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Abstract

Recent optimizers like Muon, Scion, and Gluon have pushed the frontier of large-scale deep learn-
ing by exploiting layer-wise linear minimization oracles (LMOs) over non-Euclidean norm balls,
capturing neural network structure in ways traditional algorithms cannot. Yet, no principled dis-
tributed framework exists, and communication bottlenecks remain unaddressed. Existing solu-
tions are largely heuristic and lack any theoretical support. We introduce EF21-Muon, the first
communication-efficient, non-Euclidean LMO-based optimizer with rigorous convergence guaran-
tees. EF21-Muon supports stochastic gradients, momentum, and bidirectional compression with
error feedback, recovering Muon/Scion when compression is off and specific norms are chosen—
providing the first efficient distributed implementation of this powerful family. Our theory covers
non-Euclidean layer-wise smooth and the sharper layer-wise (L°, L')-smooth setting, matching
best-known Euclidean rates while enabling faster convergence under suitable norms. Experiments
on language modeling tasks confirm that EF21-Muon delivers significant communication savings
without accuracy loss.

1. Introduction

Over the past decade, Adam and its variants [30, 41] have established themselves as the cornerstone
of optimization in deep learning, owing to their empirical success across a wide range of tasks. Yet
growing evidence suggests their dominance may be giving way to a new class of optimizers better
suited to the geometry and scale of modern deep networks. Leading this shift are Muon [24] and
methods inspired by it—Scion [53] and Gluon [61]-which replace Adam’s global moment estimation
with layer-wise, geometry-aware updates. Central to their design are layer-specific linear minimiza-
tion oracles (LMOs) over non-Euclidean norm balls, enabling better alignment with the anisotropic
structure of neural loss landscapes. Though relatively new, these optimizers are gaining traction,
supported by a growing body of theoretical insights, community adoption, and strong empirical
results, especially in training large language models (LLMs) [38, 44, 53, 67, 75, 77]. Despite this
momentum, their development remains less mature than that of more established methods. Signifi-
cant gaps persist—both in theory and practice—that must be addressed to fully realize their potential
and make them truly competitive for the demands of ultra-scale learning.

Scaling Up. Modern machine learning (ML) thrives on scale. Today’s state-of-the-art models are
powered by elaborate architectures trained on massive datasets, often requiring weeks or months
of computation [8, 76]. Naturally, this brings new demands on optimization: training on a single
machine is no longer viable [11, 85], making distributed computing the default. Mathematically,
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this task can be modeled as the (generally non-convex) optimization problem

minxes {£(X) = X0, £5(X)} M

where X € S represents the model parameters, n > 1 is the number of workers/clients/machines,
and f;(X) is the local loss of the model X on the data stored on worker j € [n| := {1,...,n}.
We consider the general heterogeneous setting, where the local objectives f; may differ arbitrarily
across machines, reflecting real-world scenarios such as multi-datacenter pipelines or federated
learning [32, 43]. Here, S is a d-dimensional vector space equipped with an inner product (-, -) :
S x 8§ — R, inducing the standard Euclidean norm ||-||,. Furthermore, we endow S with an
arbitrary norm ||-|| : & — Rx>o. The corresponding dual norm ||-||, : S — R>¢ is defined via
| X1, := supjz<i (X, Z). The general algorithmic framework introduced in this work gives
rise to a variety of methods arising from different norm choices. In matrix spaces, a particularly
important class is the family of operator norms, defined by || A|[,_, 5 := supjz -1 [AZ||5.

Communication: the Cost of Scale. In client-server architectures, coordination is centralized,
with workers performing local computations and periodically synchronizing with the coordinator
[80, 81]. While this design unlocks learning at unprecedented scales, it introduces a critical bottle-
neck: communication. Modern models’ size places a heavy burden on channels used to synchronize
updates, as each step may require transmitting large d-dimensional vectors (e.g., parameters or
gradients) over links often slower than local computation [25, 37, 50, 82]. Without communication-
efficient strategies, this imbalance dominates costs and limits distributed optimization efficiency.

Distributed Muon: Bridging the Gap. The case for communication-efficient distributed training
is clear, as is the promise of Muon for deep learning. The natural question is: can we merge the two?
This intersection remains largely unexplored. Nonetheless, three recent efforts are worth noting. Liu
et al. [38] propose a distributed variant of Muon based on ZeRO-1 [58], Thérien et al. [75] show
that Muon can be used instead of AdamW as the inner optimizer in DiLoCo, and Ahn et al. [1]
introduce Dion, a Muon-inspired algorithm compatible with 3D parallelism that employs low-rank
approximations for efficient orthonormalized updates. While promising empirically, these methods
lack any formal theoretical guarantees. Our goal is to close this gap by developing a distributed
optimizer leveraging non-Euclidean geometry that not only works in practice but also comes with
strong provable convergence guarantees. Our central question is:

Can we efficiently distribute Muon without compromising its theoretical and practical benefits?

We provide an affirmative answer through the following contributions:

1. Compressed non-Euclidean distributed optimization. We propose EF21-Muon, an LMO-
based distributed algorithm with bidirectionally compressed updates with error feedback. Parame-
terized by the norm in the LMO step, EF21-Muon recovers a broad class of compressed methods,
and, for spectral norms, yields the first communication-efficient distributed variants of Muon and
Scion.

2. Practical deep learning variant. The main text presents a simplified global version (Algo-
rithm 1), while our main algorithms are designed and analyzed in a layer-wise manner (Algorithms 2
and 3), reflecting the structure of neural networks. This allows us to better align with practice (meth-
ods like Muon are applied per-layer) and to introduce anisotropic modeling assumptions.
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Algorithm 1 EF21-Muon (simplified)

Input: radii ¥ > 0; momentum parameter 3 € (0, 1]; initial iterate X° € S (stored on the server);
initial iterate shift W° = X0 (stored on the server and the workers); initial gradient estima-
tors G? (stored on the workers); G0 = % Z?:l Gg (stored on the server); initial momentum

M jQ (stored on the workers); worker compressors C*; server compressors C*
fork=0,1,..., K—1do

Xkt+l = LMOpg(xk i) (Gk) // Take LMO-type step
Sk = ck(Xk+HL — W) // Compress shifted model on the server
Whtl — Wk 4 gk // Update model shift
Broadcast S* to all workers
for j =1,...,nin parallel do
Wkttt = Wk 4 Sk // Update model shift
]\4;.“‘Irl =(1- B)Mjk + ﬁij(WkH,ffH) // Compute momentum
RZ]‘-H :C‘;"(J[j]?*l - }]]) // Compress shifted gradient
et s
Broadcast Rj‘f“ to the server
end
Gk = % Z;‘:l G?‘H =GF 4+ %Z?:l R?H // Compute gradient estimator

end

3. Strong convergence guarantees. EF21-Muon enjoys strong theoretical guarantees under non-
Euclidean smoothness (Theorems 3 and 5) and non-Euclidean (L%, L!)—smoothness (Theorems 4
and 6), matching state-of-the-art Euclidean rates and potentially improving convergence under well-
chosen norms. These results are subsumed by our more general analysis of the layer-wise methods
under layer-wise non-Euclidean smoothness (Theorems 25 and 30) and layer-wise non-Euclidean
(L°, LY)—smoothness (Theorems 28 and 36).

5. Strong empirical performance. Experiments with NanoGPT-124M on FineWeb confirm that
EF21-Muon can significantly reduce communication while preserving accuracy (Sections 5 and 5).

2. Background

We frame problem (1) in an abstract vector space S. In several of our results, the specific structure
of S does not matter. One may view S as simply R?, in which case the model parameters are
flattened into a d x 1 vector. However, in the context of deep learning, it is often useful to explicitly
model the layer-wise structure (see Section C). In such cases, X € S represents the collection of
matrices X; € S; := R™*" of trainable parameters across all layers i = 1, ..., p of the network
with a total number d := Y2, m;n; of parameters. Then, S is the d-dimensional product space
S=Q_,S=851® @S, and we write X = [X1,..., X,)].

What is Muon? Muon, introduced by Jordan et al. [24], is an optimizer for the hidden layers
of neural networks.! For clarity, assume that X represents a single layer of the network (a full

1. The first and last layers are optimized using other optimizers—see Section C.1 for details.
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layer-wise description is provided in Section C.1). In this setting, Muon updates X*+1 = X% —
tkUF(VF)T, where t* > 0 and the matrices U*, V* are derived from the SVD of the momentum
matrix G¥ = UFXF(V*)T. This update is a special case of the linear minimization oracle (LMO)
framework

XHE = X 4+ t"LMOg(o 1) (G¥), (2)
where B(X,t) = {Z € S : [|Z - X| < t} and LMOg(x) (G) := argmingcpx) (G, Z).
Muon corresponds to the case where ||-|| = |[-||5_,, is the spectral norm, in which case the LMO
reduces to LMOg(q,1) (Gk) = —U*(VF)T. Recent analyses [33, 53, 61] focus on the general

update (2). Among them, Pethick et al. [53] introduce Scion, which extends Muon to all layers,
and Riabinin et al. [61] develop Gluon—a general LMO-based framework with stronger convergence
guarantees encompassing Muon and Scion as special cases. We adopt this unifying viewpoint by
treating all three algorithms as instances of Gluon, using it as the umbrella term for the entire class.

Distributing the LMO. Distributing (2) is far from trivial, as the limited literature suggests. To
illustrate the difficulty, consider a deterministic version of (2), where the momentum term G* is
replaced by the exact gradient V f(X*). Applied to problem (1), the iteration becomes

Xkl = xk 4 LMOpq ) (% Z?Zl ij(Xk)> :

The most basic approach to distributing this update consists of the following four main steps:

1. Each worker computes its local gradient V f;(X k) at iteration k.

2. w2s: The workers send their gradients V f; (X ¥) to the central server.

3. The server averages these gradients and computes the LMO update.

4. s2w: The server sends X**! (or LMO B(0,t%) (+)) back to the workers.
This scheme involves two potentially costly phases: (1) workers-to-server (= w2s) and (2) server-
to-workers (= s2w) communication. As each transmitted object resides in S, every iteration in-
volves exchanging dense, d-dimensional data, imposing substantial communication overhead that
can quickly overwhelm available resources. This is precisely where compression comes into play.

Compression. Compression has been the subject of extensive study in the Euclidean regime
[2, 19, 63]. It is typically achieved by applying a (potentially randomized) operator C that maps
the message X to a more compact, cheaper to transmit representation C(X ). The literature distin-
guishes between two main classes of compression operators: unbiased and biased (or contractive)
compressors. We focus on the latter class, which is known to perform better empirically [5, 66].

Definition 1 (Contractive compressor) A (possibly randomized) mapping C : S — S is a con-
tractive compression operator with parameter o € (0, 1] if

E[lex) - XIP] <1 -a) IX|*  ¥XeS. 3)

Remark 2 The classical definition of a contractive compressor is based on the Euclidean norm,
ie., |||l = |||y in (3). Here, condition (3) is expressed in terms of an arbitrary norm ||-|| for greater
flexibility. Section E gives several examples satisfying this generalized definition. Depending on the
compression objective, we will assume that (3) holds with respect to ||-||, its dual ||-||,, or ||-||5, and
denote the respective families of compressors as B(«), By (), and Ba(«).
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3. Non-Euclidean Distributed Training

We develop the first communication-efficient variant of Gluon (and by extension, its special cases
Muon and Scion), called EF21-Muon, which combines biased compression, gradient stochasticity,
and momentum while retaining strong theoretical guarantees. Its simplified version, applied glob-
ally to the full parameter vector X, is shown in Algorithm 1. A more general, deep learning—oriented
layer-wise variant operating in the product space S := @?!_; R™i*" is given in Algorithm 3. For
clarity, we focus on the global version in the main text, noting that all results are special cases of
the layer-wise guarantees in Section F. While the pseudocode is largely self-explanatory (for a more
detailed description, see Section C.2), we highlight the most important components:

¢ Role of Compression. Compression is key for reducing communication overhead in distributed
training. Algorithm 1 adheres to this principle by transmitting only the compressed messages 5"
and H]/, never the full dense updates. When compression is disabled (i.e., CJ’-C and C¥ are identity
mappings) and n = 1, EF21-Muon reduces exactly to Gluon, which in turn recovers Muon and
Scion.

¢ Role of Error Feedback. Even in the Euclidean setup, biased compression can break distributed
Gradient Descent (GD) unless Error Feedback (EF) is used (see Section B.2). To remedy this, we
adopt a modern EF strategy inspired by EF21 [63] for the w2s direction. Its role is to stabilize
training and prevent divergence. To reduce s2w communication overhead, we further incorporate
the primal compression mechanism of EF21-P [17].

o Role of Gradient Stochasticity. In large-scale ML, computing full gradients V f;(z) is typically
computationally infeasible. In practice, they are replaced with stochastic estimates, which drasti-
cally reduces per-step computational cost and makes the method scalable to practical workloads.

¢ Role of Momentum. Stochastic gradients inevitably introduce noise into the optimization pro-
cess. Without further stabilization, this leads to high variance and convergence only to a neighbor-
hood of the solution. Momentum plays a critical role in mitigating this issue: it reduces variance in
the updates, accelerates convergence, and eliminates the persistent oscillations.

4. Convergence Results

We adopt standard lower-boundedness assumptions on f, and in certain cases, also on f;, j € [n].

Assumption 1 There exist f* € R such that f(X) > f* forall X € S.
Assumption 2 For all j € [n], there exist f; € Rsuch that f; (X) > fiforall X € S.

We study two smoothness regimes. The first, standard L—smoothness generalized to arbitrary
norms, is the default in virtually all convergence results for Muon and Scion [33, 36, 53].

Assumption 3 The function f is L-smooth, i.., [|[Vf(X)—=Vf(Y)|, < L||X =Y for all
X,Y € 8. Moreover, the functions f; are Lj—smooth for all j € [n]. We define L? = % Z?:l L?.

To our knowledge, the only exception departing from this standard setting is the recent work on
Gluon [61]. The authors argue that layer-wise optimizers are designed specifically for deep learn-
ing, where classical smoothness fails [87]. Instead, they build upon the (L°, L!)—smoothness model
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[87],% a strictly weaker alternative motivated by empirical observations from NLP training dynam-
ics. Riabinin et al. [61] introduce a layer-wise variant (Assumption §), arguing that the heterogeneity
across layers requires smoothness constants to vary accordingly. Consistent with this line of work,
we provide guarantees under the general layer-wise (L°, L')-smoothness assumption in Appen-
dices F.3.2 and F.4.2. For ease of exposition, the main text treats the case of a generic vector space,
where the assumption reduces to a non-Euclidean variant of asymmetric (L, L!)—smoothness [7].

Assumption 4 The function f : S + R is (LY, L')-smooth, i.e., there exist L°, L' > 0 such
that |Vf(X) - Vi), < (L°+ L |VF(X)|,) ||X = Y| forall X,Y € S. Moreover, the
functions f;, j € [n], are (L?, Ll) —smooth. We define Ly, := max;e[,) L} and LV := 1 > i L?.

Assumption 4 is strictly more general than Assumption 3, as it allows the smoothness constant to
grow with the norm of the gradient, a key property observed in deep learning [87].

Deterministic setting. As a warm-up, we first present the convergence guarantees of the deter-
ministic counterpart of Algorithm 1 (formalized in Algorithm 2), starting with the smooth setting.

Theorem 3 Ler Assumptions 1 and 3 hold. Let {X k‘}f:_ol, K > 1, be the iterates of Algorithm 2
(with p = 1) initialized with X° = W°, G? = Vf;(X°), j € [n], and run with C* € B(ap),

-\ —1
Cf € B,(ap)and0 < y* =~ < (2L +4/apy/12 + 66/(1%3[/) . Then

LSRR (v ] < VS,

Theorem 3 is a special case of the layer-wise result in Theorem 25. To our knowledge, no prior
work analyzes comparable compressed methods under general non-Euclidean geometry. In the
Euclidean case, our guarantees recover known results: without primal compression (aup = 1), they
match the rate of Richtérik et al. [63, Theorem 1]; with primal compression, they align with the rate
of EF21-BC from Fatkhullin et al. [12, Theorem 21] (however, Algorithm 2 and EF21-BC differ
algorithmically, and the former does not reduce to the latter in the Euclidean setting).

In the generalized smooth setting, we prove convergence without primal compression. As dis-
cussed in Section E.1, s2w communication can still be efficient in the non-Euclidean regime, since
LMOs under certain norms inherently exhibit compression-like behavior.

Theorem 4 Let Assumptions 1, 2 and 4 hold and let {X* }kK:Bl, K > 1, be the iterates of Algo-
rithm 2 (with p = 1) initialized with GO V£i(X°), i € [n], and run with C* = T (the identity
compressor), CJ € B,(ap), and t* = Ti/\/ 1 for some 1 > 0. Then,

acl le(f* fr)+Ct z J+D>
min E[[V/(x4],] < 22U, ek

nVEK+1 VE+1 ’
L' | 2y/I-aplLl,, 2y/I—apL®
where C' 1= % + T and D =L + iy

Theorem 4 (a corollary of Theorem 28), similar to Theorem 3, establishes the desirable O(1/vK)
rate for expected gradient norms. Unlike the stepsizes in Theorem 3, the radii here are indepen-
dent of problem-specific constants (though known smoothness can inform the choice of n). In the
Euclidean case, our result matches the rate of |[EF21|| under (L%, L!)-smoothness [29].

2. The original (L°, L*)-smoothness assumption of Zhang et al. [87] was defined for twice-differentiable functions via
Hessian norms. This notion and our formulation in Assumption 4 are closely related—see Chen et al. [7]
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Stochastic setting. We now turn to the convergence guarantees of our practical variant of EF21-
Muon (Algorithm 1), which incorporates noisy gradients and momentum. We assume access to a
S +— S is unbiased and has bounded

standard stochastic gradient oracle V f(+, ), £ ~ D with bounded variance
) for all X € S and there exists o > 0 such that

Assumption 5 The stochastic gradient estimator V f (-, )
— VX

variance. That is, E¢up [V f(X,&)]
ij<x>ug} <o’forall X € S
Assumption 5 uses the Euclidean norm to facilitate the bias-variance decomposition. Since S is

Eevp V(X €) -
finite-dimensional, the magnitudes measured in |-||,, can be related to quantities measured in ||-|| via
norm equivalence: there exist p, p > 0 such that p || X[| < [[X||, < p||X| forall X € S

We first analyze the smooth case; the theorem below is a special case of Theorem 30
Theorem S Let Assumptions I, 3 and 5 hold. Let {Xk}k o> K = 1, be the iterates of Al-
gorithm 1 initialized with X° = W9, G? = ] = V£i(X°), j € [n], and run with C* €

B(ap), CJ’»C € By(ap), any B € (0,1], and 0 < A% = v < (2/(+ 2L)71, where ( :
1272 | 23+2) 2 | B(PH) fo | 1UBCE15) f2) g,
Oé%g OLQD OLPOCD
—|—24( + d=op)s aD)’B+1252>UpB

1/3 60L0 2 1/4
) (p%}Q I?) , Where

(S(XO=5*)
K~y
) /2 (moaD
O(1/vK) (Theorem 31). In

59 L0
252K

oIz =

-
v

4

p202K

K—1 12 4
> E || <
k=0

With 7% = (2y/C+2L) " and 8 = min {1, (
60 := f(X°) — f*, the result guarantees 4 Ly KR [HVf
the Euclidean case without primal compression (p = p = 1, ap = 1), Theorem 5 matches the
convergence rate of EF21-SDGM established in Fatkhulhn et al. [13, Theorem 3] (Theorem 33).
7_0 ’ i )
[n), and run with C* = T
y

Vi(X%€9), GY

Theorem 6 Let Assumptions 1, 2, 4 and 5 hold. Let {X k}Ki L K > 1, be the iterates of Algo-
ith M = CY(V f;(X%€))),
(the identity compressor), C¥ € Ba(ap), B = Yk+1)2 and 0 < tF =t = n/(k+1)3/4, where
}. Then
8po

rithm 1 initialized with M?
* 24p(LE, )2 7
16v/1—appo +
1/2 \/E(K+1)1/4

(K+1)1/2 (1—vT=ap)p(K+1)'/2 Bp(K+1)!/?
S(T,1 2
TILO +
3/4 T (1—y/T—ap)(K+1)
) (55 m? (1 = fp) + 1)

6(L1)2 ’ 24\/1_0Dp(Lmax)
(F(XO)—=r*)
T &y

. k 3
i E[[[VAXM|] < =hem
+777,5 ( _|_ 8\/1—OLD
P (K+1)1/4 (1—v/I—ap)(K+1
Theorem 6 (a corollary of Theorem 36) establishes an O(1/k'/4) convergence rate, matching the
state-of-the-art for SGD-type methods applied to non-convex functions [10, 72]. In the Euclidean
setting, it recovers the rate of | EF21-SDGM]|| established in Khirirat et al. [29, Theorem 2]

n? < min{

5. Experimental Highlights
We present key experimental results below, with additional details and extended experiments avail-

able in Section G.?
3. Code for experiments is available here
7
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Figure 1: Left: Test
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Experimental setup. All experiments are conducted on 4 NVIDIA Tesla V100-SXM2-32GB
GPUs or 4 NVIDIA A100-SXM4-80GB in a Distributed Data Parallel (DDP) setup. The dataset
is evenly partitioned across workers, with one worker node acting as the master, aggregating com-
pressed updates from the others. Training and evaluation are implemented in PyTorch,* extending
open-source codebases [27, 52, 60].

We train a NanoGPT model [27] with 124M parameters on the FineWebl 0B dataset [51],
using input sequences of length 1024 and a batch size of 256. Optimization is performed with
EF21-Muon, using spectral norm LMOs for hidden layers and ¢, norm LMOs for embedding and
output layers (which coincide due to weight sharing), following the approach of Pethick et al. [53].
For spectral norm LMOs, inexact updates are computed with 5 Newton—Schulz iterations [6, 34], as
in Jordan et al. [24].

* —— Following common practice in communication compression
literature, we assume that broadcasting is free and focus on

w2s communication. Thus, the server-side compressor is

fixed to Z, while worker compressors vary among Top K,
RankK [65], Natural compressor [19] and combinations
thereof: TopK + Natural compressor of selected elements,

and Rank K + Natural compressor applied to all components

of the low rank decomposition. These are tested under mul-

tiple compression levels and compared against an uncom-

oD pressed baseline (i.e., standard Scion/Gluon; see Section 3).
Learning rates are tuned per optimizer and experimental set-
ting, initialized from the values in the Gluon repository [60]

4.88 ®Topl5% + Natural

®Topl5%

®Rank15% + Natural

4.0B ®Top20%
®Rank15%
3.6B Natural

2K 4K 6K 8K 10K 12K 14K
Communication Cost

Figure 2: Trade-off between token
efficiency and communication cost
for different compression setups at
a target test loss of 3.31.

(see Section G.3). We adopt the same learning rate sched-
uler as Karpathy [27] and fix the momentum parameter to
0.9. Model and optimizer hyperparameters are summarized
in Tables 2 and 4, respectively.

4. PyTorch Documentation: https://pytorch.org/docs/stable/index.html
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Results. For RankK and TopK compressors, we evaluate multiple compression levels (in plots,
Rank X %/TopX % denotes a Rank K/TopK compressor with compression level X %). We report
experimental results for a SB-token training budget (> 40x model size) in Figure 1 (left), and to
reach a strong loss threshold of 3.31 in Figures 1 (right) and 2.

Table 1: Communication cost per round ~ The number of tokens required to reach a target loss de-
(in bytes), normalized relative to the pends on the compressor. Figure 2 provides a compari-

identity compressor. son of the numbers of tokens used in the training run to
reach a strong test loss threshold of 3.31 plotted against
Compressor Relative Cost  the communication cost (reported as the number of bits
transmitted from each worker to the server normalized by
1D 1.0000 the model size), plotted against the w2s communication
Natural 0.5000 cost. Shorter 2.5B-token runs are reported in Section G.5
Rank20% 0.2687 to assess performance under limited training budgets.
Rank15% 0.2019 In Figure 1, we plot test loss vs. tokens processed, as well
Rank15% + Natural 0.1010 as the w2s communication cost required to reach the 3.31
Rank10% 0.1335 loss threshold. For each compressor, we report its most
Rank10% + Natural 0.0667 competitive configuration (see Section G.4 for a detailed
Rank5% 0.0667 ablation). As expected, compression slows convergence
Top20% 0.3625 in terms of number of training steps, but substantially re-
Top15% 0.2718 duces per-step communication cost (Table 1). Overall,
Top15% + Natural 0.1969 this yields significant communication savings—up to
Topl0% 0.1812 7x for Rank15% + Natural compressor, and roughly 4 x
Top10% + Natural 0.1312 for Top15% + Natural compressor—relative to the un-
Top>% 0.0906 compressed baseline.
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Appendix B. Related Work

B.1. Compression

Compression techniques are widely used to reduce the communication and memory costs of opti-
mization algorithms, particularly in large-scale and distributed settings, and have been extensively
studied in the Euclidean regime [2, 19, 63, 66]. Rather than transmitting full gradient or param-
eter vectors, these methods compress them into lower-dimensional or sparse representations, for
example through quantization or sparsification [2, 5, 19, 66, 73].

There are two primary compression objectives in distributed optimization: w2s and s2w com-
munication. A large body of prior work focuses exclusively on w2s compression, assuming that
broadcasting from the server to the workers is either free or negligible [16, 56, 73, 78]. This as-
sumption is partly due to analytical convenience, but can also be justified in settings where the
server has significantly higher bandwidth, greater computational resources, or when the network
topology favors fast downlink speeds [25]. However, in many communication environments, this
asymmetry does not hold. For instance, in 4G LTE and 5G networks, the upload and download
speeds can be comparable, with the ratio between w2s and s2w bandwidths bounded within an or-
der of magnitude [20, 45]. In such cases, s2w communication costs become non-negligible, and
optimizing for both directions is essential for practical efficiency [12, 17, 18, 39, 55, 79, 88].

B.2. Error Feedback

To address the communication bottleneck, a natural approach is to apply biased compressors to the
transmitted gradients. For the standard (Euclidean) GD, which iterates

1 n
Xk+1:Xk—’kaf(Xk):Xk_’yk *ZVf](Xk) 7
(e
where v* > 0 is the stepsize, this would yield the update rule
k+1 k k(1 - k k
XEH = XP—om | =D CHVE(XY)
j=1

Sadly, this “enhancement” can result in exponential divergence, even in simplest setting of minimiz-
ing the average of three strongly convex quadratic functions [5, Example 1]. Empirical evidence of
such instability appeared much earlier, prompting Seide et al. [66] to propose a remedy in the form
of an error feedback (EF) mechanism, which we refer to as EF14.

Initial theoretical insights into EF14 were established in the simpler single-node setting [3, 70].
The method was subsequently analyzed in the convex case by Beznosikov et al. [5], Gorbunov et al.
[15], Karimireddy et al. [26]. Next, Qian et al. [57] showed that error feedback methods can be
combined with Nesterov-style acceleration [47], though at the cost of incorporating additional unbi-
ased compression, leading to increased communication overhead per iteration. These analyses were
later extended to the nonconvex regime by Stich and Karimireddy [69]. This motivated a series of
extensions combining error feedback with additional algorithmic components, such as bidirectional
compression [74], decentralized training protocols [31], and the incorporation of momentum either
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on the client [88] or server side [83]. While these works advanced the state of the art, their guaran-
tees relied on strong regularity assumptions, such as bounded gradients (BG) or bounded gradient
similarity (BGS), which may be difficult to justify in practical deep learning scenarios.

The limitations of EF14 and its successors were partially overcome by Richtérik et al. [63],
who proposed a refined variant termed EF21. EF21 eliminates the need for strong assumptions
such as BG and BGS, relying only on standard assumptions (smoothness of the local functions f;
and the existence of a global lower bound on f), while improving the iteration complexity to the
desirable O(1/vK) in the deterministic setting. Building on this foundation, a series of extensions
and generalizations followed. These include adaptations to partial participation, variance-reduction,
proximal setting, and bidirectional compression [12], a generalization from contractive to three-
point compressors [64], support for adaptive compression schemes [42], and EF21-P—a modification
of EF21 from gradient compression to model compression [17]. Further developments used EF21
in the design of Byzantine robust methods [59], applied it to Hessian communication [22], and
extended the theoretical analysis to the (LY, L%)-smooth regime [29].

With this historical overview in place, we now narrow our focus to two developments in the
error feedback literature that are particularly relevant to this work: EF21 [63] and EF21-P [17].

EF21 is a method for workers-to-server (w2s) (= uplink) communication compression. It aims
to solve problem (1) via the iterative process

Xk+1 — Xk o ,ka
Gt =G+ CH(V (X - @),

1 n
GFH = 23 gt
n
j=1

where v > 0 is the stepsize and Cé“ € Ba(ap) are independent contractive compressors. In the
EF21 algorithm, each client j keeps track of a gradient estimator Gé? . At each iteration, the clients
compute their local gradient V f;(X k+1), subtract the stored estimator Gf , and then compresses
this difference using a biased compression operator. The compressed update is sent to the server,
which aggregates updates from all clients and uses them to update the global model. Concurrently,
each client updates its error feedback vector by using the same compressed residual. Importantly,
EF21 compresses only the uplink communication (i.e., vectors sent from clients to the server), while
downlink communication remains uncompressed. That is, the global model X**! is transmitted in
full precision from the server to all clients, under the assumption that downlink communication is
not a bottleneck.

A complementary approach is proposed in the follow-up work of Gruntkowska et al. [17], which
introduces a primal variant of EF21, referred to as EF21-P. Unlike EF21, which targets uplink
compression (from workers to server), EF21-P is explicitly designed for server-to-workers (s2w) (=
downlink) compression. The method proceeds via the iterative scheme

1 n
XEH = XE U () = XE =y 3TV V),
j=1
Wk;-‘rl — Wk‘ + Ck(Xk;-‘rl _ Wk),

where > 0 is the stepsize and C* € By(ap) are independent contractive compressors. Analogous
to EF21, the EF21-P method employs error feedback to compensate for the distortion introduced by
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compression. However, rather than correcting gradient estimates, EF21-P maintains and updates an
estimate of the model parameters, W*. The server computes the update X**!, but broadcasts only
a compressed difference C*(X**+1 — TW*) to the clients.

In its basic form, EF21-P assumes dense uplink communication—i.e., the clients transmit full
gradients V f;(W*) to the server. Nonetheless, EF21-P can be naturally extended to bidirectional
compression by integrating it with an uplink compression mechanism, enabling full communication
efficiency [17].

B.3. Generalized Smoothness

A standard assumption in the convergence analysis of gradient-based methods is Lipschitz smooth-
ness of the gradient (Assumption 3). However, many modern learning problems—especially in deep
learning—violate this assumption. Empirical evidence has shown non-smoothness in a variety of
architectures and tasks, including LSTM language modeling, image classification with ResNet 20
[87], and transformer models [9]. These observations motivated the search for alternative smooth-
ness models that better reflect the behavior of practical objectives.

One such model is (L°, L?)—smoothness, introduced by Zhang et al. [87] for twice continuously
differentiable functions in the Euclidean setting. The authors define a function f : R — R to be
(L°, LY)—smooth if

V2 F(X)||, < L° + LYV F(X)]l, VX e R%

This condition generalizes standard Lipschitz smoothness and has been shown empirically to cap-
ture deep learning loss landscapes more faithfully than the classical model [9, 87]. Subsequent
works extended the above condition beyond the twice differentiable case [7, 35]. In particular,
Chen et al. [7] introduced asymmetric and symmetric variants of (L°, L°)-smoothness, where the
asymmetric form (a special case of Assumption 4 restricted to Euclidean norms) is given by

IVFX) = V)l < (L°+ LY VAX)N,) IX =Y, VXY eR™

This framework has since been used in the non-Euclidean setting [54] and adapted to the layer-
wise structure of deep networks by Riabinin et al. [61], who introduced non-Euclidean layer-wise
(L°, L')—smoothness assumption (Assumption 8). This layer-aware view aligns naturally with
LMO-based optimizers that operate on individual parameter groups.

The idea of accounting for the heterogeneous structure of parameters is not unique to the work
of Riabinin et al. [61]. Anisotropic smoothness conditions, where smoothness constants can vary
across coordinates or parameter blocks, have been studied extensively, for example in the context of
coordinate descent methods [46, 49, 62]. Variants of coordinate-wise or block-wise (generalized)
smoothness assumptions have also been used to analyze algorithms such as signSGD [4, 9], Adagrad
[23, 40], and Adam [84]. These works collectively reinforce the need for smoothness models that
reflect the anisotropic geometry of modern neural networks.
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Appendix C. Layer-wise Setup

So far, we have been operating in an abstract vector space S, without assuming any particular
structure. This is the standard approach in the vast majority of the theoretical optimization literature
in ML, where model parameters are typically flattened into vectors in R?. However, modern deep
networks are inherently structured objects, with a clear layer-wise organization. While treating
parameters as flat vectors can still yield meaningful convergence guarantees, explicitly modeling this
layer-wise structure allows us to formulate assumptions that more accurately reflect the underlying
geometry of the model Crawshaw et al. [9], Jiang et al. [23], Nesterov [46], Richtarik and Takac
[62]. This, in turn, can lead to improved theoretical results [40, 61].

A further motivation for adopting the layer-wise perspective is that the algorithms that inspired
this work—Muon, Scion, and Gluon-are themselves layer-wise by design. Rather than operating
on the entire parameter vector, they apply separate LMO updates to each layer or building block
independently. This modular treatment is one of the main reasons for their strong empirical perfor-
mance.

With this motivation in mind, we now turn to solving the optimization problem (1) in a setting
where the parameter vector X € S represents a collection of matrices X; € S; := R™i*™ corre-
sponding to the trainable parameters of each layer ¢ = 1,...,p in a neural network. For notational
convenience, we write X = [X1,...,X)]and Vf(X) = [V f(X),..., V,f(X)], where V; f(X)
is the gradient component corresponding to the ith layer. Accordingly, S is the d-dimensional prod-
uct space

S=QR_,Si=S12 38,
where d := Y_P_, m;n;. Each component space S; is equipped with the trace inner product, defied
as (X, Y3) ) i= tr(X,'Y;) for X;,Y; € S;, and an arbitrary norm [[[I (4 not necessarily induced by

this inner product. We use |[|-|[;, to denote the dual norm associated with ||-[[(;) (i.e., [ Xill i)« =
SUP) z, | , <1 (X, Zi>(¢) for any X; € &;). Furthermore, we use p.,p; > 0 to denote the norm

equivalence constants such that
P I Xilly < 1Xilly < pi [ Xill sy VXi €S,

(or, equivalently, p, || Xilly < [| X[ ), < pi [ Xillo).

Remark 7 In the case of Muon, the norms ||-|| ;) are taken to be the spectral norms, i.e.,
|-[l9—so- Since for any matrix X of rank at most r, we have

XN < 1X 1 < VP IX Iy,

in this setting, p, = 1 and p; = \/T.

'H(i) =

Given the block structure of X across layers, the smoothness assumptions in Assumption 3 can
be made more precise by assigning separate constants to each layer.

Assumption 6 (Layer-wise smoothness) The function f : S — R is layer-wise L°—smooth with
constants L° := (LY, ..., Lg) cRE, e,

IVif (X) = Vif Ny < L 11X = Yill
foralli=1,...,pandall X = [X;,...,X,| €S, Y =[Y1,...,Y,] €S.
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Assumption 7 (Local layer-wise smoothness) The functions f; : S — R, j € [n], are layer-wise

0 : 0._ 0 0 p
Lj—smooth with constants Lj = (LLj’ - ,Lp,j) e R e,

IVifi(X) = Vil (Dl < L2 1 — Yill

flmglli 201,.2..,p andall X = [X1,...,X,] € S Y =[Y1,...,Y,] € S. We define (I:ZQ)2 =
Ly (1092,
n j—l( 1,7

We invoke Assumptions 6 and 7 in Appendices F.3.1 and F.4.1 to extend Theorems 3 and 5 to the
more general setting.

Smoothness is the standard assumption used in virtually all convergence results for Muon and
Scion [33, 36, 53] (except for the recent work on Gluon [61]). However, as discussed in Section 4
and Section B.3, this assumption often fails to hold in modern deep learning settings. To address
this, we adopt a more flexible and expressive condition: the layer-wise (L°, L')—smoothness as-
sumption [61].

Assumption 8 (Layer-wise (L°, L!)-smoothness) The function f : S + R is layer-wise (L°, L')-
smooth with constants L° := (LY, . .. ,Lg) € RE and L' := (L1, ... ,L})) eRE, ie,

IVif(X) = Vaf (Vllye < (L0 + LEIVif (X)) 1K = Yill
foralli=1,....pandall X = [X1,...,Xp] €S Y =[V1,....,Y,] €S.

Since, unlike Gluon, we operate in the distributed setting, we will also need an analogous as-
sumption on the local functions f;.

Assumption 9 (Local layer-wise (L, L')-smoothness) The functions f;, j € [n], are layer-wise

0 71 . 0 ._ 0 0 p 1. 1 1 p
(Lj, Lj)—smooth with constants Lj := (L7 ;,..., Ly ;) € Ry and Lj := (Ly ;,..., L, ;) € RY,
ie.,

IV:F5(0) = Vids () e < (L9 + L 19685 (X)) 1 = Yillgy

foralli=1,....pandall X = [X1,...,Xp] €S Y =[Y1,...,Y,] €S. B

For O € {0,1}, we define Lgaxj = MaX;ely Lioj, LiOmax = maXjcpy LZO]- and LY :=
lzn LO ‘ 2. b2 I’ 2.
n Lej=1"ig

Riabinin et al. [61] present empirical evidence showing that this more flexible, layer-wise ap-
proach is essential for accurately modeling the network’s underlying structure. They demonstrate
that the layer-wise (L°, L')-smoothness condition approximately holds along the training trajectory
of Gluon in experiments on the NanoGPT language modeling task. Motivated by these findings, in
Appendices F.3.2 and F.4.2, we provide an analysis within this generalized framework, offering a
full generalization of Gluon to bidirectional compression.

In the stochastic setting, we will also require a layer-wise analogue of Assumption 5.

Assumption 10 The stochastic gradient estimator V f(-,€) : S — S is unbiased and has bounded
variance. That is, E¢.p [V f(X,&)] = Vf(X) for all X € S and there exists o; > 0 such that

Eep [IVif;(X.&) = Vif(OI}| <07, VX €S, i=1,....p.
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We permit layer-dependent variance parameters o2, motivated by empirical evidence that variance
is not uniform across layers. For example, Glentis et al. [14] observe that, during training of LLaMA
130M with SGD and column-wise normalization (i.e., Gluon using the ||-||,_,, norm), the final and
embedding layers display significantly higher variance.

C.1. Muon, Scion and Gluon

Muon, introduced by Jordan et al. [24], is an optimizer for the hidden layers of neural networks (the
first and last layers are trained with AdamW). Unlike traditional element-wise gradient methods,
it updates each weight matrix as a whole. Given a layer X; and the corresponding (stochastic)
gradient (G;, Muon selects an update that maximizes the alignment with the gradient to reduce loss,
while constraining the update’s size to avoid excessive model perturbation. This is formulated as a
constrained optimization problem over the spectral norm ball:

ari)rglin <GZ, AX7,> S.t. ”AXfLHQ_)Q <t;, @

where the radius ¢; > 0 plays a role similar to a stepsize. The optimal update AX; is obtained by
orthogonalizing G; via its singular value decomposition G; = UiEiV;T, leading to

AX; = —t;U; VL.
This yields the basic update
XPT = XP 4+ AXF = XF - UF (VT )

In practice, computing the SVD exactly at every step is expensive and not GPU-friendly. Muon
instead uses Newton—Schulz iterations [6, 34] to approximate the orthogonalization. Combined
with momentum, the practical update is

MF = (1- )M~ + B,GY, XF = x¥ — t*NewtonSchulz(M}),

where (3; € (0, 1] is the momentum parameter and Mf is the momentum-averaged gradient.

While Newton—Schulz iterations and momentum are crucial for practical efficiency, the essence
of Muon lies in solving (4)—that is, computing the linear minimization oracle (LMO) over the spec-
tral norm ball. Recall that LMOpg(x ;) (G) := argmingcpg(x 4 (G, Z). Then

AX;= argmin (Gi, Zi) = LMOpga-2(g, (Gi)
ZiEBf_’z(O,ti) i )

where B27%(0,t;) == {Z; € S; : || Zil|o_5 < ti} is the spectral norm ball of radius ¢; around 0.
Thus, the update (5) can equivalently be written as

XFF = X4 LMOgaoao ) (GF), ©6)

where Gf may be replaced with a momentum term.

Crucially, nothing in this formulation ties us to the spectral norm. The same update structure
can be defined over any norm ball, opening the door to an entire family of optimizers whose prop-
erties depend on the underlying geometry. This insight has led to several Muon-inspired methods
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Algorithm 2 Deterministic EF21-Muon

Input: radii tf > 0/ stepsizes ’yf; initial iterate X9 = [X? e ,XS] € S (stored on the server);
initial iterate shift W0 = X?O (stored on the server and the workers); initial gradient esti-
mators Gg-) = [G(l),j7 cee vaj] = [V1£;(X9),..., V,f;(X?)] € S (stored on the workers),

GO = % Z?Zl Gg (stored on the server); worker compressors CF; server compressors C*
fork=0,1,..., K — 1do
fori=1,2,... ,pdo

Xl-k'Irl = LMOB(Xf,tf) (Gf) = Xk~ ’yf“(Gf)ﬁ // Take LMO-type step
Sk :Cf"'(X,-kH — Wk // Compress shifted model on the server
H*’/"H = Wk + SF // Update model shift
Broadcast S¥ = [SF, ..., 5k] to all workers

end

for j =1,...,nin parallel do
fori=1,2,... ,pdo

WH =Wk 4 sk // Update model shift
]?/AIH = C,f‘_’j(v,;,)‘j(l'i”'kﬂ) — Gf‘J) // Compress shifted gradient
k+1 _ ok k+1
G =G+ R
end
Broadcast Ré‘f“ = [Rlﬁl ..... R;ﬁl} to the server

end
fori=1,...,pdo

GhHl = %Z?:l Gf;‘l =Gh+1 > =1 Rfjl // Compute gradient estimator
end

end

with provable convergence guarantees [33, 53, 61]. Scion [53] removes the restriction to matrix-
shaped layers by applying LMO-based updates to all layers, pairing the spectral norm for hidden
layers with the ||-||,_,,, norm elsewhere. Gluon [61] expands the view even further: it provides a
general convergence analysis for LMO updates over arbitrary norm balls, supported by a layer-wise
(L°, L')-—smoothness assumption that captures the heterogeneity of deep learning loss landscapes
more accurately than standard smoothness.

C.2. Layer-wise EF21-Muon

The simplified EF21-Muon algorithm in Algorithm 1, analyzed in Section 4 omits the structured,
layer-wise treatment introduced above. richer setting is presented in Algorithm 3. Moreover, in
Algorithm 2, we formalize the deterministic counterpart of EF21-Muon, whose simplified variant
we analyzed in Section 4.

Both Algorithms 2 and 3 operate on a per-layer basis. We now briefly describe their struc-
ture. For each layer ¢, the parameters are updated via Xf“ = LMOB( XF i) (Gf) (equivalently,

XM = XF Ak (Gf)ﬂ, where 7* = t*/|G* || —see Section D). Next, the algorithms perform the
server-to-workers (s2w) compression, following a technique inspired by EF21-P [17]. The resulting
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Algorithm 3 EF21-Muon

Input: radii tf > 0 / stepsizes ’yf; momentum parameters 3; € (0,1]; initial iterate X° =
(X9 ..., X 0] € S (stored on the server); initial iterate shift W9 = X© (stored on the server
and the wmkers) initial gradient estimators GO [GY o GO ] € & (stored on the work-

ers); GO = 1 w1 GO (stored on the server); 1mt1a1 momentum M0 [Mloj, . ,MSJ]

S (stored on the wor kers), worker compressors Czkj, SErver cCompressors Cl
fork=0,1,..., K—1do

fori=1,2,...,pdo
Xf"'l LMOB(X;c ) (GF) = XF — +F(GF)? // Take LMO-type step
Sk = ck(xF —wk) // Compress shifted model on the server
vadr] = H”]" 9"" // Update model shift
Broadcast S’” [b’f', o S"} to all workers
end
for j =1,...,nin parallel do
fori=1,2,...,pdo
I/VkJrl Wk—}—Sk // Update model shift
MZ]ZH =(1-p;)M, + BiV; f](WkH,ka) // Compute momentum
]?[Lj+1 = C,f‘_j(ﬂ[!‘_/.“ Gf‘J) // Compress shifted gradient
k+1 _ o~k pktl
G =G+ R
end
Broadcast Ré‘f“ = [R’f?l e R;T} to the server
end
fori=1,2,...,pdo
Gk+1 1 ZJ 1 Gf}'l =G+ % Z?:l Rfjl // Compute gradient estimator
end

end

compressed messages SF = CF(X f’“ — W) are sent to the workers. Each worker then updates
the model shift and uses the resulting model estimate Wf“ to compute the local (stochastic) gradi-
ent. This gradient is then used (either directly or within a momentum term) to form the compressed
message ]?f‘ /’ !, This part of the algorithm follows the workers-to-server (w2s) compression strategy
of EF21 [63]. The messages ]?fjl are sent back to the server, which updates the layer-wise gradi-
ent estimators via Gf“ = % Z?:1 ijl = GF + % 22:1 Rﬁjl. This process is repeated until
convergence.
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Appendix D. LMO in Many Guises

As outlined in Section 2, the update rule (2)
AX'IH_1 = Xk —+ tkLMOB(O,l) (Gk>

admits several equivalent reformulations.

LMO viewpoint. The original update (2) is the solution of a simple linear minimization problem
over a norm ball

XF = LMOg(xe ) (GF) = Jemin (Gk,x),

where B(X,t) :={Z €S : ||Z — X|| < t}. The LMO satisfies

Sharp operator viewpoint. An equivalent perspective is obtained via the sharp operators [28,
46]. Define the function ¢(X) := 3 || X ||%. Its Fenchel conjugate is given by

N 1
¢*(G) = sup {(G, X) — ¢(X)} = 5 |I X[,
Xes
and its subdifferential 0¢* coincides with the sharp operator:
99"(G) = {X eS§:(GX) =Gl X, 1G], = 1XI}
= — Gl LMOg(,1) (G)
= GF,

where G* := arg maxy s {(G, X) — 3 | X ||?} is the sharp operator. Therefore,

Xk = XF 4 " LMOp(q 1) (Gk) =Xk ”é;* (Gk>u’

i.e., a normalized steepest descent step with effective stepsize v* := t*/ G|l
Two properties of the sharp operator used later are

ey el =]

Subdifferential viewpoint. The negative LMO direction —LMOp g 1) (A) = arg max; ;-1 (4, Z)
is a subdifferential of the dual norm 9 ||-||, (A), so (2) can also be written as

XM = XE 4 MO g (GF) = X — o H
for some H* € 9|-||, (GF), where by the definition of subdifferential, for any G* # 0,

(6% = e

ol
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Appendix E. Non-Euclidean Contractive Compressors

Recall from Theorem 1 that a mapping C : S — S is called a contractive compression operator
with parameter o € (0, 1] if, forall X € S,

E[lle(xX) - XI°] < (1 - a) X7, ®)

When ||-|| is the Euclidean norm, a wide range of such compressors is available in the literature
[2,5,19, 63, 66, 73]. However, when ||-|| is a non-Euclidean norm, Euclidean contractivity does not
in general imply contractivity with respect to ||-||. Indeed, suppose that C is contractive with respect
to the Euclidean norm. Then, using norm equivalence, for any X € S,

PE|le(X) - XI?] < E [Ic(x) - XI3] < (1 - a) | X[3 < 721 - ) I X]*.
Rearranging gives

=2
E [le(x) - xIP| < 50 - a) I1XI7,

and hence C is not contractive with respect to the norm |[|-|| unless o > 1 — £*/52. Consequently,
dedicated compressors are needed when working outside the Euclidean setting.

In this section, we first present two simple examples of operators that satisfy condition (8) for
any norm. These are, however, in general not very practical choices. We then turn to more useful
examples of non-Euclidean compressors for several matrix norms of interest.

A simple deterministic example of a contractive compressor is the scaling or damping operator.

Definition 8 (Deterministic Damping) For any X € S, the deterministic damping operator with
parameter y € (0,2) is defined as

C(X)=~X.
For this operator,
E|lle(x) - XIP| = (1= 121X,

and thus C satisfies Theorem 1 with a = 1 — (1 — )2 for any y € (0, 2).

Despite meeting the definition, the deterministic damping operator is of little use in communication-
constrained optimization: it merely scales the entire input vector by a constant, without reducing
the amount of data to be transmitted. The fact that it formally satisfies the contractive compressor
definition is more of a theoretical curiosity. It highlights that the definition captures a broader math-
ematical property that does not always align with the practical engineering goal of reducing data
transmission.

The random dropout operator (whose scaled, unbiased variant appears in the literature as the
Bernoulli compressor [21]) is a simple yet more practically relevant example of a contractive com-
pressor that can reduce communication cost.
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Definition 9 (Random Dropout) For any X € S, the random dropout operator with a probability
parameter p € (0, 1] is defined as

C(X) = X with probability p,
0  with probability 1 — p.
Then
E[le(x) - x| = (1 =p) |17,

and hence C € B(p).

The examples of deterministic damping and random dropout apply to any valid norm defined on
the space S. However, one can also design compressors directly for the norm of interest. A natural
example for both the spectral norm ||-||,_,, and the nuclear norm ||-||, is based on truncated SVD.

Definition 10 (Top SVD compressor) Let X = UXV T € R™*" be a matrix of rank r, where
= diag(o1,...,0,) contains the singular values o4 > -+ > o, > 0. For K < r, the TopK
SVD compressor is defined by

C(X):=UsgV',

where where Y = diag(o1,...,0k,0,...,0) retains the K largest singular values, setting the
rest to zero.

The TopK SVD compressor can be used in conjunction with several commonly used matrix
norms:

* Spectral norm. The spectral norm, frequently used in LMO-based optimization methods, is
defined by ||.X||,_,5 = o1. Under this norm, the compression residual is

HX - C(X)||2—>2 = 0K+1-

This yields a valid contractive compressor (unless a% 1= 0?), and Theorem 1 is satisfied
with parameter o = 1 — 0%1/02.

* Nuclear norm. The nuclear norm, dual to the spectral norm, is given by || X ||, = >\, 0.
In this case,

X -cx)l= Y o

i=K+1

, N2
and Theorem 1 holds with v = 1 — (M) )
2im1 0

2

* Frobenius norm. The Euclidean norm of the matrix can be expressed as || X ||, = 1/>_;_; 07

Then,

IX =C(X)lp =

r 2
and so Theorem 1 is satisfied with o = 1 — E:rKii;’

i=1"1
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In fact, the Top/K' SVD compressor is naturally well-suited for a larger family of Schatten p-
norm, defined in terms of the singular values o; of a matrix X by

IXls, = (Zk)wp

Important special cases include the nuclear norm (or trace norm) for p = 1 (i.e., | X|[, = [ X|[g,),
the Frobenius norm for p = 2 (i.e., || X||p = [|X||g,), and the spectral norm for p = oo (i.e.,
1 X1lo—2 = | X5 )- In general, it is easy to show that the Top X' SVD compressor satisfies Theo-
rem 1 with respect to the [|-||g norm with

<Zz K+19; >2/p
oa=1—-|——5— 7 .
> ie10;

Remark 11 For large-scale matrices, computing the exact SVD may be computationally prohibitive.
In such cases, one may resort to approximate methods to obtain a stochastic compressor C satisfying
Theorem I in expectation:

B ||eco - x[ ] < a-ava 1x2,

where § > 0 quantifies the approximation error and can be made arbitrarily small.

Remark 12 The expressions for ac above depend on the singular values of X, and hence o is gener-
ally matrix-dependent rather than a uniform constant. For theoretical guarantees, one may take the
minimum « observed over a training run. Alternatively, our framework admits a straightforward
extension to iteration-dependent compression parameters.

Beyond Schatten norms, similar ideas can be applied to other structured non-Euclidean norms.
Throughout, we let X;., X.;, and X;; denote the ith row, jth column, and (4, j)th entry of the matrix
X € R™*" respectively.

Definition 13 (Column-wise Top, X compressor) The column-wise Top, K compressor keeps the
K columns with largest £,, norm, setting the rest to zero:

X, j€lg,
C(X) =49 T =K
0, otherwise,
where Ly indexes the K columns with the largest £, norm.

This operator is naturally suited for the mixed /¢, ; norms (p, ¢ > 1), defined as

1/q n 1/q

n m q/p
x|, — Z(Z%I”) (o]
=1

j=1 \i=1
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where ||-||,, is the standard (vector) £, norm. The compression residual satisfies

1/q
IX —C(X)l,, = | D 150 :
J¢Tx

and hence Theorem 1 holds with

2/
(S XN
S I

This general formulation recovers, for example, the £5 1 norm (commonly used in robust data anal-
ysis [48]) and the ¢ 2 norm (Frobenius norm).

E.1. Compression via Norm Selection

A useful perspective on communication reduction in distributed optimization emerges from the
connection between compression operators and mappings such as the sharp operator and the LMO.
Recall that for any norm ||-|| on a vector space S with dual norm ||-||,, the sharp operator of G € S
is defined as

1
Gt = argmax{(G, X)— = ||X||2} .
Xes 2

Since [|G||, LMOg(o,1) (G) = —G*, one can view G* as the LMO over the unit ball of ||-||, scaled
by [|G]l,.-
For many norms, G* naturally acts as a structured compressor. Below, we list several such

examples.

T

* Nuclear norm. For the nuclear norm | X ||, = >7_;

tor/spectral norm), the sharp operator is

o (with dual norm ||-||,_,,, the opera-

G‘i =01 ulvlT,

where o1, u1, and vy are the leading singular value and singular vectors of (7, yielding a Rank1
compression via truncated SVD. This operator satisfies Theorem 1 with parameter v = 1/r,
where 7 is the rank of G.

* Element-wise ¢, norm. For the norm || X |, = 37", 7, |X;| (with dual [|X||,, =
max; ; | X;;|), the sharp operator is

G = Top1(G) = |G, Eieye)
where (i*,j*) = argmax; ; |Gj;| and E;;+ is the matrix with a 1 in entry (¢*, j*) and

zeros elsewhere. Thus, the sharp operator associated with the ¢; norm corresponds to Top1
sparsification, which satisfies Theorem 1 with o = 1/mn.
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* Max row sum norm. For || X ||, = maxi<i<m ) _j—; |Xij
Z;‘:l || X ..~ and the sharp operator yields

, the dual norm is || X ||, ., =

G' = | Y 11Xl | [sign(Topl(Gar)),. .., Topl(Gy))]
j=1

i.e., it keeps a single non-zero entry in each column of (=, with all of these entries equal across
columns.

These are only some examples of the compression capabilities of sharp operators. They open the
door to compressed server-to-worker communication even in the absence of primal compression, as
briefly mentioned in Section 4. Indeed, instead of broadcasting the compressed messages 5" in
Algorithms 1 to 3, the server can compute G*, transmit this naturally compressed object, and let
the workers perform the model update locally. In doing so, we preserve communication efficiency
while avoiding the introduction of additional primal compressors.
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Appendix F. Convergence Analysis
F.1. Descent Lemmas

We provide two descent lemmas corresponding to the two smoothness regimes. The first applies to
the layer-wise smooth setting.

Lemma 14 (Descent Lemma I) Let Assumption 6 hold and consider the update rule Xf“ =

XE— B (GO i = 1, p, where XL = [XFHL L XM xR — [xE L XK GE =
[Glf,...,Gl;] € S and ¥ > 0. Then
4 k p k
3~/ 2 ; 2
I RN S SR IEDIE § Al
2
— —_— ky2 | gk
Z( ) b et
Proof First, for any s > 0, we have
2
[vres|, |vreet — 6t et
)% )%
@7 2 1 2
< (149 HVf(Xk)—Gk 4 <1+> HGk o
(1) S (3)x
meaning that
2 1 + s 2 1 2
_ k < k _ k
HG - va @ 1+1 va(X ) (i)
2
va -G (@x s+1 ‘Vf( ) (§)* ©)
Then, using layer-wise smoothness of f and Theorem 41 with Li1 =0, we get
k+1 k ky yhktl k L) k1|
< — —= - X
M < f(X)+<Vf(X )X X>+;2 Fexm
P J (%)
2 f
= f(X’“)—Z'Yf<V¢f( b -al (¢ ) > Zv< (a¥) >(A)
=1 %
P 0 2
Li | ky2 K\
+ Z 7(%‘ ) (Gz) .
=1 ()%
Pk
(32),(33) i

p
FXF)=>"AF <v’f(Xk) Gy, (Gf>ﬁ>(-) -2 2
p L?
(1 +; 2

i=1

p
g
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2
(z)*

< e i%’“ <Vif ot (o)) -

R

Therefore, applying Fenchel’s inequality, we get

f(Xk‘-‘rl)
EQNGO +Z(% Vit - et (Z)*+%-’2“r (GQC)ﬁHZ)_g ot ?’)*
lsHVif(X’f)—Gf e 2 S+1 H 0 +L?(%k)2HG§ 2A )

Pk
SCOEDY (;
i=1
P — 0
- (G - ) b et
i=1

for any r > 0. Choosing s = 1 and r = 1/2 finishes the proof. |

)HVfX’“ Gk

v
; Zs-i—l” H

2
(0%

The next lemma is specific to the layer-wise smooth case.

Lemma 15 (Descent Lemma II) Let Assumption 8 hold and consider the update rule X f“ =
LMOgx# 4 (GF), i = 1,...,p, where X'+ = (X XEH) xR = Xk xR G =
[GY,...,GE] € Sandtf > 0. Then

FXY < (XM +Z2tk F(XFY — Ztk ) o
*
P L0+L1 VfX’f
+Z H H z)*(tf)Q.
Proof Assumption 8 and Theorem 41 give
f(XkJrl)
P LY+ LH|V.f(XP),.
< FXR) 4 (Vx), xR xR 3 H 2f O XE X f,)
P ) P LY+ LV, .
=1 =1 (2
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— it +Z(<Vf (X*) - Gf,Xf+1_Xf><i>+<G§’XfH_Xf><i>>

19+ L[V CEY)

()
i=1
(€3] k k k yk+1 k k
= X —+ V; X G»,X» —Xi _ti i
Z<< if( v >(i) (i)*>
P LY+ L} VfX’f
5 V5D e
LY+ L[V f (XM,
< f(X’“>+Z<té’ XN =G| -t L+ | 5 ( )H“)*(t%?),
=1

where the last line follows from the Cauchy-Schwarz inequality and the fact that HX Zk X Zk "
(2

tf. Therefore, using triangle inequality, we get

f(Xk+1)
p
< g+ 3 (dwseey - ct| it fvsee -t i [ )
=1
2L+ L [[Var (x|
> SR U
=1
p
= f(xM+ Z<2tk J(XF) - GF —tf f(XF) (,)>
i—1 7)%

F.2. Auxiliary Lemmas

Lemma 16 The iterates of Algorithm 2 and 3 run with C¥ € B(ap) satisfy

ol =0 e e o]

Proof Let E [-] denote the expectation over the randomness introduced by the compressors. Then

(7‘)
:|
(i)

= B[t chonke -l - x

E [HXZ.’““ — Wt

(z)] * azp(% VB [HG?

[HXkH Wk+1

7
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(@)

(@)

(1) 2

< (—ap)||xF-w Y

(27) 2

< (1—ap) (1+%’°) fo—wf +(1—ap) <1+ )H){’f+1 xH||”

(29),(30)
z (1

2
-5 fxt -,

92 2
2 et
ap (@)

It remains to take full expectation and use the fact that

Xk _ xk
H v o)

g 33
o] @t

ore

F.2.1. SMOOTH CASE

Lemma 17 Let Assumptions 7 and 10 hold. Then, the iterates of Algorithm 3 run with C{fj €
By (ap) satisfy

ol et ] < (- p)e o on ]+ SEe o - winoenf]
652 0 k2 k
g PPl E[Hai |
aﬁfp (L07] V2R [HXfﬂ _WikHHi)] +(1—ap)io?.

Proof Using the definition of contractive compressors and the algorithm’s momentum update rule,
we get

9 2
Ec [HM’“.H _ G’?JrlH } — Ec [HMﬁjl — Gf; - cl(ME - GZZ)M
< (1—06D)HM5F1_GI?‘

2

where E¢ [-] denotes the expectation over the randomness introduced by the compressors. Then,
letting E¢ [-] be the expectation over the stochasticity of the gradients, we have

|:HM]€+1 GkHH]
E [EC [HMi’fjl k+1H H
- -t ]

— (1-aplE [Es [H(l — B)ME; + BV fi (W bty - gE)

I

IN

IN

37



ERROR FEEDBACK FOR MUON AND FRIENDS

W 1 —ap) M )MF; + BiVi f;( W) = G \j
+(1 — ap)B’E [HVifj(WkH:ffH) - vifj(WkH)Hz]
< -ap) (142 B | farts - c ]

+(1—ap) <1+2> B2E [HM — Vi f(WhH H ] (1 - ap)f2a?,
ap

where in the last line we used Assumption 10. Then, Assumption 7 gives
E [HMW Gm” ]
17‘7
(29),(30) o 2 9 2
< (1-P)E [HM’“ Gl ] + o BB [HMgfj = vifj(W’f“)Hz] (1 — ap)flo?
(27) 2 6 2
< (e[| an ] e s -]

+6—iE |:Hvifj(Xk) - Vz’fj(XkH)H }

6/3,2E [HV £ g (W H ] (1 - ap)Blo?

] o [t - v [

(- 2)e ot
]

+ 2P 6/8 (LO 2E |:Hsz _ X@'k+1
2
Gﬁ (LO 2 [HXZ&H _ Wik+1H ] (1— ap)f2o?.
aDp (@)

IN

app?

Noting that HXz‘kH - Xi’C "

(Gf)ji H(‘) @9 yE HG?H(Z.)* finishes the proof. |

Lemma 18 Let Assumptions 6, 7 and 10 hold. Then, the iterates of Algorithm 3 satisfy

o
(3)*

o]
< <1@>E[Hvifj(x’f) M,

52 <1 N > (L0,)?R {HX{%H _ kL
Bl /B’L A %

| ] +W(LO 12(4F)2ER [HGf

]Jr 2,2
(i) L

and

el
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< (“)HVka) M|, Bip?

LB <1+B > (L0)? [HX’““ ke

2 ety o]

2 2
:|+H7
(4) n

Proof Using the momentum update rule and letting [E¢ [-] be the expectation over the stochasticity
of the gradients, we get

N

E._ 1 n k
where M := - Zj:1 Mz,]

E¢ [Hvifj(XkH) - Mzklej
_ E [Hvz‘fj(XkH) (1 — B))MF. — B;V; f](Wk+1 §k+1 H ]

ot s

+BZ2E§ [Hvifj(Wkﬁ-l’Eerl) — Vifj(Wk—i-l)Hz]

N

+67 (1 ﬂz) Be [HV FOC) = Tafy (WA }

< (1-8)? <1 + Bi) Ee [Hvifj(Xk“) - M

Py ——

(29) 2
2 0 m||va e - a

157 (14 2) [mants) - w1

Q ’L )

where in the last line we used Assumption 5. Then, Assumption 7 gives

=[lsctes -]

_- E [E€ [”Vifj(XHl) - MzklezH

< a-s) <1+ Bi) - [Hvifﬂxk) ~ M z]
(1_&)( 6) [Hv F(XH) = Vifi(xY) H]

#5145 ) B[ = v o] + gt

(29)230) <1 - ﬁ;) g [Hvz’fj(Xk) My

Sy |k - xt

(1)]

:| sz
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ij (1 + 3 ) (L7;)’E [HX!““ - W@-’““Hij + Bio}.

To prove the second part of the statement, define V; f(X, &%) = 1 3% | V, f;(X, ék) Then
MFY = (1 — i) MF + B,V f (WFHL ek+1) 5o following similar steps as above we get

B |[varoete) - s
_ B [Eg -Hvz’f<Xk+1) —(1- Bz)Mzk — ,Bivif(Wk+1,§k+l)“z:|:|

w g [Hw(ﬂ“) — (1 - B)ME — BVif W’“”Hj

8 B [Hviﬂwkﬂ,&’“*l) - Vz‘f<W’““>HzH

@7

< (1—@)2( 5") U\V-f (XFH1) —M’“m
+52 <1+ 5) [HV £( Xk“) Vif( Wk:+1 H ]

+B-2E []Eg [va Wk+1 5k;+1) —VLf( Wk+1 HQH

29) (1— BE [HV £ Xk"'l MkH }

22
L Bioi

n

+62 <1+5> U‘Vf (X5 = Wi ]
< a-s (145 B ||y -t

#-) (143 ) B |[vasee) - v

182 <1+62> [va (XFH) = v, F(WRH) H ] 527;71'2
2 (o2t -y -]

n

+i22 (1 + @) (L?) [HX;CH - WikHH(i)] + fio 2.

. (33)
It remains to use the fact that HXZ-]“Jrl — XfH(i) = 'yf H (Gf)ﬁH(i) = 'yf HGfH(i)*. |
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F.2.2. GENERALIZED SMOOTH CASE

Lemma 19 Ler Assumption 9 hold. Then, the iterates of Algorithm 2 run with Cf = 7 (the identity
compressor) and ij € B, (ap) satisfy

e [ [t -ty

Xk+1 Gk:|
(i)% ’

< Vi—ap||vis(xh) - Gh|  +vi—ap <L?,j + I || vars (04| W) th.

Proof The algorithm’s update rule and Jensen’s inequality give

S

G’“}
()% ’

2
_ E [\/Hvifj(xkﬂ) — GE - CF(Vify (XM — k) o

Xk-i—l Gk:|

< \/E[Hvifj(xkﬂ) Gl — CEy(Vifj(Xk+) = GE)) ?) }

< VI—ap||[Vifi(X") -G, -~

< VT=ap ||[Vafy (X9 =G| |+ VT=ap ||Vifs (X = V(x|
< VI-ap||Vifi(xf) -Gl |

++v1—ap (L?’j + Lll,j Hszj(Xk)

e
(i) 11 '

@

=tk [

7

where HX!ngl - XF

(@)

Lemma 20 Let Assumptions 9 and 10 hold. Then, the iterates of Algorithm 3 run with Cf =17 (the
identity compressor) and C € Bo(ap) satisfy

H’Mkﬂ Gk+1H ‘Xk+1 ME, GE, }
< \/WH ij_vifj(Xk)Hz
+\/T.ZD& (L?,j + Lll,j “Vifj(Xk)"(i)*> tf + V1= appio;.

1—app;

Proof Using the definition of contractive compressors and triangle inequality, we get

k+1 k+1 k+1 k
[HM - Gi| |t e
2
k+1 k k+1 k k+1 k
[\/HM by — G (M _Gz’,j)HQ‘Mz‘,j Gij
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s (Rl o)
< ij g
D k1
i),
= vl—aDH (1= B)MF; + BiVif;(XFH 41 — GF ‘2-
Hence,
[HMk—i—1 Gk+1” ‘Xk-i-l MZkJ,Gk}
_ B Gl k1 vk k1 ark o vk
e[ oty b et
< vl—OéDE[H(l— i) i7j+6ivifj(Xk+17§;?+l)_Gk ‘Xkﬂ Mzkak}
< VIapk [0 - Mty + BV Gt | Xt el ]
VT apBiE | [Vafy (X415 - Wafy (x| | x40, 6|
(10)
< Vi—ap||ME -G L+ VI—app; Mi’fj—vifj(XkJrl)H2+m5mi
< VI—ap| M- GY 2+\/1—aDB¢ Mz’fj—vifj(Xk)HQ
+VI=apB ||Vl (X5) = Vify X5+ VT = apfio;
©
< Vi—oap|M}; -G, 2+v1—OéD5i Mz"fj—vifj(Xk)Hz
1— i
+@ (ng + L} "Vifj(Xk)“() > Hsz —Xf“H( Jt V1—appioi.
L; ’ ’ i) i
Using the fact that HXZ“ — XM H = t¥ finishes the proof. n

Lemma 21 Let Assumptions 8, 9 and 10 hold. Then, the iterates of Algorithm 3 run with Cf =7
(the identity compressor) satisfy

B [k - Tusx ] <1 - 8 E 82 - s x) + B2
1 . I l 3;
i ;EZLMZ(I SO [Hvifj(X )H(i)*] +ai\/:
Ej=1 =0

and

a0 el s 0=

Py

T "ijiL},jE [Hvifj(X’f)H o]
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k._ 1N k
where M” := = > 70 M},

Proof The proof uses techniques similar to those in Cutkosky and Mehta [10, Theorem 1]. First,
using the momentum update rule, we can write

MY = (1= B)ME; + BV f(XFH )
= (1= ) (M = Vil (X)) + (1= 8) (Vafi(XF) = Vify(X5H))
8, (Vafy (X680 = Wi f (X)) 4 Vi (xXHH),
and hence
Uri = (L= B)UL ; + (1= U5, 5 + BiU3T)

where we define UY,; ; := M}, — Vif;(X¥), US,;  := Vif;(X*) = Vif;(X**1) and UY, ; :=
Vi fi( Xk, 5;“) — V,£;(X*). Unrolling the recursion gives

k
U{C—z‘rjl - ( Bl)k+1U11] +Z k+1 ZUQ'L] +Bl Z(l _Bi)k lUé—iz_lj
1=0
Hence, using the triangle inequality,
1 n
E |- Ui
Jj=1 9
1< i 1
< (1-8)F'E - Z U?,i,j +E Z i) Z Ué,z’,j
=1 ) =0 i )
r 1
+BE [ (1 - )kt ZU‘g;}j : (10)
=0 j 1 2

Let us now bound the last two terms of the inequality above. First, triangle inequality and Assump-
tion 9 give

zk: i) E ZUﬁ,m‘

=0 jl 2

(1 B,)F1-R [HUQ,ZJ

.

SMHB
M =

j=11=0
= I35 et - st

j=11=0
9 “ii B.)M-ZEKLQ.M.I,HV.f.(Xz)H )szxm ]
T opnEe ' W Al ) 1 )
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_ il - i k‘—l—l lLO t 1 ZL i )k+1 l]E HV f )

- Ly ’ (@)
th LY tf 1 _

< pznzg Z — B [HvimX’) mj,

=0 j=1 9
k n 2 k
1 (10)
< (|- men v || Su s Ly e ]
1=0 j 1=0
k
(10) 1 o; o;
< (1 -8 )Q(k—l) (1 _ ,)2[ < i < v
; ' : PV e =) = Vb
Substituting this in (10) yields
1 « 1o t; LY
E ||~ U < (=B E|||S D Ul | + BZ ‘
j=1 9 j=1 9 iP;

Yfln1k_,k+1l[,,z ]
+pin;Li’le;(1 fi) E Hv’fj(X)H(i)* ﬁ’m

To prove the second inequality, recall that Uf:rjl =(1- @)Uﬁ (1 - Bi)U¥, i 16U, §+1 Hence,
taking norms, averaging, and using the triangle inequality,
1
L= 3 oE v

7ZE[H vi]]] < (1—ﬁi>iiE[HUﬁJ
ZEWﬁN] (4

where the last two terms can be bounded as

Selletl) - el - v

n

11
¢ | (st et
57 =1

e -
(@x) 0

N
- S]]
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and
S SE] | EEFH N SEt| LATE SRS A TSl

It remains to substitute this in (11) to obtain

*ZE e

H < (1—5@);§:E[HU{%J 2]+t§<1—5i)ig

]:1 )

" &igL,{jE [HVZ-MX’“)H W] + B

P

)

Lemma 22 Let Assumptions 1 and 8 hold. Then

p Vi (X7,
Z ( IVif (Xl < FX) - f

19+ L} Vif(X )H@*)

forany X =[X;,...,X,] €S.

Vi F (s
Proof LetY = [V7,...,Y,] € S,whereY; = Xi_LOJLl\{éif)(H)gH(.>

Then, Theorem 41 and the definition of subdifferential give

P L)+ L} Vf e
FY) < FX)+ (VX Z IVif Ol 1 — Yill%
p P L +L1 Vf( ) 1)%
_ +Z; X+ 3 Vil e, ~ 2,
P V()]
— Vif(X), H;)
0 -3 w0
+i L°+L1HVf( Wi  IViF X VL
2 1
= (20 + LIV (Ol

0 & IVif O, IVif )13,
= )+ +
; LI LHVI e 2 (04 LIV (D)l )

P IV
= 0=

T2 (L0 + LIV (X >H<i>*) |
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and hence

LIV,
< FX) = FV) < 00 - £
;2(L0+L1 175 (X >||<Z->*)

as needed. [ |

Lemma 23 Let Assumptions 1 and 8 hold. Then, for any z; > 0, i € [p], we have

p ) D . 2L0
Dz [Vif (X)), < 4max(@iL}) (f(X) = %) + =l T
— i€[p] maxey] (x:L;)

forall X € S.

Proof We follow an approach similar to that in Khirirat et al. [29, Lemma 2]. Applying Theorem 22

and Theorem 39 with y; = ||V f (X)), 21 = LY + L} [Vif(X)ll(;), and any positive z;, we
have

) P VO,
2001 2 2 I e Sl

2
§ (S0 2 IV f (X))
B fl 12L0+Zz 1 'LLl HV f( )”(z)*

( lexiuvif(X)H(i)*f

v

L) + maxie[p}(xiL}) i1 Ti Hvif(X)”(i)*

(Zr, @il Vi)’ o ¥ a2L0
> 3 S Ly - if maXi;[;] (ziL}) 2 2 7 [Vif (X )H(i)*
- b1 2l Vi f (O Gy

otherwise.
2max;epp (ziL])

Therefore,

p D 2L0
Y 2| Vif (X)), < max {4max(sz1) (F(X) = 1), 1}
=1

iel) maxie(p)(7i L)
1 P . 2L0
< 4 iLi) (f(X) = f7) + ——=——=.
< am(a]) (00 - 1)+ L EE

Lemma 24 Let Assumptions 1, 2 and 9 hold. Then, for any x; > 0, i € [p|, we have

chzllvfj Mipe < 4%%3]((@ i) (f(X) - f)+4rr€1%;]<(wz D=

P 270
i:lxiLi,j

forall X € S.
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Proof The proof is similar to that of Theorem 23. Applying Theorem 22 and Theorem 39 with
i = [IVifi(X) s 2 =LY + L} i IVifj(X)| ;). and any positive z;, we have

r IV 5 (X1,
2([i(X)=17) =2
(f3 7) ; LY+ L IVifi (X)) oy

» 2
( i Va0 )
- 2LO +300 1372L1,] Vifi(X )”(i)*

2
) (S 1950l )
= i 2L0 + max;e ) (xiL,}’j) i i [IVifi(X) H(i)*

2
PV (lg.) S e
( D e Lo w2 2t % IViL (Xl

= :
a:7HV fJ(X)”( I

2maxz€ (xl }])

otherwise.

Therefore,

p 1$2L0
Z:Ez ||v fj ” (3)x < max {4max(xz ) (f]( ) f]) 4,J }

i€(p) max;c ) (ziL; ;)
P 270

L;
amax(a L) (f(X) - ff) + —== 000

i€[p] maX;e|p] WL%J)
= 4 i * 4 ZLl > * *
Hé?p)]((fﬁ 2 (X)) =)+ I}éﬁ((@" ij) (f fJ)

p ZLO

IN

maxey] (:BZL%,]-) '

F.3. Deterministic Setting
F.3.1. LAYER-WISE SMOOTH REGIME

Theorem 25 Let Assumptions 1, 6 and 7 hold. Let { X k}ff:_ol, K > 1, be the iterates of Algorithm 2
run with C¥ € B(ap), Czlfj € B,(ap), and

1
0<HF=m< —,  i=1,...p.
4 66
2L?+@\/@Lg
Then
K-1 p 0
1 Yi [ b 1 40
% E|[virx®)| . | <= ,
Lt ; %Zf:l n x K%Zle ol
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where

v f*+Z6% ZHV HX") -

66; ~ 2
+Z 2 < - 1) (£9)2 HXf Wk

=1 ap ap ()

2
‘(i)*

Remark 26 Theorem 3 follows as a corollary of the more general result above by setting p = 1
and initializing with X° = W° and GO V£i(X0) forall j € [n].

Remark 27 In the Euclidean case and when p = 1, our convergence guarantees recover several ex-
isting results. When primal compression is disabled (i.e., ap = 1), they match the rate of Richtdrik
et al. [63, Theorem 1], up to constant factors. With primal compression, the rate coincides with
that of EF21-BC in Fatkhullin et al. [12, Theorem 21]. Additionally, our results match those of Byz-
EF21-BC (a bidirectionally compressed method with error feedback for Byzantine-robust learning)
from Rammal et al. [59, Theorem 3.1], in the absence of Byzantine workers.

Proof [Proof of Theorem 25] Let A;, B; > 0 be some constants to be determined later, and define

2 p
k
— Gk, Bi
ey ’@* + ;:1

2
k
— W

(1)

P n
S C ORI Yy ol [ AHE D
i=1 j=1

Step I: Bounding E |:Hvl'fj(Xk+1) — Gkl

Z7J

2
o ] . The algorithm’s update rule gives
1)%

2
| [vusoee - e

2
= E [Hvifj(xkﬂ) — Gy = CE(Vafs(WH) = GE)

k+1 k+1 k
XL W ,GM]

(0)%

k+1 k
W ,Gm}

T () s || - aly ety o XU
R g M e

< (1 + O%D) (1—ap)E [HVz’fj(WkJrl) Gi; ()* Xk+1=WkH=Gf,j]
N (1 N Oi) E -Hvifj(Xk—H) B Vifj(Wk—i-l) .. Xk+17Wk+1’Gﬁj:

@ (1_ 7) Hv £V G )Z)*Jr <1+azD> ‘V £ v )| (i)e

< (1-%2) (1+22) ||vassx) - a,

(i)%

+(=5) (o ) et s,
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+ <1 - j) Hvifj(Xk“) = Vifs(WH) ?z‘)*
ey i,

+O+)Hw&u“U—Wﬁmmﬁ2
ap

(0%

+ o Vb v

Therefore, using smoothness,
2
<A@
(7)

2 (-2 e

2
+ (1 + a) (LY;)? HXf“ —wrf

k+1 k
W ,Gm}

+—L0 2|t - x*|’
*

(%)

(i
27) 2 8
< - = k k. © (70, k+1 k
< (1 )Hv (X% = G o oo HX -xH,
F o b —wE (1 " 2) (02 |xi - wien |
ap " (0 ap) " (0

2 8
S(F‘QWLW>@* +—(LY;)*%
ap

(‘)

Gy
+7 LO HXk+1 Wk+1

(@)

Taking expectation, we obtain the recursion

(D) ]

< (1-2)s oot
11

OCD

E |:Hvifj(Xk+1) Gk+1

2
S e ek

()% ap

2

(i)*]
. 12

o @

2
Step IT: Bounding [HXf“ - Wf“H(J. By Theorem 16
]

0 2 k+1 k+1
= (LY)) E[Hxﬁ — Wk

2

B [xin - wka [l < (1= )|t |+ oz |fe] | o
(%) (@)

Step III: Bounding ¥*+'. By Theorem 14 and Jensen’s inequality

\I/kJrl

p n
1
— Xk’-i-l L A= Hvl ,Xk:-‘rl Gk+1 + B; Wk-l—l
CUEE O WD N L EAC RS I Zj ;

IN

2 P ..
) ky _ vk _ Vi
vt -t -3

Vif(X*) )

(D)%

p
* 3%
f(Xk)—f +;2
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(- 5) e,

p

+ZA isz (XY - Gk+1” | +ZB HXk+1 WHIH@)

< Ry — #* —4—;2”;“Vz‘fj (x*) —Gf,jH(i) x H if (X H()
P 0
; <41%L21> ’YEHGf ?i)*

P

1 k k k
+2AnZHVf et +ZBHX e

Taking expectation and using (12) gives
E [\Ilkﬂ}
<slro - r] e gy [vae et ] - e el
—i<.—§%mWw.bzmizo—>mvﬂw -,
=1
vEALS e e o SalS B e e o

1
p

+3 BE [HX{““ — ke H(i)]

=1

~efse -]+ 2 (e a(-) s e ey -ay |
j=1

e[l ] -3 (- % - agp ) e e,

Jig
4
(AiO@(Lg) + z> {HXZCH—W?HH;].

+
M@ Il Mms

i=1

Next, applying (13), we get

s[o] <efrocy - ]+ 3 (B (1-22)) L5 e v - ot ]
i=1 Jj=1

- ye (v ] -2 (- S - as @) el ]
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u 11 - 9 2
) (AiaD(L?)MBi) o B [Haf @J

30 (ke m) (100w

(z)} '

: X 6'}’2 11 70\2 66'7’1 2 70\2 «:
Taking A; = ;I and B; = A~ (ap 1) (LY)? = (a 1) (L;)* yields

OéD P

and consequently,

p n

IRV R RS WS sl [ LUESRC
im1 =1

-3l Mv ol -3 (- 5 - ) o

ap
DN i )

"
(0)

p
Z1=%Fap’ z)J i ;BiE [fo W
i 2
B [w] -3 |[varoes, ]

=1
p 0
1 L; A; - 4B;
B STAI T P

— 4y, 2 ap * ap(2 — ap)

Now, note that

1 LY 8A; - 4B; 1 LY 48 - 264 -
o ZRerOyae o e = 2 [ 22102 L% )~ >0
4r; 2 ozD< 2 ap(2—ap) 4y, 2 (oﬂD( 2 +a%a%( D))z

and hence

=

S e [Hv Fxh)

0 i=1

(i) ] iy (B [v] - B [95]) < a9,

B
Il
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Lastly, dividing by £ 377, ~, we obtain

F.3.2. LAYER-WISE (L°, L')-SMOOTH REGIME

We now consider a deterministic variant of EF21-Muon (Algorithm 2) without primal compression,
which iterates

XFH = IMOg(xr g (GF)
Gt =G +C (Vi f](Xk+1) GY,).

G;CJrl ZGkJrl Z v f] Xk+1) Gf,j)

This corresponds to using identity compressors on the server side.

Theorem 28 Let Assumptions 1, 2, 8 and 9 hold and let {X*}; "', K > 1, be the iterates of
Algorithm 2 run with Clk = T (the identity compressor), Cw € B,(ap), and

for some n; > 0. Then,

p
IIllIl Z (Z)*:|

exp (4 maXe(p|,j€ln] (771‘2 CiLllvj )) L
1
K+1 (5 -1 77i>

#[frcrt

ll’

<

n

1 1 & 1 i
+ 4 max(n); C’Ll)(f —f + — ’j—i- n; D
et (15 e PRI
1 2\/17Llrﬂdx LO
where C; :—714- 17511371) D; 1 +21 1\/% and
pk Hv (X —

Remark 29 Theorem 4 follows as a corollary of the result in Theorem 28 by setting p = 1 and
initializing with G’? = Vf;(X°) forall j € [n].
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Proof Let A; > 0 be some constants to be determined later, and define

Gﬁj‘uy

p n
= 00 - Y A Vs (0 -
i=1 j=1

By Theorem 15 and Jensen’s inequality

P n
_ k « 1 xk k
N G I —|—l§::Aln]§:1:HVZfJ(X 1y _ gt

,J (l)*
p p
< JEH) =3 2 |V (XN = G| =) || Vif (X
=1 =1
P LY+ L ||Vif(X9)|,, P
7 7 (3)% ,2 L L k+1\ _ ~k+1
+; 5 ti+;Aln;HV1f](X cten N
p
< FON) - Yo SVt el - o

b L9+ L [V (x¥)

J .
k|| P "
> H“)*t%+ZA$ZH%<X’““>—G?f o
=1 Jj=1

i=1

Taking expectation conditioned on [X**1, X* G*] and using Theorem 19 gives

E |:\Ilk+1‘ Xk+1, ij Gki|

p n p
< f(X’“)—f*+22ti;ZHv¢fj<X’“>—Gﬁj(W—Zti Vi)
j j i=1
P LY+ LH||Vif(XF)
gl -a, Jeoe]
i=1 j=1
(19) P " .
< SR = Yo S Vi) - ey e
=1 Jj=
P LY+ LH|Vif(X®)Y],.
n i T z” 2f( )H(Z)*t?
=1

Gt ‘m* * <Lg’j Ly Hv"f (XY H(i)*) ti)
Gt ’(7;)* B

p n
+ ZA@\/ 1— OZD% Z (HVZfJ(Xk) —
i=1 =1

)

p n
= JN) Y @t AT ap) -3 [Vas(xh) - o
i=1 j=1
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2
+ZL1t

p

21,0 p _
+Z%+V1_QDZA’LT@'L?-
i=1 i=1

)()

i)*

()%

p n
VT ap Y Ade (3L |Vanch)
i—1 j=1

Now, letting A; = 17\/2%7/3’ we have
2t;
Ui+ A/l —ap =2+ —— 4 T—ap = A,
i+ A; ap Z+1—m ap )

and consequently,

E |:\I,k+1‘ Xk+1, ka Gki|

Vif(X")

p
Gi; ‘(i)* B ; ti

(3)*

< FEN - YA S Vit -
i=1 j=1

n

1

N Z Lit?

p

£210 p _
+Y 5t VI—ap ) AtiL]
=1 =1

2, o

(0%

)H(i)* + Mi At
=1

p P n
1
k s (K
< vy A mae],
i=1 i=1 j=1
+zp: 2\/1—OZDLzmax 2 l = va Xk H +Zp: t?L? " 2y/1—ap 270
~ 1-y1-ap n i @« =\ 2 1-ylI-ap'"
P
- w3y ).
i=1 @
+Zp: Lll N 21 — OéDLz‘l,max 1 Enz va(Xk)H N LO N 21 —aDl_}? .2
o 2 1—-vI—ap | n“ I v 2 1—+yI—ap | ¥
=C} ;61
Taking t; = \/I?iﬂ for some n; > 0 and using Theorem 24 with z; = niQCZ-, we get

E [\pk+1‘ Xk+1’Xk7Gk}
Zt
Zt

ch

n p
0+ S |+ 3 pe
J=

Hz +§:D’t3+ K+1nz4max nzCLl )(fj(Xk) *f*>
=1

(24)
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1 1¢ 1 1 X nierrd,

—— N4 20LE ) (FF — S
+K+1n4_ R ) (f fﬂ)+K+1anaXze[p}(mCLl)

V)| 4 max GRGIL)E S (500 - 5)

< ok ;
- VK +1 277 @x K+ 1iefp]je(n] o
n p 7720 LY p
Ly (> Nitita g
K+1 Zmaxm(m U = 1; +Zn
Now, since %Z?:l (f;(X*) = f*) = f(X*) — f* < U*, we obtain
E [\I}kﬁ-l‘ kL xk Gk}
4 2 k k
< (1+ max (7 CiL;;) | ¥* - i )
K+ 1icjpljel] (i)*

n p 7720 0 p
4max CiLl{j) ( * Z Z iHi,5 ZU?D
j 1= =1

1 ,J

Taking expectation,

oot

IN

4 1 p
* Kiﬂie[;}]lv?}ei[n}(n?CiLg’j) " [‘Pk} VK +1 ;""E [Hv"f(Xk)

Ve
=ay

o

1 1 2 1 * * 1 . GiL 17] 2
YR nj14?é2[;)}]<(77icil/i,j)(f fj)+n;Z +Z771D ;

1=az

and hence, applying Theorem 42 with A" = E [U*] and BF = T=E [Hvif(Xk) I (i)*} ,

(Z)*]
4

exp (m maX;e(p),jen] (n?CiL},j)(K + 1))
(K +1)

s e

\I/O

n

p
| o amaeaint) (- 1) ZZ ”uznzp

+
K+1 niS i€[p]

1 T)

Dividing by £ \/7 * finishes the proof.
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F.4. Stochastic Setting
F.4.1. LAYER-WISE SMOOTH REGIME

Theorem 30 Letr Assumptions 1, 6, 7 and 10 hold. Let {X k}fz_ol, K > 1, be the iterates of
Algorithm 3 run with C¥ € B(ap), C{fj € Ba(ap), any 5; € (0,1], and

1
0<Ak= i=1,....p,
o= < A0+ G P
52 . B2+4 14482 (2B;+5
where G := 2 (;g(L?)? + 20052 oy o SUEH) (Foye | B Fy2 ) Then

2 p
ap ap =1 N

0 P _ : 2\ 127230,
< L A +24) <i+ (1—ap)B; . 12@) fzpzﬁm’ (14

where

- f* +Z
72026; 1 " 657 1
5 Of’%B%-nZ;E[HWAXO)—M%HZ}+Zlap;%nZ;E[HM3j—G?,jH§}
=1 j= 1= Jj=

and M} := £ 5% | M

& LB [ 7(x%) - 2]

Corollary 31 Let the assumptions of Theorem 30 hold and let {X k} s 0 , K > 1, be the iterates of
Algorithm I (Algorithm 3 with p = 1) run with CF € B(ap), Cm € Bo(ap). Choosing the stepsize

~ —1
1 piLy | piLy
R + (15)
N V20 +2LY <pfﬁ1 piapap

and momentum
1/2 1/3 1/4
_ V0L / VLYap / V0Lt /
f1 =min < 1, , (16)
plalK plalK plalK
the result in Theorem 30 guarantees that

el

2 2/3 3/4
o LO vOpiof LY Y n WOpio LY / n wp 8/3 2/31-1(1)
plozpaDK Ban B%w/OZDK ﬁ%azD/SK
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Remark 32 Theorem 5 follows as a corollary of the result above by setting p = 1.

Remark 33 In the Euclidean case (p? = p = 1), without primal compression (ap = 1), and for
p =1, the result in Theorem 30 simplifies to

L ool o2 (3 ) ).

ap aD

fory <O (% LO ) which recovers the rate of EF21-SDGM in Fatkhullin et al. [13, Theorem
1
3] (up to a constant).

Remark 34 In the absence of stochastzczly and momentum, i.e., when O' = 0and B; = 1, and

under the initialization W° = X°, MJO ] =Vfj (X0, Algorithm 3 reduces to Algorithm 2. In
this setting, Theorem 30 guarantees that

e K 14 (f(X°) - f)
KkZ:o;;Zf:nz [vaX) @)J KOOIy
for
OS’YQQE%SO;, 1=1,...,p,
2L +2V/¢

=2 ~
where (; := p% < 2(L9)? + 72 (LO) 1820(L?)2 ;008 (L9)? ) This recovers the guarantee in
D P

Theorem 25, up to a constant factor

Remark 35 Alternatively, one may use compressors Cf € Bo(ap) in Theorem 30. The proof

is essentially the same, with the only modification being the replacement of Theorem 16 by the
recursion

2
k+1 k+1
e[ —wen ]

2
— B [HW’“ + R iy - Xf“M

2
< (I-ap) HXfH - W,
@n . k k1 yk|?
< (1—ap)(1+—)HX W +(1—ap)<1+>HX+ - xH||
(29),(30) 9252
O R P
2 ap (@)

2

(i)x

The resulting convergence guarantee matches that of Theorem 30 up to a modification of the con-
stant ;, which now becomes

G = p; (12(L0)2 n w@w n w(igy 4 1447767 (26, +5) (i?)2> ,

- (- o

2 ap

7\ 2 2 2 9
B; ap ap aparp,
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where the additional norm equivalence factors highlighted in red arise due to the use of Euclidean
COMpressors.

Proof [Proof of Theorem 30] Theorem 14 and Young’s and Jensen’s inequalities give

e Ly
- Y Z)*—4;%‘

v

(3)*

P S + 53wt

_Z <4% )

< f(Xk+3me |vir(xh) M‘“

(0)

’ 2
2

ZHM -G,

2

()%

k
%

Vif(XF) ;

1 2 L (1 L?)
4;% (i) ; 4y, 2 )7

Recall that by Lemmas 16, 17 and 18, we have

(zj < (-3)= MXk W

(2

[HXkJrl Whtt

)
(@)%’

el

sffatr e l] 2 (- ) s - ot ]+ e st - wancxe ]
6ﬁ2( J) V2E [HGk } 6@2(13?,3' E[HX(cH_WkH 2}
app? app? ! B0

+(1 - OéD) ?g?’

B[t -t o] S (1- 5 ) ||t - ad

2

[+ e e,
i (g e et
E{Hvif(XkH)—MikﬂHﬂ 2 (1-) {HVfX’“) M 2} ;LZ 2]E[H

s <1 2 oy [t - wen ) ] B0

.

(Z)*]

“o4
:| + M7
(4) n

where M} = 157" =1 M;";. To simplify the notation, let us define s =E [f(X*) - f*]

Pk =
Y [[[Vif (%) - MfHQ},pf =iy E [Hvimxk) - Mt ] G = il [H

)*]

and RF := yE [HX J 7 Hi)} . Then, the above inequalities yield

sEH < 5’€+3Z 2Pk+32 QS’f—fZ% [HVka

=1
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p 0
[l S IV \ 17
; <4 2 > {HG’ (i)*] ’ 17)
k1 2 k|2
R < (1 ) —7315 [HG . } , (18)
- 6 632 i(.) 2 2
app; (2)x
652(L0
+L;)R’?+l (1 - ap)o?fPy, 19)
app;
e = (-g) el
T 2)° " Bip? "l
2 ~
i (1 3 ) (LR + o} B, (20)
L0)2 2
’ a 2 /Bz T (1)*
2 9 232~
’8 14 2) (02 Rh 4 Z00 1)
ﬁz n
Now, let A;, B;, C;, D; > 0 be some constants to be determined later, and define
P p 3 P ~ P
Uko= §F 4 Z A;PF + Z B;PF + Z C;SF + Z D;R¥.
i=1 i=1 i=1 i=1
Then, applying (17), (19), (20), and (21), we have
\Ilk+1
p P B p B p
_ 6k+1 + Z Ai3k+1 + Z Bipik+1 + Z CiSerl + Z Din+1
i=1 i=1 i=1 i=1

< 6k+32ﬁ2Pk+3ZﬁQSk—fZ% [Hv F(X9)

0
(41% - L2> iE [HG? ?)]

1= R M e ot

(i )*]

2]52

2 o232y,
1 “ L02 k+1 i I
(145 ) woprn 4 22

i ( 2 Bip? x| | p2
ryo (<1 )R [HG’“ s () arns 0?/3’3%)
Rl CTRR s v R [ )
T Zp: Ci (WW“ +(1- aD)U?B?%> + zp: D;RI

i=1 ) i1
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Bl S (-9 e
b

—i—Z(Sﬁ?%—Ci(l——))Sk—fZ% [HVka z)J

+Zp:< 2 <1 51)@“) +Bﬁ2 <1+;l>(ig)2+CiW+Di>Rfﬂ

(o o)

2 i
app (i)*]
p
_Z; (417 2 > [H

()]—FZ( + B; —i—C’(l—aD))aiZBiQ%.
Then, using (18) gives

\Ijk+1

§5k+zp;<3p§+Ai< ))P’“+Z( <1_> 65§>15ik
o)t s e

2 57 = 667 (LY)? ap
(1 + @) (L9)% + B;L (1 + Bz) (L9 + 2ol 4 Di) (1 - —) R

app;

2 52 2 - 637 (LY)? 2

: &) (L)Y? + B; =L Bz <1 + Bj) (L2 + 01-7( ?) + Di) —E “
0\2 70\2 2(70)\2

P30 (aZEY | AR S5 )m U ()}

,sz 51p12 OéDpi
’ +§p —i+B +Ci(1l — 02/32
(1)*:| =1 <n ‘ l( D)> i P Ve

o B 2\ ;0 57 2\ 702 ,651'2@?)2 (2 B )
D, — (AZP? <1+ﬁi>(Li) Bl <1+ﬁl>(Li) el | P

_ 6;22 ((ﬂi+2) (L?)2+W@9)2> (2 - 1>’ |

af, ap

=2
397 + A; <1—@) —3ﬁ?+6§ (1_@ 4,
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B <1_[3z>+ci6/3i2:72m2/8i (1_5,>+6p?6/3§:

B
ap ) 9 15

ap ap ap
_ ap o 6p? ap
i+ C(1-0) =8t + ot (1- ) = €
and
52 042 2 2\ 70y2 652(LY)? ap
AP (1 192+ B2 (14 2 ) (192 4 o i) p (1 —)
< +Bl()+lﬁl2 +Bi(z) zaD£2+z 5
D,L' ap
= (2_1+Di> (1-%) =D
ap
Consequently,
\I,kJrl

p p p p p
~ - 1
< o 4 ZAZ-P{“ + Y BlF+ Y CiSE > DiRE - 1Y AR [Hvif(xk
=1 =1 =1 =1 =1
3 (2 i) 2w HG’f —i L L g e
1 % 1 i % £ 4y, 2 Vi i
607 2(L9)%  72526; 2(LY)? 652 662(LY)? 2
P /81 B@Bl ap ,8181 (i)

ap  app;
p =2 =2 =2
16p;  72p;Bi  6p; 9 42
+Z (n B; + a% + a; (1—ap) | o7 B

2
[
2
(i)*]

= \I/k—*Z’Y'E HVf(Xk) 2 _i L_Li”? 72]E HGIAC 2
4" ’ @+ = \4vw 2] aor
p —2
+ L (L) + (LS Z LS — | °E | ||GS
;<ﬁ§p§< ) aQDpZ< D2+ a%p e e i1 | [<H P
p 2
1 1282 (1—ap)B
6y =+ 2/81 +( op)h o7 p; Birvi-
im1 n aD ap

2 2 .2
D apap

_ 2
e (;@?)2 $HOLD) o, B g | WK (201 5) (i?)2> >0

~~

=G4
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for ; For such a choice of the stepsizes, we have

. }*"26( 1252 ﬂaD)Bi)%%?ﬁi%-

1
< 2v/¢+2LY "

gh < gk Z% [Hv F(XH)

ap
=&
Summing over the first K iterations gives
K—1 p K—1 p P
> ik U\v ESl IS ] <4 Z (0F =) 430D g <400 UK Y i,
k=0 i=1 k=0 i=1 i=1

and lastly, dividing by £ Z 1—1 VI» We obtain

K-1

IR 490 AP e
) [va x| } < P AN
k:O i=1 p l 1N K Zl 1 I Zl 17

Substituting X ZO = Wio proves the theorem statement. |

Proof [Proof of Theorem 31] Substituting the choice of « from (15) in (14), we have

2 490 1 1-— 12
}§+24<+( ap)b ﬁl) 76
* Km

— n ap aD
o[ YRLY | WRLY | pibiot | piBiot | pibiot
=0 + + 5 .
BlapozDK BlﬁlK n ap af,

tl’151‘71 9151‘71 9151‘71 < O Pl

Then, choosing (31 as in (16) guarantees tha W ap 0 e S A 7
D

Substituting this

into the upper bound gives

1 K-1
[va ]
K= *
1/2 _ 2/3 8/3 2/3 3/4
e LO ‘I,Oplo.lLO N \I,Opilio.lL(l) N \I’O / / L?
- plozpaDK Ban B?w/ozDK ﬁ%a%gK
as needed. [ |

F.4.2. LAYER-WISE (L°, L')-SMOOTH REGIME

As in Appendix F.3.2, in the generalized smooth setting we consider EF21-Muon without primal
compression.
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Theorem 36 Let Assumptions 1, 2, 8, 9 and 10 hold. Let {X k }f _01, K > 1, be the iterates of
Algorithm 3 run with Czk = 1 (the identity compressor), Czlfj € By(ap), fi=0= W and

k— oy _ i -
Ogti:t’_(K+1)3/4’ 1=1,...,p,

(K+1)1/2 (1=VI=ap)p,(K+1)"/?  Buinp, (K+1)"/2 1\
6(L11)2 ) 24\/17aDp1( ’Lmax)2 ) 24p7’(L7]:de) . éen

o

where 7]3 < min {

min Zp: # [Hvzf(Xk)

B=0,....K 4 -y
0
= (K+1)f/\f; ST K+ )12 Z I mlpzln [[Var (x®) = 222|[,]
(K+DY* (1= VI—ap)(K+1)*) n ; f’lm !
Py ( L ALl Tl )
AN \(E+ 134 p(K+ 1)V p(1—v/T—ap)(K +1)3/4
+§p: 177iﬁz‘0i ( 41— ap n 2 >
—Iyam N\ —=vIT—ap)(K+1)Y2  /n(K +1)1/

. N~ 2D
SRS I /)*CMZE[H -6,

Qtp aDl
+; St nZE [[9:,6%) - A% ]

Corollary 37 Let the assumptions of Theorem 36 hold and let {X k}K L K > 1, be the iterates
of Algorithm 3 initialized with M?. = ¥V, f;(X°; 50) = CO (Vi f] (X0 50)) € [n], and run

with Cf” = 7 (the identity compressor) Cw € Ba(ap), 5@ =p= W and

B, i -
Oétl:tl—m, Z—l,...,p,

(K+1)1/2 (1—vT=ap)p,(K+1)'/2 Brinp (K+1)/2
6(L1)? 7 24y/1- oszz(L 2 0 24p,(L

rem 30 guarantees that
. i H Xk
S, ; LS [ Vif (X5 (z)*]

3 0y 4% - 41— apnipio;
= KD <f(X) / +;(K+1)3/4<1—\/71—aa)>

i, max)

where 171-2 < min{ ,1}. Then, the result in Theo-
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PiNio;

(K+1 WZf L

(o e T e
N T T j

n
+Z L 4piL} 4pi/T—apL?
; =1

21 (K+ 19 p(K+ 08 p(K+1)%i(1— JI—ap)

+ Z nzpsz@ ( 4m N 92 )
i—1 ; P \(K+DY2(1—T—ap) n(K+1)1V4)°
Remark 38 Theorem 6 follows from Theorem 37 by setting p = 1:

g, 2|57

k=0,..
; (f( O-r),  13T-appe g
n(K+DY4  (1-yT—ap)(K+1) /n(K+1)1/2

i 8 8vI—ap 1 ¢ —n
+E ((K+ i a- m)(;?+ 1)3/4> gZ(L})Q (f* = ;)

j=1
L mp ( 4 I =ap ) o
(K +1)3/4 P \(K+ HY4 (1 —/1T—ap)(K +1)3/4
+ 4po/1—ap n 2po
(1 m)(l(—i—l)l/? V(K + 1)1/4
U /) W6VT—appe _ al’ . 8o
oK )1/4 (1—-vI—ap)(K+1)Y2 (K+1)34  /n(K+1)1/4

P 8 8v1—ap 1 T
2 (G o e i) (nJZ(L})Q (1 - a‘)+LO)'

=1

Proof [Proof of Theorem 36] By Theorem 15 and Jensen’s inequality

f(Xk:-i-l) < f Xk (Xk) th vf Xk) (i)%
P L?+LH\Vif H(i)*
+¢Z—; 5 t;
p
k — Gk
< +;(2t )= Ml “ @)*)
p LO
_Ztl Vil (X") H(i)*JFZ<2Zt2+ ' (Xk)H(i)*t?>
=1
< f(X’“)Jr; (2Piti i (X8) = MF | _‘tii;E[Hij_Gﬁj 2})
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p p L
_Zt" H ; +Z< >t (Xk)H(i)*t?> '
=1 =1

To simplify the notation, let 6% := E [f(X*) — f*], PF = RE[||Vif(X*) — M}|,]. P} =
1 Y E [Hvifj(Xk) — Mzkj 2] and S .= 1 i E [HM‘kJ — G%HJ. Then, Lemmas 20, 21,
and the descent inequality above yield

- (20) - - tivI—apB; [ 1 <&
st S VT apSt VT appibh + A0 (LS [Hvifj(X’f)H W]
j=1

L)

tiv/1— LY
l\/?ﬁl L+ 1 —appBio;, (22)

o

3y

Pz'k < (1_511@1320 tz ZLIJZ ﬁzklE[HVf] )
L3 ]1

20

- = (1= B) 1
P WP Tl ) LR [REZCSI

t; 1-— % -Z/O
+%+/@i0iv e
p;
p
o g t,-E[ v, £(X* } (25)
S X
P 270 271
- t2 L, tL
o3 (it st T4 Sl oo )
- )%

Let A;, B; > 0 be some constants to be determined later, and define

p p
Fi= b+ ASE+Y BPE
=1 =1

Then, using (22), (24) and (25)

\Iijrl
Y ASH LY B
=1 =1
p
< - HE |:HVif(Xk)H, }+Z<2tzsz + 2t;:SF + t?QL? +t?2LZlIE [Hvif(X'“) (i)*D
=1
p
30 (VI apSt 4 VT et /0 ZL B |[visx, |
=1
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_l’_

-

L)

0 H028 (g ] + 40595 )
L ZtE[HVfX’f H }+§pj (2t:p; + Ar/T—ap) 5
=1

=1

tiv1— LY
A; (aDZ +v1- OéDﬁz'Uz)

_|_

‘M“@

@
Il
,_.

o)

M@

p P p 2 1
—|—Z A\/].—OéDﬁZ‘}'B ]-—ﬂz ‘|‘Z zszk+Z L |:Hvlf(Xk)
i=1 i=1
; 15

; )

t2L0 P tiv/1 —apBiL; . _ A, 0 p p
_|_§ : 5 i AR § Allpﬁll + E Bi% + E A1 — apBioi + E B;fio;.
i=1 i=1 i=1 i=1

(AT —apBi + Bi(1— B;)) ( ‘v £5(x%)

) i=1 L)

Taking A; = — ?}L and B; = A;y/1 Qtlp \/LQD we obtain

2t;
%7+ A —ap =25+ ——L T ap, = A,
Pt R Y
Aivl—apBi+ Bi(l — i) = Aivl —apBi + Aivl —ap(l — B;) = B;.

Consequently,
i} k+1

S| LV I D SYEED ST S S
=1 i=1 i=1 i=1
p —
L £ T LZEN)

11’0

+Z”: #L g [Hvif(Xk

=1

=1 = 1p 1—OKD) =1 I=vI=oap

p p
2 oy E [Hvif(Xk)H(-) } +3 ASE+Y BB
P )% P P
kpo tz = k-1 I t; LY Bi
+Zztzm (1—Bi)*FP) + ZL S -8) E[Hvifo)H(i)J oo
i=1 1=0 Byt

+§:”; t,22L1 [Hvif(Xk

JEE = T LZEN)

11’0

p —
Z t?L? + Z 2t pl\/]- — OéDL T Z 4tip'i\/ 1 — O[DﬁiO'i

+
= 2 mZp(l-Vi-ap) = 1-Vi-ap
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] Z2t1pll—ﬁlk]3zo Zt2 IE[HVfX’“
ST (o

(i)*]

G2 S (15 s o] ) 3

RO TIPS 00
iPi04 .
1=1 Bzﬁl i=1 Bl(l - m) i1 1-— m ‘ n

Let us bound the terms involving the norms of the gradients. Using Theorem 23, we get

P
>_#LIE [HviﬂX’“) (Ll
i=1

(i)J < dmax(t7(L;)*)E [f(Xk) _ f*} n

iclp] maxle[p]( 2(L})?)

< 4max t2 L1 (5k + t2L0
o ze[p] Z

Similarly, Theorem 24 gives

S s,

=

iizzt? (- BILLE [Hv"fj(Xl)H(nJ

2.2 (4 e (t: (1 - )L} )2> E {fj(Xl) - f*D

+l n k-1 - @(1 —5')k_l(L'1 ,)2 (f* _ f,*)
) o B 7 ] J

2
n ket (0 (S - BRL) LY,

1
_i_i
iD= maXzE[p]( . H(1 = B UL )? )
k—1 2~
< 4 max (ZP—gylrl )6
2" iellgeln \ p;
1 n k—1 tzp P t2ﬁ
_ 4 1_ikl 2 * ek i P lk_lLQ-
+ > 2 < 1}&%&( (1= 8 (L) ) (f ])+Z " (1= 8Ly,
7=11=0 1 =1 1
and
P o2 n
tp; 1
Do D LLE [Hvimx’“) | }
-1 P Mo (@)
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1 t2p; L}
- Ly ],

o= b (0
) 1 t25;(L} ) tipi(L;)?
2N (P ) [£50x%) - 7] | g P (F = )

n= i€[p] P; i€[p] P,

tzfi 2
1< 1 ( ip Lz{j) LY;

L)

25, 1 — t2p;(L} )2 P 25, LY
< 4 max (t’p(L;jF)(sk—l—nZ(éhzga[pp](p(vJ)(f*_ J*)+27 ]

Substituting these bounds in (26), we obtain

\pk’+1
P
< U3 HE {Hvif(x’ﬂHU ] T Z 20,p1(1 — 3" PY + 2max({2(L]) Zt L
i=1
k—1
+8 max ( 5z)k_l(Lzl,j)2 5l
1= (Elrlieln] \ p;
n k-1
+2£ZZ 4 max t2pz( B)k l( ) f _f i k ZLO
i \ R\ A Z =1 =i

81— ap ma t?ﬁz( ) 5k
R X
1—I—ap ichlje \ p, ~

2yT—ap 1 2pi(L})? P t2p; L9 P 210
+ D (2] (f* _ f]*) Z Y] + Z iy
Vi—apns 16[” p; = b i 2

2t2p; LY 2t2p;7/1 — apL? At pin/1
+ Z Pi Z i Pi aply; + Z iPi — apfio; + Z % pir; J.
p.Bi ~p(l-vT—ap) = 1-yI-ap

Since 6% < W¥_ it follows that

=1

\Ijk+1
8vl—ap ti0i 1 2 k
< (14 2max(t}(L})?) + ————=— max “—(L; ; v
( ze[p]( ( ) ) 1— Mie[p],je[n} ( Bi ( J)

p

+ Z2t1pl /BZ 7,
i=

p
e oo,
=1

t2p;i(LL )2 k-1
+8 max SR A max((1 — 5; k=Ll
i€lpl.j€[n] ( p. nax(( i) )
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ijz kz gyl SVIZap 12”: M(f*_,*)
-1 2 =0 0 1- mnjzl ZE[p P; J
vi-ap t3piL 270
1_0@2 B —I—;tL

+ Z 2ti ﬁiLz‘ + Z 2t; ﬁzmig i Z 4tzpl\/7OAD620'z n Z QthZO'Z\/i
i=1 Bzﬁl i=1 Bl(l - m) =1 1-— 1 — OCD

/T = t25;(L} )?
< |1+ 2max(t3(L;)?) + SVizap max M or
Ze[p] 1- Vv 1- ap iE[p],jE[TL] B’L
=C4
p p
— th‘E [HVif(Xk)H@*] + Z 2t;pi(1 — B;)F P
i=1 i=1
t2p;(LY )2 kL
+8 max M (1 - 5mm)k’—lq/l)
i€lpl,j€ln] L, =0
:=C>
1 VI—ap > 1 ¢ tpi(Li)? . L.
8 + — max ——— (f* — f*
(ﬂmin \/1—CtD n; (zg[p] B@ ( J)
=Cj3

9 0 4,01 4p“/1—ozDL0 L o 4y/1 OéDﬁz 51
*Zt (L 0B o m)*zt””"’ I—Vi-ap

:=Cl4,i =C5,

— (140U ZtE [Hv F(X) H o } +i2tiﬁi(1 — Bi)* Py
=1

k—1 P
+Cs Z((l — Bumin)" W) + C5 + Zt1204,i + Z tiCs,i.
1=0 i=1 i=1
Now, define a weighting sequence w* := ﬁ, where w™* = 1. Then, multiplying the above
1

mln

inequality by w” and summing over the first ' + 1 iterations, we obtain

K
Zwkqjk’—l—l
k—1 K p
< Zw 1 + Cl VL + ZwkCQ Z((l - 6111111 i Z\Il ZwkztzE I:HVZf(Xk)
k=0 =1

k=0 =0

K P
—i—ZwkZQtz pi(1 =) POJFE:w’“Cg+E:w’“E:t?CM+§:w’“§:tzo5z

(i)*]

69



ERROR FEEDBACK FOR MUON AND FRIENDS

K K k-1 K P
= (1+Cl)zwk\yk+022wkz 1_Bmln k Z\IJ ZwkztzE |:Hvzf(Xk) . :|
k=0 k=0  1=0 k=0  i=1 (1)

K D D
+> Wby 2tipi(1 - B R + WHCs + WE th@u +WED " 1,C55.
k=0 =1

i=1 =1

where WE .= Zszo wk. Since, by definition, w* < w*~! < w~! = 1, we have

K
wkl:[lk+1
K K k71 K p
< (1+C)) w4+ ) — Bonin) ) = > " wk Y 4R [Hvif(xk) , }
k=0 k=0 l:O k=0  i=1 (8)*
p
+222tlpz — B)FPY + WECs + WKZt?CM + WKZtij
k=0 i=1 i=1 i=1
K
< (1+Cl)2w’“\1ﬂf+(}22 — Bunin) Zw’f\p’f Zw ZtE[HVfX’“ ]
k=0 1=0
+2 Z Lipi PO + WKC3 + WK Zt?c4,i + WK ZtiCS,i

oK Ko o
- <1+Cl+ - >Zwk‘1’k_zwkzt"]}i [Hvif(Xk)H - ]
5min E—0 k=0 i=1 (Z)*

P p
t
42 Z iPi PP+ WHC+WE Y 8C0+ WH ) t:Cs,
i=1 =1

K K p
= D =Y why 4R [HVJ(X’“)HZ, ]+2Z Pt po
k=0 =1

k=0

p p
AWHCs + WHE 87Cs + WHED 1,55
i=1 i=1

Rearranging the terms and dividing by W gives

o

p
min 3" 4E [Hvif(Xk)

k=0, K £

K p U}k
< ——tE Hv (x* }

22 gt [,

K p p p
k—=1gk _ k k+1 'L 7 p0 2 . . .

< Kz_;]w v U ) WKZ P+C3+;ti047,+2t205,z

0
<

9 X
i T 2 R Ca e Y+ Yt
i=1 =1
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Now, note that

K _
WH =3 wh > (K + Dw® (K+1)CQ K1 = - o)
- T (1O ) exp ((K +1)( Bmfn))

i,max 7,max

. ; . (k+1)/2 (1=VI=ap)p,(K+1)Y? Buinp, (K+1)1/2
Taking t; = (K:W’ where n? < mln{(G(Ll))2 VTS agpl(L T aap (LT )2 ,1¢ to

ensure that

2(K + 1) max(#(L})?)

svi-ap tipi(Li ;)
1 — /1 —ap iclpl,jeln] P,

8 tZ—i(L.l .)2
K + max DR Y R g
( )Bmm 1€[p],j€[n] ( P,

7

IN
Wl Wl

IN

(K+1)

9

Wl

we have (K + 1)(

502- ) < 1,and so WK > Ll > KAl Therefore,
P
min t;E [Hvz'f(Xk)

= exp(1)
k=0,....K (z)*:|

=1
3yY P thZ
< § PO 12 t;
= K+1+K+1 +Cs +Z C‘“*Z iCs,i

=1 =1

_ 390 6 zp: :Ds 0
K+l K+1¢ — Bi(K +1)3/47"

8 1 Vi—ap \ 1< npi(Li;)?
+(K—|—1)3/2 (Bmin + 1—+/1 _DaD> EZ (max 0, ! (f - J))

Zp: LO 4pz L 4pi/1 — OlDL0
— 3/2 ! p,Bi 7,( —v1—ap)

zp: 4/1 OlDﬁz Bz
2 K+13/4p” - Vi-ap '

Lastly, dividing by £ >0 t; = W% SP_ mi gives

i Z IS m [HV / Xk)”mj

_l’_

=1

3\1’0 771 pz 0
< =P,
T O(E+D)AITY K+1Z IS B’

i=1p
n max: n?ﬁi(L/},j)Q
4 8 ( 1 i v1—ap >1 Xie[p] P, (f*— *)
(K + 1)3/4 ﬂmin - m n j=1 1 f 1M !
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2 04 4pZ 4p“/1—04DL0
o\

p
E:: K+1) 3/41 Bﬂ% -+ 4( —+V1—ap)
i 1iPi0; 44/1 aD/BZ +9
Iy m \1-vI—-ap
3wl niPi 0
(K+1)1/412p1771 K+11/2Z111> i
n%ﬁi(LijF
+< 8 n 8v1—ap > 1 " MaX;e(p] P, (f* B f*)
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Appendix G. Experiments

This section provides additional experimental results and setup details complementing Section 5.

G.1. Setup details

Tables 2 to 4 summarize the model and optimizer hyperparameters. The scale parameters (Hidden/-
Head Scale) in Table 4 specify the LMO trust-region radius as

radius = scale x learning rate,

following Pethick et al. [54], Riabinin et al. [61].

Table 2: NanoGPT-124M model configuration.

Hyperparameter Value

Total Parameters 124M
Vocabulary Size 50,304
Number of Transformer Layers 12

Attention Heads 6

Hidden Size 768

FFN Hidden Size 3,072
Positional Embedding RoPE [71]
Activation Function Squared ReLU [68]
Normalization RMSNorm [86]
Bias Parameters None

Table 3: MediumGPT-335M model configuration.

Hyperparameter Value

Total Parameters 335M
Vocabulary Size 50,304
Number of Transformer Layers 24

Attention Heads 16

Hidden Size 1024

FFN Hidden Size 4096

Positional Embedding RoPE [71]
Activation Function Squared ReLLU [68]
Normalization RMSNorm [86]
Bias Parameters None

G.2. TopK compression details

TopK compressor requires transmitting both the selected values and their corresponding indices
to reconstruct the original tensors. At high compression levels, this introduces significant commu-
nication overhead, especially in compositional schemes such as TopK combined with the Natural

74



ERROR FEEDBACK FOR MUON AND FRIENDS

Table 4: Optimizer configuration.

Hyperparameter Value

Sequence Length 1024

Batch Size 256

Optimizer EF21-Muon

Weight Decay 0

Hidden Layer Norm Spectral norm

Hidden Layer Scale 50

Newton—Schulz Iterations 5

Embedding and Head Layers Norm {oo nOrm

Embedding and Head Layers Scale 3000

Initial Learning Rate For non-compressed: 3.6 x 1074
Learning Rate Schedule Constant followed by linear decreasing
Learning Rate Constant Phase Length 40% of tokens

Momentum 0.9

compressor, where the cost of transmitting indices can even exceed that of the quantized values. To
illustrate this effect, we analyze the largest parameter matrices in the NanoGPT model: the token
embedding layer and the classification head, each of size 50, 304 x 768. Representing an index for
any element in these matrices requires log, (50,304 - 768) < 26 bits. We use this calculation when
visualizing communication costs.

G.3. Learning rate ablation

To ensure a fair and robust comparison, we perform a learning rate hyperparameter sweep for each
compression configuration, as detailed in Figure 3. For every method, the search space is initialized
at the optimal learning rate of the uncompressed baseline (taken from the Gluon repository [60])
and spans downward by up to an order of magnitude. We consistently observe that more aggressive
compression schemes require a smaller learning rate for stable convergence.

This tuning protocol is applied uniformly across all experiments for models trained with 2.5B
(Section G.5) and 5B token budgets.

G.4. Compression level ablation

This section presents an ablation study on the compression ratio, governed by the parameter K. Fig-
ures 4 and 5 illustrate the convergence curves for various compression configurations, each trained
with its optimal learning rate (see Section G.3). Figure 6 summarizes the final loss as a function
of K.

Our results show that for Top K and Rand /K compressors, an aggressive compression ratio of
K = 5% quite severely impairs convergence (see Figure 6), while configurations with K > 10%
achieve satisfactory loss reduction. When these compressors are composed with the Natural com-
pressor, convergence degradation is more pronounced for K = 10% than for the less aggressive
K = 15% setup.
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Figure 3: Learning rate ablation. The grid spans from the optimal learning rate of the non-
compressed baseline, 3.6 x 10~* (denoted as 1.0x), down to 0.1x. Red curves correspond to
experiments processing 5B tokens (Section 5), while blue curves correspond to 2.5B tokens (Sec-
tion G.5).

We also examine a more challenging loss threshold of 3.28 (Figure 7). The communication cost
improvement at this threshold is even more pronounced than for 3.31 (Figure 1), but this comes at a
cost: only a subset of compressors can reach the threshold within the 5B token budget.

G.5. 2.5B tokens experiment

In Section 5, we report runs with a 5B token budget (> 40x model size). Testing convergence
over a large number of tokens is important, as the limitations of compressors relative to the baseline
become more pronounced after many steps. At the same time, evaluating compressed runs with a
smaller token budget is useful for cases with limited resources. We provide a learning rate ablation
in Figure 3, a summarized comparison in Figure 6, and convergence trajectories for the 2.5B-token
setup in Figures 8 and 9.
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Figure 4: Left: Test loss vs. # of tokens processed. Right: Test loss vs. # of bytes sent to
the server from each worker normalized by model size to reach test loss 3.33. TopX % = TopK

compressor with sparsification level X %; ID = no compression.
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Figure 5: Left: Test loss vs. # of tokens processed. Right: Test loss vs. # of bytes sent to the
server from each worker normalized by model size to reach test loss 3.33. RankX % = Rank K

compressor with sparsification level X %; ID = no compression.

G.6. MediumGPT experiment

To assess whether the patterns observed on NanoGPT scale to larger models, we conduct experi-
ments on MediumGPT (335M parameters) [27] with 2.5B token budget. The model configuration
is provided in Table 3. We compare the uncompressed baseline to EF21-Muon with the Natural
compressor and evaluate convergence in terms of both tokens and bytes communicated.
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corresponds to the non-compressed baseline. In the Top K plot, the 2.5B setup outperforms 5B due
to differences in scheduler behavior, as the runs execute a different number of steps.
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We adopt the learning rate obtained from the sweep described in Section G.3 and use the same
optimization and training setup as in the NanoGPT experiments. The LMO step scaling mechanism
[53] is applied to ensure adaptivity across weight matrices of varying sizes.
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to the server from each worker normalized by model size to reach test loss 3.38. TopX% =
TopK compressor with sparsification level X %; ID = no compression. “+ Natural” corresponds to
applying Natural compression after Top/ compressor.
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Figure 9: Left: Test loss vs. # of tokens processed. Right: Test loss vs. # of bytes sent
to the server from each worker normalized by model size to reach test loss 3.38. RankX % =
Rank K compressor with sparsification level X %; ID = no compression. “+ Natural” corresponds
to applying Natural compression after Rank X' compressor.

The resulting convergence curves are shown in Figure 10. We observe qualitatively similar
behavior to the NanoGPT setting: Natural compression achieves close-to-baseline loss while sub-
stantially reducing communication cost.
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Figure 10: Left: Test loss vs. # of tokens processed. Right: Test loss vs. # of bytes sent to the
server from each worker normalized by model size to reach test loss 3.15. ID = no compression.

G.7. Bidirectional compression

To complement the unidirectional compression experiments, we evaluate EF21-Muon in a fully
bidirectional setup in which both server-to-worker and worker-to-server communication are com-
pressed. We apply the Natural compressor in both directions. The training task matches the setup
in Section G.5 (NanoGPT with a 2.5B token budget).

We follow the same hyperparameter selection protocol described in Section G.3. The corre-
sponding learning rate sweep is shown in Figure 11. After tuning, we find that EF21-Muon remains
effective in this more challenging bidirectional configuration, improving communication efficiency
by approximately 2x relative to the uncompressed baseline while achieving comparable conver-
gence, as shown in Figure 12.

G.8. Limitations

Reporting results for all compressors on the same token budget (for instance, 5B) and then measur-
ing the prefix needed to reach a given loss threshold may not be fully consistent, as results can be
affected by the scheduler. To mitigate this, we use a relatively strong loss threshold that ensures a
significant number of tokens are processed beyond the constant learning rate phase. Additionally,
tuning the initial learning rate can help stabilize the results.
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Figure 11: Learning rate ablation for the bidirectional setup. The grid spans from the optimal
learning rate of the non-compressed baseline, 3.6 x 10~* (denoted as 1.0x), down to 0.1x.
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Figure 12: Left: Test loss vs. # of tokens processed. Right: Test loss vs. # of bytes sent
normalized by model size to reach test loss 3.31. ID = no compression. Both s2w and w2s directions
are compressed using the Natural compressor.

Appendix H. Useful Facts and Lemmas
Forall X,Y € S, Z € §* (where S* is the dual space of S), ¢ > 0 and « € (0, 1], we have:

X+ Y < (14 8) 1X)2+ L+ s Y7, @7)
IX1* | sllZl:

X, 7)< x 2

(X,2) < o -+ = (28)
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|2

o
1-— 1 <1l-—— 2
ea(ieg)<i-g
2 2
(1-a) <1—|—>§ (30)
(6% Oé
(G, LMOp(x ) (G)) = —t||Gl, 31
2
<X xt) = | G2
lxl, = || x| (33)
Lemma 39 (Riabinin et al. [61], Lemma 3) Suppose that 1, ..., 2p,y1,...,yp € R, max;cpy || >
Oand z1,...,2, > 0. Then
zp:j > i nyZ)Q
i—1 Zi Zf—l 2y

Lemma 40 (Variance decomposition) For any random vector X € S and any non-random c € S,
we have

E|IX —el] = E [IX ~ELX]]3] + IE[X] -l
Lemma 41 (Riabinin et al. [61], Lemma 1) Ler Assumption 8 hold. Then, for any X,Y € S,
2L+ L IVif ()]l
FOY) = FX) = (VXY = X)| <Y m—

=1

2
X = YillGy -
Lemma 42 Let {A*};~0, {BF}i>0, i € [p] be non-negative sequences such that
Ak+1 1 +CL1 ZBk + a9,

where ay,as > 0. Then

P
. exp(ai(K +1))
BF < A :
K0, K ; =T K+ a
Proof Let us define a weighting sequence w* := Tra —a;» Where w™" = 1. Then

P P
wh AR < ¥ (1+ap) Ak — Z Bf + whag = wFtAF — Z Bf + wFaq,
i=1 =1

and hence

P
. k k
i 2 Bl < Zw >

Zk owk i=1
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K
1 Z (wkqu - kakJrl) Zw as

< K k <K K
D koW k=0 Zk oW

1
= —— w A — wKAKH) + as.
k
D koW
. -1 _ K kE _ K 1 K+41
Using the fact that w™ =1and ) ;" jw” =) ", (Ta)F > (Thay KT We get

]. + a1)K+1 0 KK eXp(al (K + 1))
BF <1 (40— AR < A
P2 2:: =T (K+1) (47— ) +a2 < (K +1) +az

which finishes the proof.
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