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Abstract

We investigate the finite-time convergence properties of Temporal Difference (TD) learning
with linear function approximation, a cornerstone of reinforcement learning. We are interested
in the so-called “robust” setting, where the convergence guarantee does not depend on the
potential function’s minimal curvature. While prior work has established convergence
guarantees in this setting, these results typically rely on the artificial assumption that each
iterate is projected onto a bounded set. Removing such a condition was left as an open
problem by Bhandari et al. (COLT’18), hypothesizing the need for additional “regularity
conditions”. In this paper, we show that the simple unprojected TD(0) converges with a rate
of Õ

(
∥θ∗∥2

2√
T

)
in expectation, even in the presence of Markovian noise. We do not require

an additional regularity condition, but only a minor polylog correction to the learning rate.
Our analysis reveals a novel self-bounding property of the TD updates and exploits it to
guarantee bounded iterates.

1 Introduction

Temporal Difference (TD) learning (Sutton, 1988) is a cornerstone of modern reinforcement learning. It
provides a model-free approach to policy evaluation, estimating the value function of a given policy within a
Markov Decision Process (MDP). The versatility of TD methods has led to applications in diverse domains,
including games (Silver et al., 2016), robotics (Gu et al., 2017), and autonomous systems (Chen et al.,
2015). At its core, TD learning iteratively updates value function estimates based on the difference between
predictions at successive time steps.

Despite its conceptual simplicity and widespread use, the theoretical analysis of TD learning, particularly
with linear function approximation in large state spaces, presents considerable challenges. Early seminal
work by Tsitsiklis & Van Roy (1996) established asymptotic convergence conditions by framing TD as a
stochastic approximation algorithm. More recently, understanding the non-asymptotic behavior and finite-
time performance of TD has become an active area of research. Challenges primarily arise from the correlated
nature of samples generated by the underlying Markov chain, which can introduce bias and dependencies into
the learning updates.

Several studies have provided finite-time analyses under various assumptions on the potential function, the
projection step, and the stepsize. In particular, two complementary kinds of analyses are known, giving rise
to a “robust” convergence rate of Õ(1/

√
T )1 (e.g., Bhandari et al., 2018; Liu & Olshevsky, 2021; Sun et al.,

2021) or to a “fast” rate of Õ(1/T ) (e.g., Bhandari et al., 2018; Srikant & Ying, 2019; Patil et al., 2023;
Samsonov et al., 2024; Mitra, 2024; Li et al., 2025). These two rates are complementary because the hidden
constant in the fast rate depends on the inverse square of the curvature of the potential function which, while
always present, can be arbitrarily small. Instead, the Õ(1/

√
T ) robust rate is independent of the curvature.

Hence, in non-asymptotic regimes, the fast rate can be arbitrarily worse than the robust one.2 This mirrors

1Õ hides polylogarithmic terms and may also hide dependencies on the mixing time.
2See Appendix A for an in-depth discussion of the literature on this point.
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Table 1: Summary of algorithmic inputs and rates for TD(0) with linear function approximation in the
literature. The quantity ω is the minimum eigenvalue of Φ⊤DΦ. All quantities are defined in Section 3 and
their inputs are discussed in Appendix B.

Rate Paper Inputs Without Projection Bound independent of ω

Õ
(

1
T

)
Bhandari et al. (2018) ω, ϕ∞ ✗ ✗

Srikant & Ying (2019) ω, α, ϕ∞, ∥θ∗∥2 ✓ ✗

Patil et al. (2023) α, ϕ∞ ✓ ✗

Samsonov et al. (2024) α, ϕ∞ ✓ ✗

Mitra (2024) ω, α, ϕ∞ ✓ ✗

Li et al. (2025) ω, ϕ∞ ✓ ✗

Õ
(

1√
T

) Bhandari et al. (2018) ϕ∞ ✗ ✓

Liu & Olshevsky (2021) ϕ∞ ✗ ✓

Sun et al. (2021) ϕ∞ ✗ ✗

This paper, Theorem 4.2 ϕ∞ ✓ ✓

what happens in the stochastic approximation setting, and it is well-known that in practice the robust rate
can be preferable, as motivated in Nemirovski et al. (2009).

In this work, we focus on the need for a projection step to achieve robust rates. In fact, for fast rates, the
assumption of minimal curvature leads to a contraction that simplifies the analysis, eliminating the need for
a projection. However, there are no known results on unprojected TD achieving the robust Õ(1/

√
T ) rate,

whereas in practice such a projection is never used. It is worth stressing that while such a projection step
is not used in practice, but only to simplify the theoretical analysis.3 Indeed, Bhandari et al. (Section 11
2018) explicitly posed the removal of the projection step as an open problem, in both the fast and robust
regime, hypothesizing that it would be possible “under additional regularity conditions.” While removing the
projection for the fast case was solved after one year by Srikant & Ying (2019), the unprojected robust case
remained unresolved.

Contributions. In this paper, we solve one of the open problems posed by Bhandari et al. (2018): For the
first time, we provide a finite-time analysis of TD(0) with linear function approximation under Markovian
observations without requiring iterate projection, while achieving a robust rate. Moreover, we do not require
any additional regularity conditions. Instead, we show that changing the learning rate from 1√

T
or 1√

t

to 1√
t log t log T

is sufficient to guarantee a self-bounding property of TD: The iterates are constrained, in
expectation, to a bounded domain around the optimal solution. Our analysis differs fundamentally from
those that aimed to prove the update is a noisy contraction, and it might be of independent interest. We
also show a convergence rate Õ( ∥θ∗∥2

2√
T

) for the potential that guides the convergence of the TD algorithm, as
defined in Liu & Olshevsky (2021). Table 1 summarizes4 and compares our results with existing finite-time
analyses of TD with linear function approximation.

2 Related Work

The initial theoretical understanding of how TD learning with linear function approximation converges over
time was established by Tsitsiklis & Van Roy (1996), who framed TD methods as stochastic approximation
algorithms (Kushner, 2010). That work did not derive finite-time convergence rates. Subsequent research (Ko-
rda & La, 2015; Lakshminarayanan & Szepesvári, 2018; Dalal et al., 2018) did provide such rates, but a
significant limitation was the assumption that data are drawn independently from the stationary distribution.
In practice, data are typically collected sequentially along a single trajectory of the Markov chain, introducing

3Bhandari et al. (2018) says “at this stage, we view this [projection] mainly as a tool that enables clean finite time analysis,
rather than a practical algorithmic proposal.”

4See Appendix B for a precise discussion of the inputs for each algorithm.
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temporal correlations between samples. These correlations make it challenging to analyze even the basic
TD(0) method.

Bhandari et al. (2018) provided the first finite-time analysis of TD learning under more realistic Markovian
data, drawing parallels to stochastic gradient descent. However, their analysis, as well as that of Liu &
Olshevsky (2021), requires a projection step to control the magnitude of iterates/updates. Sun et al. (2021)
examined Adam-inspired (Kingma, 2014) adaptive TD variants, but they require a projection as well. Here,
we remove the need to project, while obtaining the robust rate of Õ(1/

√
T ) obtained by Bhandari et al.

(2018).

Another line of work leverages the curvature of the potential function. This allowed Srikant & Ying (2019) to
be the first to provide finite-time error bounds for TD learning with linear function approximation under
Markovian sampling without a projection step, employing a control-theoretic approach based on Lyapunov
theory. While elegant, the analysis in Srikant & Ying (2019) relies on stepsizes that depend on the strong-
convexity (curvature) parameter of the potential function. Since this parameter is typically unknown, their
result only implies the existence of a good but unknown learning rate. Subsequently, Patil et al. (2023)
removed the dependence of stepsizes on this strong-convexity parameter, yielding a more practical algorithm,
but at the price of requiring a data-dropping variant of TD. Later, Samsonov et al. (2024) improved the
analysis of Patil et al. (2023) to obtain high-probability bounds.

In parallel, Mitra (2024) provided a simpler analysis using an inductive two-step argument, while Li et al.
(2025) utilized an exponentially decaying stepsize to remove the data-dropping steps. Moreover, Sun et al.
(2022) extended the fast analysis to neural networks in the NTK regime. However, in all these results, the
non-asymptotic convergence rate can become arbitrarily slow due to ill-conditioned linear mappings. We
discuss this caveat in more detail in Section 4.1.

Our proof method is fundamentally different from the above ones, which removed the projection by proving
a contraction. Instead, we show that the iterates are bounded for reasons analogous to what happens in
Stochastic Gradient Descent (SGD). In fact, SGD can have bounded iterates even for non-strongly convex
objectives, as shown, for example, by Xiao (2010); Orabona & Pál (2021); Telgarsky (2022); Ivgi et al. (2023)
under various update schemes and assumptions on the potential and stepsizes.

Another minor difference with prior work is our choice of the potential function: We study the potential function
proposed in Liu & Olshevsky (2021), which improves earlier formulations by adding a term proportional to
the discount factor γ.

3 Notation and Assumptions

We briefly review the required background on Markov Decision Processes (MDPs) and TD learning with
linear function approximation. For a comprehensive treatment, we refer the reader to Sutton & Barto (1998)
and Mannor et al. (2022).

In the following, vectors are denoted in bold, and all norms are ℓ2 (i.e., Euclidean) norms unless stated
otherwise.

3.1 Discounted Markov Decision Processes

We define a discounted-reward MDP as a tuple (S,A,P, r, γ), comprising a finite state space S of size n, a
finite action space A, a discount factor γ ∈ (0, 1), and a transition kernel P, where P (s′ | s, a) denotes the
probability of transitioning from s to s′ given action a. The reward r(s, s′) for each transition is bounded by
r∞. Given a trajectory starting at s0, we denote the state at time t by st, with the reward after transitioning
defined as rt := r(st, st+1).

Induced Markov chain. A stationary policy µ : S → ∆|A|−1 induces a Markov chain with transition
probabilities

P µ(s′ | s) :=
∑
a∈A

µ(a | s) P (s′ | s, a), ∀s, s′ ∈ S.

3
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We let P µ ∈ Rn×n denote the corresponding transition matrix, where the entry at row s and column s′ is
[P µ]s,s′ = P µ(s′ | s). Throughout, we denote the expected single-step reward at state s by r(s) :=

∑
s′ P µ(s′ |

s) r(s, s′).

In this paper, we focus on the task of policy evaluation, where the goal is to compute the value function
defined as the expected discounted sum of rewards.

Value functions and Bellman operators. The value function V µ ∈ Rn associated with policy µ is
defined component-wise as V µ(s) = E[

∑∞
t=0 γt rt | s0 = s], where the expectation is taken over the trajectory

generated by P µ starting from s0 = s. The Bellman operator T µ : Rn → Rn is defined as

(T µV )(s) := r(s) + γ
∑
s′∈S

P µ(s′ | s) V (s′), ∀s ∈ S.

The operator T µ is a γ-contraction in the ℓ∞-norm; hence V µ is its unique fixed point.

To study the finite-time behavior of the Markov chain, we impose the following standard ergodic condition.
Assumption 3.1. The Markov chain induced by policy µ is irreducible and aperiodic.

Under Assumption 3.1, the Markov chain admits a unique stationary distribution π ∈ ∆n−1 and its vector
form π satisfies π⊤P µ = π⊤ and mixes geometrically:
Theorem 3.2 (Levin & Peres 2017, Theorem 4.9). There exist constants 1 < C ≤ 2 and α ∈ [1/2, 1) such
that

max
s∈S

∥∥(P µ)t(· | s)− π
∥∥

TV ≤ C αt, ∀t ≥ 0,

where ∥ · ∥TV denotes the total variation distance and (P µ)t(· | s) is the state distribution after t steps starting
from state s.

Based on this, we define the mixing time for a tolerance ϵ as τ(ϵ) := min {t ∈ N | Cαt ≤ ϵ}.

3.2 TD(0) with Linear Function Approximation

We consider the approximation of V µ with linear mappings and estimate the weights θ ∈ Rd via TD learning.

Linear architecture. Let ϕi : S → R for i ∈ {1, . . . , d} be the feature mappings. For each s ∈ S, define
the feature vector ϕ(s) := [ϕ1(s), . . . , ϕd(s)]⊤ ∈ Rd. We define the feature matrix Φ ∈ Rn×d such that the
row corresponding to state s is ϕ(s)⊤. The value function is approximated as Vθ(s) := θ⊤ϕ(s), or in vector
form Vθ = Φθ.

We recall the following standard assumption on the features.
Assumption 3.3. The feature matrix Φ has full column rank d, and ∥ϕ(s)∥ ≤ ϕ∞ for5 all s ∈ S.

TD error and update. Given the weight θt and a trajectory sample (st, st+1, rt), the TD error is defined
as δt := rt + γVθt(st+1)− Vθt(st). The TD(0) updates as

θt+1 = θt + ηt δt∇θVθt
(st) = θt + ηt

(
rt + γθ⊤

t ϕ(st+1)− θ⊤
t ϕ(st)

)
ϕ(st) := θt + ηtgt,

where ηt > 0 is the stepsize.

Projected Bellman equation. Under Assumptions 3.1–3.3 and suitable ηt, TD(0) converges to θ∗

asymptotically and θ∗ is characterized as the unique solution to the projected Bellman equation (Tsitsiklis
& Van Roy, 1996) Φθ∗ = ΠD T µ(Φθ∗), where ΠD is the orthogonal projection operator onto the subspace
{Φx | x ∈ Rd} with respect to the D-norm defined below.

D-norms. Let D := diag(π). Since D ≻ 0, for x, y ∈ Rn, we can define the inner product ⟨x, y⟩D := x⊤Dy
and the norm ∥x∥D :=

√
⟨x, x⟩D.

5The knowledge of ϕ∞ can be removed by using, for example, a feature normalization scheme.
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Algorithm 1 Unprojected TD(0) with linear function approximation
1: Input: iteration budget T , ϕ∞, c > 15 + 18

√
2, s0

2: θ0 = 0
3: for t = 0, . . . , T − 1 do
4: Receive trajectory sample (st, st+1, rt)
5: gt =

(
rt + γϕ(st+1)⊤θt − ϕ(st)T θt

)
ϕ(st)

6: ηt = 1
c ϕ2

∞ log T log(t+3)
√

t+1
7: θt+1 = θt + ηtgt

8: end for
9: Output: θ̄T := (

∑T −1
k=0 ηk)−1∑T −1

k=0 ηkθk

Dirichlet-seminorms. The Dirichlet seminorm (Diaconis & Saloff-Coste, 1996; Ollivier, 2018; Liu &
Olshevsky, 2021) is defined as

∥V ∥2
Dir := 1

2
∑

s,s′∈S
π(s) P µ(s′ | s)

(
V (s′)− V (s)

)2
. (1)

Since Φ is full column rank by Assumption 3.3, the matrix Φ⊤DΦ is positive definite. Thus, the minimum
eigenvalue ω := λmin(Φ⊤DΦ) is strictly positive. This quantity ω plays the role of a strong-convexity
(curvature) parameter in fast-rate analyses.

Stationary update. The asymptotic behavior of TD(0) is closely tied to the stationary update field

ḡ(θ) := E
[(

r(s, s′) + γϕ(s′)⊤θ − ϕ(s)⊤θ
)
ϕ(s)

]
.

Here, the expectation is taken over stationary transitions where s ∼ π and s′ ∼ P µ(· | s). In particular,
ḡ(θ∗) = 0.

4 Unprojected Temporal Difference Learning

In this section, we present our main result: We analyze TD(0) without any projection, as shown in Algorithm 1,
and present a robust convergence result for it.

First, we explain what exactly our convergence is. In prior work (e.g., Bhandari et al., 2018), the potential
function for the convergence analysis was ∥∥Vθ̄T

− Vθ∗
∥∥2

D
. (2)

Note that when the discount factor γ → 1, their rate Õ
(

∥θ∗∥2

(1−γ)
√

T

)
loses its utility in characterizing the error

of estimates θ̄T to θ∗ in T . For this reason, we focus on the better potential function proposed by Liu &
Olshevsky (2021):

f(θ) := (1− γ) ∥Vθ − Vθ∗∥2
D + γ ∥Vθ − Vθ∗∥2

Dir .

Clearly, the point θ∗ minimizes f(θ). Moreover, any result obtained using this potential with (1 − γ)−1

scaling implies those obtained using (2) since ∥Vθ − Vθ∗∥2
Dir is non-negative. Finally, this potential provides

convergence results even when the discount factor γ → 1; see the discussion in Liu & Olshevsky (2021).

From a technical point of view, the advantage of this potential is that the stationary update ḡ(θ) satisfies the
equality in the following theorem. In a sense, the results in Liu & Olshevsky (2021) indicate that this is the
“correct" potential function for TD(0).
Lemma 4.1. (Liu & Olshevsky, 2021, Theorem 1) For any θ ∈ Rd, we have

⟨−ḡ(θ), θ − θ∗⟩ = f(θ)− f(θ∗) .
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Using the above potential function, the following theorem shows that the TD(0) algorithm can converge with
a rate of Õ(∥θ∗∥2

/
√

T ) without projections.
Theorem 4.2. Consider the weighted average iterate θ̄T generated by Algorithm 1. Suppose the stepsize
parameter c satisfies c > c0 := 15 + 18

√
2, and the number of iterations T satisfies log T ≥ 2

log3(1/α) . Then,
we have:

(a) For any t ≤ T , E
[
∥θt∥2

]
≤ ρ2

c max
{

r2
∞

ϕ2
∞

, ∥θ∗∥2
}

, where ρc → 2 as c → ∞, and ρc = O
( 1

c−c0

)
as

c ↓ c0 .

(b) f(θ̄T )− f(θ∗) = Õ
(

cρ2
c max{r2

∞,ϕ2
∞∥θ∗∥2}√

T

)
.

For lack of space, we give the proof of part (a) in Theorem G.1 in the Appendix, while part (b) follows as
a corollary at the end of Section 5. Theorem G.1 will also detail how the stepsize parameter c determines
the radius multiplier ρc. In short, the number c must exceed a threshold to ensure bounded iterates, and
increasing c decreases ρc.

It is worth stressing that knowing T in advance is not a limitation, because one can use a standard doubling
trick (see Appendix J).
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Figure 1: Instability of TD learning. Columns: boundedness ratio, divergence rate, suboptimality gap vs.
stepsize scale (c). Rows: different feature scalings (changing the spectrum of Φ⊤DΦ).

For the interested reader, we also give a proof sketch in Section 5, where we explain the main steps of the
proof, abstracting away the annoying details and contrasting it with previous proofs.

Dependency on α for T? Given that α is typically unknown, one might wonder about the condition
on T in the theorem. First of all, this is a limitation of all analyses on this topic, sometimes hidden. In
fact, all the prior robust bounds have a worse rate than Õ(1/

√
T ) if T is not sufficiently large depending on

α. This seems to be poorly discussed in the literature, so we devote Appendix I to proving it. Hence, to
the best of our knowledge, a dependency of T on α, in an implicit or explicit way, seems unavoidable. It is
probably possible to state our result in a similar way, but at the very least the expression of ρc would become
dependent on α, and we preferred a cleaner expression of the assumptions and results. Notice that even for
fast rates, we either need a sufficiently small stepsize that depends on ω (an unknown quantity), or we use
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ω-agnostic algorithms (e.g. Patil et al., 2023; Samsonov et al., 2024), which rely on data dropping steps that
still require knowledge of α, see Table 1.

Is the threshold on the stepsizes real? Theorem 4.2 gives a sufficient condition on c to have bounded
iterates and convergence. First of all, we would like to stress that we did not try to optimize the numerical
value of the threshold on c, for the simple reason that any similar analysis with such weak assumptions cannot
be predictive of reality.

Instead, the more interesting question is to check if the condition is necessary too. That is, does TD(0)
without projection have bounded iterates in finite time with arbitrary stepsizes satisfying the condition in
Tsitsiklis & Van Roy (1996)? To test this effect, we conducted an experiment in which we ran TD(0) on a
synthetic problem (details in Appendix H). In Figure 1, first column, we show the expected boundedness ratio,
defined as maxt≤T E[∥θt∥2]

∥θ∗∥2 , which is large if the iterates blow up. The second column shows the divergence rate,
that is, the fraction of runs with ∥θt∥2 > 1012, while the third column shows the suboptimality gap. Overall,
we have that the threshold on the stepsizes is indeed real. In fact, from both the expected boundedness ratio
and the divergence rate, it is clear that if c is too small, the iterates of the algorithm are not controlled in
finite time. Moreover, the explosion in both of these measures nicely mirrors the theoretical behavior in our
function ρc in Theorem 4.2.

The rows correspond to different spectral characteristics of Φ⊤DΦ. Hence, changing the spectral characteris-
tics does not change much the iterates, as our theory suggests. However, due to the complementarity of the
robust and fast rates, it does influence the suboptimality gap, suggesting that a robust rate of Õ(1/

√
T ) is

pessimistic when the strong convexity is large.

In Appendix H, we also report experiments with a fixed stepsize that show the same behaviors.

4.1 Detailed Comparison with Previous Results

Here, we highlight a few technical differences between our analysis and existing finite-time results for TD(0)
with linear function approximation.

Comparison with robust Õ(1/
√

T ) rates with projections. Bhandari et al. (2018, Theorem 3.(a))
proves that projected TD with stepsize ηt = 1√

T
satisfies

E
[
∥Vθ̄T

− Vθ∗∥2
D

]
= Õ

(
R2

(1− γ)
√

T

)
,

where R is the projection radius and requires R ≥ ∥θ∗∥. Our bound implies the same type of D-norm
guarantee, since ∥ · ∥2

Dir ≥ 0. Also, their choice of the learning rate and ours have the same dependency on T ,
up to polylogarithmic terms, that is, we do not gain more stability by using a much smaller learning rate, but
rather with a refined analysis. Moreover, our bound depends explicitly on ∥θ∗∥ rather than on an a priori
radius R.

We stress once again that the use of a projection step in Bhandari et al. (2018) is only for the purpose of
analysis, but not a real practical possibility. In fact, while one can obtain a (potentially very loose) upper
bound on ∥θ∗∥ in terms of ω = λmin(Φ⊤DΦ) (Bhandari et al., 2018, Lemma 1), this approach is impractical
from an algorithm design perspective. In fact, the goal of TD learning is precisely to avoid the computational
complexity that scales with the number of states n, which is highly non-trivial when estimating ω involves
computing the stationary matrix D.

Comparison with fast Õ(1/T ) rates. It is instructive to compare our results with the known fast rates,
to underline their complementarity. In the fast regime (Srikant & Ying, 2019; Patil et al., 2023; Mitra, 2024;
Samsonov et al., 2024; Li et al., 2025), contraction-based arguments yield bounds of the form

E
[
∥Vθ̄T

− Vθ∗∥2
D

]
= Õ

(
∥θ∗∥2

(1− γ)2 ω2 T

)
.
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Some algorithms choose stepsizes without prior knowledge of ω (Patil et al., 2023; Samsonov et al., 2024),
matching the same information passed to the analyses achieving a robust rate. Nevertheless, in non-asymptotic
regimes, the fast guarantee can be much worse than an ω-independent Õ(1/

√
T ) guarantee, because ω can be

arbitrarily small. Indeed, ignoring logarithmic factors, the fast bound only improves over Õ(∥θ∗∥2/((1−γ)
√

T ))
when T ≳ 1/((1− γ)2ω4). We now show that one can construct problems where ω is arbitrarily small.

Consider a two-state Markov chain with states s1 and s2, and transition matrix

P =
[ 1−α

2
1+α

21+α
2

1−α
2

]
,

1
2 < α < 1 .

Then, this chain is irreducible and aperiodic, and its stationary distribution is uniform: D = 1
2I. Now

consider the feature matrix
Φ =

[
ϵ 1
−ϵ 1

]
, 0 < ϵ < 1 .

The matrix Φ is full column rank, and ϕ∞ =
√

2. Moreover, a direct calculation yields

Φ⊤DΦ =
[
ϵ2 0
0 1

]
.

Consequently, ω = λmin
(
Φ⊤DΦ

)
= ϵ2. By choosing ϵ arbitrarily small, the curvature parameter ω can be

made arbitrarily close to zero. Importantly, this degeneration arises solely from the feature representation:
for different values of the mixing time α, the stationary distribution and ω remain unchanged.

5 Proof Sketch and Differences with Prior Proofs

The fact that the iterates are bounded in this explicit form is both a novel contribution and a crucial ingredient
in our analysis. We now explain how this is obtained, contrasting it with previous approaches.

Prior work: Controlling the iterates with curvature. The standard approach to analyze TD(0) starts
from the following recursion (Bhandari et al., 2018; Srikant & Ying, 2019; Sun et al., 2021; Patil et al., 2023;
Mitra, 2024; Samsonov et al., 2024; Li et al., 2025):

∥θt − θ∗∥2 = ∥θt−1 + ηt−1gt−1 − θ∗∥2 = ∥θt−1 − θ∗∥2 + 2ηt−1⟨gt−1, θt−1 − θ∗⟩+ η2
t−1 ∥gt−1∥2

= ∥θt−1 − θ∗∥2 + 2ηt−1⟨ḡ(θt−1), θt−1 − θ∗⟩+ η2
t−1 ∥gt−1∥2 + 2ηt−1⟨gt−1 − ḡ(θt−1), θt−1 − θ∗⟩ .

Then, in the fast regime (Srikant & Ying, 2019; Patil et al., 2023; Samsonov et al., 2024; Li et al., 2025), one
can use the following lemma:
Lemma 5.1. (Mitra, 2024, Lemma 1)

⟨ḡ(θ), θ − θ∗⟩ ≤ −ω(1− γ) ∥θ − θ∗∥2
, ∀θ ∈ Rd.

Then, plugging this into the recursion yields

∥θt − θ∗∥2 ≤ (1− 2ηt−1ω(1− γ)) ∥θt−1 − θ∗∥2 + η2
t−1 ∥gt−1∥2 + 2ηt−1⟨gt−1 − ḡ(θt−1), θt−1 − θ∗⟩ .

One then proceeds to control the gradient term ∥gt−1∥2 and bias term ⟨gt−1 − ḡ(θt−1), θt−1 − θ∗⟩ to form
the following standard pseudo-contraction:

E
[
∥θt − θ∗∥2

]
= (1− 2ηt−1ω(1− γ))E

[
∥θt−1 − θ∗∥2

]
+O

(
η2

t−1 ∥θ∗∥2
)

,

Unrolling the recursion yields E
[∥∥Vθ∗ − Vθ̄T

∥∥2
D

]
= Õ( ∥θ∗∥2

ω2(1−γ)2T ). Notice that there is no need for projection
steps in this line of analysis, thanks to the contraction property, which keeps the iterates bounded. However,
in this approach, the rate depends on ω, which could be arbitrarily small, as we show in Section 4.1.
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Prior Work: Controlling the iterates with projections. To avoid the dependency on ω, we can
analyze TD(0) using Lemma 4.1 instead of Lemma 5.1. The analysis starts from controlling the magnitude of
the gradient ∥gt−1∥ using the following lemma:
Lemma 5.2. (Bhandari et al., 2018, Lemma 6) Define gt(θ) :=

(
r(st, st+1) + γϕ(st+1)⊤θ − ϕ(st)⊤θ

)
ϕ(st).

Then, for all θ ∈ Rd, ∥gt(θ)∥ ≤ r∞ϕ∞ + 2ϕ2
∞ ∥θ∥ .

Hence, the term ∥θt−1∥ upper bounds the magnitude of the gradient ∥gt−1∥. Since θt−1 = θt−2 + ηt−2gt−2,
the term ∥θt−1∥ in turn depends on both ∥θt−2∥ and ∥gt−2∥. This recursive dependence can create a vicious
cycle, leading to an explosion in ∥θt∥ driven by the stochasticity of gt−1. Previous analyses (Bhandari et al.,
2018; Liu & Olshevsky, 2021) avoid this problem by imposing an artificial projection step, which guarantees
∥θt∥ ≤ R for all t, where R is chosen agnostically to be larger than ∥θ∗∥. Under this constraint, we have
a uniform control over the magnitude of ∥gt∥ by r∞ϕ∞ + 2ϕ2

∞R for all t, which can be seen as a bounded
gradients condition in optimization.

Our Approach: Controlling the iterates without projections. Now, we explain our proof method,
which eliminates the need for a projection.

Let’s first give our argument in a nutshell. We first ignore the presence of Markovian noise. Next, assuming
the iterates are bounded up to time t− 1, the next TD learning update is also bounded; this allows us to show
that the next iterate remains bounded for a carefully chosen stepsize. This implication naturally suggests an
inductive proof. For previously ignored Markovian noise, our strategy is to use the geometric convergence in
Theorem 3.2. Thus, we work with the stationary update field ḡ and control the associated error term. By
combining all these steps, we obtain the stated result.

Let’s now look at the details. We decompose the updates as follows:

θt = θt−1 + ηt−1gt−1 = θt−1 + ηt−1 (gt−1 − E[gt−1 | Ft−2]) + ηt−1 (E[gt−1 | Ft−2]− ḡ(θt−1) + ḡ(θt−1)) .

Notice that ξt−1 := gt−1 − E[gt−1 | Ft−2] is a martingale difference sequence with respect to Ft−1 :=
σ(s0, . . . , st), and bt−1 := E[gt−1 | Ft−2]− ḡ(θt−1) is the gradient bias term. Then, we have

∥θt − θ∗∥2 = ∥θt−1 + ηt−1(ξt−1 + bt−1 + ḡ(θt−1))− θ∗∥2

= ∥θt−1 − θ∗∥2 + 2ηt−1⟨ξt−1 + bt−1 + ḡ(θt−1), θt−1 − θ∗⟩

≤ ∥θt−1 − θ∗∥2 + 2ηt−1⟨ξt−1 + bt−1, θt−1 − θ∗⟩+ 3η2
t−1 ∥ξt−1∥2 + 3η2

t−1 ∥bt−1∥2 + 3η2
t−1 ∥ḡ(θt−1)∥2

,

where we use Lemma 4.1 in the last inequality. Taking expectation and telescoping gives

E
[
∥θt − θ∗∥2

]
≤ 2E

[
t−1∑
k=0

ηk⟨bk, θk − θ∗⟩

]
+ ∥θ∗∥2 + 3E

[
t−1∑
k=0

η2
k(∥ξk∥2 + ∥bk∥2 + ∥ḡ(θk)∥2)

]
. (3)

Our analysis follows from controlling the gradient bias term bk in the update. The difficulty in analyzing bk

comes from gk is not an unbiased estimate of ḡ(θk). To be more precise, by defining Zk := (sk, sk+1) and
overloading the notation g(θk, Zk) :=

(
r(sk, sk+1) + γϕ(sk+1)⊤θk − ϕ(sk)⊤θk

)
ϕ(sk), in general, we have

E[g(θk, Zk) | Fk−1] ≠ ḡ(θk), which comes from the fact that Zk depends on Zk−1 ∈ Fk−1 and the distribution
of E[Zk | Zk−1] is not necessarily equal to the stationary distribution.

The key idea for decoupling this dependency is that it converges to the stationary distribution geometrically
fast. So, for large k′, the distribution of E[Zk | Zk−k′ ] can be seen as almost the same as the stationary
distribution. This is characterized by the following lemma, whose proof is in Appendix D.
Lemma 5.3. For any 0 ≤ k′ ≤ k, let ℓk−k′ := r∞ϕ∞ + 2ϕ2

∞ ∥θk−k′∥ , then, we have with probability 1,

∥E[g(θk−k′ , Zk)− ḡ(θk−k′) | Fk−k′−1]∥ ≤ 2ℓk−k′Cαk′
.

Thus, we can consider the following decomposition of the gradient bias term E[bk] in expectation:

E[bk] = E[E[g(θk−k′ , Zk) | Fk−1]− ḡ(θk−k′)]
+ E[E[g(θk, Zk) | Fk−1]− ḡ(θk)]− E[E[g(θk−k′ , Zk) | Fk−1]− ḡ(θk−k′)] .

9
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In order to apply the Lemma 5.3, we employ the law of total expectation to the first term:

E[E[g(θk−k′ , Zk) | Fk−1]− ḡ(θk−k′)] = E[g(θk−k′ , Zk)]− E[ḡ(θk−k′)]
= E[E[g(θk−k′ , Zk)− ḡ(θk−k′) | Fk−k′−1]] . (4)

The remaining term can be controlled by observing ∥E[g(θ, Zt) | Ft−1]− ḡ(θ)∥ is Lipschitz in θ (see
Lemma E.5). A comprehensive proof for controlling gradient bias terms for all k ≤ t can be found in
Appendix F.1.

By applying (4) to bound E[⟨bk, θk − θ∗⟩], we have E[
∑t−1

k=0⟨bk, θk − θ∗⟩] is of order O(maxi≤t−1 E[∥θi∥2] +
∥θ∗∥2), plugging this into equation (3) and controlling other gradient-like terms with Lemma 5.2, we conclude
that E[∥θt − θ∗∥2] is also of order O(maxi≤t−1 E[∥θi∥2] + ∥θ∗∥2). Notice that E[∥θt∥2] ≤ E[(∥θt − θ∗∥ +
∥θ∗∥)2] from the triangle inequality. That is, to bound E[∥θt∥2], we can bound the surrogate target
E[∥θt − θ∗∥2] using maxi≤t−1 E[∥θi∥2] first. Motivated by this, we consider the induction hypothesis:

max
i≤t−1

E
[
∥θi∥2

]
≤ ρ2

c max
{

r2
∞

ϕ2
∞

, ∥θ∗∥2
}

and prove that maxi≤t E[∥θi∥2] ≤ ρ2
c max

{
r2

∞
ϕ2

∞
, ∥θ∗∥2

}
. Indeed, if the stepsize parameter c is small enough,

a constant that bounds the previous iterates will also bound the next iterate. We remark again that the
stepsize parameter c and ρc in induction are chosen carefully to ensure the inductive step proceeds. The
precise derivation can be found in Theorem G.1 in the Appendix.
Convergence result. We now give the proof of Theorem 4.2 (b).

Proof. For any 0 ≤ t ≤ T − 1, let dt = ∥θ∗ − θt∥. Thus,

d2
t+1 = ∥θ∗ − θt − ηtgt∥2 = d2

t − 2ηt⟨gt, θ∗ − θt⟩+ η2
t ∥gt∥2

= d2
t − 2ηt⟨ḡ(θt), θ∗ − θt⟩+ 2ηt⟨ḡ(θt)− gt, θ∗ − θt⟩+ η2

t ∥gt∥2
.

Summing from t = 0 to t = T − 1, taking the expectation, and using Lemma 4.1, we have

T −1∑
t=0

2ηtE
[
(1− γ) ∥Vθt

− Vθ∗∥2
D + γ ∥Vθt

− Vθ∗∥2
Dir

]
≤

T −1∑
t=0

(
E
[
d2

t

]
− E

[
d2

t+1
])

+ E

[
T −1∑
t=0

η2
t ∥gt∥2

]
+ E

[
T −1∑
t=0

2ηt⟨ḡ(θt)− gt, θ∗ − θt⟩

]

= ∥θ∗∥2 +O
(

ρ2
c max

{
r2

∞
ϕ2

∞
, ∥θ∗∥2

})
,

where we used Theorem G.1 in the last inequality. Using the convexity of f , we have

E
[
f(θ̄T )− f(θ∗)

]
≤ 1∑T −1

i=0 ηi

T −1∑
t=0

ηtE
[
(1− γ) ∥Vθt

− Vθ∗∥2
D

]
+ 1∑T −1

i=0 ηi

T −1∑
t=0

ηtE
[
γ ∥Vθt

− Vθ∗∥2
Dir

]
= Õ

(
cρ2

c max{r2
∞,ϕ2

∞∥θ∗∥2}√
T

)
,

where we use
∑T −1

i=0 ηi ≥ 2
√

T +1−2
cϕ2

∞ log2(T +3) in the last equality.

6 Conclusion

In this paper, we present a robust finite-time analysis of TD(0) without requiring additional projection steps.
To the best of our knowledge, this is the first finite-time guarantee in this setting. In particular, we do not
employ the contraction-based proof technique used in previous work; instead, we directly prove that the
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iterates of TD(0) are bounded. We believe our proof is general and, for example, it can be easily extended to
analyze the TD(λ) algorithm and the Q-learning setting introduced in (Chen et al., 2022).

In future work, we plan to investigate the possibility of obtaining rates that interpolate between Õ(1/
√

T )
and Õ(1/T ), depending on the curvature of the potential function. Ideally, one would like to show that TD(0)
adapts to the curvature of the function with a specific stepsize, as is possible with recent parameter-free
schemes (Cutkosky & Orabona, 2018).
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