄n(θ) ≤ exp(λθ)

T∏
t=1

Zproof
t +

√
log(2/δ)

2n
. (NI-3)1111

From margins to classification error. Since ⊮[H(X) ̸= Y ] ≤ ⊮[m(T )(X) ≤ θ] for any θ > 0, the1112

next-step misclassification probability satisfies1113

1

n

n∑
t=1

E[⊮{H(Xt) ̸= Yt} |Ft−1] ≤ p̄n(θ).1114

Combining with (NI-3) yields the non-IID margin bound:1115

1

n

n∑
t=1

E[⊮{H(Xt) ̸= Yt} |Ft−1] ≤ exp(λθ)

T∏
t=1

Zproof
t +

√
log(2/δ)

2n
. (NI-4)1116

Interpretation. The term on the left is the test risk for the dependent process (the average conditional1117

error the ensemble would incur when run along the same data-generating dynamics). If the token process1118

is stationary ergodic (or mixing), this equals the population test error up to on(1). Crucially, the first term1119

on the right is identical to the IID case—dependence only adds the simple O
(√ log(1/δ)

n

)
slack.1120
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