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Abstract

One of the chronic problems of deep-learning models is shortcut learning. In a
case where the majority of training data are dominated by a certain feature, neural
networks prefer to learn such a feature even if the feature is not generalizable
outside the training set. Based on the framework of Neural Tangent Kernel (NTK),
we analyzed the case of linear neural networks to derive some important properties
of shortcut learning. We defined a “feature” of a neural network as an eigenfunction
of NTK. Then, we found that shortcut features correspond to features with larger
eigenvalues when the shortcuts stem from the imbalanced number of samples in
the clustered distribution. We also showed that the features with larger eigenvalues
still have a large influence on the neural network output even after training, due
to data variances in the clusters. Such a preference for certain features remains
even when a margin of a neural network output is controlled, which shows that
the max-margin bias is not the only major reason for shortcut learning. These
properties of linear neural networks are empirically extended for more complex
neural networks as a two-layer fully-connected ReLU network and a ResNet-18.

1 Introduction

Based on various optimization algorithms, deep neural networks can learn rich features from data
samples. Due to a success in advance of neural network architectures, neural networks can perform
complex tasks as natural language processing. However, when neural networks are optimized with
gradient-descent-based methods, there often exists a gap between a feature that is desired to learn
and a feature that neural networks rely on. Rather than core features which can predict labels with
a high accuracy, neural networks often rely on certain features called shortcut features. Shortcut
features or biased attributes are features that show a strong but non-generalizable correlation to the
ground-truth labels [8, [17]. Neural networks that learned shortcut features show minimum loss for
the training set, but fail for data outside the training set. Such a phenomenon frequently occurs when
neural networks are trained on a biased dataset, of which the majority of training data samples are
influenced by the biased attributes [28]]. This problem of shortcut learning is one of the most chronic
problems of deep-learning models.

In this paper, we study the case where shortcut learning occurs due to the dominance of biased
attributes on the majority of samples. We analyze the cause and effect of shortcut learning upon the
framework of Neural Tangent Kernel (NTK) theory. We decompose the neural network outputs into
eigenfunctions of NTK and measure the influence of each eigenfunction on neural network outputs.
We study a simple case: training a linear neural network on a dataset of an almost-separable Gaussian
mixture model, of which the majority of the samples are clustered by a certain feature. Under this
assumption, we find interesting properties of shortcut learning.

*co-corresponding authors.

39th Conference on Neural Information Processing Systems (NeurIPS 2025).



First, shortcut features correspond to eigenfunctions with large eigenvalues. Due to larger eigenvalues,
shortcut features are learned faster than other features, which has been empirically observed in
previous works [14} 18}, [23]]. Second, shortcut features contribute more to the neural network output
than other features after convergence. Therefore, while data samples with no shortcut features can
also be learned with near-zero loss during training, such data outside the training set are still not
well-predicted, which was also observed in previous works [20} 21]. In those previous works, the
max-margin bias has been pointed out as a main underlying cause of shortcut learning. As an ablation
study, we inspect the case where a margin of a neural network is penalized with a method called SD
[19] or Marg-Ctrl [20]]. We theoretically show that the decision boundary of a neural network can
still be dominated by shortcut features even when the margin is controlled, hence the max-margin
bias is not the only cause of shortcut learning. Another worth-noting thing is that an imbalance in
feature contribution arises from the variance within groups of data samples.

Furthermore, we experimentally show that those properties of linear neural networks can be extended
to the case of training complex neural networks such as ResNet-18 [9] on real-world datasets. For
experiments, we introduce metrics to estimate how much a feature can predict the ground-truth labels,
which we call predictability, and how much a feature is aligned to top eigenfunctions of NTK, which
we call availability. We find that shortcut labels have lower predictability but higher availability in
real-world data samples, which aligns with the results from linear neural networks.

Our main findings are as follows:

* For linear networks, features corresponding to clusters of larger weights have larger eigen-
values. Shortcut features which correspond to clusters of larger weights converge faster.

* Due to the data variance within each cluster, features corresponding to clusters of larger
weights also have a larger influence on the output of a linear neural network. Thus, shortcut
features which have larger eigenvalues also have a higher influence on the neural network
output. Such a phenomenon can persist even when the margin of the neural networks is
controlled with debiasing techniques as SD [19].

* We introduce metrics to estimate the predictability and the availability of real-world data
samples. Shortcut features have a lower predictability but a higher availability.

2 Background

2.1 Notions of Neural Tangent Kernel

We briefly introduce some notions of Neural Tangent Kernel [L1] in this section. The training
set D is composed of input data X = {x € R%|(z,y) € D} and ground-truth labels Y = {y €
R¥|(z,y) € D}. Here, we train a neural network f : X — ) of which the parameter is w. We
assume a supervised learning setting where the neural network is trained with a loss function of
L= (#.4)€D I(f(x,w),y). Most optimization algorithms in deep learning are based on gradient
descent, which can be seen as an Euler method of first order solving an ODE called the gradient flow:

w=-nV,L=-nV,f(X)V,L. (D
From the equation above, we can describe the evolution of the output of the neural network as
F(X) = =0V f(X) Vo f(X)V L= —nK (X, X)V L )

where f(X) € RFIPIX! denotes the concatenated outputs from all data from the training set. Here,

the kernel K (X, X) € RFIPI¥*Pl s called Neural Tangent Kernel (NTK), which determines the
convergence behaviour of neural network outputs.

As the width of the neural network goes to infinity, the network falls into a lazy-training regime [6] and
the kernel remains constant during training. Thus, the kernel becomes deterministic at initialization
which is noted as K (X, X) — Ko(X, X). In this regime, for MSE loss I(f,y) = 3|/ — y|3, the
ODE has a rather simple solution shown in Lee et al. [15]],

f(X) = (I —e "Ny, ©)
when the initial neural network output is zero. For a data point x, the neural network output is
f(x) = Ko(x, X) Ky (X, X)(I — e 10Ny, “)



Meanwhile, if the kernel can be eigendecomposed into Ko (X, X) = ZZ AiviviT where \; is the ¢-th
eigenvalue of K with its corresponding eigenvector v;, the output of the training set can also be
decomposed and its convergence is expressed as

(i, Y = f) = e M v, V). 5)

We can see that the convergence rate along the direction v; depends on the eigenvalue \;. The neural
network learns directions with larger eigenvalues much faster than other directions, which is called
the spectral bias [3l].

Based on the eigendecomposition, it is possible to decompose the converged neural network output
into eigenvectors of NTK as f(z) = Ko(z, X) 32, A\ Moo Y,

fl@)=>" D) fOx) = Ko(z, X)A\ (vi, V)vi (6)
and f() was defined as a feature of input space in Tsilivis et al. [27]

2.2 Datasets

In this paper, we show our experimental observations on shortcut learning using biased datasets as
depicted in Figurem Patched-MNIST [1], Colored-MNIST [13|], Waterbirds [23]], CelebA [[16], and
Dogs and Cats [12]].

Patched-MNIST. The task is to predict the digit: O - 4 are labelled as -1 and 5 - 9 are labelled as 1.
The core feature is the shape of digits, while the non-core feature is the 3 x 3 patch at the corner of
an image. 95% of digits labelled as -1 and only 5% of digits labelled as 1 were patched, and others
were not patched for the training set. The ratio is balanced as 50% for the test set.

Colored-MNIST. The task is to predict the digit: O - 4 are labelled as -1 and 5 - 9 are labelled as 1.
The core feature is the shape of digits, while the non-core feature is the colour. 95% of digits labelled
as -1 and only 5% of digits labelled as 1 were coloured red, and others were coloured blue for the
training set. The ratio is balanced as 50% for the test set.

Waterbirds. The task is to distinguish between waterbirds and land-birds. The core feature is the
appearance of the bird, while the non-core feature is the background. 95% of waterbirds are in front
of watery backgrounds, and 95% of landbirds are in front of land backgrounds for training set. The
ratio is balanced as 50% for the test set.

CelebA. The task is to determine if the hair colour of the figure is blonde or not. The core feature
is the hair colour, while the non-core feature is other features such as gender. The ratio of the biased
samples is naturally determined by the dataset and most blonde people are female.

Dogs and Cats. The task is to distinguish dogs and cats. The core feature is the appearance of the
animal, while the non-core feature is the colour of the animal. 95% of cats and only 5% of dogs are
dark, while others are brightly coloured for the training set. The ratio is balanced as 50% for test set.
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R X

Figure 1: Datasets containing biased and core features: Patched-MNIST, Colored-MNIST, Waterbirds,
CelebA, and Dogs and Cats.




3 Shortcuts on Gaussian Mixture Model

For the ease of analysis, we focus on a linear neural network with no activation function. The setting
seems somewhat extreme and not applicable to real cases, but linear networks can still manifest
important general attributes of neural networks such as the max-margin bias [20, 26] and kernel
alignment [2 14} 24], thus being worthy of research.

We also focus on a continuum limit where the number of discrete data samples is large and continuum
approximation is possible. In such a setting, rather than a matrix, NTK is defined as a kernel function
(-, -). Under a data distribution of X’ ~ p(z), matrix multiplication of NTK and a vector is defined
as an application of an integral operator Tk : L2(X) — L?(X) on a function, which is

Trg(x) ::/Xk(sc,s)g(s)dp(s). )

Instead of an eigenvector, a continuous setting allows us to define an eigenfunction ¢(z) of a kernel
operator as
\ola) = Tico(w) = [ Kz, 9)0(5)do(s) ®
X
where the eigenvalue is  and the eigenfunction is normalized to satisfy [, ¢*(s)dp(s) = 1.

For linear neural networks, the kernel function of NTK in the infinite-width limit for data x and y is
proportional to (z,y) with a factor of the number of layers [2| 4]]. Here, we define k(z,y) := (z,y)
for analysis hereafter.

3.1 Problem formulation

Here, we define a simple setting of training
data distribution. We assume a binary setting
where all samples x are labelled as y € {—1, 1}.
Data samples are clustered as a simple Gaus-
sian mixture model based on the attributes of
samples. The clusters are as follows: B, ; ~ 0
N (uByyi,U%y,i) is the ¢-th cluster of samples -10
with a biased attribute that were labelled as y,
while Cy; ~ N(uc, ,,0¢ ) is the i-th cluster
of bias-conflicting sampléé that were labelled
as y. Since we study the case where biased (a) Colored-MNIST (b) Waterbirds

attributes dominate the majority of samples, o ]
in a mixture model, we assume that weights Figure 2: t-SNE visualization of 1000 input data

of B, are larger than the weights of C,, . as samples in datasets. Each input is marked in color
S i7B,. > >, 7c,,. Though this setting corresponding to its label - Y: ground-truth label,
studies a continuum limit, the assumed distri- B: label from a shortcut feature.

bution is biased and it can approximate the finite

samples of the biased training set if the number of training samples is large. Therefore, we assume
that training data follow a distribution of

p(.’L‘) = Z [Z T‘—By,iN(:U/By,ia 0—2By,i) + ZT‘—C%,-N(:U/C%WU%%J- )] (9)
J

ye{-1,1} 1

Colored MNIST Waterbirds

Many previous studies have focused on the case of uniformly distributed data to simplify the analysis
[5, 22, 29]. On the other hand, we assume a case of a clustered data distribution because the
assumption on the uniform data distribution does not fully reflect real-world scenarios. In fact, in
some cases, data are moderately clustered based on certain attributes of data samples. In Figure[2] it is
possible to observe that Waterbirds and Colored-MNIST dataset, which are well-known datasets with
shortcut features, are clustered by the biased attributes. This clustering is caused by the emergence of
a shortcut feature, highlighting how strongly the biased attribute can influence the data distribution.

Another thing to note is that the data variance of each cluster is not really small. For the ease
of analysis, some previous works [10] used an assumption of small covariance for the clustered
distribution. However, in real cases, data samples are scattered and the variance is not small, which
makes the small covariance assumption somewhat risky.



Figure 3: Original images and saliency maps from each feature of outputs from two-layer ReLU CNN
networks. Saliency maps on the left side shows the spatial support of features with large eigenvalues,
while saliency maps on the right side shows the spatial support of features with smaller eigenvalues.
Indices indicate the ranks of the eigenvalues in terms of magnitude. A saliency map from the i-th
index indicates the saliency map from a feature with the (i + 1)-th largest eigenvalue. Features
with larger eigenvalues focus on biased attributes of samples, i.e., in CelebA, features with larger
eigenvalues focus on the edges of the face, or the background of an image rather than the hair itself.

3.2 Eigenvalues of features

For kernel function (-, -), we can obtain a simple result about the eigenfunction and eigenvalue of
the kernel.

Proposition 3.1. Assume data x € R in a Gaussian Mixture Model of p(x) = Zszl TN (s, 021).
The kernel k(x,y) = (x,y) has eigenfunctions ¢; and corresponding eigenvalues \; as follows:

T e
ota) = { e (10)
K 2 ey
/\i:{zllc(—177k0'k+ai lf’LZl.,...,m (11
S, TROE otherwise
when (Zszl TElk, )V = a;v;, vt is a vector perpendicular to yy for k € {1,..., K}, m =

rank(Yr_, Tl ), vill = 1, o] = 1 and ¢; = V..

The result suggests that the eigenvalue of the inner product with eigenvector v; of Zszl T i ,ukT
depends on the eigenvalue a;. Since eigenvectors close to a cluster with a larger weight 7, have larger
eigenvalues, an inner product with a vector from a larger cluster has a larger eigenvalue and converges
faster due to the spectral bias. As assumed in Section%:fl 7B,,. is much larger than 7, . Therefore,
by Proposition [3.I] we can expect that the inner products with data from these “shortcut clusters”
will converge faster than others. Also, if means of clusters are close to each other, eigenvectors v;
nearly orthogonal to the means pi, have smaller eigenvalues a;. In this case, features that help with
distinguishing between clusters will have smaller eigenvalues and will converge more slowly. In a
case where up,  ~ uc_, ,itis harder to learn a neural network that distinguishes between biased
samples and bias-conflicting samples.

We empirically extend this result for the case of a two-layer ReLU CNN model. For the experiment,
we generated a saliency map [23]] for each feature of a neural network from Equation [f]to highlight
the region of interest for each feature. We computed the magnitude of the loss gradient with respect
to the input, V. L(f;,y), to measure the spatial support of each feature f;. We use the same method
as the implementation done in Tsilivis et al. [27].

Figure [3| shows the result. We can observe that features of larger eigenvalues rely on biased attributes.
In Patched-MNIST, features with large eigenvalues focus on the patch of an image. In Waterbirds,



features of large eigenvalues focus on the background of an image. Also in CelebA, features of large
eigenvalues focus more on the edges on the face, or the background of an image rather than the hair
itself. This is the reason why neural networks learn shortcut features faster.

3.3 Features after convergence

In Proposition [3.1] we inspected the convergence rate of a neural network output during training.
In this section, we inspect the influence of features on a neural network output after training. For
linear neural networks, since the eigenfunctions are inner products, it is possible to dissect the neural
network output into eigenfunctions of NTK. We will dissect the neural network output into a weighted
sum of eigenfunctions of NTK, and investigate the magnitude of the weights to measure the influence
of eigenfunctions on the neural network output. We assume that the neural network is trained with an
MSE loss. Then we obtain the following result:

Proposition 3.2. Assume data v € R® in a Gaussian Mixture Model of p(x) = 21§=1 TN (i, 021).
A binary label function y(x) € {—1, 1} nearly separates the mixture model that data from clusters
with mean . (¢ € C) are labelled as 1 and otherwise -1. When the linear neural network is optimized
for y(z) with the MSE loss and dissected into f(z) = Y ; wifx(z) (fu(z) = 2Tvk x ¢p(z),
[oell = 1),

Zjec Wjﬂ;rvk - Zjecc ”jﬂ;‘r“k‘

w = 2 (12)
Yo miop +vg iy mipii vk
If pi Ly fori # j and vi, = pg /| k||, then
mr |l el .
wie = 4 it motmellucl3 fkec (13)
k _ |l p |2 ifk e Ce

Sty mioi+mklluel3

In the latter case, we assumed that means of clusters are orthogonal to each other so that a change in
cluster weights 7, would not change the eigenfunction up to a constant factor.

Since wy, increases as 7y increases from 0 to 1, eigenfunctions corresponding to clusters with larger
weights have more influence on the converged neural network output. Considering from Proposition
that eigenfunctions corresponding to larger clusters have larger eigenvalues, it could be said that
eigenfunctions with larger eigenvalues have more influence on the converged neural network output.
As assumed in Section data samples with biased attributes, B3, ., belong to a larger cluster (7 B,. ),
so biased features have large eigenvalues and a large influence on the output at the same time. This
shows that shortcut features, which have large eigenvalues, also have a large influence on the neural
network output when a neural network is trained with the MSE loss.

One thing to note in Proposition[3.2]is that it not only applies to the lazy-training regime with constant
NTK, but to general situations since this result is from the “optimal” function of neural networks
in the distribution p(z). Another thing to note is that such a dependency of wy, on cluster weights
7y, originates from the existence of the variances, o;, among data in the clusters. If very small data
variances were assumed as in [10], there would be no change in wy when there was a change in the
distribution (7). The influence of shortcut features after convergence heavily depends not only on
the weights of clusters, but on the variance of samples. Thus, a debiasing technique must consider
the variance of samples if it aims to adjust the decision boundary of a neural network.

We empirically inspect the result of Proposition [3.2| with a toy example in a 2D space. In Figure
we trained a two-layer fully-connected ReLU network to classify four clusters of various weights
and variances. The norms of the means of clusters were identical. The clusters on the x-axis become
clusters of a shortcut feature. In Figure[d] the weight of clusters on the x-axis is denoted as 7y and
the decision boundary by the network was implicitly marked as a borderline between the regions
of different colors. The results adhered to Proposition [3.2] When the variances in clusters were
not small, the decision boundary was tilted towards the clusters with larger weights, and the inner
products with samples from larger clusters had a larger influence on the decision boundary. However,
when the variances of clusters were very small, the decision boundary did not depend on the weights
of the clusters but solely on their positions, the same as the results from the linear kernel.

Another factor that affects the eigenvalues and the decision boundary is the norm of the mean vectors.
Proposition [3.1|indicates that eigenvalues scale with both mixing weights () and the magnitude of



2

1 19 1 19 1 19
do=3m=5 @o=35m=35 ()o=q5.m=753

Figure 4: Classification of 4 clusters with a two-layer ReLU fully-connected network. The network
was trained to classify yellow and purple data samples by their colors. The decision boundary by
the network was implicitly marked as a borderline between the regions of different colors. For small
variances, there is no change in borderline though there is a change of weights in the clusters. Only
for large variances, there is a change in borderline when there is a change of cluster weights.

the mean vectors (|| ||2). In contrast, Propositionimplies that the contribution of a feature on the
decision boundary (wy) scales inversely with the magnitude of the mean vectors. While the scope of
our paper is restricted to cases where the norms of the mean vectors are comparable (e.g. normalized),
in scenarios where a cluster with a large weight has a very small-norm mean, its direction may no
longer dominate the spectral bias, yet it can still exert a stronger influence on the decision boundary.

3.4 Discussion on the max-margin bias

Puli et al. [20] have also obtained a similar result under a case where linear networks are trained with
the cross-entropy loss. In this work, the max-margin bias has been pointed out as a main cause of the
imbalance in the feature contribution. In order to solve the problem, they inspected the case where the
margin of the neural network is controlled and the parameter does not converge to the max-margin
solution. Such control is done in a famous debiasing method known as SD [[19] or Marg-Ctrl [20],
which regularizes the parameter by adding a penalty on the norm of the neural network output. Thus
a neural network is trained under a loss function below if the original loss is the cross-entropy loss:

lso(/(2). ) = log(1 + exp(~y (x))) + 511 (x) (14)

In order to know if “maximization” of margins itself is the only problem, we inspect the case where
the strength of the regularization is strong in SD.
Corollary 3.3. Assume the linear neural network converges to fsp(x) = Y 1 (wi)sp fr(z)
(fr(z) = 2 Tv, o ¢p(x), ||vk|| = 1) when the network is trained with SD, and the linear neural
network converges to frsp(x) = Y 1, (W) mse fi(x) when the network is trained with the MSE
loss function. When the Lagrange multiplier in SD becomes infinite as A — oo, then
(wi)sp _ (wi)mse
A=oo (wi)sp  (w))MsE

15)

when (w;j)sp # 0and (wj)mse # 0. (wi) mse/(w;) msk does not change although SD is applied
to the MSE loss function.

First, if the original loss function is the MSE loss, the decision boundary does not change even when
the regularization is applied. Second, when the regularization is strong, the decision boundary of SD
converges to the decision boundary of a neural network trained with the MSE loss. Since a neural
network trained with the MSE loss is affected by shortcut learning, this means that the neural network
can still be affected by shortcut learning even when the margin is minimized. The max-margin bias is
not the only cause of shortcut learning, but the shortcut bias arises from learning the label itself.



We empirically show Corollary [3.3] with a toy example in a 2D space in Figure[5] We trained a
two-layer fully-connected ReLU network to classify four clusters with various loss functions. We
used the MSE loss function with and without SD regularization, and the cross-entropy (CE) loss with
and without SD. The regularization strength A was varied into two values: 0.1 and 1.0. The clusters
on the x-axis become clusters of a shortcut feature.

As in Corollary [3.3] the decision boundary
under the MSE loss did not change when
SD was applied. The decision boundary
under a CE loss changed when SD was ap-
plied. When the value of A was quite large
as 1.0, the decision boundary converged to
the one under the MSE loss.
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4 Experiments
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Here, we empirically extend theoretical re-
sults on linear neural networks to the case -
of more complex networks. For the exper-
iments, we propose some new metrics. In (d) CE @ CEM=0.1 ) CEM\=1.0)
Hermann et al. [10], some interesting meth-
ods were proposed to quantify how well a
feature is aligned to the ground-truth and
how much a feature is “easy" to learn for
a neural network. These metrics are called
predictability and availability of a feature,
respectively. While they were based on
synthetic datasets, we propose metrics for
realistic datasets for experiments.

-20 -20
2 0 1 2 2 [ 1 2 2 o 1 2

Figure 5: Classification of 4 clusters with a two-layer
ReLU fully-connected network. The network was
trained to classify yellow and purple data samples by
their colors. SD was respectively applied to the MSE
loss and CE loss. The decision boundary under SD con-
verges to the one under the MSE loss.

Definition 4.1. Predictability measures how well a feature g is aligned with the ground-truth.
Predictability is y " g/|X|, whichis [, y(z)g(z)dp(x) for a continuous case. y = [y(z) for x € X]"

is a vector of ground-truth labels, and g = [g(x) for z € X]T is a vector of labels assigned by a
certain feature g(z).

Definition 4.2. Availability measures how “easy" it is to learn a label for a neural network. For a
discrete case, availability is an alignment of label g to empirical NTK (eNTK) of K (X', X) [3],

A(K,g) = g K(X,X)g _Z Ai ( g )2 (16)

T elRIEX, ) 4 3
IglZIIE(X, X)) 4 [y, 22 gl

when K (X, X) can be eigendecomposed into >, X\;v;v, .

Thus, availability measures how much top eigenspaces of NTK are aligned to a feature, which shows
the convergence speed of a feature. By measuring availability of shortcut labels, we check if top
eigenfunctions of NTK also have a larger influence after convergence as noted in Proposition [3.2]

4.2 Empirical results

Here, we measure the availability of shortcut labels on real-world datasets to compare it to the
availability of the ground-truth labels. We used a pretrained ResNet-18 model for real-world datasets,
which is a more complex network. Last-layer weights of both models were initialized as zeros and
the bias parameter was removed. The model was trained with an SGD of a learning rate 0.001 and
weight decay 0.0001. In the main paper, we only show the results from training with the CE loss, but
we also show results from the MSE loss and SD in Appendix[A.3]

Finding a shortcut label. Though a neural network is dependent on shortcut features, a label that a
neural network prefers to learn can be actually different from the label solely from a shortcut feature.
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Figure 6: Availability and test accuracy of ground-truth labels and shortcut labels in two realistic
datasets: Waterbirds [23]] and CelebA [[L6]. The tested model was a pretrained ResNet-18. Availability
was measured from 500 randomly sampled training data. Both the availability and the accuracy in the
test sets were higher for shortcut labels than the ones for ground-truth labels. Smoothing was applied

to the graphs for visual clarity. Results from five independent runs are provided in Appendix [A.4]

By inspecting the predictions of a neural network on the test set, we manually found a ‘shortcut label’
that a neural network actually learns. The shortcut labels from the datasets and their match rates to
the test predictions are listed in Appendix[A.T] We measured the availability of these manually-found
shortcut labels for the experiments. Predictability of a shortcut label is lower than the ground-truth
label by the way the dataset was composed.

Shortcut label has higher availability. The application of these
metrics is shown in Figure[§] By the way the shortcut labels were
found, the predictions of a neural network were closer to shortcut
labels in real-world datasets. Meanwhile, the availability of these
shortcut labels was larger than the availability of the ground-truth
labels. Since the availability measures the alignment of a label to
top eigenvectors of empirical NTK (eNTK), it is possible to say that
the shortcut labels were more aligned with top eigenfunctions of
eNTK. The empirical results were in line with the theoretical results
of a linear neural network from Proposition [3.1] and Proposition
More results on synthetic datasets such as Colored-MNIST,
Patched-MNIST, and Dogs vs Cats are in Appendix[A.2]and[A.5]
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Figure 7: The availability
of shortcut labels in Patched-

Availability can reflect the strength of a shortcut. This notion of
availability is in line with the one from experiments of Hermann et al.
[LO]. Hermann et al. artificially manipulated the portion of images
that were related to a certain feature to control availability. Similarly,
in a linear kernel, the eigenvalues of shortcut features increase when
the norms of means from shortcut clusters are large, so availability
measures how much portion of input vectors is related to shortcut
features. Thus, availability can reflect the strength of a shortcut.

MNIST. The size of a patch
is controlled to control the
strength of the shortcut feature.
The size varies from 1 x 1 to
7 x 7 pixels. The availability
of the shortcut label was larger
when the strength of the short-
cut was larger.

We empirically extended this result to the case of other networks. In

Patched-MNIST, we measured the availability of a two-layer ReLU fully-connected network varying
the size of a patch in Patched-MNIST: 1 x 1,3 x 3,5 x 5, and 7 x 7 pixels. The result is shown in
Figure[/l When a patch was large and the shortcut strength was strong, the availability of the shortcut
label was large. This shows that availability can reflect the strength of a shortcut even in a case where
the NTK kernel is not linear.

5 Conclusion

In this paper, we used the NTK framework to analyze shortcut learning caused by the imbalance
in data distribution using a case of linear neural networks. We showed why shortcut features are
learned quickly and are more influential on the neural network output than other features even after
training. We discussed that the max-margin bias is not the only reason for the dominance of shortcut
features on a neural network output. Finally, we proposed metrics to measure how a feature can
predict ground-truth labels and how a feature can be easily learned by a network.



On the other hand, our work has limitations. First, our theoretical analysis is based on a simple case
of training a linear neural network on a Gaussian Mixture model. Second, Proposition [3.1]is based
on the NTK framework, which assumes an infinite width of the model. However, we empirically
confirmed our results can be extended to general situations. Third, while Proposition [3.1]indicates
that eigenvalues scale with the magnitude of the mean vectors, Proposition [3.2] implies that the
contribution of a feature on the decision boundary scales inversely with the magnitude of the mean
vectors. This could potentially limit the ability of using the NTK spectrum to assess the influence
of shortcut bias after network convergence. Another limitation is that, as shown in Appendix
availability might not detect certain shortcut labels if the ground-truth label is predominated by a
stronger shortcut. These challenges are left for future works and we hope our work could be useful
for future works that study the phenomenon of shortcut learning.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Main claims made in the abstract and introduction reflect the paper’s contribu-
tions and scope

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: It is discussed in the conclusion section.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: Check the Appendix, which includes proofs.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.
The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide experimental settings.

Guidelines:

The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer:
Justification: We are preparing for the release, but not yet.
Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Provided in the first appendix section.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: Though experimental results always reflected our theory, the fluctuation of
graphs made it not aesthetically nice to include an error bar.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).
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8.

10.

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Described in the first Appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: I have read the code of ethics and the research conforms it.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: Described in the last Appendix.
Guidelines:

» The answer NA means that there is no societal impact of the work performed.

e If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

15


https://neurips.cc/public/EthicsGuidelines

11.

12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: All the datasets are properly cited.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

16


paperswithcode.com/datasets

13.

14.

15.

16.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: Our paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer:
Justification: LLM was not used.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Additional experiments

A.1 Experimental details

Shortcut labels. Though a neural network is dependent on shortcut features, a label that a neural
network prefers to learn can be actually different from the label solely from a shortcut feature. For
the experiments, by looking at the predictions of a neural network on the test set, we manually found
a ‘shortcut label’ that a neural network actually learns using both shortcut features and core features.

First, we grouped the samples into four groups: [Bias-aligned samples labelled as 1], [Bias-aligned
samples labelled as -1], [Bias-conflicting samples labelled as 1], and [Bias-conflicting samples
labelled as -1]. When the network converged, we observed how each group was predicted in the test
sets and assigned a shortcut label to each group as the label predicted by the majority of samples in
the group. For synthetic datasets, since the task is so simple that the neural network was able to learn
core features as well, we composed the label solely from the shortcut features of the datasets.

Colored-MNIST. If the colors of digits are green, then those samples are shortcut-labelled as 1.
The rest are labelled as -1. Predictability of the shortcut label is 0.950.

Patched-MNIST. If the digits are not patched, then those samples are shortcut-labelled as 1. The
rest are labelled as -1. Predictability of the shortcut label is 0.950.

Waterbirds. If the birds are waterbirds and the backgrounds are from water, then those samples are
shortcut-labelled as 1. The rest are labelled as -1. Predictability of the shortcut label is 0.987.

CelebA. If the person is blonde and is a woman, then the sample is shortcut-labelled as 1. The rest
are labelled as -1. Predictability of the shortcut label is 0.991.

Dogs vs Cats. If the sample contains a cat and a cat is dark-colored, then the sample is shortcut-
labelled as -1. The rest are labelled as 1. Predictability of the shortcut label is 0.975.

Ground-truth ~ Bias Waterbirds CelebA Dogs vs Cats
1 1 0.9268 £ 0.0031 0.8268 £ 0.0117 0.9384 +0.0129
1 -1 0.4720 £ 0.0137  0.4044 £ 0.0133  0.9378 £ 0.0112
-1 1 0.2396 £ 0.0143  0.0398 £ 0.0028 0.7742 £ 0.0128
-1 -1 0.0063 £+ 0.0007 0.0081 £ 0.0012  0.0940 £+ 0.0169

Table 1: The ratio of samples predicted as label 1 for each group in the datasets across 5 runs. ‘Bias’
denotes the label assigned solely from the shortcut feature. Shortcut label is assigned according to
the label predicted by the majority of samples in each group.

Experimental settings. Two models were trained for datasets: a two-layer ReLU FC network with
the width of 256 for synthetic datasets, and a ResNet-18 pretrained with ImageNet for real-world
datasets. The two-layer CNN model used for Figure 3| was composed of two convolutional layers
with the kernel size of 3, padding of 1, ReLU activation, and a fully-connected layer. The models
were trained with SGD of a learning rate 0.001 and weight decay 0.0001. The batch size was 128
for real-world datasets and 1000 for synthetic datasets. The models were learned with various loss
functions: a cross-entropy loss with and without SD, and an MSE loss. For SD, the hyperparameter A
was set 0.1 as in Puli et al. [20] The model was learned for 130 epochs on CelebA and 200 epochs on
the rest of the datasets. Availability of ground-truth labels and shortcut labels was measured by 500
randomly sampled training data. The experiments were run on 2 RTX 3090 GPUs and AMD Ryzen
Threadripper PRO 5955WX 16-Cores, for 6 hours for experiments with real-world data, 1 hour for
synthetic datasets, and 12 hours for experiments with CelebA.
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A.2 Synthetic datasets
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Figure 8: Availability and test accuracy of ground-truth labels and shortcut labels in two synthetic
datasets: Colored-MNIST and Patched-MNIST. The tested model was a two-layer ReLU FC network.
Availability was measured from 500 randomly sampled training data. Availability was higher for
shortcut labels than the ones for ground-truth labels.

We measured the availability and test accuracies of ground-truth labels and shortcut labels in two
synthetic datasets: Colored-MNIST and Patched-MNIST. The tested model was a two-layer ReLU
FC network. Availability was measured from 500 randomly sampled training data.

As aresult, availability of shortcut labels was larger than the availability of ground-truth labels, no
matter what the loss function was. This also shows that shortcut labels are learned faster due to higher
alignment to NTK, which extends the result of Proposition[3.1]to the case of a ReLU network. The
model was able to partially learn the core feature as well and the test accuracy in shortcut labels
was larger only in the early training phase. However, the test accuracies of the model (= 0.92 for
Colored-MNIST under all losses, ~ 0.94 for Patched-MNIST under all losses) were lower than the
test accuracy when the model was trained with the original MNIST (> 0.98). This implies that the
model was affected by shortcut features and showed lower test accuracies.

Meanwhile, in such simple settings with a two-layer ReLU network, the trajectories of availability in
SD resembled the one in MSE. This implies that the dynamics of SD could be mildly approximated by
the dynamics of MSE if the regularization strength is high enough and the setting is simple. Another
notable thing is that shortcut learning also occurred under the MSE loss and the SD loss, which means
that shortcut learning can occur no matter if the margin is maximized or not. This shows that the
max-margin bias is not the only main cause of shortcut learning even when the activation function is
not linear.
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A.3 Real-world datasets
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Figure 9: Availability and test accuracy of ground-truth labels and shortcut labels in two real-world
datasets: Waterbirds and CelebA. The tested model was a pretrained ResNet-18. Availability was
measured from 500 randomly sampled training data. Both the availability and the accuracy in the test
sets were higher for shortcut labels than the ones for ground-truth labels.

Next, we measured the availability and test accuracies of ground-truth labels and shortcut labels
in two real-world datasets: Waterbirds and CelebA. The tested model was a pretrained ResNet-18.
Availability was measured from 500 randomly sampled training data.

As a result, availability of shortcut labels was larger than the availability of ground-truth labels. This
also shows that shortcut labels are learned faster due to higher alignment to NTK. The test accuracy
of shortcut labels (=~ 0.83 for Waterbirds under all losses, ~ 0.953 for CelebA under all losses) was
larger than that of ground-truth labels (= 0.82 for Waterbirds under all losses, ~ 0.951 for CelebA
under all losses), which shows that the output of a model was dominated by shortcut features. These
empirical results extend the theoretical findings in the case of a linear neural network in Proposition

BIland B2

A notable thing is that shortcut learning again occurred under the MSE loss and the SD loss, which
shows that shortcut learning can occur no matter if the margin is maximized or not. This implies that
the max-margin bias is not the only main cause of shortcut learning even when the model is complex.
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A.4 Availability from multiple runs

Colored-MNIST Patched-MNIST Waterbirds CelebA
0.20 0.05 0.05 0.05
8 g g 8
5015 g 004 g 004 g oo
2 g k3 2
£ £ o003 £ 003 £ 003
>0.10 > > >
] £0.02 £0.02 ’—’y\ £0.02 —/—’\-—M\/M
3 3 3 3
2005 3 J\ 2 2
e S 0.01 T 0.01 T 0.01
2 K 2 2
0.00 0.00 0.00 0.00
10° 101 102 10® 10% 10° 101 102 10 10¢ 10° 10t 102 10° 10t 10° 10°
lteration lteration Iteration Iteration
(a) CE (b) (© (d)
Colored-MNIST Patched-MNIST Waterbirds CelebA
0.20 0.05 0.05 0.05
g I 8 g
g
g 015 g 004 § oo 2 0.04
g g g g
£ £ 0.03 £ 0.03 £ 0.03
o a o o
5010 > > )—\v\/ o
= = 0.02 = 0.02 £ 0.02
K ] ® 8
= 0.05 = = 2
T S 0.01 T 0.01 T 0.01
g g ﬂ g E
0.00 0.00 0.00 0.00
10° 101 102 10 10% 10° 101 102 10%® 10% 10° 10t 10? 10% 10! 10° 10°
Iteration teration Iteration Iteration
(e) MSE ® (€ (h)
Colored-MNIST Patched-MNIST Waterbirds
0.20 0.05 0.05 CelebA

°
R

0.15

o
@

0.10

Availability Difference
Availability Difference
Availability Difference
o o o o
Availability Difference
°
o
N

0.02 02
g 0.01 —/—V o1 0.00
0.00 0.00 0.00 -0.01
100 10 102 10° 10% 100 10! 102 10° 10° 10° 10t 102 10° 10! 10° 10°
Iteration Iteration Iteration Iteration
) SD(A=0.1) @ (k) M

Figure 10: Availability of shortcut labels minus(-) availability of ground-truth labels in datasets:
Colored-MNIST, Patched-MNIST, Waterbirds and CelebA. Availability was measured from 500
randomly sampled training data. The availability was higher for shortcut labels than the one for
ground-truth labels.

Though the availability of a shortcut label was consistently higher than the availability of the ground-
truth label, the values of availability varied due to the randomness in picking samples for measuring
NTK. Thus, in Section[A.3] we did not include error bars for the clarity of the graphs. Instead, we
show the results from 5 runs in this section. Since the values of the availability varied, we show the
availability of shortcut labels minus(-) availability of ground-truth labels. It is possible to observe
that the availability was higher for shortcut labels than the one for ground-truth labels. We also show
the results in a tabular form: we show availability of shortcut label - availability of ground-truth label
at the 1000-th SGD update across other 5 runs. As a result, the availability of shortcut label was
consistently higher than the availability of ground-truth label.

Loss Waterbirds CelebA Colored-MNIST  Patched-MNIST
CE 0.0153 £0.045 0.0203 £ 0.0162 0.0977 £0.0129 0.0160 + 0.0061
MSE || 0.0182 £ 0.0079 0.0258 £ 0.0086  0.0832 £ 0.0040 0.0121 + 0.0048
SD || 0.0182 + 0.0064 0.0164 £ 0.0057 0.0728 £ 0.0220 0.0140 £ 0.0040
Table 2: Availability of shortcut label - availability of ground-truth label at the 1000-th SGD update
across 5 runs. Availability of shortcut label is higher than the availability of ground-truth label.
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A.5 Effect of pretraining
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Figure 11: Availability and test accuracy of ground-truth labels and shortcut labels in Dogs vs
Cats dataset. The tested model was an un-pretrained and a pretrained ResNet-18. Availability was
measured from 500 randomly sampled training data. Since the pretrained model was already trained
with samples of Dogs and Cats in ImageNet, availability was higher for ground-truth labels than the
ones for shortcut labels when trained with a pretrained model.

In order to inspect the effect of pretraining, we trained ResNet-18 with both versions that were un-
pretrained and pretrained with ImageNet [7]]. Here we used Dogs vs Cats, which aims to distinguish
dogs and cats but is spuriously correlated with colors of animals. ImageNet includes images of dogs
and cats, therefore a pretrained ResNet-18 already contains information of dogs and cats. The model
was trained with the cross-entropy loss.

As a result, availability of shortcut labels for an un-pretrained model was higher than the one of
ground-truth labels in the early and late phase of training. Though this result aligns with previous
experiments, availability of shortcut labels for an pretrained model was consistently lower than the
one of ground-truth labels. The prediction of models in the test set was also heavily affected by
pretraining. While an un-pretrained model was dependent on shortcut labels, a pretrained model was
more dependent on ground-truth labels. This shows that the initial parameter of a model is a critical
component of shortcut learning.

A.6 Effect of correlation on availability
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A.7 Limitation of availability due to multiple shortcuts
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Figure 13: Availability and test accuracy of ground-truth labels and shortcut labels in Waterbirds
dataset. The tested model was an un-pretrained ResNet-18. Availability was measured from 500
randomly sampled training data.

We also trained an un-pretrained ResNet-18 on the modified Waterbirds dataset. Here, the sizes of
the birds were 40% smaller than the original Waterbirds dataset so that the model would be more
affected by the shortcut. Also, the un-pretrained model was less affected by the core feature and the
shortcut label showed a different accuracy on the test sets. Here, the shortcut labels were composed
in two ways. The first shortcut label is identical to the one from the experiment with a pretrained
model. The second shortcut label is the label solely from the biased attribute: if the bird is on the
watery background, then it is labelled as 1.

Both labels showed higher test accuracies than the ground-truth label,
however, the speeds which the labels were learned were different. The Waterbirds

first shortcut label was learned faster, while the second label was learned 10 —
slower than the ground-truth in the early phase of learning. Since the first o9 \//

label was learned fast, the availability of the first label was larger than
the ground-truth label. The second label was learned slower in the early

0.7 — Train

phase, and the availability of the second label was consistently lower than | — st Groundurun |
the ground-truth. However, the test predictions of the model was closer . Te“f””'mmz'“ S
to the second label. T erton

We found that this is because the model first learned to classify all the
samples as land-birds due to the majority of label -1. The majority of
the land-birds itself became another shortcut. Since the first label and
the ground-truth were closer to the label uniformly composed as -1, the
availability of the first label and the ground-truth label was actually larger
than the one of the second label. If the ground-truth is affected by multiple
shortcuts, then availability cannot detect the shortcut that is learned later
than the other shortcut. We suspect that the difference in the predictability
is the reason why the second label is more influential than the uniform
label in the test predictions of an un-pretrained model. As implied in Section[A.€] the predictability,
or spurious correlation in other words, heavily affects the learning process. The predictability of the
second label, 0.95, is much higher than the one of the uniform label, 0.78, and the test predictions
were more affected by the second label. More study is left for future works.

Figure 14: Comparing
test predictions of model
to a label uniformly com-
posed as -1. The early
predictions of a model is
uniformly composed as
-1, which is affected by
the shortcut.
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B Shortcuts in Gaussian Mixture Model

Now we provide the proofs for propositions in Section 3]

B.1 Eigenvalues of features

Assume a Gaussian Mixture Model of input data x € R? below:
< 1
_ ™ e Tyl
= N (e, k) = Y @ d/2|2k| 73 P (=5 (s = ) "B (s — )
k=1 el
For kernel function k(-, -), an eigenfunction ¢(z) must be an inner product with a vector,
dx)=x"Tv
Since ¢(x) is an eigenfunction for k(+, -), the eigenfunction with eigenvalue A must satisfy
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To satisfy the equation above, v should be an eigenvector of Zszl T [k u; or perpendicular to pi,

forke{1,...,K}. If Zszl Tklki, v = av, then eigenvalue \ becomes

K
A= E oo + a.
k=1
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When v is perpendicular to py, for k € {1,..., K}, then a = 0. Now we obtain the normalization
factor c. Here we assume that eigenvector v is normalized.

2 _ (x_Mk)T(x_Mk)
¢t = /]Rd x ' vr vz 27r0 d/2 xp (— 207 )dx 27
K T .TTZ'
_ T T T T
= ; e /]R @t ) Tola + ) Toexp (— 55 )de (28)
K Tk xlz
=>. (@ro2)d2 /R (@ + oy v) exp (— 5z )dz (29)
k=1 k k
K
= Z wkoivTv +a=A (30)
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Il

1

Thus, the normalization factor ¢ = v/\.

B.2 Features after convergence

We first need to obtain the general form of the optimal function from Hermann et al. The process
is identical to the process from Hermann et al. except that we do not decompose the function into
normalized eigenfunctions but into f(z) = Y ;o wi fi (fr(z) = 2 "vy,). The function needs to
minimize the following loss function:

1
£= [ S0 - y@)da) = [ Zwkfk () o) 61
x
‘We need to obtain wy, that minimizes the loss function above, which satisfies
2
aw] ; kzlwkfk y(@)) fi()dp(x) (32)

Zwk/ fr(@) f(x)dp(a /f] (z)=0 (33)

and it can be interpreted as
Zwk / fi (@) fi(a)dp(a / fi(x (). (34)

Thus, the weights are as follows:
wy = (H ‘1y) (35)
where H;j, = fX [ (@) fr(z)dp(x) and y; = fx [i(@)y(z)dp(x).

Now assume data of R in a Gaussian Mixture Model of p(z) = S0, N (ux, 021). A binary
label function y(z) € {—1, 1} nearly separates the mixture model that data from clusters with mean
e (c € C) are labelled as 1. Under such assumptions, we obtain H and y.
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Meanwhile, f; and f}, are orthogonal to each other if j # k, therefore we can write as

T T
icc Tl Vk — 2 _icce Til; Vk
wy, = E]GC Iy Z]GC Iy (41)
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In the case where the means of clusters, (i, are orthogonal to each other, the direction of vy does not
change over the change of the weight 7. vj always becomes i /|| g% ||2 or a unit vector orthogonal
to the means. In this case, only diagonal elements of H remain and the weights become

T |l |2 .
ifkeC
wy = S mio2 |k l3 (42)
— icll |12 otherwise
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Due to the existence of Eszl Tkos, weight wy, becomes larger when 7, becomes larger. This means
that features corresponding to heavier clusters have more influence on the output of a neural network.

B.3 Margin controlling in CE loss

Here, we employ the same decomposition of a neural network output and inspect the case where the
margin of the output is controlled. We use the same decomposition of a neural network output as
f(x) = 2_2;1 w, fr (fe(x) = 2 Tog). Singe S'D ['19] is originally based on a cross-entropy loss, we
first investigate the case where the regularization is done on a CE loss. Then, the function needs to
minimize the following loss function:

A
£ = [ log(1+ exp(-y(@)f (@) + 51f(2) Pldp(a)
X
A m
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since fi and f; are orthogonal to each other if j # £ in the first line.

y(x) f;(x)dp(x) (46)

Thus, the weights are as follows:
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Here, for simplicity, we define a function g(x, \) as

exp(—y(x) 3p, wifr(@))
1+ exp(—y (@) 24l wi fi(x))
Now we consider the case where A — 4-00. In this case, all weights w; go to 0. Though all weights

g0 to zero, the ratio between those weights, which actually determines the decision boundary, can be
different. First, we take the limit on the function g(x, \), then
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Equation [52)is from the dominated convergence theorem, since
2RO Lt WD) )] < fya) () 55)

1+ exp(—y (@) 3231y wi fi(x))
and the sequence is dominated by an integrable function.

If you look closer, Equation [54] is equivalent to the ratio of weights trained under an MSE loss.
Therefore,
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When the original loss function is an MSE loss, we need to obtain wy, that minimizes the loss function,
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Therefore, when w; # 0, the ratio between weights is

S (@) fi(z)dp(x)
wi G0 P@de(e) _ Jx 7 (@)dp(x) [y y(@) fi(z)dp(a) 0
T [ey@)f@)dp(a) T 2 )
Wi ) Ty f2(z rre) Jx FE(@)dp(x) [y y(@)f;(z)dp()

which does not change though there is a change in the value of \.
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C Broader impacts

The goal of our work is to understand the reason for shortcut learning and subsidiary phenomena
accompanied by shortcut learning. As our work does not propose a new method and only aims to
understand gradient-descent-like optimization algorithms, there is no downside risk of the research.
The upside benefit would be to better understand the principles behind shortcut learning, which has
been pointed out as socially problematic [10]].
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