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ABSTRACT

This paper introduces a novel approach to solving multi-block nonconvex com-
posite optimization problems through a proximal linearized Alternating Direction
Method of Multipliers (ADMM). This method incorporates an Increasing Penal-
ization and Decreasing Smoothing (IPDS) strategy. Distinguishing itself from
existing ADMM-style algorithms, our approach (denoted IPDS-ADMM) impos-
es a less stringent condition, specifically requiring continuity in just one block
of the objective function. IPDS-ADMM requires that the penalty increases and
the smoothing parameter decreases, both at a controlled pace. When the asso-
ciated linear operator is bijective, IPDS-ADMM uses an over-relaxation stepsize
for faster convergence; however, when the linear operator is surjective, IPDS-
ADMM uses an under-relaxation stepsize for global convergence. We devise a
novel potential function to facilitate our convergence analysis and prove an oracle
complexity O(e~3) to achieve an e-approximate critical point. To the best of our
knowledge, this is the first complexity result for using ADMM to solve this class
of nonsmooth nonconvex problems. Finally, some experiments on the sparse PCA
problem are conducted to demonstrate the effectiveness of our approach.

1 INTRODUCTION

We consider the following multi-block nonconvex nonsmooth composite optimization problem:

n

min Y [fi(xi) + hi(x:)], st Y Aixi] = b, (1)
X1,X2,..3Xn =1 i1
where b € R™*1 A; € R™*di x;, ¢ R%>¥! and i € [n] £ {1,2,...,n}. We assume
fi(-) : REX1 s (—00, 00) is differentiable and potentially nonconvex for all i € [n]. The function
hi(-) : R4>X1 y (—o0, 00] is assumed to be closed, proper, lower semi-continuous, and poten-
tially nonsmooth. While h,,(-) is convex, we do not require convexity for h;(-) for i € [n — 1].
Additionally, we assume the nonconvex proximal operator of h;(-) is easy to compute for all ¢ € [n].

Problem (I) has a wide range of applications in machine learning. The function f;(-) plays a cru-
cial role in handling empirical loss, including neural network activation functions (Liu et al.| 2022
Zeng et al., 2021 |Wang et al.| |2019a; Huang et al.| [2019). Incorporating multiple nonsmooth reg-
ularization terms h;(-) enables diverse prior information integration, including structured sparsity,
low-rank, binary, orthogonality, and non-negativity constraints, enhancing regularization model ac-
curacy. These capabilities extend to various applications such as sparse PCA, overlapping group
Lasso, graph-guided fused Lasso, and phase retrieval.

» ADMM Literature. The Alternating Direction Method of Multipliers (ADMM) is a versatile
optimization tool suitable for solving composite constrained problems as in Problem (I)), which
pose challenges for other standard optimization methods, such as the accelerated proximal gradient
method (Nesterovl, |2003) and the augmented Lagrangian method (Zeng et al., 2022} [Lu & Zhang,
2012; Zhu et al.| 2023} [Lin et al., 2022)). The standard ADMM was initially introduced in (Gabay
& Mercier, |1976), and its complexity analysis for the convex settings was first conducted in (He &
Yuan, 2012} Monteiro & Svaiter;, 2013). Since then, numerous papers have explored the iteration
complexity of ADMM in diverse settings. These settings include acceleration through multi-step
updates (Pock & Sabachl [2016} L1 et al., 2016} |Ouyang et al., 2015; |Shen et al., 2017; |Tran Dinh}
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Table 1: Comparison of existing nonconvex ADMM approaches. CVX: convex. NC: nonconvex.
LCONT: Lipschitz continuous. WC: weakly convex. RWC: restricted weakly convex. I: A, is identity.
SU: A,, is surjective with Apin (A, AT) > 0. IN: A,, is injective with Apin(ATA,,) > 0. BI: A,
is bijective (both surjective and injective). IM: Im([A1, Ao, ..., A,_1]) C Im(A,) with Im being
the image of the matrix.

Optimization Probl and Main A ption:

Reference Blocks | Functions f;(-) and h;(-)* Matrices A ; ¢ y | Parameter o
(He & Yuan|[2012) n=2 CVX: fi,hi, Vi € [2] feasible Ot |o=1
| (Ci & Pongl[2015) n=2 NC: hy, fo; f1i=ha =0 SU 0(e?) oc=1
| (Yang etal.|[2017) © n=23 CVX: hy, f3; NC: hos f1 = fo = h3 = 0 I O(e7?) o €[l,2)
| (Yashtini|[2022) n=2 NC: fli,9), hpiops he =0 BI O(e7?) o€ (0,1)
| (Yashtini/[2021) n>2 WC: flin—1)5 M) =0 BI, IM O(e7?) o€ (0,1)
| (Wang et al.] 20196} n>2 RWC: h1 n_1]; bn =0 IN, IM 0(e?) o=
| (Bot & Nguyen|[2020) | n =2 NC: hjn)s flrns f1 =h2a =0 I O(e7?) oell,2)
| (Bot et al.][2019) n=2 NC: A1), flins J1 =ha =0 SU O(e7?) o€ (0,1)
| (Huang et al.[[2019) n>2 CVX: hpin)s hn =0 BI O(e7?) o=1
(Li et al.||2022)¢ n=2 NC: f1, h1; CVX: hg; fo = 0; LCONT: hy I O %) oc=1
[ Ours n>2 NC: 71 n—1], Jl1,n]s CVX: hin; LCONT: iy, fn BI O ?) o €[l1,2)
Ours n>2 NC: A1 n—1]s fl1,n]3 CVX: hy; LCONT: A, fro SU O(e™?) oe(0,1)

Note a: The notation h,, = 0 indicates that, for the n-th block, the non-smooth part is absent and the objective
function is smooth.

Note b: The iteration complexity relies on the variational inequality of the convex problem.

Note c¢: We adapt their application model into our optimization framework in Equation with (L, S, Z) =
(x1,x2,x3), as their model additionally requires the linear operator for the other two blocks to be injective.
Note d: This paper focuses manifold optimization problem with a fixed large penalty and a fixed small stepsize.

2018), asynchronous updates (Zhang & Kwok, 2014), Jacobi updates (Deng et al., [2017), non-
Euclidean proximal updates (Gongalves et al., [2017b)), and extensions to handle more specific or
general functions such as strongly convex functions (Nishihara et al.,[2015;|Lin et al., 2015a;|Ouyang
et al.} 2015), nonlinear constrained functions (Lin et al.,|2022)), and multi-block composite functions
(Lin et al., 2015b; | Xu et al.,[2017).

» Nonconvex ADMM. Compared to the classical Subgradient Methods (L1 et al., 2021 Davis &
Drusvyatskiy, [2019) and Smoothing Proximal Gradient Methods (SPGM) (Bohm & Wright, |[2021)),
designed for general nonconvex optimization, ADMM-type methods potentially offer faster conver-
gence, enhanced parallelization, and greater numerical stability. However, the convergence analysis
of the nonconvex ADMM is challenging due to the absence of Fejér monotonicity in iterations. In
the past decade, significant research has focused on exploring various nonconvex ADMM variants
(Li & Pong, 2015 [Hong et al.| [2016; |Yang et al.l |2017). (Li & Pong| 2015)) establishes the con-
vergence of a class of nonconvex problems when a specific potential function associated with the
augmented Lagrangian satisfies the Kurdyka-tojasiewicz inequality. (Yang et al., 2017) analyzes
ADMM variants for solving low-rank and sparse optimization problems. (Hong et al., [2016) in-
vestigates ADMM variants for nonconvex consensus and sharing problems. Some researchers have
examined ADMM variants under weaker conditions, such as restricted weak convexity (Wang et al.,
2019b), restricted strong convexity (Barber & Sidkyl[2024)), and the Hoffman error bound (Zhang &
Luo, [2020). However, existing methods all assume the smoothness of at least one block. In contrast,
our approach imposes the fewest conditions on the objective function by employing an Increasing
Penalization and Decreasing Smoothing (IPDS) strategy.

» Over-Relaxed and Under-Relaxed ADMM. Prior studies have analyzed ADMM using either
under-relaxation stepsizes o € (0, 1), or over-relaxation stepsizes o € [1,2), for updating the dual
variable. This contrasts with earlier approaches that employed fixed values such as 1 or the golden
ratio (v/5 + 1)/2. In nonconvex settings, most existing works require that the associated matrix
of the problem be bijective (Goncalves et al., [2017a; Yang et al., 2017} [Yashtini, 20225 2021} [Bot,
& Nguyen, 2020). However, the work of (Bot et al., 2019) demonstrates that ADMM can still
be applied when the associated matrix is surjective, provided that an under-relaxation stepsize is
employed. Inspired by these findings, our work shows that when the associated linear operator is
bijective, IPDS-ADMM uses an over-relaxation stepsize for faster convergence. In contrast, when
the linear operator is surjective, we employ under-relaxation stepsizes to achieve global convergence.

» Other Works on Accelerating ADMM. Significant research interest has focused on accelerating
ADMM for nonconvex problems. The work by (Hien et al., [2022) explore the use of an inertial
force, an approach further investigated in studies by (Pock & Sabach, [2016; |Le et al., [2020; (Bot,
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et al.| 2023; [Phan & Gillis|, [2023)), to enhance the performance of nonconvex ADMM. Additionally,
studies by (Huang et al.,|2019; [Bian et al.| 2021} |Liu et al.l [2020) have employed variance-reduced
stochastic gradient descent to decrease the incremental first-order oracle complexity in addressing
composite problems characterized by finite-sum structures.

» Existing Challenges. We consider the linearly-constrained optimization problem in Problem (T,
which involves (n — 1) potentially nonsmooth, nonconvex, and non-Lipschitz composite functions
h;(+) for i € [n — 1], and one convex, non-smooth composite function h,,(-). Existing ADMM-type
methods are unable to solve this problem as they require at least one of the composite functions to
be smooth (i.e., h,(-) = 0). In the special case where A,, = I and h,,(-) is the indicator function
of orthogonality constraints, the Riemannian ADMM (RADMM) algorithm (Li et al., [2022) can
solve Problem (I). However, its iteration complexity is suboptimal compared to our method, and it
is unable to handle linearly-constrained problems, particularly when A, is subjective. We make a
comparison of existing nonconvex ADMM approaches in Table[T}

» Our Contributions. Our main contributions are summarized as follows. (i) We introduce IPDS-
ADMM to solve the nonconvex nonsmooth optimization problem as in Problem (T). This approach
imposes the least stringent condition, specifically requiring continuity in only one block of the ob-
jective function. It employs an Increasing Penalization and Decreasing Smoothing (IPDS) strategy
to ensure convergence (See Section [3). (if) IPDS-ADMM achieves global convergence when the
associated matrix is either bijective or surjective. We establish that IPDS-ADMM converges to an
e-critical point with a time complexity of O(1/€3) (See Section . (iti) We have conducted exper-
iments on the sparse PCA problem to demonstrate the effectiveness of our approach. (See Section

).

» Assumptions. Through this paper, we impose the following assumptions on Problem ().
Assumption 1.1. Each function f;(-) is L;-smooth for all i € [n] such that |V f;(x;) — V fi(x;)|| <
Li|x; — x;|| holds for all x; € RY* and x; € RY>L. This implies that |f;(x;) — fi(X;) —
(Vfi(k:),xi — %) < &t||x; — %13 (¢f Lemma 1.2.3 in (Nesterov, |2003)).

Assumption 1.2. The functions f,(-) and h,(-) are Lipschitz continuous with some constants C'y
and Cy, satisfying ||V frn(x,)|| < Cy and ||0hy, (x,,)]| < Ch, for all x,,.

Assumption 1.3. We define X = \,o(AnAY), A 2 Nin(ALAT), ) = Nuin(ATA,). Either of
these two conditions holds for matrix A.,:

a) Condition BL: A, is bijective (i.e., A = X > 0), and it holds that k 4 X/A < 2.

b) Condition SU: A,, is surjective (i.e., A\ > 0, and X' could be zero).

Assumption 1.4. Given any constant B >0 welet® £ Info, xo, %0 Doreq fi(%i) + hi(xi)] +
gH[ZLl Ax;] — b||3. We assert that ©' > —cc.

Assumption 1.5. Let i € [n]. The proximal operator Prox;(x}; ) = miny, &x; — x}||3 + hs(x;)
can be computed efficiently and exactly for any given x;; € RYXY and 11 > 0.
Assumption 1.6. If Y7, [fi(x;) + hi(x;)] < 400, it follows that ||x;|| < +oc for all i € [n].

Assumption 1.7. Leti € [n]. Assume the vector x; € RY*1 is bounded. Then, for any j1 € (0, ),
the set Prox;(x}; ) is also bounded.

Remarks. (i) Assumption is commonly used in the convergence analysis of nonconvex algo-
rithms. (i) Assumption [I.2]imposes a continuity assumption only for the last block, allowing other
blocks of the function h; (xi)?;ll to be nonsmooth and non-Lipschitz, such as indicator functions of
constraint sets. It ensures bounded (sub-)gradients for f,,(-) and h,,(-), a relatively mild requirement
that has found use in nonsmooth optimization (Li et al., 2022} 2021} [Huang et al., [2019; [Bohm &
Wright, 2021)). (iii) Assumption demands a condition on the linear matrix A; for the last block
(t = n), while leaving A; unrestricted for ¢ € [n — 1]. (iv) Assumption ensures the well-
defined nature of the penalty function associated with the problem, as has been used in (Gongalves
et al.;2017a)). Furthermore, Assumptioncan be satisfied if Y, [fi(x;) + hi(x;)] > —0c0. (v)
Assumption is frequently employed in nonconvex ADMM frameworks (Li & Pong, 2015} [Bot:
et al.,|2019). Common examples of functions h;(x;) arising in practical applications include those
discussed in (Gong et al., [2013), £y regularization, ¢, /5 regularization (Zeng et al., 2014), and in-
dicator functions of cardinality constraints, matrices with orthogonality constraints (Lai & Osher,
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2014), and matrices with rank constraints, among others. (vi) Assumptions [I.6]and[I.7]are used to
guarantee the boundedness of the solution.

» Notations. We define [n] £ {1,2,...,n} and x £ x|, £ {x1,%X2,...,%,}. Forany j > i, we
denote x{; ;) £ {x,Xit1,. - X;}. We define Apin(M ) and Amax(M) as the smallest and largest
eigenvalue of the given matrix M, respectively. We denote || A;|| as the spectral norm of the matrix
A;. We denote Ax = 3" | Ajx;, and [[x* — x5 = Y7, [[x; — x;||3. Further notations and
technical preliminaries are provided in Appendix [A]

2  MOTIVATING APPLICATIONS

Many machine learning and data science models can be formulated as Problem (I)). Below, we
present two examples, with additional applications provided in Appendix [B]

» Sparse PCA. Sparse PCA (Chen et al., 2016} [Lu & Zhang| 2012) Sparse PCA focuses on i-
dentifying a subset of informative variables with sparse loadrngs to enhance interpretability and
reduce model complexity. It is formulated as: miny gix: 55 |D = DVVT |2+ |[V]1, s.t. V €

2 (V|VTV = I}, where D € R™*4 is the data matrix, and p > 0. Introducing an ad-
ditional variable Y, this problem can be formulated as: rnlnv Y 55 HD DVVT|Z + p||V||1 +
im(Y),s.t. =Y +V =0. It corresponds to Problem (1) with x x; = vec(Y), xo = vec(V),
i) =0, hi(x1) = em(Y), fa(x2) = 55D — DVVTHF’ ha(x2) = AV, Ay = —L
A5 =1, b = 0, and Condition BI.

» Structured Sparse Phase Retrieval. Sparse phase retrieval (Duchi & Ruan, 2018)) aims to
recover a sparse signal from the magnitudes of linear measurements. By incorporating addition-
al linear constraints, recovery accuracy can be further improved. The problem is formulated as:
miny [(Gv)©® (Gv) —z|3+ v 1H1, s.t. Dv > 0, where p > 0, G € R™*4, z ¢ R™, D € R4,
with D being surjective that DD ' > 0. Introducing a new variable y, this problem can be formu-
lated as: miny y [|[(Gv) ® (Gv) — z[3 + p||v[1 + t>0(y), s.t.y — Dv = 0 This corresponds to
Problemw1th X1 =y, X2 =V, fi(x1) =0, h1(x1) = t>0(y). f2(x2) = 3[(GV)®(Gv)—b||3,
ha(x2) =p|v|l1, A1 =1, Ay = =D, b = 0, and Condition SU.

3 THE PROPOSED IPDS-ADMM ALGORITHM

This section describes the proposed IPDS-ADMM algorithm for solving Problem (1)), featuring with
using a new Increasing Penalization and Decreasing Smoothing (IPDS) strategy.

3.1 INCREASING PENALTY UPDATE STRATEGY

We employ an increasing penalty update strategy that is crucial to our algorithm. A natural choice
for this penalty update rule is to use functions from the £, family. Throughout this paper, we consider
the following penalty update rule {3°}°, for any given parameters &,d,p € (0, 1):

B! =B (1+¢t7), 87 > Ln/(0N). @
Here, L,, and X are defined in Assumption and Assumption respectively.

We obtain the following useful lemma regarding the penalty update rule.

Lemma 3.1. (Proof in Appendix Given &,6,p € (0,1), assume Formulation ([Z]) is used to
choose {3t} We have: (a) Bt < BT < (1+€)BY, (b) L, < 6B

Remarks (i) The increasing penalty update strategy is closely coupled with the decreasing smooth-
ing strategy and the diminishing stepsize approach in the literature. These strategies are frequently
employed in subgradient methods (Li et al [2021), smoothing gradient methods (Bohm & Wright,
2021;|Sun & Sun, 2023} Lei Yang} [2021)), penalty decomposition methods (Lu & Zhangl [2013), and
stochastic optimization algorithms like ADAM (Kingma & Bal 2015} |Chen et al.} 2022), but are less
commonly utilized in ADMM frameworks. We examine this approach within ADMM but limit our
discussion to specific form and condition as in Formulation (2). (i) The condition 3° > L, /(6X)
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in Formulation (Z) essentially mandates that the initial penalty value be sufficiently large. This
condition can be automatically satisfied since an increasing penalty update is used. (iii) The result
B < (1+¢)Btin Lemmaimplies that the penalty parameter grows, but not excessively fast,
with a constant £ to prevent rapid escalation.

3.2 DECREASING MEREAU ENVELOPE SMOOTHING APPROACH

IPDS-ADMM is built upon the Moreau envelope smoothing technique (Li et al., 2022; Zeng et al.,
2022;/Sun & Sunl 2023} Bohm & Wright, |2021)). Initially, we provide the following useful definition.
Definition 3.2. The Moreau envelope of a proper convex and Lipschitz continuous function h(u) :
R4 R with parameter p1 € (0, 00) is defined as h(u; ;1) = ming cgax1 h(v) + ﬁ”v —ull3.

We offer some useful properties of Moreau envelop functions.

Lemma 3.3. ((Beck| [2017) Chapter 6) Suppose the function h(u) is Cy-Lipschitz continuous and
convex w.rt. u. We have: (a) The function h(u; u) is Cp-Lipschitz continuous w.r.t. u. (b) The
Sunction h(u; p) is (1/p)-smooth w.rt. w, and its gradient can be computed as: ¥V h(u;p) =
i(uf}P’h(u;p)), where Pp,(u; ) = arg miny, h(v)JrﬁHVqu%. (c)0 < h(u)—h(u;p) < SuC?.

Lemma 3.4. (Proof in Appendix Assuming 0 < py < py and fixing u € R, we have:
0 < hwpa)—h(up) ;C}zl
= p1—p2 = 2¥h

Lemma 3.5. (Proof in Appendix Assuming 0 < py < py and fixing u € R, we have:
IV h(u; 1) =V h(w; po)|| < (52 = 1) - Ch.

Lemma 3.6. (Proof in Appendix Given constants {c, j1, p}, we consider the convex problem in
I

problem X, = argminy, hy, (Xn; 1) + §||x, — c||3. We have: (a) %, = lfup(ii” + pc), where
X, = argming, hn(X,) + 1 - o 1%n — c||2 = Prox,(c;u+ 1/p). (b) p(c — X,,) € Oh(%y,).

(C) ||Xn - )v(n” S /~LCh

Remark 3.7. (i) We highlight that Lemmas and are novel contributions of this paper and
are instrumental for analyzing the proposed IPDS-ADMM algorithm. (ii) Lemma is crucial for
establishing the iteration complexity of Algorithm[I|to a critical point. The results of Lemmal[3.6|are
analogous to those of Lemma 1 in (Li et al.| [2022|).

3.3 THE PROPOSED IPDS-ADMM ALGORITHM

This subsection provides the proposed IPDS-ADMM algorithm. Initially, we consider the following
alternative optimization problem:

Mily, x,,...x, Mn(Xisp) + [2::11 hi(x;)] + [22;1 fi(xi)], st [Z::l=1 Aix;] = b, 3)

where y1 — 0, and hy, (X3 1) 2 mingegan <1 h(v)+5; [ v—xu|[3 is the Moreau envelope of hy, (x5, )
with parameter . Lemma [3.3|confirms that A, (X, 1) is a (1/41)-smooth function assuming h, (-)
is convex. We present the augmented Lagrangian function for Problem (3)), as follows:

L£(x,2; 8, 1) & (03 1) + {3272 i)} + G(x, 2 ), )
where G(x, z; () is differentiable and defined as:

G(x,2;8) = S0, filxi) + ([0, Aixi] — b,z) + 2[00, Aix;] — b|3.

Here, u € (0,00), 8 € (0,00), and z € R™*! are the smoothing parameter, the penalty parameter,
and the dual variable, respectively. We employ an increasing penalty and decreasing smoothing
update scheme throughout all iterations ¢ = {0,1,...,00} with 3 — 400 and p! % — 0.

Notably, the function G(x!, z'; 3?) is Li-smooth w.x.t. x; for all i € [m], where L! = L, + 5| A;]|3.
For notation simplicity, for all i € [n], we denote g} = V.G (xfl+ 1.171], xt, X'[fl. 1) zt; B1) as the
gradient of G(x,z'; %) w.r.t. x; at the point x!.

In each iteration, we select suitable parameters {3¢, u'} and sequentially update the variables

(x1,X2,...,Xn,2). We employ the proximal linearized method to cyclically update the vari-
ables {x1,Xa2,...,X,}. Specifically, we update each variable x; by solving the following sub-
problem for all i € [n]: x!™! ~ argmin,, cpa, ﬁ(Xf17i_1],Xi7Xfi+17n],zt; Bt ut). To address
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the x;-subproblem, we employ a proximal linearized minimization strategy for all ¢ € [n — 1]:

x!T € argming, hy(x;) + 91; ; — xt3 + (x; — xt, 8!, 2% 8)). However, for the final

block of the problem, we consider a subtly different proximal linearized minimization strategy:
02L

xtH = argming, hy, (X p1t) + 2 ||xn — x4 |3 + (x,, — x4, 8!). Importantly, we assign 6,
to blocks [1,n — 1] and 65 to block n. Our algorithm updates the dual variable z' using either an
under-relaxation stepsize o € (0, 1) or an over-relaxation stepsize o € [1,2).

Algorithm 1: IPDS-ADMM: The Proposed Proximal Linearized ADMM for Problem (T)).

Choose suitable parameters {p, £, d} and {o, 61, 6>} using Formula (5) or Formula @)
Initialize {x°,z°}. Choose 5% > L, /(6)).

for t from O to T do B
S1) IPDS Strategy: Set 3¢ = 60(1 +&tP), ut = 1/(A\6BY).
We define g¢ £ V,,G(x ’[sfll 1}’X’X1+1n]’ Y.
$2) i € argmin, ha(x1) + (1 — x4, &) + A — x| 3
S3) x5! € argminy, ha(x2) + (x2 — x5, §5) + 91L2 [[x2 — %513

91'—:1,—1

S4) XHI € argming, , hp—1(Xn-1) + <Xn 1= X1, 8h1) + [[%n-1 = x},_11I3
S5) xiHl € argming, hy, (xp; 1) + (x5 — x5, 81) + 922L n — x4 ||3. It can be solved using

Lemmaas xtHl = Tlup()vcfl“ + ppc), where x4+ = Prox, (c; u+ 1/p), u = pt,

p =05l and c = xt, — gt /p.
$6)z""! =2 + 05[], AjxgT] ~ b)

end

We present IPDS-ADMM in Algorithm [T} and have the following remarks.

Remark 3.8. (i) Algorithm || can be viewed as a generalized cyclic coordinate descent method
applied to the augmented Lagrangian function in Equation (4)). (ii) The Moreau envelope smooth-
ing technique has been used in the design of augmented Lagrangian methods (Zeng et al.| |2022))
and ADMMs (Li et al.| |2022), and minimax optimization (Zhang et al.| |2020). However, these
algorithms typically utilize constant penalties, whereas we adopt an Increasing Penalization and
Decreasing Smoothing (IPDS) strategy to improve the iteration complexity of RADMM (Li et al.|
2022), reducing it from O(1/€*) to O(1/€%). (iii) Algorithm is a fully splitting algorithm, where
each step reduces to computing a proximal operator. For the first (n — 1) blocks, we have:
x!t € Prox;(x! — g!/p;1/p), where p = 01LL. For the last block, Lemma 3.6 can be applied
to compute the proximal operator of the smoothed function h,,(x,; 1) using the proximal operator
of the original function h,,(x;,). (W) The point x:1 in Step S5) ofAlgorzhtm plays a crucial role.
As will be seen later in Theorem the point (x4, x5, ... xt |, %t z'), rather than the point
(xt,xb, ... xt_q,xt,z"), will serve as an approximate critical point of Problem (1)) in our com-
plexity results. (v) RADMM (Li et al., 2022) uses a fixed large penalty parameter O (1 €) and a fixed
small smoothing parameter O(¢) to achieve an e-approximate critical point. However, this leads to
overly conservative step sizes for the primal and dual updates, potentially hindering the algorithm’s
practical performance. (vi) We apply the smoothing strategy only to the last block to bound the dual
variables via the primal ones. This leverages the Lipschitz continuity of the smoothed function to
estimate %Hzt+1 — 2'||3 and construct a suitable potential function. (vii) Some may worry that
using an increasing penalty could cause the parameter to become unbounded. However, by setting

€ < 1, we ensure Bt < B < (1 + €)BY, meaning the penalty grows very slowly in practice.

3.4 CHOOSING SUITABLE PARAMETERS {p,{,0} AND {0, 61,62}

Selecting appropriate parameters {p,&,0} and {c, 01,0} is essential to ensuring the global con-
vergence of Algorithm In our theoretical analysis and empirical experiments, we suggest the
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following choices for {p, £, 0} and {c, 0;,0-}:

BI:p=1, ¢€(0,00),6€(0,3(2-1),0€[1,2),00 =101,0, = 45 + 5. (5)

SU:p=13,6=6=0="22 0, =1.01,06, =1.5. (6)

K

Here, xo £ 6woik, andw £ 1+ % + o&. Notably, the parameter 05 in (5) depends on (&, d, o).

Remark 3.9. (i) From (%we find that M550 > {1/k — 2 + 1} /{1+ 2 — 1} = 1/2, leading
to O > 1/2. (ii) From (6), we obverse that the parameters {£, 8,0} is inversely proportional to
the condition number k. Such settings are partly consistent with those in (Bot et al., | 2019) (refer
to Lemma 5 in (Bot et al.| 2019)). (iii) Introducing the relaxation parameter o € (0,2) enables
handling cases where the matrix is surjective. Specifically, when the matrix is bijective, we can use
an over-relaxation step size for faster convergence, whereas for surjective matrices, the algorithm

requires conservative step sizes to ensure global convergence.

4 GLOBAL CONVERGENCE

This section establishes the global convergence of Algorithm |}

We begin with a high-level overview of the proof strategy. First, using the Lagrangian function, we
derive sufficient decrease conditions for the four parameter sets: primal variables, dual variables, the
penalty parameter, and the smoothing parameter. Next, using the first-order optimality conditions
and dual update rules, we bound the difference in dual variables using primal by the difference in
primal variables. Lastly, we show that the tail error term related to the smoothing parameter is
constant, establishing the summability of the sequence linked to a potential function.

We provide the following three useful lemmas.

Lemma 4.1. (Proofin Appendix A Sufficient Decrease Property) Fix ez = { and ey = 161 —
Let ey € R. Forallt > 1, we have:

EF 4 O — 0 < (5 — 0+ e0) - Lol = x 3+ 2t — 23 )

-1
where EM1 £ [eq 3770 LE|lxi ™ — xt13] + ol x5 — x5 + Gt [z — 2l5.
Furthermore, ©% £ L(x!,z'; 8%, u*) + 1Cppt, Lt = L; + BY|As]j3 andw 2 1 + £ + o€
Lemma 4.2. (Proof in Appendix|D.2} First-Order Optimality Condition) Assume o € (0,2). For all
t > 1andi € [n — 1], we have the following results.

(@ Letw;™ € 0hy(x[")+V fi(x}), and ujt' £ 0,11 (x; " —xb) - gL AT D7, Ay (xS —xt)).
It holds that: 0 = o A] z" + A] (21! — 2*) + ow! ™! + oul™

(b) Let witt & Vh, (xtH, ut) + V. (x!), and utrt 2 Qt(xi! — xt), where Qt 2 6,LLT —

n

BEATA,,. It holds that: 0 = oAzt + AT (2 — z!) + ow!lH + oulflh.

n

(c) We have the following two different identities:

1
5

BI a™ = (1 - o)al 4 oc, ®
where '™t 2 AT (2! — 2" and ' £ u!, —ul + w! — witl.

U al™ = (1 —-o)al + oct, ©
where a1 £ AT (2! — 2') 4 oultt and ¢! £ ou!, + w!, — with

Lemma 4.3. (Proof in Appendix For all t > 0, we have: (a) L}, < BIA(1 +6); (b) || QY] <
BAq, where g £ 02(1 +0) = '/ (¢) [[upt | < gAB*[lx — x|l

We provide convergence analysis of Algorithm [I[Junder two conditions: Condition BI using Formu-
lation (8)), and Condition SU using Formulation (9).

We first define the following parameters for different Conditions BI and SU:
BI: { K, 2552 K, 2 3500 2 Kl 3,00, = K (L, — x|+ ul)®. (0)

SU:{ K, & 250 K, £ 82 0 & Ko, 00, = Kp (Lo, — x| +olub)® (1)
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[1—o|

Sa-Ti=on" Using the

parameters { K, K, }, we construct a sequence associated with the potential (or Lyapunov) function
as follows: ©f = 0! + ©! + O!,.

Here, 0 € (0,2), and {01,0,} are defined as: o; = ooz 02 =

4.1 ANALYSIS FOR CONDITION BI

We provide a convergence analysis of Algorithm [I] under Condition BI, where A, is a bijective
matrix. We assume an over-relaxation stepsize is used with o € [1, 2).

The subsequent lemma uses Equation (3) to establish an upper bound for the term S |zt +t — 2|3,

Lemma 4.4. (Proof in Appendix[D.4] Bounding Dual Using Primal) We define w as in Lemma
Forallt > 1, we have:

sgellz™ =23 < 05, — Ol + xabylx — x5 + T, (12)

where x1 = x0(0 + 02 + 026 — 1/K)%, x0 = 6wok, O, 2 O + 0!, and {K,, K, } are defined
in Equation (@) and T, £ Cﬁ% (B - D2

Assume Equation (5)) is used to choose {p, &, d, 7, 01, 62 }. We have the following two lemmas.

A

Lemma 4.5. (Proofin Appendix@) We have: ¢1 = %01—% >0, andey 2 92—%—X1 > % > 0.
Here, {X1, X0} are defined in Lemma4.4}

Lemma 4.6. (Proof in Appendix [D.6] Decrease on a Potential Function) For all t > 1, we have
5t+1 § @t _ @t-i—l + FL'

4.2 ANALYSIS FOR CONDITION SU

We provide a convergence analysis of Algorithm [I|under Condition SU, where A,, is a surjective
matrix. We assume an under-relaxation stepsize is used with o € (0, 1).

The following lemma utilizes Equation @) to establish an upper bound for the term %7 [|z"*" —2°(|3.

g

Lemma 4.7. (Proof in Appendix[D.7] Bounding Dual Using Primal) We define w as in Lemma
Forallt > 1, we have:

ogrllz T = 2|3 < O, — O + X2 - L X — x5 + T, (13)

where x2 = 225 . {52¢? + 302 + 3(6 + 0¢)?}, ¢ £ 02 + 026, O}, £ ©! + O!, and {K,, K.} are

defined in Equation , and Tt £ C} Ig'g . (“:: —1)2

Assume Equation (@) is used to choose {p, £, d, 0, 01, 02 }. We have the following two lemmas.

Lemma 4.8. (Proofin Appendix@) We have: g1 = 101 —1 > 0,and ey £ 05— 1 —x» > 0.02 >
0.

Lemma 4.9. (Proof in Appendix|[D.9) Decrease on a Potential Function). For all t > 1, we have:
£+ < O — O 4 T,

4.3 CONTINUING ANALYSIS FOR CONDITIONS BI AND SU

The following lemma demonstrates that ©? is consistently lower bounded.
Lemma 4.10. (Proof in Appendix Forall t > 1, there exists a constant © suc that ©¢ > ©.

The following lemma shows that 3% T, is always upper bounded.
Lemma 4.11. (Proof in Appendix We define FZ as in Lemma amd Lemma There

exists a universal positive constant C,, such that Zfi 1 FfL <C,.

We present the following theorem concerning a summable property of the sequence {£/71}22,.
Theorem 4.12. (Proof in Appendix Letting K. = ©' —© +C,,, we have: > ;= £ < K..
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The following lemmas are useful to provide upper bounds for the dual and primal variables.
Lemma 4.13. (Proof in Appendix The(_e exist constants {K,, K 2} such that ¥t >
L g2 3 < K and 377 57|z — 25 < K.

Lemma 4.14. (Proof in Appendix We have ||x! || < +oo forall i € [n).

Finally, we have the following theorem regrading to the global convergence of IPDS-ADMM.
Theorem 4.15. (Proofin Appendix We define K. £ K./ min{es, min(ey,e2)A}, where A 2
minf_, | A;||3. We have the following results: (@) ,_, ||z — 2|3+ || 88 (x!T1 —x!)||3 < K.A7.
(b) There exists an index t witht < T such that ||zt — 2t ||3 4 ||3(x*+! — xH)||3 < KCT’@T

Remark 4.16. (i) With the choice f7 = O(T?) with p € (0,1), we observe é* £ ||z'T1 — 2|3 +

BH(xttt — xh)||2 = O(TP1Y), indicating convergence of ¢t towards 0. (ii) In light of Theorem
a reasonable stopping criterion for Algorithmis |28+t — 2| 4 || BE(xPH! — xP)|| < € where
€ > 0 is a user-defined parameter.

4.4 ITERATION COMPLEXITY

We now establish the iteration complexity of Algorithm [I} We first restate the following standard
definition of approximated critical points.

Definition 4.17. (e-Critical Point) A solution (X, z) is an e-critical point if it holds that: Crit(x,z) <
€2, where Crit(%,z) 2 ||Ax—b|3+31, dist?(0, V f;(%;) +0hi(X;)+A] z), and dist? (2, ') £
infweaweq ||W — w||3 is the squared distance between two sets.

We obtain the following iteration complexity results.

Theorem 4.18. (Proof in Appendix@ We define q* = {x},x5,...,xt,_1, %! }. Let the sequence
{dt, 2! YL, be generated by Algorithm Z| Ifp € (0,3), we have: + Zle Crit(qtt!, z!t1) <
O(TP~Y) + O(T™Y) + O(T~?P). In particular, with the choice p = 1/3, we have
+ ST Crit(qith, zttY) < O(T~%/3).  In other words, there exists T < T such that:
Crit(qi™, 2!+ < €2, provided that T > O(1/€3).

Remark 4.19. To the best of our knowledge, this represents the first complexity result for using
ADMM to solve this class of nonsmooth and nonconvex problems. Remarkably, we observe that it

aligns with the iteration bound found in smoothing proximal gradient methods (Bohm & Wright,
2021).

4.5 ON THE BOUNDEDNESS AND CONVERGENCE OF THE MULTIPLIERS

Questions may arise regarding whether the multipliers z* in Algorithm [1| are bounded, given that
lzt||3 < K.pB!, as stated in Lemma We argue that the bounedness of the multipliers is not

Zt

an issue. We propose the following variable substitution: = £ 3! for all t. Consequently, we

can implement the following update rule to replace the dual variable update rule of Algorithm [T}

i+l — 3t \/B?% + \/gT -o(Ax!T! — b). Additionally, z! should be replaced with \/ft - 2! in

the remaining steps of Algorithm [I] Importantly, such a substitution does not essentially alter the
algorithm or our analysis throughout this paper.

We have the following results for the new multipliers Z*:

Lemma 4.20. (Proof in Appendix[D.17) We have: (a) ¥t > 0, ||2'|3 < K.; (b) 52, ||zt —
2'||3 < 2K, + K. Here, {K,, K.} are bounded constants defined in Lemma

Remark 4.21. Thanks to the variable substitution, the new multiplier ||2t|| is bounded and conver-
gentwith (minl_, |20+ — 21[3) < £ Y27 a1 — 2|3 < O(1/T).
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Figure 1: Convergence curves of methods for sparse PCA with p = 10 and 3° = 50p.

5 EXPERIMENTS

This section assesses the performance of IPDS-ADMM in solving the sparse PCA problem, as
shown in Section 2]

» Compared Methods. We compare IPDS-ADMM against three state-of-the-art general-purpose
algorithms that solve Problem (]I[) (i) the Subgradient method (SubGrad) (Li et al., 2021} |Davis
& Drusvyatskiyl [2019), (ii) the Smoothing Proximal Gradient Method (SPGM) (Bohm & Wright,
2021)), (iii) the Riemannian ADMM with fixed and large penalty (RADMM) (Li et al., 2022).

» Experimental Settings. All methods are implemented in MATLAB on an Intel 2.6 GHz CPU
with 64 GB RAM. We incorporate a set of 8 datasets into our experiments, comprising both ran-
domly generated and publicly available real-world data. Appendix Section [E] describes how to
generate the data used in the experiments. For for IPDS-ADMM, we set (3°,p,€,6,0,0) =
(50p,1/3,0.5,1/4,1.618,1.01) . The penalty parameter for RADMM is set to a reasonably large
constant 3 = 100p. We fix 7» = 20 and compare objective values for all methods after running 7"’
seconds, where T” is reasonably large to ensure the proposed method converges. We provide our
code in the supplemental material.

» Experiment Results. The experimental results depicted in Figure [1] offer the following insights:
(#) Sub-Grad tends to be less efficient in comparison to other methods. (if) SPGM, utilizing a variable
smoothing strategy, generally demonstrates slower performance than the multiplier-based variable
splitting method. This observation corroborates the widely accepted notion that primal-dual methods
are typically more robust and quicker than primal-only methods. (iif) The proposed IPDS-ADMM
generally attains the lowest objective function values among all methods examined.

6 CONCLUSIONS

In this paper, we introduce IPDS-ADMM, a proximal linearized ADMM that uses an Increasing
Penalization and Decreasing Smoothing (IPDS) strategy for solving general multi-block noncon-
vex composite optimization problems. IPDS-ADMM operates under a relatively relaxed condition,
requiring continuity in just one block of the objective function. It incorporates relaxed strategies
for dual variable updates when the associated linear operator is either bijective or surjective. We
increase the penalty parameter and decrease the smoothing parameter at a controlled pace, and in-
troduce a Lyapunov function for convergence analysis. We also derive the iteration complexity of
IPDS-ADMM. Finally, we conduct experiments to demonstrate the effectiveness of our approaches.

10
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Appendix

The organization of the appendix is as follows:

Appendix [A] covers notations, technical preliminaries, and relevant lemmas.
Appendix [B|provides additional motivating applications.

Appendix [C] contains proofs related to Section 3]

Appendix [D]offers proofs related to Section [4]

Appendix [E] includes additional experiments details and results.

A NOTATIONS, TECHNICAL PRELIMINARIES, AND RELEVANT LEMMAS

A.1 NOTATIONS

We use the following notations in this paper.

e [n]: {1,2,....,n}.

o x: X2 {x1,X,...,%,} = Xn]-

® X[ ]t X[ij] £ {Xj, Xi+1,Xit2,- - - -, X}, Where j > i.

o Li: LI = L; + B'||A;||3. Note that the function G(x, z*; 3?) is L!-smooth w.rt. x.
e 01012 oTicon € R.where o € (0,2). Refer to Lemma

® 09002 ﬁ € R, where o € (0, 2). Refer to Lemma

e ||x||: Euclidean norm: ||x|| = ||x|l2 = /(x, x).

e (a,b) : Euclidean inner product, i.e., (a,b) = )" a;b;.

e AT : the transpose of the matrix A.

e x;: the i-th block of the vector x € R(ditdat+du)x1 yith x; € Rdix1,

e \: the largest eigenvalue of the matrix A, A.

e )\: the smallest eigenvalue of the matrix A, AI.

e )\': the smallest eigenvalue of the matrix AIAn.

e ||A]: the spectral norm of the matrix A.

e I,.: 1. € R™™", Identity matrix; the subscript is omitted sometimes.

e 1o(x) : Indicator function of a set {2 with 1 (x) = 0 if x € €2 and otherwise +oo.

e vec(V) : Vector formed by stacking the column vectors of V with vec(V) € RY *"",
e mat(x) : Convert x € R(@")*1 into a matrix with mat(vec(V)) = V with mat(x) € R* <"’

o dist?(Q, Q) : squared distance between two sets with dist?(€2, Q') £ infyco wieor [|[W —w'[|3.

A.2 TECHNICAL PRELIMINARIES

We present some tools in non-smooth analysis including Fréchet subdifferential, limiting (Fréchet)
subdifferential, and directional derivative (Mordukhovich, 2006; [Rockafellar & Wets., 2009; [Bert-
sekas, 2015). For any extended real-valued (not necessarily convex) function F© : R" —
(—o0, +00], its domain is defined by dom(F) = {x € R™ : |F(x)| < +oco}. The Fréchet
subdifferential of F at x € dom(F), denoted as DF(x), is defined as F(x) £ {v € R" :
limy 5 inf, 2y F(z)_ﬁl(zxf);ﬁv’z_w > 0}. The limiting subdifferential of F(x) at x € dom(F)
is defined as: OF (x) 2 {v e R" : Ix* — x, F(x*) = F(x),vF € F(x*) — v, Vk}. Note that
OF (x) C OF(x). If F(-) is differentiable at x, then dF(x) = dF(x) = {VF(x)} with VF(x)
being the gradient of F(-) at x. When F(-) is convex, OF (x) and F (x) reduce to the classical sub-
differential for convex functions, i.e., JF(x) = dF(x) = {v e R" : F(z) — F(x) — (v,z — x) >
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0,Vz € R"}. The directional derivative of F(-) at x in the direction v is defined (if it exists) by
F'(x;v) £ limy o+ 1(F(x+tv) — F(x)).

A.3 RELEVANT LEMMAS
We present several useful lemmas, each independent of context and specific methodology.
Lemma A.1. (Pythagoras Relation) For any vectors a € R”, b € R"”, ¢ € R™, we have:
slla=bl3 —zlle=bl} = jla—c|3+(b-c,c—a).
slIbll5 = 3lle =bl5 = 3lel3 + (b—c,c).

Lemma A.2. Assume o € (0,2). Letb™ = ca+ (1 —o0)b, whereb™ € R", b € R", and a € R™.
We have:

ZIIbT3 < a1llalls + oa([Ibll5 — [bT3),
10|

A o AL
where 01 = Tfi=on? and oy = SO-Ti—aD"

Proof. (a) When 0 = 1, we have 01 = 1, 03 = 0, and b™ = a. The conclusion of this lemma
clearly holds.

(b) We now focus on the case when o # 1. Noticing [1 — o # 0and 1 — |1 — | # 0, we rewrite
b = (1 — 0)b + ca into the following equivalent equality

—o)b
b+:(1_‘1_0|)'1|1 a'|+|1 ol %

Using the fact that the function || - ||3 is convex and |1 — o| € (0, 1), we derive the following results:

1-0)b
Ib*3 < (=10 =i a3 +11—of | 42P I3

IN

m a3 +11 — ol [[b]l3.

Subtracting (|1 — | - |b*||%) from both sides of the above inequality, we have:
(1= 1= a3 < == - lall3 + 1 = ol(IblI3 - [b*[3).
1—o|
Dividing both sides by (1 — |1 — o]), we have:
o 1—0o
1613 < =z llal3 + sty (1613 — I1b*[3)-

Using the definition of o1 and o2, we finish the proof of this lemma.

O
Lemma A.3. Welett > 1, and q € (0,1). We have: L(t +1)7 — 2 > 3t
Proof. Weleth(t) = (t+1)9—1—4
Initially, we prove that f(q) £ 2?7 — % —1 > 0O forall ¢ > 0. Given Vf(q) = 27log(2) — 3 >

201log(2) — 3 ~ 0.1931 > 0, the functlon f(q) is increasing for all ¢ > 0. Combining with the fact
that f(0) = 0, we have: f(¢q) > 0forall ¢ > 0.

We derive the following inequalities:
g1, ((trlya—1 _ gy 9 1 roa—1 _ gy o a—1 . ga/241 _ gy
Vh(t) = qt {(7) _§}th {2 —§}th '{7—5}20,

where step @ uses ttl < 2and ¢g—1 < 0; step @ uses 29 > g + 1 for all ¢ > 0; step ® uses
1 — ¢ > 0. Therefore, h(t) is an increasing function.

Finally, noticing that (1) = 27 — 1 — 2 > 0, we conclude that h(t) > 0 forall ¢ > 1.

16
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Lemma A.4. Weletp € (0,1) and t > 1. We have: (t + 1)P — P < ptP~1.

Proof. We notice that h(t) £ t? is concave for all t > 1 and p € (0,1) since VA(t) = ptP~! and
V2h(t) = p(p — 1)tP~2 < 0. It follows that: Yo,y > 1,h(y) — h(z) < (y — 2, Vh(x)). Letting
x=tandy=t+1,forallt > 1andp € (0,1), we have: (t + 1)P — t? < ptP~ T

O]
Lemma A.5. We letp € (0,1). We have: Zfil(w)2 <2

tp
Proof. We have:

® ®
(t+1)P—t? 00 1 42p—2 __ NTVOO -2
Zt 1( tp ) < Et:1 5l P = Zt:lt <2,
2
where step @ uses Lemmaandp SListep@uses Y o 5 <D0 = <2 O

7(1=p)

Lemma A.6. We letp € (0,1). We have: 177 < S 77 < e

Proof. We define h(z) = 2% and g(z) = y1;a' 7. Clearly, we have: Vg(z) = h(z).

By employing the integral test for convergence EI, we obtain:
flT“ h(z)dz < 31, h(t) < k(1) + [ h(z)da. (14)
®
(a) We have: 1 -7 2 Ji arde 2 g(T+1) — g(1) = (T + )P - L > AT,
where step @ uses the first inequality in . step @ uses Vg(z) = h(zx) = x7P; step @
Lemma[A3|withg=1—pandt="T.

(b) We have: 7,77 < h(1) + [T e rde 21+ g(T) — g(1) = 1+ 5 (M) P - =
T(llj; < Tifp , where step @ uses the second inequality in ; step @ uses h(1) = 1, and

Vyg(x) = h(z) = 27P.

O
Lemma A.7. Let o € (0,2), and '™ — |1 — ole! < oV forallt > 1. We have: et < e! +
o3 maxt ! 1 U, where o3 = ﬁ € [1,00).
Proof. Given o € (0,2), we define o, £ |1 — o] € [0, 1).

We derive the following results:

t=1, €2 < ol + oot
t=2, e < ol 400%< ofel + 0,00 + 002
t=3, et < gl +oP < Ufel + 030\111 + 0,002 4 oU3

t=T, eIt < ol +0oUT <olel + 023;1 o=y,

Therefore, we have:

T L
T+1 Tel +UZ¢,=1 JZ‘ Z\IIZ

¢! + of{max_, WIS, of )

IN® NS IA

el + o{max’ ; ¥}

10'7

where step @ uses o < 1; step @ uses the fact that:

T
*

T T—i_ T-1 1 0_ 1=
Y10 ol M4 tol o)== < 3

T x _U*'

1https ://en.wikipedia.org/wiki/Integral_test_for_convergence
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B ADDITIONAL MOTIVATING APPLICATIONS

» Robust Sparse Regression. Robust sparse regression (Liu et al., [2019) utilizes the ¢1-norm of
the residuals to ensure robustness against outliers while enforcing sparsity via £p-norm constraints to
identify key variables. The problem is formulated as: miny |GV — 2|1, s.t. v € Q = {v|||v]jo <

$}, where § > 0 is an integer, G € Rm“j, and z € R™. By introducing a new variable y, this
problem can be formulated as: miny y to(v) + ||¥]|1, s.t. — Gv +y = —z. It corresponds to
Problem (1) with x; = v, x2 = y, fi(x1) = fa(x2) = 0, h1(x1) = ta(v), ha(x2) = |ly|l1, and
A, = -G, Ay =1, b = —2z, and Condition BI.

» Dual Principal Component Pursuit. Dual principal component pursuit (Tsakiris & Vidall
2018)) is used primarily in subspace clustering and outlier detection, aiming to robustly represen-
t data structures across different subspaces in the presence of noise and outliers. The problem
is formulated as: miny ||[GV|j21,s.t. V. € Q £ {V|VTV = I}, where G € R™*9, and
1Yl2,1 = 3, Y (4,:)||. By introducing a new variable Y, this problem can be formulated as:
miny,y to(V) + [[Y]2,1, s.t. =GV +Y = 0. It corresponds to Problem (1)) with x; = vec(V),
X9 = VeC(Y), fl(Xl) = fQ(Xl) = 0, hl(Xl) = LQ(V), hQ(XQ) = ||Y 2,1, and A1 = —G,
A5 =1, b =0, and Condition BI.

» Robust Low-Rank Approximation . Robust low-rank approximation (Candes et al., [2011)) uses
the ¢1-norm of the residuals to ensure robustness against outliers while imposing a low-rank con-
straint on the solution matrix The problem is formulated as: miny ||G(V) — z|[1,s.t. V € Q £
{V |rank(V) < §}, where 5 > 0 is an integer, G(-) : R?" » R™, and z € R"™. By introducing a
new variable y, this problem can be formulated as: miny y to (V) +|yl1, s.t. —G(V)+y = —z.
It corresponds to Problem (1) with x; = vec(V), x3 =y, f1(x1) = fa(x1) =0, h1(x1) = ta(V),
hQ(Xz) = Hy||1, A1X1 = —G(V), A2 = I, b = —Z, and Condition BI.

C PROOFS FOR SECTION[3]

C.1 PROOF OF LEMMA [3.]]
Proof. Consider the update rule 3¢ = B° + BO¢tP, where p € (0,1).
(a) We have:

® ®
B — Bt — €T = BOE((t+ 1)P — t7) — €8 < B¢ — B¢ =0,
where step @ uses the update rule ¢ = 3° + BO¢tP; step @ uses the fact that the function h(t) =
(t + 1)? — P is monotonically decreasing w.r.t. ¢ that: h(t) < h(0) = 1.

_o
(b) We derive: L, < 8%\ < 319\, where step @ uses 3t > 3°.

O
C.2 PROOF OF LEMMA[3.4]
Proof. We let u be a fixed constant vector. We assume 0 < o < f41.
We define: h(u; i) £ mingcgax1 h(v) + 2 v —ull3.
We define Py, (u; i) £ arg miny cgax1 h(v) + 2 [V —ull3.
Initially, by the optimality of P, (u; 111) and P, (u; p2), we obtain:
u—Py(u; 1) € p10h(Pp(u; pi1)), (15)
u— Pp(u; p2) € p20h(Pp(u; p2)). (16)

For notation simplicity, we define:

p1 2 Pp(u; 1), g1 € Oh(Pp(u; 1))
P2 = Pu(u; p2), g2 € Oh(Ph(u; p2)).
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Equations (T3) and (T6) can be rewritten as:

u-—p1 = 181, (17
u— p2 = f282. (18)
(a) We now prove that 0 < % We have:

@
h(w; 1) = h(ape) = gi=llu=pill3 = g llu =23 + h(p1) — h(p2)

E llu-pil - gl ol + (b1 — p2g)
/ Iz

° 4

= Y3 — 2|23 + (nog2 — g1, 81)

= —4gill3 — Llg2ll3 + pa(g2, 1)

@

< —2gl3 — gl + palg2. 81)

= —2|g2— gi1]3 <0,

where step @ uses the definition of h(u; u); step @ uses the convexity of h(-); step @ uses the
optimality of p; 2 P, (u; 1) and py 2 Py, (u; p2) as in (17) and ; step @ uses pg < fi1.

(b) We now prove that hluipz)—h(uim) 3C2. We have:
H1—H2 g9

@
h(w;po) = h(w; 1) = gi-lu—p2l3 = gllu = pil3 + ~(p2) — h(p1)

S L u—pall — ol pul2 + (P2 — prog2)
= 2u2 27 2 1ll2 P2 — P1,82
[€)

S 2lgl - A g2 + (g — poge.g2)

= i) - Al |+ g2 )

2 gl - gl

¢ p1—p2 2

< T'Cha

where step @ uses the definition of h(u; u); step @ uses the convexity of h(-); step @ uses the
optimality of p; £ P, (u; ;) and py 2 Py, (u; p2) as in (17) and ; step @ uses the inequality
that: —%\|g1||§+<g1,g2> < %||g2||§ forallg; € R™!and g, € R¥T; step ® uses ||gz|| < Cp. O

C.3 PROOF OF LEMMA[3.3]

Proof. We let u be a fixed constant vector. We assume 0 < o < fi1.

We define: h(u; i) £ mingcgax1 h(v) + 2%LHV —ull3.

We define: P, (u; i) = arg miny cgax1 h(v) + 2%HV —ul)3.
Using Claim (b) of Lemma we establish that h(u; ) is smooth w.r.t. u, and its gradient can be

computed as:
Vh(u;p) = p~H(u — Py (u; p)).

We examine the following mapping H(v) £ v(u — Py, (u; 1)) with H(v) : R +— R™. We derive:

v

1 1
v+6)(u—P s—/=x))—v(u—P H
ltng_p LH P ) v Py )

limg_,o H(U+5§7"H(v)

1 1
. du—(v+0)Py (u; 7 ) +vPp (u; ) 1
= limgs_,q 52 v =u—Pp(u; ).

v

Therefore, the first-order derivative of the mapping H(v) w.r.t. v always exists and can be computed
as V,H(v) = u—Py(u; 1), leading to:

Vo, v >0, W < flu = Pp(w; H)|-
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Letting v = 1/pq and v' = 1/ o, we derive:

Vh(u; —Vh(u; @ @
VRO < g — By, ()| S o[ O(Ba (w5 )| < 1aCon

where step @ uses the optimality of P, (u; ) that 0 € Oh(Py(u; 1)) + i([@h(u; u) — u) for all y;
step @ uses the Lipschitz continuity of i(-). We further obtain:

IV h(a; 1) =V h(a; p2)|| < [1/p1 = 1/ p2|paCp = (pa/p2 — 1) - Ch.

C.4 PROOF OF LEMMA[3.6]

Proof. The proof of this lemma is similar to that of Lemma 1 in (L1 et al.}2022). For completeness,
we include the proof here.

We consider the following strongly convex problems:

Xn = argmxjn hn(xn; /~L) + g”xn - CH%
& (Xn,Xn) = argxmi){l hn(in) + ﬁ”xn - in”% + %HXn - CH%

We have the following first-order optimality conditions:
0 = (X —%n)+p(Xn—c) (19)
0 € Ohn(Xn)+ 5 (Xn —Xy). (20)

(a) Using , we obtain: X,, = W%p(iin + pc). Plugging this equation into yields:

0 € Ohu(Xn) + (% — 1755 (%0 + pC))

= Ohn(%n) + 1925 (%n — ).

The inclusion above implies that:

X, = argmin h,(X,) + 3 - %, — cl|3.

Xn

P
1+pp

(b) We derive:

e

—p(%n = ©) L L (R — %) € Ohn (%),

where step @ uses (19); step @ uses (20).
(c) Using (20), we have: X,, — X,, = —uOhy, (X, ). This leads to [|%, — Xy, || < pCh.

O
D PROOFS FOR SECTION[4]
D.1 PROOF OF LEMMA (4.T]
Proof. (a) We now focus on sufficient decrease for variables {x1, X2, ...,X,_1}. We define <I>§ =
G<X1[51in1—1] x Xfiﬂ,n] 2% 8') — G(Xfiz‘l—l] X4, Xfi+1,n] 25 BY) 4 hi(x{ ) — hi(x)), where i €
[n—1].
Noticing the function G (XH_ 11—1} s Xis sz‘ i) z'; B') is Lt-smooth w.r.t. x; for the ¢-th iteration, we

have:
t+1 t+1 ot t. at t+1 t ot t. qt
G(X[Li_l],xi 'y X[i+1,n]r Z i B ) - G(X[Li_uvxmx[i.g.l,n]yz i B )

L
< (G =G Ve GO X0 X ) 25 8Y) + 5 T = x5, @1

20



Under review as a conference paper at ICLR 2025

Given x/* is the minimizer of the following optimization problem:

. 0:L}
x; € argmin, hi(x;) + (x; — x}, Vi, G(x(, Xg’xfwrl,n]’zt; N+

(1,n—1]’ x; — X4[3.

The optimality of x/*! leads to:

ha(xHY) — ha(x) + (- x, Vi GOt et BY) < -2

1 ty2
i i [Ln—1 sollx T — x5 (22)

Combining equations (1)) and (22)), we derive the following expressions:
@} < (5 —F) - Ll — x5,
Telescoping the above inequality over i from 1 to (n — 1) leads to:
n—1
S < MG - G Lk - x5

Therefore, we obtain:

L pxth, 2t B ut) — L(x! 25 80 ) < U5 (5 = %) - L =<3y @3
(b) We now focus on sufficient decrease for variable {x,}. Noticing the function
G(Xﬁr}hu ,Xn, 255 BY) is Lt -smooth w.r.t. x,, for the ¢-th iteration, we have:

G(Xﬁki 1) t+17 7/8t) ( Ebllfl],xflyzt'ﬁt)
< (-, Vi Gl xh 2 BY) + kG - X2 (24)

Since hy, (X,; ut) is convex, we have:

B (X5 1) — B (x5 1)

< (X VR, ()
L xSV G2 ) — oL (T —x)), (29)

where step @ uses the the first-order optimality condition of x.! that:
0= Vhy (s 1t) + Vi, Gl Ly 25 59) + 0Ll (<) — x,).
Adding Inequalities (24) and (23] together, we have:
B (1 1) = (s 1) + GOy xB 25 8) = Gy x5 3)
< B — x12 — 0Ll x5 - x 3
= (3 62) Lyl — x5,
This results in the following inequality:

L2 8 0") — L(x(, 25 ') < (5 = 02) - Lyl =13, (26)

[1,n—1] m

(c) We now focus on sufficient decrease for variable {z}. We have:

LOH 2 6 ) — L4, 2155 )
= (Ax'"™' — b,z — 2%
L (G -2 )
= TBtHZtH —2'||3, 27

where step @ uses 2/ ! = z' + o3/ (Ax'! — b) with Ax!TH £ 370 | A jxiH
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(d) We now focus on sufficient decrease for variable {/3}. We have:
E Xt+1 t+1. /Bt+1 t) _ E(Xt+l’zt+1; Bt"ut)

t+41
2 Il AX ! — bj3

(%3 ?
@ +
= (5 = Dligk -2l
@ t t
1+
< (55 - Dligk -2l
= %-%ﬂtﬂzt"'l—ztﬂw (28)

where step @ uses 27! = z! + o8 (Ax'*! — b); step @ uses Lemma[3.1]that 81 < B¢(1 + €).
(e) We now focus on sufficient decrease for variable {x1}. We have:
E(Xt+1 zt+1_/8t+1 ‘ut+1) _ L:(Xt+1 zt+1,6t+1 ,LLt)

by, (ij—l; NH_I) - hn(xfj_l; Nt)

IN©

3Cn(p' = p1), 9
where step @ uses Lemma [3.4}
Combining Inequalities 23), (26), (27), (28), and (29), we have:
£(xt+1,zt+1;ﬁt+1,ut+1) _ E(Xt,Zt;Bt,/J/t)
< [ISHG - %) LT = X3 + (3 — 02) - LblIxt — x413
(L4 £) - Sellz™ = 2|3 + 30! — ut™) (30)

We define ©F, £ L(x, z; 5", i") + 3Cnpt,e3 £ €, 21 2 5601 — 5, and 71 £ S |21 — 213 +
eoll||xi — x4 |3 + e SO0 LE|IxEH! — x!]|3. We have:
5t+1 + @72-&-1 _ etL
< (3O Fe) LLlIxE =3+ (14 55 +0€) - s ll2 ! — 213,

D.2 PROOF OF LEMMA 42

Proof. For any i € [n], we define uf™" £ ,L{[x[*! —x!] — pAT[Y"_, A;(x!T —x!)], and let
wi € Ohi(xT) + Vfilx)).

We notice that xtfH is the minimizer of the following problem:

x!T1 € arg miny, 2 ||xl xt|3 + hi(xq) + (x; — xt, Vo, G(xEH xf. z'; BY)).

[1 i—1]7 “[i,n]’
Using the necessary first-order optimality condition of the solution x’§+ , we have:
Vi, G(x tj} 1 Xinp 255 BY) € —0h; (xIth) — oLE(xIT — xh). (31)

Using the definition of the function G (x, z; 8) = ([3°7_, A;x;]—b,z) + g >0 Ayx;]—bll5+
S £,(xg), we bave:
in G(Xff3,1]7 1 n]a ’ ﬂ )
= Vi) + ATz + BAT{[E 2 AT 4+ [, Ayxt] — b}
Vii(x}) + Alz" + BPAT{AX" — b+ 17 A;(x — x;71)]}
Viixt) + Azt + %AZ-T(ZH'1 —z!) + ﬂtAZT{Z;L:Z Aj(xj — X§+1)}7 (32)

e
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where step @ uses the update rule of z'*! that '+ — z* = o81(3_ | A;x!*! — b). Combining
the Equalities and (32), we obtain the following result:
0 € Oi(x™) +OiLilx"" — x|+ V fi(x])
+ATzt + ﬁtAiT[Z?Zi Aj(xh — x;“)] + LAT (2! —2t)
Using the definition of w!™" and u!*! for all i € [n], we have: 0 = w!™! + u!t! + ATz* +
LAT (2! — z'). Multiplying both sides by o € (0,2), for all ¢ > 0, we have:

0=owt +oATz! + Al (2! — 2') + oul . (33)

Given that ¢ can take on any integer value, for all ¢ > 1, we derive:

0=ow!+coAlz!"1 + Al (z! — z!71) + oul. (34)
Combining Equality (33) and Equality (34), for all ¢ > 1, we have:
Al (T —2') = (1 —-0)A](z' —2'7) — o(w!T —w!) —o(uit! —ul) (35)

In view of (35), we let i = n and arrive at the following two distinct identities:
BI: ATz —2%) = (1—0) (A (s —2'1)) +o (ul, — uf! +wl —wit).
N————
Lot+1 Lt ot

SU: AL = a) + ol = (1 o) (AL (e — ")) + oul) + o(ond, + w), — wit),

A A A
Aqtt1 Lt =c¢t

D.3 PROOF OF LEMMA [473]
Proof. We denote Q* 2 6,LLT — AT A,, € RYixdi,

We assume AT A, has the singular value decomposition ATA,, = UTdiag(A)U, where U ¢
Rdixdi X € R4ix1 and UTU = UUT = 1,. Here, diag(\) denotes a diagonal matrix with X as
the main diagonal entries.

(a) We derive:
LE 2 L, + B\ 2 BEN(S + 1), (36)
where step @ uses Lemmathat L, < 88N
(b) We have:
Q) 2 6214, ~ B'Now 2 651, — min(52) < 35"+ (62(1+6) ~ N /%),
2q

where step @ uses ||02L: T — SPAT A, || = |[UTdiag(:Lh — SIA)U|| = [|02Lh — BN |oo; step @
uses the fact that ||p — x||0c = max(p — x) = p — min(x) whenever p > max(x) for all p and x;
step @ uses Inequality (36).

(¢) Given u!,™ £ QF (x5 — x!) as presented in Lemrna we have: |[ufFY| < ||QF| - [|x5FE —
x| < gAB it — x|

O

D.4 PROOF OF LEMMA [4.4]

[1—0]

and o g E el S
27 o(i-Ji=a)"

Proof. Forany o € [1,2), we define o; = T=Ti=on®’

We define w/,T! = Vh, (x4 ut) + Vi, (xE).

n
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We define aft! 2 AT(z!*! — z), and ¢’ £ u!, — u’! + w! — witl

We define ©F = %Hat”g’ where K, = “32.

We define ©f, £ g'y (Ln|lxt, — x4 + |Ju|)?, where K, = 2221

t—1

nt

2
We define I't, & S&ife . (L

First, we bound the term ||c¢!||. For all ¢ > 1, we have:

—1)2

et = [lw), — wit! +uf, —upt|
)
< Ve (x5 1Y) = Vi (x5 1)+ IV £a(x5) = Vfa (D] Juf, — ult
@
< VA (xS i) = Vi (355 1) || 4 Lallx), — x| A+ [Juf, — gt
= HVh ( ffl' ) ( f«L )+th( naﬂ)thn( na,u't 1)”
+Ln|lx;, — %) ||+||u piagd|
®
e AR P )Ch + Lallx}, — x37 | + [[uf, | + [[uf" ], 37)

where step @ uses the triangle inequality; step @ uses the fact that f,,(x) is L,,-smooth; step ® uses
Lemma[33land Lemma

Second, we bound the term £2% ||ct||2. For all t > 1, we have:

ABE
s |c! 3
£ Sem (Lt x| 4 [t )2 + S GRS 1) 4 B (L, — x|+ )
=T 2oy,

2 e (x| £ U )? 4 (Ll — x4+ )2} + T + 0, — @t

< B (34 g X — x4 )2+ T + O, — O

= Gwouk(5 4+ q)2 NG Xt — x24T + O, — @i

< b xE - Xt 2T + O — et (38)

where step @ uses Inequality n 41| and the fact that (a + b + ¢)? < 3a® + 3b% + 3¢? for all a € R,
b € R, and ¢ € R; step @ uses the definitions of {K,,, O, T ..}; step @ uses Lemma that:

2 S OB Ly < 0ABY and [uft] < |QY - x5 — x4l < gABIxi — x][; step @ uses
BIX<LE 2 BN+ L.

Finally, we derive the following inequalities for all ¢t > 1:

ol -2 < gl ATE - 2] = a3
S (Ll - Hlatt D) + $2He!)
$ oz Ljalg -5 At 3+ 4 bt 3
Lot
< 0L — O 4 xuLh X = X3 4+ T, + O, — ©5F,

where step @ uses A[[z[|3 < ||A]z|3 for all z; step @ uses Lemma[A.2]with b = af, bT = a’*!
and a = ¢! that:

Lo llat 3 < 2 (lal3 — la"I3) + SHet 3
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step @ uses — g7 < — zrer; step @ uses Inequality .

D.5 PROOF OF LEMMA [£.3]

Proof. (a) With the choice 61 = 1.01, it clearly holds thate; £ 16; — £ > 0.

(b) We define x1 2 x0(0 + 02 + 020 — 1/k)?, where xo 2 6w k.

1/k—46

With the choice 65 = QXD(%JFW + ~I75 > We now prove that eg £ 0y — % —x1 > 0.

We consider the following concave auxiliary function
f(02) 2 02— & — x0(8 + 02 + 602 — 1/K)>.
Setting the gradient of f(62) w.r.t. 65 yields: 1 — 2x((d + 02 + 602 — 1/k)(1 + ) = 0. It follows

that the solution 0y = 5 +}5)2X0 + 1{5'_:6 is the maximizer of the concave auxiliary function. We
have:

— @ —
F02) = 02— 5= xo(0+ 02+ 00— 1/r)?
1 1/k—6 1
= IR T </S+1 2
S 1
Z 1w O
g 1
2 AR
@
1
2 %a
where step @ uses the definitions of f(62) and fs; step @ uses the following derivations: (§ <
%) = (2/k—1>30)=(2/k—20 > 146) = (14135 > 1); step ® uses the fact that § < 1;
step @ uses 4 x (1+1/3)2 < 8.
O

D.6 PROOF OF LEMMA 4.6

Proof. We define €1 £ [e1 Y377 Li|Ixi ™ — x[I3] + eal ™ — x5 + 52" — 2|13

We define ©f £ 0% + O, where ¢, = ©f + ©%.

au’

Using the results from Lemma.T|and Lemma4.4] we derive the following two respective inequal-
ities:

MO -0 < (5-bater) LIk <3+ 5l -2 (39)
2llz't =23 < L, — 0Lt +xalh i — x5 + T (40)
Adding Inequalities (39) and (@0) together, we have:

@
£ 4 QML — @F — Tt < L4 [xtH — xt |3 {1~y + 25+ 1} 20,

where step @ uses the definition of e £ 6, — 2 — x; as in Lemma (4.5).

D.7 PROOF OF LEMMA [4.7]

Proof. For any o € (0, 1), we define o1 £ m, and oy £ %

We define wit! = Vh,, (x0T ut) + Vi, (xE).

n
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We define a‘t! 2 AT(z!*! — z*) + oul,, and ¢! £ oul, + wi

We define ©F £ %Hatﬂg, where K, £ 2&)}\02.

We define ©f, & K;“ (Lp|Ixt, — x5 + o|jud ||)?, where K, =

t+1
Wy, .

6woq
-

C?6wo t—1
We define [}, & =57 - (K- — 1)%,
First, we bound the term ||c?||. For all ¢ > 1, we have:
l*|| = ffwy, — wi " + oug |
®
< V(x5 1) = Vhn (x50 1 DI+ IV fa(365,) = V(D + o lug |
®
< VR (s 1) = Vhn (x5 1)+ L, = %7 + o[y, |

IN©e

md AR AR

)Ch + L%}, — xt, | + o||u!

nll

where step @ uses the trlangle inequality; step @ uses the fact that f,,(x) is L,-smooth; step ® uses

Lemma[3.3]and Lemma

Second, we bound the term 2 Yl 7 |lud |3 + gthctHQ For all ¢

2wa

> 1, we have:

IV hn (35, t“ p') = Vhy, ( ni 1)+ Vhi (x5 1) = Vi (17 |+ La x5, — x| + o |ug |

(41)

t—1
2o 13 4 2 (LI — xt )2 4 82 (K0 — 1)207 + 821 (L 1, — x| + o )2

Lot
=0t

x5+ T}, + 0., -,

Zug ||ufH |3 + 2o |t 3
)
<
T
@
= 3 AL E + 3Gk Ik x4 D? 4+ 3(Lallxi = x|+ ofluft)? + T, + 6,
® o1 2
< 20 3B {22 + 362+ 3(5 + 0q) 2 x4 —
() _
< 2 {07 4307 +3(5 + 09)7} AB X — x5 + T, + O, - O
é)(2
®
< xe- Ll = xh 3+ T+ O - O},

where step @ uses Inequahty.and the fact that (a+b+c)? <
and c € R; step @ uses the definitions of { K, ©,, '}, }; step ®

3a2+43b2+3c% foralla € R, b € R,
uses [lufHH| < [|QUl[|x5H —xt, || <

BiAq||xtH — xt || and L < A\B%5, as has been shown respectively in Lemma and Lemma
as well as the fact that L i = BYAJ; step @ uses x = A/, and the fact that o7 = ; when o € (0, 1),

step ® uses BN\ < LY 2 BIN + L,,.
Finally, for all £ > 1, we derive:

}+ S5 s

BEA

B gcllat I + 225t eI + 25 It 3

BEA

sl — 23
< AT 23
g % Bt”aHl t+1H§
S B+ )
< 2%l - a1 + Gt
< Zgar3-Z e 2 2|l
S 0, O oLl X xR 4T 4 O, — 04,

26
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where step @ uses the fact that )\||x||2 < ||ATxH2 for all x; step @ uses the definition of a‘*!; step
® uses the inequality ||a + b||2 < 2|a||3 + 2||b||3 for all a and b; step @ uses Lemmaw1th
b =a’,bT =al*t! and a = ¢! that

grlla™tz < R

-5 lle'13 + g (la’ll3 — |la

step ® uses — g7 < — gy and 01 = 7 when o € (0, 1); step © uses Inequality .

O]
D.8 PROOF OF LEMMA (4§
Proof. We assume { = 0 = 0 = <, where c € (0, 1).
We have:
w 2 1+£=2 (43)
N @
g = O2+620 <60+ 05 (44)

where step @ uses § = ¢/k < ¢ since k > 1. We further obtain:

g = 92—%—6“% :1,,02(]2—1-(5—1-0(])2—1-52}
@
> 0y — 31— 23 + (c+cq)® + 7}

Il

>

)

I
N[ N

—12c{§q +(1+9)%+1}

Oy — 5 — IZC{W + (1 + 02 + 02¢)*> + 1}

Ve Ve

0.02,

where step @ uses (@3), 0 < ¢, § < ¢; step @ uses ([@4); step @ uses the choice ¢ = 0.01 and
0, = 1.5.

O
D.9 PROOF OF LEMMA [£.9]
Proof. We define £ 2 g7 07 L Ixi ! — xt|3] + eol? x5 — xt |13 + Gz — 2|3

We define ©! £ O + O

auw’

where 0%, £ ©! + 6°,.

Using the results from Lemma.T|and Lemma[4.7] we derive the following two respective inequal-
ities:

ETT O —0) < (5 02+e) LlxET = x I3 + S5 llat 25,

Sl =23+ O — 0L, < xelnlxT = x5+ T
Adding the two inequalities above together leads to:
@
gl Lot —of — FZ < LE|xErt —xt |3 {% —02+¢e2+ x2} =0,

where step @ uses the definition of e £ 6, — & — x> as in Lemma (4.8).

D.10 PROOF OF LEMMA 4,10

Proof. The proof of this lemma closely resembles that of Theorem 6 in (Bot et al.,[2019).
We denote © = @' — °C?, where @' is defined in Assumption
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Initially, for all ¢ > 1, we have:

o L L(xtzptut) + S0t + O + et
S L2t )
S b (i) + {0 (3} + S0 filx!) + (Ax' — b,z) + & | Ax' — b3
SO0+ {0 ()} + {0, £} + (Ax! —b,z) + & | Ax — b3
> (A —b,2!) — 40C} + &/
> (Ax'—b,z') 10 (45)

where step stepl uses the definition of ©!; step @ uses the nonnegativity of the terms
{3Chut, 0%, 0L }; step ® uses the definition of L(x',z’; 3%, u’) in Equation ; step @ uses

0 < hyp(u) = hy(u;pu) < pC? as shown in Lemma and the fact that it < u°; step ® uses
Assumption step ® uses © = ©' — u°C2.

We now conclude the proof of this lemma through contradiction. Suppose that there exists 5 > 1
such that ©% < ©. We derive the following inequalities:

YO -0) = [Zre-0)+ X, O - o)
< [ MO - @)+ (T + 1 —ty) - maxl_, (6" — )
2 2RO - 0) + (T +1—1o) - (0% — @), (46)

where step @ uses @ < ©% for all t > t;. We closely examine Inequality . As ty is finite,

the sum Zz(’:_ll(@t — ©) is upper bounded. Considering the negativity of the term (% — ©), we

deduce from Inequality (@6):
My e Y1 (O — 0) = —c0. 47)

Meanwhile, for all ¢ > 1, the following inequalities hold:

@
@t_@ Z #<Zt_zt—1,zt>

® _ _

2 Ll - el + el - 2B

®

> o {gl2'l3 — g llz' 3 + 03, (48)

where step @ uses Inequality and z'*t! = z' + 0B (Ax!t! — b); step @ uses the Pythagoras
relation in Lemma step @ uses ﬁ > %

Telescoping Inequality (@8] over ¢ from 1 to T', we have:
T
ST (O —0) > & - {273 — HlIl3} > — 5k 2" (49)

The finiteness of the right-hand-side in (#9) contradicts with (7).
Therefore, we conclude that ©f > © for all ¢ > 1.

D.11 PROOF OF LEMMA [£.11]

Proof. We define C), = %C,%Ku.

t—1
We define I, & C,%Ig;" - (B = 1)%, where * = BO(1 + &t7), ut o< 5.
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Letting T’ € [1, 00), we obtain:

T t—1 @ 1 T t
Zt:1(u7_1)2 = Et 1(,3f 1_1)2:(1_1)2+Zt:2(%_1)2
Lo+ -12+ 0 (G - 1)
® £(t+1)P—£tP)?
< 1+ 2, S
@
11-7 v
< 14y, (T
®
< 142 (50)

where step @ uses ! o 61,; step @ uses 31 = BO(1 + £1P); step @ uses the definition of 53¢ =
BY 4 BUELP; step @ uses Hgtp) @; step ® uses Lemma
We further obtain:
00 t—1 @
Zt 1 Ft < C}% Ig(o {thl(% - 1)2} < 30}%&3 = CM’
where step @ uses 3t > 3°; step @ uses Inequality .

O
D.12  PROOF OF THEOREM4.12]
For both conditions BI and SU, we have from Lemmas {.6) and (#.9):
t+1 t t+1 t
&M <ot -0+ T,
Telescoping this inequality over ¢ from 1 to ', we have:
Q)
Z?:l g+l < ol — T+! + Zthl FZ < ol — o+ CH A K., 51

where step @ uses Lemmathat ©! > O for all ¢, and Lemmam

D.13  PROOF OF LEMMA 13|

Proof. Given o € (0,2), we define 03 = =57 € [1,00).

We define w/t! £ Vh,, (xi1 ut) + V£, (xE).

We define ut!t £ Qf(xtH! — xt), where Qf 2 6,LLT — BTATA,,.

We define K. = 3 (goA[|z'[|3 + 203CF + 203CF + o3¢’ E+), and K. 2 K,/es.

First, we have:
max(® {[[w;, 3} = maxf {[|Vh, (x5, 1) + Vu(x))13}

2maxg® {||Vhn (xH, p))113 + IV fu(x3) (15}
2C; +2C7 (52)
where step @ uses [|a + b||3 < 2[|a|| + 2||b||%; step @ uses Assumption|[1.2}

®
<
®
<

Second, we have:

maxp® ) { 7 [} 13} maxp® ) { Q7 (x;" — x)13}
max2, {7 (gA8")?x; — x},[13}
ALK = x5}

g*AEe, (53)

IN® IN® |N©

29



Under review as a conference paper at ICLR 2025

where step @ uses [|Qf[| < B*Aq for all ¢ > 0, as shown in Lemmal4.3} step @ uses X < LI, &
BN+ Ly; step @ uses K, > Y72 EHFL > 572 gL > 57 ool xEF — xE |3

(a) Using Part (b) of Lemma we have:
Alz" =1 —o| - Alz" + o{wi™ +ulfL
Since || - |3 is convex, for all t > 1, we have:
1ARz ] = 1= o - [|ARz | < o{lwi ] + [y}

Applying LemmalA. 7| with ¢! 2 [|ATz!|| and ' 2 ||w/ || + [|uf |, for all £ > 1, we obtain:

|ATZ' 3 < (|ATZ" | + o5 max(Zy {[lwi ™| + [[ub})?
2 3{Az' (|3 + o3 max(_{ w53 4 03 max(Z{ i3}
< 38 g Allz' (13 + o3 maxg2, g7 [[wit |13 + oF maxg2, gr[lui 5}
< 38 ANI2 3+ 203CE + 20302 + 3N Ex )

[1®

K \6Y, (54)

where step @ use (a + b + ¢)? < 3(a® + b2 + ?), Assumptionthat |ALlI3 < X; step @ uses

B < Bt for all i < t; ® uses Inequalities and ; step @ uses the definition of K,. This
further leads to [|z'[|3 < $||ATz!(|3 = K. A"

(b) We have:

K. 2K /e gizw g+l @ LZOO g||zt+1 _thz
z e/<c3 Z €3 t=1 t=1 Bt 2

= &3

0 7

where step @ uses Theoreml4.12|; step @ uses the definition of 71 2 [ S LY —x!||3] +
+

ealt X — x4 3 + 5 27— 2|3 in LemmafE1]
O
D.14 PROOF OF LEMMA 414
Proof. Weleto € (0,2).
First, we derive the following inequalities:
(Ax!Tt —b,z!T) = #(z“l —zt, 7!

@

S LR - A3 Al — 23

> —g |73, (55)

where step @ uses the Pythagoras relation in Fact[A:1]
We consider LemmaM and Lemma We let i > 1. Given £+ > 0, it follows that:

0<0' -0 41,
Telescoping this inequality over ¢ from 1 to ¢, we have:

@
t i
0<O'-ef 43y Ti<e'-oet+0,
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where step @ uses Lemma.11] For all ¢ > 1, we derive the following results:

®1+CN > ottt
) oLt 4 ort! 4 @it
g E(Xt+1,zt+1',6t+1,,ut+1)+%Oh/lt+1+®Z+1+@Z+1
ST AT + (AXITL < b, 2t 4+ S| A~ b3

I BT} + b (xS ) 4 GO+ O O

>N L) 4 (] (AX b, g - 4107
S + (] — gk 3 — At
S LG Ay ] — gk 3 - %uooz,

where step @ uses the definition of ©!*!; step @ uses uses the definition of @’H'l in Lemma
step ® uses the definition of £(x!t1, z!*1; gt+1 1t+1) in (4); step @ uses Z— ||AxtJrl b||% >0,
L0, >0, ©41 > 0, O > 0, and the fact that h, (x4 pfth) > h (x5 — Lt CE
step ® uses Inequality ; step ® uses pu! < pP for all ¢.
We further obtain:

Sl Hhi(xT] < 0"+ Cut g2 3 + 51°CF,

®
<  +o00,

where step @ uses the boundedness of % ||zt||3 for all t > 0, as shown in Lemma According
to Assumption[1.4] we have [|x!™|| < +oc forall i € [n].

O

D.15 PROOF OF THEOREM 4,15

Proof. We define K. = £

%> where K! £ min{min(e1,e2)A, €3}, and A £ min!"_, || A;||3.

We define £+ £ [ey 317, Lt — xt[3] + eal x4 — x5 + Slz " — 23

(a) We have:

@
Ke 2 Zf_ 5t+1
@ 1 .
= Yl {e ST LI = xU[3] + ealh x5 — x4 13 + SH|2tt — 23}
® 4 T n=1 Lj gty t+1 _ o ty)12 L! |1 gt (ot+1 (2 t+1 )2
> gr o ilen Xy FlIBTeGT = xD 3]+ ea g8 (x — x5 + szt - 2|3}
@
> gr L {ler D5 AllB T — x|+ e2A] 81 (x5 — x4) 3 + a2t — 23}
®
T
> e KL T BT = <3+ [l — 213

ll®

T
g K B (T = x5+ |2 — 23},
where step @ uses Theorem (4.12)); step @ uses the definition of £'+!; step ® uses BT > pt for

all t < T step @ uses ;—2 = % > ||A;]|2 > A; step ® uses the definition of K. =
min{min(e1,e2)A, €3}; step ® uses >_1_ | [|xiT! — xt||3 = [|x+! — x*||2. Therefore, we obtain:

Yo LB = X3 + ||zt — 23} < f5 8T = KepT
(¢) By dividing both sides of the above inequality by 7', we obtain:
c T T
. 7 S 8 = X3 + 12 — 23}

ming_y {[|5° (1 — x5 + 127" — 23}

A\VARLVS
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We conclude that there exists an index # with £ < T such that ||zit! — 2%||3 + || 8% (x+! — xP)||3 <
KT
£,

O

D.16 PROOF OF THEOREM .13

To prove this theorem, we first provide the following lemma.
Lemma D.1. We define ' = {x},x},... x! | ,x'}. We have:

(@) IIAqt+1 = b3 < Biflz"*" — 2|3 + By(8") "%

(®) dist® (0, O (3,11) + Vi, fu(36,71) + Ajz'™h) < Bl —2'[[3 + Ba| 5" — x| +
Bs(p")~*

(©) i) dist 2(0,0hi(x{ )+, fi(xi T +AT2 ) < 36Hzt“*ZtII%+B7IIﬁt(Xt“*Xt)H%-

N 4L2Cj
Here, B = 3oy, Bz = 2A(%)2, Bs = 4(1 — 7)2A By = 4¢°X + (ﬁD)Q, Bs = ik,
Bs = 3(1 — 1)*A(n — 1), and B; = (B(])Q + 692( A)? + 6A” (n — 1). Furthermore, A =

max?_, [|A;]|3, L £ max?_, L;.

Proof. We define uj™" = 0, L1(x["" —xt) — B AT[> 7, A, (x[H! — xb)] withi € [n —1].
We define utt £ Qf(xtH! — xt) with Qf 2 0,181 — B*ATA,,.

(a) We have:

|Ag"t! — b3

IDory A ™) — Ayt + A, x5 — b3

[©)

< 2 Y At b3 4 2 AL (xT - %3
@ _

< 2Ax't —b||Z + 2A(u'Cp)?

@

= 2“%574(Zt+1 )H2+2A(6)\ﬂt) )

@

<

e 121 — a3+ 2A(L)? (8
~—— \——v——/
:Bl :Bg

where step @ uses the inequality that [[a — b||3 < 2[|a||3 + 2||b]|3 for all a and b; step @ uses
|A,. |3 < A and Part (¢) in Lemma step @ uses z!t! = z! + Blo(Ax!T! — b); step @ uses
0 f§/3ﬁ

(b) We first have the following inequalities:

2V fu (351 = V(x5
2|V fa(x t+1) V fa(x Hl)—l—an( t+1) an(sz,)llg

@
< AIVEES) = V(T3 + 4V = V()3
@
< AL = xS 4 AL x0T — x5
€&
< ALZ(u')?CF + ALE G |81 (k- )3
@
< ALL GO e AL = X015, (56)
N————
£B;

where step @ uses the inequality that ||a — b||3 < 2||a||3 + 2||b]| for all a and b; step @ uses the
fact that f,(x,) is L,-smooth; step ® uses Part (c) of Lemma [3.6|that: ||x5t! — xIHL|| < pufCy;
step @ uses pu! <

aapt”
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‘We further obtain:
dist®(0, Oh, (X5F1) 4+ V £i(x) + AT+

2 ||92Lt (c _Xf+1)+vf( t+1)+AT t+1||2

2 0oLl (L, — g — XY + VA 4+ ATz

S (BoLh — BATAL)(x, — x5 + V(%51 = V() + (1 — 1) AT (241 — 23

£ 2Qx, — x4 4 (1— LJAT (2 — a3 + 2V (%) — T fa(xL)]B

S 41— LA - g3+ QUK — XG4 2V (R — V() 3

S 41— LR - |+ (42N + AL G} B — B+ B, (D)
Woora

Ay

2B, 2B,
where step @ uses the optimality condition as shown in Part (b) of Lemma 3.6 that:
p(ct — x5 € Oh, (X4T), with p = O,LF;
step @ uses ¢! = x!, — g/p as shown in Algorlthml; 1} step @ uses the fact that:
g = Vfalxh) + ATz + LAT(2" — 2) + B'ATA, (x, — xi),

step @ uses the definition of Q as in Lemmaf4.2]and the inequality that ||a - b3 < 2[all3+2|b|3;
step ® uses the inequality that [|a — b||3 < 2[la[|5 + 2[[b]|3 and [|A,[|5 < A; step ® uses [|Q']| <
B Aq as shown in Lemma Inequality , and the fact that 8% < j3°.

(c) We first have the following inequalities:

-1
oy i3

SO — xt) — BT A (T — X)) I3

S o oL X+ 20 D BT, A x][3
< 2Ol I IR - XU 34 2A%(n — 1) S B — x1) 3
£ aOL? xtH - xt 3 + 2R%(n — 1)1 (1 — x)]3

< 203+ A B — xD[3 4 2R (n — DA — x|

(202( % + R + 287 (n — 1)} - |B* (" — x4 (58)

where step @ uses the definition of u} ™ foralli € [n—1]; step @ uses the inequality that ||a—b||3 <
2|lall5 + 2[[b||3; step @ uses || A, [|5 < A; step @ uses Y~ th+1 xb|5 < [ — x'[3; step
®uses Lt = L; + B Ai]13 < ﬁ Li +ﬂtA< 8L, BtA.

We have:

S dist? (Oh () + V£ (xET) + ATzt

LY - DAT (2 —2f) — Vfi(xh) —ult + V()3
@
< 3 (= DAT (! — 2|3+ 300 [VAi(xD) = VAGTIZ 4330 [ult3
® _
< 300= PA(m = 1) 2 — 23+ a8 — x I3+ 3T 3
£Bg

[|®

7 —2
Bylla' ™" — 23 + 3 + 602 + A)? + 6A° (n — 1)-[|8'(x" — x|,

A

2B,
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where step @ uses Part (@) in Lemma[4.2] that:
i€ n—1], Ohy(x™) 5> —ultt — Alz" — %AiT(th —z") — Vfi(xh);
step @ uses the inequality that [|a + b + c||3 < 3||a||3 + 3|bl|3 + 3|[c]|3; step ® uses [|A;[|5 < A,
fi(x;) is L;i-smooth, L; < L, and 8° < j3; step @ uses Inequality (58).
O

Now, we proceed to prove the theorem.

Proof. We define Crit(x,z) 2 ||Ax — b||3 + 31, dist*(0, Vfi(x;) + 0hi(x;) + Al 2).

t A [t ot t g
We define q* = {x},x},...,x},_,, %5},

Using lemma|[D.T] for all ¢ > 0, we have:
Crit(th, ztﬂ)
< (Bi+ Bs+ Bg) |2 — 2|5 + (By + Br) |8 (%" = x")|13 + (B2 + Bs)(8")7%59)
—_— —— S———
2D, 2D, 2Dy
‘We further derive:
% ZtT:o Crit(q'*t!, zt+1)

2 T _ T _
< gmax(Dy, Do) 3o o{llz"* — 283 + |8 (x" — x5} + F2 (%)% + B o (8)
@

< gmax(Dy, Dy) KT + 22(80) 72 + 0 - 4+ 2yt

® o,

< Fmax(Dy, Do)KcfT + 52(80) 72 + R - - L7, with 2p € (0,1)

O(TP~Y) + O(T~1) + O(T'~%~1), with 2p € (0,1).

Here, step @ uses Inequality step @ uses Theorem and (/31)2 = (/80+,810£tp s> < (Bogtp)Q;
i6

step @ uses the fact that Zthl v < Til:pp, L if p’ € (0,1), as shown in Lemma|A.

In particular, with the choice p = 1/3, we have: = >°/_ Crit(q't!,z71) < O(T~2/3).

O
D.17 PROOF OF LEMMA [4.20)
Proof. We let \;;7 £ 7! for all t.
Initially, we derive:
oo t &) oo P
21— \/ %)2 = (- %)Q

) - -

< Y-y we)?

— oo {(t+1)P/2—r/2)?

= Qu=1 @pr

® oo {B_t(p/Q—l)}Q

§ o1 2t7p

®

1 (p—2)

S 1 Z:; ‘ P

®

< 1/ (60)
where step @ uses ¢ = 8°(1 + &tP) for all t > 0; step @ uses 1+1§J(rtii)p < 5(ff1)p; step @ uses

Lemmathat (t+1)P/2 —2/2 < 2¢®/2=D forall t > 1 and £ € (0,1); step @ uses p < 1 and

1 1. co 1 _ x2
H—lgz,step(@useszt:lp— e <2
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(a) We have: ||2![]3 = || \;;?H% 7ellz' |3 < K. < +oo, where the last step uses Lemma .13

(b) We have:
0o qipt+l _ pt2 D 00 2t gt 2

> 12 23 = X H\/fﬁ \/ﬁTH2
_ o gt t(_1 1 2
= Zt:1||z\//TJrz1 _Z(\/ﬁﬁ_ \/B,j)||2
D S L wratl P S
= t=1 et 112 t=1 1% NVt
® t
< 230 llmttt — w3+ 23002, A1 — \/55) - 213
@ t
< 2K, + Zllzl3 - 2, (1 -/ F)?
®
S 2Kzz+2Kz'%7

.. t A
where step @ uses the definition \;/? £ ! for all t; step @ uses |la — b||2 < 2||a||2 + 2||b||3; step
@ uses ﬁ < #; step @ uses >, #Hz“r1 —z!||2 < K. as shown in Lemrna step ® uses
Inequality , and %Hztﬂg < K, as shown in Lemmam
O

E ADDITIONAL EXPERIMENT DETAILS AND RESULTS

We offer further experimental details in Sections [E.] and [E.2] and include additional results in
Section[E3]

E.1 DATASETS

We incorporate four datasets in our experiments, including both randomly generated data and pub-
licly available real-world data. These datasets serve as our data matrices D € R™X¢. The
dataset names are as follows: ‘TDT2-rh-d’, ‘sector-r-d’, ‘mnist-rn-d’, and ‘randn-rh-d’. Here,
randn(m, n) refers to a function that generates a standard Gaussian random matrix with dimensions
m x n. The matrix D € R™*4 is constructed by randomly selecting 71 examples and d dimension-
s from the original real-world dataset (http://www.cad.zju.edu.cn/home/dengcai/
Data/TextData.html,https://www.csie.ntu.edu.tw/~cjlin/libsvm/). We
normalize each column of D to have a unit norm and center the data by subtracting the mean.

E.2 PROJECTION ON ORTHOGONALITY CONSTRAINTS

When h(x) = t(mat(x)) with Q@ £ {V | VTV = I}, computing the proximal operator reduces
to the following optimization problem:

X € argming 4[|x — x'||3, s.t. mat(x) e M £ {V|VTV =1}
This is the nearest orthogonality matrix problem, and the optimal solution can be computed as

% = vec(UVT), where mat(x’) = UDiag(s)UT is the singular value decomposition of the matrix
mat(x’). Please refer to (Lai & Osher, |2014).

E.3 ADDITIONAL EXPERIMENT RESULTS

We present the convergence curves of the compared methods for solving sparse PCA with varying
p=1{1,10,100,1000} and 8° = {105, 505, 100p, 5005}, as shown in Figuresto Please refer
to Table for the mapping between (p, 3°) and the corresponding convergence curves. The results
demonstrate that the proposed IPDS-ADMM consistently outperforms other methods in terms of
speed for solving the sparse PCA problem, particularly for the ranges p = {1, 10,100, 1000} and

59 = {505, 1007}
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Table 2: The mapping between (p, 3°) and the corresponding convergence curves for sparse PCA

| 105 505

100 5005
p=1 Figure[2| Figure|6| Figure Figure
p =10 Figure Figure[/| Figure|ll| Figure|l5|
p =100 | Figure Figure[§| Figure|l2| Figure|l16]
p = 1000 | Figure Figure|9| Figure(l13| Figure|l7
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Figure 2: Convergence curves of methods for sparse PCA with p = 1 and 5° = 10p.
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Figure 3: Convergence curves of methods for sparse PCA with p = 10 and 5% = 10p.

36



Under review as a conference paper at ICLR 2025

r.‘-‘-----— - u=IPDS-ADMM ‘.‘--'-‘---- = u=1PDS-ADMM| ‘.‘.. =5 =a= = {. 0. |IPDS-ADMM| (.’-- =5 = a@= =5 {. 5. |PDS-ADMM|
. === RADMM =, X == RADMM o == RADMM o, === RADMM
. ===SPGM e Yo |*==SPGM S ===SPGM . ===SPGM
e |3, ’o: === SubGrad S%em., "= SubGrad © '._"~ = om we | == SUbGrad e |4 “muw == SubGrad
2[5 " me R e —— . e = . 2 A
1070 . 4 S .04
2 H L B ] H ] H
: : d 5
" . [N .,
H . .. LT
. .~ - »u
0 10 15 20 0 5 10 15 20 0 10 15 20 0 10 15 20
Time (seconds) Time (seconds) Time (seconds) Time (seconds)
(a) randn-1500-500 (b) randn-2500-500 () mnist-1500-500 (d) mnist-2500-500
fra- e = 0 PDS-ADMM e la e el T PDS-ADMM [T e e = [Tl IPDS-ADMM| flas on e L PDS-ADMM
e ¢, | == RADMM < == RADMM s == RADMM === RADMM
e v, |===SPGM TR ===SPGM ER s, |==SPGM P ===SPGM
¢ |5 ememan. = SubGrad % "% e m | == SubGrad ¢ |%anmeaent] == SubGrad ¢ | %em u om [== SubGrad
Z 0 L P . -5104 . e m aaww -5104 .
g10h% (ol . g 107% L g B
2 H . = H -~y = .
3 | H 3 |t S
. . H .
H Y s 5
(R . 1 ..
5w b LY TT b Yaena
0 5 15 20 0 10 15 20 0 10 15 20 0
Time (seconds) Time (seconds) Time (seconds)
(e) TDT2-1500-500 (f) TDT2-3000-500

Figure 4: Convergence curves of methods for sparse PCA with p = 100 and 5% = 10p.
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Figure 5: Convergence curves of methods for sparse PCA with p = 1000 and 5% = 10p.
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Figure 6: Convergence curves of methods for sparse PCA with p = 1 and 5° = 50p.
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Figure 7: Convergence curves of methods for sparse PCA with p = 10 and 3° = 50p.
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Figure 8: Convergence curves of methods for sparse PCA with p = 100 and 3° = 50p.
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Figure 9: Convergence curves of methods for sparse PCA with p = 1000 and 5% = 50p.
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Figure 10: Convergence curves of methods for sparse PCA with p = 1 and 5° = 100p.
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Figure 11: Convergence curves of methods for sparse PCA with p = 10 and 8° = 100p.
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Figure 12: Convergence curves of methods for sparse PCA with p = 100 and 3° = 100p.
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Figure 13: Convergence curves of methods for sparse PCA with 5 = 1000 and 3° = 1005.
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Figure 14: Convergence curves of methods for sparse PCA with p = 1 and 5% = 500p.

Objective

Objective

=u=|PDS-ADMM =u=|PDS-ADMM| =u=|PDS-ADMM| ‘,'__‘. I =u=|PDS-ADMM|
= »| === RADMM . == RADMM '.;:..,__ %] == RADMM
.|===sPGM . -==SPGM tw,  "%===SPGM
=== SubGrad 2 5 "+, L= SubGrad @ === SubGrad Y *u,| =*= SubGrad
STy & F - | = LTy . ..
10 i . ‘%103 3 el % ‘.-..._.. % - -.;.-..___.
= S % w8 T .
..‘_..‘ % ] 10 Yo ,.%
£ *u 3| -
S, . 10 0
Rt T el RECTI T
5 10 15 20 5 10 15 20 5 10 15 20 5 10 15 20
Time (seconds) Time (seconds) Time (seconds) Time (seconds)
(a) randn-1500-500 (b) randn-2500-500 (¢) mnist-1500-500 (d) mnist-2500-500
=u=|PDS-ADMM ==|PDS-ADMM| -"::..." " wm (= m= |PDS-ADMM =u=|PDS-ADMM|
RADMM At I = RADMM '_‘-‘ te. - == RADMM === RADMM
-==SPGM s “u.|===SPGM t Tt "eie==SPGM ===SPGM
=== SubGrad o % === SubGrad o H ‘-... == SubGrad == SubGrad
5 . B T = £ ¢ . L.
10 . S, 107 v . n
Teew " 3 s it
., * *, e
s b -~ s -,
.~ - . “ay, - i e e
Dbl e i LD Sy
= . “isie .
5 10 15 20 5 10 15 20 5 10 15 20 5 10 15 20
Time (seconds) Time (seconds) Time (seconds) Time (seconds)
(e) TDT2-1500-500 (f) TDT2-3000-500 (g) sector-1500-500 (h) sector-2500-500

Figure 15: Convergence curves of methods for sparse PCA with p = 10 and 8° = 500p.
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Figure 16: Convergence curves of methods for sparse PCA with p = 100 and 3° = 500p.
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Figure 17: Convergence curves of methods for sparse PCA with 5 = 1000 and 3° = 5005.
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