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ABSTRACT

Despite the impressive performance of deep neural networks (DNNs), their com-
putational complexity and storage space consumption have led to the concept of
network compression. While DNN compression techniques such as pruning and
low-rank decomposition have been extensively studied, there has been insufficient
attention paid to their theoretical explanation. In this paper, we propose a novel
theoretical framework that leverages a probabilistic latent space of DNN weights
and explains the optimal network sparsity by using the information-theoretic di-
vergence measures. We introduce new analogous projected patterns (AP2) and
analogous-in-probability projected patterns (AP3) notions for DNNs and prove
that there exists a relationship between AP3/AP2 property of layers in the net-
work and its performance. Further, we provide a theoretical analysis that ex-
plains the training process of the compressed network. The theoretical results
are empirically validated through experiments conducted on standard pre-trained
benchmarks, including AlexNet, ResNet50, and VGG16, using CIFAR10 and CI-
FAR100 datasets. Through our experiments, we highlight the relationship of AP3
and AP2 properties with fine-tuning pruned DNNSs and sparsity levels.

1 INTRODUCTION

A wide variety of real-world problems are investigated by deep neural networks (DNNs) which
enable powerful learning across a wide range of task learning. DNNs have provided remarkable
performance in solving complex problems and this has led to significant growth of interest in the
area of neural networks. However; the higher the performance, the more the number of parame-
ters, resulting in complexity and space consumption. While DNNs pruning methods [Yeom et al.
(2021); Blalock et al.| (2020); Ding et al.|(2019a)); [Lee et al.| (2019); [Park et al|(2020); Ding et al.
(2019b); Liu et al.| (2021); You et al.| (2019) compress networks and tackle computational complex-
ity challenges, due to the lack of sufficient theoretical explanation of such methods, it’s difficult to
understand their behaviors. In this paper, we propose a novel framework that explains DNN pruning
using probabilistic latent spaces of DNN weights and divergence measures. Our main idea is built
upon mapping the weight matrix of the layers in both the original network and its corresponding
sparse/pruned network to probability spaces from a distribution where the weight matrices are the
parameter sets. To clarify our approach: consider a network F(X) with L-layers and its sparse ver-
sion, denoted by F©) with parameters w and w = m © w, respectively, in which m is a binary
mask. Suppose that f(), filters of the I-th layer of F(%) with M, neurons has weight matrix of
w® € RMi-1xMi gnd 5O is the weight matrices of f(!) which is filters of the I-th layer of F(X)
again with M; neurons. For clarity, we consistently treat weight matrices as high-dimensional vec-
tors. If w® € RMi-1xM: represents the weight matrix of layer [, its vectorized version is denoted
by w® € R(Mi—1xM)x1 \where M; is the number of neurons in layer I. Note that w( is referred
to as a matrix whenever we use the term “matrix”; otherwise, it is considered as a vector.

In our approach, w(® is projected, using a projection map P : R(Mi—1xM)x1 y R(Mi_1xM)x1
to a probability space Z with random variables Z and with a distribution, denoted by P,,), which
has w® as its parameter set. Similarly, a probability space Z with latent variables Z and distri-

bution P with &) as its parameter set is assigned to &) (we illustrate this in Fig. . We
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show that by computing the Kullback-Leibler (KL) divergence between these two distributions,
KL(P,u||Psw ), we explain the behavior of the pruned network and how magnitude-based prun-
ing maintain the task learning performance. We show that as pruned network’s performance con-
vergences to optimal unpruned network performance, the KL divergence between P, ) and Py
for given layer [ convergences to zero. Note that what distinguishes our method from Bayesian in-
ference is that the networks considered in this paper are non-Bayesian networks, meaning that there
is no prior distribution associated with the network parameters. Hence, the distributions are not a
distribution of network parameters but rather they are the distribution of defined latent spaces to
clarify the network pruning methods.

Why our approach is important? Our new framework enables a deeper understanding of the complex
interplay between network pruning and probabilistic distributions, where the weight tensors serve as
their key parameters. Our approach effectively explains the sparsity of networks using latent spaces,
shedding light on the interpretability of pruned models.

Main Contributions: The key contributions of this study are outlined as follows: (1) We introduce
novel projection patterns between layers of DNN and their corresponding compressed counterparts.
These patterns allow us to provide an upper bound on the difference between the performance of a
network and its pruned version when the projection is applied; (2) We leverage probabilistic latent
spaces and employ divergence measures between distributions to explain the sparsity of networks.
We show the impact of the differences between two new probabilistic spaces, constructed based on
the weights of an original network and its sparse network, on the difference between original and
sparse models’ performances; and (3) Through extensive experiments conducted on two well-known
CIFARI10 and CIFAR100 datasets, we validate our proposed theoretical framework on multiple
benchmarks and showcase how our approach effectively explains the sparsity of networks.
Notations. For clarity and ease of notation, we define all relevant symbols below. As mentioned
earlier, we treat w(!) as a weight vector by default unless explicitly mentioned as a matrix using the
term “matrix”. Consider two neural networks, denoted as F &) and F@) with L layers and filters
of their I-th layer, i.e., f©) and f). We use w® and @® to represent the weight matrices of the
I-th layer in F(X) and FL), respectively. Additionally, w* and w* as the optimal weight tensors
for F(I) and F(I). The performance difference between these two networks is quantified by the
function D(F, F). To measure the dissimilarity between distributions, we use the Kullback-Leibler
divergence denoted as K L(.||.) though the intuition behind our theoretical explanations is based on
any distance metrix. Finally, the terms m, o, and E correspond to a binary mask, activation function,
and expectation operation, respectively.

2 PROBLEM FORMULATION

Consider input X € X and target Y € ), with realization space X and ), respectively. Suppose
(X,Y) have joint distribution D. Training a neural network F(*) € F is performed by minimizing a
loss function (empirical risk) that decreases with the correlation between the weighted combination
of the networks and the label:

Ex,y)~p{L(FM(X),Y)} = —Exy)ep{Y - (0+ Y wr- FH(X))}. )
FEF
We remove offset b without loss of generality. Define /(w) := — . wp - FP(X), w € RL

)
FEF
Therefore the loss function in (1) becomes E(x y)~p {Y - £(w)} with optimal weight solution w*.
[

Note @* = m* ® w* is optimal sparse weight where m € [0, 1]¢ is the binary mask matrix (d is
dimension). The optimal sparse weight is achieved by (m*,w*) := argmin E(x y)~p {Y - £(w)}.

Definition 1 Analogous Projected Patterns (AP2) - Consider the projected map function
P oo RMiooxMx1ly RIMiaxMO)X1 - We sqy filter fO and its sparse version f) have AP2

if for small €V, P(f(l)) _ p(f(l))’
sparse version with sparse weight O have AP2 if for small e Hp(w(l)) _ P(&(l)) ||2 < or

2
< ). Equivalently, we say layer | with weight w®) and it’s

if H (w(l) —o®) H2 < € when we use identity map as the projection function P.
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KL(Pw || Pao)
—

(p1, pr2. pi3) = (wi, w2, w3)

f(l) f(l\ 1)

Figure 1: (Left) Proposed latent space Z and Z from Gaussian distribution with mean parameters w
and w and covariances 3 and ¥, respectively: P o) = G(w(l), ¥1)and Pyo) = G(UJ(“7 ¥5). (Right)
A detailed illustration of maping weights matrices to the latent space as the distribution parameter.

Suppose latent variables Z € Z and Z € Z have distributions P,, := P(.,w) and Py := P(.,&)

with parameter sets w and w, respectively. Z and Z are latent spaces that could overlap. The
Kullback-Leibler (KL) divergence (Cover & Thomas|(1991) between P, and P is

KL(P,||P3) :=Ep, [log (P,/Pz)]. 2)

Definition 2 Analogous-in-Probability Projected Patterns (AP3) - Consider the projection P that
maps w', the I-th layer weight, to the probabilistic space Z with latent variable Z and distribution
P,a with w® as its parameter set. Similarly projection P maps sparse layer 1’s weights, &1, to
space Z with latent variable Z and probability density P5u). We say layer | and its sparse version
have AP3 if for small €V, KL(P, || Psay) < €.

Throughout this paper, we assume that all distributions have positive definite covariance matrix.
Note that the projection map in Definitions I and 2] are not necessarily the same. To clarify this, we
provide an example that shows if layer [ and its sparse version have AP2 with an identity projection

map, then they have AP3 property with Gaussian projection i.e. projection P maps w®) and &®
to the latent space when latent variables Z and Z have Gaussian distributions with means w® and
oW, respectively. Example - Gaussian Projection: Suppose layer [ with weight w() and its sparse
version with weight &® have AP3 property with Gaussian projection i.e P, o ~ G (w(l), ¥) and
Psoy ~ G(@W, Z) where ¥ and ¥ are covariance matrices. Using H we can write

D - N .
KL(P,w|Pyw) = §(1og :i Ftr(E718) + (WO — D) TE L (WO — 5O - d), 3)

where tr is the trace of the matrix, d is the dimension and log is taken to base e. Without loss
of generahty assume that ¥ = ¥ = %, then for constant C, is simplified and bounded as
5 (C’ + (W =T~ (w® — w(l))) <3 (C’ + Mnaz||w® — w(l |3 ) Here \,,q. is the maxi-
mum eigenvalue of matrix ¥~!. Since layer [ and its sparse have AP2 property (identity projection),
lw® — 503 < €D, This implies that layer [ and its sparse have AP3 property

KL(P,w|Psw) < (C-l—)\maze()), where C' = log :E: +tr(2718) —d @)

Note that by considering the assumption of the equality of the covariance matrices, C' = 0, and for
smaller ¢V) the bound in (EI) becomes tighter.

As observed in the previous example, it was demonstrated that for Gaussian distributions, the AP2
property implies the AP3 property. Building upon this finding, under the same distributional as-
sumptions, based on Eq.[5] we infer that if the latent Gaussian distribution has a covariance matrix
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Y in which all eigenvalues are greater than or equal to 1, then AP3 property holds true and also
implies AP2. Note that \,,;,, is the minimum eigenvalues of X1,

Hw(l) _ @(l)llg < )\mm”w(l) _ @(l)H% < (w(l) _ g,(l))Tgfl(w(l) _ @(l))) (5)

This means that the AP3 property implies the AP2 property for certain distributions. However,
establishing this behavior theoretically for complex multivariate distributions is challenging due to
the lack of exact KL values. Consequently, empirical evidence and numerical approximations are
often used to study the AP3 property of such distributions.

Definition 3 [Csiszar & Korner| (2011)) (Pinsker’s inequality) If P and @ are two distributions on a
measurable space (X, F), then KL(P|Q) > 2d2.,.

Definition 4 (Cover & Thomas| (1991) Consider a measurable space (£2,.4) and probability mea-
sures P and () defined on (2, .4) on a finite domain D. The total variation distance between P and
Q is defined as

drv(P,Q) := 5 [ |P — Q|dx = sup ¢4 |P(A) — Q(A)].

Lemma 1 Nishiyamal (2022) Let P and Q be two arbitrary distributions in R? with mean vectors
of mp and m and covariance matrices of X p and ¥¢y. Then, by setting constant a := mp — mq,

aTa

~2(tr(Zp) + tr(Xg)) + aTa

drv(P,Q) > where tr(A) is the trace of a matrix A.

Corollary 1 Let P and Q be two arbitrary distributions in R? with mean vectors of mp and mQ
and covariance matrices of X p and X.q, respectively. Set constant a := m, —mg. Using definition

2
T
and Lemma KL(PIIQ) > 28, (P,Q) > 2 sirmryintsayrara) -

According to the Corollary/I} for any two continuous distributions P,,) and P in a d-dimensional
space, both with identity matrix I € R?%d a5 their covariance matrices, if AP3 is satisfied, then,
AP2 holds when € < 2. However, it’s important to note that there can be instances where AP3
doesn’t necessarily imply AP2, and this relationship depends on the specific values of € and the
characteristics of the distributions.

Definition 5 Approximately AP3 in Iteration t - Consider the projection P that maps optimal weight
w*, to the probabilistic space Z with latent variable Z and distribution P~ with w* as its parameter

set . Slmllarly projection P maps sparse networks optimal weights, W*, to space Z with latent
variable Z and distribution P.. Let &t be the weight of pruned network F FY) at iteration t in
training (with mapped latent space zZ from distribution Pg:). We say networks Ft( ) and F) have
approximately AP3 if for small e;:

|KL(P,-||Ps:) — KL(P,-

5t )| = O(er), where as e, — 0 when t — oc. (6)

3 THEORETICAL ANALYSIS

In DNNs compression, it is essential to maintain the performance with a core mission of reducing
computational complexity and memory usage. However, in many compression methods, after sig-
nificant computational improvement, we want the performance of the network after compression to
be as close as possible to the best performance of the complete (non-compressed) network.

Definition 6 Performance Difference (PD) - Let F(1) and F) pe L layers network and its corre-
sponding compressed network. Using loss function in (I), we define PD by

DFW, FV) = B yyop {LED(X), )}~ Exyyon {LEDX), V). )

We are now in the position to state our first main finding and all proofs in details are provided
in Appendix. Prior to introducing the theorems, it’s crucial to underline that each latent space is
presupposed to include a covariance matrix among its inherent parameters.
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3.1 PERFORMANCE DIFFERENCE BOUNDS

Theorem 1 Let wW* be the optimal weight of trained sparse network F@), Let P« be distribution
with w* as its parameters for trained network FF) and let Py- be distribution with &* = m* ® w*
as its parameters for trained sparse network F), If there exists a layer | € {1,..., L} that has
AP3 with the corresponding layer in FE) i.e. KL(P, .|| Ps-)) < €D, for 0 < €V < 2, then the
performance difference in (IZ) is bounded by g(e(l)) that is

D(FW) FB)y < g(e), (8)

where g is an increasing function of €V i.e. for smaller €V, the bound in (@ becomes tighter. Note
that, trained sparse network reffers to the pruned network that has undergone fine-tuning after the
pruning process.

Theorem [T]is the immediate result of two Lemmas [2] and [3] below together. It is important to note
that the function g(¢(V)) depends on (V) sequentially through €%, ... (!~ This means that as
in Lemma 3] €1 is an increasing function of e) for I, ..., L — 1 and according to Lemmal|2]the
function g is an increasing function of ¢(%).

In Lemma [2| and Corollary [2| Ap.x refers to the maximum eigenvalue of Hessian A& (@*). Mean-
while, in Corollary [3] Amax represents the maximum eigenvalue of the inverse covariance matrix
¥ ~1. In both corollaries, Api, denotes the minimum eigenvalue of X~!. We also introduce con-
stants (%) and €(®) for reference.

Lemma 2 Consider a trained network F\) and its trained sparse version, F©) with optimal
weights w* and W*, respectively. Apply the projection map P on the last layer and let P,,.L) and
Py be distributions with w* ) and 5* ) = m*L) © w*(L) as their parameters for F) and
F@), respectively. Note that in F'") and F@), layers 1,...,L — 1 are not necessaraly iden-
tical. Assume Vol(Z(L)) is finite and the last layer of F() and F@) have AP3 property for
0 < e < 2ie KL(Pjuw||Psw) < €. Hence, the PD in (8) is bounded by g™ (1))
ie. D(FE) FL) < gL (L)) where F(L) is the sparse network with last layer weights (2.
(D
Here for constant C, g(L)(e(L)) = E(X’y)ND{Y . <W7é> } is an increasing function of

201y <5%)

'L i.e. for smaller '), the bound for D(F"), ﬁ(L)) becomes tighter.

Proof sketch of Lemma 2} While a detailed proof of Lemma [2]is available in Appendix, here’s
a concise overview. By considering Equation [T] and by applying Jensen inequality, we have

D(F®), F) < Ex yyup {Y - |€(w*) — £(@*)[}. Using both quadratic Taylor approximation

- R3]
for ¢ and Corollary D(F) FW)) < ]E(X,y)ND{Y : (M) }, where C is a constant.
2=y 57)

Corollary 2 In Lemmal[2] suppose the projection map function is Gaussian projection i.e. P, ..y ~
G(w* ) %) and Pguy ~ G(@*1), %) with same positive definite covariance matrices. If the last
layer of F'5) and F") have AP3 with bound €*) > 0, then

D(F®), F®) < g (), where g (D) = Egxyyp{Y - (250 /32) ) )

Amin

Lemma 3 For trained layer | and sparse l-layer, let P, .q)y and Pg.q) be distributions with
w*D and &*V as their parameters, respectively. Under the assumptions K L(P,.o)||Pse)) <
e® and Vol(Z) < oo, for € > 0, and E[1/(Pg-a+1)?] being bounded, we have

KL(P, a0 || Pgearn) < €FD, where e+ = Cl+1(cl\/2cfl((l)z) + Cc(rlzl.:v) for constants Ci,

l .. -
Ciy1, C(Ql , and eV s increasing in €.

Corollary 3 In LemmaE] suppose the projection map function is Gaussian projection i.e. P, ,.qy ~
G(w*®, %) and Py.ay ~ G(@*W, X) with covariance matrix ¥ forl = 1,..., L—1. Iffor ) > 0,
KL(P,.a)||Pyey) < € and Vol(Z) < oo, then for constants C1, Cy-1 4, and K,

KL(P, s || Pyeas1) < E(HI), where el+1) .= % (Cl + AmarC§—1}U7w(2e;”—K))_ (10)

min



Under review as a conference paper at ICLR 2024

3.2 How AP3 EXPLAINS TRAINING SPARSE NETWORK?

Theorem 1|links the AP3 property to the performance difference between Networks F(%) and F@
on optimal weights w* and w*. A follow-up question is how the latent space Z explains the training

convergence of compressed network F@) to optimal sparsity level with approximately maintaining
the performance. To provide an answer to this question we employ Definition [5]and approximately
AP3 in iteration ¢ property as stated in the next theorem.

Theorem 2 Suppose that P, is the distribution of latent variable Z € Z for network FF) and P-
is the distribution of ZezZ for sparse network F@), Let &' be the weight of pruned network ﬁt(m
after iteration t of training with total T iterations. Under the assumption that F") and ﬁt(L) have
approximately AP3 in iteration t i.e. for small €;, | K L(P,«||Py«) — KL(Py+||Pyt)| = O(€), then
we have D(F() ﬁt(L)) = O(e, T), equivalently |Ex y)p [Yl(w")] = Ex y)up [YL@)]]| =
O(e, T).

4 RELATED WORK

Pruning has been a widely-used approach for reducing the size of a neural network by eliminating
either unimportant weights or neurons. Existing methods can be categorized into structured and
unstructured pruning. structured pruning, studied in [Ding et al| (2019aZb); Liu et al.| (2021); |You
et al.| (2019); /Anwar et al.| (2017); Wen et al.| (2016); [L1 et al. (2016)); He et al.| (2017); |[Luo et al.
(2017), involves removing entire structures or components of a network, such as layers, channels,
or filters. However, unstructured pruning aims to reduce the number of parameters by zeroing out
some weights in the network. Some popular techniques commonly used in unstructured pruning
are weight magnitude-based pruning, L1 regularization, Taylor expansion-based pruning, and Rein-
forcement learning-based pruning Han et al.|(2015)); Lee et al.|(2019)); |Park et al.|(2020); Sanh et al.
(2020); Molchanov et al.| (2016)); Zhu & Gupta (2017); Ye et al.| (2018).

In this paper, to provide a comprehensive explanation of our findings, we focus on weight magnitude
pruning technique, previously examined in/Han et al.|(2015); Molchanov et al.|(2016;2019). In/Han
et al. (2015)), where weight magnitude pruning is introduced, the authors suggested that a substantial
number of network weights can be pruned without causing significant performance deterioration. To
establish this notion, they conducted experiments employing models such as AlexNet and VGG16.
While their research centers on empirically showcasing the efficacy of such technique, it doesn’t
extensively explore the formal theoretical analysis of the subject. Our intent, instead, is to provide a
theoretical foundation using probability latent spaces to elucidate the principles of network pruning,
particularly weight pruning, and its significant role in preserving accuracy.

5 EXPERIMENTS

To validate our theoretical analysis empirically, contributing to a more comprehensive understand-
ing of the sparsification techniques in DNNs, we conduct a set of experiments on two common
CIFARI10 Krizhevsky et al.|(2009) and CIFAR100 |Krizhevsky et al. (2009) datasets, using three
different pre-trained benchmark models: ResNet50 |[He et al.| (2016) and VGG16 Simonyan & Zis-
serman| (2014)), which are pre-trained on ImageNet. The results on AlexNet|Krizhevsky et al.|(2012)
are provided in Appendix.

5.1 SETUP:

Training Phase: We initialized these models’” weights with pre-trained weights as the baseline mod-
els. To ensure the results’ significance we performed three trials of training the models. Each trial
involved training for 100 epochs using the SGD optimizer with a momentum of 0.9 and learning
rates of 0.1 for pre-trained ResNet50 and 0.01 for AlexNet and VGG16. In order to facilitate con-
vergence and enhance training efficiency, we incorporated a learning rate scheduler that dynamically
adjusted the learning rate as the model approached convergence.

Pruning Phase: We investigate the effects of weight differences within the last layer of the baseline
and its pruned version, using magnitude-based pruning |[Han et al.| (2015), over the PD. We initial-
ize the model with the best parameters obtained from each trial. Three different pruning methods
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were employed: lowest (removing weights with the lowest magnitudes targeting connections that
contributed the least to the model’s performance), highest (removing weights with the highest mag-
nitudes, thus eliminating the most influential connections), and random (a stochastic element by
randomly removing weights) magnitude prunings. Different percentages of sparsity level, including
0.1, 0.3, 0.5, and 0.8, are used to provide empirical evidence to support the validity of Lemma 2| for
the optimal pruning percentage. We maintained similar experimental setups as before. However,
given that we were fine-tuning the trained parameters after pruning, we limited the training to 20
epochs. Note that during each epoch of fine-tuning, the test accuracy of the pruned model is com-
puted for the purpose of comparison with the test accuracy of the original network.

The experimental results section is divided into three main segments, all centered around explaining
optimal network sparsity using information-theoretic divergence measures: Section[5.2]investigates
the relationship between AP2 and the performance difference of the original network and its sparse
version by focusing on the last layer of the network, known as Lemma [2} Section [5.3| extends our
analysis to AP3 by considering multivariate T-Student distribution; Finally, section involves a
crucial comparison between AP2 and AP3, aimed at determining whether AP2 truly constitutes the
optimal explanation for PDs or if an opportunity exists to identify parameter sets within distributions
that might surpass AP2’s capabilities.

5.2  MULTIVARIATE GAUSSIAN DISTRIBUTION WITH DIAGONAL COVARIANCE MATRICES

In this section, we aim to validate Lemma [2 by examining the projections of the last layer weights
of the networks and their pruned version onto multivariate Gaussian distributions. Specifically, we

analyze the mean values of w(™) and @() in their respective latent spaces, Z and Z. We utilize a co-
efficient of the identity covariance matrix for both latent spaces. By substituting this covariance ma-
trix into the Gaussian distribution example outlined in Section[2] we observe that the KL-divergence
value precisely matches AP2 (Gaussian Projection Example). Consequently, the following experi-
ments provide strong evidence for the correctness of Lemma [2| for AP2 across various pre-trained
models. Note that in Figs. [2|and 5| Y-axis shows the value of both AP2 and PD computed on testset.
ResNet50: Fig.[2]shows a compelling visual demonstration, reaffirming the correctness of Lemma|2]
through the use of AP2 on the pruned ResNet50 model applied to CIFAR10 and CIFAR100 datasets.
It is crucial to emphasize that in Fig. [2] while the highest and random magnitude pruning meth-
ods consistently validate Lemma [2] the lowest magnitude pruning presents occasional challenges.
Specifically, in cases where we prune 30% and 50% of the weights, the performance difference of
these two pruning percentages is less than 10%. These discrepancies can be attributed to significant
differences between theoretical assumptions and experimental observations. For instance, one cru-
cial theoretical assumption in Lemma 2]is the use of optimal weights.

Another factor, especially in lowest magnitude pruning, is the removal of non-essential weights, min-
imally impacting both AP2 and performance differences. Consequently, this can lead to overlapping
results, particularly when stochastic variations come into play. However, despite these occasional
overlaps, the close values still provide valuable insights into understanding of optimal network spar-
sity using information-theoretic divergence measures of the latent distributions.

Further, we conducted another experiment by comparing specific percentages of different pruning
methods simultaneously, which is shown in the second row of Fig[2] Despite some variability due to
stochastic gradient descent in certain epochs, the expected behavior described in Lemma 2] becomes
evident. This signifies that when one pruning method’s KL-divergence decreases relative to another,
its PD similarly diminishes. Note that covariance matrices for all methods and different percentages
are the same in order to compare them in fairness.

VGG16: To explore the interpretability of network sparsity using the AP2 metric extensively we
investigated VGG16 additionally in Fig[3]

We ran additional experiments using Gaussian distribution with non-diagonal covariance matrices,
which their KL-divergence serves as AP3. Detailed visual representations are included in Appendix
to support our research findings.

5.3 MULTIVARIATE T-STUDENT DISTRIBUTION

Here, we employed the multivariate T-Student distribution, suited for heavy-tailed distributions and
outliers in the latent space, enhancing the informativeness and interpretability of AP3 over AP2.
We use the Monte Carlo technique to estimate KL-divergence in section We set the degrees
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Figure 2: Comparing AP2 & PD for pruned ResNet50. Top- Comparing four pruning percentages
for a given pruning method. Bottom-Comparing three pruning methods for a given pruning %.
Expriments are done on CIFAR10 (Left) and CIFAR100 (Right).
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Figure 3: Comparing AP2 & PD for pruned VGG16. Top- Comparing four pruning percentages
for a given pruning method. Bottom-Comparing three pruning methods for a given pruning %.
Expriments are done on CIFAR10 (Left) and CIFAR100 (Right).

of freedom in the T-student distribution to 4, aiming for heavier-tailed distributions and greater dis-
similarity from a Gaussian distribution and generated 600,000 data points for improved estimation
accuracy. To efficiently estimate KL divergence in high-dimensional spaces, we grouped weight
vectors into 100 groups and averaged them, resulting in a 100-dimensional latent variable for KL-
divergence estimation. While results for RexNet50 are presented here, experiments on AlexNet and
VGG16 are detailed in Appendix. In Fig[d] (Y-axis shows both AP3 values and computed PD values
on the test set), we observe that a reduction in KL-divergence of one method compared to another
corresponds to a similar pattern in their PDs when meeting the assumptions in Lemma 2] However,
some observations deviate from Lemma 2] due to AP3 values exceeding the threshold of 2.

This divergence is evident in the highest magnitude pruning of the first row of Fig. E| (left) and 80%
lowest magnitude in the second row of Fig. 4] (right).

5.4 COMPARING AP2 AND AP3

Our goal is to compare AP2 and AP3 metrics to distinguish lowest, highest, and random pruning
methods. Both metrics share the same covariance matrix for a fair comparison. We evaluate identical
pruning percentages side by side using AP2 and AP3. Consequently, by leveraging AP2, we can gain
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Figure 4: Comparing AP3 & PD for pruned ResNet50. Top- Comparing four pruning percentages
for a given pruning method. Bottom-Comparing three pruning methods for a given pruning %.
Expriments are done on CIFAR10 (Left) and CIFAR100 (Right).
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Figure 5: Comparing AP3 and AP2 (Y-axis shows both values) for pruned VGG16 on CIFAR10.

a more comprehensive insight into which pruning method exhibits superior performance differences.
The same comparison for pruned AlexNet is shown in Appendix.

It’s worth mentioning that there is potential for enhancing AP3 over AP2 either by adjusting covari-
ance matrices within the multivariate T-Student distribution framework or by changing the distribu-
tion. Careful adjustments could lead to superior performance for AP3 in specific contexts, opening
up an intriguing avenue for further investigation.

6 CONCLUSION

In this study, we investigated network sparsity interpretability by employing probabilistic latent
spaces. Our main aim was to explore the concept of network pruning using the Kullback-Leibler
(KL) divergence of two probabilistic distributions associated with the original network and its
pruned counterpart, utilizing their weight tensors as parameters for the latent spaces. Throughout a
series of experiments, we demonstrated the efficacy of two projective patterns, namely AP2 and AP3,
in elucidating the sparsity of weight matrices. Our analysis provided valuable explanatory insights
into the distributions of pruned and unpruned networks. Remarkably, our results indicated that, de-
spite certain limitations encountered in our experiments compared to theoretical claims, nearly all
three pruning methods we employed exhibited alignment with the expectations suggested by Lemma
[2] when we use the nearly optimal sparsity level.

Going ahead, we intend to thoroughly investigate the implications of optimal pruning for preserving
strong information flow |Ganesh et al.| (2022} [2021)); |/Andle & Yasaei Sekeh| (2022)) between layers
through the use of probabilistic latent spaces. Our main goal is to substantiate the claim that optimal
pruning ensures the retention of highly comparable mutual information between the layers in the
pruned and original networks. By this, we intend to use our findings in this work to better tackle the
information transfer challenges in domain adaptation problems.



Under review as a conference paper at ICLR 2024

REFERENCES

Joshua Andle and Salimeh Yasaei Sekeh. Theoretical understanding of the information flow on con-
tinual learning performance. In European Conference on Computer Vision, pp. 86—101. Springer,
2022.

Sajid Anwar, Kyuyeon Hwang, and Wonyong Sung. Structured pruning of deep convolutional neural
networks. ACM Journal on Emerging Technologies in Computing Systems (JETC), 13(3):1-18,
2017.

Davis Blalock, Jose Javier Gonzalez Ortiz, Jonathan Frankle, and John Guttag. ‘What
is the state of neural network pruning? In I. Dhillon, D. Papailiopoulos, and
V. Sze (eds.), Proceedings of Machine Learning and Systems, volume 2, pp. 129-
146, 2020. URL https://proceedings.mlsys.org/paper_files/paper/2020/
file/6c44dc73014d66bad9%028d483a8f8b0d—-Paper.pdfl

T. Cover and J. Thomas. Elements of information theory. 1st edn. John Wiley & Sons, Chichester,
1991.

Imre Csiszar and Janos Korner. Information theory: coding theorems for discrete memoryless sys-
tems. Cambridge University Press, 2011.

Xiaohan Ding, Guiguang Ding, Yuchen Guo, and Jungong Han. Centripetal sgd for pruning very
deep convolutional networks with complicated structure. In Proceedings of the IEEE/CVF con-
ference on computer vision and pattern recognition, pp. 4943-4953, 2019a.

Xiaohan Ding, Guiguang Ding, Yuchen Guo, and Jungong Han. Centripetal sgd for pruning very
deep convolutional networks with complicated structure. In Proceedings of the IEEE/CVF con-
ference on computer vision and pattern recognition, pp. 4943-4953, 2019b.

Madan Ravi Ganesh, Jason J Corso, and Salimeh Yasaei Sekeh. Mint: Deep network compression
via mutual information-based neuron trimming. In 2020 25th International Conference on Pattern
Recognition (ICPR), pp. 8251-8258. IEEE, 2021.

Madan Ravi Ganesh, Dawsin Blanchard, Jason J Corso, and Salimeh Yasaei Sekeh. Slimming
neural networks using adaptive connectivity scores. IEEE Transactions on Neural Networks and
Learning Systems, 2022.

Song Han, Jeff Pool, John Tran, and William Dally. Learning both weights and connections for
efficient neural network. Advances in neural information processing systems, 28, 2015.

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image recog-
nition. In Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition
(CVPR), June 2016.

Yihui He, Xiangyu Zhang, and Jian Sun. Channel pruning for accelerating very deep neural net-
works. In Proceedings of the IEEE international conference on computer vision, pp. 1389-1397,
2017.

Alex Krizhevsky, Geoffrey Hinton, et al. Learning multiple layers of features from tiny images.
2009.

Alex Krizhevsky, Ilya Sutskever, and Geoffrey E Hinton. Imagenet classification with deep
convolutional neural networks. In F. Pereira, C.J. Burges, L. Bottou, and K.Q. Weinberger
(eds.), Advances in Neural Information Processing Systems, volume 25. Curran Associates, Inc.,
2012. URL https://proceedings.neurips.cc/paper_files/paper/2012/
file/c399862d3b9d6b76c8436e924a68c45b-Paper.pdf.

Namhoon Lee, Thalaiyasingam Ajanthan, Stephen Gould, and Philip HS Torr. A signal propagation
perspective for pruning neural networks at initialization. arXiv preprint arXiv:1906.06307, 2019.

Hao Li, Asim Kadav, Igor Durdanovic, Hanan Samet, and Hans Peter Graf. Pruning filters for
efficient convnets. arXiv preprint arXiv:1608.08710, 2016.

10


https://proceedings.mlsys.org/paper_files/paper/2020/file/6c44dc73014d66ba49b28d483a8f8b0d-Paper.pdf
https://proceedings.mlsys.org/paper_files/paper/2020/file/6c44dc73014d66ba49b28d483a8f8b0d-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2012/file/c399862d3b9d6b76c8436e924a68c45b-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2012/file/c399862d3b9d6b76c8436e924a68c45b-Paper.pdf

Under review as a conference paper at ICLR 2024

Liyang Liu, Shilong Zhang, Zhanghui Kuang, Aojun Zhou, Jing-Hao Xue, Xinjiang Wang, Yimin
Chen, Wenming Yang, Qingmin Liao, and Wayne Zhang. Group fisher pruning for practical
network compression. In International Conference on Machine Learning, pp. 7021-7032. PMLR,
2021.

Jian-Hao Luo, Jianxin Wu, and Weiyao Lin. Thinet: A filter level pruning method for deep neural
network compression. In Proceedings of the IEEE international conference on computer vision,
pp. 5058-5066, 2017.

Pavlo Molchanov, Stephen Tyree, Tero Karras, Timo Aila, and Jan Kautz. Pruning convolutional
neural networks for resource efficient inference. arXiv preprint arXiv:1611.06440, 2016.

Pavlo Molchanov, Arun Mallya, Stephen Tyree, Iuri Frosio, and Jan Kautz. Importance estimation
for neural network pruning. In Proceedings of the IEEE/CVF conference on computer vision and
pattern recognition, pp. 11264—-11272, 2019.

Tomohiro Nishiyama. Lower bounds for the total variation distance given means and variances of
distributions. arXiv preprint arXiv:2212.05820, 2022.

Sejun Park, Jaeho Lee, Sangwoo Mo, and Jinwoo Shin. Lookahead: A far-sighted alternative of
magnitude-based pruning. arXiv preprint arXiv:2002.04809, 2020.

Victor Sanh, Thomas Wolf, and Alexander Rush. Movement pruning: Adaptive sparsity by fine-
tuning. Advances in Neural Information Processing Systems, 33:20378-20389, 2020.

Karen Simonyan and Andrew Zisserman. Very deep convolutional networks for large-scale image
recognition. arXiv preprint arXiv:1409.1556, 2014.

Wei Wen, Chunpeng Wu, Yandan Wang, Yiran Chen, and Hai Li. Learning structured sparsity in
deep neural networks. Advances in neural information processing systems, 29, 2016.

Jianbo Ye, Xin Lu, Zhe Lin, and James Z Wang. Rethinking the smaller-norm-less-informative
assumption in channel pruning of convolution layers. arXiv preprint arXiv:1802.00124, 2018.

Seul-Ki Yeom, Philipp Seegerer, Sebastian Lapuschkin, Alexander Binder, Simon Wiedemann,
Klaus-Robert Miiller, and Wojciech Samek. Pruning by explaining: A novel criterion for deep
neural network pruning. Pattern Recognition, 115:107899, 2021.

Zhonghui You, Kun Yan, Jinmian Ye, Meng Ma, and Ping Wang. Gate decorator: Global filter prun-
ing method for accelerating deep convolutional neural networks. Advances in neural information
processing systems, 32, 2019.

Michael Zhu and Suyog Gupta. To prune, or not to prune: exploring the efficacy of pruning for
model compression. arXiv preprint arXiv:1710.01878, 2017.

A APPENDIX

A.1 PROOFS

A.1.1 PROOF OF LEMMA 2

To begin, using loss function in Eq. 1, mentioned in the main paper,

Exvyen { LIFP(X),Y)} = Bix yyop {V - 67}, ()
where
((w*) ==Y wp- FH(X), (12)
FeF

let us simplify performance difference D(F(L), ﬁ(L)) defined in Eq. 16 in the main paper.
D(F®, F®) = [Ex yyup {Y - )}

= (13)
—Exy)~p {Y @)}

11
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Apply the Jensen inequality, we bound (I3) by
D(F®, FH) < B yyep {Y - J0(w) — (@)} (14)
Using quadratic Taylor approximation of ¢, we have

16(w*) = 6@ ]l2 = VL@ (w* — &%)

1 * ~% ~ % * ~ %

+§(w — W )TVQK(oJ )(w — W ) (15)
Arnax * ~%

< 2o — 53

where )\, is the largest eigenvalue of the Hessian matrix.
Next recall KL definition, defined in Definition 1, which can bounded based on Corollary 1 by

aTa

2(tr() + tr(X)) +aTa’

where a = w* — w*. Hence for e < 2,

C

where C' = tr(X2) + tr(X).
a7

Therefore, based on Equations[I5]and[16]

D(F®) FL)) <Ex,y)~D {Y' (@)} ; (13)

2(1-+/3)

where C = tr(X) + tr(X).

A.1.2 PROOF OF COROLLARY 2

Recall (T5)) from the proof of Lemma 2:

* ~ % Amax * ~ %k
l6(w™) = £@)ll2 < =5 " = &7 (19)

where A4, is the largest eigenvalue of the Hessian matrix. Based on Eq. 9 in the main paper, the
KL divergence between two Gaussian distribution G/(w*(%), ¥) and G(&*(F), %) is given by

KL(P,)||Pser))

1

_ - #(L) _ ~*x(L)\Tyn—1/, *(L) _ ~x(L)
5 (KJr (w W ENTE T N w w ))
1

> = . *(L) _ (D)2

= (K+Ammllw w Hz),

where K = 0 by considering the same covariance matrices for both latent spaces and \,,;,, is the

minimum eigenvalue of matrix ¥ . Using AP3 assumption implies that for small ¢(*)
5 (minllo®® — &2 < ),

equivalently since ¥ 7! is a positive definite matrix with positive eigenvalues we have

2¢(L)

min

12
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Therefore the RHS of (I9) is bounded by

. e Amaz | 26(F)
[6(w™) = £@™)ll2 < ~ 2D
2 /\m'm
Going back to (T3), this implies
jod mazx 2 (L)
D(F), F9) < By 4V - [ 2222y 20 ) 1 (22)

Since the covariance matrix Y is assumed to be positive definite, all of its eigenvalues are strictly
greater than zero. So, the given bound is an increasing function and this concludes of the proof.

A.1.3 PROOF OF LEMMA 3

After applying projection map P the latent variable Z(!*1 € Z has a distribution P,_.q+1) with
parameter vector w1, Similarly, the latent variable Z (I+1) ¢ Z has a distribution Ps.q+1) with
parameter vector &*(+1), To show that

KL(P,«q+1||Pyea+1) < €(l+1)7 (23)
we equivalently show that
P,
KL(P -wv | Pgeatn) = Ep (141) [10g M} < et (24)
« Pw*(z“)

Acccording to Definition 4 and Lemma 1,

2
1
KL(PW*U) Hpa*(z)) Z 5 </ |Pw*(z)(z) - P{;}*(z)(z)| dZ> . (25)
z2€EZ

Because of assumption AP3 for layer [ and its sparse version for given (") we have
KL(P,.)|| Pger) < €®, (26)

By using the lower bound in (25)), we can write

/ |Pye(2) = Py (2)] dz < V2e(, (27)
z2€Z

S

Following the analogous arguments in proof of Lemma 2 and (I6) this implies that

€

w*® — &2 < 1726, for constant C' (28)
V2
On the other hand
KL(PM*(LJrl) Hpa*(ul)) < DX2 (Pw*(1+1) , Pa*(H»l))
/ (Pw*(H»l) (Z) — P;J*(Hl) (Z))2 (29)
= dz,
ez Pgea+n (2)
where D, refers to X2 divergence. Since P,.q) is a Lipschitz function in w® forl =1,...,L,
therefore there exists a constant Cj 1 such that
|Pyeatn) — Paean | < Crya [l — g+ 5, (30)

Going back to bound in (29), this implies that

~ *(141) _ ~x(141) (12
Ca |lw d " 4. 31)

KL(PW*(I+1)||PQ*(I+1)) < /
z2€Z P&*(l{»l)

In addition, we can write
||w*(l+1) _ a*(l+1)||2 < Hw*(l-&-l) _ w*(l)”Q

+ ||w*(l) - a*(l)H2 (32)
+ ”(:}*(l—i-l) _ a*(l)H2

13
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On the other hand,
“w*(z+1) _w*(z)”2 < Hw*(lﬂ) +w*(l)||2
< o D) 4 o @2
+ 2(w*(l+1))T<w*(l))
< [l D) 4 flo @2

(33)
+2[w V| [l cos(6)
< o DR 4l O)2
+ 2w |l O
ey F Copnty F 2,5 (1+1) Cpye(t) -
Recall (28) and combining with (33), we bound (32) by
- V2e®)
[l D — ()2 < Y= Coyri+1) + Coe)
ClVol(Z) (34)
+ QCUJ*(Z+1)CW*(Z) + Ew*(z+1) + Ew*(z)
+ 2C,«(141) Cpyrt) -
Equivalently
\/ l
||w*(l+1) o (D*(l+1)||2 < 276() + C(l,l+1) (35)
- ClVOI(Z) “ ’
where Co(j’l+1) = Cw(i41) F Cywt) + 2C,(141) Cpyet) + Ew*(l+1) + Ew*(z) + 2Ew*(z+1)5w*(z).

A.1.4 PROOF OF COROLLARY 3

After applying projection map P and given that latent variable Z (+1) ¢ Z has Gaussian distribution
P+ ~ G(w* 1D 3) and latent variable Z(!*1) € Z has Gaussian distribution Pg.q41) ~
G(@*(+1) %), we can bound the KL divergence between two Gaussian distribution by
1 ~
KL(PM*(HU ||P[D*(z+1)) = 5 (Cl + (w*(lJrl) - w*(l+1))T
Efl(w*(url) _ (:)*(Hl)) (36)
1 ~
< 2 (O + Al D),

where A4, is the maximum eigenvalue of matrix ¥~! and C is constant. Therefore similar to (33
we have

”w*(l+1) . &*(l+1)||2 < Hw*(Hl) _ w*(l)”Q
+ ||w*(l) o a*(l)H2 (37)
+ ”&*(l—i-l) _ a*(l)H2

Additionally, from the assumption AP3 for layer [ that is
KL(P,.w||Pg) < E(l), (38)
and (20) in the proof of Corollary 2 we have

2¢0) — K

Jw*® — 5D, < ,  for constant K, (39

min
where A, is the minimum eigenvalue of matrix ¥ ~'. Combining (33) and (39), we get
~ 2¢V) — K
||w*(l+1) _w*(l+1)||2 < e + e
/\min (40)
+ 2¢c,+a+1) Cpyry + Ew*(z+1) + Ew*(l)

+ 2C,+141) Cyye () -

14
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Going back to (36) and (@0), we have

1
KL(B 0 [Parce) € 5 (G4 das GO
0l K 1)
/\min ’
where C (i1 _ Copr(1+1) T Coyet) F 2C 1 41) Cye() —I—E w(41) F Cury + 2C w41 Cypey and K is a
constants. This concludes corollary 3 when et .= 1 (Cl + )\mMC’ 1o (26,\( L K)) and proof
is completed.
A.1.5 PROOF OF THEOREM 2
Going back to (23] and considering Corollary 1, we have:
lw* —&*|? 2
KL(P,-|Ps.) > 2 2 4
PrllPor) 22 s T o) + o — ) 2
Further, according to (29) and (30), we have:
Pw* - P:If 2
—KL(P3||P5t) > 7/ (Pa-(2) (2)) dx
z€EZ Pff)t( )
ot —a'3 43)
Z _(Ct)Q/ || 2d
z€Z P~ ( )

> ~C'|w - &3,
the last inequality on the RHS above is derived because of the assumption that E[1/(Pxy:)?] is
bounded say by constant C. Here C' = (C**)? C'. Combine and , we have

KL(P,-||Ps) — KL(Pg||P3t) >
*H2

(44)

lw* — &

2(tr(X1) + tr(X2)) + [|w* — @

b —w ~
2( *“2)276 Hw 7th%'

Under the assumption that F(%) and ﬁt(L) have approximately AP3 in iteration ¢ given in Eq. 26 in
the main paper we bound the RHS of (44):
Kl - &1 - Ryllw* = 51| < 0. 45)

Denote function f as
f(w) = ]E(X,Y)ND [Yg(CU)] .

") = F@"] = O(F):

We aim to show that

Using quadratic Taylor approximation, we have

1@ — F@)lle = V@)@ —w)
VRN o

Amax ||~

< SEE - w3 (46)
Amax |~t  ~x | ~

< HEE -0t + @ - w3
Amax j~¢f  ~ A ~

< = let =+ = e - Wt

it is enough to find an upper bound for ||@* — &*||3 and ||@* — w*||3. Regarding ||&® — &*||3, based
on gradient updates, we have

B =3 - (V@) — .. — ar (VFETY) 7)
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Without loss of generality suppose that for any 4, j € {¢,...,T — 1}, a; = a; = . Therefore,

T-1
Io* = &3 = oIl Y V@3
i=t

T-1

<as Y IVF@I3 (48)
i=t

QAT — ) _max_ (IV/@)B)

i=t

< (T - t)Ca,maxt ..... 7-1(V)

IN

Going back to (@3),
N7 * ~ %k =t ~% ~
[Killor - &I - Rollo* - &' < e (49)
Hence,
e < Ki|lw — |2 - Ky -2 < & (50)
Therefore,
TC * ~ % 7a
KlHW —w ||§ _K2<T_t)coz,maxt ,,,,, 7-1(V) (51)
N7g * ~* 7aaihe ~
<Kifw* —@*[f; - Kyllo* —&'|? < &
Finally,
—t
Ky(T -t Oa max +
”w* o a}*”g < 2( ) AKX, 7-1(V) €t (52)
K
Going back to[46
~ * An'l'x
1F@) = £l £ 22T = )Comas, o 1(9)
AI'ﬂ')( ~
2 g 3
< 9 (T - t)COé:maXt,m,Tfl(V)
—t
+ Amaac(K2(T — Camax,,roa(v) T 6t)
2 K,

<C(T —t)+ Caer = g(e, T)
Note that for smaller ¢, and larger ¢, the bound in [34] becomes tighter.

A.2 ADDITIONAL EXPERIMENTS

Our previous results in the main paper has highlighted the reliability of Lemma 2. This underscores
the fact that as the AP2/AP3 values of one pruning method decrease in relation to another, a coherent
and predictable pattern surfaces in the behavior of their corresponding performance differences. As
a supplement, we provide additional results obtained by using three benchmark pre-trained mod-
els: AlexNet, ResNet50, and VGG16 on two common datasets CIFAR10 and CIFAR100 to have a
comparison of AP2 and AP3 metrics with performance differences.

This section unfolds into three distinct segments. In section we embark on a comprehen-
sive comparison of AP2 (AP3) alongside the computed performance difference on the training
set. This analysis encompasses each model’s behavior on the CIFAR10 and CIFAR100 datasets.
Section delves into exploring the relationship between AP3 and the performance differences
(PDs), computed on both training and test sets, between an original network and its sparse coun-
terpart. This investigation is focused on the final layer of the network and employs a multivariate
Gaussian distribution with a non-diagonal covariance matrix. Section[A.2.3]introduces a continuous
examination of the comparison between AP3 and PD employing the multivariate T-student, which
was conducted on ResNet50 in the main paper. Our focus in section[A.2.3] is directed towards two
models: AlexNet and VGG16. In section[A.2.4] two metrics AP2 and AP3 are compared together.
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Figure 6: Top-Comparing AP2 & computed PD on the test set for pruned AlexNet. Bottom-
Comparing three pruning methods for a given pruning %.
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Figure 7: Top-Comparing AP2 & computed PD on the training set for pruned AlexNet. Bottom-
Comparing three pruning methods for a given pruning %.

A.2.1 MULTIVARIATE GAUSSIAN DISTRIBUTION WITH DIAGONAL COVARIANCE MATRICES

In this section, our objective is to present a more comprehensive set of experiments that delve into
the comparison between AP2 and PDs on both training set and test set. Note that in Fig[f] Y-axis
shows the value of both AP2 and PD, computed on the test set while in Figs. [J{I0] Y-axis shows the
value of both AP2 and computed PD on training set.

AlexNet A comparison of AP2 metric and PD on either test set or training set using the AlexNet
model, applied to CIFAR10 and CIFAR100 datasets, and its sparse version are shown in Figs. [f]
and [/| These assessments utilize the test set and the training set to compute performance differ-
ences, respectilvely. Although Figs. [6] and [7) effectively show the validity of Lemma 2, the lowest
magnitude pruning approach encounters occasional hurdles that could be attributed to either notable
discrepancies between theoretical assumptions and empirical findings or pruning of predominantly
non-essential weights.

ResNet50 A comparison of various pruning percentages is illustrated in Fig. [8] with the first row
depicting the pruning methods and the second-row illustrating different sparsity levels. Similarly
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Figure 8: Top-Comparing AP2 & computed PD on the training set for pruned ResNet50. Bottom-
Comparing three pruning methods for a given pruning %.
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Figure 9: Top-Comparing AP2 & computed PD on the training set for pruned VGG16. Bottom-
Comparing three pruning methods for a given pruning %.

to the drawbacks mentioned for AlexNet, the results for the lowest magnitude pruning method are
not strong evidence of the findings in Lemma 2. However, it’s noteworthy that the outcomes of the

other two pruning methods are consistent with our expectations, aligning well with the implications
of Lemma 2.

VGG16 Fig. [10] is provided as an investigation of the relationship between AP2 and computed
performance differences on the training set using the VGG16 network.

A.2.2  MULTIVARIATE GAUSSIAN DISTRIBUTION WITH NON-DIAGONAL COVARIANCE
MATRICES

As previously demonstrated in section [5.2] we have validated the correctness of Lemma [2] for AP3
using the multivariate T-Student distribution. In this section, we aim to further solidify the reliability
of Lemma 2] by conducting experiments with AP3 using multivariate Gaussian distributions with

non-diagonal covariance matrices. These experiments are conducted on pruned ResNet50 using the
CIFARI10 dataset.
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Figure 10: Top-Comparing AP2 & computed PD on the training set for pruned VGG16. Bottom-
Comparing three pruning methods for a given pruning %.
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Figure 11: Comparing AP3 and PD for pruned ResNet50 on CIFAR10. Top-PD on the training set.
Botton-PD on the test set.

ResNet50: Figure [T1] visually reinforces the validity of Lemma [2] by employing AP3, using mul-
tivariate Gaussian distributions with non-diagonal covariance matrices, on the pruned ResNet50
model with the CIFAR10 dataset. In Figure[TT] it’s notable that the highest and random magnitude
pruning methods consistently align with Lemma[2] verifying its validity. However, the lowest mag-
nitude pruning occasionally presents challenges due to either significant disparities between theoret-
ical assumptions and practical observations, such as using optimal weights in Lemma 2] or removing
non-essential weights or variability in stochastic gradient descent. Despite all such challenges, we
observed the anticipated behavior described in Lemma[2] This signifies that as one pruning method’s
KL-divergence decreases relative to another, its performance difference likewise diminishes. Impor-
tantly, all methods and percentages shared the same covariance matrices for equitable comparison.

A.2.3 MULTIVARIATE T-STUDENT DISTRIBUTION ON ALEXNET AND VGG16

Here, we used the multivariate T-Student distribution, with a sample size of 600,000 data points,
to compare AP3, derived by utilizing Monte Carlo estimation, and performance differences. We
employed the Pyro package, which is backed by PyTorch, to utilize the multivariate T-Student dis-
tribution, The choice of using Monte Carlo estimation was primarily due to the limitations of KL
packages available in Torch, which only supported specific distributions, mostly univariate distri-
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Figure 12: Comparing AP3 & PD for pruned ResNet50. Y-axis shows the value of both AP3 and
PD on training set.

butions. Results for different benchmarks are as follows. Note that, in Figs. [[3}{T6] the first row
shows computed performance differences on the training set, while in the second row, we observe
the corresponding results on the test set. The main paper provides an analysis of the results for
ResNet50, focusing on the performance differences observed on the test set. Continuing our anal-
ysis, in Fig.[T2] we extend our investigation to ResNet50 by conducting experiments that consider
performance differences on the training set. The results for AlexNet are shown in Figs. [T3]and [T4}
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Figure 13: Comparing AP3 & PD of different percentages of pruned AlexNet using different pruning
methods.

which provide clear evidence supporting Lemma 2, with the exception of the highest magnitude
using 80% percentage. One contributing factor to this discrepancy is the size of m*, representing
the count of zeros within the mask matrix. Relying on 80% as the optimal pruning percentage might
not necessarily be the most effective approach. Note that by adhering to the theorems, we can poten-
tially elucidate the performance difference via KL-divergence, especially if we consider the optimal
sparsity levels.

In case of VGG16, our observations are presented in Figs. [T3]and[T6] Within these figures, specific
scenarios come into focus, particularly when applying 80% highest magnitude pruning or random
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Figure 14: Comparing AP3 & PD for pruned AlexNet using three pruning methods for a given
pruning %.
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Figure 15: Comparing AP3 & PD of different percentages of pruned VGG16 using different pruning

methods.

magnitude pruning. These cases manifest deviations from our anticipated results in Lemma 2, stem-
ming from instances where the mask size exceeds the optimal sparsity threshold.
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Figure 16: Comparing AP3 & PD of pruned VGG16 using three pruning methods for a given pruning
%.
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Figure 17: Comparing AP3 and AP2 (Y-axis shows both values) for pruned AlexNet on CIFAR10.

A.2.4 COMPARING AP2 AND AP3

Our objective is to provide more expriments to assess whether AP2 or AP3 provides better dif-
ferentiation among various pruning methods, including lowest, highest, and random pruning. We
aim to determine which of these patterns, AP2 or Ap3, offers greater insights into which pruning
method exhibits superior performance differences. As outlined in Lemma 2] under specific condi-
tions, a lower KL divergence results in lower performance differences. Therefore, a greater contrast
between AP2 values (or AP3 values) for two pruning methods gives us greater confidence in dis-
cerning their performance differences. Fig[T7] shows the compasrison of AP2 and AP3 for pruned
Alexnet using CIFAR10.
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A.3 TECHNICAL CONFIGURATION

A.3.1 COMPUTING RESOURCES

The experiments are conducted using pytorch on a dedicated computing platform that encompassed
both CPU and GPU resources. The operating system employed is Microsoft Windows [version
10.0.19045.2846], running on a machine equipped with 16 GB of memory. The central processing
unit (CPU) utilized is an Intel64 Family Model 85 Stepping 7. In addition, the graphics processing
unit (GPU) utilized was an NVIDIA GeForce RTX 3090, leveraging its high-performance architec-
ture for accelerated computations and complex data processing tasks. This combined computing
platform facilitated the execution of the experiments presented in this study. The experiments are
conducted using a variety of software packages, each contributing to the analysis and results. The
following packages were integral to the research:

* Python: 3.8.10

* Matplotlib: 3.7.1

e Torch: 2.0.0+cull7

e Pandas: 1.5.3

* NumPy: 1.23.5

¢ Torchvision: 0.15.1+cul17
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