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Abstract

Muon and related optimizers improve training by approximately orthogonalizing matrix-valued
updates, but the geometry behind their empirical gains remains partially understood. We study an
idealized polar version of Muon on matrix-quadratic objectives, using exact line search to isolate
update direction from step-size effects. This exposes a gain—curvature tradeoff with three exactness
regimes: curvature isotropy (GD), coordinate-aligned vertex structure (SignGD), and row-isotropic
iterates (PolarGD), the last holding independently of Hessian conditioning. We show PolarGD is
equivariant under orthogonal basis changes, unlike SignGD, explaining its robustness to rotations of
ill-conditioned structures in Zipf-style regression experiments. Beyond one step, PolarGD admits an
implicit iterate-dependent preconditioner that whitens iterate covariance in the full-row-rank regime,
yielding an exact progress coefficient separating the fast row-isotropic regime from the pessimistic
tiny-singular-value regime. Rank-deficient extensions replace global by active-subspace curvature,
and finite Newton—Schulz orthogonalization is shown to act as a bounded spectral filter that damps
exact polar updates near rank deficiency.

1. Introduction

Muon [8] has recently emerged as a highly efficient optimizer for large neural networks, often
outperforming AdamW [7, 12, 16, 17]. Its distinguishing feature is the matrix-aware approximate
orthogonalization of momentum updates. However, the exact dynamics of this orthogonalization
step remains only partially understood.

Prior frameworks connecting Muon to spectral-norm descent and normalized methods [1, 9, 15]
typically yield worst-case bounds. They confirm Muon is a valid descent direction but fail to
concretely explain when and why orthogonalization improves over standard Gradient Descent (GD).

This gap is already present in the simplest deterministic setting where matrix geometry matters:
matrix quadratics. Quadratics are the classical testbed for understanding GD, yet their matrix-valued
form already contains the main complications that arise for orthogonalized updates: singular structure,
curvature alignment, initialization dependence, and coordinate-system effects.

By employing exact line search, we compare the direction rays of GD, SignGD, and PolarGD
independently of learning-rate choices, framing their comparison as an explicit gain—curvature
tradeoff.
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Our analysis reveals that PolarGD’s behavior is governed by the current iterate and coordinate system,
not just the Hessian condition number. While GD favors curvature isotropy and SignGD favors
coordinate alignment, PolarGD favors different structures: curvature isotropy, coordinate alignment,
and row-isotropy of the iterate.

Beyond one-step analysis, we model PolarGD trajectories as implicitly preconditioned methods
driven by iterate covariance, identifying both fast and pessimistic regimes. Finally, we extend
these insights to rank-deficient active subspaces, connecting exact polar updates to rank truncation,
damping, and Newton—Schulz filtering. We summarize our main contributions below:

* Exact line-search identities for GD, SignGD, and PolarGD, with a local condition for PolarGD
outperforming GD.

» Three exactness regimes: curvature isotropy (GD), coordinate alignment (SignGD), row-
isotropy (PolarGD).

* Proving an orthogonal equivariance property for GD and PolarGD that fails for SignGD.

* Developing an implicit-preconditioning view of PolarGD that separates fast and pessimistic
regimes based on iterate covariance.

» Extending our theory to active subspaces, rank truncation, damping, and finite Newton—Schulz
filters.

2. Notation and Setup

Let f : RYX™ — R be differentiable. We write G := V f(X) and use the Frobenius inner product
(A, B) := tr(AT B). We compare three direction rays generated from G

D¢p =G, Dpo := @ := polar(G), Dgign := S := sign(G),

where S is the entrywise sign matrix, with sign(0) := 0. If G = UXV " is a thin SVD, then
Q = UV, The polar direction is the spectral-norm LMO direction, since it maximizes (G, D) over
||D||2 < 1; the sign direction analogously arises from the entrywise {,-ball.

Our comparisons use line search along a chosen direction. This removes learning-rate tuning from
the local comparison. Moreover, after optimizing over the scalar step, the direction is scale invariant.
We specialize to the matrix quadratic case

f(X) = %tr((X — X*)TH(X — X*)), RYxd > H = HT =0,X € Rdxn )

Remark 1 Our results can be partially generalized under matrix smoothness (see J).
3. One-step geometry on matrix quadratics

We formulate the central theorem which elucidates the initialization-Hessian regimes in which each
optimizer benefits. Generally the directional curvatures for SignGD and PolarGD depend on both the
Hessian (H) and the initialization X

Theorem 2 (One-step convergence regimes under exact line search on quadratics) Consider f(X) =
str(X —X)THX - X*)) withE == X — X* e R™™ H=H'" =0,and G = HE. Let

Q = polar(G), S = sign(Q) (entrywise, sign(0) := 0), and X (D) = X — v*(D)D the exact
line-search update.
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Figure 1: Convergence Across Initialization-Hessian Regimes. Performance of dual-adapted
GD, SignGD and PolarGD (idealized Muon) on matrix quadratic objectives f(X) =
%tr(X T HX) with extensively tuned step sizes (see Section A.1). To isolate structural
dependencies, we test three initializations: Gaussian (Xy ~ N (0, 1)), Orthogonal and
Vertex (Xog ~ {—1,1}). We evaluate these against three Hessian profiles: Isotropic
(H = 1), Dense Marchenko Pastur (x = 386) and Diagonal (sharing the same spectrum
as the dense case). Consistent with the analysis above, each optimizer favors a distinct
structural regime: GD is robust to initialization but degrades under ill-conditioning,
SignGD benefits from coordinate-aligned curvature, and PolarGD is rotation-invariant and
benefits from row-isotropic initialization. No single optimizer dominates across regimes.

(1) GD. One-step exact at every X iff H = aly; at a fixed X iff HE = A\E for some X\ > 0.

(ii) SignGD. One-step exact at X iff E = ¢S for some ¢ > 0 and sign(HS) = S on supp(S). In
particular, strict diagonal dominance (Hy; > 3, ,; |H;j|) ensures sign(HS) = S for every
S e {il}d, so any vertex initialization E = ¢S (columnwise) converges in one step.

(iii) PolarGD. Assume H = 0 and rank(G) = d < m. One-step exact at X iff EET = cly
for some ¢ > 0, i.e. E = \/cUV" with U € R™4 orthogonal and V- € R™*? having
orthonormal columns (reducing to scaled orthogonal when m = d).

What remains unexplained. Figure 3 shows an interesting phenomenon: PolarGD remains fast
even when H is dense and ill-conditioned. Theorem 2 hints at this — row-isotropic iterates can
remove the effect of H in one step — but does not explain what happens beyond the first step, or
why high condition number need not dominate the trajectory. This requires understanding how the
polar direction reshapes the iterate geometry over time, the trajectory-level preconditioning view
developed in Section 4.

Zipf Laws experiment. Kunstner and Bach [11] models next-token prediction as linear regression
over one-hot inputs, with squared loss L(X) = 5[ ZX — Y||%. Since tokens are modeled as
orthogonal 1-hot vectors, Z | Z is diagonal with entries given by token counts; under Zipf frequencies
7y, oc k=% The loss can easily be put in direct relation with f(Z) = 2 tr((X — X*)TH(X — X*)),
with hy, = k“. In Figure A.3 we show that PolarGD has similar convergence properties, yet unlocks
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performance beyond the 1-hot assumption since it is invariant to orthogonal transformations. This
insight can motivate to some extent the exceptional performance of Muon in language modeling.

On our quadratic loss, PolarGD is empirically as robust as SignGD to ill-conditioning. We
study this in Section 4. However, in contrast to SignGD, PolarGD is invariant to orthogonal
transformations and hence converges faster on a larger class of ill-conditioned functions.

4. Trajectory-level view: implicit preconditioning of PolarGD

The previous section explains local progress at a fixed iterate. What remains is the trajectory-level
question: why can PolarGD remain effective on dense, ill-conditioned Hessians? The key is that the
polar direction can be rewritten as an iterate-dependent preconditioned gradient step. On quadratics,
this exposes a mechanism invisible from Hessian condition number alone: the conditioning of the
implicit preconditioner is governed by the row covariance (X X ") of the current iterate.

4.1. Why understanding needs to go beyond one step

Local preferences need not be consistent along a trajectory. Even on convex quadratics, the
sign of Apy(X) — Agp(X) can change with X, so pointwise one-step comparisons don’t imply
global behaviour. Appendix C gives a 2 x 2 example where the local winner alternates.

Vanishing returns of greedy PolarGD near solution One step analysis does not describe how the
optimal step size v* evolves along a trajectory:

Proposition 3 For f(X) = 2tr(XTHX), the exact line search step-size v, (X) satisfies
Yop(eX) =76p(X),  pa(cX) = cvpp(X)

Thus as X, — 0, PolarGD struggles to make progress while GD does not (proof in D).

4.2. PolarGD as an implicit preconditioned method
Let G = UXgV T be a thin SVD and Q = polar(G) := UV . Then
Q = (GGT)T/QGv QQT = Hrange(G)a (2)

so polar normalization whitens the row covariance of the direction on the active row-space. Since
G=HXand¥:= XX,

Q =polar(HX) = (HSH)'?HX = A(X)X,  A(X):=(HXH)"?H, 3)

so PolarGD applies a left preconditioner determined by the current iterate. The cleanest identities
occur in the full-row-rank regime d < m, rank(X) = d.

Proposition 4 (Exact progress coefficient for PolarGD) Assume H > 0 and rank(X) = d. Let
Q =polar(HX) and X* = X — v*(Q)Q. Then

v =g = 0 -

1H X2
2tr(H)’

“
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and equivalently

2
f(X) ’ tr(H)tr(HXXT)

4.3. Near-rank-deficiency and softened polar updates
The representation Q = (GGT)Y2G |, Loss fiXt) 100 Progress p(Xi)
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Figure 2: (Left) Loss f(Xy), (Right) Exact progress coefficient
p(X},). Initialized at Xo = Q"diag(1,9,...,6)Q for § = 1074,

@ random orthogonal, H = I, d = 10, with exact line search
throughout. Newton—Schulz iterations recover from near-singular

0i/1/0? + . Both are analyzed in
Appendix F. In full row rank, QQ " =
Iz, hence tr(Q T HQ) = tr(H). Com-
bined with the line-search identity from Section 3:

initialization while exact PolarGD struggles; GD shown for
reference. Details in Appendix A.

Finite Newton—Schulz as a soft spectral filter. Practical Muon computes approximate orthogo-
nalization via a small number of Newton—Schulz iterations. Any fixed finite polynomial iteration
preserves singular vectors and applies a scalar filter o; — ¢4 (o). Exact polar applies the hard filter
o; — 1 with unbounded amplification 1/c;. In contrast, finite Newton—Schulz satisfies

¢g(0) = cqo +0(d®)  asa )0,
behaving like a damped polar update on tiny singular modes. This explains why approximate
orthogonalization can be more robust near rank deficiency than exact polar; see Appendix G and
Figure 2.

5. Conclusion

We isolated the geometric mechanisms driving Muon updates by analyzing an exact-polar idealization,
PolarGD, on matrix quadratics. PolarGD benefits from orthogonal equivariance and trajectory-level
self-preconditioning, but is not uniformly superior to GD or SignGD. Its fast regime arises near
row-isotropic iterates; near-rank deficiency can produce pessimistic behavior because exact polar
normalization overweights tiny singular modes. Our analysis abstracts away stochasticity, momentum,
nonlinear network effects, and approximate Newton—Schulz orthogonalization; extending the theory
to these ingredients remains an important next step.
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Appendix A. Experimental Details

Below we provide implementation details of each experiment with a figure presented in the main
text.

A.l. Learning rate selection.

Whenever we report results for a "best-tuned" dual-adapted learning rate (update Xy1 = Xj —
n||G¢]|«LMO(Gy)), the following two-stage grid search has been applied. In the first stage, we
evaluate 50 learning rates drawn from an evenly-spaced logarithmic grid over {1078, 102}. We select
the candidate 7). that minimizes the terminal loss f(X}) among runs which converged. In the second
stage, we evaluate a further 50 points on a finer logarithmic interval [{§, 107.]. The final reported
learning rate is the one whose run first crosses a threshold of € (in the least number of iterates). If no
run reaches this threshold, we select the run which minimizes the terminal loss f(Xx).

A.2. Initialization-Hessian Regimes (Figure 3)

Hessian Structures. We test three specific curvature profiles to isolate the effects of condition
number and coordinate alignment. To model the Hessian dynamics arising in ill-conditioned, multi-
output regression problems, we draw random matrices from the Marchenko Pastur (MP) ensemble:

1
H:NZTZ, Z e RN 7.0~ N(0,1)
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Here the aspect ratio v := % € (0, 1] (the ratio of input features to samples) dictates the conditioning.
Using this framework, we construct the following Hessian regimes

* Isotropic Hessian: H = [;. This regime has curvature x = 1
* Dense: H = + 777 with v = 0.8. Precisely the raw MP matrix H defined above.

* Diagonal: H = diag(\1, ..., \g), where \; are the exact eigenvalues of the dense MP matrix.
Initialization Strategies.

* Gaussian: X, ~ N(0,1) element-wise. This serves as a standard (analogous to neural
network conditions) baseline.

* Orthogonal: X is a random orthogonal matrix.
* Vertex: X, € {—1, 1} element-wise. Each entry is drawn randomly.
Within each Hessian-Initialization setting, the best learning rate for each optimizer is selected using

the two stage learning rate grid (A.1) with threshold ¢ = 10~®. We choose d = 100 and 150
iterations for each setting.

To empirically validate the full-rank assumption of Proposition 4, we track rank(H X}) at each
iterate, computed in float32 precision via PyTorch [14].

A.3. Experiment 2: Zipfian Language Modeling Proxy (Figure A.3)

To evaluate how these optimizers perform under the heavy-tailed geometries typical of language
modeling, we construct a multi-output linear regression proxy inspired by [11].

Linear Bigram Model. Consider fitting a linear next-token prediction model X € R%*? on n
token pairs z;, y; € {0, 1}¢ representing one-hot encodings. The squared loss is given by

1
LX) = 512X ~ Y3,

where X;; is an estimate for p(token; | token;) for each 4, j € [d]. To simulate the heavy-tailed
nature of language modeling, token frequencies follow a Zipfian distribution 7, o< k=% where o > 0
controls the heaviness of the tail. Following their framework, we consider the equivalent quadratic
problem

F) = (X — X)TH(X - X)),

initialized at Xg = 0 and the solution X;‘j = m;m; is the rank 1 matrix representing the token
frequencies and the Hessian is H = diag(my,...,7q).

10
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Figure 3: Dynamics for Zipf spectrum A\ (H) = k for exponents o € {0.25,0.5, 1.0} with both
diagonal and rotated Hessians. We report the best-tuned dual-adapted learning rate.
PolarGD is unaffected by the rotation, while SignGD degrades significantly. Details in
App. A3

Validating Rotational invariance for PolarGD. To explicitly test the rotational invariance of the
optimizers, we additionally evaluate a rotated setting: H = R'diag(k~“)R, where R € R*?isa
random orthogonal matrix. This rotation preserves the spectrum while completely destroying axis
alignment. This approach follows recent work by Zhang et al. [18], which demonstrates that Adam
is highly sensitive to random rotations.

Crucially, when applying this rotation to the Hessian, we leave the target solution X* fixed in
the standard coordinate basis. Rotating the target alongside the Hessian (X* + RT X*) would
make the problem axis-aligned again — defeating the purpose of the rotation. We set d = 100 and
for each o € {0.25,0.5,1.0} and Hessian regime € {Diagonal, Rotated}, we tune the best dual-
adapted learning rate with the procedure in A.1 with threshold ¢ = 107! on the relative frequency

f(Xk)/ f(Xo).

A.4. Spectral Recovery under Rank Deficiency (Figure 2)

To empirically validate the theoretical claim that Newton-Schulz iterations can act as a soft spectral
regularizer, we evaluate its robustness near rank deficiency compared to exact polar normalization.

Near singular Initialization. We isolate the spectral recovery dynamics by setting the Hessian to
the identity matrix H = I in dimension d = 10. We initialize the weights at a near rank-deficient
state:

Xp = QTdiag(l, 0y...,0)Q, Q € R'91Y random orthogonal ,§ = 107°

Newton-Schulz as a bounded Spectral Filter. We compare the exact PolarGD update against
the practical Muon update with Newton-Schulz iterations to observe how tiny singular modes are

handled. We further track the progress coefficient p(Xj,) := LHX]E

W as introduced in 4.2.

11
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Figure 4: Tracking the Rank for PolarGD: For the experiment A.2 displayed in Figure 3, we track
the rank of the gradient G = H X}, for the best performing PolarGD learning rate n* along
with 0.1n* and 10n*. We observe that, the rank remains near full across the nine regimes,
validating the full-rank assumption used in Proposition 4.

Appendix B. Proofs for Section 3

Proposition 5 (Conditioning of the implicit preconditioner) Assume H > 0 and rank(X) = d.
Then
AX)TAX) =1, AX)TAX) =5, (©)

and consequently k(A(X)) = r(X) = k(D).

This is the first qualitative difference from GD. For GD on a quadratic, the linear rate is governed
by «(H). For PolarGD, the conditioning of the implicit preconditioner is governed by the iterate
covariance: a badly conditioned H can be harmless near row-isotropic iterates, while a well-
conditioned H can be paired with an ill-conditioned preconditioner if X has tiny singular values.

Remark 6 The full-rank assumption is empirically supported: Figure 4 shows that rank(H X)
remains near full across all nine regimes of Figure 3. Appendix E.6 extends the theory to the
non-full-rank case.

The coefficient p(X) is scale-invariant, measuring the shape of the iterate rather than its magnitude.
Row-isotropic iterates give p(X) = 1, recovering one-step exactness. The pessimistic lower bound
Amin (H ) /tr(H) can be as small as 1/(xd)—potentially d times worse than GD—and is not merely
a proof artifact: Appendix E.2 constructs a near-rank-deficient family attaining it, while GD is nearly
one-step exact there. Thus exact line search alone does not make PolarGD uniformly better than GD;
its advantage depends on how the iterate covariance evolves along the trajectory.

12
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On our quadratic loss, PolarGD acts like a self-preconditioned GD step: the polar map whitens the
gradient direction, so the effective preconditioner is controlled by the iterate covariance X X ', not
by k(H) alone. This helps near row-isotropic iterates, but can be pessimistic near rank deficiency,
where exact polar normalization gives tiny singular modes the same weight as large ones.

Proof [Proof of Proposition 38] Fix X, D, and write
g:=(G,D), cr, :=cr(D)= (LD, D), ey i=cpy (D) = (MD, D).

The model-based step is vz (D) = [g]+/cr when ¢z, > 0.
First, by the upper model in (55), for any v > 0,
-2
F(X =oD) = f(X) =79 + e
If ¢ < 0, then v(D) = 0, so X = X and the claimed decrease bound is trivial. If g > 0,
substituting v = g/cr, gives

92 92 2

(X =7u(D)D) < J(X) = - - = [(X) = g

This proves (57).

We now prove the exact line-search bracket. Let

¢(v) == f(X —D), v >0.

The assumption (54), applied along the line X — ~ D, implies the one-dimensional curvature bounds

—g+vyem < ¢'(v) < —g+er.

Indeed, these inequalities follow by applying (54) at X — D in direction —¢D, dividing by ¢ > 0,
and taking ¢ | 0.

If g < 0, then the lower bound gives ¢/(y) > 0 for all v > 0, so v*(D) = 0 and A*(D) = 0. The
stated bracket is therefore immediate.

Assume now that ¢ > 0 and c¢p; > 0. For v < g/cr, the upper derivative bound gives ¢’ () < 0, so
the minimizer cannot occur before g/cy,. For v > g/cyy, the lower derivative bound gives ¢'(vy) > 0,
so the minimizer cannot occur after g/cy;. Hence

9 oo g
— <7D <~

CL CM
This proves the step-size bracket.

Finally, the exact decrease satisfies

13
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The lower bound on A*(D) follows because exact line search does at least as well as the model-based

step:
2
AY(D) 2 f(X) ~ (X ~ (D)D) = 57—

For the upper bound, the lower quadratic model gives, for every v > 0,

2 2

g g
o(1) 2 J(X) =g+ Frem = f(X) = 5 —.
CM
Evaluating at v = v*(D) yields
2
A*(D) < L.
26M
Combining the cases g < 0 and g > 0 gives exactly (58), with [¢] in place of g. |

Remark 7 (Scale invariance of direction rays) For any a > 0, replacing D by aD leaves the
optimized update unchanged. Indeed,

(G,aD) 1

tr((aD)T H(aD)) 57*(1))

7 (aD) =
on a quadratic, and similarly for the model step ~y;. Hence

X —v*(aD)(aD) = X —~*(D)D.
The same cancellation holds for the certified decrease because both the numerator and denominator

scale quadratically in a. Thus line-search comparisons depend only on the direction ray, not on the
normalization of the direction.

B.1. Exact line-search quantities for GD and SignGD (diagonal H)

GD (direction D = G). Using (G, G) = ||G||% and tr(GT HG), the diagonal structure yields
d d d
IGIE =D llgills = > Alleils,  te(GTHG) = te(ETH?E) = Y A}eill3.
i=1 i=1 i=1
Therefore the exact line-search step size and one-step decrease are

2
2 ,.112
PN/ S o 1 SN /SN 1 1) I
& = H(ETHE) ~ S el Ya(GTHG) ~ 2 NIel]

Moreover, the GD update remains rowwise-scaling (coupled only through the shared v¢p):

er = (1 —v&phi) e, i=1,....,d.

14
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SignGD (direction D = S = sign(G)). Let S = sign(G) be the entrywise sign matrix with
sign(0) = 0. For diagonal H with nonnegative diagonal, S is coordinate-aligned with E on the
active rows: if \; > 0 then sign(g;) = sign(e;) entrywise. The gain term is

d
(G,S) =Gl =>_ Ailleill,

i=1

and the curvature term reduces to a weighted count of nonzeros:

tr(STHS) = ZA Isall3,  llsill3 = #{5 = iy # 0}

Hence

2
o~ NG Eideds |Gl _ (Sivledn)
YT a(STHS) T SoalslE T T 2u(STHS) T 2 Al

Vertex regime (one-step exactness, diagonal H). If E = ¢S for some ¢ > 0 and a sign pattern
S € {£1,0}9*™ then G = HE = c¢(HS) and, since H is diagonal with nonnegative diagonal,
sign(HS) = S on the support of S. Consequently Vign = ¢ and E* = 0 in one step, consistent
with Theorem 1(ii).

Exact line-search quantities for PolarGD (diagonal ) Let G = UXVT be the thin SVD of
G with rank r = rank(G) and define Q = polar(G) = UV T. The gain remains (G, Q) = ||G
while the diagonal structure makes the curvature term particularly interpretable:

L 3)

d
(QTHQ) =tr UTHU Z)\ w;, w; 1= Hqug, Zwi =r, 0<w;<1. (9

Thus PolarGD “samples” the diagonal spectrum {\;} through the row-energy weights of the left
singular vectors of G = H I, which depend on the iterate (and therefore on initialization). The exact
line-search step and one-step decrease are

x 1G]l

i NGl IGIZ— _ _IGIE
Pol tr(QTHQ)7

Apyj = — .
PIT o w(QTHQ) — 23, Aw;

(10)

Full row rank simplification (shape condition). If rank(G) = d (full row rank), then necessarily
d <mand U € R is orthogonal, so QQT = I;. In this case for any H (in particular for diagonal

H),
d

tr(QTHQ) = tr(HQQT) = tr(H) = ) _ A,
so the PolarGD curvature is constant (iterate-independent) and

. _ Gl G2
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B.1.1. LOCAL COMPARISON IN THE DIAGONAL CASE (EXPLICIT BUT
INITIALIZATION-DEPENDENT)

In the diagonal setting, the exact local comparison Apy > Agp is equivalent to

[Pl
tr(QTHQ) ~ t(GTHG)

= |GIFu(GTHG) > |G} tr(QTHQ).

Using (7) and (9), this becomes

HGHz(zde?ueiu%) > (zde?uez-u%)Q(iAiwi), (12)
=1 =1 =1

which makes explicit the two sources of iterate-dependence: (i) the singular spectrum of G = HFE
through ||G||., and (ii) the alignment of the left singular subspace of G with the coordinate axes
through (w;);.

Diagonal iterates (PolarGD coincides with SignGD). If d = m and F is diagonal, then G = HE
is also diagonal, and Q = polar(G) = sign(G) (diagonal +1/0). Thus PolarGD and SignGD
coincide on this invariant submanifold, and both act as an additive shrinkage of the active diagonal
entries with a shared step. This regime is useful for explicit phase diagrams in 2 x 2 (see below).

B.2. Proof of Theorem 2

Proof [Proof of Theorem 2] Let
E:=X-X" G=HE.

The exact line-search update along a direction D is one-step exact precisely when there exists a
line-search minimizer v*(D) > 0 such that

E —~4*(D)D = 0.

Since the quadratic is nonnegative and minimized at £ = 0, it is enough to characterize when the
direction ray contains E.

GD. For GD, the direction is D = G = HFE. A one-step exact update at a fixed ¥ # 0 requires
E—~HE =0
for some v > 0. Equivalently,

HE =)\FE with )\:l>0.
gl

Conversely, if HE = AE with X\ > 0, then the line-search step v = 1/ gives £ = 0. Since this
point is the global minimizer, it is selected by exact line search.

16
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It remains to characterize when this holds from every E. If H = aly with @ > 0, then HE = aF
for all E, so GD is one-step exact from every point. Conversely, suppose GD is one-step exact from
every E. Then every vector in R? must be an eigenvector of H. Taking two nonzero vectors u, v
with Hu = A\yu and Hv = A\, the vector © + v must also be an eigenvector:

H(u+v) = ANu+0v).
Thus A\, = A\, = A. Since u, v were arbitrary, I = A\I;. The positivity A > 0 is necessary for

convergence to X* from every point.

SignGD. Let S = sign(G). The SignGD direction is D = S. A one-step exact update at E is
possible if and only if
E=~5

for some v > 0. Writing ¢ := ~, this gives F = ¢S. Since G = HE = cH S, the direction S must
be consistent with the sign of the gradient:

S = sign(G) = sign(HS).
Thus SignGD is one-step exact if and only if there is a scalar ¢ > 0 and a sign matrix .S such that
E=c¢S and S =sign(HS).

Under this condition, choosing v = ¢ gives £ — 7S = 0, so exact line search reaches a global
minimizer.

If S has full support, this is exactly the condition stated in the theorem. If sparse sign matrices are
allowed, the precise statement is the global equality S = sign(H.S), including zeros. Equivalently,
on the support of .S, the signs must match, and off the support H.S must be zero.

Now suppose H is symmetric, has positive diagonal, and is strictly diagonally dominant:
Hy>> |Hy|  foralli.
J#i
Let s € {£1}%. Then for each coordinate,
SZ'(HS)i = H;; + ZHijSiSj > H;; — Z |HZJ| > 0.
J# J#
Therefore sign(Hs) = s. Applying this columnwise gives sign(HS) = S for every full-support

sign matrix S. Hence any vertex initialization E = ¢S with S € {41}%*™ is solved in one exact
line-search SignGD step.

PolarGD. Assume H > 0 and rank(G) = d. Then d < m, and the polar factor satisfies

QQ" = I,.
If PolarGD is one-step exact, then for some vy > 0,
E=~Q.

17



A QUADRATIC LENS ON MUON: ORTHOGONALIZATION, INVARIANCE, AND IMPLICIT PRECONDITIONING

Multiplying by the transpose gives
EET =4%QQT =~°I4.
Thus EE" = ¢l with ¢ = 42 > 0.
Conversely, suppose EE " = cI; for some ¢ > 0. Then E is full row rank and
GG'" = HEE'H = cH?.
Using the whitening representation of the polar factor,
Q=(ca")a,

we obtain

1 1
Q= (cH)V?HE=—H 'HE = —-F,
C

Ve Ve
where we used H > 0. Therefore E = /cQ, and the line-search step v = +/c reaches E+ = 0.
Since EF = 0 is the global minimizer, exact line search is one-step exact.

Finally, EET = cl; is equivalent to F being a scaled partial isometry. Indeed, if £ = ULV T is
athin SVD and EET = cly, then all d singular values are \/c, so E = \/cUV ", with U € R%*4
orthogonal and V' € R™*¢ having orthonormal columns. In the square case m = d, this is a scaled
orthogonal matrix. |

B.3. Orthogonal equivariance and coordinate dependence

This subsection formalizes which of the three canonical direction rules (GD, PolarGD, SignGD) are
invariant (equivariant) under orthogonal changes of coordinates. These invariances justify working in
a diagonal eigenbasis for H when analyzing GD and PolarGD, and clarify why the same reduction is
not lossless for SignGD.

Orthogonal actions on matrices. For P € R4 and R € R™*™ orthogonal, define the left—right
orthogonal action

Trr(X) = PXR'.

The Frobenius inner product and the Schatten norms are invariant under 7p r: for any A, B Rxm

(Tpr(A), Tpr(B)) = (A, B), [ Tpr(A)llp = [Allg, ITer(A)l, = [[All, [ITer(A)], = Al -

Lemma 8 (Bi-orthogonal equivariance of the polar factor) Let G € R™™ have thin SVD G =
UXV'T and define its thin polar factor polar(G) := UV''. Then for any orthogonal P € R*? and
Rc Rmxm’

polar(PGR") = Ppolar(G) R'.

Proof Write G = USV . Then PGR" = (PU)X(RV)T is a thin SVD because PU and RV have
orthonormal columns. Hence polar(PGR") = (PU)(RV)"T = P(UVT)R" = Ppolar(G) R". &
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Quadratic objectives and change of basis. Consider the (shifted) quadratic model
fu(E) = %tr(ETHE), H=H"+0, EecR»™
Under the change of variables E = Tpr(Y) = PY R', the objective becomes
fu(PYRT) = %tr(YT(PTHP) V)= fzY), H:=P'HP.
Moreover, the gradients transform equivariantly:
Vefu(PYRY) = H(PYR") = P(HY)R" = PVy f7(Y)R".
Proposition 9 (Rotation equivariance of GD and PolarGD on quadratics) Fix H = H'" > 0.

Let H = PTHP for some orthogonal P € R™?, and let R € R™ ™ be orthogonal. Consider
corresponding iterates related by Ej, = PY,R'.

(i) (GD direction) If Dgp(E) := V fy(E) = HE, then

Dap(Ey) = PDYN (W) RT,  DYD(Y) .= vfs(Y) = HY.

(ii) (PolarGD direction) If Dpoi(E) := polar(V fr(E)), then

aH H
Dpa(Ex) = P DG (V) BT, DR (V) = polar(V f(Y)),
by Lemma 8.
(iii) (Line search invariance) For either direction choice D € {Dgp, Dpo1}, the exact line-search
step size
7(D; B) = argmin f (E = 7D(E))
7>

satisfies

Y*(D; Ex) = v*(D; Yz),

and the one-step decrease in objective is preserved:

Ja(Ey) — fa(Er) = f(Ye) — f7(Yegr).
Consequently, the GD and PolarGD trajectories are identical up to orthogonal change of basis.

Proof Parts (i) and (ii) follow from the gradient transformation and Lemma 8. For (iii), the exact
line-search formulas on a quadratic depend only on (G, D) and tr(DTHD). Under E = PYR"
and D = PDR, invariance of (-, -) and cyclicity of trace give (G, D) = (G, D) and tr(DT HD) =
tr(ﬁTFI D), hence the minimizing v and the decrease coincide. |
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Corollary 10 (Diagonalization is lossless for GD and PolarGD) Let H = QAQT be an eigende-
composition with Q) orthogonal and A diagonal. For GD and PolarGD (with any scalar step size rule,
including exact line search), analyzing fr(E) is equivalent to analyzing fa(Y') under the change of
variables Y = QU E (up to the same objective values and the same one-step decreases).

Remark 11 (Why SignGD is not rotation-invariant) SignGD uses the entrywise direction Dgign (E) :=
sign(V f(E)). In general, for a dense orthogonal P,

sign(PG) # Psign(G),

so SignGD is not equivariant under arbitrary orthogonal changes of basis and therefore diagonalizing
H changes the algorithm. SignGD is equivariant only under signed permutations (coordinate
relabelings and sign flips), i.e., orthogonal matrices with exactly one nonzero entry +1 per row and
per column. Consequently, diagonal (or nearly diagonal) H should be interpreted as a coordinate-
aligned regime for SignGD rather than a lossless reduction.

Experimental implication. Because of Proposition 9, “rotating” a diagonal Hessian by an orthog-
onal change of basis should not change GD or PolarGD behavior (up to the corresponding rotation of
the initialization), while it can substantially change SignGD behavior. This separation helps design
experiments that isolate truly spectral effects (PolarGD) from coordinate effects (SignGD).

Appendix C. An analytic 2 x 2 example where the local winner alternates

This subsection gives a closed-form example showing that the local one-step preference between GD
and PolarGD can swap repeatedly along a trajectory, even on a convex quadratic. This strengthens
the message that one-step comparisons are informative but not compositional.

Consider d = m = 2, X* = 0, and a diagonal Hessian

k 0
H_<0 1), K> 1.

Restrict attention to diagonal iterates X = diag(p, ¢) with pq # 0. Then G = HX = diag(kp, q)
and the exact one-step decreases under line search are

(v°p* + ¢*) (klp| + lq])?
2(k3p% + ¢2)’ 2(k+1) 7’
where we used that for full-rank 2 x 2 gradients the polar factor () = polar(G) is orthogonal and
tr(QTHQ) = tr(H) = k + 1.

Acp(X) = Apoi(X) = (13)

Define the (scale-invariant) anisotropy parameter

. kil
s(X) = Fi

A direct simplification of Apy(X) > Agp(X) using (13) shows that, for diagonal X, the local
winner is determined by the sign of the scalar polynomial

gi(s) = (s +1)%(ks* + 1) — (k + 1)(s* + 1) (14)
In particular, Apy(X) > Agp(X) if and only if g, (s(X)) > 0.
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Figure 5: Local Advantage Oscillates along GD Path
2 x 2 diagonal quadratic with H = diag(k, 1), k = 10, initialized at Xy = diag(1, /).
(Left) Loss trajectories for GD (exact line search) and a comparison. At each
iterate Xy, Greedy selects the direction Dy, € {G}, Q1 } which yields the largest one step
decrease. Despite always choosing the locally better step, Greedy underperforms GD
globally. (Right) The one-step advantage Agp — Ape along the GD trajectory, visualizing
the example developed in Appendix C

A two-cycle under GD with exact line search. Now run GD with exact line search from
the diagonal initialization Xg = I. Since H and X are diagonal, GD preserves diagonal-
ity: Xy = diag(pg,qr) for all k. Moreover, one can compute from the exact GD step size
Ve = |Gl / tr(G] HGY) that the anisotropy parameter satisfies

1
s(Xps1) = (15)

s(Xk)
Since s(Xo) = k and s(X7) = 1/k, alternation follows once we evaluate g, at these two values. A
direct computation gives

(k—1)2(k+1)(K2+ K+ 1)

(k) = (5 = 1)*(5+1) >0, ge(1/K) =~ i

<0,
K

for every k > 1. Therefore, along the exact-line-search GD trajectory starting from Xy =
diag(1, v/k), the local comparison alternates at each step: Apo(Xot) > Agp(X2t) and Apey(Xopr1) <
AGD(X2t+1) for all ¢ > 0.

Strict alternation of the local winner. Evaluating (14) at s = k and s = 1/k yields

(k+1)(k —1)2(K2+ K+ 1)

ge(K) = K(k+1)(k—1)% >0, ge(1/K) = — < 0.

K
Therefore, along the GD trajectory { X} },

Apo(Xar) > Agp(Xar), Acp(Xot+1) > Apol(Xott1), Vit >0.
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Figure 6: Diminishing Returns of Line Search Comparing three fixed learning rates (best from
grid A.1) to line search for GD, SignGD and PolarGD on a quadratic with dense MP
Hessian (d = 20, = 0.8), and Gaussian initialization (Xy ~ A (0, 1)). We see that while
line search typically outperforms a tuned learning rate for GD, this is not true for PolarGD
and SignGD, where a fixed learning rate can significantly outperform line search. The
rightmost panel displays the step sizes selected by each line search method. Consistent
with Proposition 3, this step size decays to zero as X; — 0 for PolarGD and SignGD
whereas the GD step size remains stable throughout. This further emphasizes the necessity
to analyze beyond exact line search.

That is, even in this simple convex quadratic, the local one-step preference between GD and PolarGD
swaps every iteration along a natural trajectory. This illustrates why local comparisons should be
interpreted as diagnostics at a point, not as a global ranking.

Appendix D. Diminishing Returns of PolarGD and SignGD under Line Search

We begin by restating and proving Proposition 3 from the main text.

D.1. Proof of Proposition 3

Proposition 12 For f(X) = 3tr(XTHX), the exact line search step-size v},(X) satisfies

6p(eX) =76p(X),  Ypa(cX) = c¥pp(X)

Proof Consider the quadratic objective f(X) = tr(X T HX) with H - 0. For any search direction

D, the exact step size v* is found by minimizing f(X — D), yielding:

Gradient Descent. For GD, the direction is the gradient G = V f(X) = HX. The step size is:

tr((HX)THX)

- | EX
tr((HX) T H(HX))

tr(XTH3X)'

VED(
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Replacing X by cX multiplies both numerator and denominator by ¢?, leaving the ratio unchanged.

PolarGD. For PolarGD, the direction is ) = polar(H X ). By the properties of the Polar decom-
position, polar(cH X)) = polar(H X) = @ for any ¢ > 0. The step size is:

tr(HX)'Q)
r (X)) = ) %)
7}301( ) tI'(QTHQ)
Since ||H(cX)|l« = ¢|[HX||s while tr(Q" HQ) does not depend on ¢, we obtain v} ,(cX) =
C’Yl*;ol(X) u

Remark 13 (SignGD) The same logic applies to SignGD, where the direction is D = sign(H X).
Since sign(c - HX) = sign(HX) for ¢ > 0, the direction remains unchanged under scaling.
Consequently, we have 7§ign(CX ) = C’y:’{l-gn(X ) and the exact line search step size vanishes as
X =0

D.2. Insights from Cifar5Sk

We evaluate on a two-layer fully-connected network with ReLLU activations, following the CIFAR-5K
testbed of Cohen et al. [2] — a subsampled collection of the CIFAR 10 [10] dataset consisting of
5 classes, each with 1,000 samples. The architecture has input dimension d = 3,072 (flattened
32 x 32 x 3 images), hidden dimension . = 4,608 (= 1.5d), output dimension 5, and no bias
terms; weights are initialized via Kaiming normal initialization [5]. We train on a balanced 5-class,
5,000-sample subset of CIFAR-10 using cross-entropy loss. The updates are dual-adapted, full-batch
and with momentum set to zero throughout.

We compare standard gradient descent (GD) and idealized Muon (PolarGD). Since we are in the
full batch setting with no momentum, the only hyperparameter is the step size. For each optimizer
we evaluate (i) a grid of fixed learning rates and (ii) an exact line search implemented via Brent’s
method on the interval [0, 4] with tolerance 10~°; each line-search step requires approximately 10-15
forward passes. All runs share a fixed random seed and are trained for 100 iterations.

Appendix E. Proofs and details for Section 4

E.1. Proofs for the implicit-preconditioning identities

Proof [Proof of Proposition 5] Let ¥ := XX " and A := A(X) = (HXH) '/2H. Since H > 0
and rank(X) = d, we have ¥ > 0, so HXH > 0 and all inverse square roots below are ordinary
inverse square roots.

First,
ASAT = (HSH) 'Y?HSH(HLH)™Y? = I,.
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Figure 7: Line Search on MLPs.
Training loss on CIFAR-5K under fixed dual-adapted learning rates and line search
(dashed). The three fixed rates shown are the best-performing from a grid search. For GD,
the line search is optimal; for Muon, a fixed learning rate outperforms it. This is consistent
with the local-global gap observed in the quadratic case (as discussed in Section 3). The
rightmost panel plots the exact line search step size: for GD it oscillates, whereas for
PolarGD it decays to zero. Further implementation details are given in D.2

Second, using (HXH)™' = H-'Y~'H~!, we obtain
ATA=HHLH) 'H=HH'S'H YHYH=x""1

Thus the squared singular values of A are the eigenvalues of ¥ ~!. Since the eigenvalues of ¥ = X X "
are 0;(X )2, the singular values of A are 1/0;(X). Therefore

 1/omin(X)

r(A) =1 man(X)

= k(X)) = Vk(X).
|

Proof [Proof of Proposition 4] Let G = HX and Q = polar(G). Since H > 0 and rank(X) = d,
also rank(G) = d. Hence QQ " = I, and the line-search curvature along the polar direction is

tr(QTHQ) = tr(HQQ") = tr(H).

Using the exact line-search identity from Section 3 and the polar duality identity (G, Q) = |G|+,
we get

i (G,Q) |G _ Gz
7@ =otHg " way T (X7) = 2tr(H)
Since f(X) = itr(X THX) = $tr(HX), this is equivalently
fxh - [l F—
) T w@eay) P
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It remains to prove the bounds on p(X). For the upper bound, write G = HY?(H'/?X). The
Schatten inequality | AB||. < ||A||r|| B||F gives

IGIZ < | H2 |2 H2X||E = tr(H)te(X THX) = te(H)te(HT),

sop(X) < 1.

For the first lower bound, use ||G||« > ||G||r. Since
|G||% = tr(X TH2X) = tr(H?Y) > Ain (H)tr(HY),

we have

IGIE _ Awin(H)

P = (A = ()

For the second lower bound, let sy, and spax be the smallest and largest eigenvalues of 3. Since
Sminld = X = SmaxI4, we have
HYH = spinH?,  tr(HY) < spaxtr(H).
By operator monotonicity of the matrix square root,
(HSH)Y? = /s H.

Therefore
1G]l = tr((GGTY?) = tr((HSH)Y?) > /smintr(H).
Combining this with tr(HY) < spaxtr(H) yields

Smintr(H)? 1

PX) 2 S socte ()~ RS

Together, the two lower bounds prove

Amin(H) 1
e ety ) <0<

Finally, if ¥ = cly, then HXYH = cH 2 Hence
|G|l = tr((HSH)Y?) = Vete(H),  to(HY) = ctr(H),

and therefore p(X) = 1. Thus f(X*) = 0. |
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E.2. A near-rank-deficient instance attaining the pessimistic PolarGD bound

Proposition 4 gives the lower bound

)\min(H)

P(X)ZW

We now show that this bound is essentially tight. The example also illustrates why exact polar
normalization can behave poorly near rank deficiency.

Consider the square case m = d. Let
H = diag(u, L, ..., L), 0< <KL, K=

and take the full-rank diagonal iterate
X, = diag(1,¢,...,¢), e > 0.

Then
Y = X. X =diag(1,£2,...,¢%), Ge = HX,. = diag(u, Le, ..., Le).

Since G is diagonal with nonnegative entries, its nuclear norm is ||G.||« = p+ (d—1)Le. Moreover,
tr(H)=p+ (d—1)L,  tr(HS:) = p+ (d — 1)Le?.
Therefore the exact PolarGD progress coefficient is

(n+ (d—1)Le)*

X)) = .
P = G @- 0D+ (d- D)
Taking € | 0 gives
. o 1 1
1 X.) = = ~ —.
P (Xe) = oD T T1 (=D~ nd

Thus the lower bound Ay,in(H)/tr(H) is attained in the near-rank-deficient limit.

Comparison with GD. On the same family, GD with exact line search is nearly one-step exact. Its
progress coefficient is

_ Acp(X) [Kell:
pap(X) = —Re= = tr(GTHG)ir(HE)'

For X = X., we have
IGe||% = >+ (d— 1) L%, tr(GIHG.) = 1 + (d — 1)L3<%
Hence 9
(12 + (d— 1)L%?)
(13 4+ (d — 1)L3e?) (n + (d — 1) Le?)

Thus this family separates the two methods: GD is nearly one-step exact, while exact PolarGD
decreases only a 1/(1 + (d — 1)k )-fraction of the loss per step.

pap(Xe) = —1 ase | 0.
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Interpretation. For every € > 0, the iterate is full rank, so full-row-rank PolarGD pays curvature
tr(H) = p+ (d — 1)L. However, as ¢ | 0, almost all gradient gain is concentrated in the first,
low-curvature direction. Exact polar normalization still maps the tiny singular modes Le to unit-size
directions, so the line-search denominator pays for all directions even though most of the gain comes
from only one.

At the limiting point € = 0, the gradient is rank one. Then PolarGD and GD are collinear, and
the active-subspace formula from Appendix E.6 uses the active curvature tr(H P) = p instead
of tr(H). In that rank-one limit, PolarGD again reaches the minimizer in one step. Hence the
pathology is a near-rank-deficient full-rank effect: exact polar is discontinuous at rank drops because
it hard-normalizes every nonzero singular mode. This is the failure mode targeted by rank truncation,
damping, and finite Newton—Schulz filters.

E.3. Generic multiplicative recursion under exact line search

Consider a quadratic objective f(X) = $tr(XTHX) with H = 0. Let a generic method produce
updates
X1 = X — 1Dk,

where 7, is chosen by exact line search along Dj. For any Dy, # 0 with tr(D,IH Dy) > 0, exact
line search yields

(G, Dg)
= R ZR G = V(X = HX,
Vi (DT H Dy) k= Vf(Xk) k
and the one-step decrease equals
(Gr, Dy)?
Ar = f(Xp) — f(X =——"
Whenever f(X}) > 0, define the progress coefficient
Ay
= € 0,1},
Pk F) [0, 1]
so that
T-1 T—1
FXern) = Q—pp) F(Xx),  f(X7) = f(Xo) [](1—pr) < f(Xo)exp <— ZPk) . (16)
k=0 k=0

Thus any trajectory-wise lower bound on pj implies a global linear (geometric) rate.

E.4. GD with exact line search: classical rate

For GD, D;, = G}, hence

o _ _ lGile
M 2w (GTHGY)
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For H > 0, it is classical that exact line search yields the sharp contraction

k(H) -1

_ Amax(H)
k(H)+1 N

2
) f(Xk)v ’{(H) )\min(H) .

F(Xist) < ( a7

2
Equivalently, the progress coefficient satisfies pSD >1- (2%5;3) = %.

E.5. PolarGD with exact line search: trajectory dependence through >

In the full-row-rank regime (d < m and rank(X}) = d), Proposition 4 gives an explicit p(X):

1 H X2

P(X) = tr(HXpX])

Combining this with (16) shows that global behavior depends on how p(X}) evolves along the
trajectory. In particular, the bound p(X}) > 1/k(X,x X, ) implies that if £(X; X, ) < K uniformly
along the path, then

f(Xg) < <1 — ;)k F(Xo).

This makes precise the intuition from Section 4: PolarGD can be fast if the iterate geometry stays
close to row-isotropic, but can slow down if ¥ = X X ];r becomes highly anisotropic.
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E.6. Rank-deficient and active-subspace extensions

This appendix records the versions of the PolarGD identities that remain valid when the gradient
is not full row rank. The main text focuses on the full-row-rank regime because it yields the
cleanest formulas, in particular QQ " = I; and tr(Q " HQ) = tr(H). Outside this regime, the same
mechanisms persist after replacing I; by the active projector

P = QQT = Hrange(G)-

Throughout this section, let

1
f(X):§tr(XTHX), H=H"»0, G=HX, Y=XX'.

Let G = USV T be the thin SVD of G, where
U e R, Ve R™, S = diag(o1,...,0.), r = rank(G) = rank(X),

with o; > 0. The thin polar factor is

Q = polar(G) :=UV .
Then

P:=QQ" =UU" = Iang().
Lemma 14 (Active projector identities) Let G = USV " and Q = polar(G) = UV " as above.
Then
Q= (GGN"G,  QQT=P=Tuge QQ=VV=I,.q¢"
In particular,
w(QTHQ) = 2(HQQ) = tr(HP).
Proof Since GGT = US2U T, we have
(GaNH2=us—tuT.

Thus
(GeHt?2g=us"'vTusvT =uvT = Q.

Furthermore,
QQ'=vvvu' =UUT, QQ=vu'uov =vvT.
The trace identity follows by cyclicity:

tr(QTHQ) = tr(HQQ") = tr(HP).
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E.6.1. ACTIVE-SUBSPACE PRECONDITIONING

Recall the implicit preconditioner
A(X) = (HSH)?H.
Then
Q=AX)X

even when X is singular. The full-rank identity AX AT = I, becomes an active-subspace whitening
identity.

Proposition 15 (Active-subspace whitening) Let H > 0 and let A(X) = (HXH)"/2H. Then
Q=AX)X, AX)ZAX)"=P
Moreover,
AX)TAX)=H(HXH)'H.
Consequently, in the rank-deficient case A(X)" A(X) is generally not equal to 7.

Proof Since G = HX, we have
HYH=HXX'"H=GG".
Therefore
AX)X = (HEH)'?HX = (GGT)12G = Q.

Also,
ASAT = (HSH)'?HSH(HSH)Y?.

Because HY.H = GG has range range(G), the last expression is the orthogonal projector onto
range(G), namely P. Finally,

ATA=HHSH)?(HSH)/?H = HHSH)'H.

Remark 16 (Why the full-rank conditioning identity is special) In the full-row-rank case, H>H >
0 and
(HLH) ' =H ' 'H L

Thus
ATA=HHLH)'H=x"1,

which gives the main-text identity k(A) = k(X). If X is singular, this inverse factorization no longer
holds with Moore—Penrose pseudoinverses in general, and the conditioning of A depends not only on
the positive spectrum of X, but also on the alignment of the active subspace with H.
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Proposition 17 (A general conditioning bound for the active preconditioner) Let < () denote
the condition number restricted to the positive singular spectrum. Then

)\max(H) )\min (H)
Omax(A4) < ot (G)’ Oin(4) > —rel

Consequently,
ki (A) < K(H) R (G) < R(H)? 4 (X).
Proof Let B := GG = HXH. Then
A= B'?H.
The positive singular values of A are the square roots of the positive eigenvalues of
AAT = B12H?B1/?

on range(B). Since
Auin(H)*Ig = H? < Amax(H)* L,

we get, on range(B),
Amin(H)2B' < BI2H2 B2 < X\ (H)? BT

The positive eigenvalues of B are

(G2 t=1,...,r
Therefore N () N ()
. A) < max : + > min
7mex(4) O min(G) Znin ) Omax(G)
This gives

Finally, since G = HX and H > 0,
Umax(G) < AmaX(H)Umax(X)y ot (G) > >\min(jfl)0'+ (X),

SO

Proposition 18 (Invariant active subspaces recover the full-rank identity) LetS := range(X) =
range(X ) and suppose that S is H-invariant:

HS CS.
Thenrange(G) = S, P = 1ls, and
AYAT = P, ATA =3t
Consequently,

ki (A) = Ky (X).
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Proof Choose an orthogonal basis adapted to the decomposition R? = S@S+. Since H is symmetric
and S is H-invariant, the matrix H is block diagonal in this decomposition. Likewise,

z:(zos 8) Ys = 0.
Writing
_ (Hs 0
H o < O Hsj_> ’
we have
_ (Hs¥sHs 0
HYH = < 0 0> .
Therefore L
i ((HsEsHs)™ 0
(HXH) ( 0 NE
Hence

Hs(HsXsHs)'Hs 0 ¥l oo
T4 _ frr _ s(Hslstis s _ (&g _ i
AA_H(HZH)H_< 0 0)‘(0 o) =="

The identity AX AT = P follows from Proposition 15. The singular-value conclusion follows from
ATA=7xT u

E.6.2. EXACT LINE SEARCH AND PROGRESS IN THE RANK-DEFICIENT CASE

Proposition 19 (Exact active-subspace line-search formula) Assume H > 0 and G = HX # 0.
Let Q = polar(G) and
P = QQT = Hrange(G)'

Then for every v > 0,

2
(X =3Q) = F(X) = A|IGll. + L-te(HP).

Consequently, Gl

* _ G *
and

o _ ]
SX=7(Q)Q) = F(X) ~ g oy
Equivalently, whenever f(X) > 0,
X =QQ) . - =% G112
F(X) =10 P = R )
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Proof Using the quadratic expansion along (),

2
J(X =7Q) = £(X) = 7(G.Q) + L tx(QTHQ).

Since ) = polar(G),
(G, Q) = 1G]]+

Moreover, by Lemma 14,
tr(QT HQ) = tr(HP).

Thus 2
v
J(X =1@Q) = F(X) = 1|IGll. + L-tx(HP).
Minimizing this scalar quadratic over v > 0 gives

oy — Gl
The decrease formula follows by substitution. Finally, since

F(X) = St(HE),

the multiplicative form follows immediately. |

Corollary 20 (Rank-dependent pessimistic bound) Let r = rank(G) and P = I, 40(c). Then

. Amin(H) 1
PX) 2 SPy 2 ra)

Proof Since ||G||? > ||G||%, we have
IG|2 > ||G||% = (G G) = tr(X TH?X) = tr(H’Y).

Because H? = Apin(H)H,
tr(H%L) > Amin(H)tr(HY).
Therefore )
IGI2 - Awin(H)
(HP)tr(HY) ~— tr(HP)

=X —
pX) =

Since P is a rank-r orthogonal projector,
tr(HP) <1 Amax(H).

Thus
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Remark 21 (Interpretation of the rank-dependent bound) The full-row-rank bound in the main
text has a dimension factor d through Ayin(H ) /tr(H) 2 1/(dk(H)). In the rank-r active-subspace
case, this becomes 1/(rk(H)). Thus rank deficiency is not automatically pessimistic for one-step
progress: the curvature denominator is reduced from tr(H) to the active curvature tr(H P). The
competing effect is that low rank also reduces the spectral distinction between PolarGD and GD; at
rank one the two direction rays coincide.

E.6.3. RANK MONOTONICITY AND RANK DROPS

Proposition 22 (Rank is non-increasing under exact PolarGD directions) Assume H > 0 and
let
XT=X-1Q

for any v > 0, where Q = polar(G) and G = HX. Then
rank(X ") = rank(HX ™) < rank(G) = rank(X).

In particular, exact PolarGD cannot create new active gradient directions.

Proof Let R := (GG ")'/2. Since G = RQ, we have
HX* = H(X — Q) = G —vHQ = (R — vH)Q.
Therefore
rank(HX™) = rank((R — vH)Q) < rank(Q) = rank(G).

Since H is invertible,
rank(X 1) = rank(HX ™).

Also rank(G) = rank(H X) = rank(X). [

Proposition 23 (Characterizing rank drops) Let G = USV | be the thin SVD and Q = UV T.
For the update
X+ =X — ’YQa

we have
rank(X 1) = rank((R — ’yH)U), R= (GGT)UZ‘

Equivalently, rank drops if and only if there exists a nonzero vector u € range(G) such that
(R—~H)u=0.
In the full-row-rank case, this reduces to
rank(XT) <d <= det(R—~H) =0.

Equivalently, with
Sy = H Y2RH/?

rank drops if and only if
v € spec(Sw).
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Proof Since Q = UV " and V' ! has rank r,
HX't=(R—~yH)UVT
has the same rank as (R — yH)U. Therefore
rank(X 1) = rank(HX ") = rank((R — vH)U).
The matrix (R — vH)U loses column rank if and only if there exists a nonzero a € R” such that
(R—~H)Ua = 0.

Writing u = Ua € range(G) gives the stated condition.

If r = d, then U is square orthogonal, so rank drops if and only if R — vH is singular. Since
R—~H = H'*(H'?RH? —y1,) H'/?,

this is equivalent to
v E spec(H_l/QRH_l/z).

E.6.4. A RANK-r ONE-STEP EXACTNESS REGIME

Proposition 24 (One-step exactness on an invariant active subspace) Ler H > 0. Suppose
X=cUV', >0,

where U € R¥" and V' € R™*" have orthonormal columns. Assume the active subspace range(U )
is H-invariant:
Hrange(U) C range(U).

Then one exact-line-search PolarGD step reaches the minimizer:
Xt =o.
Conversely, if a nonzero rank-r point X is one-step exact under PolarGD, then
X =+/cUVT
for some partial isometries U,V and ¢ > 0, and the active left subspace range(U) is H-invariant.
Proof Firstassume X = \/cUV " and range(U ) is H-invariant. Then there exists an 7 x r symmetric

positive definite matrix B such that
HU =UB.

Therefore
G=HX =+/cHUV' =/cUBV"'.
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Since B > 0, the polar factor of UBV " is UV T. Hence
Q = polar(G) = UV ",

The exact line-search step size is

iy (G,Q)  _ etx(B)
7(Q) = WO HQ) ~ w®B) Ve.

Thus
XT=X—~Q=cUVT —\/cUVT =0.

Conversely, suppose one exact-line-search PolarGD step reaches zero:
X —7y*Q =0.
Then X = 7*Q. Since Q = UV | is a partial isometry, this implies
X =/cUVT
with \/c = v*. Moreover,
Q = polar(G) = polar(HX) = polar(HUV "),

Since Q = UV T, this requires polar(HU) = U. This is possible only if range(HU) = range(U),
i.e. range(U) is H-invariant. This proves the converse. |

Remark 25 (Relation to the full-row-rank theorem) When r = d, the active subspace is all of
R? so the invariance condition is automatic. Proposition 24 then reduces to the full-row-rank
statement: PolarGD is one-step exact exactly when

XX =cI,.

Thus the correct general slogan is isotropy on an invariant active subspace.

E.7. Active-subspace root dynamics

The square-rooted gradient covariance view also extends outside full row rank, but the identity
contains the active projector P.

Proposition 26 (Root dynamics with an active projector) Let
R:= (GG, P=QQ" =)
For X(v) = X —7Qand £(7) = X(v)X ()",
HY(y)H = (R—~H)P(R —~H).

36



A QUADRATIC LENS ON MUON: ORTHOGONALIZATION, INVARIANCE, AND IMPLICIT PRECONDITIONING

Consequently,
1/2
(HS()H)'* = ((R = yH)P(R—vH)) .

In the full-row-rank case, P = 14, and this reduces to

HS(7)H = (R—~H)?,  (HS(7)H)'? =|R - yH]|.

Proof Since G = R(Q, we have
HX(y)=G-7HQ = (R—vH)Q.
Thus
HY(y)H = HX(7)X(7)'H = (R—~vH)QQ" (R —vH) = (R —~vH)P(R —H).

The square-root identity follows by taking the PSD square root. |

E.8. Local comparison with active curvature

The exact local comparison between PolarGD and GD remains valid in the rank-deficient case after
writing the PolarGD curvature as tr(H P):

TH 2\ 2
APO] > AGD tr(G G) > (HG’F> )

Rank deficiency affects this comparison in two competing ways. The denominator tr(H P) can be
smaller than tr(H ), which helps PolarGD by reducing active curvature. On the other hand, lower
rank decreases the spectral separation between |G|, and ||G||r. At rank one, @ is collinear with G,
and PolarGD coincides with GD under exact line search.
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Appendix F. Rank-truncated and damped polar directions

This appendix formalizes simple modifications of the polar direction that address the “tiny singular
values” sensitivity suggested by the whitening representation Q = (GGT)1/2G.

F.1. Rank-truncated polar direction

Let G € R¥™ with thin SVD G = USVT, S = diag(o1,...,0p), 01 > -+ > o, > 0. For an
integer 1 < s < r, define the rank-s truncation

QW = U 1gVi1.y- (18)
Then rank(Q®)) = s, [|Q®)|| = 1, and
QW(QNT = Up1.qUf 1.4 (19)

is the projector onto the span of the top-s left singular vectors.

LMO interpretation. Q(*) is the maximizer of (G, Q) over spectral-norm-bounded matrices with
rank at most s:

Q) e argmax{<a, Q) : |Qll2 < 1, rank(Q) < s}. (20)

Moreover, the attained gain is the Ky Fan s-nuclear quantity

(G,QW) =Y "0i = ||Gl|s.s. 1)
=1

Effect on exact line search for quadratics. For the quadratic f(X) = 3tr(X T HX) with gradient

G = HX, the exact line-search decrease along Q) is

G, Q)2 IGIZ
AL (x) = & = & . 22
Pl ) = S0 ((QU)THQD) — 2u((QW)THQO) =
In the isotropic case H = aly, we have tr((Q)THQ®) = o||Q®||% = as, hence

oo alXE, xR,

When X has rapidly decaying singular values, choosing s < d can significantly improve the
fractional decrease by ignoring tiny singular modes that otherwise degrade the isotropic coefficient
p(X) = || X[/ (d]| X[I%)-
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F.2. Damped polar direction

A soft alternative is Tikhonov damping: for £ > 0, define
Q. := (GGT + eIy~ /?a. (24)
If G =USVT, then

Q. =Udiag | 2 | VT, (25)
1/0'12 +¢€

so each singular mode is shrunk by a factor in (0, 1). In particular, the whitening operator is uniformly
bounded: ||(GGT +el)~1/2||y = 1//e.

Discussion. Both truncation (18) and damping (24) preserve the “spectral geometry” idea of
polar normalization while reducing sensitivity to near-rank-deficiency (tiny singular values). These
modifications do not make PolarGD uniformly better than GD in the worst case, but they directly
target a specific failure mode where near-zero singular directions destabilize the polar factor and
reduce effective progress. In practice, one may choose s (or €) as a function of the observed singular
spectrum of G (e.g. keep modes above a relative threshold), yielding a spectrum-adaptive polar
direction.

Appendix G. Finite Newton—Schulz as a bounded spectral filter

This appendix explains how finite Newton—Schulz orthogonalization relates to the exact polar,
damped polar, and rank-truncated polar directions. The key point is that finite Newton—Schulz is not
identical to Tikhonov damping or rank truncation, but it is a bounded polynomial spectral filter. In
particular, unlike the exact polar map, it does not apply an unbounded multiplier 1/0; to tiny nonzero
singular values.

G.1. A general polynomial Newton—Schulz filter

Consider an iteration of the form
Zij1 = wmZi + W Zi Z) Zy + ci(Ze 2] )2 2y, t=0,...,q—1. (26)
This includes the quintic Newton—Schulz form commonly used in Muon implementations. Suppose
Zy = Udiag(sy,. .., sT)VT

is a thin SVD, with s; > 0. Then Z; has the same singular vectors for every ¢, and only the singular
values evolve.

Proposition 27 (Finite Newton—-Schulz preserves singular vectors) Let Zy = Udiag(s;)V " and
define Z; by (26). Then
Z; = Udiag(¢i(si))V T,
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where the scalar functions ¢, are defined recursively by

do(s) = s, br11(8) = arde(s) + broe(s)® + crou(s)°.

In particular, after q steps,
Z, = Udiag(oy(s:))V .

Proof Assume
Z; = Udiag(¢(s:))V .
Then
Z: 7, = Udiag(¢y(s:)2)U .
Therefore
Z: 7, Z; = Udiag(¢(s:)3)V T
and

(Z:27)?Z, = Udiag(¢s(s:)°)V .
Substituting into (26) gives
Zyiq = Udiag(are(si) + bige(si)® + copr(s:)°) VT,

which proves the recursion. n

G.2. Comparison with exact polar, damped polar, and truncation

Let
G = Udiag(oy,...,0,)V .

The exact polar factor is
Qpol = UV = Udiag(1,...,1)V".

Thus exact polar applies the singular-value filter
Gpoi(0) =1 for o > 0.

Equivalently,
Qpol = (GGT)12G,

so its whitening multiplier on a singular mode is

1
Mpol(0) = -

This multiplier is unbounded as ¢ | 0.

The damped polar direction
Q. = (GGT +eIy) V%
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has the filter

be(0) = ———
U - )]
‘ VoZ+e
and multiplier
1

Thus

supme (o) = e /2,

a>0
Near zero,

6:(0) = =25 1+ 0(c").
A rank-truncated polar direction keeps only the top s modes:

Q(s) - []:,1:5‘/’;—r

,1is0

corresponding to the hard filter
1< s,

9s(0i) = {0, i>s.

Finite Newton—Schulz instead applies the polynomial filter

¢q(0)
generated by the scalar recursion above. Thus finite Newton—Schulz is neither exactly damping nor

exactly truncation: it is a soft polynomial filter.

G.3. Near-zero behavior and damping equivalence

The finite Newton—Schulz filter has a simple Taylor expansion near zero.

Proposition 28 (Finite Newton—Schulz is damping-like near zero) Suppose ¢, is generated by
the recursion in Proposition 27. Then

dy(0) = cqo + O(c®) as o — 0,
where
q—1
Cqg = H Q.
t=0
In particular, near zero, finite Newton—Schulz matches the local behavior of a damped polar filter

with

€4 =1¢;

in normalized singular-value units.
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Proof We prove the claim by induction. Clearly ¢o(o) = o, so the linear coefficient is 1. Suppose
di(0) = o 4+ O(cd).

Then

and therefore
<Z>t+1(0) = atgbt(a) + bt¢t(o)3 + Ct¢t(0)5 = atc?no + 0(0'3).
Thus the linear coefficient after ¢ steps is

q—1

Cqg = Hat.

t=0
The damped polar filter satisfies
o

Vo2 4e

. . _ 72
Matching slopes gives £, = ¢, ~. |

= Y26 4 0(c®).

G.4. Bounded amplification

Practical Newton—Schulz orthogonalization is typically applied after scaling the input so that its
singular values lie in a bounded interval, e.g. s; € [0, 1]. The next proposition formalizes the key
robustness distinction relative to exact polar.

Proposition 29 (Finite Newton—Schulz has bounded singular-mode amplification) Assume the
input is scaled as

Zy = g, a >0,
a
so that the singular values s; = 0;(G)/a lie in [0, 1]. Let Z; be the result of ¢ Newton—Schulz steps,
and define
Pq(s)

S

Lq:= sup
s€[0,1]

where the value at s = 0 is defined by continuity. Then
Z, = P,(GG")G
for a matrix polynomial P, and
IP(EGT) < 22 < oo,

Thus finite Newton—Schulz applies a uniformly bounded multiplier to all singular modes. By contrast,
exact polar applies the multiplier 1 /o;(G) to the ith singular mode, which is unbounded as o;(G) | 0.
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Proof Let o
G = Udiag(o;)V'T, §; = —.
@
By Proposition 27,
Z, = Udiag(éy(s:))V .

For o; > 0,

oi/a

¢q(5i) — ¢Q( 1/ )Uz’~

o

Hence

Z, = Udiag <W> UTa.
o
Define the scalar polynomial multiplier

pq(t) == Golvt/a)

Vi

with the value at ¢ = 0 defined by continuity. Then

Zy = py(GGT)G.

Moreover,
¢qloi/)| _ 1 |¢g(si)| _ Lg
o; al s |~ o
Therefore I
IPAGGT < 2.
For exact polar,
@pol = (GGG,
whose multiplier on a positive singular value o;(G) is 1/0;(G). [

Remark 30 (What finite Newton—Schulz can and cannot fix) The bounded-amplification property
explains why finite Newton—Schulz can be more robust than exact polar in near-rank-deficient regimes:

tiny nonzero singular modes are not all immediately mapped to unit size. Instead, they are passed

through a bounded polynomial filter and, near zero, behave like a damped polar update. However,

finite Newton—Schulz does not create new singular directions: exact zero singular values remain zero.

Thus it softens near-rank-deficiency, but does not undo exact low rank.
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Appendix H. Exact dynamics through the square-rooted gradient covariance

The identities in Section 4 simplify further after introducing the square-rooted gradient covariance
R:=(HZH)'? = (GGN)'?,  2=XXT, G=HX

The next proposition shows that, in the full-row-rank regime, the exact PolarGD trajectory is most
transparent in terms of R rather than X.

Proposition 31 (Exact state recursion for PolarGD in the full-row-rank regime) Assume H >
0 and rank(X) = d (hence d < m and rank(G) = d). Let

Y:=XX', G:=HX, Q:=polar(G), R:=(HZH)Y/?*=(GG")"2
For any v > 0, define

X)) =X-7Q, () =XMXH"

Then
S(y) =% - V(EH(HEH)”/Q + (HZH)*/?HE) 421, 7)
HY(7)H = (R—~H)?, (28)
PG = g (R~ 1)?)
- % [tr(H‘1R2) — 2ytr(R) + ’yQtr(H)} . (29)

Consequently, the exact line-search step along @ is

_w(@®) _ |Gl

7(Q) = te(H) ~ tr(H)’ (30)
Moreover, if Xt := X —*(Q)Q, =1 := XTX*T, and
RY = (HZYH)Y?,
then
R* =|R-~"(QH|,  S"=H ' (R-y"(QH)*H, (31)

where | M| := (M?)'/2 for symmetric M.

Proof Since rank(X) = d and H > 0, we also have rank(G) = d, so QQT = I and
Q= (GG")V2G = (HZH) \?HX.

Hence
B(7) = (X =1Q)(X —1Q)T =% —(XQT +QXT) +7°QQT,
and substituting the expression for @ together with QQT = I, gives (27).
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Next, because

we have

Therefore, with G(v) := HX (),
G(7) =G —-7vHQ = (R—-7H)Q.
Using QQ" = I, we obtain
HS(1)H = G(1)G()" = (R—yH)QQT(R—vH) = (R~ 7H)?,
which proves (28).
Finally,

1 1 _ 1 _
FX(3) = st(X(NTHX(3)) = S6(HGH)GH)T) = S H (R —H)?).
Expanding the square and using cyclicity of the trace gives
tr(H—l(R - 7H)2) = tr(H ' R?) — 2y tr(R) + ~*tr(H).

Minimizing this quadratic in vy yields

tr(R)

7 (Q) = e (H)

Since tr(R) = ||G||,, this proves (30). The identities in (31) follow immediately from (28) with
7 =7(Q). =

Corollary 32 (A scalar decomposition of the one-step decrease) Under the assumptions of Propo-
sition 31,

2(X) = tr(H'RE),  2f(X*) = (1R — P
’ tr(H) "
Equivalently,
“1p2y 1p 2\ | tr(R)?
tr(H"R%) = glzlgtr(H (R—~H) ) + te(H) (32)
Hence the progress coefficient from Proposition 4 can be rewritten as
G2 tr(R)? min. > tf(H (R — vH)?
p(X) — H ”* — ( )71 - =1— 720 ( 71( > ) ) (33)
tr(H)tr(HY)  tr(H)tr(H-1R?) tr(H-1R?)

Proof Since R2 = HX H, we have
tr(H 'R?) = tr(ZH) = tr(HY) = 2f(X).

The expression for 2f(X ™) follows by evaluating (29) at v = v*(Q). Equation (32) is the same
identity rewritten, and (33) follows from Proposition 4. |
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Corollary 33 (Commuting case: additive shrinkage of the singular values) Assume H > 0, rank(X) =
d, and HY. = Y H. Let

H = Udiag(\, ..., \)U T, ¥ = Udiag(s?,...,s2)U",

with \; > 0 and s; > 0. Then

d
1 AiSi
R = (HSH)Y? = Udiag(Mis1, ..., Aasa)UT,  75(Q) = 5y == Lz NS gy

Z?:l Ai
Moreover,
T = (22 —51,)? = Udiag((s1 — 5m)%, -, (sa — 31)*)U ™. (35)
Equivalently, the singular values of X evolve according to
sj:|si—§H|, i=1,...,d (36)
Finally,
1< 2 + 1< 517)2
f(X):2;)‘iSi7 J(X ):2;&‘(82'—8@ ; @37
and . )
() = iz ) (38)

(Zi:l )‘i) (Zgzl )\is?) .

Proof Since HY. = X H and both matrices are symmetric, they are simultaneously diagonalizable,
and therefore
R=(HSH)Y? = HYY? = 2'/2H.

Define
W.=x"12x.

Then WWT = I;and X = XV2W. Using G = HX = HXY2W = RW, we get
Q=R'G=wW=x""2x.

Hence
Xt =X —(Q)Q = (Y2 —*(Q) )W,

which implies
= XX = (512 Q)
This proves (35). The formula for v*(Q) follows from (30) and
d
tr(R) = tr(HEY?) = " Aiss.
i=1

The expressions for f(X), f(XT), and p(X) follow by simultaneous diagonalization. [ |
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Remark 34 (This is not monotone whitening of ;) Even in the commuting case with H = I,
PolarGD does not monotonically improve the conditioning of Xi. For example, if d = 3 and the
singular values of X are

(81732753) = (47271)7
thens = (44+2+1)/3=7/3, so

514
(3T7S;73§): (37373>-

k(X)) = G)Q = 16, K(Z1) = <‘;’;2>2 = 25.

Thus the row-covariance can become more ill-conditioned after a PolarGD step.

Hence

Remark 35 (The progress coefficient p(X},) is not monotone) The exact progress coefficient p(Xy,)
from Proposition 4 need not be monotone along a PolarGD trajectory. In the commuting case with
H =13,

(81 + 59 + 83)2

X) = .
P(X) 3(s? + s3 + s3)
If (s1, s2,83) = (3,3,2), then
32 112 8 32
x) = 2% P N X+ =S 22
b0 =50 Ghstsi = (p5). D=5 <5
On the other hand, if (s1, s2,s3) = (4,1,1), then
2 8 2
p(X):ga (ST78;78§_):(27171)7 p(X+):§> g

So p(X}y) may either decrease or increase from one step to the next.

Proposition 36 (One-step collapse to gradient isotropy in the 2 x 2 full-rank case) Assumed =
2, H = 0, andrank(X) = 2. Let X := X — v*(Q)Q be one PolarGD step with exact line search,
and define

Yi=XXT", st.=Xx*Xx*" = R:=(HLH)Y/?,  RY:=(HXTH)Y2

Then there exists ¢ > 0 such that
Rt = cly. (39)

Equivalently,
GTGTT = 21, vt =c2H2 (40)

In particular, after one exact-line-search PolarGD step, the new iterate automatically satisfies

HXT =2"H.
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Proof By Proposition 31,

R*=|R—y"(QH|, Q)=

Hence the symmetric matrix
M:=R-y(QH

has zero trace:
tr(M) = tr(R) — v*(Q)tr(H) = 0.

Any symmetric 2 x 2 trace-zero matrix has eigenvalues +-c for some ¢ > 0, and therefore | M| = cls.
Thus (39) holds. Since
GYGTT = (rRT)?, HXYH = (R")?

we obtain (40). |

Corollary 37 (Exact post-collapse dynamics in 2 x 2) Under the assumptions of Proposition 36,
let X, denote the iterate after the first PolarGD step, and let 0 < A1 < \g be the eigenvalues of H.
Then for every k > 1,

(HXp XFH)Y? = ¢, 1,

for some c;, > 0, and these scalars satisfy

A=A K(H) -1
— — , 41
L =P PN, T R(H) 1 “

Consequently,
FXpr) = f(Xp), k=1 42)

Moreover, for every k > 1 with c;, > 0, the PolarGD direction ray coincides with the GD direction
ray.

Proof Proposition 36 gives
(HX\X{H)'? = ¢ 1,

for some ¢; > 0. Suppose now that for some k > 1,

Ry := (HXp X H)Y? = ¢, .

Then (Ry) 5
* - tr( Ry o Ck
(@) = tr(H) A+ o
Using Proposition 31,
2cp
Ry = |epla — H|.
k+1 k12 M+ ‘

Diagonalizing H = Udiag(\1, A2)U T, we obtain

C’“<1 - Alzilxg) "C’“(l - Alzfxg) D U" = pecla.
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Thus c1 = pcg, proving (41).

Since Ry = cil2, we have
Gr = RpQ = cxQx;,

so whenever c; > 0, the PolarGD and GD directions are collinear and therefore define the same
direction ray.

Finally, because
HXy X H = R} = i1,
we get
Xp X =ciH2
Hence

1 2 B
f(Xy) = itr(HXkaT) = Ektr(H D,

and therefore

f(Xpr1) <0k+1>2 _
f(Xk) Ck '
This proves (42). |

Specialization to the 2 x 2 case

We now specialize the line-search comparison between GD and Muon to the case d = m = 2, after
diagonalizing H. Without loss of generality assume

A O
= <
H {0 )\2:|, 0</\1_/\2,
and let
Y = {5611 3312] ’ G—HX — [)\19611 )\13312] '
Ta1 22 A2T21  AaT22
Write the rows of G as
T _ T _

g1 = (Mizn, Miz12), go = (Aama1, Aawaa),

and let
ri=lgills, 2= llg2ll3, = (g1, 92).

Then

HGH% =ri+r=a, det(GGT) =rirg — 2.

Since GG is 2 x 2, its eigenvalues are the squared singular values o7, 03 of G, and

a% + ag = HGHQF =a, o109 = 1/det(GGT) = /11719 — 2.
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Hence the nuclear norm satisfies

”GHz = (01 + 02)2 = U% + O’% + 201090 = a+ 2/ 11710 — c2. 43)
The curvature term in the GD line-search denominator is
tr(GTHG) = Mlg1ll5 + Aallg2]l3 = Aar1 + Aore = K, (44)
and the objective value can be expressed in terms of GG as
1 1 _ 1/nm T9
X)=tr(X"HX)=tr(GTH'G)== [ =+ = ). 45
F(X) = Str( ) = 5tr( ) =5 (% % (45)

GD (line search) in the 2 x 2 case. For GD with line search, the direction is Dap = G, and the
optimal step is

a_ ICIE _a
tr(GTHG) K’
The one-step decrease is
G||% a?
Acp = f(X) - f(X —2°PG) = el _ P (46)

- 2tr(GTHG) 2K

Muon (line search) in the 2 x 2 case. Let G = USV ' be the SVD and Q := polar(G) = UV T,
We distinguish two cases.
Case 1: rank(G) = 2. Then U,V € R?*2 are orthogonal and Q = UV " is orthogonal, so
Q'HQ=VU'HUV'
is similar to H and has the same eigenvalues. In particular,
mi=tr(QHQ) = tr(H) = A\ + ). (47)

Line search along —() yields
wa__(GQ) 1G]l

" Ctwr(QTHQ) T

and the one-step decrease
G112 G112

— _ _ ~Muny _ —
Using (43), this becomes
_a+2Vmn =2
Ay = g+ ra) (49)

Case 2: rank(G) = 1. Then G = ouv " with one nonzero singular value o, ||ul|2 = ||v|2 = 1, and
Q = polar(G) = uv "

spans the same direction as G. It is straightforward to check that GD and Muon directions coincide
in this case and that with line search

Anu = Agp, (50)

so Muon and GD are equivalent whenever G is rank one.
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When is Muon better than GD in 2 x 2? In the full-rank case, combining (46) and (49), Muon
produces a larger decrease than GD if and only if

a+ 2vriry — c? a?

Ay > A ;
Mu > 8GD 2()\1 + )\2) - 2K
i.e.
(a + 24/ 1119 — 62) ()\17“1 + )\27‘2) > CLZ(Al + /\2). (51)
Recall

r=llgill3, r2 =2l c={g1,02), a=r1+m2

Thus Muon with line search strictly outperforms GD with line search on the 2 x 2 quadratic (in the
sense of one-step decrease) if and only if (51) holds and G is full rank (r;7y > ¢?).

It is often convenient to parametrize the geometry of G via:

a=—1 ¢ [0,1], pi=

c
T+ 12 172

S [—1, 1] if ryrg > 0,

so that

rm=aa 1ro=1-a)a, riro—c=a/a(l—a)y1-p

In terms of (a, p), condition (51) becomes

M+ Ao (1 — a)][1+2¢/a(l — a)v/1 —p2] > A\ + Ao (52)

Here:
* « encodes how much of the gradient energy lies in the first eigen-direction (A1) versus the
second (\g),
* p encodes the correlation between the two gradient rows (with p = 0 corresponding to

orthogonal rows and p = %1 to colinear rows).

Condition (52) makes explicit how Muon’s advantage depends on the anisotropy of H (through
A1, A2), the distribution of gradient energy across eigendirections (through «), and the mutual
orientation of the gradient rows (through p).

In particular:

e If G is rank one (172 = ¢?), then V/r1r2 — ¢2 = 0 and Muon coincides with GD.

» If H is isotropic (A1 = A2), then (52) cannot hold strictly, and GD is always at least as good
as Muon in terms of one-step decrease (with equality only in the highly symmetric case where
the singular values of G coincide).

* For anisotropic H with A\; # A2 and full-rank G, the region defined by (52) is nonempty:
there exist configurations where Muon achieves a strictly larger line-search decrease than GD,
reflecting a favorable alignment of the gradient singular structure with the spectrum of H.
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H.1. Optimizer Trajectories in Singular Value Space

By symmetry of the trace operator and von Neumann’s identity we have

min(d,m)
f(X):%tr(HXXT)g > ai(X)PN(H), (53)
=1

where \;(H ), 0;(X) are in decreasing order. Crucially, this upper bound depends only on the singular
values of X and the eigenvalues of H. In the 2 x 2 case we can therefore overlay this upper bound
on the trajectories of singular values. This visualization (Figure 8) makes the interplay between the
spectrum of X and the structure of H immediately apparent in two dimensions.

Appendix I. Comparison to concurrent work on spectral/polar methods

Concurrent perspectives on spectral/polar updates. Several recent works study Muon/SpecGD-
type spectral directions from complementary angles.Davis and Drusvyatskiy [3] develop a local
(one-step) condition for when spectral/polar-normalized updates can outperform Euclidean GD in
neural-network training, relating the advantage to singular-value structure (nuclear vs Frobenius
geometry) and to rank-type properties of activations. In contrast, Gonon et al. [4] show that even on
simple strongly convex quadratics, Muon-style dynamics with constant step sizes and exact polar
projection can fail to reach the minimizer (“grid confinement”), that approximation/inexactness
in the polar step can improve reachability and finite-time performance, and that greedy one-step
superiority need not translate into faster end-to-end convergence. On the more “mechanism” side,
Ma et al. [13] prove problem-specific global guarantees showing that spectral orthogonalization
can act as a genuine preconditioner (e.g. in matrix factorization and linear-transformer in-context
learning), yielding rates that do not degrade with the Hessian condition number. Finally, Jiang
et al. [6] interpret post-spectral clipping through a Frank—Wolfe lens and demonstrate its practical
viability for LLM pretraining, further emphasizing the relevance of spectral geometry in large-scale
optimization. Our work is complementary: we isolate direction geometry via exact line search,
derive exact gain—curvature identities on matrix quadratics, and use an implicit-preconditioning view
to explain both fast (row-isotropic) and pessimistic (tiny-singular-value) regimes and to motivate
rank-truncated/damped polar variants.

More detailed comparison.

Davis and Drusvyatskiy [3]: local conditions for SpecGD gains in deep learning. Our one-step
quadratic identities (e.g. the exact gain—curvature tradeoff and the inequality Apy; > Agp) provide
a clean “laboratory” for interpreting more general one-step criteria in nonconvex training. A key
message common to both works is that singular-value structure of the gradient matters: spectral/polar
directions behave differently from GD depending on how spread the singular values are. A key
difference is scope: Davis and Drusvyatskiy [3] target neural networks and develop a condition
involving activation structure, whereas we keep the objective class minimal (matrix quadratics) but
obtain exactness regimes and a trajectory-level preconditioning mechanism.
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Singular Value Trajectories Loss Comparison
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Figure 8: Illustration of Singular Value Trajectories in R?

Rows represent different initialization regimes and the right hand column we display the
corresponding loss curves. For each row, optimizer trajectories in singular value space, all
start from the same initialization (%), with the von Neumann bound (53) overlaid. Terminal
iterates are marked with a square (). Here H = Qdiag(1,10,000)Q7 for Q;; ~ N(0,1)
We see that Muon’s singular value trajectory maintains a 45° direction in singular value
space. By contrast GD is seen to optimize the larger eigen-direction first. SignGD does
not obviously exploit singular geometry here.

Gonon et al. [4]: discrete-time pathologies and constructive inexactness on quadratics. This
work is the closest “quadratic stress test” to ours, but it targets different questions. They show that
constant step sizes can prevent Muon-style dynamics from reaching the minimizer (grid confinement),
and that (stochastic or approximate) polar steps can restore reachability and even accelerate finite-
time progress. This directly complements our choice to emphasize exact line search when isolating
geometry: line search avoids constant-step-size reachability obstructions and cleanly separates (i)
direction geometry from (ii) step-size scheduling. Their “greedy one-step” counterexample reinforces
our message that local certificates do not induce a global method ordering, and motivates our analytic
alternation example and our trajectory-level preconditioning view.
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Ma et al. [13]: global preconditioning benefits in structured problems. Where we derive an
implicit preconditioner for PolarGD and show how its conditioning is governed by iterate geometry,
Ma et al. [13] prove that in certain structured objectives this mechanism yields global rates inde-
pendent of Hessian conditioning. This provides a strong external validation of the “preconditioning
story” and suggests a useful narrative bridge: our analysis explains sow the preconditioner arises and
what it depends on (e.g. row-covariance / conditioning of iterates), while their work shows when this
can translate into global improvements in specific learning models.

Jiang et al. [6]: spectral clipping as Frank—Wolfe (and LLM viability). While we focus on
polar-normalized directions (exact LMO for a spectral-norm geometry), Jiang et al. [6] study a
different spectral primitive—post-spectral clipping—and connect it to (composite) Frank—Wolfe.
This is best cited as complementary motivation: spectral geometry can be exploited through multiple
algorithmic routes (polar/orthogonalization vs. clipping/projection), and our work helps clarify what
is special about the polar route (e.g. iterate-dependent preconditioning effects and sensitivity to small
singular values).

Appendix J. Matrix Smoothness: A Generalization of this Work

While this work focused on the matrix quadratic case, one can derive more general results through
the lens of matrix smoothness. Bounds derived here become tight in the quadratic case, which we
developed in Section 3. Assumption (matrix curvature bounds). There exist symmetric positive
semidefinite matrices M, L € R%*? with M < L such that for all X € R and all D € R4*™,

f(X)+<G,D>+%(MD,D> < {(X+D) < f(X)+<G,D>+%(LD,D>, (54)

where (LD, D) = tr(DTLD) (and similarly for M). Equivalently, the second-order remainder in
direction D is bounded between 1||M1/2D||% and % ||LY/2D||%.

Assumption (54) strictly generalizes the usual scalar bounds: if L = ¢I; and M = ply, then (54) is
exactly /-smoothness and -strong convexity with respect to the Frobenius norm. Allowing a general
L captures anisotropic curvature (e.g., diagonal L yields coordinate/row-wise smoothness). For the
quadratic f(X) = 2tr(XTHX), the bounds hold with equality for L = M = H.

Model-based step size along a direction. Fix D € R?™ and consider Xt = X — D with
v > 0. Plugging —v D into (54) gives, for all v > 0,

2 2
F(X) =G, D)+ LMD, D) < f(X ~D) < f(X) ~5(€, D)+ 5 {LD,D). (59)
Define the directional curvatures ¢y, (D) := (LD, D), ey (D) := (M D, D) and the positive part
[a]+ := max{a,0}. Minimizing the upper quadratic model yields the closed-form step size

(G, D)+

(D) (convention: v, (D) = 0if ¢, (D) = 0). (56)

(D) =
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Proposition 38 (Model-based one-step decrease and exact line-search bracket) Assume (54). Fix
X and a direction D with cf,(D) > 0. Let X = X — ~v,(D)D, where v, (D) is given by (56).
Then

(G, D)3

f(X+)§f(X>—m- (57)

Moreover, if cpr(D) > 0 and v*(D) € argmin,>q f(X — D) is the exact line-search minimizer,
then the exact step and exact decrease A*(D) := f(X) — f(X —~v*(D)D) satisfy

(G, D)]+
cr(D)

. (G, D)2
D) 2eD) =AD=

LT

<y(D) <

LMO-normalized and dual-adapted variants through the same formulas. After optimizing
over vy, the update X — +*(D)D and the certified decreases (57)—(58) are invariant under rescaling
D — ¢D with ¢ > 0. Hence all line-search comparisons below depend only on the direction ray.
This lets us study LMO-normalized and dual-adapted variants through the same formulas.
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