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Abstract

In this article, we study the problem of sampling from distributions whose densities are not
necessarily smooth nor logconcave. We propose a simple Langevin-based algorithm that does
not rely on popular but computationally challenging techniques, such as the Moreau-Yosida
envelope or Gaussian smoothing, and show consequently that the performance of samplers
like ULA does not necessarily degenerate arbitrarily with low regularity. In particular, we
show that the Lipschitz or Holder continuity assumption can be replaced by a geometric
one-sided Lipschitz condition that allows even for discontinuous log-gradients. We derive
non-asymptotic guarantees for the convergence of the algorithm to the target distribution in
Wasserstein distances. Non-asymptotic bounds are also provided for the performance of the
algorithm as an optimizer, specifically for the solution of associated excess risk optimization
problems.

1 Introduction

Sampling from non-smooth potentials arises in various fields, including Bayesian inference with sparsity-
promoting priors, non-smooth optimization problems, and constrained sampling in physics and computa-
tional statistics. Traditional Markov Chain Monte Carlo (MCMC) methods, such as the Metropolis-Hastings
algorithm, often encounter difficulties in exploring distributions defined by non-differentiable energy functions
due to their reliance on local gradient information for efficient proposal mechanisms. Langevin dynamics
provides a natural framework for sampling from a target distribution 75(x) o e #%®) where u(z) is a
potential function. Let 6y be an R%valued random variable, 3 > 0 the inverse temperature parameter, and
(Bt)t>0 a d-dimensional Brownian motion. Given Z, = 6, the overdamped Langevin equation

dZt = —Vu (Zt) dt + v Qﬂ_ldBt, te [O, OO) (1)
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drives a diffusion process whose stationary distribution matches mg(z). However, in non-smooth settings
where u(x) lacks differentiability, the gradient Vu(z) may not be well-defined, leading to difficulties in
simulating Langevin dynamics directly. Such challenges arise in problems involving ¢; regularization (as in
LASSO), total variation priors, and energy-based models with discontinuous potentials. There has been a
vast literature in sampling from non-smooth potentials through Langevin dynamics where people either use
smoothing techniques such as the Moreau-Yosida envelope (Pereyra, 2016} |Brosse et al., 2017} [Durmus et al.,
2022) or Gaussian smoothing (Chatterji et all |2020; [Laumont et al., 2022} [Nguyen et al.l |2023), or other
more direct and computationally efficient methods such as (Lehec, 2023} |Johnston & Sabanis| [2023; Habring
et al 2024; [Fruehwirth & Habring), |2024)). This topic is relevant for practitioners since it is known that loss
landscapes in application are not necessarily smooth, see (Wang et al., 2023).

Despite extensive efforts in the field, our understanding of the literature remains primarily focused on the
logconcave case, which leads to the following question that this work seeks to address rigorously:

Can we design a simple, computationally efficient and explicit algorithm to sample from non-smooth non-
logconcave distributions?

This article advances the current state of the art in Langevin-based sampling from non-smooth potentials,
extending the focus beyond logconcavity to encompass semi-logconcavity, by providing a simple, computa-
tionally efficient algorithm for which non-asymptotic convergence guarantees are obtained in Wasserstein
distances.

As we gradually move towards potentials that are non-logconcave, a second challenge of this work is to estab-
lish connections with non-convex optimization in directions that are important for computational statistics,
inverse problems, and machine learning. Intuitively, by the known fact that w3 concentrates around the
(global) minimizers of w for large values of 3, see (Hwang, 1980; Raginsky et al. |2017)), it seems natu-
ral that our algorithm is well placed to solve (expected) excess risk optimization problems of the form
u(f) — infpega(u(0)), where 0 is an estimator of a global minimizer 6*. This leads us to a second challenge:

Can this sampling algorithm perform as an optimizer in the associated expected excess risk optimization
problem?

To answer this question we produce a result of the form
Elu(9y)] —u(8*) < C (W2(L(07),75) + 5~ log(8)) ,

where C' is independent of the variables under discussion and (,)),,>¢ denotes the iterates of our proposed
algorithm. Moreover, the first term is controlled by the sampling guarantees of our algorithm, while the
second term decays for large 5. Our approach combines new findings in non-smooth, non-logconcave sampling
with expected excess risk estimates, thereby presenting the first such contribution in the Langevin-based
sampling literature for non-smooth potentials.

1.1 Related Literature

Throughout the last decade there has been a remarkable progress in the field of sampling with Langevin-
based algorithms. The vast majority of the literature deals with potentials that are differentiable and can
be categorized with respect to gradient smoothness.

1.1.1 Results for potentials with Lipschitz-smooth gradients

This assumption is ever present in the literature in a great deal of works. Under the assumption of convexity
and gradient Lipschitz continuity important results are obtained in (Dalalyan) [2017; [Durmus & Moulines,
2017 12019; [Sabanis & Zhang, 2019; Barkhagen et al., |2021)), while in the non-convex case, under convexity
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at infinity or dissipativity assumptions, one may consult |Cheng et al. (2018); Majka et al. (2020); |[Erdogdu
et al| (2022) for ULA while for the Stochastic Gradient variant (SGLD) important works are (Raginsky
et al.l [2017; [Chau et all 2021} [Zhang et all 2023b). More recently, starting with the work of [Vempala &
Wibisono| (2019) important estimates have been obtained under the assumption that the target measure mg
satisfies an isoperimetric inequality see, (Mou et al., |2022; |[Erdogdu et al., 2022} |Chewi et al., 2024).

1.1.2 Results for non-Lipschitz smooth gradients

Recently there has been a lot of effort in exploring settings beyond Lipschitz gradient continuity.

(A) Locally Lipschitz gradients

In the case of locally Lipschitz gradients (where the gradient is allowed to grow superlinearly) there has
been important work using Langevin algorithms based on the taming technique starting with
[2019; |Johnston et al., 2024), for strongly convex potentials, while in the non-convex case key references
are (Neufeld et al. |2025) using a convexity at infinity assumption, (Lytras & Sabanis, 2025 Lytras &
Mertikopoulos| [2025) for results under the assumption of a functional inequality and (Lovas et al. 2023;
Lim & Sabanis| [2024) for results involving stochastic gradients.

(B) Holder continuous gradients

In order to deal with potentials with thin tails, recently, there has been a lot of effort to relax the gradient
Lipschitz continuity assumption with a Hoélder one. The first results were obtained under a dissipativity
assumption in (Erdogdu & Hosseinzadeh| 2021; Nguyen et al., 2023 which was later dropped to provide
results in Rényi divergence under relaxed conditions in (Chewi et all [2024; Mousavi-Hosseini et al., [2023)
under a Poincaré and weak Poincaré inequality and for the underdamped Langevin algorithm in (Zhang
. However all these results degenerate with the Holder regularity of the coefficients, that is the
upper bound on the algorithm is arbitrary large in the low regularity case. We show using Assumption [AZ]
that the Holder regularity condition can be replaced by a geometric condition, and that one obtains explicit
sampling bounds even in the case of discontinuous log-gradients in a non-convex setting.

1.1.3 Results for non-smooth potentials

Sampling from densities where the potential is not differentiable is a very prominent problem with both
theoretical and practical interest for fields like inverse problems and Bayesian inference. Classical example
in statistics is regression with Lasso priors or Li-loss and non-smooth regularization functionals in Bayesian
imaging. Consequently, since vanilla ULA relies on access to the gradient of the potential, which does not
exist in the non-smooth setting, there is a significant gap in the current theory that remains to be addressed.
To tackle this problem, two main approaches have been used so far: subgradient algorithms and smoothing
techniques.

(A) Smoothing techniques

Smoothing techniques have been the go-to methodology for the majority of works. The earliest contributions
in this direction applied the Moreau-Yosida ULA (MYULA) framework, as reported in
Brosse et al., |2017; Durmus et al., 2022). The algorithm is based on the use of the Moreau-Yosida envelope.
Essentially, one first samples from an approximating measure that has a Lipschitz-smooth log-gradient and
then connects it with the original target measure. Important results have been obtained in total variation.
Extensions of these works have been incorporating Metropolis steps resulting in the Proximal Metropolis
Langevin Algorithm, see (Cai et al| 2022 [Pereyral 2016). Although these works have achieved rigorous
results, their main drawback is the added computational burden at each iteration due to the computation
of the MY envelope. Efforts to reduce this computational cost have been made through inexact proximal
mapping in (Ehrhardt et al., 2024), where the results are limited to the class of logconcave distributions.
Another popular smoothing technique involves smoothing the density by applying the Gaussian kernel to
the subgradients and sampling from the smoothed potential, which approximates the original target, see
(Chatterji et al. [2020} Laumont et al. [2022} Nguyen et al.| [2023)). A drawback of these interesting results
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Table 1: Comparison of algorithmic complexity across existing literature.
Abbreviations: C — convex, SC — strongly convex, WC — weakly convex, LG — linear growth, B — bounded.

Wi Wo KL TV CONVEXITY SUBGRADIENT
Lehec| (2023) - O (e7?) - - C LG
Johnston & Sabanis, (2023) - O (e?) - - SC LG
Habring et al.| (2024) - - O(c?) o9 C B
Fruehwirth & Habring] (2024) - O (72) - - SC LG
Present work (under () ©O(e?) - - wC LG
Present work (under O(c?) O - - wC LG

is that they are obtained under additional smoothness assumptions for the gradients and also increase the
computational burden at each iterate.

(B) Subgradient algorithms

Another important class of algorithms involves the use of subgradients. Initial progress was made by (Dur-
mus & Moulines, |2019) which was subsequently adapted to achieve improved convergence results in (Habring
et al., 2024)). The work in (Fruehwirth & Habring), |2024)) weaken the required assumptions by permitting
linear growth of the subgradient, extending the previous framework where the subgradient was assumed to
be the sum of a Lipschitz function and a globally bounded coefficient. Under similar assumptions in the
logconcave case, the work in (Lehec, 2023|) serves as another key reference, where the authors first derive re-
sults for constrained sampling, yielding results for logconcave measures with full support. In parallel to these
developments, (Johnston & Sabanis, 2023) obtained related results, establishing Wasserstein-type bounds
under either piecewise Lipschitz continuity or linear growth. Their analysis, however, requires strongly con-
vex potentials. Although substantial progress has been made on sampling from non-smooth potentials, the
non-convex setting remains comparatively less explored.

1.1.4 Euler Scheme Approximations

Recently, significant progress has been made in the numerical analysis literature on the subject of SDEs
with discontinuous drift coefficient, see (Miller-Gronbach & Yaroslavtsevay, 2024)) for a survey. In particular,
the performance of the Euler scheme with discontinuous coefficients was investigated in (Miller-Gronbach &
Yaroslavtseva, 2020; Dareiotis et al., 2023) and many others, and lower bounds established in (Hefter et al.,
2019; |[Ellinger}, [2024]).

1.2 Summary of contributions and comparison with literature

This article aims to expand the state of the art in Langevin-based sampling from non-smooth potentials
beyond logconcavity, specifically to semi-logconcavity (for the rigorous definition see (Cattiaux & Guillin,
2014))), and to establish connections with non-convex optimization. The contributions of our work can be
summarized as follows:

e We provide rigorous results for the treatment of SDEs with discontinuous drifts beyond logconcavity.

« For stepsize A, we achieve A\'/* rates in W; distance and A/® in W, distance for our algorithm
to the target measure. To the best of our knowledge, these are the first results under such weak
assumptions.
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o We utilize these findings to derive explicit bounds for the associated (expected) excess risk opti-
mization problem, thereby presenting the first such contribution in the Langevin-based sampling
literature for non-smooth potentials.

The following table compares the performance of our algorithm with methods that do not rely on smoothing
techniques, thereby avoiding the additional complexity such techniques introduce. Our results compare
favorably with the state of the art, although the rate of convergence is influenced by the fact that the analysis
is carried out in a non-convex setting. The presence of non-convexity prevents the use of certain tools, such
as the W1-T'V relations developed in (Lehec, [2023)) or the W5-K L connections used in the convergence proof
in (Fruehwirth & Habring |2024). Another important element when comparing with (Fruehwirth & Habring,
2024) is the fact that our constants are explicit.

1.3 Notation

We introduce some basic notation. For z,y € R? define the scalar product (z,y) = 25:1 z;y; and the
Euclidian norm |z| = /(z,z). For all continuously differentiable functions f : R? — R, V£ denotes the
gradient. The integer part of a real number z is denoted by |z|. For an R?valued random variable Z, its
law on B(R?), i.e. the Borel sigma-algebra of R?, is denoted by £(Z). We denote by P(R?) the set of all
probability measures on B(R?) and for any p € N, P,(R?) = {7 € P(R?) : [o. |z[Pdm(x) < oo} denotes the
set of all probability measures over B(R?) with finite p-th moment. For any two probability measures y and
v, we define the Wasserstein distance of order p > 1 as

1/p
Wy (p,v) = ( inf / |z — y|pdC(x,y)> ,
ce] [(ww) Jrd xRe

where [](u,v) is the set of all transference plans of p and v. Moreover, for any p, v € P,(RY), there
exists a transference plan (* € [[(u,v) such that for any coupling (X,Y") distributed according to (*,
Wy(,v) = EVP[IX — Y.

2 The Non-Convex Setting

2.1 Subdifferentiability for non-smooth functions - subgradients

Given that the potentials discussed in this article are non-smooth, it is natural to describe them using the
concept of subdifferentials. For any z € R? and any u : R? — R, the subdifferential du(z) of u at x is defined

by
Ou(zx) := {p € R?: liminf uly) —u@) =y — ) > 0} .

Y=z ly — 2|

The subdifferential is a closed convex set, possibly empty. If u is a convex function, the above set coincides
with the well-known subdifferential of convex analysis, which captures all relevant differential properties of
convex functions. Similar nice properties exist in the case of a larger class of functions, namely the class of
semi-convex functions.

Definition 1. Let u: R? — R, we say that u is K-semi-convez if and only if there exists K > 0 such that
the function x — u(z) + 5|z|? is convez.

Lemma 1 ((Alberti et al., [1992)), Proposition 2.1, adapted). Let u be a semi-convex function. Then, u is
locally Lipschitz continuous, the sets Ou(x) are non-empty, compact, and p € du(x), if and only if
K 2 d
uly) —u(@) = (p,y =) = = ly — | Va,y e R"
Corollary 1. Let z,y € R, p € du(x) and q € du(y). Then,

(p—qx—y)>—Klz—y|°
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At the points where w is differentiable it holds that, du(z) = {Vu(x)}. From these results, one can see that
the class of semi-convex functions is an ideal starting point to proceed from convexity to non-convexity, as
all the elements of the subdifferential set satisfy an one-sided Lipschitz continuity property.

2.2 Assumptions

For clarity and brevity reasons, it is assumed that, henceforth, h(z) denotes an element of du(x), for any
x € R?. We proceed with our main assumptions.

Assumption 1. The gradient of u exists almost everywhere and each subgradient grows at most linearly.
That is, there exist L,m > 0, such that for each subgradient h € Ou

|h(z)| < m + L|z|, Yz € RY. (2)
This assumption allows the use of explicit numerical algorithms based on popular discretization schemes

such as Euler-Maruyama, and is on par with the weakest assumptions (in the presence of discontinuous) in
the related literature.

Assumption 2. The potential is strongly convex at infinity (outside a compact set). That is, there exist
>0 and R >0, such that, for z, y € R?,

(h(z) = h(y),x —y) > plz —y|*, iflz—y| >R (3)

Assumption[A2]is essentially a geometric condition that is crucial for obtaining contraction results in Wasser-
stein distances. Furthermore, combined with Assumption[AT] they yield the following dissipativity property:

Lemma 2. Let Assumptions[A1] and [AZ hold, then h is dissipative. That is, there exists b > 0, such that

<%h@»zguﬁ—avmeR¢ (4)
Proof. The proof is postponed to Appendix [G] O

This is a growth condition that guarantees uniform control of (polynomial) moments for both the proposed
(explicit) algorithm and for the associated Langevin stochastic differential equation.

Assumption 3. The initial condition of the algorithm is an R%-valued random variable with finite 2nd
moment, i.e.

E|fo|? < oo. (5)

Assumption 4. The potential u is K- semi-convex. That is, there exists K > 0, such that u + §| 2 s
convez. Due to Corollary[2.) the following equivalent property for the subgradient holds

(h(z) = h(y),z —y) > K|z —y[*, Yo,y € R". (6)

The last of our main assumptions, Assumption [A4] characterizes the lack of smoothness for the subgradients
in our article. Assumption [A4] is geometric in nature, and is often referred to as a ‘one-sided Lipschitz
assumption’ This suggests that algorithm performance is not hindered by regularity in the way often sug-
gested in the literature, and that ‘bad’ regularity in ‘some’ directions does not necessarily hinder performance
arbitrarily (see Section for more details). It is key to our approach in proving contraction estimates
necessary for solving associated sampling and (possibly non-convex) optimization problems. In essence,
ensures that any two sufficiently separated trajectories are, on average, driven together, whereas [A4] which
provides a lower bound on the local negative curvature, guarantees that once they are close they cannot
separate too aggressively.
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3 Main Results

The Subgradient Unadjusted Langevin Algorithm (67 )n>0, is given by the Euler-Maruyama discretisation
scheme of (1] ., in particular

(SG-ULA): Op 1 =0 — AR(0)) + V/2\3 1€ 41, 05 = 0o, n €N, (7)

where A > 0 is the stepsize of the algorithm, 8 > 0 is the inverse temperature parameter, (&,),>1 is a
sequence of i.i.d. standard Gaussians on R? and h(z) € du(z), for all z € R%. One can easily observe that
the algorithm is an Euler-Maruyama discretization of a Langevin SDE with drift coefficient an element of
the subdifferentials. One can further understand that the newly proposed algorithm is significantly easier
to implement than popular algorithms which rely on smoothing techniques, such as MYULA, since these
smoothing procedures increase the computational cost per iteration. Furthermore, our algorithm offers a
generalization of ULA (since u is assumed to be differentiable almost everywhere) and coincides with ULA
when u is continuously differentiable. To address the issue of having differentiability almost everywhere (and
not for every = € R%), we choose a subgradient for every z € R? and thus define & for all z € R%. Note again
that at the points where u is differentiable it holds that du(z) = {Vu(x)}.

3.1 Theoretical Guarantees

Theorem 1. Let Assumptions hold and set Ao = min{p/(2L?),1}. For any X € (0,)\9) and N € N,
the subgradient unadjusted Langevin algorithm (SG-ULA) given in satisfies, for each p € {1,2},

W, (LX), 75) < Cw, e Cro N AP 4 cyp A1/ 6P), (8)
The initialization terms are Agl) = Wi(L(0o),m5), A ) = max{Ws( ﬂg,E(HO)),Wl(ﬂﬁ,ﬁ(ﬁo))1/2}. The
constants Cy, = O(B*—Pe P and €, = O(B*~ p/2 e~ 7B %) 4o not depend on the dimension d,
and Cr, = O(d).
Proof. The proof is postponed to Appendix [E] O

As discussed in Remark [3| the dependence on the stepsize can be improved to A/ (2P+27) in Theorem [1} for
any € > 0, at the expense of a stronger dependence of the constant on the dimension.

Corollary 2. Let e > 0. Then, for A < min{\, ﬁ}, one needs N > O(e~*16C7, C! log(ZC’WlAél)/e))
Ty

iterations to achieve

Wi(L(0N), m5) < €

Corollary 3. Let e > 0. Then, for A < min{\, %}, one needs N > O(e~®16°CY, C; ' log(2Cw;, AP /e
T2

iterations to achieve

Wa(L(0y), m5) < €

The above results exhibit a mild dependence on the dimension. This arises because and (@ yield di-
mension free contraction estimates, while the remaining dimensional dependence enters through the moment
bounds obtained via dissipativity (Lemm and linear growth . The bounds depend on the constants
B, u, K and R, this reflects an inherent limitation of analyses in non-convex settings, where such constants
cannot, in general, be avoided. Essentially the magnitude of R and K quantify the size of the region, where
the potential u exhibits non-convex behavior. All the constants appearing in Theorem [I] are given explicitly
in Proposition [f] and [5} a summary can be found in Table 2]

By enforcing slightly stronger assumptions, the convergence rate in Wy with respect to the stepsize can be
improved.

Assumption 5. There exist R > 0 and p > 0, such that for any x € R? with |x| > R,

(h(z) = h(y),x —y) > plz —y|*, Vy#a
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In addition, following |Monmarché (2023), we pose the following restriction on [3:

ud 1
K+ 1 (K + /R + 25up (o, h(2)), [2] < Ro}

< (9)

where R, = R(2 + 2K /u)/4.

Remark 1. A simple example of a function in this regime is u(z) = |x|*> + f + g where f is compactly
supported in B(0,1) with a gradient that is %—Lipschitz, and g is convex (possibly non-differentiable). The
convexity at infinity condition is satisfied with p = % For d big enough, @D is satisfied for many choices of
B and especially for 8 =1, making the example relevant for sampling.

Theorem 2. Let Assumptions and hold. Let N € N. Then, for every X € (0,\g), the

subgradient unadjusted Langevin algorithm (SG-ULA) given in satisfies
Wa(L(0%),m5) < Ciy,e” s N Wa(mg, L(6o)) + Cr, A4,

where C.., is independent of the dimension, Cp, = O(d) and Cjy,, =1+ 0O(d™1).

Proof. The proof is postponed to Appendix [E] O

Corollary 4. Let € > 0. Then, for A\ < min{\o, %}, one needs N > O (e’44C§£SC’7T31 log(2C§V2A(()3)/e))
T
iterations to achieve ’
Wo (E(QZ)‘V),WB) <e.

One further notes that the proofs of the contraction theorems employed, along with our proof roadmap
demonstrating convergence to the algorithm, rely on Gronwall-type arguments, which leads to an exponential
dependence on these parameters.

We also show that the algorithm can serve as an optimizer for associated excess-risk problems. The result is
aligned with |Raginsky et al.| (2017)), but the proof differs significantly because of the non-Lipschitz setting.

Theorem 3. Let Assumptions hold hold and \o = min{u/(2L?),1}. Then, for any B >
max{4/u, M1}, X € (0, o) and n € N, the following bound holds

E[u(0))] — u(6*) < Cr W (L(02),75) + % log (2e(b + CL/j)B M

where O, = O(dY?), Sq = 2x%2T~1(d/2) and M =m + 3L/2 4+ L\/b/(2u).

d 1 2
) + 5 log(BM) — 3 log(Sa/d) + B

Proof. The proof is postponed to Appendix [E] O

Interpreting Theorem (3, one notes that for sufficiently large 8 the last four terms in the bound become
negligible. One then selects the stepsize and number of iterations, following Corollary |3| to control the
remaining sampling term. In most applications it is advantageous to take 8 as large as permitted, so that
the Wy error is effectively governed by the bound in Theorem [I] rather than Theorem [2]

3.2 Overview of proof techniques

One needs to first show existence and uniqueness of the solution to the SDEs (Proposition [I) and also
establish that the invariant measure exists, is unique (Proposition [2) and corresponds to 7 (Proposition
3). This is achieved by adapting standard Lyapunov arguments to show tightness of the measures while the
uniqueness is established by the contraction results for W7 and W5 Wasserstein distances. These results are
key elements of our work which enable us to show the convergence of our algorithm to the target measure.
In a nutshell our proof roadmap can be summarized as follows:
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o By making use of the fact of the convexity outside of a ball property (which yields dissipativity) and
the subgradient linear growth property, we are able to provide uniform, in the number of iterations,
moment bounds for the algorithm (which are independent of the step-size), Lemma

e We introduce an auxiliary process (Definition [2)) which is a Langevin SDE with initial condition a
previous iteration of the algorithm for which we able to derive moment bounds, Lemma [6]

e We control both the W; and W5 distance between the auxiliary process and the continuous time
interpolation of the algorithm. To obtain this result, the one-sided Lipschitz property of the drift
coefficient (which follows from the semi-convexity of the potential) is key to permit the application of
Gronwall-type estimates, and along with the uniform control of the moments and the linear growth
of the drift, enable us to obtain A\'/* rates for Wi and W, distances (Lemma .

o The contraction theorems for W; and W5 enable us to control the Wasserstein distance between the
auxiliary process and its corresponding Langevin SDE, by starting from the same initial condition
given by the interpolated scheme of the algorithm (Lemmata |§|, .

e The final bound is established by the convergence to the Langevin SDE to the invariant measure.

To obtain the result for the (expected) excess risk optimization problem, we split the difference in the
following way
Elu(6;)] —u(6*) = (E[u(6)] — E[u(fo0)]) + (E[u(f0)] — u(67))

where £(6~) = mg. For the first term, we use a fundamental theorem of calculus (which can be applied
since u is differentiable a.s) and we are able to derive a term that is proportional to the W5 distance between
the algorithm and the target measure (Lemma [11]). For the second term, we make use of the fact that
mg concentrates around the minimizers of u for large 3. More specifically, we simplify the difference to an
integral of the exponential distribution and then use standard concentration inequalities to complete the

proof (Lemma [12)).

4 Examples and Numerical Experiments

4.1 Mixture of Gaussians with an L!'-Laplacian prior

Consider a target distribution given by a mixture of Gaussians (MoG) likelihood with K € N components

and an isotropic Laplace prior on the entire data vector z, i.e. a prior density « exp(—a|z|;) where |z|; =
d . o

> i1 |zi]. The unnormalized density is

K
1 |z — py?
m(x) o ijW exp (—2023 exp(—alz|,), = € RY, (10)
j=1 J J

with o; > 0, u; € RY, and w; € [0,1], for j € {1,...,K}, such that Zjl-ile = 1. The gradient of the
corresponding potential (negative log-density) can be written as

Kk wi(r — py) e p)?
2i=1 52 (gmg2)r2 P ( %7 .
+a—. (11)

() [y

Vu(z) =

This gradient exhibits at most linear growth, which arises from the linear factors inside the sum of the
numerator in the first term. Additionally, it is non-smooth due to the non-differentiability of the Laplacian
prior. The corresponding subgradient du(z) has linear growth while being semi-convex and strongly convex
at infinity. In particular, the MoG term is semi-convex and strongly convex at infinity, and the inclusion of
the convex L' prior preserves those properties, due to being convex. Gentiloni-Silveri & Ocello| (2025) provide
a rigorous verification of these properties within the context of mixture models (see their Assumption H1 and
Appendix A.1), thereby confirming that the MoG with a Laplacian prior potential satisfies the assumptions



Published in Transactions on Machine Learning Research (11/2025)

of our framework. This model has indeed been studied in prior works on Langevin based algorithms, for
example, [Lau et al| (2024) consider it a representative non-logconcave, non-smooth target (see Sections 2.1
and 6.3), using it to evaluate ULA-type samplers under minimal assumptions.

4.1.1 Sampling

We compare SGULA and MYULA on the task of sampling from a two dimensional mixture of Gaus-
sians with a Laplacian prior, in order to assess their empirical behavior in a non-convex, non-smooth
setting. For fixed scale parameter a = 0.15, two mixtures configurations are considered with different
number of components. The first comprises three components (K = 3), with weights w = {0.3,0.4,0.3},
mean vectors p = {(—2.6,2.8),(0,0),(2.2,—2.2)} and isotropic variances o? = {0.60,0.80,0.70}. The
second model contains five components (K = 5), with weights w = {0.18,0.22,0.20,0.22,0.18},
mean vectors p = {(—3.0,2.8),(—1.2,0.8),(0.8,—-0.4), (2.2, —-2.0),(3.2,2.4)} and isotropic variances o2 =
{0.55,0.65,0.50,0.70,0.60}.

Both samplers were implemented with a fixed stepsize A = 1073 and inverse temperature parameter 5 = 1,
and MYULA employed the same value for its smoothing parameter (v = \). For each method, we initialized
12 parallel chains from a broad uniform distribution on

[Injln i — ZmJax O'?, max (i + 2mjax 032]2,

thereby obtaining over dispersed initial states suitable for evaluating cross modal mixing. Each chain was
run for 52 x 103 iterations, discarding the first 12 x 103 as burn-in and retaining the rest for the assessment.
Figure [1| compares the empirical densities obtained from pooled samples across all chains with the analyt-
ical ground truth densities. Each empirical density is estimated using a Gaussian kernel with Silverman’s
bandwidth, providing a smooth visualization of the sampling behavior across modes.

Both SGULA and MYULA recover the main structural features of the target density. All modes are identi-
fied, and the overall allocation of probability mass across regions is consistent with the true density. SGULA
produces contours that align more closely with the circular geometry of the Gaussian components, indicating
reduced smoothing bias. MYULA, while accurately capturing the dominant regions, exhibits higher concen-
tration around central modes, suggesting more limited mode exploration. Notably, these results demonstrate
that SGULA remains effective even in this non-convex and non-smooth setting, highlighting its robustness
when sampling from complex posteriors. Additional experiments illustrating the effect of stepsize and inverse
temperature on SGULA’s performance are provided in Appendix [H]

4.2 One-dimensional example satisfying the assumptions

Let u : R — R be a continuous function such that
u(x) = up(z) + ue(x) + us(z), VazeR,

where w1 is a (continuous) strongly convex function (on R) with hy := Vuy, us is a continuously differentiable
function with a Lipschitz continuous derivative hs := Vus and wug is a continuous function with a non-
decreasing, discontinuous derivative hg := Qug. Thus, Vz,y € R,

3 p1 > 0 such that (hi(z) — hi(y),z —y) > pilz — y,
3 K3 > 0 such that |ha(x) — ha(y)| < Ka|z —y|,
and (h3(z) — hs(y),z —y) > 0.

Note that in higher dimensions, the properties for i1, ho and hg also yield the desired result provided that
convexity at infinity is also achieved. Furthermore, one trivially concludes, Vz,y € R

(h(z) = h(y),z —y) > (m — Ka)lz —y|* > —Ks|z — y[*.
For a concrete example, we may use, Vo € R

up(z) = 2(x +3)* —1/2,

uy(z) = —8x2 Tocac2y — 87— 32(x — 1) Ii,>o,

ug(z) = 10(z — 1)* Ty cpecoy + @ + 90(z — 17/9) Ty 50y

10
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Figure 1: Comparison of SGULA and MYULA on a two dimensional mixture of Gaussians target with a Laplace
prior. The top row corresponds to case K = 3, and the bottom row to K = 5.
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Note that the subgradient of u grows at most linearly and, in view of Remark [2] it is strongly convex at
infinity. Moreover, Ko = 16 and pu; = 4.

4.3 Multidimensional example satisfying the assumptions

We present an example of a non-convex potential that satisfies our assumptions. Let
1
u(z) = max{|z|, |z|?} — §|l‘|2, z € R%.

It is easy to see that u is semi-convex (therefore satisfies Assumption as u+ #|x|? is convex since it is
the maximum of two convex functions. In addition, it is clear to see that each subgradient in this example
is bounded inside the ball of radius 1, while outside the function is differentiable with Vu(z) = x so it
satisfies Assumption The proof of Assumption is more lengthy and is postponed to the Appendix,
see Remark [21

4.4 The SCAD Penalty

A notable class of non-convex penalties frequently encountered in sparse recovery problems and high-
dimensional statistics is the family of folded concave penalties. Among the most well-known is the Smoothly

Clipped Absolute Deviation (SCAD) penalty, originally introduced by (2001)) as a sparsity-inducing
regularizer with unbiasedness properties. We show here that it satisfies our standing assumptions, thereby

illustrating a semi-convex objective function that is strongly convex at infinity.

Let a > 2 and v > 0. A key component of the SCAD function is g, ~ : [0,00) — R which is given by

Vs ifz <7,
d ay—x .
ﬁqaﬁ(x): %, ify<az<ay,
0, if x > ay.

11
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Integrating and selecting constants to ensure continuity, we obtain the function ¢ -,

YT, if x <~y
—x? + 20y — %
Gay(2) = 20a—1) ify<z<ary,
1 2
%, if x> ay.

For any = € R, one extends the above function by defining p, () = gq~(]z|). The resulting function
is continuous, symmetric, and non-convex but 1/(2(a — 1))-semi-convex. Its derivative is discontinuous
at the origin reﬂecting the model’s sparsity bias. Further, we define the regularized function pgﬁ(m) =
Pan~(x) + ( )x , which is convex. Choosing a subdifferential version that accounts for the discontinuity
at zero, one has
x
—, o<z <A,

2]  a—1

Opa(0) € [=7,7] and OJp; . (7) = @D’ if v <z <av,

, if |x| > av.
] || > ay
A careful case-by-case comparison confirms the monotonicity property (9p}, . () — dpg ,(y),z —y) > 0 for
all z,y € R. In the multidimensional case, for z € R?, we consider the separable extension

d
) =D Pan(@i). (12)
i=1

Then P, , is also 1/(2(a — 1))-semi-convex, since the regularized form

1

2(a — 1)|”T|2

P\ (2) = Puy () +

is convex by separability and convexity of each py, .. Indeed, for all z,y € R? and s € [0, 1],

d
PT (SSL’ + 1 - S Zpa v S.’E»L ]- - S yl Z spa Y x’b (1 - 3)p2,’y(yi)}
=1
= SPJ77(33) + (1 =5)P;,(y).

Moreover, the subgradient of P, . is a bounded function. Therefore, by Remark |Z|, any objective function of
the form u(x) = v(z) + P, (), where v is strongly convex (for instance a quadratic), satisfies Assumptions
[A2}{A3] This example highlights how non-convex but semi-convex structures, arising in high-dimensional
regularization problems, fall within the scope of our framework. Such penalties are particularly relevant in
sparse estimation, compressed sensing, and machine learning applications where both model simplicity and
robustness are sought.

4.4.1 Robust Regression

To compliment the theoretical analysis and illustrate the applicability of the Subgradient Unadjusted
Langevin Algorithm (SGULA) to a practical optimization problem, we consider both a robust regression
task with the non-convex SCAD regularization and, for comparison, the standard convex LASSO regular-
ization. By evaluating SCAD and LASSO under an identical optimizer, we demonstrate that non-convex
penalties can be handled within the same framework and the theoretical design translates into measurable
performance gains.

In this experiment we generate 100 datasets according to the following procedure. Let z € R? with Toeplitz
covariance ¥;; = pli=il and p = 0.5. For a fixed observations n = 60 and dimension d = 8, we sam-
ple X € R"*? from the standard Gaussian. The response follows the model Y = X73* + ¢, where

12
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B* = (3,1.5,0,0,2,0,0,0)7 and the noise is drawn from a heavy tailed mixture, i.e. € ~ 0.9N(0,1) +
0.1Cauchy(0, 1).

The objective is to minimize the penalized least squares for the SCAD and LASSO regularizations, which
yields the potentials Us(3) = |y — XB|* + Pa,(8) and UL (8) = |y — X B)*> +~|8]1. Here, P, ~(3) denotes the
SCAD penalty, with fixed a = 3.7, as suggested by [Fan & Li| (2001). The stepsize is fixed at A = 1072 and
the tuning parameter v > 0, is chosen independently for both objectives via 5-fold Cross-Validation. Each
chain is run for 7.5 x 103 iterations, while each CV-fold is truncated at 1.25 x 10° iterations.

Across R = 100 Monte Carlo replications, corresponding to the generated dataset, we compute the model
error ME(j3) = (6 — 5*)TC(B — 5*)and the replication wise relative model error RME = ME()/ME(foLs),
reporting the median values, i.e. MRME. We also track the oracle for reference.

Figure [2] displays the MRME boxplots for SCAD, LASSO, and the oracle. Over 100 replications, we observe
that SGULA combined with SCAD achieved a median relative model error of 34% , compared to 63% for
the LASSO and 29% for the oracle. These results confirm that the non-convex SCAD penalty yields near
oracle accuracy under the same subgradient unadjusted Langevin dynamics, providing empirical evidence
that SGULA can perform effective excess-risk minimization on semi-convex and non-smooth problems.

o
o
500
o
400 1
w i
= 300 8

100 -

SCAD LASSO Oracle

Figure 2: Distribution of median relative model errors (MRME %) over 100 Monte Carlo replications for robust
regression using SGULA

5 Conclusion and discussion

In this work, we have given non-asymptotic guarantees to sample from a target density where the potential
is non-convex and not smooth using an algorithm that is simple, computationally efficient, explicit and does
not rely on smoothing techniques. Even though, our assumptions are quite relaxed compared to the current
literature due to assuming only semi-logconcavity, we establish non-asymptotic guarantees in Wasserstein
distances that are comparable to the current state of the art results available in the literature. In addition,
we show that our algorithm can also perform well as an optimizer to solve associated (expected) excess-risk
optimization problems.

We believe that our current work represents a step forward in bridging the gap in the literature regarding
sampling from non-smooth and non-logconcave potentials. Interesting directions for future research include
relaxing the assumptions even further and deriving estimates in stronger metrics, such as Rényi divergence,
which are useful for differential privacy.

13



Published in Transactions on Machine Learning Research (11/2025)

Impact Statement

This paper presents work aimed at advancing the field of machine learning in the direction of non-convex
optimization and associated sampling problems in the presence of discontinuities. While there are many
potential societal consequences of our work, we do not believe any require specific emphasis here.
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A Auxiliary Processes

Consider the R?-valued overdamped Langevin SDE (Z;)scr . given by

dZ; = —h(Zy)dt + /26~ 1dBy, t > 0, (13)

with Zy := 60y, where h € OU and (By):>o is a standard d-dimensional Brownian motion. To avoid the issue
of having set values SDEs, when we use continuous time arguments, we have the convention that at points
where u is not differentiable, h is the subgradient with the minimum norm (we can always find it since the
set of subgradients is compact and convex). We next introduce the auxiliary processes which are used in our
analysis. For each A > 0, the time-scaled process (Z{\)teRJr is defined by Z}' :== Zy;, t € R,.. We note that

dZ}) = —\h(Z))dt + /203~ 1B, Z) = 6y, (14)

where the Brownian motion (B});>¢ is defined as B} := BM/\Ai7 t > 0. The natural filtration of (B})i>o
is denoted by (F})i>o with F}* := Fy;,t € Ry. Then, we define (6}');cr, , the continuous-time interpolation
of SG-ULA , as

g} = —\h(0},))dt + \/2\B-1dB}, 05 = bo. (15)

The law of this process coincides with the law of the algorithm at grid points i.e. £(8)) = L(6)) for every
n € N. Furthermore, consider a continuous-time process (¢; ’"’A)tZ s, which denotes the solution of the SDE

dCPN = —AR(CP“N)dt + /2M3- 1B, ¢ = u e RY. (16)
— s
Definition 2. Fiz n € N. For any t > nT, define ()" := tnT’H"T’)‘, where T := [1/\].
One notices that the process (C_LA ")t>nr has the same law as the time-scaled Langevin SDE , started at

time nT with initial condition 6.

B Existence and uniqueness of solution to the SDE and the invariant measure

Consider the infinitesimal generator £ associated with defined for all ¢ € C?(R?) and x € R? by
Lo(x) = —(h(z),Vé(x)) + B7LAp(z). Next define the Lyapunov function V(z) = 1 + |z|? for all z € R
Note that V is twice continuously differentiable, and under Assumption one gets the following growth
condition

LV (z) < C.V(x), Yz € RY, (17)

where C, = max{4L,m?/L} + m?/2L + 2d/3. Moreover under both Assumptions [A1| and [A2] it satisfies
the geometric drift condition

LV (z) < —pV(z) + p+2b+2d/B, Vo € R% (18)
It follows that
lim V(z) =400, lim LV(z)= —o0. (19)

Proposition 1. Let Assumptions hold. The SDE has a unique strong solution.

Proof. Uniqueness is guaranteed under the monotonicity condition [AZ] and due to the diffusion coefficient
being constant. Moreover, all conditions of Theorem 2.8 in (Gyongy & Krylov, |2022|) are satisfied under
our assumptions; therefore, the SDE (13|) admits a unique strong solution. In particular, since the drift
coefficient is subject to the growth Assumption and the diffusion coefficient is constant, in view of ,
they trivially satisfy the conditions (i), (ii) and (iv). Condition (iii) is also satisfied trivially as in our case
the domain is D = R<. 0O

17



Published in Transactions on Machine Learning Research (11/2025)

Proposition 2. Let Assumptions and hold, the Langevin SDE admits a unique invariant
measure.

Proof. The existence of an invariant measure is established under Assumptions[AT]and[A2] In particular, the
Langevin SDE has a constant diffusion coefficient and Assumption ensures that the drift coefficient
is locally integrable. Consequently, in view of , all the conditions of Theorem 2.2 in (Bogachev et al.
are satisfied, the existence of at least one invariant measure follows. Moreover, with the inclusion of
Assumption [A4] the contraction results in Appendix [C]imply the uniqueness of the invariant measure. This
is a direct consequence of either Proposition [4| or Proposition |5, by setting the initial condition Zy in
to be such that £(Zy) = L(7g). O

Proposition 3. Let Assumptions and hold. The invariant measure wg of the SDE , is
characterized by the density Z~ ' exp(—pu(z)), with Z being the normalization constant.

Proof. Under Assumption |A1|one yields that v € HJ . and the rest follow from Theorem 3 in [Fruehwirth &
Habring (2021). w

Remark 2. Since the dissipativity condition is still preserved when one replaces Assumption [A9 with [A5],
Propositions [ still hold under Assumptions [43, [A4 [A3

C Preliminary Estimates

Lemma 3. Let Assumptions and[AZ or[A3 hold. Then one has
supE|Z|* < Cy (1 +E|6o]?), (20)
>0

where C1 = (4/p)(b+d/B).

Proof. Let 7g = inf{t > 0:|Z,| > R}. Then by applying It6’s formula to (¢, z) — e**/?|z|?, one obtains
tATR

e'u(t/\TR)/2|Zt/\TR|2 _ ‘90|2 _|_/
0

tATR

+ V8B 1et*/?h(Z,)dB,.

0

Lersl2|Z,2 = 2m/%(2,, h(2,)) + %deﬂsﬂds

Due to the boundedness of h under Assumption the last term is a martingale, thus vanishing under
expectation. Hence by taking the expectation on both sides and using , we bound the LHS as follows

4 tATR
E e“(tATR)/2|Zt/\TR|2:| < E|90‘2 + 7(1) + d/ﬁ)eﬂ(t/\TR)/Q _ %/ eus/2E|Zs|2ds
K 0

L0+ dpyents?.

<E|6o|* + —
1

Note furthermore that since Z; has almost surely continuous trajectories one has sup¢jo |Zs] < o0 (a.s),
so by Fatou’s Lemma

2 [|Z,2] = E {liRrgiorlfe“(MTR)/ 2| Zinrs|?| < liminfE [e““”ﬂ)/ 2IZerlz]

< E|6o]® + —(b+d/B)e/?.

4
I
Hence by multiplying both sides by e~ #*/2, we yield the desired result

EUamsmmF+§w+wm.
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Lemma 4. Let Assumptions hold and Mo € (0,p/(2L?)). Then there exists Co > 0 such that for
every A € (0, Ao) one has

supE|0}* < O3 (1 + E|90|2) ) (21)
>0

where Cy = (2u?/L? + 2) Co + (2pu/L?) (wm?/L* + 2d/B) and Cy = (2b+ 2d/B + pm?/L?) /(1 — 2AL?).

Proof. We begin by considering the SG-ULA iterates (Gﬁ)nzo (7)) corresponding to interpolation scheme .
2 A a2, 2A 2
0741 1* = 107 = A(62)]” + el 2(0 — M(07), Env1)-

Since 67 is independent of &, 1, the last term vanishes under expectation. Thus by taking the conditional
expectation E% [], on both sides and using (2)), (4)), we obtain

E' [16)1112] = % [J632] — 20E% [(6, h(62))] + NE* [|h(63)[*] + 27d/8
<UOMZ = Ap|OX? + 2XN2L20) 2 4+ 22D + 20%m? + 2)\d/
< (1= M+ 2X2L%) |00] + A (26 + 2um? /(2L7) + 2d/) .
Now by taking the expectation on both sides, we can iterate the above bound, due to the restriction A\ <
11/ (2L?), to get
E[100117] < (1= (A —2X2L2)) " E|6,[?
1— (1= (A —2x2L2)"
A — 2ML2)
< Cy (1+E6)?) . (22)

A(2b+2d/B + pm?/L?)

For the interpolated scheme, by Holder’s inequality and the linear growth condition one writes

/L (B, )ds

t
< ANt — [t)) /w |h (em)ﬁds + F|dBt —dBy|* + 2|9f” |2

_ _ 8\ =
16217 = 2167 — 67,7 + 2167 > < 4 +F|dBt* B}y I> +2167, 1

! 8\

Notice that for any s € [|[¢],t], we have |s| = |t], thus by taking the expectation we obtain

_ 8\d 2 2 2d 2u?
BIG)® < 8Am? + =25 o+ (XL + 2) B} | < o (“g; + 5) + ( =+ +2> E|67, |*.

Moreover, by construction the interpolation scheme agrees with the SG- ULA iterates on grid points.
That is 9>‘J =0} for t € [n,n + 1), thus by using the bound established in , we yleld

E|6?* < Cs (1+El6of*) -
O

Lemma 5. Let Assumptions hold and N\ € (0,1/(2L?)). Then there exists Cy > 0 such that for
every A € (0, Ag) one has

E|6)y, — 6% < Cud(1 + El6]?), (23)

where Cy = 2uC3 + 2um?/L? + 4d/j5.
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Proof. One considers the difference between éf‘t Ik 9?‘ to get the one-step error

103 — 0717 < 2

2
[2] }

2
b 4N | o -
/ (83, ) ds jtﬁ‘BA ~ B
11

Taking the expectation and applying Holder’s inequality, the linear growth condition and Lemma {4 yield

t
|67y, — 0} < 2)\2/ (2m? +2L2C5 (1 + E|6o[?)) ds + 47d/
1¢)
< A% (2m? 4 2L%C3 + 2L C3E|0o|°) + 4Md/B.

O

Lemma 6. Let Assumptions hold and \o € (0,1/(2L?)). Then there exists Cs > 0, such that for
every A € (0, o) and n € N, one has

sup E|C" 2 < Cs(1 + El6o]?), (24)

nT<t<(n+1)T

where C5 = C3 +2(d/B + D).

Proof. Standard arguments show that one has boundedness enough that the stochastic integral vanishes,,
we obtain the existence of a constant ¢, which depends on time, such that sup;s,r IE\C;""P < c¢ < oo
Furthermore, by applying It6’s formula and taking expectations one has

t

EIGM? = Bl@) | — / AB((G").C")ds + 2Ad5 " (¢ = nT).

Then, differentiating both sides and using

d_ =an “\n
SEIGT P < MBI + 20(d/5 + )
d

S MUTDEICME < 20 (A5 + b))

E[G" 2 < e M DE|GA |2 + 2M(t — nT)(d/B + b).
Due to nT <t < (n+1)T and in view Lemma[d] one gets

E|G"? < C3(1 + E|6o[?) + 2(d/B + b).

O

Lemma 7. Let Assumptions hold and \o € (0,1/(2L?)). Then there exists Cs > 0, such that for
every A € (0,A9), n € N and t € [nT, (n+ 1)T], one obtains

Wa(L(07), LG™)) < CoAV/4,

where Cg = /2¢*K (Cy(1 + Eo[2))* \/, /Ci(1 + E|fo[?) + 2L (1 + O+ Efo?) + /Co(1 + 1E|90|2)).
The same result holds if one replaces Assumption [AZ with[A5
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Proof. Tn order to bound the W distance it suffices to bound E|6; —EA’" 2
to SDEs with same initial condition and same Brownian motion. Applying It6’s formula one obtains

— — t —
EJ6) — G2 = —2) / BB =8 h(@) — s
t

— o [ E@Y - O h@h) - hE) ds—‘zA/ E(B) — 8, h(B),)) — h(C™))ds
nT

< QAK/ E|6}, — @7”|2ds+2>\IE/nT|§§ S lR@B7) = h(C2™)|ds

< 4)\K/ E|0) — 7 ds

+4>\K/ E|67, — 62 ds+2)\IE/ 162 — 03 11h(67)) — h(C™)|ds,

where the first inequality was obtained using the one-sided Lipschitz Assumption[A4] The second term can
be controlled by Lemma [6] while for the third term we apply Holder’s inequality with e = 1,

b - ¢ - 1/(1+€) _ e/(1+¢)
B[ =By @) @ < [ (B8 =) T (BIn@) - a@m o) s
t
< /nT VEIBY = O [2/2L2B(1 + Q72 + 163, [2)ds
< 2LT+/Cy(1 +E|6p)|?)
x (14 v/Co(T+EIBol) + V/CalT + E[fo2)) N2,
(25)

where the inequality follows from the Cauchy-Schwarz inequality, the second uses the linear growth property
of the gradient, (Assumption and the final bound is obtained using estimates in Lemma 5|, along with
the moment bounds of the algorithm and the auxiliary process provided in Lemmata [4] and [0] respectively.
Putting all together, leads to

t
E|6; — ¢ < 4AK/ E|6) — M [2ds + 20012,
nT

where C' = 2C4(1+E|0|?) +/Cys(1 + E|6y|2)2L (1 +/C5(1 +E|6[?) + 1/Ca(1 + E|6y] )) Since the right
hand side is finite (as there is a control of the moments of the algorithm and the auxiliary process at finite
time), one can apply Gronwall’s inequality which yields

E|G) — O < 261K ON2,

Since Wa(L(6}), L(E™)) < \/E|6} — ™2 the result follows immediately. O

Remark 3. According to the choice made in , setting € = 1, leads to a discretization error of order
N4 in Wy distance. More generally, taking arbitrary € > 0 in the Holder step produces a bound of the
form CAY CH2€) which approaches the classical \'/? rate when € is small. The constant C. deteriorates as
€ decreases, in particular through a stronger dependence on the dimension. For this reason, we work with
€ = 1 which results in a milder dependence on the dimension.

D Contraction Estimates

Proposition 4. Let Assumptions hold. Consider Z,,t > 0, be the solution of with initial
condition Z{, = 0, which is independent of Foo and satisfies Assumption . Then

W1 (L(Z), L(Z1)) < Cwye” “'Wi(L(00), L(65)), (26)
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where Cyy, = 2ePKR?/8 (nd Cr, = 2B_1C(/, with

2
o - gmin(l/Rg,uB/S) if BKR* <8,
0= _
(SV2rR 1 (BE) T V2((BK) ! + (Bp) ") exp(BK R?/8) +32(uR) %) if BKR? > 8.
Proof. Tt follows directly by invoking Theorem 1, Corollary 2 and Lemma 1 in (Eberle, 2016]). O

Proposition 5. Let Assumptions hold. Consider Z,,t > 0, be_the solution of with initial
condition Zj = 0}, which is independent of Fo and satisfies Assumption . Then, for any e € (0,/3/81)

Wa (L(Z2), £(Z})) < Cywye™ "' max {szwo), £(6))). Wl(c(eo),aea))} , (27)

where Cyy, = 2max{1, R"1/2}C, (e)e( v 5/32(M+K)+6/2)5R2/2\/(2/ﬁ) max{4/e +2,8/(ee2)}/(\/B/2R + 1),
C,, = 2min{1,1/e}e~ /v (8/2)° (utK)R? /Cy (€), and Cy (€) depends exclusively on Bu and can be found in
Table[2

Proof. Tt follows directly by invoking Theorem 1.3 in (Luo & Wang}, [2016]). O

Proposition 6. Let Assumptions hold. Consider Zj,t > 0, be the solution of with
ingtial condition Z| = 6}, which is independent of Foo and satisfies Assumption . Then

W2 (L(Z:), £(Z])) < Ciy,e” s Wa(L(Zo), L(Z)), (28)

where Cyy, = V1+ (2d)7 12K + p)(2 + 2K /p)*/? and C,, = p/4.

Proof. Tt follows directly by invoking Theorem 1 in (Monmarché, [2023)). O

Lemma 8. Let Assumptions hold and \g € (0,u/(2L?)). Then there exists C7 > 0, such that for
every A € (0, ), n € N and t € [nT, (n + 1)T], one obtains

WA(L(CM™), L(Z))) < CaaM?,
where C7 = CoCw, / (1 — e~ 91 /2).

Proof. Recall that £(Z}) = £(¢°) so using the triangle inequality for the Wasserstein distance one deduces
that

WL, £20) < 3w (2 (E) £ (6)
-S> w (E (7% e (cf “)T’G?’“”T’A»
= 3w (e () o ()
< Cuy S exp(—C, (n— NTIW, (£@) . (QF))
k=1

< Cwy Y exp(—Cry (n = NDW (£ (Ohr) £ (G 7))
where in the first two equalities we used the definition [2] of auxiliary process and the in the last inequalities
we applied the contraction property in Proposition [ and the fact that W3 < Ws. This further implies, due
to AT = A|1/A] € (1/2,1] and the discretization error estimates from Lemma

AT 1
WAL £(20)) < Co 7z CaN /™.
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Lemma 9. Let Assumptions hold hold and X € (0,p/(2L?)). Then there exists Cg > 0, such that
for every A € (0, X0), n € N and t € [nT, (n + 1)T], one obtains

Wa(L(G), L(Z])) < CsAVE,

where Cs = max{Cs,v/Cs}Cw,/ (1 — e_cra/Q),

Proof. Recall that £(Z}) = E(C{\ %) s0 using the triangle inequality for the Wasserstein distance one deduces
that

W), £20) < 3w (£(GF) £ (G))

xmaX{Wg (z: (62r) . £ g,ka 1 \/W1 (c,jT’“ 1))}

where the first two equalities are deduced by the definition of the auxiliary process and the last inequality
by the contraction property in Proposition 5| This further implies, due to AT = A[1/A] € (1/2,1] and the
discretization error estimates from Lemma [7]

Wa(L(G). £(2)) < O, 3 exp( T2 (n — K)) max{Co, /T2

k=1

1
< Cury——L o max{Ce, /G A2,
1— e Cra/2

Lemma 10. Let Assumptions m and \o € (0, /(2L?)). Then, there exists Cg > 0, such that
for every A < Mg, n € N and t € (nT, (n+ 1)T], one obtains

Wa(L(G"), £(27)) < Corl/4,
where Cg = CCyy, /(1 — e~ Crs/?),
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Proof. The proof is similar to the previous ones, the difference being that we use an improved contraction
result of Proposition [f]

W), £02)) < 3w (£(G) £ (G4

_ Z W, (E (Ct/cT,égT,A) Y. (Ct(k—l)T,é?kDT,A>)

~
Il
-

k=1
=YW (c (%) e ( t’““?%’“‘ﬁ))
k=1
S C;VQ Zexp(*crg (n — E)XT)W, (ﬁ(éﬁT),C (”?,kal))
k=1

< Ch, Zexp(—cgs (n — k))CeA'/*

vk 1/4
= iy, 73 CoX/™.

E Estimates for the excess risk optimization problem

Lemma 11. Let Assumptions hold and \o € (0,u/(2L?)). Then, for every A € (0,X) and n € N,
the following bound for Ty = E[u(0,))] — E[u(fu)] holds

Ti < O Wa(L£(67), 7s), (29)
where Cr, =m + (L/2)\/E|6|? + (L/2)V/Cy and Cy = (4 2b+ 2d/B)/ .
Proof. We notice that the function g(t) = u(tx + (1 — t)y) is locally Lipschitz continuous (since u is semi-

convex) so it has a bounded variation in [0, 1]. Then, one can enforce the fundamental theorem of calculus
since ¢'(t) = (h(tx + (1 — t)y),x — y) a.e. Thus, one writes

u(ﬂﬁ)—u(y)Z/0 (w—yvh((l—t)yjttx))dtﬁ/o |z — yl|h((1 = t)y + tz)|dt

1
< / [z —yl(m + L|(1 = t)y + ta|)dt < (m+ (L/2)|x] + (L/2)|y])|z — yl, (30)
0
where we have used Cauchy-Schwarz and the growth Assumption Now let (X,Y) be the coupling of
p, v that achieves Wa(u, v), that is W3 (u,v) = E|X —Y|? for £(X) = pand L(Y) = p. Taking expectations
in and using Minkowski’s inequality, yields

[ dn= [ adv = Big(x) = o)) < VEm+ T2l + LWDLVEIX = VP

< (m +(L/2)VEX]? + (L/2)\/]E|Y|2) Wa (1, v). (31)
One concludes by applying inequality for X = u(0)) and Y = u(f)
Eu(03)] ~ Elu(0)] < (m+ (L/2VERGE + (L/2V/Ty ) Wal£(02), 7s). (32

where C, is the second-moment of mz. Since mg is the invariant measure of SDE , there holds
Jza LV (z)ms(dz) = 0. Due to (18), one estimates the constant by

Co< [ Vi)madn) < / LV (@)ms(dn) + (u+ 25+ 2d/5) /i < (u+ 2+ 24/8) jp. (33)

O

24



Published in Transactions on Machine Learning Research (11/2025)

Lemma 12. Let Assumptions hold. For any B > max{4/u, M~1}, the following bound for T =
E[u(00)] — w(6*) holds

72 < gtog (2RI | 2 L rogsifd) + S g5, 3

where the associated constants are given explicitly in the proof.

Proof. We follow a similar approach as in Section 3.5 of Raginsky et al.| (2017]), making necessary adjustments
due to the lack of a smoothness condition for the gradient Vu(x) := h(x). According to Raginsky et al.
(2017), one obtains the following bound

E[u(6..)] < -L log (W) - %log z, (35)

where 7 := fRd e A=) dyr is the normalization constant. One writes

log Z = log/ e U@ dy = —Bu(6*) + log/ A0 —ul@) gg. (36)
R Rd

Now we provide an upper bound for the second term of . For the remainder of this analysis, one chooses
the version of the subgradient h(z) such that h(8*) = 0. Therefore, property immediately implies
|0*] < /b/(2p) = Ry. Consequently, one calculates that

(0" - ulz)) < |u(6*) — u(z)| < / (b + 16" — )),0" — )| dt < / Ih( + (0" — x))[[6" — ]t
0 0
1
S/O (m+ L|z| +tL|0* — z|) |0 — x|dt

1
< / (m+ L|0* — x| + L|0*| +tL|0" — x|) |6" — z|dt
0
< (3L/2)|0* — z|* + (m + LRy)|0* — z|.
Hence we obtain

1:/ eﬁ(u(G*)—U(m))dx>/ e—ﬂ(3L/2)I9*—mIZ—ﬁ(m—s-LRz)I(?*—mldx:/ e AMUO" e H6" =) gy (37)
R - Rd R4

where M = 3L/2 + m + LRs. Changing to radial coordinates one obtains
I = Sd/ 6—5M(r+r2)rd71dr
0
where Sy = 27%/2T'~1(d/2). Assuming that SM > 1,
(BM)~! ) BM)~*
1> Sd/ e~PM(r+17)d=1 g, > Sd/ e 2rd=ldr = de_le_z(,BM)_d.
0 0

Combining the aforementioned bounds with equation leads to

1
B

1

log(2) + 3

%ng > —u(0*) log(Sa/d) — %log(ﬁM)-

In view of , one concludes with

d Qe(ber/ﬂ)ﬂQMQ) 2 1 d
25 log ( i + 573 log(Sa/d) + 3 log(BM).

E[u(0o0)] — u(87) <
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F Proofs of Section 3

Proof of Theorem [

Proof. Let N € N and set n = |N/T|, then N € [nT,(n+ 1)T]. Fix XA € (0, ), and ¢t € [nT, (n + 1)T].
Then, for p € {1,2}, by the triangle inequality,

Wy (L0%). 75) < Wy (LX), LEN™ ) + Wy (LCN"): L(ZR) ) + Wy (£(Z3),75)
By Lemmata and Propositions these three terms satisfy
W, (LX), £ENM) < Wa (LX), L") < Corll?,
Wi (L), £(Z3)) < CAVE and Wy (L"), £(Z3) ) < GV,
W, (L(Z3),m5) < Cw, e Cro VAP,

where
AV =Wy (£(60),75), AP = max {W2 (L(60),7m5) , \/ W1 (L(60), wﬂ)} .

Combining the three bounds yields, for p € {1,2},

Wi (L(0X), 75) < Chwye” AN ALY 4+ (Co + Cr)AY,
W (L(0X),75) < Cwe= @2 ANV AS 4 (Cg + Cy)AVS.

Setting Cr, = Cs + C7 and Cr, = Cg + Cy, gives the final statement. O
Proof of Theorem [2]

Proof. Let N € N and set n = |[N/T], then N € [nT, (n + 1)T]. Therefore, taking into account the results
of Lemmata and Proposition |§|, it follows that for every A € (0, Ag), n € N, and t € [nT, (n+ 1)T1], one
has

Wa (L£(0X),ms) < Wa (LOX) £EN™M) + Wa (LEN"), £(ZX)) + W2 (£(Z3), )
< Ciy,e” MWy (L(60), 75) + (Ce + Co)A ™.

Proof of Theorem [3

Proof. Fix n € N, X € (0, ), and B > max{4/u, M~'}. Consider an independent draw 6, ~ 7, then one
decomposes the excess risk error

E [u(0p)] — u(0") = (E[u(6)] — E[u(0)]) + (E[u(bx)] — u(t7)) = Ti + To.

Under Assumptions [AT[A4] using the inequalities from Lemmata [TI{I2] yields the final bound. O

G Auxiliary Remarks

Proof of Lemma [2]
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Proof. Let |z| > R, then through one obtains

(@, h(z)) = (x = 0,h(z) = h(0)) + (&, h(0)) > plz|* - |z[|n(0)] > %\fﬂl2 - “LQ(B)'- (38)

Now let || < R, due to the linear growth in [Al]| one writes
(z,h(z)) > —|z||h(z)| > —m|z| — L|z|? > —mR — LR* + %RQ - %32
> Blef = (mR+ (L +p/2) B?). (39)
Combining and yield (), where b = max (|k(0)[/(2x), mR + (L + p/2) R?). O

The following Remark is a useful tool to verify when a function is known to be strongly convex outside
a compact set but not necessarily inside of it.

<
Remark 4. Let R > 0 and suppose u(xr) € C(RY) and is given by u(x) = (@), o] < B , where
uz(x),|z] > R
u1, ug : R = R admit the gradients hy = Vuy, hy = Vus such that
hior = max{ sup |h1(z)], sup hg(x)} < 0.
lz|<R |z|<R
Moreover, wug 1is u-strongly convex. Then wu is p/2-strongly conver at infinity, outside the ball
B (0,(2v2/p)h12,R) -
Proof. Let x € B(0,R) and y ¢ B(0, R), one writes
(z —y,h(z) = h(y)) = (x —y,h1(z) — ha(y) = (x =y, ha(x) — ha(y)) + (z — y, ha(z) — ha(x))
> ple —y* — |z —yllhi (z) — ho()]
> ple =y = (u/4)e = y* = (/)| () — ha(2)?
> (Bu/4)x — y? — 2/1)h3 0. p = Bu/4)le -y — (u/4)R*.
Hence for any z,y such that |z — y| > R = (2v/2/u)h1 2,r, one obtains
(& =y, h(z) = h(y)) = (W/2)|lz — yI*.
O

H Complimentary numerical experiments

This section provides additional simulation results expanding upon Subsection illustrating the
behavior of SGULA under varying stepsizes and inverse temperature parameters in the same Gaussian
mixture with Laplacian prior setting.

First we explore the behavior of SGULA across a range of stepsizes: A = {107!,1072,1073,107%,1075}.
In Figure [3| we observe that a moderate stepsize (A = 1072) yields the most faithful approximation to the
true target density, successfully recovering the modal structure and allocating mass in accordance with
the true distribution. For larger stepsizes, while the major modes are still detected, some modes appear
overrepresented while others are suppressed, indicating that the sampler suffers from discretization bias.
This is consistent with the well known behavior of Langevin based samplers, large stepsizes cause the
discrete time dynamics to deviate from the continuous time Langevin diffusion, leading to biased stationary
distributions. Conversely, when using smaller stepsizes, the shape of the empirical distribution deteriorates
despite correct mode localization. The samples appear fragmented or noisy, with reduced mass between
modes. This occurs because smaller stepsizes slow down the exploration of the space, leading to poor mixing
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SGULA (A=1e-1) SGULA (A=1e-2)

True density

-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
SGULA (A=1e-3) SGULA (A=1e-4) SGULA (A=1e-5)

-4 -2 0 2 4 -4 -2 0 2 4

Figure 3: SGULA applied to a two-dimensional Gaussian mixture with Laplace prior, for varying stepsizes.

and high autocorrelation between samples. As a result, the Markov chains may not adequately transition
across modes within the finite computational budget, even if the theoretical bias is small.

Subsequently we run the same experiment for a fixed stepsize A = 1073 and varying inverse temperature
parameters § = {100, 100,5,2,1}. In Figure @ we observe that as [ increases, the sampler increasingly
concentrates around local maxima of the original density. This results in sharp, isolated regions of mass
but many modes become underrepresented or completely missing. This behavior is desirable in optimization
contexts (e.g., MAP estimation), where identifying a single mode is sufficient, but it undermines full posterior
exploration in Bayesian settings. This phenomenon is well understood in the context of Langevin-type
algorithms as increasing [ steepens the potential. As a result, the sampler rapidly descends into local
minima and becomes metastable, i.e., it takes exponentially long to escape a mode, especially in multi-
modal or semi-convex targets.
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True density

SGULA (B=100) . SGULA (B=10)
1Q (o)
10

o

-4 T T T -4 T T T
-4 -2 0 2 4 -4 -2 0 2 4

SGULA (B=2) SGULA (B=1)

-4 -2 0 2 4

Figure 4: SGULA applied to a two-dimensional Gaussian mixture with Laplace prior, for varying inverse temperature
parameters.
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Table 2: Analytic expressions of constants.

No. Constants dim
1 b = max ([h(0)[/(2n),mR + (L + (1/2)) R?) 0(1)
2 Cr = (4/p)(b+d/B) 0(d)
3 Cy = (20 +2d/B + pm?/L*) /(1 — 2AL?) O(d)
4 Cy = (217 /L% +2) Cy + (2u/L%) (wm®/L* + 2d/ ) O(d)
5 Cy = 2uC3 + 2um?*/L* + 4d/B O(d)
6 Cs =Cs+2(d/B+0) O(d)
7| Co= VO +EGP) (VO +EBP) + 2L (1+ G+ EGP) + VO +ERP))) | 0)
8 Cyy, = 2ePKR°/8 o(1)
9 C,, =237'C, o(1)

T ) ) )
10 o~ )5 min(1/R?, uf/8) B if BKR* <8, o)

(8v2rR(BK)'?((BK) ™" + (Bu) ") exp(BKR?/8) + 32(BuR)~?) ~ if BKR* > 8.
11| Cyw, = 2max{1, B2} ()e VIBHIITP2)BR12 [19) 5y a4 /e + 2,8/ (ee?)}/(VBR + 1) | O(1)
12 C,, = 2min{1,1/e}e~ Y/DVE/ D WHOR 10 () o(1)

p 2¢? 2 2 2+ /e 2v/2¢? 1
Cy(€) =max ¢ — — , O

13 o (€) { - (1+ﬁ>’/mu—66(1—6‘2)l e(\/ﬁ%u_e)+mu—6 } (1)
14 Ciy, = \/1+ (20) 1 BRK + u)(2 + 2K /)24 O(d)
15 Cry = /4 o)
16 Cr = CsCw,/ (1 — e Cn /2) O(d)
17 O = max{Cs, v/Cs i,/ (1 - e*%/“‘) O(d)
18 Cy = CCly,/ (1 _ e—%ﬂ) O(d)
19 Cr, = Cs(1+ Cw, /(1 — e~ Fr1/2)) O(d)
20 Cr, = Cs + max{Cs, v/Cs i,/ (1 - e—%/?) O(d)
21 Cr, = Co(1L+ Cyy, /(1 — e /7)) O(d)
22 Cr = m+ (L/2)VE|fo|? + (L/2)\/ (1 +2b + 2d/B) /. O(d'?)
23 M =m +3LJ2+ L\/b/(2u) o(1)
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