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Abstract

The empirical risk minimization approach to data-driven decision making requires
access to training data drawn under the same conditions as those that will be faced
when the decision rule is deployed. However, in a number of settings, we may
be concerned that our training sample is biased in the sense that some groups
(characterized by either observable or unobservable attributes) may be under- or
over-represented relative to the general population; and in this setting empirical
risk minimization over the training set may fail to yield rules that perform well
at deployment. We propose a model of sampling bias called conditional Γ-biased
sampling, where observed covariates can affect the probability of sample selection
arbitrarily much but the amount of unexplained variation in the probability of
sample selection is bounded by a constant factor. Applying the distributionally
robust optimization framework, we propose a method for learning a decision rule
that minimizes the worst-case risk incurred under a family of test distributions
that can generate the training distribution under Γ-biased sampling. We apply a
result of Rockafellar and Uryasev to show that this problem is equivalent to an
augmented convex risk minimization problem. We give statistical guarantees for
learning a model that is robust to sampling bias via the method of sieves, and
propose a deep learning algorithm whose loss function captures our robust learning
target. We empirically validate our proposed method in a case study on prediction
of mental health scores from health survey data and a case study on ICU length of
stay prediction.

1 Introduction

Empirical risk minimization is a practical and popular approach to learning data-driven decision rules
[6, 39, 73]. Formally, suppose that we observe i = 1, . . . , n samples (Xi, Yi) independently drawn
from a distribution P , where X ∈ X are covariates and Y ∈ Y is a target outcome, and we want to
learn a decision rule h that minimizes a loss L under P :

h∗ = argmin
h

E(X,Y )∼P [L(h(X), Y )] . (1)

Then, empirical risk minimization involves choosing a decision rule ĥ that is a (potentially penalized)
minimizer of the in-sample loss n−1

∑n
i=1 L(h(Xi), Yi); and the learned decision rule is deemed to

perform well if the loss of ĥ approaches the minimum possible loss that could be attained using h∗

[73].

Formal justifications for empirical risk minimization crucially rely on the assumption that the target
distribution we want to deploy our decision rule on, i.e., the one used to define the objective in (1), is
the same as the distribution P from which we drew the training samples (Xi, Yi) used for learning.
In several important application areas, however, sampling bias in the data collection process may
prevent practitioners from accessing training data from the distribution that they intend to deploy the
rule on; and such sampling bias may cause decision rules learned via empirical risk minimization on
the training data to incur high risk on the target distribution.
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The goal of this paper is to develop an alternative to empirical risk minimization that is robust to
potential sampling bias. We still assume that we get to work with n i.i.d. samples from P ; however,
we now define the optimal decision rule in terms of a different distribution Q,

h∗ = argmin
h

E(X,Y )∼Q [L(h(X), Y )] , (2)

and allow for the prospect that P may be biased relative to our target distribution Q. For example,
in the context of online health surveys, Q is the nationwide adult distribution, whereas P is the
distribution over survey respondents who we have data from.

Of course, if there is no link between our sampling distribution P and our target distribution Q,
then learning data-driven rules is not possible. A popular solution is to define a robustness set S,
a family of distributions that are related to the training distribution P , that likely contains the true
target distribution Q; and then to use distributionally robust optimization (DRO) [5, 61] to learn a
decision rule that minimizes the worst-case risk over S, i.e.

argmin
h

sup
Q∈S(P )

EQ [L(h(X), Y )] . (3)

Applying DRO effectively hinges on choosing an appropriate robustness set: One that is large enough
to contain the true target distribution but at the same time is not overly conservative.

Our approach starts by proposing a model for sampling bias that then induces natural robustness
sets tailored to challenges arising from learning data-driven decision rules in settings like those
highlighted above. Our proposed model of sampling bias, conditional Γ-biased sampling, responds
to this insight by allowing arbitrary sampling bias along observed covariates X but bounding the
amount of bias due to unobservables. Formally, the model is an extension of the one used in [2] and
[46] to the setting where there are covariates X that may affect whether a sample is selected. Here,
Γ ≥ 1 captures the allowed strength of sampling bias, and larger values of Γ allow for more bias.
Note that, with Γ = 1 (i.e., no sample selection based on unobservables), this model corresponds to
unconfounded sample selection model that is widely studied in the literature on generalizability (e.g.,
[65, 71, 72]).

Definition 1. Let Γ ≥ 1. For any pair of distributions P and Q over (X,Y ), we say that Q can
generate P under conditional Γ-biased sampling if there exists a distribution Q̃ over (X,Y, S), where
S ∈ {0, 1} is a “selection indicator” that satisfies the following properties: The (X,Y )-marginal of
Q̃ is equal to Q, the (X,Y )-marginal of Q̃ conditionally on S = 1 is equal to P , and

PQ̃ [S = 1 | X = x, Y = y]

PQ̃ [S = 1 | X = x]
∈ [Γ−1,Γ] ∀x ∈ X , y ∈ Y. (4)

The main contribution of this paper is a method for robust loss minimization under conditional
Γ-biased sampling. To operationalize this goal, we define a robustness set SΓ(P,QX) that consists of
all distributions that can generate P via conditional Γ-biased sampling and have covariate distribution
QX . Notably, this robustness set places restrictions on the conditional distribution Y |X instead of
the joint distribution or covariate distribution. We then seek to learn

h∗
Γ = argmin

h
sup

Q∈SΓ(P,QX)

EQ [L(h(X), Y )] (5)

for arbitrary feature distributions QX .

Our proposed method, Rockafellar-Uryasev (RU) Regression, involves learning h∗
Γ via (penalized)

empirical minimization of the loss LΓ
RU, which we refer to as the RU loss. We use this name because

because results of [55] play a key role in our derivation of this loss function. This paper investigates
RU Regression both theoretically and empirically.

2 Rockafellar-Uryasev Regression

We propose a method for solving the DRO problem (5) that arises from the assumption of conditional
Γ-biased sampling. Our first theorem reformulates (5) as the minimizer of the expectation of a convex
function over data drawn from the training distribution P .
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Theorem 2.1. Suppose that (X, Y ) ∈ X × Y are drawn i.i.d. with respect to a distribution P for
some X ⊆ Rd and Y ⊆ R. Suppose that PY |X=x is absolutely continuous with respect to Lebesgue
measure for every x ∈ X . Let L(z, y) be a loss function that is convex in z for any y ∈ Y , and let
Γ > 1. Then the following augmented loss function,

LΓ
RU(z, a, y) = Γ−1L(z, y) + (1− Γ−1)a+ (Γ− Γ−1)(L(z, y)− a)+, (6)

is convex is (z, a) for any y ∈ Y . Furthermore, any solution

{h∗
Γ(·), α∗

Γ(·)} ∈ argmin
(h, α)∈L2(PX ,X )×L2(PX ,X )

EP

[
LΓ

RU(h(X), α(X), Y )
]

(7)

is also a solution to (5) for any QX that is absolutely continuous with respect to PX , i.e., QX ≪ PX ,
and supx∈X

dPX(x)
dQX(x) < ∞.

We next demonstrate how the general regularity properties established above translate into conver-
gence guarantees for RU regression in the familiar setting where h∗

Γ is known to belong to a Hölder
class defined in Appendix C. Optimal estimation in Hölder classes is a widely studied problem
[13]; and, in particular the minimax-optimal rate of convergence for nonparametric regression over
the Hölder class of p-smooth functions in d dimensions is known to be OP (n

− p
2p+d ) [63]. Thus,

studying the behavior of RU regression in this setting provides a transparent benchmark for statistical
properties empirical minimization with the RU loss. Our main result below, Theorem 2.2, will
demonstrate that—up to log factors—RU Regression matches the minimax rate of convergence of
[63] for nonparametric regression with p-smooth functions. We omit the proof in this paper for the
sake of length constraint. A roadmap can be found in Appendix C and the detailed proofs can be
found online [58].

Theorem 2.2. Suppose that Assumptions 1, 2, 3, 4, 5, 6, 7 in Appendix C hold. Let (ĥn, α̂n) be the
sieve empirical risk estimator defined in (26) with Let Jn ≍ ( n

logn )
1

2p+d . Then (ĥn, α̂n) achieves

||(ĥn, α̂n)− (h∗
Γ, α

∗
Γ)||L2(PX ,X ) = OP

(( log n
n

) p
2p+d

)
.

Furthermore, if QX ≪ PX and supx∈X dQX(x) / dPX(x) < ∞, then the same rate of convergence
holds over L2(QX ,X ) also.

3 An Experiment: Learning from an Online Health Survey

This case study is motivated by well-known challenges of working with online health surveys. As
described in Example 1, online health surveys are used for population health measurement but suffer
heavily from nonresponse. In particular, [36] use data from various surveys to train models to predict
the prevalence of mental health conditions, and they find that a prediction model trained on the
Household Pulse Survey [9, HPS], an online health survey conducted by the Census Bureau across the
United States, overestimates the prevalence of mental health conditions compared to a model trained
on the Behavioral Risk Factor Surveillance System [10, BRFSS], a telephone survey conducted by
the CDC across the United States. In this case study, we use RU Regression to train prediction models
on HPS data and assess whether this approach improves generalization to the BRFSS data.

For our training data, we use survey responses from the 2021 HPS (n1 = 1, 121, 213). For the target
data, we use survey responses from the 2021 BRFSS (n2 = 423, 807). While both surveys aim
to be representative of the United States adult population, HPS is a Census Bureau Experimental
Data Product with only a 2-10 % response rate, while BRFSS has a response rate of 44%. There
is a concern that, given the low response rate of the HPS, responders to the online survey may be
materially different along unobserved attributes than non-responders (and thus the general population)
[8, 36]. This motivates our choice to treat the BRFSS responses as a (near-)true target population Q,
while we consider the HPS responses as drawn from a potentially biased population P .

The covariates X ∈ Rd (d = 44) include individual-level demographic features such as age,
gender, education level, income, race/ethnicity, household size, and state-level characteristics such as
unemployment rate and proportion of the state with private health insurance, corresponding to the
state of the individual. The mental health indicator Y is the PHQ-4 score, which is the 4-item Patient
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Figure 1: We report the risk obtained by robust models trained on HPS training set and evaluated on
the BRFSS dataset and a held-out HPS test set when h is a neural network. Bootstrap standard errors
are computed with 5000 bootstrap samples.

Health Questionnaire (PHQ-4) screening scale of anxiety-depression [40]. The BRFSS 2021 does
not measure the PHQ-4 and instead measures 30 day prevalence of anxiety-depression; however, we
are able to impute PHQ-4 scores for BRFSS 2021 respondents using a conversion formula learned
from the Depression and Anxiety Module of the 2018 BRFSS survey that measures both outcomes
on a subset of respondents.

Following [37], we use Poisson regression to model PHQ-4 scores Y ∈ {0, 1, 2, . . . 12}. The loss
function is the Poisson negative log likelihood:

L(h(X), Y ) = −h(X) · Y + exp(h(X)).

We consider 6 approaches to learning h on the HPS 2021 data such as to obtain low Poisson loss on
the target BRFSS 2021 data. First, we consider both conditional and unconditional RU regression,
with h learned over both flexible neural networks as above and as a linear function (see Remark 4).
Second, we consider the transductive-type setting where we get to observe the distribution of the
features Xi on BRFSS (but not that of the outcomes) during training, and use this information to
conduct weighted RU regression as described in Section C.3 (again using both the flexible neural
network representation and the linear class for h). We estimate covariate weights via probabilistic
classification [66, 44] on a subset of the covariates from the HPS and BRFSS. We split the HPS 2021
dataset into train, validation, and an additional test set with 403636, 269091, and 448486 samples,
respectively. The BRFSS 2021 dataset consists of 423807 samples, only used at test-time.

Results are shown in Figure 1. We learn a robust neural network h. Again, we find that Weighted RU
Regression and RU Regression obtain lower BRFSS risk than Unconditional RU Regression for each
value of Γ. We find that Weighted RU Regression and RU Regression perform comparably, which
is expected because the use of covariate weights should not have a large effect if the model class is
sufficiently flexible. Across all experiments, we find that as Γ increases, the RU Regression variants
reduce the BRFSS (target) risk, at the cost of increasing the HPS (train) risk. Once Γ becomes too
large, we observe that the BRFSS risk begins to increase also.

4 Conclusion

In this paper, we considered a model for sampling bias, Γ-biased sampling, and proposed an approach
to learning minimax decision rules under Γ-biased sampling. Under our model, selection bias may
depend on unobservables—and the analyst may not be able to model sampling bias. As such, the
optimal decision rule under the target distribution is not identified; and the best the analyst can
do is to seek a decision rule with minimax guarantees under all target distributions that may have
generated the observed data under Γ-biased sampling. One of our key results is that, although our
learning problem may at first appear intractable, we can in fact turn it into a convex problem over an
augmented function space by leveraging a result of [55].
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A More background

A.1 Examples

Example: Nonresponse in Online Health Surveys Large-scale online health surveys are a recently
popularized tool for public health surveillance [26, 9, 59]. While these surveys are cheap to deploy,
they suffer from high levels of nonresponse, which can yield biased predictions of the outcome. For
example, [36] find that online surveys, such as the Household Pulse Survey (HPS), yield implausibly
high estimates for the prevalence of anxiety and depression during the pandemic, compared to
a telephone survey called Behavioral Risk Factor Surveillance System (BRFSS) survey. They
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hypothesize that HPS respondents differ from members of the general population in their unmeasured
psychological characteristics, as well as geographic-demographic characteristics. Similarly, [8]
find that online surveys overestimate vaccine uptake and hypothesize that online surveys may be
unrepresentative with respect to political partisanship, which has been found to be correlated with
vaccine behavior and with survey response. Thus, data-driven rules learned via empirical risk
minimization with data from online health surveys may not generalize well to real-world settings.

Example: Site Selection in Development of Medical Risk Models. Various risk predictors are
widely used to guide both clinical practice and hospital logistics. Bias may arise if a risk model that
is trained using data from one hospital is then deployed at another hospital, and the two hospitals
have different patient populations. For example, the Epic Sepsis Model (ESM), a proprietary sepsis
prediction model deployed at hundreds of US hospitals, generates automated alerts to warn clinicians
that patients may be developing sepsis. In an external validity study, [75] found that ESM performed
much worse (AUC, 0.63) on Michigan Medicine hospitalization data than the reported performance
by Epic Systems (AUC, 0.73). Followup analysis by [42] suggests that this performance gap may
be driven by differences in sepsis presentation and comorbidities among patient populations at
different hospitals. Patient populations may differ along observable attributes, as well as unobservable
attributes.

Example: Self-Selection in Randomized Trials. In randomized trials for estimating treatment
effects, participants often volunteer or apply to be a part of the study. For instance, [4] measure the
effect of a vocational training program on labor market outcomes in a randomized trial. However,
participants were not randomly sampled from the target population; they needed to apply to be a
part of the study. Similarly, [74] describes that the effectiveness of anti-depressants is assessed in
randomized trials involving volunteers. In such studies, participants may differ from non-participants
in fundamental ways, and so data-driven rules learned using data collected from study participants
may again fail to generalize to the full population.

A.2 Conditional vs. Unconditional Distributional Robustness

Our contribution fits broadly within a large existing literature on distributionally robust optimization
(DRO) [5, 61]. Most existing work in this space has either focused on constructing global (or
unconditional) robustness sets about the joint distribution over (X,Y ) [20, 19, 30, 45, 47, 52, 57],
or just the covariate distribution over X [19]. We believe, however, that addressing the challenges
arising in our motivating examples requires working with conditional robustness sets, e.g., as induced
by Definition 1, that let us specifically focus on bias along unobservables.

To give a concrete example of unconditional DRO, [20] consider the problem of learning

h∗ = argmin
h

sup
{
EQ [L(h(X), Y )] : Df (Q|P ) ≤ Γ

}
, Df (Q|P ) =

∫
f
(dQ
dP

)
dP, (8)

where Df is an f -divergence. One can verify that, if we consider an “improper" f -divergence

f(z) =

{
0 Γ−1 ≤ z ≤ Γ

∞ else,
(9)

then this robustness set is consistent with unconditional Γ-biased sampling, which is an analogue of
Definition 1 defined below. As discussed in Section 2 below, DRO under this unconditional robustness
set can also be solved via an augmented convex formulation which we refer to as Unconditional RU
regression—and will use as a baseline for our approach throughout.
Definition 2. Let Γ ≥ 1. For any pair of distributions P and Q over (X,Y ), we say that Q can
generate P under unconditional Γ-biased sampling if there exists a distribution Q̃ over (X,Y, S),
where S ∈ {0, 1} is a “selection indicator” that satisfies the following properties: The (X,Y )-
marginal of Q̃ is equal to Q, the (X,Y )-marginal of Q̃ conditionally on S = 1 is equal to P ,
and

Γ−1 · PQ̃ [S = 1] ≤ PQ̃ [S = 1 | X = x, Y = y] ≤ Γ · PQ̃ [S = 1] ∀x ∈ X , y ∈ Y. (10)

In unconditional Γ-biased sampling, there is no distinction between observables and unobservables,
and together they can only affect an individual’s probability of selection at most Γ. When Γ = 1

9



0 2 4 6 8 10
X

10

5

0

5

10

Y

RU Regression

= 1
= 2
= 4
= 8
= 16

0 2 4 6 8 10
X

10

5

0

5

10

Y

Unconditional RU Regression

= 1
= 2
= 4
= 8
= 16

Figure 2: Comparison of (Conditional) RU Regression and Unconditional RU Regression in an
example where the optimal model has a heteroscedastic loss distribution.

in unconditional Γ-biased sampling, P = Q because all units have the same probability of being
selected; whereas, as noted above, when Γ = 1 our conditional Γ-biased sampling model reduces to
unconfounded sample selection.

We argue that conditional models for sample selection are a better fit than unconditional ones in many
settings—including the examples discussed above. First, when there is sampling bias along both
observables and unobservables, the bias parameter Γ required for the conditional restriction (4) to hold
will generally be smaller than the unconditional restriction (10) because the conditional restriction
does not need to account for sampling bias along the observed X . Thus, in applications where Γ is
chosen based on substantive information, it’s likely that the use of the conditional restriction (4) will
enable using a smaller Γ—and thus require less conservatism under the data-collection distribution.

A second, more subtle issue with methods induced by the unconditional robustness set (10) is that
they do not always provide robustness that is useful in practice. This issue is illustrated in Figure 2,
using a simple one-dimensional simulation example. Here, when Xi is small, accurate prediction
is possible but data is split in two unequal-sized bands—and we may worry that the relative size of
these bands is unrepresentative due to sampling bias. When Xi is large, outcomes are not predictable
and large errors are unavoidable. In this setting, our proposed method, RU Regression, does what
we want it to do, i.e., the larger we make Γ, the more it shifts towards making predictions that are
accurate over both bands of data in case their relative importance changes. On the other hand, the
baseline method targeting (10), Unconditional RU Regression, is essentially unaffected by changing
Γ. Qualitatively (and in a sense that will be made precise through our the formal arguments), this is
because pessimism under (10) leads the method to upweight the “unpredictable” region where Xi is
large relative to the “predictable” region where Xi is small—but in the end this isn’t useful for robust
prediction since we already had the ability to flexibly react to Xi during prediction.

We see both of these phenomena play out in our experiments presented in Section 3. Across
both a semi-synthetic experiment and a real-world evaluation, we find that robust learning under
the conditional restriction (4) enables better tradeoffs between accuracy under the data-collection
distribution and the target distribution than methods motivated by the unconditional restriction (10).

Remark 1. Another advantage of the conditional restriction is that, in some settings, it is realistic
to assume knowledge of the true population covariate distribution QX at train-time; see, e.g., our
application to health surveys with sampling bias in Section 3. This then enables us to a suite of well
known reweighting techniques to adjust for any shift along measurable attributes [65, 71, 72]. In
contrast, in our examples, the target conditional distribution QY |X is always unknown at train-time,
so the only tool available to the analyst (if they cannot collect more data) is to posit a model on the
shift due to unobservables. In settings like these, the conditional Γ-biased sampling model places an
assumption only on the part of the problem that is truly unidentified from data.
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A.3 Related Work

Our proposed model of sampling bias, conditional Γ-biased sampling, builds on previous models
for sampling bias [2, 46], where samples Yi are drawn i.i.d. from the target distribution Q but only
included in the training dataset with a latent probability πi ∈ [α, β], for α, β ∈ (0, 1]. Under this
model, previous works focus on partial identification of the population mean outcome EQ [Y ]. If we
interpret πi := PQ̃

[
Si

∣∣Xi, Yi

]
, then our Γ-biased sampling model as specified in Definition 1 is

statistically equivalent to an extension of the model used in [2] and [46] that includes covariates in
such a way that we allow the unobserved probability of sample selection π to be arbitrarily affected
by the covariates X but bounds on the amount of unexplained variation in πi. Also, unlike [2] and
[46], we focus on learning a robust decision rules rather than on partial identification of moments of
Q.

Our model is also connected to the broader literature on sensitivity analysis in causal inference
[1, 18, 25, 33, 49, 76], the goal of which is to understand how causal analyses justified by as-
suming randomized or unconfounded treatment assignment could be affected by a failure of these
assumptions. In particular, our Γ-biased sampling model has a similar statistical structure as the
Γ-marginal sensitivity model used by [68] to quantify failures of unconfoundedness. However, in
these sensitivity analyses, the concern is typically regarding threats to internal validity (i.e., failures
of unconfoundedness), whereas here we model sampling bias as a threat to external validity.

As discussed above, our work fits within the broader DRO literature [5, 61], but because the vast
majority of that literature focuses on robustness to global or unconditional shifts the resulting methods
and analytic techniques are not directly applicable to our setting. We do note, however, that there
are a handful of recent works that also consider robustness sets that place restrictions on conditional
shifts [22, 51, 69]. [22] takes statistical uncertainty to be the source of the distribution shift and
considers shifts in the empirical conditional distribution for subsets of X with sufficiently large
measure. In contrast, we consider sampling bias, which is present even in the population case with
infinite samples, as the source of the distribution shift we seek to be robust against. Furthermore, our
problem also requires placing constraints on the conditional shift for every x, not just subsets of X .
[51] leverages access to noisy proxies of unobserved variables for learning models that are robust to
shifts in the distribution of unobservables. [69] studies how to evaluate the worst-case loss under a
parametric robustness set, which consists of interpretable, conditional shifts. Our work differs from
[51, 69] in that we do not make any fine-grained assumptions on the nature of the shift, such as access
to proxy variables or a parametric form. We note that the challenge of considering robustness sets
that enforce conditional restrictions has also recently been considered in the literature on sensitivity
analysis in causal inference [18, 33, 49, 76]. These works use robust optimization for a different
goal of obtaining partial identification bounds on the treatment effect. Most related to our work, [18]
consider a model that places pointwise bounds on the conditional odds ratio and uses results of [55]
to obtain formulas for partial identification bounds.

Finally, our contribution is related to the broader literature on data-driven decision making. This
literature has been active in recent years, including contributions from [3], [6], [21], [24], [35],
[39], [43], [50], [64], [67], [77] and [78]. A recurring theme of this line of work is in choosing
loss functions L(·) that captures relevant aspects of various decision tasks [6]. Our results pair
naturally with this line of work, in that our approach can be applied with generic loss functions
to learn decision rules that are robust to potential sampling bias. We also draw attention to [35],
who consider learning optimal treatment rules from confounded data, i.e., where the “treated” and
“control” samples available for training may be biased according to unobservable attributes. Our
work is related to that of [35] in that we both consider using robust optimization techniques to learn
from data potentially corrupted via biased sampling; however, the type of bias we consider (test/train
vs. treatment/control), and resulting algorithmic and conceptual remedies, are different.

B More About RU Regression

Lemma B.1. Let P,Q be the distributions over (X,Y ). Suppose that PY |X=x, QY |X=x are ab-
solutely continuous with respect to Lebesgue measure for every x ∈ X . Q can generate P via
conditional Γ-biased sampling if and only if

Γ−1 ≤
dQY |X=x(y)

dPY |X=x(y)
≤ Γ, ∀x ∈ X , y ∈ Y (11)

11



and supx∈X
dPX(x)
dQX(x) < C for some C < ∞.

Proof of Theorem 2.1. The first claim regarding convexity of LΓ
RU follows immediately using the

standard rules for composing convex functions [7]. We focus on the second claim of Theorem 2.1. To
this end, we start by reducing the worst-case population risk minimization problem in (5) to separate
worst-case conditional risk minimization for each x ∈ X using the following lemma.

Lemma B.2. A function h ∈ L2(PX ,X ) solves (5) if and only if, h solves the following almost
surely for X ∼ PX :

h(X) = argmin
h∈R

sup
{
EQY |X [L(h, Y ) | X] : Q ∈ SΓ(P,QX)

}
. (12)

We can apply Lemma B.1 to view the inner maximization of (12) as the maximization of a linear
function subject to convex constraints. The optimization variable in the inner problem is dQY |X=x

and the constraints require that:

1. dQY |X=x is a valid probability distribution for x ∈ X , i.e.
∫
dQY |X=x(y) = 1, and

2. the Γ-biased sampling condition (11) holds.

Moreover, the worst-case conditional distribution dQ∗
Y |X=x must satisfy the Γ-biased sampling

condition, i.e., dPY |X=x(y) / dQ
∗
Y |X=x(y) ∈ {Γ−1,Γ} because the supremum of a convex function

over a closed, bounded, convex set exists and is achieved at some extreme point of the feasible set
and PY |X=x is absolutely continuous with respect to Lebesgue measure.

We next show that this supremum admits a simple characterization. Let Fx;h(x)(z) be the c.d.f. of
L(h(x), Y ) where Y is distributed according to PY |X=x, i.e., Fx;h(x)(z) is the distribution over the
conditional losses when X = x, let qLη (x;h(x)) be the η-th quantile of the distribution over the
conditional losses when X = x,

qLη (x;h(x)) = F−1
x;h(x)(η), (13)

and let

η(Γ) =
Γ

Γ + 1
. (14)

Then, the worst-case distribution can be written as

dQ∗
Y |X=x(y) =

{
Γ · dPY |X=x(y) if L(h(x), y) ≥ qLη(Γ)(x;h(x))

Γ−1 · dPY |X=x(y) o.w.
(15)

To verify that this is in fact the worst-case distribution, note that here we assign a weight Γ to
the values of y that yield values of L(h(x), y) that exceeds qLη (x;h(x)) for some η ∈ (0, 1) and
weight Γ−1 to the values of y that yield values of L(h(x), y) which fall above this threshold. And
the worst-case distribution must do this; otherwise, there would exist a distribution dQY |X=x that
obtains higher risk than dQ∗

Y |X=x. The choice of quantile η is set to ensure that dQ∗
Y |X=x is a valid

probability distribution; we pick η that satisfies Γ−1(1− η) + Γ · η = 1. Solving this equation yields
η(Γ) as defined in (14).

Next, we can use (15) to verify that

sup{EQY |X [L(h(X), Y ) | X = x] : Q ∈ SΓ(P,QX)}

= EPY |X

[
L(h(X), Y )

(
Γ−1 + (Γ− Γ−1)I(L(h(X), Y ) ≥ qLη(Γ)(X;h(X))

)
| X = x

]
,

(16)

and so (12) can be rewritten as

min
h(x)∈R

EPY |X

[
L(h(x), Y )

(
Γ−1 + (Γ− Γ−1)I(L(h(x), Y ) ≥ qLη(Γ)(X;h(x))

)
| X = x

]
. (17)

Thus, we can focus on the optimization problem in (17).
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We realize that the objective in (17) is closely related to the conditional value-at-risk (CVaR) [55],
which is widely considered in the finance literature. For a continuous random variable W with
quantile function (inverse c.d.f.) qW and η ∈ (0, 1), the η-CVaR of W is given by

CVaRη(W ) = E [W | W ≥ qW (η)] .

Applying the CVaR definition, we realize that

EPY |X

[
L(h(X), Y )I(L(h(X), Y ) > qLη (X;h(X))) | X = x

]
= (1−η(Γ))·CVaRη(Γ)(L(h(x), Y )).

(18)
Substituting (18) into (17) and simplifying gives the following problem

min
h(x)∈R

Γ−1EPY |X [L(h(x), Y ) | X = x] + (1− Γ−1) · CVaRη(Γ)(L(h(x), Y )). (19)

We are now ready to use the influential result of [55, Theorem 1], which in our setting implies that
the CVaR of the loss itself can be formulated as the solution to a convex optimization problem:1

CVaRη(L(h, Y )) = min
α∈R

α+ (1− η)−1EY [(L(h, Y )− α)+] (20)

for a loss L(h, Y ) that depends on h ∈ H ⊂ R and Y , a random variable with a density. Thus, we
can rewrite the term CVaRη(Γ)(L(h(x), Y )) from (19) as

CVaRη(Γ)(L(h(x), Y )) = min
α(x)∈R

α(x) +
1

1− η(Γ)
EPY |X [(L(h(x), Y )− α(x))+|X = x] . (21)

Furthermore, by Theorem 2 of [55], any minimizer of the following joint optimization also minimizes
the CVaR. In particular,

min
h∈H

CVaRη(L(h, Y )) = min
(h,α)∈H×R

α+ (1− η)−1EY [(L(h, Y )− α)+] . (22)

Applying this theorem to (19), we have that

argmin
h(x)∈R

Γ−1·EPY |X [L(h(X), Y )) | X = x] + (1− Γ−1) · CVaRη(Γ)(L(h(x), Y ))

= argmin
h(x),α(x)∈R

Γ−1 · EPY |X [L(h(x), Y )) | X = x]

+ (1− Γ−1) ·
(
α(x) +

1

1− η(Γ)
EPY |X [(L(h(x), Y )− α(x))+|X = x]

)
= argmin

h(x),α(x)∈R
Γ−1 · EPY |X [L(h(x), Y )) | X = x] + (1− Γ−1)α(x)

+ (Γ− Γ−1)EPY |X [(L(h(x), Y )− α(x))+|X = x]

= argmin
h(x),α(x)∈R

EPY |X

[
LΓ

RU(h(x), α(x), Y ) | X = x
]
.

The last line follows from the definition of LΓ
RU in (6). In other words, (19) can be written as the

augmented conditional risk minimization

min
h(x),α(x)∈R

EPY |X

[
LΓ

RU(h(x), α(x), Y ) | X = x
]
. (23)

Functions h∗
Γ, α

∗
Γ that solve (23) also solve (7) for every x ∈ supp(PX) almost surely. In addition,

any minimizer of (23) also solves (12) for any x ∈ supp(PX) almost surely. Since QX ≪ PX and
Lemma B.2 holds, we have that functions that minimize (12) almost surely for any x ∈ supp(PX)
also minimize (5).

The derivation of RU Regression reveals that the optimal robust decision rule is agnostic to the
target covariate distribution QX as long as it is absolutely continuous with respect to the training
covariate distribution PX and has supx∈X dPX(x) / dQX(x) < ∞. This is because the optimal rule
in fact minimizes the worst-case conditional loss for x ∈ supp(PX) almost surely. Note that this
universality via reduction to conditional risk minimization is only applicable when the decision rule
h and auxiliary function α can represent the conditionally-optimal decision rule. This setting arises

1A similar argument is made in [56, Example 6.19].
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in Section C.2 when we consider learning over sieve spaces that eventually span L2(PX , X ), and in
Section 3 when we consider joint optimization of deep neural networks to learn the solution of (7).
On the other hand, if we want to learn the optimal decision rule h over a constrained function class,
conditional and population risk minimization may no longer equivalent; and, as discussed in Section
C.3, and additional weighting correction that depends on QX will be needed.
Remark 2. The techniques used to prove Theorem 2.1 can also be applied to study robust learning
under the unconditional Γ-biased sampling model (9), resulting in the statement in Corollary B.1
below.2 We refer empirical minimization with the resulting objective (24) as Unconditional RU
Regression. While (Conditional) RU Regression learns the optimal robust decision rule under the
assumption of conditional Γ-biased sampling, Unconditional RU Regression learns the optimal robust
decision rule under the assumption of unconditional Γ-biased sampling. The main difference between
RU Regression and Unconditional RU Regression is that in Unconditional RU Regression, we only
learn a one-dimensional auxiliary parameter α, while in RU Regression we must fit an auxiliary
function α(X).

Corollary B.1. Suppose that (X, Y ) ∈ X × Y are drawn i.i.d. with respect to a distribution P for
some X ⊆ Rd and Y ⊆ R. Let L(z, y) be a loss function that is convex in z for any y ∈ Y , and let
Γ > 1. Any solution

{h∗
Γ(·), α∗

Γ} ∈ argmin
(h, α)∈L2(PX ,X )×R

EP

[
LΓ

RU(h(X), α, Y )
]

(24)

is also a solution to (8) where f is given by (9).

C Large-Sample Theory

In the previous section, we showed that the minimax decision rule under conditional Γ-biased
sampling could be expressed as the population minimizer of a convex loss function over an augmented
function space. This is helpful in understanding what the minimax decision rule looks like—and
suggests that the corresponding DRO problem may be tractable. In practice, however, we of course
do not have access to the full sampling distribution P , and need to choose our decision rule based
on a finite (random) sample from it. Here, we investigate the properties of learning algorithms that
leverage the representation result derived above, and learn decision rules via empirical minimization
using the loss function LΓ

RU.

One challenge in doing so is that LΓ
RU(z, a, y) is not strongly convex in (z, a); and in fact, it is not

even strongly convex in expectation when a < 0. The following results show, however, that the
population RU risk has a unique minimizer—and is strongly convex and smooth in a neighborhood
around the minimizer. These properties enable us to obtain estimation guarantees when the optimal
robust decision rule lies in a p-Hölder space, a class of smooth functions. Overall, our results suggest
that LΓ

RU has sound statistical properties in finite samples, and thus that empirical minimization using
this loss function is a promising approach to learning minimax decision rules under conditional
Γ-biased sampling. We conclude this section by providing a weighted version of RU Regression for
learning the optimal robust decision rule over a constrained function class.

C.1 Properties of Population RU Risk

First, we consider the problem of minimizing the population RU risk with respect to (h, α) over
L2(PX ,X )× L2(PX ,X ). We use the following norm on this product space

||(h, α)||L2(PX ,X ) =
√

||h||2L2(PX ,X ) + ||α||2L2(PX ,X ).

Under the following assumptions, we can show that the population RU risk has a unique minimizer
over L2(PX ,X )× L2(PX ,X ).

Assumption 1. X × Y ⊂ Rd × R is compact. In particular, there exists a constant B such that
0 < B < ∞ and Y ⊂ [−B,B].

2While this result is conceptually similar to the results of [20], the choice of f that corresponds to the
robustness set we consider is discontinuous and unbounded, so the formal results (and proof strategies) of [20]
do not apply.
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Assumption 2. The loss function L(z, y) = ℓ(y − z) for some function ℓ that is C-strongly convex,
twice-differentiable and is minimized at ℓ(0) = 0.

Assumption 3. For every x ∈ X , we assume that PY |X=x(y) is differentiable and strictly increasing
in its argument and has positive density on Y . As a consequence, we can define

Pmin,Γ := inf
c∈[1− η(Γ)

2 ,1+
η(Γ)

2 ],x∈X
pY |X=x(q

Y
c (x)), (25)

where qYc (x) denotes the c-th quantile of PY |X=x, and note Pmin,Γ > 0. We assume that there exists
Pmax such that supx∈X ,y∈Y pY |X=x(y) ≤ Pmax, where 0 < Pmax < ∞.

Theorem C.1. Under Assumptions 1, 2, 3, EP

[
LΓ

RU(h(X), α(X), Y )
]

has a unique minimizer
(h∗

Γ, α
∗
Γ) over L2(PX ,X )× L2(PX ,X ). In addition,

α∗
Γ(x) = qLη(Γ)(x;h

∗
Γ(x)),

and there exist positive constants M−,M+
Γ such that

M− < α∗
Γ(x) < M+

Γ ∀x ∈ X .

In particular, M− depends on Pmax and loss function L, and M+
Γ depends on B,Γ and loss function

L.

Building on this characterization of the minimizer, we can show in a || · ||∞-ball about the minimizer,
the population RU loss is strongly convex and smooth. To show smoothness, we require the loss
function L to be D-smooth (have second derivative upper bounded by D) for some constant 0 <
D < ∞. Theorem C.2 below implies that in a neighborhood about the minimizer,

|EP

[
LΓ

RU(h
∗
Γ(X), α∗

Γ(X), Y )
]
− EP

[
LΓ

RU(h(X), α(X), Y )
]
| ≍ ||(h∗

Γ, α
∗
Γ)− (h, α)||2L2(PX ,X ),

and this property will be useful for establishing nonparametric estimation guarantees in the following
section.
Assumption 4. The second derivative of ℓ(z) as defined in Assumption 2 is upper bounded by D,
where 0 < D < ∞.
Theorem C.2. Let Cδ = {(h, α) ∈ L2(PX ,X ) × L2(PX ,X ) | ||(h, α) − (h∗

Γ, α
∗
Γ)||∞ < δ}.

Under Assumptions 1, 2, 3, 4, there exists 0 < δ < M− and positive constants κ1, κ2 such that
EP

[
LΓ

RU(h(X), α(X), Y )
]

is κ1-strongly convex and κ2-smooth in (h, α) on Cδ, where strong
convexity and smoothness are defined using the norm on the product space L2(PX ,X )×L2(PX ,X ).
In addition, κ1 depends on constants C,Pmin,Γ, Pmax,Γ,M

−,M+
Γ , and loss function L, and κ2

depends on constants Pmax, D,Γ,M−,M+
Γ , and loss function L.

C.2 Estimation Guarantees under Hölder-Smoothness

Definition 3. The class of p-Hölder smooth functions over X ⊂ Rd, Λp(X ), is defined as follows.
Let β be a d-tuple of nonnegative integers, and set |β|1 = β1 + β2 + · · · + βd. Let Dβ denote
the differential operator defined by Dβ = ∂|β|1 / (∂xβ1

1 . . . ∂xβd

d ). Let Cm(X ) be the space of all
m-times differentiable real-valued functions on X . Let p = m + γ, where m is an integer m ≥ 0
and γ ∈ (0, 1]. The Hölder space Λp(X ) consists of all functions h ∈ Cm(X ) for which the norm

||h||Λp(X ) =
∑

|β|1≤m

||Dβh||∞ +
∑

|β|1=m

sup
x,x′∈X ,
x ̸=x′

|Dβh(x)−Dβh(x′)|
|x− x′|γ2

is finite. Furthermore, the p-Hölder ball with radius c is Λp
c(X ) = {h ∈ Λp(X ) | ||h||Λp(X ) ≤ c}.

A first question we need to address is: If we assume that our estimation target h∗
Γ(x) is p-smooth in

the Hölder sense, what does this imply about the auxiliary parameter α∗
Γ(x) that emerged from our

RU regression construction? Theorem C.1 showed that α∗
Γ(x) is a conditional quantile of the losses,

and so any smoothness of α∗
Γ will depend on the smoothness of the conditional quantile function

of the losses—which in turn depends on the smoothness of the conditional distribution of Y |X , the
smoothness of the loss function ℓ, and the smoothness of h∗

Γ. It is thus not a-priori obvious that α∗
Γ(·)

should generally inherit regularity properties from h∗
Γ(·); however, as shown below, it does hold that

if h∗
Γ(·) is p-smooth then α∗

Γ(·) will also be p-smooth under mild additional assumptions.
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Assumption 5. Let Y − Y = {y, y′ ∈ Y | y − y′}. We assume that the optimal robust predictor is
smooth h∗

Γ ∈ Λp
c(X ), the loss function is smooth ℓ ∈ Λp

c(Y − Y), and that the conditional outcome
distribution is smooth PY |X ∈ Λp+1

c (X × Y).

Lemma C.1. Suppose Assumptions 1, 2, 3, 4, 5 hold. The optimal auxiliary function α∗
Γ ∈ Λp

c′(X )

for some constant c′ > 0 that depends on p, c, d,M−,M+
Γ , Pmin,Γ, Pmax, and the loss function L.

This result motivates learning h(·) and α(·) by running RU regression over a function class that
can effectively represent p-smooth functions. The full class of p-smooth functions is an infinite
dimensional space that is challenging to optimize over directly. For this reason, we instead consider
the method of sieves [27], where we optimize the empirical risk over a sequence of finite-dimensional
sieve spaces H1 ×A1 ⊆ · · · ⊆ HJ ×AJ ⊆ . . . , whose span provides increasingly sharp approxima-
tion to all p-smooth functions as the sieve index J increases. Empirical risk minimization over the
sieve space can then be written as

(ĥn, α̂n) ∈ argmin
(h,α)∈HJn×AJn

ÊP [LRU(h(X), α(X), Y )] , (26)

where Jn corresponds to the size of the sieve basis for a given sample size.

Standard choices of sieves for approximating smooth functions include polynomials and univariate
splines [13]. For technical reasons, it is helpful to constrain our sieve functions to take values only
within a bounded interval; and to accomplish this we follow the truncation strategy of [33]. Formal
definitions of truncated polynomial and/or univariate spline sieves used in our analysis can be found
online [58].

Obtaining the optimal rate of convergence for sieve estimation requires balancing the estimation error
and sieve approximation error [13]. Estimation error is given by the error between the empirical RU
risk minimizer in the sieve space and the population RU risk minimizer in the sieve space, and can be
bounded using the metric entropy of the sieve space. Sieve approximation error is the error that arises
from projecting the minimizer over the infinite-dimensional model space (h∗

Γ, α
∗
Γ) ∈ Λp(X )×Λp(X )

onto a finite-dimensional sieve. To get a handle on the sieve approximation error, our proofs adapt
the result from [70] that

inf
(h,α)∈H̃Jn×ÃJn

||(h, α)− (h∗
Γ, α

∗
Γ)||∞ = O(J−p

n ),

where H̃Jn
× ÃJn

denotes a (non-truncated) polynomial or univariate spline sieve.

Assumption 6. PX has a density that is bounded away from 0 and ∞, i.e. 0 < infx∈X pX(x) <
supx∈X pX(x) < ∞ for all x ∈ X .

Assumption 7. We assume that supx∈X EPY |X

[
Y 2 | X = x

]
< ∞.

C.3 Extension to Constrained Function Classes

Thus far, we have focused on learning a robust decision rule without any constraints on the functional
form of h. In some setting, however, it may be of interest to learn robust prediction rules with
functional form constraints imposed on h (e.g., we want to find the best robust linear or tree-shaped
predictor under our Γ-biased sampling model). In constrained function classes, population risk
minimization is no longer equivalent to conditional risk minimization, because the optimal decision
rule from the constrained class cannot perfectly minimize the risk conditionally for every x ∈ X .
However, the following results shows that a weighted minimizer of the RU loss, where the weights
are given by the density ratio between the target and train covariate distribution, still identifies the
optimal robust decision rules within a constrained function class.

Corollary C.1. Suppose that (X,Y ) ∈ X × Y are drawn i.i.d. from P . Assume that PY |X=x is
absolutely continuous with respect to Lebesgue measure for all x ∈ X . For any h,

sup
Q∈SΓ(P,QX)

EQ [L(h(X), Y )] = inf
α∈L2(PX ,X )

EP

[
r(X) · LΓ

RU(h(X), α(X), Y )
]
, (27)

where r(x) = dQX(x)
dPX(x) and QX is a distribution with the same support and supx∈X

dPX(x)
dQX(x) < ∞.
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Conditional RU Regression Unconditional RU Regression

Figure 3: Model architecture for (Conditional) RU Regression and Unconditional RU Regression.
Notably, conditional RU Regression requires fitting an auxiliary neural network α : X → R, while
unconditional RU regression requires fitting a one-dimensional auxiliary parameter α ∈ R.

The above result suggests that if the covariate density ratio r is known and we aim to learn a robust
decision rules from a function class H, which may not necessarily be L2(PX ,X ), then we can
consider the following weighted risk minimization problem

inf
h∈H

sup
Q∈SΓ(P,QX)

EP [r(X) · L(h(X), Y )] = inf
(h,α)∈H×L2(PX ,X )

EP

[
r(X) · LΓ

RU(h(X), α(X), Y )
]
.

(28)
Thus, Weighted RU Regression can be applied to learning a robust decision rule from a constrained
function class H. Unlike the setting where the decision rule can take value in L2(PX ,X ), when
the decision rule is restricted to H, the optimal robust decision rule is not agnostic to the target
covariate distribution QX , and so Weighted RU Regression can only be applied if the target covariate
distribution is identifiable. This limitation is inherent to any distributionally robust optimization
approach that places restrictions on the conditional distribution Y |X instead of the joint distribution
(X,Y ).
Remark 3. One subtle aspect of the above result is that even though we have constrained the function
class that h comes from, Weighted RU Regression still requires optimizing α over a flexible class.
One can check that α∗

Γ that minimizes the right side of (28) corresponds to a conditional quantile of
the losses incurred under h∗

Γ. Restricting h to take value in a simple function class does not necessarily
guarantee that the optimal α∗

Γ takes values in that class. Constraining the function class of α without
making further assumptions on the data distribution may introduce bias due to misspecification.

C.4 Other experiments

C.5 Implementing RU Regression

We implement our baselines and proposed method using gradient-based optimization of neural
networks [28]. From a statistical perspective, neural networks can be seen as a practical sieve-like
methods that automate the selection of relevant basis functions [14, 23, 60]. The benefits of neural
networks include that they can be used as a black-box primitive for flexible function classes, they
are straightforward to train using standard deep learning libraries, and they require less manual
hyperparameter tuning than classical sieve-based approaches.

A neural network can be thought of as a function fθ : X → R, where θ denotes the parameters of
the network. The output space of the neural network is often the space of outcomes Y but can also
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take other values. We use Pytorch [54] to instantiate, train, validate, and test the neural networks. RU
Regression is implemented using two neural networks. One of the networks represents the decision
rule h : X → Y , while the other network represents the auxiliary function α : X → R. The model
architecture of RU Regression is visualized in the left side of Figure 3. Since RU Regression is a
joint optimization problem over both (h, α), we propose to learn the parameters of the networks h
and α simultaneously. To do so, the covariates X from a training sample (X,Y ) are passed to both
networks h and α, and the outputs of both networks h(X), α(X) are obtained. Next, we compute
LΓ

RU(h(X), α(X), Y ) by summing the three terms of the RU loss (6). The third term of the RU loss
depends on (L(h(X), Y )− α(X))+, which can be represented using the ReLU (rectified linear unit)
activation function available in Pytorch. We compute the gradient of the RU loss with respect to h
and α and update the parameters of both networks described above using the Adam optimizer [38].
We similarly implement Unconditional RU Regression using gradient-based optimization; the only
implementation difference being that the auxiliary function α(X) in RU Regression is now replaced
with an auxiliary parameter α ∈ R.

One limitation of using overparametrized neural networks to implement RU Regression is the potential
for overfitting to the training data. Recent works have observed that it is possible for neural networks
to interpolate the training data and obtain zero training loss. When the model can interpolate the
training data, DRO approaches that explicitly or implicitly (like RU Regression) reweight the training
data may not necessarily yield improved robustness because the worst-case risk on the training data
also vanishes. To address this, [57] recommend coupling DRO with some form of regularization,
such as early stopping or ℓ2 regularization. In our experiments, we use early stopping. To implement
early stopping, we hold out part of our training set as a validation set, evaluate the RU loss obtained
on the validation set while training for a fixed number of epochs, and select the model that obtains
the lowest RU loss on the validation set.
Remark 4. In Section C.3 we discussed the setting where h is constrained to only take values in a
function class H. In this setting, we can still use gradient-based optimization to solve the resulting
Weighted RU Regression problem, as long as H has a tractable differentiable representation. For
instance, when H is the class of linear models, we can represent h as a one-layer neural network and
α using a neural network and jointly train both models with the Weighted RU loss.

C.6 Predicting Hospital Length of Stay

Accurate patient length-of-stay predictions are useful for scheduling and hospital resource manage-
ment [29]. Many recent works study the problem of predicting patient length-of-stay from patient
covariates [16, 48, 62]. In this setting, we evaluate the potential of RU regression for sampling-
bias-robust length-of-stay prediction using a semi-synthetic experiment designed using the publicly
available MIMIC-III dataset [34].

MIMIC-III has data on 19571 patients. The observed covariates X consist of 20 patient attributes
(medical measurements and demographic characteristics) recorded within the first 24 hours of hospital
stay. The outcome Y is the patient length-of-stay (LoS) in the ICU in days. Our semi-synthetic
experiment involves resampling the original MIMIC-III dataset to introduce sampling bias. We then
seek to use this biased data to learn a prediction rules that can predict Y with low mean-squared error
on the original (unbiased) dataset.

More specifically, we start by splitting the original dataset into train, validation, and test sets consisting
of 7045, 4697, and 7829 samples, respectively. We then resample both the train and validation sets
with resampling weights πe : X × Y → R+ to generate distribution shifts; we resample with
replacement such as to preserve the nominal sizes of both sets. We consider two weight functions for
resampling,

π1(x, y) ∝ dQY (y), π2(x, y) ∝
1

(dQY (y))2
.

Histograms of the marginal distribution over Y (LoS) in the target population and the biased training
populations are given in Figure 4. Note that the weights πe are not used by any learning algorithm,
they are only used to generate the biased training data and compute evaluation metrics. We learn h(·)
via the deep-learning based approach described above (without any covariate reweighting).

On the test set, we report two evaluation metrics. The first metric treats the original MIMIC-III
dataset as coming from the true target distribution Q; when we report results under Q, we are
effectively evaluating the ability of methods to compensate for the synthetic sampling bias introduced
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Figure 4: Marginal distributions over Y (LoS) in the target population and synthetic biased train
populations.
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Figure 5: We evaluate RU Regression and Unconditional RU Regression when trained on biased
training populations P1, P2. Bootstrap standard errors are computed with 5000 bootstrap samples.

by weighted resampling. The second evaluation metric applies weighting to the test set that imitates
the sampling bias, thus providing us with an assessment of accuracy under with respect to the training
environment Pe; this metric is what’s targeted by empirical-risk minimization and other approaches
that don’t consider potential sampling bias.

We compute these metrics as

Target Environment Q Risk =

ntest∑
i=1

L(he(Xi), Yi)
/
ntest

Train Environment Pe Risk =

ntest∑
i=1

πe(Xi, Yi) · L(he(Xi), Yi)
/ ntest∑

i=1

πe(Xi, Yi).

(29)

In all cases, we use squared-error loss for L(·), i.e., we target mean-squared error.

We compare the train and target risk obtained by RU Regression and Unconditional RU Regression
models trained on P1, P2. In the left and middle plots of Figure 5, we find that as Γ increases, RU
Regression has increasing training risk and decreasing target risk. In contrast, as Γ increases, the
Unconditional RU Regression model’s train risk is relatively constant and its target risk decreases
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modestly, even though the worst-case risk increases with Γ. In the right plots, we plot the Pareto
frontier between train and target risk for RU Regression and Unconditional RU Regression models
for Γ = 2, 4, 8, 16. We find that RU Regression trades off performance on the training environment
for improved target risk, meanwhile Unconditional RU Regression behaves similarly to the Standard
ERM model on this frontier. We hypothesize Unconditional RU Regression exhibits this behavior
because it implicitly upweights training samples from “hard to learn” regions of the covariate-outcome
space, where no model can perform well. Practically, this results in the Unconditional RU Regression
model behaving similarly to a model fit via standard ERM in the remaining regions of the covariate
space.

D Discussion

One question we have not focused on in this paper is how to choose Γ in practice, i.e., how to set the
maximal bias parameter in Definition 1, which is a key limitation of our work. We emphasize that Γ
is not something that’s identified from the data; rather, it’s a parameter that the decision maker must
choose when designing their learning algorithm. Setting Γ = 1 corresponds to the usual empirical
risk minimization algorithm, with no robustness guarantees under potential sampling bias. Using a
larger value Γ > 1 enables the analyst to gain robustness to sampling bias at the cost of potentially
worsening performance in the training environment.

One practical way to navigate the choice of Γ is, following [32], to consider values of Γ that help
make decision rules robust across different available samples. For example, if one seeks to design
a generally applicable risk prediction model using data only from two hospitals A and B whose
patients come from different populations, one could examine which values of Γ enable one to use
data from hospital A that work well in hospital B, and vice-versa. While such an exercise does not
tell us which value would be best for accuracy on the (unknown) target distribution, it can at least
shed light on the order of magnitude of values for Γ that are likely to be helpful in practice.

In other settings, we may have to select Γ without access to any target conditional distribution. In the
absence of data from any target conditional distribution, we can only view Γ as a sensitivity parameter
that is postulated by the researcher. While there is no true value, we can follow the approaches of
[53] and [15] to benchmark Γ using the distribution shift of observables.

Finally, we note that it is interesting to consider how our results relate to the literature on “robust”
learning. There is a broad literature on methods for learning that are robust to data contamination.
For example, there has been interest in models where a fraction ε of the data comes from a different
distribution [12, 31], or was chosen by an adversary [11, 17, 41]. Interestingly, however, methods
that seek robustness to data corruption effectively down-weight the influence of outliers, because
otherwise a small fraction of corrupted examples could affect results arbitrarily much. In contrast, in
our setting, we tend to give larger weight to samples with large loss—because under biased sampling
a small number of samples with large loss in the training distribution could reflect a much larger
fraction of the true target. In other words, approaches that seek robustness to data corruption end up
to a large extent doing the opposite of what we do here in order to achieve robustness to sampling bias.
This tension suggests that a learning algorithm cannot simply be “robust”. One can make choices that
make an algorithm robust to some possible problems with the training distribution (e.g., sampling
bias, or data corruption), but these choices will involve trade-offs that may reduce robustness across
other dimensions.
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