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ABSTRACT

Automated circuit discovery is a central tool in mechanistic interpretability for
identifying the internal components of neural networks responsible for specific
behaviors. While prior methods have made significant progress, they typically
depend on heuristics or approximations and do not offer provable guarantees over
continuous input domains for the resulting circuits. In this work, we leverage recent
advances in neural network verification to propose a suite of automated algorithms
that yield circuits with provable guarantees. We focus on three types of guarantees:
(i) input domain robustness, ensuring the circuit agrees with the model across a
continuous input region; (ii) robust patching, certifying circuit alignment under
continuous patching perturbations; and (3) minimality, formalizing and capturing a
wide array of various notions of succinctness. Interestingly, we uncover a diverse
set of novel theoretical connections among these three families of guarantees, with
critical implications for the convergence of our algorithms. Finally, we conduct
experiments with state-of-the-art verifiers on various vision models, showing that
our algorithms yield circuits with substantially stronger robustness guarantees than
standard circuit discovery methods — establishing a principled foundation for
provable circuit discovery.

1 INTRODUCTION

The rapid rise of neural networks, driven by transformative architectures such as Transformers, has
reshaped both theory and applications. Alongside this revolution, interpretability has become a
central research direction (Zhang et al.| 2021} [Rauker et al.| 2023)); and more recently, efforts have
focused on mechanistic interpretability (MI), which aims to reverse-engineer neural networks into
human-understandable components and functional modules (Olah et al.|[2020; |Olah, 2022} Zhao et al.|
2024)). MI offers fine-grained interpretability that serves various purposes, including transparency,
trustworthiness, safety, and other applications (Bereska & Gavves} 2024; Zhou et al.;, 2024c).

A central open challenge in MI is circuit discovery (Olah et al. [2020), which seeks to identify
subgraphs within neural networks, called circuits, that drive specific model behaviors. Recent works
propose varied approaches (Wang et al., 2023; |(Conmy et al.| 2023; Rajaram et al.,|2024)), differing by
domain (text vs. vision), patching methods (zero, mean, sampling), and the balance between manual
and automated steps. However, despite substantial progress, most current circuit discovery algorithms
remain heuristic or approximate, without rigorous guarantees of circuit faithfulness, particularly
under continuous perturbation domains (Adolfi et al., 2024} Miller et al., 2024} Méloux et al., 2025).
This limitation is concerning: even small perturbations can break circuit faithfulness, and since circuit
discovery is tied to safety considerations (Bereska & Gavves, [2024)), such guarantees are essential.

Our Contributions. To address these concerns, we introduce a novel algorithmic framework that
builds on recent and exciting advances in the emerging field of neural network verification (Wang
et al., 2021} Zhou et al., 2024b} Brix et al., [2024} Kotha et al., [2023} [Ferrari et al.|[2022), enabling the
derivation of circuits with provable guarantees across continuous domains of interest.

1.1 THEORETICAL CONTRIBUTIONS

* We formalize a set of novel provable guarantees for circuit discovery that hold strictly over
entire continuous domains. These include: (i) input-domain robustness, ensuring circuits
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remain faithful across continuous input regions; (ii) patching-domain robustness, addressing
criticisms of sampling-based ablation; and (iii) a broad family of minimality guarantees,
extending earlier notions to include quasi-, local-, subset-, and cardinal-minimality.

* We present novel theoretical proofs that reveal strong connections between these three
families of guarantees. At the core is the circuit monotonicity property, which underpins min-
imality guarantees for optimization algorithms and clarifies the conditions under which they
hold. We also establish a crucial duality between circuits and small “blocking” subgraphs,
enabling the efficient discovery of circuits with much stronger minimality guarantees.

1.2  EMPIRICAL CONTRIBUTIONS

* We propose a framework for encoding both input- and patching-robustness guarantees in
neural networks and their circuits, using a technical siamese encoding of the network with
its associated circuit or patching-domain, which enables certifying the desired properties.

* We introduce a set of novel automated algorithms that preserve the invariants of the robust-
ness guarantees and prove that each converges to circuits meeting our various minimality
criteria. These algorithms enable a trade-off between computational cost and the degree of
minimality achieved in the resulting circuits.

* We conduct extensive experiments with a—3-CROWN, the state-of-the-art in neural network
verification, to derive circuits with input, patching, and minimality guarantees. These are
evaluated on standard neural vision models commonly used in the neural network verification
literature. Compared to sampling-based approaches, our framework certifies robustness,
whereas even infinitesimal perturbations break the faithfulness of sampling-based circuits.

Overall, we believe these contributions mark a significant step forward in establishing both theoretical
and empirical foundations for circuit discovery with provable guarantees, paving the way for a wide
range of future research directions.

2 PRELIMINARIES

2.1 NOTATION

Let fo : R* — R? denote a neural network, with G := (V, E) representing its computation graph.
The precise structure of G — that is, what each node and edge correspond to (e.g., neurons, attention
heads, positional embeddings, convolution filters) — is determined both by the network’s architecture
and by the level of granularity chosen by the user. A circuit C is defined as a subgraph C' C G,
consisting of components hypothesized to drive the model’s behavior on a task. Each such circuit
naturally induces a function fo : R™ — R?, obtained by restricting f¢ to the components in C.

In circuit discovery, the complement C' := G \ C is often fixed to constant activations, a practice
known as patching, with variants such as zero-patching or mean-patching. Let f; have L € N
layers with activation spaces V; for ¢ € [L], and let X C R™ be an input domain. For x € X,
denote the activations at layer ¢ as h;(x) € V;, and the reachable activation space as Hg(X) =
{(h1(x),...,hr(x)) : x € X} C Vi x --- x V.. We write H5(X') for the partial reachable
activation space over C. For a partial activation assignment o € H(X), we write fo(x | C = a) to
denote inference through f-(x), constructed from the components of C, while fixing the activations
of C' to the values in .

2.2 NEURAL NETWORK VERIFICATION

Consider a generic neural network f; with arbitrary element-wise nonlinear activations. Many tools
exist to formally verify properties of such networks, with adversarial robustness being the most
studied (Brix et al., 2024). Formally, the neural network verification problem can be stated as follows:

Neural Network Verification (Problem Statement):

Input: A neural network model f, for which y := f(x), with an input specification ¥, (x), and
an unsafe output specification oy (y).

Output: No, if there exists some x € R™ such that i, (x) and 1oy (y) both hold, and Yes otherwise.
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A variety of off-the-shelf neural network verifiers have been developed (Brix et al.} 2024). When the
input constraints ;,, (X), output constraints 1.+ (y), and model f¢ are piecewise-linear (e.g., ReLU
activations), the verification problem can be solved exactly (Katz et al.l 2017). In practice, it is often
relaxed for efficiency, and the output is enclosed within bounds that account for approximation errors.

3 PROVABLE GUARANTEES FOR CIRCUIT DISCOVERY

3.1 INPUT DOMAIN GUARANTEES

In this subsection, we introduce the first set of guarantees that our algorithms are designed to satisfy
— specifically, provable robustness against input perturbations. A central challenge when evaluating
a circuit’s faithfulness is that, even if it matches the model at one point or a finite set of points,
small input perturbations can quickly break this agreement. To overcome this limitation, our first
definition considers circuits that are not only faithful to the model on a discrete set of points but are
also provably robust across an entire infinite continuous set of inputs.

Definition 1 (Input-robust circuit). Given a neural network fg and a union of continuous domains
Z C R (e.g., a union of £y-balls of radius €, around a set of discrete points {x; }?zl ), we say that a
subgraph C C G is an input-robust circuit with respect to (fa, Z), a fixed patching vector o applied
to the complement set C := G \ C, and a tolerance level § € RY, if and only if:

k

vee Z:= B (x)). |fez]| C=a)= fa@)ly <. a0
j=1

s.t. By (x;) == {z; € R" | llz; —x;l,, < &}

Certifying circuit input robustness via verification. Neural network verification properties are
typically encoded over a single model f, while the circuit input robustness property (Def.|1)) requires
evaluating both the model graph G and a circuit C' C G. To address this, we introduce a novel
method to certify the property in Def. [[|using a siamese encoding of the network f¢. Specifically,
we duplicate the circuit C’ := C and “stack” it with G to form a combined model G U C’ with a
shared input layer. This induces a function f(g o) : R" — R?. The activations of the non-circuit

components in the duplicate, C=G \ C’, are fixed to a constant «, so for any z € R"™ inference
is fiaucn(z | C7 = «), enabling direct certification of Def. [1| over the combined model. The
input constraint t;,, (x) bounds x within Z, while the output constraint t,,:(y) bounds the distance
measure between the logits of C” and G. Further details of this encoding appear in Appendix@

3.2 PATCHING DOMAIN GUARANTEES

A central challenge in circuit discovery lies in deciding how to assign values to the complementary
activations of a circuit — a process known as patching. The goal of patching is to replace these
values to isolate the circuit’s contribution. Prior work has examined several approaches, including
zero-patching, which has been criticized as arbitrary since such values may be out-of-distribution
if unseen during training (Conmy et al.,|2023; Wang et al.| 2023). Other strategies include mean-
value patching (Wang et al., 2023)) and sampling from discrete input distributions (Conmy et al.,
2023). Yet, these methods still rely on evaluating complementary activations over a discrete set of
sampled inputs, which may fail to generalize in continuous domains: even small perturbations in the
patching scheme can undermine a circuit’s faithfulness. By analogy to input-robustness, we introduce
patching-robustness: the requirement that a circuit preserve its faithfulness across an entire provable
range of feasible perturbations to the complementary activations over a continuous input domain.

Definition 2 (Patching-robust circuit). Given a neural network fg, a continuous input domain
Z C R™,and a reference set of inputs {xj }2?:1 C X, we say that C C G is a patching-robust circuit

with respect 1o ( fa:, Z) and a tolerance level § € RY, iff for every x; in {x;}_,:
Va € He(2). ||felx; | C=a) = folx))ll, <o )

Certifying circuit patching robustness via verification. Analogous to input robustness, we introduce
here a novel method to certify the property in Def[2] using a siamese encoding of f. Concretely,
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we duplicate the circuit C’ := C and “stack” it with G, but now G and C’ have disjoint input
domains, yielding f(gucr) : R*™ — R?% We connect C’ and G by fixing the activations of C”
to those attained by Hg(z) when evaluating f¢(z). Thus, inference for (x,z) € R*" is given by
Jauen (x| C" = Hz(z)). We then set input constraints to bound z within Z, and output constraints
to limit the distance ||-||,, between the logits of C’ and G. Further details appear in Appendix [E] We
remark that input robustness and patching robustness can also be certified simultaneously within a
single verification query by extending the siamese encoding (see Appendix [F).

4 FROM CIRCUITS TO MINIMAL CIRCUITS

A common convention in the literature is that smaller circuits (i.e., lower circuit size) are generally
considered more interpretable than larger ones (Mueller et al.; |Adolfi et al., |2024} (Chowdhary et al.,
2025; |Wang et al., 2023; [Bhaskar et al., 2024} Shi et al., 2024} |Conmy et al., [2023)). This makes
minimality an important additional guarantee (Adolfi et al.,|2024; /Chowdhary et al., [2025; Shi et al.,
2024} Mueller et al.). While many works have pursued minimal circuits, recent studies highlight that
“minimality” itself can take different forms (Adolfi et al., 2024), ranging from the weak notion of
quasi-minimality to the strong notion of cardinal-minimality. In this work, we extend this spectrum
to four main forms and provide rigorous proofs linking them to different optimization algorithms.

4.1 MINIMALITY GUARANTEES

In this subsection, we introduce four central notions of minimality. Since minimality must be defined
relative to what qualifies as a “valid” or faithful circuit, we begin by specifying a general faithfulness
predicate, ®(C, G). Given a circuit C' C G within the computation graph G of a model f¢, ®(C, G)
returns ZTrue if C is faithful under some condition of interest, and False otherwise. Instances of
® may include standard sampling-based measures used in circuit discovery, such as requiring the
mean-squared error or KL-divergence between C and G to remain below a threshold 7 (Conmy
et al., [2023). Alternatively, ® can reflect our provable measures that hold across continuous domains
(Section , e.g., defining ®(C, ) to require input and/or patching robustness.

We begin with the weakest form of minimality and proceed step by step until we reach the strongest.
The first notion, guasi-minimality, introduced by (Adolfi et al., 2024), defines C' as a subset that
includes a “breaking point”: some component that, when removed, breaks the circuit’s faithfulness:

Definition 3 (Quasi-Minimal Circuit). Given G, a quasi-minimal circuit C C G concerning ®, is a
circuit for which ®(C, G) holds (“C is faithful”), and there exists some element (i.e., node/edge) i in
C for which ®(C '\ {i}, G) is false.

We observe that the guasi-minimality notion of (Adolfi et al.,|2024) can be strengthened: instead of
requiring a single breaking point, one can demand that every component serves as one. Following
conventions in the optimization literature, we refer to this stronger notion as local minimality.

Definition 4 (Locally-Minimal Circuit). Given G, a locally-minimal circuit C C G concerning ®, is
a circuit for which ®(C, G) holds, and for any element i in C, ®(C \ {i}, G) is false.

While local-minimality is stronger than quasi-minimality, it still has a limitation. Although removing
any single component from circuit C' breaks it, removing multiple components may still leave
C valid, giving a misleading sense of minimality. To address this, we define a stronger notion:
subset-minimality, which requires every subset of components to be a breaking point.

Definition 5 (Subset-Minimal Circuit). Given G, a subset-minimal circuit C C G concerning P, is
a circuit for which ®(C, G) holds true, and for any subgraph S C C, ®(C \ S, G) is false.

We note that even this significantly stronger notion of subset-minimality does not necessarily yield
subsets of the absolute lowest cardinality. To address this limitation, the final notion introduces the
strongest form: a cardinally-minimal circuit, which corresponds to the global optimum of minimality.

Definition 6 (Cardinally-Minimal Circuit). Given G, a cardinally-minimal circuit C' C G concerning
® is a circuit for which ®(C, Q) is true, and has the lowest cardinality |C| (i.e., there is no circuit
C' C G for which ®(C’, Q) is true and |C'| < |C)).

An example illustrating the differences between these definitions is provided in Appendix
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4.2 ALGORITHMS FOR LOCAL AND QUASI MINIMAL CIRCUITS

In this subsection, we present optimization algorithms for discovering circuits with provable guar-
antees. Building on prior circuit discovery frameworks, we show how modifying or validating
optimization objectives changes the resulting guarantees. We also establish theoretical links between
objectives based on continuous robustness guarantees and different notions of minimality. We begin
with a standard greedy algorithm (Algorithm [I)):

Algorithm 1 Greedy Circuit Discovery Iterative Search

1: Input Model fg, circuit faithfulness predicate ®
2: C <« G under some given element ordering (e.g., reverse topological sort)
3: foralli € C do

if ®(C \ {i},G) then

C+ C\{i}

end if
end for
return C

AN AN

Algorithm I]is a standard greedy procedure that starts with the full model graph G and iteratively
removes elements as long as the faithfulness property holds. Once no further element can be removed
without breaking the property, it halts. This greedy structure underlies many circuit discovery methods,
enforcing a stop when every single component is critical. This directly guarantees local-minimality:

Proposition 1. Given any model fc, and faithfulness predicate ®, running Algorithm|[I]converges to
a locally-minimal circuit C' concerning .

We note that each evaluation of ®(C'\ {i}, G) may be costly, depending on the predicate ¢ (e.g.,
certifying input or patching robustness). To mitigate this, one may use a lighter notion of minimality
— the guasi-minimal circuits of (Adolfi et al.,|2024) — which require only a logarithmic, rather than
linear, number of invocations. For completeness, we formally present and extend their binary-search
procedure, provided as Algorithm [3]in Appendix [B] Algorithm [3] follows a procedure similar to
Algorithm[I] but employs a binary rather than iterative search. As a result, it yields a weaker notion of
minimal circuits, while requiring fewer queries. We can therefore establish the following proposition:

Proposition 2. While Algorithm|[3|converges to a quasi-minimal circuit and performs O(log |G|)
evaluations of ®(C, G) (Adolfi et al.| 2024)), Algorithmconverges to a locally-minimal circuit and
performs O(|G|) evaluations of ®(C, G).

Finally, we note that both Algorithms [T]and [3|converge only to relatively “weak” forms of minimality.
Even the stronger local-minimality guarantee of Algorithm [I] can fall short: while every single-
element removal C' \ {i} breaks faithfulness, removing two elements simultaneously, C' \ {i, j}, may
still yield a faithful circuit. This undermines C’s “minimality”” and shows that neither algorithm
ensures the stronger notion of subsef-minimality.

Proposition 3. There exist infinitely many configurations of fg, and ®, for which Algorithm|I|and
Algorithm[3]do not converge to a subset-minimal circuit C' concerning ®.

4.3 THE CIRCUIT MONOTONICITY PROPERTY AND ITS IMPACT ON MINIMALITY

To address the issue of algorithms converging to “bad” local minima, we identify a key property of
the faithfulness predicate ® with crucial implications for stronger minimal subsets — monotonicity:

Definition 7. We say that a circuit faithfulness predicate ® is monotonic iff for any C C C' C G it
holds that if ®(C, G) is true, then ®(C', G) is true.

Intuitively, monotonicity means that once ®(C, G) holds for a circuit C' (i.e., it is “faithful”), it will
keep holding as elements are added. In other words, enlarging the circuit never breaks faithfulness.
This property is essential for Algorithm|T] as it underpins the stronger minimality guarantee:

Proposition 4. If ® is monotonic, then for any model fq, Algorithm[I|converges to a subset-minimal
circuit C concerning ®.
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The condition of monotonicity. Interestingly, we establish a novel connection between the guarantees
on the input and patching domains outlined in Section [3|and the monotonic behavior of ®:

Proposition 5. Let ®(C, G) denote validating whether C is input-robust concerning { fc, Z) (Def. ,
and simultaneously patching-robust concerning (fc, Z') (Def.[2). Then if Z C Z' and He(Z') is
closed under concatantion, ® is monotonic.

Intuitively, Proposition shows that if the patching domain Z’ subsumes the input domain Z, and the
activation space H(Z2') is closed under concatenation, i.e., concatenating any two partial activations
remains within Hg(Z’) — then the faithfulness predicate ® is monotonic. This introduces a new
class of evaluation conditions that are monotonic by construction, yielding stronger minimal circuits.

Proposition 6. If the condition ®(C, Q) is set to validating whether C'is input-robust concerning
(fa, Z) (Def.[1), and also patching-robust with respect to (fc, Z') (Def.[2), then if Z C Z' and
Ha(Z2') is closed under concatantion, Algorithmconverges to a subset-minimal circuit.

4.4 FROM SUBSET-MINIMAL CIRCUITS TO CARDINALLY-MINIMAL CIRCUITS

Although the monotonicity of ® provides a stronger guarantee of subset-minimality, it still does
not ensure convergence to the globally minimal circuit (i.e., a cardinally-minimal circuit). A naive
approach to obtain such circuits is to enumerate all C' C G, verify ®(C, G), and choose the one with
the lowest cardinality |C'|, but this quickly becomes intractable even for modestly sized graphs.

Exploiting circuit blocking-set duality for efficient approximation of cardinally-minimal circuits.
In this subsection, we leverage the idea that neural networks often contain small “circuit blocking-
sets” — subgraphs C’ C G whose altered activations break the faithfulness of any circuit C' that
excludes them. We prove a duality between circuits (under monotone faithfulness predicates) and
these blocking-sets, enabling a new algorithmic construction that approximates — and sometimes
exactly recovers — cardinally minimal circuits far more efficiently than naive search. Formally, for
fo and @, a circuit blocking-set is any C’ C G such that ®(C'\ C’, G) fails for all C C G, yielding
a duality grounded in a minimum-hitting-set (MHS) relation between circuits and blocking-sets:

Proposition 7. Given some model fg, and a monotonic predicate ®, the MHS of all circuit blocking-
sets concerning ¥ is a cardinally minimal circuit C for which ®(C, G) is true. Moreover, the MHS of
all circuits C C G for which ®(C, G) is true, is a cardinally minimal blocking-set w.r.t ®.

The definition of MHS, a classic NP-Complete problem is given in Appendix This duality is
powerful because, despite NP-completeness, MHS can often be solved efficiently in practice with
modern solvers such as MILP or MaxSAT (Ignatiev et al., 2019a). Hence, similar dualities have
already been central to formal reasoning and provable explainability methods (Bacchus & Katsirelos,
2015} Ignatiev et al., | 2019b; Bassan & Katz, 2023} Liffiton et al.;|2016)). With this duality theorem in
hand, we can design an algorithm that often computes (or approximates) cardinally minimal circuits:

Algorithm 2 Cardinally Minimal Circuit Approximation using MHS duality

1: Input model fg, faithfulness predicate @, tyax € [|G]]
2: BlockingSets <+ ()
3: fort < 1toty.x do

4: C: + {S C G,VU C BlockingSets : |S| =t,U £ S}

5: forall S € C; do > parallelization
6: if ~®(G \ S, G) then

7: BlockingSets < BlockingSets U .S

8: end if

9: end for

10: C' + MHS(BlockingSets)
11: if ©(C, G) then return C'
12: end if

13: end for

Algorithm [2]leverages Proposition [7] by iterating over blocking-sets in parallel and computing each
set’s MHS to obtain a circuit C'. This establishes a lower bound on the cardinally minimal circuit and,
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through successive refinements, converges to the minimal one. While the number of blocking-set
subsets may be excessive in the worst case, in practice their size is often tractable (see Section 3]
yielding a low ¢, and enabling more efficient — or closely approximate — computation of cardinally
minimal circuits. This is formalized in the following claim:

Proposition 8. Given a model fq, and a monotonic predicate O, Algorithm 2| computes a subset C
whose size is a lower bound to the cardinally minimal circuit for which ®(C, G) is true. For a large
enough t,,,, value, the algorithm converges exactly to the cardinally minimal circuit.

5 EXPERIMENTAL EVALUATION

Experimental setup. We evaluate our method on standard benchmarks from the neural network
verification literature (Brix et al., [2024;2023): (i) MNIST, (ii) CIFAR-10, (iii) GTSRB, and (iv) Tax-
iNet (a real-world dataset used in verification-based input-explainability studies (Wu et al.,[2023a;
Bassan et al., 2025))) . For neural network verification, we use the state-of-the-art o, 3-CROWN
verifier (Bak et al., 2021} Miiller et al.| 2022} Brix et al., 2024); for MHS we use RC2 (Ignatiev
et al.,2019a). For consistency, we evaluate our results on model architectures from prior verification
studies, particularly the neural network verification competition (VNN-COMP) (Brix et al.| [2024);
full architectural details appear in Appendix [C] To balance circuit discovery difficulty and human
interpretability, we chose the circuit granularity level to be neurons for MNIST and convolutional
Silters for CIFAR-10, GTSRB, and TaxiNet. Both provable and sampling-based variants use the
standard logit-difference metric (Conmy et al.| 2023). Further details are in Appendices[D} [EJand [F}

5.1 CIRCUIT DISCOVERY WITH INPUT-ROBUSTNESS GUARANTEES

We begin by evaluating the continuous input robustness guarantees of our method. We compare
two variants of Algorithm|[T} (i) a standard sampling-based approach, where faithfulness is assessed
by applying the logit-difference predicate with tolerance § on sampled inputs, and (ii) a provable
approach, which, via the siamese encoding of Section 3.1} certifies that the logit difference always
remains below § throughout the continuous input domain. For both methods, we report circuit size
and robustness over the continuous input neighborhood across 100 batches (one circuit per batch).
We set the input neighborhood using ¢, values aligned with VNN-COMP (Brix et al.,[2024) (with
variations in Appendix [D) and adopt zero-patching in both settings. Results (Table[T)) show that the
provable method is slower, due to solving certification queries, yet achieves 100% robustness with
comparable circuit sizes, whereas the sampling-based baseline attains substantially lower robustness.
An illustrative example appears in Figure[I]

Table 1: Circuit results from Algorithm where ® is defined either by bounding logit differences
under input sampling or by verifying the bound using the siamese encoding.

Dataset \ Sampling-based Circuit Discovery \ Provably Input-Robust Circuit Discovery \
| Time (s) Size (|C|) Robustness (%) | Time (s) Size (|C|) Robustness (%)
CIFAR-10 | 0.23 £0.52 16.47 +£9.08 46.5 £5.0 2970.85 £874.23  19.18 +£10.16 100.0 +0.0
MNIST 0.31 £0.89 12.56 £2.30 19.2 +4.0 611.93 £97.14 15.84 £2.33 100.0 +0.0
GTSRB 0.11 £0.33 2891 +£4.69 27.6 4.0 991.08 £162.91 29.59 +4.45 100.0 £0.0
TaxiNet 0.01 £0.00 5.77 £0.80 9.5 £3.0 180.00 £40.39 6.82 +£0.46 100.0 +0.0

5.2 CIRCUIT DISCOVERY WITH PATCHING-ROBUSTNESS GUARANTEES

To assess patching robustness, we study three variants of Algorithm [T|enforcing a bounded logit
difference under different patching schemes: (i) zero-patching, (ii) mean-patching, and (iii) a certified
variant that, using a siamese encoding (Section [3.2), verifies the bound uniformly over a continuous
patching domain. Circuits found with zero or mean patching are then evaluated under the same
continuous-domain criterion as the certified setting. Results appear in Table 2] Circuits found
under standard patching (zero/mean) are sensitive to changes in the patching domain and yield low
robustness, whereas the verified method certifies this property and achieves 100% robustness. Despite
the higher computational cost (due to the reliance on verification), the provable method delivers much
stronger robustness at comparable circuit sizes.
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Figure 1: Examples of ResNet circuits at the filter level on CIFAR-10. Filters are numbered within
each layer, with non-circuit filters in gray and residual connections shown as dashed lines. We
compare circuits from the sampling-based discovery and the provably robust variant, highlighting
components unique to the provable circuit in green.

Table 2: Circuit results from Algorithm where @ is defined either by bounding logit differences
under zero patching, mean patching, or by verifying the bound using the siamese encoding.

Dataset | Zero Patching | Mean Patching |  Provably Patching-Robust Patching

| Time(s) Size (|C|) Rob. (%) | Time(s) Size (|C|) Rob. (%) | Time (s) Size (|C])  Rob. (%)
CIFAR-10 | 0.1 £03 65.1+3.0 464 +6.0 | 0.0+£0.0 64.1 £3.6 33.3+5.7 | 5408.5+1091.0 65.6£1.6 100.0
MNIST 0.1 £0.3 20.0+1.5 58.0£53 | 0.0+£0.0 192+1.8 55.7+5.3 714.9 £207.1 17.0 £2.3 100.0
GTSRB 03409 326+4.2 38.0+44 | 0.0+£0.0 334442 40.5+4.5 | 2907.2+721.7 343 +4.1 100.0
TaxiNet 0.0 +£0.1 584+0.8 571450 | 0.0£0.1 54+0.7 63.3+49 175.7 £52.7 54+0.6 100.0

5.3 EXPLORING DIFFERENT MINIMALITY GUARANTEES OF CIRCUIT DISCOVERY

We experiment with the minimality guarantees from Sec.[dand their connection to the robustness and
patching guarantees of Sec.[3] For the ® predicate, we certify both input- and patching robustness
using a double-siamese encoding (Sec. , with environments Z C Z’, and run Alg. Our
experiments show that MHS size consistently lower-bounds circuit size, with no circuit falling below
its MHS. In some runs, the iterative Alg. [T|circuits meet the bound exactly, and some MHS circuits
are certified as faithful (i.e., satisfying both input and patching robustness), as shown in Fig. [2a]

We also note the efficiency—circuit size trade-off in Figure[2b} the quasi-minimal (Alg.[3) procedure
terminates fastest but plateaus at larger sizes with weaker minimality; the iterative search (Alg. [T
achieves smaller sizes (stronger minimality) at higher runtime; and the MHS (Alg. [2) loop is slowest
yet progressively approaches a cardinally minimal (optimal) circuit size.

6 RELATED WORK

Circuit discovery. Our work joins recent efforts on circuit discovery in MI (Olah et al., 2020; Elhage
et al., 2021} |Dunefsky et al., [2024), particularly those advancing automated algorithms (Conmy et al.}
2023; [Hsu et al., | 2024)). Other relevant avenues include metrics for circuit faithfulness (Marks et al.|
2024;|Hanna et al.| |2024), differing patching strategies (Jafari et al.} 2025} Syed et al.| 2024} Haklay
et al.,2025; Miller et al., 2024;|Zhang & Nandal 2024), minimality criteria (Chowdhary et al., 2025}
Wang et al.,|2023), and applications (Yao et al.,[2024; |Sharkey et al., 2025)).

Theoretical investigations of MI. Several recent directions have examined other theoretical aspects
of MI, often linked to circuit discovery. These include framing MI within a broader causal abstraction
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Figure 2: (a) Circuit size vs. MHS of blocking sets size, with the dashed equality line y=x as the
lower bound. (b) Convergence of circuit size over the first 10 minutes; shaded region shows deviation.

framework (Geiger et al.|, 2025} [2024), connecting it to distributed alignment search (DAS) (Wu
et al.,|2023b; |Sun et al., 2025)); analyzing learned circuit logic through abstract interpretation from
program analysis (Palumbo et al.| 2025)), proof theory (Miller et al.,2024; Wu et al.| [2025)), statistical
identification (Méloux et al., [2025)), and complexity theory (Adolfi et al.,|2024).

Neural network verification and formal explainability. Our certification of robustness guarantees
(input and patching) builds on the rapid progress of neural network verification (Brix et al., [2024;
Wang et al.,|2021; [Zhou et al., [2024a; |Chiu et al., 2025} Miiller et al.l 20215 Singh et al.| [2019). These
advances have also been applied to certifying provable guarantees for input-based explainability
notions (Wu et al., [2023a}; [Bassan et al., [2025}; [Izza et al., [2024; |Audemard et al., 2022} [La Malfa
et al., 2021)) (often termed formal explainable Al (Marques-Silva & Ignatiev, |2022)). Our work is the
first to employ similar strategies for circuit discovery in mechanistic interpretability.

7 LIMITATIONS AND FUTURE WORK

A limitation of our framework, shared by all methods offering robustness guarantees over continuous
domains, is its reliance on neural network verification queries. While current verification techniques
remain limited for state-of-the-art models, they are advancing rapidly in scalability (Brix et al.,
2024; Wang et al., [2021; Zhou et al., [2024a). Our framework provides a novel integration of such
tools to mechanistic interpretability, enabling circuit discovery with provable guarantees. Hence, as
verification methods continue to scale, so will the reach of our approach, as our extensive experiments
are grounded in a-3-CROWN, the current leading verifier, and evaluated on standard benchmarks
from the annual NN verification competition. Moreover, our novel theoretical results, covering
guarantees over input domains, patching domains, and minimality, lay strong groundwork for future
research on provable circuit discovery, including probabilistic and statistical forms of guarantees.

8 CONCLUSION

We introduce a framework for discovering circuits with provable guarantees, covering both (i) con-
tinuous input-domain robustness, (ii) continuous patching-domain robustness, and (iii) multiple
forms of minimality. Central to our approach is the notion of circuit monotonicity, which reveals
deep theoretical connections between input, patching, and minimality guarantees, and underpins the
convergence of circuit discovery algorithms. Our experiments, which leverage recent advancements
in neural network verification, confirm that our framework delivers substantially stronger guarantees
than standard sampling-based approaches commonly used in circuit discovery. By bridging circuit
discovery with neural network verification, this work takes a novel step toward designing safer, more
reliable circuits, and lays new theoretical and algorithmic foundations for future research in provable
circuit discovery.
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Appendix

The appendix collects proofs, model specifications, and supplementary experimental results that
support the main paper.

Appendix [A] contains the complete proofs of all propositions.

Appendix [B|provides the pseudocode for the greedy quasi-minimality algorithm, together with a toy
example illustrating the different circuit minimality notions.

Appendix [C| provides specifications of the datasets and architectures used.

Appendix D] provides additional details on the input-robustness experiment’s methodology, verifica-
tion setup, and evaluation.

Appendix [E] provides additional details on the patching-robustness experiment’s methodology,
verification setup, and evaluation.

Appendix [F] provides details on the minimality evaluation experiment’s methodology, verification
setup, and evaluation.

Appendix [G] provides the LLM usage discolsure.

A PROOFS OF MAIN RESULTS

This appendix presents the proofs of the main propositions stated in the main paper.

A.l PROOF OF PROPOSITION[I]

Proposition 1. Given any model fc, and faithfulness predicate ®, running Algorithm|[I|converges to
a locally-minimal circuit C' concerning .

Proof. We need to establish two points: (i) The final circuit C returned by Algorithm [T]is faithful,
ie., ®(C, G) holds. (ii) No component ¢ € C' can be removed without breaking faithfulness; in other
words, for every 7 in C, ®(C'\ {i}, G) is false.

In the first part of the proof, the algorithm starts with C' <— G. Since the full model graph G is faithful
to itself, ®(G, G) holds. At each step, the algorithm checks ®(C'\ {i}, G) for the current component
i and updates C' <— C'\ {i} only if this predicate remains true. Hence, the invariant is preserved
throughout, and the final circuit C still satisfies ®(C, G).

For the second part of the proof, note that the algorithm processes each component i € G exactly
once. If for some remaining ¢ € C the predicate (C \ {i}, G) were true, then ¢ would have been
removed when it was considered. Therefore, the fact that ¢ remains in C' means that ®(C'\ {i}, G) is
false, establishing that C' is locally minimal with respect to ®. This completes the proof.

O

A.2 PROOF OF PROPOSITION[Z]

Proposition 2. While Algorithm|[3|converges to a quasi-minimal circuit and performs O(log |G|)
evaluations of ®(C, G) (Adolfi et al.| 2024)), Algorithmconverges to a locally-minimal circuit and
performs O(|G|) evaluations of ®(C, G).

Proof. For the local minimality part of the proof, observe that Algorithm [I] processes each component
of G individually. By Proposition[I} it converges to a locally minimal circuit. Since it tests ® upon the
removal of every one of the |G| components, the procedure carries out O(|G|) predicate evaluations
in total.

The quasi-minimality algorithm [3] and its runtime were established in |[Adolfi et al|(2024). For
completeness, we restate the argument regarding the number of evaluations: the algorithm halves
the candidate index range at each step, requiring at most [log |G|| predicate evaluations before
termination. Thus, its complexity is O(log |G|).

O
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A.3 PROOF OF PROPOSITION[3]

Proposition 3. There exist infinitely-many number of configurations of fa, and ®, for which Algo-
rithm[I)and Algorithm[3]do not converge to a subset-minimal circuit C concerning ®.

Proof. Consider a small nonlinear counterexample network fo : R — R, with underlying structure
G and node set Vg := {v1, v2, v3,v4}. The network is defined over a one-dimensional input z, with
three hidden nodes vy, v3, v3 and an output node v.

Consider a one—dimensional input x, three hidden units vy, vo, v3, and an output neuron v4:
v1(x) := ReLU(x), va(x) := ReLU(x), vz(z) ===, va(u,v,w) :==u—v+w (3)
Therefore, the following holds:
fa(@) = va(v1(x),v2(z),v3(z)) = vi(x) —va(x) +v3(z) = z forallz € [-1,1] (4)

For any subset C' C {v1, va,v3}, define fo by applying zero—patching to all hidden units outside C.
We take the faithfulness predicate to be strong equality, i.e., corresponding to § = 0 and €, given by
the ¢, norm over the domain [0, 1]. In particular:

(C,G) = Vzel0,1], folz)= fa(z) 4)

Iterative (Algorithm[I)). No single removal preserves ®. Removing any one hidden unit breaks
equality:

farfuy () = —ReLU(x) + 2 # x for z > 0,

Je\{vsy(z) = ReLU(z) + 2 # x forz > 0, 6)
fa\fusy () = ReLU(2) — ReLU(x) = 0 # x for z # 0.
Hence, Algorithm T|halts at C' = G (locally minimal). Yet a strict subset is faithful: removing the

pair {v1,v2} yields fen 1o, 0,3 () = v3(2) = x, 50 ®(G \ {v1,v2}, G) holds. Therefore, G is not
subset—-minimal.

Quasi (Algorithm [3). With a valid order (vy,vs,v2), Algorithm [3] first tests the prefix removal
{v1,vs}, leaving fg(x) = —ReLU(x) # z, then tests {v1 }, leaving fg(x) = —ReLU(x) + x # x;
it never considers the pair {v1,v2} and so returns C = G, which is not subset-minimal by the
previous paragraph.

Since this holds for every m € N, we obtain infinitely many configurations where both algorithms
fail to return a subset—minimal circuit.

Infinite family. For any m > 1, add pairs (p;, ¢;) with p;(z) = ¢;(x) = ReLU(z) and set
m
go(@) = vs(2) + ) (pi(e) — a(@)).
i=1

Then fg(x) = x on [0, 1], any single removal (of vs, some p;, or some ¢;) breaks equality, but
removing a whole pair {p,, ¢;} preserves it. Greedy and (with order p1,...,Pm,V3,¢1,- -, qm)
QMSC both return G. Thus there are infinitely many such configurations.

O

A.4 PROOF OF PROPOSITION [4]

Proposition 4. If ® is monotonic, then for any model fq, Algorithm[I|converges to a subset-minimal
circuit C concerning ®.
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Proof. By definition, establishing subset-minimality of the circuit C' requires showing: (i) that C' is
faithful, i.e., ®(C, G) holds, and (ii) that no proper subgraph C’ C C also satisfies ®(C’, G).

For the first part of the proof, in a similar fashion to the faithfulness preservation argument of the
predicate ® that was mentioned in the proof of Proposition[I} we describe the following logic chain:
the algorithm starts from Cj := G and iterates over the components in GG in some given ordering (e.g.
reverse topological order). This “maintains” at each step a circuit C;, for which at the first initial
step, by definition ®(G, G) holds true (the full model is faithful to itself). At every iteration ¢, the
algorithm updates Cy11 = C; \ {t} only when G, C; \ {c}) is true. Hence, the invariant (G, C})
is preserved throughout, and particularly, at the termination of the loop invariant, we have that for the
final returned circuit C, then ®(C, G) still holds.

For the second part of the proof, assume towards contradiction that there exists some C’ C C for
which it holds that ®(C’, G) is true. Now, pick any ¢* € C'\ C". Let C} be the circuit at iteration ¢
where this iteration marks the step over which the algorithm has evaluated whether to add c* to the
circuit. Because c¢* is present in the final returned circuit C, then by induction it was not removed at
any step ¢ when considered, and hence it must hold that ®(C; \ {¢*}, G) is false. On the other hand,
we have the following inclusions:

C' C C\{c'} C Ci\{c}. @)
And so by the very definition of the monotonicity of C' with respect to ®, we obtain that:
o(C",G) = 2(C\{c"},G) ®)

This contradicts the fact that we have derived that ®(C} \ {c¢*}, G) must be false from the algorithm’s
progression. Hence, we have obtained that for any subset C’ C C' it holds that ®(C’, G) is false, and
hence C' is subset-minimal with respect to ®.

O

A.5 PROOF OF PROPOSITION[3]

Proposition 5. Let ®(C, G) denote validating whether C is input-robust concerning { fc, Z) (Def. I)
and simultaneously patching-robust concerning {fc, Z') (Def. ). Then if Z C Z’, and Hg(Z') is
closed under concatantion, ® is monotonic.

Proof. We begin by formally stating the condition of an activation space being closed under concate-
nation:

Definition 1. We say that an activation space Ha(Z2) of some model fo and domain Z C R"™
is closed under concatination iff for any two partial activations o, o', where o« € He(Z) is an
activation over the circuit C C G, and o' € Hei(Z2) is an activation over the circuit C' C G, then
it holds that ' U o’ € Hoyer (2).

Now, let there be some C' C C’' C G, for which C" := C U {d],...,c,}. We assume that the
predicate ® is defined as validating whether some circuit C' is input-robust concerning (f¢, Z), and
also patching-robust with respect to (f¢, Z’). In other words, this implies that ®(C, G) holds if and
only if:

k
Vee Z:= Bl (x;), VaeH(Z): | fo(z|C=a)- fo(z) |, <3¢ ©)

j=1

‘We note that the following notation is equivalent to the following:

ZEZ,OItIé%'lX?(Z/) ” fo(z|C=a)- fo(z) Hp S0 =
B / (10)
zeg,lz%)e(z/ H fo(2| C =Hg(2)) - fo(2) HP =90
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where we use the notation H(2') to denote the specific activation over C when computing f¢(z')
for some z’ € R™.

Since our goal is to prove that ® is monotonic, it suffices to show that C” also satisfies the above
conditions. An equivalent formulation is to verify the condition for any C’ := C U {¢}}, i.e., for
supersets that differ from C' by a single element rather than an arbitrary subset. This is valid because
adding subsets inductively, one element at a time, is equivalent to adding the entire subset at once.
We therefore proceed under this formulation and assume, for contradiction, that the conditions fail to
hold for C”. In other words, we assume the following:

Jze Z, JaecHaz(2): H fo(z| C" = a) — fo(z) ||p S5 e
| for@| T =a) - fo(@) ||, > 0 =

ZEZ(wE?t A2 11
! 7’ = Tk / -
x| fo @] O =He(@) - fo@) |, > 6
This is also equivalent to stating that:
/N / _
omax || feuqep (2] OUTE = Hoprgy @) — fo(@) Hp > 6 (12)

Let us denote by S C R the set of all values that are feasible to obtain by fo(z | C = Hz(z')) and
by S C R all values that are feasible by fo(z | C" = Hg7(z')). More precisely:

S:={fc@|C=HsZ)):2€ 2,2 € Z'}, NS :={fc(2|C"=Hz2)): 2€ 2,7 € Z'}
(13)
For finalizing the proof of the proposition, we will make use of the following Lemma:

Lemma 1. Given the predefined fq, the circuits C C C' C G, and the aforementioned notations of
S and S’, then it holds that S’ C S.

Proof. We first note that by definition:

S = {for(z| O =He(2)): z€ 2,4 € 2/} =
Z

(14)
{fcu{( (z|Cu {c } = ’HCU{C (Z)):z€ 2,74 € Z'}
We also note that for any z € R" it holds, by definition, that:
fe(z|C =He(2)) = fo(z| C=Hs(2),C = Hc(2) (15)

The notation fy(z | C = Hg(2'),C = Hc(z)) simply means that we fix the activations of C' to
Hc(z) and those of C to Hg(2'). From the same manipulation of notation, we can get that:

feutey (2| CU{c} = Heppr(2)
fole| TO{EY = Hemay @), C U (i} = Hewger) (@)
fole| TUTE = Herpy (2).C = Hel2)., (¢} = H;(z))
foz| C\{cj} = Hé\{c;}(z ),C =Hc(2),{c} = Hei (2))

(16)

To prove that S’ C S, let us take some zg, z;, € Z. We will now prove that for any such choice of
29, z;, then the following holds:

for(zo | C" = Her(zg)) €S (17)
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Since zj, € 2,29 € Z C Z', and He(Z2') is closed under concatination, then by definition it
holds that fixing the activations of C'\ {c}} to He (e} (20) € He (3 (£7) and those of {c;} to
Hiery(20) € Hycyy(2') yields an activation o € He, (yuq0y (27) = Ha(2).

Hence, we arrive at:

for(20| 7 = Her(zg)) =

feugey (2o | C UL} = Hegry (7)) =

fo(zo | C\ {c}} = He oy (20), C = He (o), {cj} = Hey(20)) =
fozo | C = a,C = Hc(2))

(18)

Since we have shown that o € H(Z2') and since Hc(zo) € Ho(Z) then we have that:

for(20 | O = Her(zp)) =
fo(zo | C = a,C =Hce(n)) € (19)
{fc(z|C=Hsz{Z)): 2€ 2,4 € 2"} =S

This establishes that S’ C S, and hence concludes the proof of the lemma.
O

Now to finalize the proof of the proposition, we recall that we have shown that the following holds
(and can now rewrite this expression given our new definition of S):

/
= — — <
cmax [ Jo(z| C=Ho@)) - fe@ ||, <0 o0
— <
o |y —fa@) |, <d

We have also assumed towards contradiction that the following holds, and we can similarly further
rewrite this term given our new definition of S':

ani !
zeg,lza;)éz/ H fo (2| C"=He(2)) — fa(z) Hp > = o
— )
e ly = fe@) |, >
However, since we have proven in Lemma that S’ C S then we know that:
max ||y —fe(@) |, = max |[y-fe(z)l, (22)

2€Z,y€eS T zeZyeS

which stands in contradiction to euqations [20|and [21] hence implying the monotonicity of ®, and
concluding the proof of the proposition.

O

A.6 PROOF OF PROPOSITIONI[G]

Proposition 6. If the condition ®(C, G) is set to validating whether C' is input-robust concerning
(fa, Z) (Def.[1), and also patching-robust with respect to (f, Z') (Def.[2)), then if Z C Z' and
Ha(Z2') is closed under concatantion, Algorithmconverges to a subset-minimal circuit.

Proof. The claim follows directly from Propositions[d]and[5] Since Z C Z’, Proposition|[5]implies that
®(C, @) is monotonic. By Proposition it follows that Algorithm converges to a subset-minimal
circuit C' with respect to ®.

O
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A.7 PROOF OF PROPOSITION([7]

Proposition 7. Given some model fq, and a monotonic predicate ®, the MHS of all circuit blocking-
sets concerning @ is a cardinally minimal circuit C for which ®(C, G) is true. Moreover, the MHS of
all circuits C C G for which ®(C, G) is true, is a cardinally minimal blocking-set w.r.t ®.

Proof- Prior to the proof of Proposition[7} which establishes the connection between Minimum Hitting
Sets (MHS) and cardinal minimality, we first recall the definition of MHS:

Definition 2 (Minimum Hitting Set (MHS)). Given a collection S of sets over a universe U, a hitting
set H C U for S is a set such that

VSeS, HNS#D.

A hitting set H is called minimal if no subset of H is a hitting set, and minimum if it has the smallest
possible cardinality among all hitting sets.

We now move to prove that the MHS of blocking-sets is a cardinally minimal faithful circuit. Let C
be a minimum hitting set (MHS) of the set of blocking-sets B. Assume towards contradiction that
—-®(C,G). Set B* := G\ C. Then (G \ B*,G) = ®(C,G) is false, so B* € B. Yet by definition
C N B* =), contradicting that C hits every set in B. Hence ®(C, G) holds.

We now move forward to prove minimality. Assume there exists ¢/ C G with ®(C’,G) and
|C’| < |C|. We claim C’ is also a hitting set of B, contradicting the minimality of C' as an MHS.
Indeed, if some B € B satisfied C' N B = (), then C’ C G \ B, and by monotonicity of ® we would
have ®(G \ B, G), contradicting B € B. Hence C” hits all of BB, contradicting that C' is an MHS.

For the second part of the proof, let C := { C C G : ®(C,G) } and let B be a minimum hitting set
of C. Assume towards contradiction that it is not, namely ®(G \ B, G) holds. Then C* := G \ Bis
a faithful circuit, implying C* € C. Yet by definition C* N B = (), contradicting that B hits every set
inC.

Finally, assume towards contradiction that there exists a blocking-set B’ with |B’| < |B|. Let C € C.
If CNB =0, then C C G\ B, and by monotonicity of ¢, we obtain that (G \ B’, G) holds,
contradicting B’ being a blocking-set. Hence, C' N B’ # (), so B’ is a hitting set of C. But since
|B’| < |B|, this contradicts the minimality of B as an MHS. Therefore, B is cardinally minimal
among blocking-sets.

O

A.8 PROOF OF PROPOSITION[g]

Proposition 8. Given a model fg, and a monotonic predicate ®, Algorithm|2|computes a subset C'
whose size is a lower bound to the cardinally minimal circuit for which ®(C, G) is true. For a large
enough t,,, value, the algorithm converges exactly to the cardinally minimal circuit.

Proof. We begin with the proof for the part on the lower bound to cardinally minimal circuit size. Let
C be the output of Algorithm [2]for some ¢,x. By definition, C'is the MHS of the set of blocking-sets
accumulated by the algorithm, denoted ;. .

Assume towards contradiction that |C| is not a lower bound for the size of a cardinally minimal
circuit. This would imply the existence of a faithful circuit C’ with ®(C’, G) and |C’| < |C|. From
the minimality of C' as a hitting set, it follows that C” is not a hitting set. Hence, there exists some
B € B, such that C’ N B = (). This implies C’ C G \ B, and by monotonicity of ® we obtain
®(G \ B, G), contradicting B being a blocking-set.

We now continue to the second part of the proof regarding the convergence to cardinally minimal for
large enough tax. For tnax = |G/, the algorithm iterates over all possible blocking-sets. Hence, the
resulting output C' is the MHS of all circuit blocking-sets, and by Proposition|/|we conclude that C'
is a cardinally minimal circuit.

O
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B MINIMALITY GUARANTEES: ALGORITHMS AND ILLUSTRATIONS

B.1 GREEDY CIRCUIT DISCOVERY BINARY SEARCH FOR QUASI-MINIMAL CIRCUITS

We formalize the binary search procedure introduced in (Adolfi et al., 2024) in Algorithm 3]

Algorithm 3 Greedy Circuit Discovery Binary Search

1: Input: Model fg, circuit faithfulness predicate ® with ®(G,G) A —®(0, G)
2: C « G, low <« 0, high + |G|
3: while high — low > 1 do
4: mid < | (low + high) /2]
5: Cmid ~— G \ G[l : mld]
6.

7

8

if (I>(Cmida G) then
low < mid; C' < Chniq
: else
9: high < mid
10: end if
11: end while
12: return C

B.2 ToYy EXAMPLE: MINIMALITY NOTIONS
To illustrate the distinctions between the four minimality notions introduced in Definitions [3J4][5]/6]
(Section E]), we construct a simple Boolean toy network.

For simplicity, we illustrate the different minimality notions using a Boolean circuit with XOR gates.
While this abstraction makes the example easier to follow, it is without loss of generality, since
Boolean gates can be equivalently expressed with ReLLU activations.

(Specifically, the XOR gate satisfies
1 ®xo = ReLU(zy — 22) + ReLU(z2 — 1),
as for z1, x5 € {0, 1} both terms vanish when 27 = x5, and exactly one equals 1 when z; # x2).

We emphasize that this encoding is not part of the computation graph, which can be defined indepen-
dently. Accordingly, our toy boolean circuit (Fig.[3) can be viewed as a small feed-forward ReLU
network. Despite its small size, this network cleanly separates the notions of cardinal, subset, local,
and quasi-minimal circuits.

(a1 V1 = X9

Vg = I1

/

V3 = 1

Vg = T D To

V5 = T1 D To

Figure 3: Boolean toy network with XOR aggregation: y = v; @ vy ® vs B v4 B v5. With v1 = xo,
vy = U3 = X1, Vg = U5 = X1 D T, the full model computes fo(x1,x2) = .
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Explanation. For clarity and simplicity, we define a Boolean network G with five components,
whose vertex set is denoted Vg = {v1, va, v3, v4, 5 }, aggregated by XOR (Fig.:

Yy = v1PvPu3BusPus, Wwith v =x9, v2o =v3 =21, V4 = V5 =1 B To.
The full network computes
fa(x1,22) = 2,
since zo @ x1 D 21 D (r1 B x2) ® (21 D 22) = Xo.

We pick the faithfulness predicate to be
O(C,G) = fo(z1,12) = fa(w1,22) = 22 V(T1,72),

i.e., C is faithful if it computes the same output as G on all inputs.

This single construction cleanly separates the four minimality notions:

 Cardinal-minimal: C.,;q = {v1} (size 1), since v; = z3 = f¢.
¢ Subset-minimal: C,1, = {v2, v4} (size 2), because vo B vy = x1 ® (21 B x2) = o, while
neither singleton is faithful.

* Local-minimal: C),. = {v1,va,v3} (size 3), since v; & vo ® v3 = x2. Removing any
single node breaks faithfulness, but removing two may leave a faithful singleton.

* Quasi-minimal: The full set Cyyasi = G is faithful but redundant (e.g., v3 and vs are
duplicates).

C BENCHMARKS, MODELS AND ARCHITECTURAL SPECIFICATIONS

We evaluate our methods on four standard benchmarks in neural network verification: three classifi-
cation benchmarks (CIFAR-10 (Krizhevsky & Hinton, 2009), GTSRB (Stallkamp et al., [2011)), and
MNIST (Lecun et al.| [1998)) and one regression benchmark, TaxiNet (Julian et al., [2020).

For each benchmark, we perform circuit discovery at the natural level of granularity for the model:
convolutional filters (or channels) in CNNs and neurons in the fully connected network. The number
of components at each granularity is summarized in Table[3]

Table 3: Granularity and number of components considered for circuit discovery across the benchmark
models.

Dataset Model Examined Granularity # Components
MNIST FC Neurons 31
GTSRB CNN Filters 48
CIFAR-10  ResNet Filters 72
TaxiNet CNN Filters 8

Data Selection. For the input and patching robustness experiments (Appendices [D} [E), we con-
structed at least 100 batches per benchmark, sampled from the test set using only correctly predicted
inputs (or low-error inputs in the regression case). In classification tasks, each batch contained k£ = 3
samples from a single class, evenly distributed across classes. In the regression task, batches of
k = 3 were drawn from inputs with absolute error below 0.2, excluding large deviations relative to
the model’s performance. Specifically, we sampled 100 batches for CIFAR-10 and MNIST (10 per
class), 129 batches for GTSRB (3 per class across 43 classes), and 100 batches for the regression
benchmark TaxiNet.

For the minimality guarantees experiment (Subsection[5.3] Appendix[F), we used 50 singleton batches
(k = 1), obtained by selecting one sample from each MNIST batch above, thereby preserving the
even class distribution.
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C.1 CIFAR-10

For the CIFAR-10 benchmark Krizhevsky & Hinton|(2009), we use the ResNet2b model, originating
from the VNN-COMP neural network verification competition (Bak et al.| [2021)). This residual
network consists of an initial convolutional layer, two residual blocks, and a dense classification head
producing 10 output classes. In total, it comprises 72 filters (also referred to as channels).

Layer / Block Output Dim. Details
Input 32 x32x3  CIFAR-10 image
Convl 16 X 16 x 8 3 x 3, stride 2
Residual Block 1
Convl 8 X 8 x 16 3 x 3, stride 2
ReLU 8 x 8 x 16 non-linearity
Conv2 8 X 8 x 16 3 x 3, stride 1
Skip connection 8 x 8 x 16 identity/projection
Output 8 x 8 x 16 addition + ReLU
Residual Block 2
Convl 8 x 8 X 16 3 x 3, stride 1
ReLU 8 x 8x 16 non-linearity
Conv2 8 X 8 x 16 3 x 3, stride 1
Skip connection 8 x 8 x 16 identity
Output 8 x 8 x 16 addition + ReLU
Flatten 1 x 2048 -
Linearl 2048 — 100 ReLU
Linear2 100 — 10 Output logits

Table 4: Full architecture of the ResNet2b model used in Bak et al.| (2021) for the CIFAR-10
benchmark

C.2 GTSRB

The German Traffic Sign Recognition Benchmark (GTSRB) Stallkamp et al.|(2011)) is a large-scale
image classification dataset containing more than 50,000 images of traffic signs across 43 classes,
captured under varying lighting and weather conditions.

We adopt the GTSRB-CNN model used in recent explainability studies (Bassan et al.,[2025). This
architecture is a convolutional network with two convolutional layers using ReL.U activations and
average pooling, followed by two fully connected layers. It outputs logits over 43 traffic sign classes.

In total, the GTSRB-CNN comprises 48 filters across its two convolutional layers (16 + 32).

Layer Output Dim. Details

Input 32x32x%x3 GTSRB image
Convl 32 x32x16 3 x 3, padding 1, ReLU
AvgPooll 16 x 16 x 16 2x2

Conv2 16 x 16 x 32 3 x 3, padding 1, ReLU
AvgPool2 8 x 8 x 32 2x2

Flatten 1 x 2048 -

FC1 2048 — 128 ReLU

FC2 128 — 43 Output logits

Table 5: Architecture of the GTSRB-CNN model used in (Bassan et al., [2025).

C.3 MNIST

We use a simple, classic fully connected feedforward network for MNIST classification, which we
trained given the simplicity of the task. The model achieves 95.20% accuracy on the test set. It
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consists of two hidden layers with ReLLU activations of sizes 13 and 11, followed by a linear output
layer, comprising 31 non-input neurons in total and 10,479 trainable parameters.

Layer Dimensions Activation
Input 28 x 28 = 784 -
Fully Connected (fc1) 784 — 13 ReLU
Fully Connected (fc2) 13 =+ 11 ReLU
Fully Connected (fc3) 11 — 10 -

Table 6: Architecture of the fully connected MNIST network. The model has 31 hidden neurons in
total, which we treat as the granularity for circuit discovery.

C.4 TAXINET

The TaxiNet dataset (Julian et al.,[2020) was developed by NASA for vision-based aircraft taxiing, and
consists of synthetic runway images paired with continuous control targets. Unlike the classification
benchmarks, TaxiNet is a regression task: the model predicts real-valued outputs corresponding to
flight control variables.

For our experiments, we adopt the TaxiNet CNN regression model introduced in the VeriX frame-
work (Wu et al.| 2023a)) and subsequently used in other explainability studies (Bassan et al., |[2025)).
This convolutional network, comprising 8 filters, achieves a mean squared error (MSE) of 0.848244,
and a root mean squared error (RMSE) of 0.921.

Layer  Output Dim. Details

Input 27T x 54 x 1 TaxiNet image
Convl 27 x 54 x4 3 x 3,padding 1, ReLU
Conv2 27 x54 x4 3 x 3,padding 1, ReLU
Flatten 1 x 5832 -

FC1 5832 — 20 ReLU

FC2 20 — 10 ReLU
FC3 10—1 Regression output

Table 7: Architecture of the CNN regression model used for TaxiNet, following the VeriX frame-
work (Wu et al., 2023a).

EXPERIMENTAL DETAILS

D INPUT ROBUSTNESS CERTIFICATION

In this experiment, we evaluate the robustness of discovered circuits over a continuous input neighbor-
hood BP(x), as established in Section We compare two variants of the iterative circuit discovery
procedure in Algorithm [I] which differ in their elimination criterion:

1. Sampling-based Circuit Discovery: directly evaluates the metric on the input batch at each
step.

2. Provably Input-Robust Circuit Discovery: certifies that the metric holds across the entire
input neighborhood (Def. [T)).

The procedure traverses network components sequentially, deciding at each step whether to retain or
remove a component. As noted in|Conmy et al.[(2023)), the traversal order influences the resulting
circuit. Following their approach, we proceed from later fully-connected or convolutional layers
toward earlier ones, ordering neurons or filters within each layer lexicographically. For consistency,
we fix the patching scheme for all non-circuit components to zero-patching.
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D.1 METHODOLOGY

D.1.1 SIAMESE NETWORK FOR VERIFICATION

To integrate circuit discovery with formal verification, we construct a Siamese Network, which pairs
the full model with a candidate circuit, and outputs the concatenation of the two networks’ logits.

This Siamese formulation provides the interface for the neural network verification used in two
settings:

* Provably Input-Robust Circuit Discovery: certify at each elimination step that the candi-
date circuit satisfies the metric across the continuous input neighborhood, ensuring robust-
ness is preserved.

« Evaluation: verify after discovery (via either sampling- or provable-based methods) that
the resulting circuit is robust over the same neighborhood.

Output Metric. For consistency, all of our experiments employ the same output metric for both the
sampling-based and provably input-robust discovery methods. We measure the difference in logits,
requiring this difference to remain within a tolerance §.

In classification tasks, we focus on the logit of the gold-class, indexed by k, and require that the
predictions of the circuit C' and the full model G differ by at most J:

|fa[k] — folk]] <4,

where the absolute value denotes the £,,-norm on the one-dimensional vector corresponding to the k-th
entry. In the sampling-based method, it is evaluated on the sampled batch, whereas in the provable
(siamese) setting, this criterion is certified over the concatenated logits of the siamese encoding. For
instance, in a 10-class classification task, the verification constraint on the siamese network’s output
is:

| logits, ) [k] — logits o [k] | < 0.

where the first 10 entries correspond to the logits of the full model G and the second to those of the
circuit C.

In regression settings (e.g., TaxiNet), the same principle applies to the full output (a scalar-valued
prediction), measuring the absolute difference between the model and the circuit. In both cases, this
metric directly instantiates the norm metric used in the robustness definitions (Definitions [I] 2).

Input Neighborhoods. In our setup, the neighborhood 52° (x) is defined in the input space with
respect to the L°° norm. For fully connected models (e.g., MNIST), inputs are flattened into vectors
and the perturbation ball is defined over this representation. For convolutional models (e.g., CIFAR-10,
GTSRB, TaxiNet), inputs are multi-channel tensors, and the neighborhood is applied independently
to each channel and spatial location.

D.1.2 VERIFICATION AND EXPERIMENTAL SETUP (INPUT ROBUSTNESS)

Since sound-and-complete verification of piecewise linear activation networks against linear properties
is NP-hard Katz et al.[(2017), Some queries may not complete within the allotted time; in such cases,
the outcome is reported as unknown. In practice, with the o, 3-CROWN verifier, we limit each query
to 45 seconds of Branch-and-bound time.

For fairness, we report robustness statistics only on batches where the robustness check of the
sampling-based method was determined (robust or non-robust, excluding timeouts) In the main paper
results, the rate of timed-out instances was 1% on MNIST, 1.6% on GTSRB, 1% on CIFAR-10, and
5% on TaxiNet. Comparable rates were observed in the neighborhood size variations studies
(on average, 0.5% for MNIST, 3% for CIFAR-10, and 2.7% for TaxiNet), and in the tolerance level
variations 0 [D.2.2](on average 8.6% for TaxiNet, 3.6% for MNIST).

Experiments on MNIST, GTSRB, and CIFAR-10 were conducted on a unified hardware setup with a
48 GB NVIDIA L40S GPU paired with a 2-core, 16 GB CPU. For the TaxiNet model, we used only a
2-core, 36 GB CPU machine.
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D.2 ROBUSTNESS EVALUATION AND PARAMETER VARIATIONS

We evaluate the robustness of circuits discovered by both methods over the neighborhood 5~ (x),
using formal verification via the Siamese Network as described above. The parameter €, controls
the neighborhood size: if too small, the resulting circuits are trivial; if too large, the perturbations
become unrealistic and off-distribution. We choose ¢,, values within ranges commonly used in prior
verification work or empirically selected to balance circuit size and robustness. In addition, we vary
both parameters, €, and J, to analyze their effect.

D.2.1 VARIATION OF INPUT NEIGHBORHOOD SIZE ¢,

We fix the tolerance ¢ and vary the input neighborhood size €,. For CIFAR-10 and MNIST, we use
0 = 2.0; for GTSRB, § = 5.0. For the TaxiNet regression model, we set 6 = 0.92 (the model’s root
mean squared error, RMSE), reflecting its typical prediction scale (larger deviations would let the
circuit drift more than the full model from the ground truth). Results are reported in Table[8] Rows
highlighted in gray correspond to the results selected in the main paper.

Dataset | & | Sampling-based Circuit Discovery | Provably Input-Robust Circuit Discovery
| | Time (s) Size (|C) Robustness (%) | Time (s) Size (|C|) Robustness (%) |
MNIST (6=2.0)
0.005 | 0.015 £0.003 12.57 £2.29  46.0 +5.0 677.36 £183.65 14.51 £2.41 100.0 £0.0
0.009 | 0.016 £0.013 12.56 £2.30 25.3 +4.4 663.60 +181.13 15.76 £2.25  100.0 0.0
0.010 | 0.309 £0.889 12.56 £2.30 19.2 +4.0 611.93 £97.14 15.84 £2.33  100.0 0.0
0.050 | 0.027 £0.065 12.57 £2.29 0.0 0.0 1700.05 +562.36  28.75 +6.67  100.0 £0.0
TaxiNet (6=0.92)
0.001 | 0.040 £0.146  5.76 £0.77  62.2 +4.9 201.81 £34.16 6.07 £0.71 100.0 £0.0
0.005 | 0.010 £0.002  5.77 £0.80 9.5 +3.0 180.00 +40.39 6.82 £0.46 100.0 £0.0
0.010 | 0.010 £0.002  5.78 £0.79 2.0 +1.4 271.03 £54.23 7.91 £0.32 100.0 £0.0
CIFAR-10 (6=2.0)
0.007 | 0.035£0.001 16.70 £9.48 73.7 +4.4 2104.13 +118.95 17.96 £9.90 100.0 +0.0
0.012 | 0.116 £0.367 1691 £9.12 58.1 +5.1 2226.34 +103.71 18.88 £9.21 100.0 +0.0
0.015 | 0.228 £0.517 16.47 £9.08 46.5 +5.0 2970.85 +874.23 19.18 £10.16  100.0 £0.0
GTSRB (3=5.0)
0.001 ‘ 0.111 £0.329 2891 +4.69 27.6 +£4.0 ‘ 991.08 +162.91 29.59 +£4.45  100.0 +0.0 ‘

Table 8: Effect of varying the input neighborhood size €, under a fixed tolerance 6. Reported values
are means with standard deviations. For robustness (a binary variable), we report the standard error
(SE). Bold values indicate robustness percentages. Rows highlighted in gray correspond to the results
selected in the main paper.

D.2.2 VARIATION OF TOLERANCE LEVEL §

We vary the tolerance ¢ while fixing the input neighborhood size ¢, to the dataset-specific values used
in the main paper (MNIST: ¢,=0.01, TaxiNet: €,=0.005). Results are reported in Table [0} Rows
corresponding to the main paper results are highlighted in gray.

Dataset | & | Sampling-based Circuit Discovery \ Provably Input-Robust Circuit Discovery
\ | Time (s) Size (|C|) Robustness (%) | Time (s) Size (|C|) Robustness (%)
MNIST (e,=0.01)
0.50 | 0.083 +0.329 19.72+1.50 15.6 +3.8 460.14 + 36.59 22.02 +£2.52 100.0 + 0.0
2.00 | 0.309 +0.889 12.56 =229 19.2+4.0 611.93 £97.14 15.84 +2.33 100.0 £+ 0.0
3.00 | 0.013 + 0.001 944 4+192 340447 57741 £3584 1227 +2.52 100.0 +0.0
TaxiNet (¢,=0.005)
0.50 | 0.038 +0.115 6.84 +0.86 32.1+52 93.08 + 22.75 7.75 £ 0.46 100.0 0.0
0.70 | 0.008 £ 0.001 6.15 +0.81 14.8 £ 3.8 11451 £2395 7.31+£0.53  100.0 £ 0.0
0.92 | 0.010+0.002 5.77+£080 9.5+3.0 180.00 + 40.39 6.82 + 0.46 100.0 + 0.0
1.00 | 0.009 £0.002 557+0.82 9.5+3.0 142.62 + 24.77 6.66 + 0.52 100.0 + 0.0
1.20 | 0.009 + 0.001 5434096 6.1 +24 155.03 £26.34  6.32+0.59 100.0 + 0.0

Table 9: Variation on tolerance level J, with input neighborhood size € fixed to the dataset-specific
values used in the main experiments. Reported values are means with standard deviations. For
robustness (a binary variable), we report the standard error (SE). Rows highlighted in gray correspond
to the results selected in the main paper.
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E PATCHING ROBUSTNESS CERTIFICATION

In this experiment, we evaluate the robustness of discovered circuits when non-circuit components
are patched with feasible activations drawn from a continuous input range, rather than fixed constants,
as defined in Section[3.2] Operationally, for any circuit C, we test whether perturbing non-circuit
components within the range of activations induced by inputs z € BS:(X) can cause a violation of

some metric ||-||,, with tolerance 8. If no such violation exists, we declare C' to be patching-robust 2}

We compare three patching schemes within the iterative discovery framework (Algorithm|[T)):

1. Zero patching: sets all non-circuit components to zero.

2. Mean patching: replaces non-circuit components with their empirical means, estimated
from 100 randomly selected training samples.

3. Provably robust patching: verifies robustness across the full range of feasible activations
induced by a continuous input domain (Def. [2)).

E.1 METHODOLOGY

E.1.1 PATCHING SIAMESE NETWORK FOR VERIFICATION

As an interface for verifying patching robustness, we employ a Patching Siamese network with two
branches: (i) a full-network patching branch, used to capture non-circuit activations for patching; and
(ii) a circuit branch restricted to C', where every non-circuit component is replaced by the activation
of its counterpart in the patching branch. This replacement is implemented through dedicated wiring
that copies the required activations from the first branch to the second.

We examine activations induced by inputs from a neighborhood around x: Z = B;’j (x). As outlined
in Section the siamese network is fed a concatenated input (x,z) (along the feature axis for
MNIST and the channel axis for CNNs). Here, X is routed to the circuit branch and z to the patching
branch. The verification domain is applied only to z, while x is held fixed. This setup simulates the
circuit running on X, with its non-circuit activations replaced by those induced from z € Z. We note
that, for numerical stability on the verifier’s side, the circuit-branch input is enclosed in a negligible
10~ L*° ball.

For the output criterion, the resulting circuit logits are verified against the logits of the full model,
fa(x) (precomputed independently of the Siamese construction) under the logit-difference metric
with tolerance 4. This guarantees that the patching-robustness property (Def.|2)) holds.

Input Neighborhoods.  As in Section|D.1.2] we define the neighborhood Z = BZ°(x) using the
{~ norm.

E.2 ROBUSTNESS EVALUATION AND PARAMETER VARIATIONS

After discovery (using zero, mean, or provably robust patching), we verify the resulting circuits with
the Patching Siamese Network over the same BS:’ (x), reporting circuit size, runtime, and patching
robustness. Since typical €, values in the literature target input perturbations, we use larger values
for the patching domain to reflect the broader variability of internal activations while avoiding off-
distribution regimes. We report results below for varying (e,, J) to assess their effects on robustness
and size.

E.2.1 VERIFICATION AND EXPERIMENTAL SETUP (PATCHING ROBUSTNESS)

We use the same hardware configuration as in the input-robustness study We set a Branch-
and-bound timeout of 45 seconds for MNIST, GTSRB, and TaxiNet as in the input experiment. For
CIFAR-10, iterative discovery queries in the provably robust method are limited to 45 seconds, while
discovered circuit-robustness evaluations are allowed up to 120 seconds. Queries that do not complete
within these limits are reported as unknown.

As in the input robustness experiment [D] for fairness, we exclude cases where the robustness check
for zero or mean patching timed out from the reported robustness statistics. In our main results, the
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timeout rates were 12% for MNIST, 2% for TaxiNet, 6.2% for GTSRB, and 31% for CIFAR-10,
while in the variations over ¢, ( they averaged 0.5% for TaxiNet and 8.8% for MNIST. Over
the ¢ variation ([E:2.3), the average timeout rate was 1.5% on TaxiNet and 14% on MNIST.

E.2.2 VARIATION OF PATCHING NEIGHBORHOOD SIZE ¢,

We fix the tolerance level § and vary the patching neighborhood size €,,. For CIFAR-10 we use 6=0.1,
for MNIST §=0.5, for TaxiNet §=0.92, and for GTSRB §=2.0. Table [[0]extends the main results

with additional €, variations on the MNIST and TaxiNet benchmarks.

Dataset | & | Zero Patching | Mean Patching | Provably Patching-Robust Patching
| | Time (s) Size (|C)) Rob. (%) |  Time (s) Size (|C]) Rob. (%) | Time (s) Size (|C)) Rob. (%) |
MNIST (6=0.5)
0.005 | 0.054 £0.182 19.87+1.55 87.0+£3.4 | 0.013+0.001 19.19+1.87 93.0+2.6 671.08 +36.86 11.32+2.56  100.0 £0.0
0.009 | 0.013 +0.000 19.92 £1.51  65.9 +5.0 | 0.013 £0.001 19.13 £ 1.88  64.8 +5.0 583.59 +44.99 16.75 +£2.26  100.0 £0.0
0.010 | 0.060 £0.322  19.96 £1.50 58.0 £5.3 | 0.016 +0.003  19.16 £1.84  55.7 £5.3 714.87 £207.08 17.03 £2.30  100.0 0.0
0.050 | 0.015+0.005 19.76 £1.50 1.2+1.2 0.015 £0.003  19.09 £1.81 1.2+£1.2 ‘ 598.41 £156.96 2320+1.17  100.0 £0.0
TaxiNet (5=0.92)
0.005 | 0.061 £0.183 5.78 £0.79 93.0 £2.6 | 0.022 4+0.061 5.38 £0.65 100.0 +£0.0 220.67 £57.23 4.60 £0.74 100.0 £0.0
0.008 | 0.026 £0.097  5.78 £0.79  62.0 £4.9 | 0.008 £0.001 538 £0.65 77.0 £4.2 168.99 +44.83 5.26 £0.54  100.0 0.0
0.010 | 0.024 £0.059 578 £0.78  57.1+5.0 | 0.025 £0.068 5.39 £0.65 63.3 £4.9 175.73 £52.71 5.41 £0.59 100.0 £0.0
0.030 | 0.009 £0.002 578 £0.79  27.0 £4.4 | 0.008 £0.001 5.38 £0.65 40.0 £4.9 95.31 +£15.54 6.04 £0.20 100.0 £0.0
0.050 | 0.024 +0.058 5.77 £0.78 0.0 £0.0 0.012 £0.032 5.37 £0.65 0.0 +£0.0 89.37 £17.58 7.07 £0.26 100.0 £0.0
CIFAR-10 (6=0.1)
0.030 ‘ 0.109 £0.321  65.07 +3.00 464 +6.0 ‘ 0.046 +0.003  64.07 £3.60 33.3+5.7 5408.51 +1091.05 65.55+1.64 100.0 & 0.0 ‘
GTSRB (§=2.0)
0.005 ‘ 0.284 £0.951 32.65+424 38.0+44 ‘ 0.041 +0.009 33.40+4.16 405+45 2907.17 £721.67 3434 £4.07 100.0 0.0 ‘

Table 10: Variations on patching neighborhood size €, with fixed tolerance 6. Reported values are
means with standard deviations (formatted as {mean =+ std}). For robustness (a binary outcome), we
report the mean robustness with its standard error (SE), and display robustness values in bold. Rows
highlighted in gray correspond to the results selected in the main paper.

E.2.3 VARIATION OF TOLERANCE TOLERANCE ¢

We fix €, and examine various tolerance values. As in the main paper results, we use €,=0.01 for

MNIST and Taxinet and vary the tolerance . Results are reported in Table [TT]

Dataset [ Zero Patching | Mean Patching | Provably Robust Patching
| | Time (s) Size (|C|) Rob. (%) | Time (s) Size (|C|) Rob. (%) | Time (s) Size (|C|) Rob. (%) |
MNIST (€,=0.01)
0.25 ‘ 0.1424+ 0476 2136+ 1.87 48.6+59 | 0.013+0.000 2122+ 1.74 52.8+59 | 523.67 £41.31 19.42+2.01 100.0 +0.0
050 0.060+0.322 19.96+1.50 58.0+5.3 | 0.016+0.003 19.16+1.84 557+53 | 714.87 +207.08 17.03 £2.30 100.0 £ 0.0
1.00 ‘ 0.0134+0.000 16.88+1.85 61.2+49 | 0.013+0.001 16.11+1.93 663 +48 | 690.42 + 44.38 11.37 £2.64 100.0 £ 0.0
TaxiNet (¢,=0.01)
0.50 0.011 +£0.003 6.86+0.78 740+ 4.4 | 0.010+0.001 5.83+040 80.0£40 157.67 + 33.68 6.00+0.00  100.0 + 0.0
0.80 0.080 +0.210  6.04 £0.77 57.1+5.0 | 0.010 & 0.001 549+054 612449 | 204.38 +40.04 5.68 £0.55 100.0 + 0.0
0.92 0.024 £0.059 5.78 £0.78 57.1 +£5.0 0.025 £0.068 5.39 +0.65 63.3 +£4.9 175.73 £52.71 5.41 £0.59 100.0 +0.0
1.20 ‘ 0.011 £ 0.001 544 +096 469 £5.0 | 0.010£0.003 520+£0.79 582+50 | 246.14 £ 50.82 5.15£0.51 100.0 + 0.0

Table 11: Variation of tolerance level § with fixed patching neighborhood size €, = 0.01. Reported
values are means with standard deviations (formatted as mean = std). For robustness (a binary
outcome), we report the mean robustness with its standard error (SE), and display robustness means
in bold. Rows highlighted in gray correspond to the results selected in the main paper.

F EXPLORING CIRCUIT MINIMALITY GUARANTEES

In this experiment, we examine circuits that must simultaneously satisfy both input-robustness (Def. [T
and patching-robustness (Def. [2)), as introduced in Section[3.2] Specifically, we define ® to require
that circuits remain robust within the input neighborhood Z = BZ° (x), when non-circuit components
are patched with values drawn from the patching neighborhood 2 = B2°(x).

Thus, two domains are involved: one for inputs and one for obtaining activations used in patching.
Here, €, and ¢, denote the radii of the respective L>°-balls. In our setup, we use €, = 0.01,
ep = 0.012,and 6 = 2.0.
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F.1 VERIFYING SIMULTANEOUS INPUT- AND PATCHING-ROBUSTNESS WITH TRIPLED
SIAMESE

We certify simultaneous input- and patching-robustness using a tripled Siamese network with three
branches, each evaluated on its designated domain: (i) a full-network patching branch, which
processes inputs z’ € BS;’ (x) to capture activations for use as patching values; (ii) the full network,
which processes inputs z € BZ° (x) to provide reference logits f(z); and (iii) the circuit branch,
also evaluated on z € BZ° (x) but restricted to C, where non-circuit components are masked and
instead receive transplanted activations from the patching branch.

This special wiring enables the direct transfer of non-circuit activations, allowing the verifier to
certify that the circuit logits fo(z) remain faithful to f(z) across the input neighborhood B¢° (x)
under patching values induced by B;‘)’ (x), thereby establishing the simultaneous input- and patching-
robustness property.

We evaluate three discovery strategies under this setting, all applied with the combined robustness
predicate ® defined above:

1. Tterative discovery: Algorithm|[l]
2. Quasi-minimal search: Algorithm[3]

3. Blocking-sets MHS method: Algorithm [2] leveraging circuit blocking set duality to
approximate cardinally minimal circuits.

F.2 BLOCKING-SETS MHS METHOD: ANALYSIS AND EXPERIMENTAL DETAILS

Experimental setup. We conduct experiments on the MNIST network (34 hidden neurons). Since
contrastive subsets are enumerated in increasing order of size, the number of verification queries
grows combinatorially. Even when restricted to subset sizes ¢ € {1,2, 3}, each batch requires
thousands of verification calls. To keep computations tractable, we evaluate singletons (k = 1 per
batch) and enforce a 30-second timeout per query. In one rare case, the procedure produced an empty
circuit (size 0), as ® held vacuously under a particular choice of environments and metric, eliminating
all components. This case was excluded from the reported results.

Parallelism. Unlike iterative discovery, where elimination steps are sequentially dependent, the
verification of contrastive subsets is independent. This independence allows full parallelization: we
distribute verification queries across 14 workers, with runtime scaling nearly linearly with the number
of workers.

Properties. Under monotonic @, the MHS method yields either (i) a lower bound on the size of any
cardinally minimal circuit, or (ii) when the hitting set itself satisfies ®, a certified cardinally minimal
circuit. Although more computationally expensive than iterative discovery, MHS provides strictly
stronger guarantees: if the hitting set is valid, the result is provably cardinally minimal; otherwise, its
size gives a tight lower bound that exposes whether iterative discovery reached cardinal minimality
and quantifies any gap.

G DISCLOSURE: USAGE OF LLMS

An LLM was used solely as a writing assistant to correct grammar, fix typos, and enhance clarity.
It played no role in generating research ideas, designing the study, analyzing data, or interpreting
results; all of these tasks were carried out exclusively by the authors.
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