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Abstract

Causal discovery from observational data, especially for count data, is essential
across scientific and industrial contexts, such as biology, economics, and network
operation maintenance. For this task, most approaches model count data using
Bayesian networks or ordinal relations. However, they overlook the inherent
branching structures that are frequently encountered, e.g., a browsing event might
trigger an adding cart or purchasing event. This can be modeled by a binomial
thinning operator (for branching) and an additive independent Poisson distribution
(for noising), known as Poisson Branching Structure Causal Model (PB-SCM).
There is a provably sound cumulant-based causal discovery method that allows the
identification of the causal structure under a branching structure. However, we show
that there still remains a gap in that there exist causal directions that are identifiable
while the algorithm fails to identify them. In this work, we address this gap by
exploring the identifiability of PB-SCM using the Probability Generating Function
(PGF). By developing a compact and exact closed-form solution for the PGF of PB-
SCM, we demonstrate that each component in this closed-form solution uniquely
encodes a specific local structure, enabling the identification of the local structures
by testing their corresponding component appearances in the PGF. Building on
this, we propose a practical algorithm for learning causal skeletons and identifying
causal directions of PB-SCM using PGF. The effectiveness of our method is
demonstrated through experiments on both synthetic and real datasets.

1 Introduction

Causal discovery from observational data, particularly for count data is a crucial task that arises
in numerous applications, including biology (Wiuf and Stumpf][2006]), economic (Weils and Kim
[2014]), network operation maintenance (Qiao et al.[[2023]],|Cai et al.|[2022]]), etc. Much effort has
been made to model and discover the causal structure from count data. One line of research models
the count data as a type of Poisson Bayesian network (Park and Raskutti| [2015} 2017]]) or ordinal
functional model (Ni and Mallick| [2022]]), based on which various types of discovering methods are
investigated. However, the Bayesian network and ordinal modeling ignore the inherent branching
structure among the counting relationship, which is frequently encountered in real world (Weil3
[2018]]). Take Fig. [1|(a) as an example, in online shopping, the purchasing event can be inherited
from browsing, cart added, or promotion event, which exhibits a branching structure such that website
browsing (X7) may lead to either purchasing (X,) directly without adding to the cart, or adding
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Figure 1: (a) An example of the causal graph of count data in an online shopping service. (b)
An illustration of the branching structure inherent in count data, where browsing events trigger
subsequent events that are summarized as counts.

to the cart (X3) followed by purchasing (X4), as depicted in Fig. [T](b). Accurately modeling and
identifying the underlying causal mechanisms—particularly the branching structure inherent in these
count variables—are of interest for providing valuable insights to service providers.

Branching structure modeling is well studied across various domains, notably within the context of
the integer-value autoregressive model (Weif3|[2018]],|/Al-Osh and Alzaid|[1987], McKenzie| [1983]).
Most of these studies model the relationship among count variables utilizing a thinning operator ‘o’

(Steutel and van Harn|[[1979])). For instance, the causal pair X; — X in Fig. [I(a) can be modeled

as follows: Xy = oo X7 + € where a0 X; = fo;l () gl i1 Bernoulli(«), € ~ Pois(u).

That is, the thinning operator models the branching of an event, e.g., a website browsing event
leads to a purchase with probability «, while the Poisson noise models the exogenous event. Such
modeling can be formalized as the Poisson Branching Structure Causal Model (PB-SCM) (Qiao et al.
[2024b]). Recently, |Qiao et al.|[2024b] further explores the identifiability of PB-SCM and proposes
a likelihood-based heuristic searching method for learning causal skeleton and a cumulant-based
method for identifying causal direction. Although some identifiability results are developed by
Qiao et al.[[2024b]] using cumulant, we show that there still remains a gap in that there exist causal
directions that are identifiable while the algorithm fails to identify them. For example, the current
approach cannot fully identify the causal directions among X, X5, and X3 in Fig. [I|](a). Moreover,
the likelihood-based heuristic searching method requires extensive coefficient estimating and structure
searching suffering from computational complexity and potential convergence issues.

In this paper, we aim to develop the identifiability of the Poisson Branching Structural Causal Model
(PB-SCM) using the Probability Generating Function (PGF) as the characterization of the distribution.
Specifically, we first develop the closed-form solution for the PGF of PB-SCM which establishes
the connection with the causal structure. With this connection, we find that each component in this
closed-form solution is directly associated with a unique local structure, enabling us to learn the
skeleton and analyze causal asymmetries without the need for the entire structure. Based on this, we
provide an exact pseudo-polynomial time causal structure learning algorithm (i.e., polynomial in
the magnitude of the observed variables). We demonstrate the effectiveness of the proposed causal
discovery method using synthetic data and real-world data.

Our contributions are threefold. 1) We develop the closed-form solution for PGF of PB-SCM and
establish a connection between the closed-form solution of PGF and the graphical patterns. 2) We
exploit the closed-form solution of PGF to identify the causal skeleton as well as the causal direction
of PB-SCM, which allows us to identify the adjacency and causal direction directly. 3) We propose
a practical structure learning algorithm and demonstrate its efficiency and effectiveness through
synthetic and real-world data experiments.

2 Related work

For brevity, we review causal discovery methods that are applicable and fully identifiable on ob-
servational discrete data. Numerous methods and theories have been developed for learning causal
structure from observational data (Spirtes et al.|[2000], Zhang et al.|[2018]], Glymour et al.|[2019],|Cai
et al. [2018b], Q1ao et al.|[2024a]). In particular, for discrete data, one can employ constraint-based
methods (Pearl [2009], |Spirtes et al.| [1995]]), score-based methods (Chickering|[2002], Tsamardinos
et al.[[2006]) to identify the causal structure by exploring the conditional independence relation



among variables, but the conditional independence relation can only identify up to the Markov
equivalent class (Pearl|[2009]). Recently, numerous approaches have been developed for categorical
or ordinal data that can identify beyond Markov equivalent class (Cai et al.|[2018a], N1/ [2022]], N1 and!
Mallick| [2022], Peters et al.| [2010], Leonelli and Varando| [2023]], Figueiredo and Oliveira [2023]]).
However, these methods are rarely suitable for count data. Although some recent works explore the
Poisson Bayesian network for the Poisson data (Park and Raskutti|[2015} 2017])), and further extend
it to the zero-inflated Poisson data (Choi et al.|[2020])), there still remains a gap in the identifiability
of the Possion branching structure model.

3 Poisson Branching Structural Causal Model

In this section, we first introduce the Poisson branching structural causal model (PB-SCM), and then
we introduce the preliminary of PGF.

3.1 Problem Formulation

Let X = {Xi,..., X4} denote a d-dimensional random count vector, of which the causal relationship
consists of a causal directed acyclic graph (DAG) G(V, E) with the vertex set V = {1,2,...,d} and
edge set E. We use Pa(i) = {j|j — i € E}, Ch(i) = {j|i — j € E} and Des(i) = {j|i ~ j € E}
denote the sets of parents, children and descendants of vertex i in G(V, E). We assume that any
variable in X satisfies the following Poisson Branching Structural Causal Model (PB-SCM):

Definition 1 (Poisson Branching Structural Causal Model). For each random variable X; € X, let
€; ~ Pois(;) be the noise component of X;, X; is generated by:

Xi: Z aj’iOXj-f-E,“ (1)
JEPa(i)

where a; ; € (0,1] is the coefficient from vertex j to i, and a o X; is a Binomial thinning operator
such that oo X; = 3 (@) \where 55;” L. Bernoulli(«), independently of X;.

n=15" >
The formulation is consistent with the existing literature, such as|Qiao et al.| [2024b]], /AI-Osh and
Alzaid [[1987]]. We further assume that the faithfulness assumption, the causal Markov assumption,
and the causal sufficient assumption hold. These assumptions are commonly used in constraint-based
causal discovery methods, e.g., PC algorithm (Spirtes et al.[|[2000]). With these assumptions, we
formalize our goal as follows:

Goal. Given i.i.d. samples D = {x? ), . ,ng ) 7, from the joint distribution P(X) generated by

PB-SCM, our goal is to identify the unknown causal structure G from D.

3.2 Preliminary

To develop the identifiability of PB-SCM, we resort to using the probability generating function as
the proxy to analyze the distribution and its asymmetry property. Here, we recall the definition of the
probability generating function:

Definition 2 (Probability Generating Function). Given discrete random vector X = [X1, ..., X4]T
taking values in the non-negative integers Z>°, the probability generating function of X is defined

as:
00

Gx(z) = B[z -2 = Z p(x1, .y xa)2yt - 200 2)
ZT1,..,2a=0
where p is the probability mass function of X. The power series converges absolutely at least for all
complex vectors z = [z1, ..., zq)* € C? with max{|z|, ..., |24} < L

Since the PGF is uniquely defined by the probability mass function, such uniqueness of the power
series expansion will in turn define the probabilities, meaning that the analysis of the distribution can
be conducted on PGF as a proxy (Johnson et al.|[2005])).
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Figure 3: Illustration of the graphical implication in the closed-form solution for the PGF of PB-SCM.
Here, a; jT'x; (1) indicates that X is reached from X, while (1 —«; ;)T'x, (0) indicates the opposite.

4 Structure Learning of PB-SCM Using Probability Generating Function

In this section, we demonstrate how to utilize PGF to identify causal structures. We first develop
the closed-form solution for the PGF of PB-SCM, which has a compact and exact representation
capturing the global structure information. Building on this, we delve into the components of the
expansion of the PGF’s closed form, demonstrating that each component in PGF is connected to a
specific local structure. To effectively capture these components, we develop a local PGF. Finally,
based on such a connection, we present theoretical results regarding the graphical implications of the
component captured by local PGF, which can be used to discover causal structures.

4.1 Motivating Example

Before the formal discussion, we first present a motivating example illustrating
how PGF helps analyze the identifiability of PB-SCM.

Taking the triangular structure in Fig. [2] as an example, the corresponding
closed form of PGF is given in Fig. [3] We can observe that the closed form
of the PGF can be separated into three parts, starting at X7, Xo, and X3,
respectively. Each part of PGF encapsulates the path information in the overall
causal structure. For example, considering the term 23 227;% in @), the z%
represents that there are two paths from X; to X3 if the path o 2, a0 3, a1 3 are ‘open’. By this,
one can deduce that for the reserved direction, e.g., X3 — X5, such a term 232, will not exist, which

justifies that the causal direction between X5, X3 is identifiable.

Figure 2: Example
triangular structure.

Another attractive property of the PGF is the ability to analyze the local behavior of the structure. For
example, by properly setting z; approach 0, we can deduce whether the exist of adjacency between
X5, X3 by testing whether the term 2523 exists as shown in term ®. Furthermore, as shown in Fig. [T}
by analyzing the local PGF, we can show that the causal direction X; — Xy < X3 is identifiability
while the previous cumulant-based method (Qiao et al.| [2024b])) can not.

In light of the connection between PGF and the causal structure, we can develop a PGF-based method
to effectively identify the causal structure. In the following section, we first demonstrate how the PGF
encapsulates the causal structure by developing the closed-form solution of the PGF. Then, benefiting
from the local analysis of PGF, we address the identifiability gap of PB-SCM and present a more
general identifiability result.



4.2 Closed Form Solution of Probability Generating Function

In order to analyze the identifiability of PB-SCM, we first establish a fundamental theorem that
provides the closed-form solution for the PGF of PB-SCM:

Theorem 1 (Closed-form solution for PGF of PB-SCM). Given a random vector X = [X1, ..., X,,|*
following PB-SCM, let z(;y = {z|l € Des(j) U {j}}, the PGF of P(X) is given by Gx(z) =

Hie[d] Gei(zi X HjGCh(i)Givj(z(j)))’ where

GzJ(Z()) = GB(aiJ) (Z] X HkECh(j) G]JC(Z(]C))) 7Ch(.]) 7& @ : (3)
’ ’ GB(az‘,j)(zj) , Otherwise

in which G, (-) is the PGF of Poisson noise ¢; and G'p(q, ,)(-) is the PGF of Bernoulli distribution
with parameter o ;.

The main idea of the proof is to decompose the expectation of PGF according to the causal structure,
e.g., a conditional expectation in PGF can be derived as E [25"°""|e1] = Gp(q, 4)(23)"* since

aq,3 0 €1]€1 ~ Binomial(n = €;,p = oy 3). Applying the above rule recursively with the law of
expectation, we can obtain Theorem[I] The overall proof is given in Appendix [A.T]

Theorem [T]reveals the inherent relationship between the causal structure and the close-formed solution
of PGF. To see this connection more concretely, we further develop the following theorem:

Theorem 2. Given a random vector X = [X1, ..., X4)T following PB-SCM, the PGF of P(X) can
be expressed by:

Gx(z) = [T exp{ps x (Tx,(1) = 1)}, ©)

i€[d]
where Tx, (1) = 2 > geo.1y10001 [ Liecngi OszjTXj (s7),Tx,(0) =1 and af]] =, jifs; =1and

o =1—a;ifs; =0

Theorem [2| provides a more compact closed-form solution for the PGF of PB-SCM. Intuitively, it
consists of different path information starting at different vertex. Taking the triangular structure in
Fig.|3|as an example, the closed-form solution of PGF can be expressed as follows:

Gx(z) = eXP{,ul X [(1—a1,2)(1 —aiz)zr+a12(l —ai3)(1 —as3)z122 + a1 ,2a2,3(1 — a1,3)z12223

@ @
+o13(1 —a12)z12z3 + a1201,3(1 — a,3)2z12223 + 041,2062,3(11,3212225} - ,ul}
©) @
X exp{ug X [(1 — az,3)22 + a2,32223] — ug} x exp{us x (zz3 —1)},
—_—— ~~
® ©® @

&)
which is the combination of three main terms T’x, (1), T'x, (1), and T’x, (1) given in Theorem 2] Here
T, (1) contains all possible path information from X;; to all its descendants while T’x, (0) denotes the
vertex is ‘close” which will not be reached at the current path. Theorern shows that for each T'x, (1),
it enumerates all possible combinations of ‘open’ and ‘close’ of the children of X; recursively. For
example, in terms (3), we have X5 ‘close’ and X3 ‘open’ such that only z3 appears in this term and
we obtain a, 3(1— al,g)zl z3. Formally, we provide the graphical implication of the closed-form
solution of PGF as follows:

Proposition 1 (Graphical implication of closed-form solution of PGF). Given a random vector
X = [X1,..., Xq]T following PB-SCM, for any subgraph G (L, E) with the subset of vertices . C 'V
P

such that the i-th vertex is the root vertex in G(L, E), a component C'z; HjeL\{i} ij with constant

C # 0, exponent p; € 7™ exits in T, (1), if and only if there exists a subgraph G(L, E') with subset
of the edges E' C E such that for each j € L\ {1}, there are at least p; directed paths from X, to
X in the subgraph G(L,E').

Proposition [I] reveals the graphical implication of each term in the closed-form solution of PGF that
each term is related to a number of directed paths in a certain subset graph. In particular, for the



highest order, in terms @), 212222 indicates that there are two paths from X; to X3 and one path
from X to X5 in this triangular structure, which implies that X7, X5 is the cause of X3 offering
a way to identify the causal direction by detecting whether 23 exists. In fact, the cumulant-based
method is exactly the method that identifies the causal direction by detecting the highest order of z;
using cumulant (Qiao et al.|[2024b]).

However, one drawback of detecting the highest order is that the highest order of z; does not always
contain full identification for PB-SCM. For example, in Fig. 1| (a), since z; zzzf, 22232'2 has the
order of 2 while z;25, 2923 only has an order of 1, we can only conclude the causal direction
from X1, X2, X3 to X4 but not causal relation among X7, X5, X3 using merely the highest order.
Fortunately, the causal structure X; — X5 < X3 remains identifiable since the term 21 2923 does
not exist in the PGF. This indicates that there is no directed path starting from any vertex that passes
through all three vertices X7, Xo, X3. In this case, we can conclude that it must be the collider
structure and allows us to identify the causal structure by detecting whether such a term exists.
Another drawback of detecting the highest order term is that it requires multiple derivatives of PGF
or complex construction with higher order cumulant, hindering the analysis of the identifiability. In
this work, benefiting the local property of the PGF, we explore a consistent way to identify the causal
structure while only lower-order information is required.

4.3 Local Probability Generating Function

One of the attractive properties of PGF is the ability to isolate and examine some specific components
by strategically setting the other variables z approach zero within the probability generating function,
which allows us to investigate the local structure and devise a practical structure learning algorithm.
Formally, we define the following local PGF:

Definition 3 (Local Probability Generating Function). Given random vector X = [X1, ..., X4|T
following PB-SCM and its PGF Gx (z). The local PGF of vertices L C [d] is the pointwise limit of
Gx(z) as the z\1, approach 0, z\1, = {z|i € [d] \ L}, denoted as: G%(z) = limg, ; 0 Gx(2).

The local PGF can be constructed using the original PGF by setting the limit of z. By this, similarly
to Theorem 2] we have the following closed-form solution for the local PGF:

Theorem 3. Given a random vector X = [X1, ..., X,,]T following PB-SCM and its PGF Gx(z).
For a subset L C [d] of the set of vertices, and the set of the children of vertex i within L, denoted by
Chy, (i) = Ch(i) N L, the local PGF of L can be expressed by:

Gx(z) = [[exp {mi x (T%,() - 1)} J[ exp{-—p}. 6)

i€L i€[d)\L
where T (1) = z; > I1 ozfjﬂ% (s4) I1 (1 —ai;)and T (0) = 1.
s€{0, 1119 ()] jEChy (i) T jech(i)\Chy (i)

Taking Fig. as an example, the local PGF of vertices L = {X5, X3} is G;((XZ’X?’} =

exp{—pn }exp{u2[(1 — az3)22 + aa 32023] — p2) exp{uszs — w3 }. Such local probability gener-
ating function allow us to analysis and to identify the local structure, e.g., the term 2523 in the local

PGF G;X”'Xg} represent the adjacent relation between X5 and X3.

In the following sections, we will further explore the identifiability of several specific structures that
serve as fundamental local structures within a graph.

4.4 Identifiability

In this section, we address the identifiability of the PB-SCM using the PGF. Our focus is on identifying
three fundamental local structures to reconstruct the causal graph from causal skeleton to causal
direction: (i) the adjacent relation, (ii) the local triangular structure, and (iii) the local collider
structure.

Adjacent relation. We first address the identifiability of the adjacent relation, which is involved in
identifying the causal skeleton. For each pair of vertices X;, X; € X, the component z;z; appears in
the PGF if and only if X; and X; are adjacent, indicating that there exists a path either from X; to
X or from X to X;. Therefore, we can detect the adjacency relation by testing whether the second



. . % log QLYY . .
partial derivative ﬁ%gﬁ equal to zero in a local structure. In order to construct a hypothesis
0%

test for such a condition, we formulate the condition as a rank condition. Formally, the adjacent
relation can be identified using the following theorem:

Theorem 4 (Identifiability of adjacent vertices). Let X;, X; € X be two arbitrary vertices with the

(i3} 9657 (2)
. . Gy’ (z) =X -2
corresponding local PGF G;’j}(z). Define the matrix A1t = 9GLY (2) asz;}(z) with
0z 02;0z;

2, 2j approach 1, the condition Rank(A{i’j}) = 1l ifand only if X; is noﬁ-adjacent to X;.

Intuitively, Theorem[d]identify the adjacent relation by detecting the existence of z;z; in the logarithm
of the PGF, i.e., the T, (4) inside the exponential function. By this, the identification of the causal
skeleton is given. Next, we show the identifiability of a local triangular structure.

Triangular structure. For any three vertices X;, X;, X}, € X forming a triangular structure. Such a
structure must have one and only one vertex with an in-degree of 2. This asymmetry is captured by
the second-order derivative of local PGF, e.g., 2;%; z,% where X}, has an in-degree of 2. By this, the
causal direction X; — X}, and X; — X}, in the local triangular structure is identifiable as follows:
Theorem 5 (Identifiability of local triangular structure). Let X;, X;, X, € X form a trian-
gular structure with the corresponding local PGF G%’]’k}(z). Define the matrix B{i+} =
GLakY () 2Gx ()
X 0z,
G =) 9l (a)
azk (9,212C

with z;, zj, 2, approach 1, the condition Rank(B{3F}) = 2 if and

only if Xy, is the vertex with an in-degree of 2 in this triangular structure, i.e., X;— X —X;.

Note that the causal direction in the triangular structure is not fully identifiable because it does not
exhibit asymmetry and can always construct an equivalent PGF in the reversed direction which is also
discussed in|Qiao et al.| [2024b]. Next, we consider the identifiability of the local collider structure,
which is also referred to as the unshielded collider structure.

Local collider structure. Given three adjacent vertices X; — X ; — Xj,. If they form a collider structure
X; = X, < Xy, the corresponding pattern in the closed-form solution of PGF is z;z; + 22, but
no z;z;z, reflecting the absence of non-block path among these three vertices. Thus we have

8% log GLF} (z) . . . e .
—onbm 0. Similarly, we can construct a rank condition for identifying such local collider

structure using the following theorem:
Theorem 6 (Identifiability of local collider structure). Let X;, X;, X}, € X be three adja-
cent vertices with the corresponding local PGF Gg’]’k} (z). Define the matrix clidkl —

G{i’j’k}(z) AGIT Y (2)

X 0z; / . . 111 {i,5,k} = i

0L @) 92GLI (g) with z;, 2, 2, approach 1, the condition Rank(C )=1ifand
Oz 0z;0zp

only if the vertices X;, X, Xy, form the structure X; — X; + Xj.

Combining the identifiability in Theorem [5|and Theorem [6]of the local structure, we conclude the
following graphical implication of the identification of PB-SCM.

Theorem 7 (Graphical implication of identifiability). Given a pair of adjacent vertices X;, X; € X
following PB-SCM, the causal direction of X; — X is identifiable if there exists a vertex X, €
X\ {X;, X,} such that X}, — X;.

4.5 Learning Causal Structure of PB-SCM Using Probability Generating Function

In this section, we propose a practical algorithm for learning the causal structure of PB-SCM using
PGF. Note that the probability generating function can be estimated by employing the empirical
probability generating function (Nakamura and Pérez-Abreu| [1993]]). The algorithm is given in Alg.
Our algorithm involves two steps: learning the skeleton of DAG G using the result developed in
Theorem [ and inferring the causal direction using the results developed in Theorem [5|and |6}

Learning Causal Skeleton. To learn the causal skeleton, following the Theorem 4] we construct
the matrix A {57} for each pair of vertices X;, X ; € X, and assess its rank to determine adjacency



between the vertices (Line 2-4). Notably, learning the causal skeleton is efficient because each pair of

vertices requires only one examination.

Learning Causal Direction. Given the skele-
ton, we orient the causal direction following the
Theorem [3] and Theorem [6l Our initial focus
is on orienting within triangular structures. For
each triangular structure, we enumerate the ma-
trix BU#7#} to test whether X}, has indegree of
two based on Theorem [5]and orient X; — X},
and X; — X, if detected (Line 5-7). After the
orientation in the triangular structure, we focus
on orienting the remaining undirected edges fol-
lowing Theorem[6] Specifically, for each undi-
rected edge X; — X ;, we first consider testing the
causal direction in a pattern like X; — X; < Xj.
Then, we consider testing the causal direction
in pattern X; — X; — X}. Such a test is con-
ducted by constructing the matrix C{%7:¥} and
to test whether the rank is 1, and then orient
X; = X < Xj, if detected (Line 8-10).

Rank Test. To test the rank of A{#7} Bi:d:k}
and C{7*} | we employ a rank test by testing
whether the second (minimum) eigenvalue A, is
zero, i.e., Hy : Ao = 0 wv.s. Hy : Ay # 0. Since

Algorithm 1: Causal Discovery for PB-SCM
Using Probability Generating Function

Input: Data set D

Output: Causal Graph G
1 G+ empty graph;

// Learning Causal Skeleton
2 for each pair of vertices i, j in G do
3 if Rank condition Rank(A1"7}) = 1 then
4 Add undirected edge “X; — X;” in G
based on Theorem

// Learning Causal Direction

s for each triangular X;, X;, X;; € G do

6 if Rank condition Rank(B{*9*}) =£ 1 then

7 Orient “X; — X} < X;” in G based
on Theorem[3

8 for each structure X; — X; < X1 € Gor
Xi—Xj —Xk € Gdo

9 | if Rank(C'"9*}) = 1 then

10 Orient “X; — X; < X;” in G based
on Theorem [l

11 Return G

the trace of the matrix converges to a normal
distribution based on the central limit theorem, and thus the sum of eigenvalues is also Gaussian.
Thus, if H) is true, we approximate the eigenvalue as a normal distribution with zero mean. We further
employ bootstrap method (Efron and Tibshirani [1994])) to estimate the variance of such distribution
by calculating the bootstrapping statistic A5 from N resampling dataset Dt € {D;r |D;;1 NyCD,}

and estimate the variance of )\; . Building on this, the p-value of A\, from the original dataset can be
obtained.

Complexity Analysis. In the step of learning skeleton, we determine whether each pair of vertices
is adjacent by testing the rank of the matrix following Theorem [4] and hence the complexity of
skeleton learning is O(3d(d — 1)). In the step of learning causal direction, we consider the complete

graph, where there are (g) = W triangular structures, and for each triangular structures,

we test the rank of the matrix for three vertices following Theorem[5] and hence the complexity is

O(M). Similarly, in orienting collider structures from a complete graph, we choose three

adjacent vertices and test the rank once following Theorem@ hence the complexity is (’)(W ).

Therefore, the total complexity is O(3d(d — 1) + w).

S Experiment

5.1 Synthetic Experiments

In this section, we test our proposed method on synthetic data. We first conduct control experiments
on synthetic data to evaluate the sensitivity of our method to sample size and different indegree
rates. Following this, we present case studies involving 3, 4, and 5 vertices to further illustrate the
identifiability of our approach. The baseline methods include the cumulant-based method (Cumulant)
(Q1ao et al.| [2024b]), OCD (Ni and Mallick! [2022])), PC (Spirtes et al.|[2000]), GES (Chickering
(2002]).

Sensitivity Experiment In the sensitivity experiment, we synthesize data with fixed parameters
while traversing the target parameter. The default settings are as follows, sample size=30000, number
of vertices=10, indegree rate=3.0, range of causal coefficient o; ; € [0.1,0.3], range of the mean of
Poisson noise y; € [0.05,0.15]. Each simulation is repeated 15 times.



Table 1: Sensitivity to Avg. In-degree Rate.

F11 SHD|
Avg. In-degree 2.0 2.5 3.0 35 2.0 2.5 3.0 3.5
Ours 0.74+0.05 0.81+£0.07 0.86+0.03 089+004|967+199 833+228 640+1.68 527+1.39
Cumulant 0.73£0.03 0.77+0.02 0.80+£0.04 083£0.03 | 13.40+1.28 14.10£1.51 13.00£2.37 13.20+£2.23
PC 0.60+£0.17 0.62+0.11 0.54+0.12 0.60+0.12 | 990+345 11.80+2.48 1590+3.91 16.10+3.21
GES 048+0.14 048+0.11 041+£0.11 037=£0.10 | 1490 £4.48 19.50+£4.61 25.90+4.18 30.5+4.06
OCD 0234022 027+023 0284+0.16 037+0.14 | 16.10£3.70 19.40+5.50 23.60+4.62 24.30 +4.67

Table 2: Sensitivity to Sample Size.

FIT SHDJ
Sample Size 5000 15000 30000 50000 5000 15000 30000 50000
Ours 0751009 0821004 0861003 0871004 | 1150334 9271237 640L168 5871125
Cumulant | 0.72+0.04 0.78+£0.02 0.80+0.04 0.80+£0.03 | 19.90+£3.35 15004141 13.00+£249 13.60 =+ 2.63
PC 0454011 0544011 0544013 0.66+£0.09 | 19.50£4.30 15.70+3.77 1590 +4.12 13.00 % 2.79
GES 0.39+£0.10 0444020 0414011 043+£022 | 23.70£4.14 2270+7.85 25904441 24.10+8.84
0CD 0.30+£0.12 0354018 028+0.16 0.38+£0.20 | 21.90+3.35 20.80£4.57 23.60 £4.62 20.90 £ 5.74

In the control experiments on the average in-degree given in Table[] as the average in-degree controls
the sparse of causal structure, the higher the in-degree rate, the less sparse in causal structure leading
to a decrease of performance of the baseline methods, PC, GES and OCD. In contrast, our method and
Cumulant show improved performance as they benefit from the denser structure which provides more
identifiable structures. Additionally, our method outperforms Cumulant by overcoming identifiability
limitations through leveraging PGF, demonstrating better performance.

In the control experiments on sample size presented in Table 2, our method’s performance improves
with increasing sample sizes, consistently outperforming all baseline methods. Furthermore, it
surpasses Cumulant under the same conditions due to its efficient identification of directions in local
structures without relying on high-order statistics, thus enhancing accuracy.

Case Study To demonstrate the identifiability of the proposed PGF-based method, we present case
studies using causal graphs with 3, 4, and 5 vertices. The results of our method and the baseline
methods are summarized in Table 3l

Table 3: Case studies of causal graphs with in total 3, 4, and 5 vertices, respectively. Red undirected
edges indicate that adjacency has been learned but the direction cannot be determined, while red
directed edges indicate incorrectly learned directions.

GES OCD
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O O )
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()
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e
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&)
()
&) @’@ @’@

$ 6656

@,@@
()

Generally, our PGF-based method successfully identifies almost all the edges, except for X; — X5
in the graphs with 3 and 5 vertices. This is because there is neither a vertex with an indegree of 2
to provide causal asymmetry, nor an additional vertex to form the local collider structure, which
aligns with our theoretical results. Notably, the cumulant-based method fails to identify the structure
X1 — Xo < X3 in the 4-vertex graph and the edge X, — X5 in the 5-vertex graph, as it cannot
leverage low-order information. This limitation, however, is successfully addressed by the PGF-based
method, which can utilize such information effectively. Regarding other baseline methods, PC
and GES encounter difficulties in identifying the Markov equivalent class, while OCD illustrates
identifiability issues in PB-SCM.



5.2 Real World Experiments

In this section, we evaluate the performance of our proposed method on two real-world datasets to
assess its effectiveness in realistic scenarios.

Football Events Dataset We test the proposed method on a real-
world football events dataseﬂ which includes 941,009 events from
9,074 games across Europe. The experiment focused on analyzing
the causal relationships between specific events such as Foul, Yellow
card, Second yellow card, Red card, and Substitution, as depicted in

Fig. [ The goal is to identify causal relationships from the counts
of these events. Figure 4: Football Event

Graph (F: Foul, Y7: Yello
In detail, we orientate in the local triangular structures Y7 — Yy — F', cardp Y;: Sec orlid yelll oW C ar‘d,v

Yo — R — F, and the local collider structure Y; — S — R. As a R: Red card, S: Substitution)
result, Our method successfully identifies adjacent vertex Foul — ' T
First Yellow Card and other six causal directions, which is consistent with our theoretical result.

e

Y

Y

/N

105)

Shopping Mall Paid Search Campaign Count Data We also evaluate our method using a shopping
mall paid search campaign datase(’| This dataset contains information from a five-month paid search
campaign for a U.S. shopping mall, spanning from July to November 2021. In this analysis, we focus
on the count variables Impressions, Clicks, and Conversions, which represent fundamental count data
in e-commerce scenarios. These variables exhibit the following causal relationships: Impressions —
Clicks, Clicks — Conversions, and Impressions — Conversions, forming a triangular structure.

Our experimental results demonstrate that the proposed method successfully identifies the adjacent
relation between Impressions and Clicks, and the other two causal directions. These results align
with our theoretical findings, suggesting that the method has the potential to be applied to real-world
scenarios involving count data.

6 Conclusion

In this work, we investigate the identifiability of the Poisson branching structural causal model using
the probability generating function. We derive a nontrivial closed-form solution for the PGF of
PB-SCM and further establish the connection between the closed-form solution of PGF to the causal
structure, showing that the closed-form solution of PGF encompasses the path information with
various subgraphs. With this connection, we employ the local property of PGF and propose a simple
yet efficient way to identify the local causal structure of PB-SCM by constructing a matrix with
rank test. By this, we provide a practical algorithm and a hypothesis test approach for testing the
causal structure and verifying the effectiveness of the algorithm via synthesis and real-world data.
The proposed theoretical results take a meaningful step in understanding the causal mechanism and
completing the identifiability result of PB-SCM.

The main limitation of this work is that the explicit estimation of the probability generating function
does not scale well to the number of nodes. Developing a sample-efficient estimating method could
be a promising direction. In addition, causal faithfulness and sufficient assumption may restrict the
usage of this work in a border scenario, which needs to be processed with extra detection steps to
eliminate the effect.
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A Proof of Closed-Form Solution for PGF of PB-SCM

A.1 Proof of Theorem [l

Theorem 1 (Closed form of PGF within PB-SCM). Given a random vector X = [X1, ..., X,|*
following PB-SCM, let z;y = {z|l € Des(j) U{j}}, the PGF of P(X) is given by Gx(z) =

Hie[d] Gﬁi(zi X HjeCh(i)Gi,j(Z(j))), where

Gi,j(z)) = G B(ai;) (ZJ' X Ieen Gj,k(z(k))) ,Ch(j) #0 ’ AD
7 ’ GB(ai,j)(Zj) , Otherwise

in which G, (-) is the PGF of Poisson noise €; and G'p(q, ;)(-) is the PGF of Bernoulli distribution
with parameter o ;.

A.1.1 An Illustrative Example for Deriving the Closed Form

Before formal proof, we first provide an intuition of proof through a detailed example. Deriving
the closed form of a multivariate PGF involves decomposing the expectation using the law of total
expectation. This ensures that each decomposed expectation involves only one random variable,
each of which has a closed-form PGF, as most univariate PGFs admit a closed form. We first
introduce some closed forms of univariate PGFs used in the proof. Specifically, the univariate PGFs
of the Poisson and Bernoulli distributions are given by: G¢(z) = E[z¢] = exp{u(z — 1)} when
€ ~ Poisson(p) and Gp(a)(2) = E[2"] = 1 — a + az where x ~ B(«), the Bernoulli distribution
with parameter .

Consider the triangular structure in Fig. [3} the corresponding PGF is expressed as follows:

o1,20€1+ Q3,301 20 Qg 30
Gx(Z) - F [folzgfzzg(s] —F |:Zilz21,2 €1 62232,3 1,20€1taz,3 62+€3:| ) (A.2)
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= a1,20X1 + €2

Figure 5: Example triangular structure.

Since PB-SCM is a kind of additive noise model, we can represent each variable by the noise of
ancestors with the corresponding coefficient along with the causal path. Next, since noises are
independent of each other, by rearranging the components that share the same noise, we can further
decompose the expectation:

Gx(Z) =F [2?251'2061231'3061Z§2’30a1'2061] E [252252,3062] E [253] i (A.3)

This form reveals the underlying causal mechanism, where the power of z; in the expectation
involving z{* is the noise component from X; to X; with the corresponding path coefficients. That is,
each expectation captures the noise’s potential influences, along with their respective causal paths.

To analyze this expression more closely, we focus on the first expectation involving z7* in Eq. By
applying the law of total expectation, we decompose this expectation, ensuring that each decomposed
inner expectation depends on only one variable:

E [2512,;12061 Z§1,3061Z?2,30a1,2061] — IE [Z?E [Z?I’SOEI ‘61] E [231,2061252,30!11,2061 |61H

A4
—E [Z?E I:Zgél,_’ioﬁl ‘61] E [qu,zOqE [Z?O)zg,gooa,zoq|Ozly2 o 61] |€1H- ( )

An immediate observation from Eq. [A.4]is that, to establish conditional independence and decompose
the expectation, we condition the variables following the causal order (e; corresponds to X; and
a2 0 €1 corresponds to X»), thereby encapsulating the graph structure within the PGF.

Next, each decomposed expectation involves only one variable, e.g., E [z5"*°"'|e1] is the PGF of
1,3 0 €1]e; ~ Binomial(n = X,p = a), has a closed form PGF G'p(q, ,)(23)°*. Similar to other
expectations, we can finally obtain the closed form of Gx(z):

GX(Z) =E [[Zl X GB((XLS)(Zg)}EI x E [[22 X GB((XQYS)(Zg)]al’ZOq |61H
=E [[zl X GB(a1,3)<Z3) X GB(al,z)(z2 X GB(Q213)(23))]€1} (A.S5)
= Gfl (21 X GB(Otl,s)(Z3) X GB(Q1,2)(22 X GB(Otz,s)(Z3)))'

Note that, E [[22 X Gp(a, 4)(23)]*2°|e1] is a PGF of a1, o €1]e; where the input is 23 x
G B(as ) (23). Similar to this, we have:
E [25225°°°?] = E [25°E [25°°%|e2]] = E [25°GB(as.4)(23)?] = Gey (22GB(as.4)(23)),
and E [25°] = G, (23). Then the close form of PGF of Fig. [§]is as follows: (RO
Gx(z) =G, (21 X GB(ay.4)(23) X GB(ay.4)(22 X GB(as.4)(23)))

(A7)
X Gey(22 X GB(ag.5)(23)) X Gey(23).

Therefore, to derive the closed form of PGF, we need to apply the law of total expectation following
the causal order, which constructs a recursive formula. To formalize this in a recursive formula, we
further define some graphical concepts.

o P
Notation. We use P*7 = {P,zwj } denotes the set of all directed paths from vertex i to j,
. . k:1 . .
where P, = (i, k1, ko, ... kp, ), p = | Py | — 2, denote the k-th directed path from vertex i to j.
For each directed path P,:W], we use AZWJ = (i ky» Qky ko - - - » Ak, 5) denote the corresponding
coefficients sequence of path P, 7. We let P = {P">} also be a valid directed path for

simplicity. Besides, we use A, o X; == oy, j 0 - 0 (&, © i, © X; denote to perform a
consecutive thinning operation on X; based on the path sequence.
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A.1.2 Formal Proof

Following the definitions, the PGF of joint distribution P(X7, ..., X,;,) under PB-SCM is given by
Gx(z) = E[z;" - - - 2.X»]. Since PB-SCM is a kind of additive noise model, we can represent each
variable by the noise of ancestors with the corresponding coefficient sequence along with the directed
path:

| P
X; = Z Z Ao g + 6, (A.8)
h€An(i) p=1

where An(i) denotes the set of ancestors of vertex i.

Next, by rearranging the components that share the same noise, we can further decompose the
expectation as noises are independent of each other:

poF leﬁwl\ Ahwloeh-‘re] Eh Z\Phwn\ A}LW7LOE}L+€7L
GX(Z) :E Zl h EAn(1) P X oo X 2 €An(n)
S i [P (A9)
A”‘) o€; A“"]oe
AR I VLR i i
i€ [n] j€Des(1) jEDes(i) p

where Des(¢) is the descendent set of vertex 4.

We start by introducing the following Lemmas.

€ \PMJl 'WJ o€ .
Lemma 1. For each E [zi [T cpesiiy L= , we have:

|[Pid] [P77

A’LWJO£1 ( g i) AJWk E(O‘i,j)
I IT 5 =G |= I =5 11 %"
JEDes( ) p=1 ]EClz(z) k€Des(j) p=1
(A.10)
Proof. We first condition ¢; using the law of total expectation and obtain:
|Pid) [ [P
A’“”oel ) A“’”oe1
I =E |5 H I 5" e
jGDeS(’L) p=1 L | j€Des(i) p=1
- - PJ“'“I »
=ElE | T (5 I1 I0 &0 )l
L |jeCh() keDes(j) p=1
(A.11)

Now, regarding the definition of thinning operation a; ; 0 X = Zle (@.3) " where fﬁ,,o”’j )~
Bernoulli(«) are i.i.d. Bernoulli random variables, Eq. can be rewritten as follows:

le]l P]wkl ( ) )
10 11 = I I E Sy I II = Sy AT e )
= : ;
JGDes() p=1 L ]GCh i L k=Des(j) p=1
- ok
(eg,5) P | & AJ“"’k (i‘j)
el el 1T ‘
- i i
L JECh(1) L= 1 k=Des(j) p=1 n=1
- .
Bl ] = H SOOI
JGCh 1) n=1 k=Des(j) p=1
(A.12)
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Since we condition the ¢;, which can be regarded as a constant in the expectation, we have:

- - €i

| PP Ao (% o [Pk A 0g(®iid)
I I B | E 1 |
j=Des(i) p=1 L JECh() | k=Des(j) p=1
[ [ (e, 5) ‘P]Wk| AJWk f( i,5) “
JECh(i) L k=Des(j)
[ ) PJWkl i~k (@g,5) “
=E||lz ] E Zéw R | ,
]ECh(z) k=Des(j) p=1
(1(% 13))
( i) ~ kao i, j
which is the PGF of ¢;, with the input being z; H]ECh(z) E [ e bes(s) H PJ k| Zl? &n
Therefore, we finally have:
|Pid| |P7E (@i,5)
Al Joel (az ) Aka i,
I I = - H R E R B |
j=Des(i) p=1 ]ECh k=Des(j) p=1
(A.14)
This completes the proof of LemmalI] O
5(nzi,j) ijkl AJWkog(aq 3)
Lemma 2. Let G; j(z(j)) = E | 2" [li_pescs H 2y, , we have:
Ga,.(z-x Gz ) L Ch(j) # 0
G ;(z()) = Blaiy) (% X keong) Ginzm) (J)?.é ) (A.15)
GB(as.)(25) , Otherwise

Proof. (i) If Ch(j) = (), which means vertex j has no descendant, we have:

P]wk*
<o<7 ) |

Aka <ivj) (g 5)
Gij(z) = I II = -E {zj } (A.16)

k=Des(j) p=1

(g, 5)
where &, (i) § is the Bernoulli distribution with parameter «; ;. Therefore, E zf" ’ is the PGF of

(e, 5)

Bernoulli(a; ;) with input z;, we have G; ;(z(;)) = E [zj" ] = GB(a;,;) (7))

(ii) If Ch(7) # (), we condition the Bernoulli variable §£La”' ), and obtain:

s ke
[P (oi5)

(i) AT kog, @
Gij(zg) =E |z "E| [ ] = (3582

keDes(j) p=1
|PE=t|

NI E R | I | AR

keCh(j) l€Des(k) p=1

(a,]) (g, 5)

|
&=

(A17)
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Similar to LemmaE we have o 1, o f i) Zn 1 §£f¥j *), Therefore, Eq. |A.17|can be rewritten
as follows:
r r pa— ( : gi‘)‘i,]‘)
(e 5) k) Akwl ol ik .
Gij(z() =E | 25" I] E I II = | ewa)
keCh(j) le€Des(k) p=1
- . ig)
— ‘572 2J
Pkwll
(% ) k) ksl o5 k)
=E H E fn § H H ApTlogn
keCh(s) | l€Des(k) p=1
- (ag,5)
Pkwt‘ n
(a k) Ak“’“lo (k)
TR IIE N 1 7
kECh(J) l€Des(k) p=1
) (A.18)
which is the PGF of Bernoulli variable &, (21,) . Therefore, we have
((’J ) ‘Pkwl‘ Ale E( ]k)
Gij(z()) =Gpy |z [ E |z 11 , (A.19)
kECh(]) 1€Des(k) p=1

é_(a ‘Pkwl‘
where E | z; HleDes(k H

sz Gk
o ] is Gj k(2 (1)) according to the definition, that is

Gij(2() = GB(as,) (Zj o Gj”“(z(’“))> ’ (A-20)
which completes the proof of Lemmal|2] O

Regarding to the Eq. [A.9] by leveraging the Lemmal[I] we have:

[P

el
i€[n

j€Des(i) p=1

Gx(z)

o (A21)

A I
i€[n]

]ECh() k€Des(j) p=1

(a”) (a”>

Next, according to the Lemma[2} we have:

‘ijk )
) ka i,
g 05”
=[] G|z ] E 25 [T 1II - || Ge |2z [] Giila)
1€[n] ]ECh(z) keDes(j) p=1 1€[n] J€ECh(3)

(A.22)

GB(ai ) (ZJ' X erCh(j) Gj,k(z(k))) ,Ch(j) #0

. This completes the proof.
GB(a;;)(2)) , Otherwise

where G ;(z¢;)) = {

A.2 Proof of Theorem
Theorem 2. Given a random vector X = [X1, ..., X 4T following PB-SCM, the PGF of P(X) can

be expressed by:
=[] exp{wi x (Tx,(1) = 1)}, (A.23)
i€[d]

where Tx, (1) = 2 Y Sge o100 [ Liecng ai’jTXj (s;),Tx,(0) =1and ozfjj = ;ifs; =1and

SJf L
o =1—a;ifs;=0.
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Proof. According to Theorem[I] we have

Gx(z) = Hie[n] a., (z X HjeCh(i) Gi,j(z(j))> : (A.24)

Since G, () is the PGF of Poisson noise ¢;, we have:

Gx(z) = Hie[n] exp {u <z X HjeCh(i) Gij(z3)) — 1> } : (A.25)
Therefore, to complete the proof, it suffices to show that:
TXi (1) =2z; X HjeCh(i) Gi’j(Z(j)) (A26)
holds for each vertex in the recursive process.

We proceed by structural induction. Specifically, we first show that Eq. holds for the leaf
vertices. Then, assuming that the expression holds for each child vertex j of a parent vertex ¢ (i.e.,
j € Ch(i)), we demonstrate that the expression also holds for the parent vertex 1.

Base case Given an arbitrary leaf vertex [, since Ch(l) = ) and by the definition of T’x, (1), we
have T'x, (1) = 2 x 1. Therefore, Eq. holds for the leaf vertex.

Inductive Step Next, Assuming that for each child vertex j of 7, the following holds: T'x, (1) =
zj X [Txecni) Gink(z@)). Our goal is to prove the T'x, (1) = 2z X [[;cconay Gini(2())-

When Ch(i) # 0, according to the definition of G; j(z(;)), we have:

Hjech(i) Gis(26) = HjeCh(i) CB(ass) (Zj % erch(j) Gj’k(z(k)))
- HjECh(i) (1 T Qi + Q%5 % HkECh(j) G]vk(z(k))> .

By expanding Eq. [A.27] we have:

HjeCh(i)Gi’j(z(j)): Z H (1_ai,j)Hai,j 2 H Gik(zw)) ||, (A28)

SCCh(i) | jeCh(i)\s jes keCh(j)

(A.27)

where S represents all subsets of Ch(i), corresponding to all possible combinations of child vertices
of vertex i.

Next, regarding the definition of T'x, (1), since affj = {?i’j N zj ~ , we have:
— Qi 5 =
Tx,()=2 Y, 1T «Tx,(s))
s€{0,1}In()| jECh(4)
=z ) [T o%Tx ) [ el;Tx, ) (A.29)
SCCh(i) | jeCh(i)\s jes
=z Yy II G-ap]]ewilz 11 Girta) ||,
SCCh(i) | jeCh(i)\s j€s kECh(j)
given Ty, (1) = z; X [[ccn(j) Gjn(Z(x)). Then, comparing Eq. and Eq. |A.29] we find that:
Tx,(1) = z Hjecw G j(2())- (A.30)

Substituting back into we have:

Cx(2) = Hie[n] exp {“"' (Zl % Hjecw) Gij(zy)) — 1) }
= Hie[n] exp{ﬂi(TXi(l) - 1)}7

which completes the proof. O

(A31)
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A.3 Proof of Theorem 3|

Theorem 3. Given a random vector X = [X1, ..., X,|T following PB-SCM and its PGF Gx(z).
For a subset L C [d] of the set of vertices, and the set of the children of vertex i within L, denoted by
Chy, (1) = Ch(i) NL, the local PGF of L can be expressed by:

HGXP{MZ 1)-1)} H exp{—u;} (A.32)

i€L i€[d]\L
where T (1) = z; > 11 aijTi( i) 11 (1 —ai;)and T (0) = 1.
s€{0,1}1L () jEChy (4) JECh(3)\Chy ()
Proof. According to the definition of Local PGF, we have:
L ; , (g
Gx(2) z\lirgo i€(d] G”(ZZ x HjGCh(i)G”’ (Z(J))>

o GLGQ(ZZXHJGCM) 4423 ) H G<Z Hjecmw%(z(”))
z\lirgo eLGQ(ZlXHJGCh(i)Gi’j(Z(j))) H z\liQOG ( HjGCh(i)Gi’j(Z(j)))

JE[d\L
(A.33)

Since z; approaches zero for each j € [d] \ L, we have:

11 hmOGEl(zl x HJECW (z(j))) (A34)

el
= H Z\l}i‘go exp {M] (ZJ X HkECh(j) GJ’ ( (k) )} H GXp{ /J,j (A35)
je[d\L JE[d\L
Therefore, we have:
L _ .
log Gx (z) = Z111‘130 G, ( HjeCh(z) i ) H exp{—u;} (A.36)
i€L JE[d\L

Next, we consider the lim Gel(zZ X ITecnGi, j(z(]))>. According to Theorem it can be
Z\L
expressed as follows :

Tl )
= z\lirgoeXp{ui(Txi(l) -1}

= exp {m ( lim Ty, (1) — 1> } (A.37)

Z\LHO

=exp{ p; X | z; lim Z H a TXJ sj)—1

Z\L‘)O
s€{0,1}ICh(d)] jeCh(s)

Next, we are going to show that, when 1im TXj (sj) = T}‘(j (sj), we have

lim Tx, (1) =z Y H ) Tx, [T -y =T%1). A38)

Z\LA)O ; .
s€{0,1}L (D jEChL (4) ]EC’h(z)\ChL(z)
Let Chy, (i) = Ch(i) N L, we have:

z\lll‘g G61<Z1 % H]ECh( b (Z(j))>

= z\lirgo exp ] p; X | 2 Z H a; 5 TX H | a‘iijXj(sj) -1
s€{0,1}I(D jEChy (4) jECh('L)\ChL(z)
(A.39)
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In scenarios where j € Ch(i) \ Chy,(i) and s; = 1, considering that z; € z\r, and z; — 0, (that is,
z;j approach to zero for those vertices j ¢ L) ,we have:

im T (s;) = lim 2 > IT osTx. (sk) =0. (A.40)
N N s€{0,1}1%()| kECh(j)

Otherwise, when j € Chy, (i), we have:

lim Tx,(s;) = lim z; Z H o T, (sk)

z\1,—0 z\1,—0
v \E $€{0,1}10()| kECh(j)

S H agh, lim Ty, (st) (A41)

Z
s€{0,1}19)| kECh(j e

=z Z H a Txk Sk)s

s€{0,1}/C()| keCh(j)

and when j € Ch(i) \ Chy(i) and s; = 0, we have lim Ty, (0) = 1. Therefore, we have:

Z\1 —0
l € Zi | | 1,7 j
\lm G 1( y Ch(i)G ,J (ZO)))

—exp{mx (z, Z H a hm TX (s5) H (l—aiﬂj)—:l)} (A42)
s€{0,1}1L (D] jEChL(3) FECh(i)\Chy (1) ’

= exp {,ui X (zz Z H ozS] TX H (1@2”]')1) }

se{0, 1}\C"L( )| jEChY, (i) JECh(i)\ChL(i)

According to the definition of T%i, we obtain:

. L
Z\lirgo Gfi(zi x HjeCh(i)Gi’j(Z(j))) =exp {p; x (Tx,(1) - 1)} (A.43)
By substituting Eq. @]into Eq.[A.36] we finally have:
log GX H exp {ﬂz - 1 } H exp{—p}, (A.44)
i€l i€[d]\L
which completes the proof. O

A.4 Proof of Proposition 1]

Proposition 1 (Graphical implication of closed-form PGF). Given a random vector X =
(X1, ..., X4|T following PB-SCM, for any subgraph G(L,E) with the subset of vertices L C 'V
such that the i-th vertex is the root vertex in G(L, E), a component Cz; HjeL\{i} zfj with constant
C # 0, exponent p; € 7 exits in Tx, (1), if and only if there exists a subgraph G(L, E') with subset
of the edges E' C E such that for each j € L \ {i}, there are at least p; directed paths from X; to
X in the subgraph G(L, E').

Proof. We consider the subgraph G(L,E’) as a local structure associated with the node set L.
According to Theorem 3} we have:

GAOEEEDY [T et II  (Q-ay)  a49)

s€{0,1}/ChL ()] jeChy (i) FECh(E)\Chy(3)

We select a subset of edges E' C E, indicating that edges in E’ are ‘open’ and edges in E \ E’
are ‘closed’ within the local structure containing the vertex set L. This means that edges not
included in E’ are considered non-existent in the subgraph. Consequently, in Eq. [A.45] we have: (1)

SJ 1TL (55 = 1) if the edge i — j is in E/, and (2) ozSﬁOTL (sj = 0) if the edge i — j is not
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in E’. That is, each subset E’ corresponds to an element in {0, 1}/¢"t () representing a possible
combination of whether each edge is ‘open’ or is ‘close’.

We describe the term C'z; [ | JELN{} z? 7 through a recursive process. Initially considering the children
of X, there exists a term in T, (1) as follows:

Zi H azl,jT)L{j(l) H a?,jT}L(j(O) H (I —aij)

JEChL (i) JEChL (i) JECh(i)\Chy (i)
i—jEE’ i—j¢E’
S L
=z [ oz > I[I epzxo| II G-y JI  (Q-ay)
JEChL (i) s€{0,1}/CPL )| keChL(j) JEChL(2) JECh()\Chy(4)
i—»jeE’ i—>j¢B’

Constant coefficient

=C xz H zj Z H a;’“kT)I(‘k (sk)
JEChy, (1) s€{0,1}ChL ()] kEChL(5)
i—jEE’
(A.46)
Continuing from the Eq. [A.46] for each term in the product expansion, we can similarly expand based
on the children of X ;. This expansion includes the following term:

Cxz ] z]( I[I edstx,() [ ofuTx,(0) II (1—aj,k)>

JEChY,(7) keChy (5) keChy,(j) keCh(3)\ChL(3)
i—jCcE’ j—keE’ j—kgE’

Constant coefficient

=Cxz H 2j H 2k Z H ai’;lTkl(sl) H (1 — ag,)

JEChY, (i) ke€ChL(j)  se{0,1}/ChL(F)| I€ChL (k) 1ECh(K)\Chy, (k)
i—jEE’ j—keE’

=C x Zi H Zj H Zk Z H a;ilTkz (Sl) H (1 — Ozk’l)

JEChy (i) keChL(4) s€{0,1}ChL (k)] 1€Chy (k) 1€Ch(k)\Chy, (k)
i—jcE’ j—kcE’

(A.47)

The term “2; [ [jecny (i) 2 [ Ikecnw (j) 2+~ describes how X; can reach its descendants X, through
the children X JHfﬁlFE shows JtlTa]iezﬁl reachable vertices are expressed in the form of the product
of z variables, indicating that in the subgraph G(L, E’), the number of paths X; takes to reach its
descendants k € Des(¢) is given in the power of zj. Thus, the corresponding term for the subgraph
G(L,E"), Cz HjeL\{i} z;)j, is included in T’x, (1), where p; represents the number of paths from
X, to X; in the subgraph G(L, E’). Conversely, if such a subgraph G(L, E’) does not exist, then
T, (1) will not contain such a term C'z; [| jeL\{i} zf 7, since the number of directed paths from ¢ to
j is less then p;. This completes the proof. O

B Proof of Identifiability

We first introduce the following necessary Lemmas for our proof.

.. 2 {i,5}
Lemma 3. Given two verticesi,j € V and the corresponding local PGF G;m } (z), %{;‘z,(z) =
i0%j

0 if and only if vertex i is non-adjacent to vertex j.

Lemma 4. Given three vertices i,j,k € V and the corresponding local PGF Gg’j ’k}(z),

% logG{i’j’k}(z) . . . .o . .
W = 0 if and only if vertices i, j, k form the structure i — j < k.

Lemma 5. Given three vertices i,j,k € V and the corresponding local PGF G%’j’k}(z),

8% log GL7"? . . L ) . .
Ogaif;z(z) # 0 if and only if vertices i, j, k form the structure i — k < j and vertex i is
k

adjacent to vertex j.
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The proofs of Lemma[3] Lemmafd] and Lemma 5] are deferred to section [B.5]

B.1 Proof of Theorem [d

Theorem 4 (Identifiability of adjacent vertices). Let X;, X; € X be two arbitrary vertices with the
. (i3}
G;:J} (Z) 0Gx 7 (2)

corresponding local PGF Gg’j}(z). Define the matrix A1} = 06U (2) agaif;}(z) with
BZJ' aziaZ]‘
24, 25 approach 1, the condition Rank(A{i’j}) = 1 if and only if X; is non-adjacent to X ;.
Proof. Considering the partial derivative of log G;é’j ! (z), we have
0log G;i’j}(z) 1 8G§é’j}(z)
o = 7 e (B.1)
Zi G (z) 2
?logGi M z) 1 9267 (») 1 0GY7 (2) 0GL (z) 52)
> - i.j . o 2 ) . :
020z, G% ]}(z) 02;0z; (G%J}(Z)) 0% 0z,
.. . . . 8% log G{i’j}(z)
If part If vertex 7 in non-adjacent to vertex j, according to Lemma , we have W =0,
that is - N N
1 826l (2) 1 9GY (2) 06E7 (2)
Uil () 0202 [Aligh 2 Oz 0z, O (B3)
Gx’ (z) i0%j (G%’]}(z)) i J
By rearranging the equation, we obtain:
i aZG(iaJ) 8G(iaj) 8G(i’j)
Gg{’])(z) x (z) _ Y9x (z) 0Gx" (z) —0. (B.4)
8zi8zj 82’1 6Zj
{i.3} 9L 7 (z)
: : A Gx7'(2) —5—
Notably, Eq. [B.4|is the determinant of matrix A{#J} = Lo} 2 , and the
8G>é (z) 9 gxa (2)

det(A{9}) = 0 means that the rank of matrix A{:7} is 1, i.e., Rank (Af%7}) = 1. This com-
pletes the proof of the if part.

Only If part If Rank(A{"7}) = 1, we have det(A{7}) = 0, which means:

X 82’1‘62j 6z, 82’j '

hy 2
Divide both sides by (G;W} (z)) . we have:

1 9G¥ (2) 1 9G¥ (2) 06K (2)
{i,7} 020z, {i,j} 2 0z 0z; =0 (B-6)
GX (Z) 1U%5 (GXJ (Z)) % J
. 8% log Gi(i’j} (z) . .
Comparing to Eq. |B.2] we have b = 0. Therefore, according to Lemma [3} X; is
non-adjacent to X ;. This completes the proof of Theorem [

B.2 Proof of Theorem 3

Theorem 5 (Identifiability of triangle structure). Let X;, X;, X, € X form a triangu-
lar structure with the corresponding local PGF G%’J’k}(z). Define the matrix BUHk =

22



GLakY () 20 (@)
8G)(){(i,j,k}(z) agcf,zj’fk}(z) with z;, z;, 2, approach 1, the condition Rank(B{W’k}) =2 ifand
sz 3Zf:

only if Xy, is the vertex with an in-degree of 2 in this triangular structure, i.e., X;— X—Xj.

Proof. Considering the second order partial derivative of log Gg’j k) (z) with respect to zj, we have

Olog Gg’j’k}(z) B 1 8G§é’j’k}(z) B.7)
0z = digk} 0z '
: ) O
PlogCi™M@) 1 G (a) 1 0GEH) (2) B5)
0z} nga’f}(@ 9z (G;i,j,k}(z))z 0z,

If part If X;, X;, X}, form the triangular where X}, is the vertex with indegree of 2, according to

2 {i,3.k}
Lemma we have %"2@) # 0, that is
k
1 PG @) 1 <8G§(] }(z)> 40 ®9)
ik 2 . 2 : :
G;] }(Z) 8Zk (G%’]’k}(z» 8zk
By rearranging the equation, we obtain:
y iy 2
. 82G{%J7k} 7z 8G{1J»k} z
G§é7],k}(z) )522 ( )7 Xazk ( ) %Oa (B.10)
k
N GLakY () 29 (@)
Notably, Eq. [B.10]is the determinant of matrix Bioik} = (%z((i,j,k}(z) aze{%’?k}(z) , and the
xazk XB 2
‘ 2

det(B{:3:*}) =£ 0 means the rank of matrix B{"7-*} is full rank, i.e., Rank (B{":*}) = 2. This
completes the proof of the if part.

Only if part  If Rank (B{"7%}) = 2, we have

N 2 ..k} {i.4,k} 2
det (B{i’j»k}) _ Lk (52 GEZQ (=) _ <8GXBZk (z)) £0. (B.11)
k

o 2
Divide both sides by (G%m,k} (z)) , we have

2 ..k} {i.4.k} 2
; 41k} ) L (0w B0
GX’]’ (Z) 8zk (vajvk}(z» 0z,
32logG§é’J’k}(z

and hence we have ) # 0. According to Lemma the vertex X;, X;, X}, form the

p)
0z}

triangular where X, is the vertex with an in-degree of 2, i.e., Xi@X j. This completes the
proof of the only if part. O

B.3 Proof of Theorem [6]

Theorem 6 (Identifiability of collider structure). Let X;, X;, X, € X be three adjacent
vertices with the corresponding local PGF G%’J’k}(z). Define the matrix Clikt =

G{i’j’k}(z) 0Gi Y (2) N
ac)f{i,j,k}(z) 62@?,??1«}(2) with z;, 2;, 2, approach 1, the condition Rank(C{"7*}) = 1 if and
X b.q
0z 02;0zk

only if the vertices X;, X, Xy, form the structure X; — X; < X.
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Proof. The proof of Theorem [f]is similar to that of Theorem 4] Consider the partial derivative of
log GL""* (z), we have

52 logGg’j’k}(z) _ | vl 62G§é,j,k}(z) - 1 aGg,j,k}(Z) aG;’,j,k}(Z)
020z, GLIkY (z) 0210z (Gg,ggk} (z)) 2 0z Oz,
(B.13)

If part If vertex ¢,j,k form the structure ¢ — j < k, according to Lemma 4] we have
8% logG}{é’j’k}(z)

D20 =0, that is

i,k i3,k i3,k

1 2" @) 1 065" (@) 06" (2) _ B4
{é.d.k} 07,0z igk 2 0z 0z e ’
GX (Z) k (G§(] }(z)) Kk
By rearranging the equation, we obtain:
Qi) (Z)amg(f (@) 0G5 (2) 0G%" " (2) _ B.15)
- GLakY () 0% (@)
Notably, Eq. [B.15|is the determinant of matrix C{#7F} = 8522,,,“@) 82G§§fk}(z) , and the
Oz 02,0z

det(C{iJ’k}) = () means the rank of matrix C1%4:%} is 1, i.e., Rank (C{i’j’k}) = 1. This completes
the proof of the if part.

Only if part If Rank(C{*/*}) = 1, we have det(C{?7:*}) = 0, which means:

PGY"MN @) 96" (2) 06K (2)

e =0 B.16

X (Z) 8228% azl 8zk ( )
. , ik} )2 :
Divide both sides by (GX (z)) . we have:

1 PG () 1 G (2) 0G5 (2)
{i.3,k} 020z B i gk 2 0z; 0z =0 ®.17)
GX (z) iOZL (G;l’]’ }(Z)) i k
Regarding to Eq. [B.13} we have 289" @) _ o yccording to L ices i, j, k form th
egarding to Eq. |B.13] we have —os0s,  — U, according to Lemma 4, vertices ¢, j, k form the
structure i — j < k. O

B.4 Proof of Theorem /7]

Theorem 7 (Graphical Implication of Identifiability). Given a pair of adjacent vertices X;, X; € X
following PB-SCM, the causal direction of X; — X is identifiable if there exists a vertex X, €
X\ {X;, X, } such that Xj, — X;.

Proof. Given a pair of adjacent vertices such that X; — X ;, suppose there exists X, € X\ {X;, X}
such that X, — X;. We consider two cases: (i) X; is adjacent to X, and (ii) X; is non-adjacent to
Xj: () If X; is adjacent to Xy, then X;, X;, X}, form a triangular structure where X; — X; < Xj.
According to Theorem 5| we can identify that X; is the vertex with an indegree of 2, confirming that
X; — Xj; (ii) If X; is non-adjacent to Xy, then X;, X;, X}, form a collider structure X; — X; <
X This structure can be identified according to Theorem [6] which completes the proof. O

B.5 Proof of Lemma 3[4 and

We first introduce some notations and necessary lemmas concerning the limits of the local PGF.
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Notation. For simplify, we define G, (z(;)) := G, (zl *ILiecnay Gi (z(j))> as the component
involving €; of PGF. According to Theorem we have Gx (z) = [[;e(n) G2, (25))-

Lemma 6. Considering the limit of function G7, (z;)) as z; — 0, we have lim, _,o G?, (z(;)) = e™ 1.

Proof. Since G} (z(;y) = G, (zz *[Lieonw GiJ'(Z(j))), where G, () is the PGF of Poisson
noise ¢;, we have:

Ge.lz) = lim Ge, (Zi “1cen Gw(zw) =G, (0) = e, (B.18)
which completes the proof. O
Lemma 7. Considering the limit of function Gi,j(z(j)) as z; — 0, we have lim,,, ¢ Gi,j (z(j)) =

1— Qg

Proof. Since G; j(z(;)) = GB(a,,) (zj X [lrecni) Gj,k(z(k.))), where G'p(q, ;)(+) is the PGF of
Bernoulli distribution with parameter «; ;, we have:

which completes the proof. O

B.5.1 Proof of Lemma[3l

Proof. According to the definition of local PGF, we have
{aidye,y — -
Gx”"'(z) = lim o Gx(z) = lim H G? (zq)) (B.20)

Z\{i,j} Z\{i,j} le[d]
According to Lemma@ we have lim, .o G}, (z(;)) = e”# for [ # i, j, consequently, we have:

GYMz) = lim GL(20)GL(z) [ Ghza)

z\{i,j3 0 le[d\{4.5}
_ hm G* G: 7 llm G z

2\ (3,30 o (20)G5 (J))le[d]lgm} M) 0 o) B2
= lm G (2 G, (2(5) IT e

Z\ {i,5} le[d]\{i,5}

If part. Suppose vertex ¢ is not adjacent to vertex j, we have:

li G (ziy) = i Ge. | 2 x G : B.22
Z\{,ljn}’l—ﬂl (Z( )) Z\{ngl—ﬂ) ’ ( erCh(i) ’k(z(k))) ( )
Since j ¢ Ch(i), therefore z € z\(; ;1 for all k& € Ch(i), we have:
Z\{PglaoG (2)) = Ge, (Zz % ercw) z\{Eglao G“’“(Z(’“))) ' (B.23)
where
g Guso) =, Gt (3 T gy Grato) ) = Gt @) B 29
Substituting Eq[B.24]into Eq. [B:23] we have
o G (B) = G, <Zi “icons GB(“"*“(O)>
(B.25)

= exp {Mizi X erCh(i)(l - Oéz}k) - Mz‘} .
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The derivation of  lim G (z(;)) is similarto  lim G7, (z(;), it follows that,

2\ {1,530 2\ (5,4} 0
z\(}llr?—mG (z(j)) = exp {ujzj X erc’h(j)(l — k) — Nj} . (B.26)

Substituting Eq. [B:25|and Eq. [B.26)into Eq[B.21] we have

aggvj}@zz lim L o (20)G (2(5) [ e
e 1efd)\{i.d}

= exp  HiZi X ercz«b(i)(l — Qi) + pjzj X ercw)(l — k) = >

le[d]
{(B.27)
Taking the logarithm of Eq. [B:27] we obtain:
{idy Ny — ) o o
log G (2) = pizi ercw)(l Qi) + pj2j X HkECh(]) IGZ:;] Hi- (B.28)
Consequently, Taking the partial derivative of Eq. [B.28] we finally have:
0log G;i’j} (z)
— o = o i), (B.29)
92 log G%’j} (z)
——F——= =0 B.30
aZiaZj ’ ( )

which completes the proof of the if part.

Only if part. We prove by contradiction, i.e., suppose that 7 is a child vertex of vertex 7, we aim to

8?2 logG (z
prove that B e # 0.

We first consider G (z(;) in Eq. since j € Ch(i), we have

lim G (Z(i)) lim Gel (ZZ X Gi,j(Z(j)) X H GL}C(Z(;Q)))

k3 —0 7 —0
2\ (0.5} “\ i} keCh(D\)

—
2\{i,j} keCh()\j Z\{i,5}

=G, (z2 x  lim OG”(z(j)) H lim Gl k(z(k>)) (B.31)

= G, (zz x lm Gy (z)) x H GB(ai.j)(O)) .
2\ {i,5} 0 ’

keCh(i)\j

We next focuson lim G, i(z
2\ {i,j3 0 i (]))

lim Gij(z;) = lm  Gpa,) <ZJXHk€Ch Gj,k(zw)))

Z\{i,5} 0 Z\ {4,530

- GB(Q”') (zj x erCh(j) z\{gl};o Gj’k(z(k))>
= GB(ai,j) (Zj X HkECh(j) GB(O‘J’J@)(O))

=1—ij+ iz erCh(j) GB(ag.)(0)-
Substituting Eq. [B:32]into Eq. [B.31] we have:

lim G, (Z@) = Ge; (Zz X (1 — Q5+ @iz erch(j) GB(aj,k)(O)) X H GB(ai,k)(0)>

i —0
S keCh(i)\j

(B.32)

=exps ] O—aipmz+ [ O—an) [ O - apmmecszz — p
keCh(i) keCh(i)\j keCh(j)
(B.33)

26



Next, we consider G, (z(;)) in Eq. [B.34] as i ¢ Ch(j), therefore 21 € z\y; ;; for all k € Ch(j).
Similar to the if part, we have

i hmﬁOG (z(j)) = exp H (1 —ayp)tizi — 1 ¢ - (B.34)
\{i,3} KeCh())
Substituting Eq. [B-33]and Eq. [B-34]into Eq. [B-2T]and taking the logarithm of it, we have
log chm}(z) = H (1 — g j)pizi + H — Q)12
keCh(i keCh
€Ch(i) € (J) (B.35)
+ H 1 _azk H (]- _a]k HiQ j2i25 — ZMZ
keCh(i)\j keCh(j) le[d)
Since the presence of z;z;, we have
02 log G%’j}(z)
Tazj = H .(1 - ai,k) H 4 (1 - Oéj,k)ﬂi # 0, (B.36)
keCh(i)\j keCh(j)
which completes the proof of the only if part. O

B.5.2 Proof of Lemmal

Proof. The proof of Lemma@is similar to that of Lemma[3] We aim to show that the component
5,k

2;%52y, 1 absent in log G;é "7 (z) if and only if the vertices i, 7, k form the structure i — j < k.

According to the definition of local PGF, we have

Gg’j’k}(Z) = lim o Gx(z) = .li.m H G, (B.37)
Z\ {i,5,k} Z\ {i,5,k} le (d]

According to Lemma@ we have lim., o G}, (z(;)) = e™* for | # i, j, k, consequently, we have:

G;J }(Z) =, .h.mHOGei(Z(i))Gej (Z(j))Gek(Z(k)) H Gel (Z(l)) (®8.38)
\{i.d,k} leld\{i,5,k}

= lim  G(20)GL ()Gl (may)  [[ e ®.39)
\{i.d.k} leld\{i,5,k}

Taking the logarithm of Eq. [B.39 we have:

log G%vj,k}(z) = lim (log Ge,(z(y) +log G¢, (2(5)) + log G, (z(k))) - Z W (B.40)
B EUNTERS

.o . . . 9% log G (2)
If part Suppose i, j, k form the structure ¢ — j <— k. we aim to prove that — i 0

by showing that none of the functions lim G7, (z(; )) hm G (z(5)), lim G, (2()) in Eq.
2\ {34k} Z\{i.g.k}
involve the component z; zx, which implies that there 1s no a directed path between ¢ and k.

Since the j is the child of ¢ and &, and j has no child, similar to proof of Lemma 3] we have:

lim G{ (z(;) = exp {szj X erCh(j)(l — k) — Mj} ; (B.41)

2\ (i, k) 0

2\ {i,5,k} 0

lim  GC (2)) = exp { I O-awmz+ ] O-an) [ Q-opu)mon;zz - uz} ;

11 ECh(i) 1LECK(D)\j 1,€Ch())
(B.42)
L lim G (zr) = exp I C-armdmzt+ J[ (G—orwn) [ (- ajn)mon oz — -
Mgk lo€Ch(k) la€Ch(k)\j I, €Ch(3)
(B.43)
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Since none of Eq. [B.41] Eq. [B.42] Eq. [B.43| contain the term involving z; zy, the partial derivatives
of the logarithms of these equations with respect to z; and zj, are all zero. Therefore we have :

82 log G37M (z)

=0, (B.44)

which completes the proof of the if part.

Only if part We prove by contradiction. Suppose that 4, j, k£ do not form the structure ¢ — j < k.
This implies ¢, j, k form either (i) the chain structure ¢ — 7 — k or (ii) the fork structure ¢ < j — k.
82 log GE7M (2)

We aim to prove that I 0.

We first discuss the case (i). If 4,7,k form the chain structure ¢+ — j — k&, we prove that
2 {i,j5,k}
%’w # 0 by showing that the  lim  log G7,(z(;)) in Eq. [B.40| contains the com-

Z\ {i,5,k} —0

ponent z;2; 2.

According the Theorem [I]and Lemma([7] we have:

g Gate =, 1 G (55T gy Gt
~ G (z <im0 G @0) % Loy o 8o G”(Z(”))

=G, (zl X lim G (z)) x HleCh(i)\{j}(l — Oéz‘,l))

Z\{i,j,k} 0
(B.45)
Consequently, we expand the G; ;(z;) and apply the Lemma we have

lim Giyj (Z(j))

Z\ {4,j,k} 0

= Gt (2% G (50X Iy 820950 5)) * Dl 150 onCir)

= GB(&i,j) zj X GB(aj,k) Zk X H (1 —apn) | x H (1- O‘jﬂn)
neCh(k) meCh(j)\{k}

= GB(a; ) (1—ajr)z +ajrezize H (1— akn) H (1—ajm)
meCh(j)\{k}

=P2

neCh(k)

=p1

= GB(a, ;) (1 — k) B225 + ;i f1B2252k)
=1—ai;+ (1= ajr)aiBezi + aijoy Kbz 2k

(B.46)
For simplicity, the constant coefficients in the equation are replaced with 31, S2. Substituting Eq.

[B:4¢)into Eq. we have:

lim  Gi(z@) =Ge |2 X [1 — i+ (1 — ajr)ai,;Bozj + aujoy, zizk] X 1-—
NI (2@) i ( [ it ( 5k) 0,3 B2z 0,k B1 82252k Hlec’h(i)\{j}(
=G ([(1 —aij)zi+ (1 — ajr)ai;Bezizi + ooy kB Bazizizr] X Hlec}l(i)\{j}
(B.47)
Clearly, the equation contains the term involving z;z;z;,. We have:
0 log G (2)
— & = O 11—« X Z: 0. (B48)
0z;0z, i3 5 k152 Hlec‘h(i)\{j}( i) X 2 #

Then we consider the case (ii). If ¢, j, k form the fork structure i «— 7 — k, , we prove that
2 {i,4,k}
%’5%@ # 0 by showing that the  lim 0log G¢,(z(;)) contain the component z;z; 2.
‘ Z\{ig.k}
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According the Theorem [[|and Lemma[7] we have:

lim G (2@) = lm G (zz * HjECh(i) Gi’j(z(j)))

2\ {i,5,k} 0 Z\ {i,5,k} 0

= Géi (Z»L X lim Giyj(Z(j)) X lim OGi’k(Z(k)) X H

2\ {i,5,k} 0 2\ {i,5,k}

Gu(Z(l)))

o lim
leCh(i)\{i,3} 2\ (i j,1} 0

= Gﬁi (Zi X lim OGi’j(Z(j)) X lim _>()Gi’k(z(k>) X HleCh(i)\{i,j}(l — Oéi,l)> .

2\ {i,4,k} Z\{i,4,k}
(B.49)
Consequently, we expand the G; ;(z;), G; 1 (z)) and apply the Lemma
Z\{i,l.:,rz?}ﬁo Gi’j(z(j)) - GB(O‘M) <Zj . z\{i,l_yl',lil}ao HmeCh(j) Gj’M(Z(m))>
- GB(ai’j) (Zj x Hm,GCh,(j)(l B ai,m)) (B.50)
=1- Qg j —+ (o781 HmGCh(j)(l — Oél'_’m) Zj,
=5

and

hm OGi’k( ) GB (i) (Zk X lim HneCh(k) Gk’n(Z(n)))

2\ {i,5,k} Z\ {i,5,k} 0

= GB(au) (Zk x Hnech<k>(1 - O‘kvn)) (B.51)

=1- Qi+ Oy k HnECh(k)(l — ak’n) 2k

=P

For simplicity, the constant coefficients in the equation are replaced with 31, 52. Substituting Eq.
and Eq. into Eq. [B:49] we have

lim sz (Z(i)) = Ggi (Zi X (]. — Q45 + Blzj) X (1 — Q4 k + ﬁgzk) X HleCh(i)\{i ; k}(l — ai,l)> .

2\ {i,5,k} 70

Clearly, the equation contains the term z;z; 2, Then we have (B2
2 {i.5,k}

W = 8152 [ Licenn oy 4~ ) X 2 # 0 ©33
which completes the proof of the only if part. O
B.5.3 Proof of Lemmal[3
Proof. According to the Theorem 3] we have
log GE™ (z) =log T exp {m x (T{‘ R (1) — 1)} I exp{-m}

1€ {irj k) 1€[d\ {i,4,k}
=i (TEP ) 1)+ (TP ) 1)+ (TEPP W = 1) = >
le[d\{i,5,k}
= T )+ TE (1) + T (1) = D e
(B.54)

If part Suppose that i, j, k form the structure ¢ — k < j and ¢ — j , where vertex ¢ has two
directed path lead to vertex j. We aim to demonstrate that T){(i’j kY (1) contain the term involving

8%z % logGy’j’k}(z) ;,é 0

z;zjz¢ such that A = 22;z; # 0. Consequently, it follows that =5
k
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According to the Theorem T){(” ok} (1) is expressed as follows:

ik si pisgik

s€{0, 1}/ 5,50y D FEChL; 5 1 (i) JECR\Ches.g,k3 (0)

(B.55)
where Chy; j k1 (i) = {j, k} in this structure. For simplicity, let 31 = I1 (1 — aij),
FECh()\Chyi sk (1)

we have:

TE ) = pim YD ol T (s)af T (). (B.56)

s€{0,1}2

We consider the term in[B.56| where both s; = 1 and s; = 1, which is given by:
s;=1p{i,5,k Sp= i,k i,5,k 1,7,k
o T )as T TEI M (1) = ag ok T (O TE (1) (B.57)
Consequently, since vertex j has child & and vertex k has no child in this sturcture, we have:

T){(i];j’k}(l) = zk H (1—oawy)

leCh(k)
T{Z’J k} Z aSk T{%J k} k) H (1 _ Oéj,l)
se{o 1} 1eCh(j)\ChL(j)
i.4.k i3,k B.58
= (zjaj,kTL? (+ -0t o) I e O

LECh(H)\Chu(5)

= (1-artazza [[ 01— II  a-a.

1eCh(k) LeCh(§)\ChL(H)

By combining Eq. [B.56] [B.57| and [B.58] we can observe that z;z;z7 is present. Therefore
8% log G){(Lj’k} (z)
Bzi

# 0, this complete the if part.

Only if part We prove by contradiction. Suppose that vertices ¢, j, k do not form the triangular
2 {i,5,k}
structure that ¢ — &k <— j and ¢ is adjacent to j, we aim to prove that w = 0. This setup

implies two cases: (i) ¢, j, k do not form a trlangular structure, (ii) vertices ¢, j, k form the triangular
structure where the vertex has the indegree of 2 is not k.

We first consider the case (i). When ¢, j, k do not form a triangular structure, they could instead form
a collider, chain, or fork structure. Accordmg to Lemmalfd]and the intermediate results derlved in its
proof, in each of these structures, the local PGFs do not contain a term involving 2;z; zk such that
92 logG{Z J k}( )

5o = 0, which creates a contradiction.
k

Then we consider the case (ii). Suppose that vertices ¢, j, k form the triangular k — ¢ <— j and j — k.
{605} () ie o .
Recall the Eq. B.54] the log G*"""/ (2) is given by:

i.4,k i,5,k i.5,k 5.k
log G (2) = T (1) 4y T () 4 T8 (1) = 3 (B.59)
leld]

Our goal is to show that none of the terms T){(” -k (1), T){(ZJJ k) (1) and T){(zj kY (1) include a compo-
nent involving 2;z;z3.

We first consider T){é’j k) (1). Since vertex ¢ has no child in this structure, we have:

T (1) = 2 I -, (B.60)
1€Ch(i)

which only involves z;.
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{Z Js k}(l)

Next, we consider the T'y , since vertex k has only one child ¢ in this structure, we have:

T{l Js k} Z 0537 T{l 7, k} (si) H (1— any)
sE{O 1} 1eCh(k)\ {3}
- (zkak,iT){{j’j”“}u) + (1 — ak,i)T){é’j’k}(O)) I - aw
leCh(k)\{i} (B.61)
= | z(1 — ars) + an,i H (1 — ar,)zizi H (1—ary),
LECh(4) leCh(k)\{i}

which leads to terms involving zj, and z; 2.

Finally, we consider Tj{(ij’j k) (1). Since vertex j has two children ¢ and % in this structure, similar to
the if part, we have:

i,k 55 {ind.k s lisink
T W) =2 Y0 aP T (s)as T (1) 11 (1-a;;) (B.62)
s€{0,1}2 JECh(i)\Chy; ; xy (i)
In analyzing the equation, we will focus on the terms z; > T){(” k) (si)T){é’j k) (sk), treating
s€{0,1}2 )
the other components as constants for simplicity. We have:
idk 04,k idik igk igk 04,k
i Y TP T () = T OV 0) + 4T ()T 0)
sE{O 1}2
+ 5T O T (1) + 2T T (1)
N N (B.63)
Since T)%’]’k}(O) = T)%C’]’k}(O) =1, we have:

5y T )T (s0) = 2+ 5T Q) + 4T W) + 5T TR (1)
s€{0,1}2
(B.64)

According to previous discussion, we have T{Z IR} (1) involves 2, T){;k’j *} (1) involves z; and z; 2.
Consequently, we derive the following result

gk
. ij){(zi]’ }( 1) involves z; z;,
{5k} 1y ;
2Ty, (1) involves z;z, and z;2; 2,

. ij){(ii’j’k}(l)T){g;j’k}(l) involves z;z;zy and 272, 2.
We can observe that zj, appears only to the first power within Eq. [B.61] and[B.62] In other words,
log G;”j’k} (z) does not contain any term involving z7. Therefore, the second partial derivative of

log Gg’j kY (z) with respect to zj, equal to zero, which creates a contradiction. This completes the
only if part. O
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C Additional Experiment Details

Each experiment reported in the main paper was conducted on a 12th Gen Intel(R) Core(TM) i3-12100
CPU with 16GB RAM, without the use of a GPU. The runtime for each experiment is provided to
facilitate reproduction under similar conditions. The significance level (alpha) for the rank hypothesis
test used in these experiments is set at 0.01.

Additional Metrics The main paper presents the F1 scores and Structural Hamming Distance
(SHD) from synthetic data experiments. This section extends these results by providing Precision,
Recall, and runtime metrics for each experiment, as detailed in the following Table & Table. [5]and
Table.

Table 4: Sensitivity to Avg. Indegree Rate.

Recallf Precision
Avg. Indegree 2.0 2.5 3.0 35 2.0 2.5 3.0 3.5
Ours 0.88+0.07 0.92+0.08 0.91+004 092+0.05 | 0.63+0.06 0.73+0.06 0.81+0.04 0.87+0.04
Cumulant 096+0.04 098+002 096+003 098+0.01| 0.584+0.03 0.63+0.03 0.69+0.04 0.72£0.04
PC 0.64+£0.20 0.66+0.13 0.57+0.13 0.63+0.13 | 0.56+0.16 0.58+0.10 0.524+0.12 0.58 +0.10
GES 0.55£0.15 0.56 £0.11 0.47 £0.12 0.41 £0.11 0.43 £0.14 0.43 £0.11 0.37 £0.10 0.34 £ 0.09
OCD 024+£022 027+£0.23 0.28+0.16 036=+0.14 | 0.23+0.21 0.27+0.23 0.274+0.17 0.37+0.14

Table 5: Sensitivity to Sample Size.

Recallt Precisiont
Sample Size 5000 15000 30000 50000 5000 15000 30000 50000
Ours 0.78+0.11 0.87+£0.05 091+0.04 0.92+0.05 | 0.72+£0.08 0.77+0.04 0.81+0.04 0.82+0.04
Cumulant | 0.92+0.07 0.96+0.03 0.96+0.03 0.97+0.03 | 0.60+0.05 0.65+0.03 0.69+0.04 0.68+0.04
PC 043+0.10 0.56+0.11 057+0.14 0.71+£0.11 | 046+0.13 0.53+0.11 0.52+0.12 0.62+£0.08
GES 041+0.11 0.48+0.20 047+0.13 048+0.22 | 0.38+0.10 041+0.20 0.37+0.10 0.39£0.22
OCD 0.28+0.10 0.35+0.18 0.28+0.16 0.39+0.21 | 0.34+0.14 0.354+0.19 0.27+0.17 0.36 £0.20

Table 6: Runtime of each method under the default setting.

Ours Cumulant PC GES OCD
Runtime (second) 7.94+0.75 77.07+£4.94 5.00£1.35 6.90+1.86 9216+ 1368

D Additional Discussion

D.1 Discussion on the Benefit of Local PGF

In this section, we illustrate the benefit of introducing local PGF through a toy example. First, it is
important to note that, based on the closed form of the PGF, it is theoretically possible to identify
causal structures using the original PGF, as the closed form encapsulates the entire graph structure.
This could be achieved by exhaustively analyzing all terms present in the PGF. However, such an
approach is intractable because the search space for these terms grows exponentially with the number
of vertices. Additionally, the method would involve high-order differentiations, which are difficult to
estimate accurately.

To illustrate this point, we provide a toy example with a causal structure of 5 vertices, as shown in
Fig.[6] In this example, we focus on identifying the edge X, — X5. For the correct structure where
X4 — X5, the terms O X 21 222322252) and Cy X z1 2223222?; exist in the PGF. Conversely, for the
reverse direction X < Xp, the terms C X 2122232322 and C} X 2129232127 appear in the PGF.

Notably, as shown in Fig. E] (c) and (f), the term 27 2o zng z?, exists in the PGF for both structures.
This is because there are always at least two directed paths from X to each of X4 and X5, regardless
of the direction between X4 and X5. This implies that taking the second derivative with respect to z4
does not reveal any asymmetry between the structures. Therefore, if we want to identify the direction
using the global PGF, we have to apply a test involving the third derivative that distinguishes the
correct structure by showing the absence of terms with 23 in the PGF for the correct direction.

In conclusion, when the graph structure becomes more complex and the number of paths between
vertices increases, higher-order derivatives are required, making implementation challenging. Local
PGF offers an alternative approach, enabling us to avoid these difficulties.
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Causal graph Branching structure and its corresponding term in PGF

®) ()——®
(—®
() (%) ©
x—®)
Qe © @
(a) Correct causal graph (b) Cy X 2125252222
®) ()—®)
(——®)
() (%) ©
O,
E)—C) ®—@
(d) Causal graph with (e) C{ X 212,23247% (D) C3 % 212,232} 73

reverse direction X5 — X,

Figure 6: Illustration of causal graphs and their possible branching structures with the corresponding
terms in PGF. (a) Correct causal graph where X, — Xj5. (b)-(c) Branching structures of (a) with
corresponding PGF terms: (b) includes all paths; (c) excludes path from X4 to X5. (d) Causal graph
with reversed direction X5 — Xj. (e)-(f) Branching structures of (d) with corresponding PGF terms:
(e) includes all paths; (f) excludes path from X5 to Xy.

D.2 Discussion on the connection with the cumulant-based method

In this section, we discuss the connection between the cumulant-based method and our method, as
well as the advantages of our method.

The cumulant-based method (Qiao et al.| [2024b])) introduces the concept of k-path cumulants
summation, denoted as Ay (X; ~» X;). Here, Ax(X; ~» X;) # 0 indicates the existence of a
common ancestor m for vertices ¢ and j, with k directed paths leading from m to j. Such path
information, specifically the number of directed paths from one vertex to another, is encoded within
the PGF. If there are % directed paths from vertex m to j, then terms involving z,, zf will appear in
the PGF. Therefore, detecting the number of directed paths to vertex j is equivalent to identifying the
order of z; in the PGF.

However, only the highest non-zero order of /~\k(Xi ~» X;) is useful for identifying the causal
direction, as it does not yield asymmetry at lower orders. For example, consider vertices X;, X,
and X,,, where X; — X, and there are k directed paths from X, to X, and k + p directed paths
from X, to X; where p > 1. In this scenario, it has A, (X; ~» X;) # 0 and Ax(X; ~ X;) # 0,
and Ajy1(X; ~ X;) # 0 while Apq1(X; ~ X;) = 0. The latter shows an asymmetry that the
former does not. This means that the cumulant-based method must detect the highest non-zero order
of Ai(X; ~» X;), i.e., the highest order of z; in the corresponding terms in the PGF, to reveal the
asymmetry. Moreover, certain unshielded collider structures, such as X; — X5 and X3 — X5 in
Fig. 1(a) of the paper, are non-identifiable using this method. This is because both the correct and
reverse directions result in Ag—; # 0 and A;x—o = 0, which leads to non-identifiability.

In contrast, our method can fully leverage lower-order information to identify causal directions due
to the local property of the PGF. By removing redundant directed paths involving a vertex through

setting the corresponding z to approach zero in the PGF, we can focus on identifying within a small
local structure, thereby avoiding the need for high-order information.

E Broader Impacts

We identify several important societal impacts of our proposed method, including both positive and
potential negative impacts:



1) This paper introduces advancements in the modeling and identification of causal relationships
from count data, thereby revealing the causal mechanism of Poisson count data.

2) Inadequate data and training can result in inaccurate causal graphs, potentially leading to
a misunderstanding of the underlying causal relationships. Such misunderstandings may
prompt inappropriate or risky decision-making by stakeholders relying on these insights.

To mitigate the potential negative societal impacts mentioned above, we encourage research and
practice to follow these instructions:

1) Integration of human oversight is recommended, where domain experts should verify and
complement model outputs with their expertise to guide decision-making effectively.

2) Continuous monitoring and updating of model parameters should be implemented to align
with real-world data and expert feedback, ensuring the accuracy and applicability of causal
predictions.
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Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provide the alpha value of the hypothesis test for learning the causal
structure in the Appendix [C|

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The paper appropriately reports the standard deviation (std) for each experi-
ment.

8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
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10.

11.

12.

13.

14.

15.

Justification: Yes, our paper provides comprehensive details on the computer resources
required to reproduce the experiments. All pertinent information is included in the Appendix

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The dataset used in the paper is properly cited.
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: We have provided the broader impacts in Appendix
Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: Our paper does not involve data or models that have a high risk for misuse,
such as pre-trained language models, image generators, or scraped datasets. Consequently,
the specific safeguards typically necessary for such contexts are not relevant to our research.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: The paper correctly credits the creators or original owners of all assets used,
including code, data, and models.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: The Python implementation of our proposed method is well documented, with
detailed documentation to be released alongside the code upon acceptance of the paper.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
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