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ABSTRACT

Deep-learning models can extract a rich assortment of features from data. Which
features a model uses depends not only on predictivity—how reliably a feature
indicates training-set labels—but also on availability—how easily the feature can
be extracted from inputs. The literature on shortcut learning has noted examples in
which models privilege one feature over another, for example texture over shape
and image backgrounds over foreground objects. Here, we test hypotheses about
which input properties are more available to a model, and systematically study how
predictivity and availability interact to shape models’ feature use. We construct
a minimal, explicit generative framework for synthesizing classification datasets
with two latent features that vary in predictivity and in factors we hypothesize to
relate to availability, and we quantify a model’s shortcut bias—its over-reliance
on the shortcut (more available, less predictive) feature at the expense of the core
(less available, more predictive) feature. We find that linear models are relatively
unbiased, but introducing a single hidden layer with ReLU or Tanh units yields
a bias. Our empirical findings are consistent with a theoretical account based on
Neural Tangent Kernels. Finally, we study how models used in practice trade
off predictivity and availability in naturalistic datasets, discovering availability
manipulations which increase models’ degree of shortcut bias. Taken together,
these findings suggest that the propensity to learn shortcut features is a fundamental
characteristic of deep nonlinear architectures warranting systematic study given its
role in shaping how models solve tasks.

1 INTRODUCTION

Natural data domains provide a rich, high-dimensional input from which deep-learning models can
extract a variety of candidate features. During training, models determine which features to rely
on. Following training, the chosen features determine how models generalize. A challenge for
machine learning arises when models come to rely on spurious or shortcut features instead of the
core or defining features of a domain (Arjovsky et al., 2019; McCoy et al., 2019; Geirhos et al., 2020;
Singla & Feizi, 2022). Shortcut “cheat” features, which are correlated with core “true” features in
the training set, obtain good performance on the training set as well as on an iid test set, but poor
generalization on out-of-distribution inputs. For instance, ImageNet-trained CNNs classify primarily
according to an object’s texture (Baker et al., 2018; Geirhos et al., 2018a; Hermann et al., 2020),
whereas people define and classify solid objects by shape (e.g., Landau et al., 1988). Focusing on
texture leads to reliable classification on many images but might result in misclassification of, say,
a hairless cat, which has wrinkly skin more like that of an elephant. The terms “spurious” and
“shortcut” are largely synonymous in the literature, although the former often refers to features that
arise unintentionally in a poorly constructed dataset, and the latter to features easily latched onto by a
model. In addition to a preference for texture over shape, other common shortcut features include
a propensity to classify based on image backgrounds rather than foreground objects (Beery et al.,
2018; Sagawa et al., 2020a; Xiao et al., 2020; Moayeri et al., 2022), or based on individual diagnostic
pixels rather than higher-order image content (Malhotra et al., 2020).

The literature examining feature use has often focused on predictivity—how well a feature indicates
the target output. Anomalies have been identified in which networks come to rely systematically on
one feature over another when the features are equally predictive, or even when the preferred feature
has lower predictivity than the non-preferred feature (Beery et al., 2018; Pérez et al., 2018; Tachet
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et al., 2018; Arjovsky et al., 2019; McCoy et al., 2019; Hermann & Lampinen, 2020; Shah et al.,
2020; Nagarajan et al., 2020; Pezeshki et al., 2021; Fel et al., 2023). Although we lack a general
understanding of the cause of such preference anomalies, several speci�c cases have been identi�ed.
For example, features that are linearly related to classi�cation labels are preferred by models over
features that require nonlinear transforms (Hermann & Lampinen, 2020; Shah et al., 2020). Another
factor leading to anomalous feature preferences is the redundancy of representation, e.g., the size of
the pixel footprint in an image (Sagawa et al., 2020a; Wolff & Wolff, 2022; Tartaglini et al., 2022).

Because predictivity alone is insuf�cient to explain feature reliance, here we explicitly introduce
the notion ofavailability to refer to the factors that in�uence the likelihood that a model will use a
feature more so than a purely statistical account would predict. A more-available feature is easier for
the model to extract and leverage. Past research has systemtically manipulated predictivity; in the
present work, we systematically manipulate both predictivityandavailability to better understand
their interaction and to characterize conditions giving rise to shortcut learning. Our contributions are:

• We de�ne quantitative measures of predictivity and availability using a generative framework
that allows us to synthesize classi�cation datasets with latent features having speci�ed
predictivity and availability. We introduce two notions of availability relating to singular
values and nonlinearity of the data generating process, and we quantify shortcut bias in
terms of how a learned classi�er deviates from an optimal classi�er in its feature reliance.

• We perform parametric studies of latent-feature predictivity and availability, and examine
the sensitivity of different model architectures to shortcut bias, �nding that it is greater for
nonlinear models than linear models, and that model depth ampli�es bias.

• We present a theoretical account based on Neural Tangent Kernels (Jacot et al., 2018) which
indicates that shortcut bias is an inevitable consequence of nonlinear architectures.

• We show that vision architectures used in practice can be sensitive to non-core features
beyond their predictive value, and show a set of availability manipulations of naturalistic
images which push around models' feature reliance.

2 RELATED WORK

The propensity of models to learn spurious (Arjovsky et al., 2019) or shortcut (Geirhos et al., 2020)
features arises in a variety of domains (Heuer et al., 2016; Gururangan et al., 2018; McCoy et al.,
2019; Sagawa et al., 2020a) and is of interest from both a scienti�c and practical perspective. Existing
work has sought to understand the extent to which this tendency derives from the statistics of the
training data versus from model inductive bias (Neyshabur et al., 2014; Tachet et al., 2018; Pérez et al.,
2018; Rahaman et al., 2019; Arora et al., 2019; Geirhos et al., 2020; Sagawa et al., 2020b;a; Pezeshki
et al., 2021; Nagarajan et al., 2021), for example a bias to learn simple functions (Tachet et al., 2018;
Pérez et al., 2018; Rahaman et al., 2019; Arora et al., 2019). Hermann & Lampinen (2020) found that
models preferentially represent one of a pair of equally predictive image features, typically whichever
feature had been most linearly decodable from the model at initialization. They also identi�ed cases
where models relied on a less-predictive feature that had a linear relationship to task labels over a
more-predictive feature that had a nonlinear relationship to labels. Together, these �ndings suggest
that predictivity alone is not the only factor that determines model representations and behavior. A
theoretical account by Pezeshki et al. (2021) studied a situation in supervised learning in which
minimizing cross-entropy loss captures only a subset of predictive features, while other relevant
features go unnoticed. They introduced a formal notion ofstrengththat determines which features
are likely to dominate a solution. Their notion of strength confounds predictivity and availability, the
two concepts which we aim to disengangle in the present work.

Work in the vision domain has studied which features vision models rely on when trained on natural
image datasets. For example, ImageNet models prefer to classify based on texture rather than shape
(Baker et al., 2018; Geirhos et al., 2018a; Hermann et al., 2020) and local rather than global image
content (Baker et al., 2020; Malhotra et al., 2020), marking a difference from how people classify
images (Landau et al., 1988; Baker et al., 2018). Other studies have found that image backgrounds
play an outsize role in driving model predictions (Beery et al., 2018; Sagawa et al., 2020a; Xiao et al.,
2020). Two studies manipulated the quantity of a feature in an image to test how this changed model
behavior. Tartaglini et al. (2022) probed pretrained models with images containing a shape consistent
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Figure 1:Synthetic data. A: Two datasets differing in the predictivity ofzs. B: Schematic of the
embedding procedure manipulating availability via the mapping fromz to x . Dashed boxes are
optional.

with one class label and a texture consistent with another, where the texture was present throughout
the image, including in the background. They varied the opacity of the background, and as the the
texture became less salient, models increasingly classi�ed by shape. Wolff & Wolff (2022) found that
when images had objects with opposing labels, models preferred to classify by the object with the
larger pixel footprint, an idea we return to in Section 5. The development of methods for reducing
bias for particular features over others is an active area (e.g. Arjovsky et al., 2019; Geirhos et al.,
2018a; Hermann et al., 2020; Robinson et al., 2021; Minderer et al., 2020; Sagawa et al., 2020b;
Ryali et al., 2021; Kirichenko et al., 2022; Teney et al., 2022; Tiwari & Shenoy, 2023; Ahmadian &
Lindsten, 2023; Pezeshki et al., 2021; Puli et al., 2023; LaBonte et al., 2023), important for improving
generalization and addressing fairness concerns (Zhao et al., 2017; Buolamwini & Gebru, 2018).

3 GENERATIVE PROCEDURE FOR SYNTHETIC DATASETS

To systematically explore the role of predictivity and availability, we construct synthetic datasets from
a generative procedure that maps a pair of latent features,z = ( zs; zc), to an input vectorx 2 Rd and
class labely 2 f� 1; +1g. The subscriptss andc denote the latent dimensions that will be treated
as the potentialshortcutandcorefeature, respectively. The procedure drawsz from a multivariate
Gaussian conditioned on class,

z j y � N
��

y � s
y � c

�
;
�

1 � sc
� sc 1

��
;

with j� sc j < 1. Through symmetry, the optimal decision boundary for latent featurei is zi = 0 ,
allowing us to de�ne the feature predictivity� i � Pr(y = sign(zi )) . For Gaussian likelihoods, this
predictivity is achieved by setting� i =

p
2 erf� 1 (2� i � 1). Figure 1A shows sample latent-feature

distributions for� c = 0 :9 and two levels of� s.

Availability manipulations . Given a latent vectorz, we manipulate the hypothesized availability
(hereafter, simplyavailability) of each feature independently through an embedding procedure,
sketched in Figure 1B, that yields an inputx 2 Rd. We posit two factors that in�uence availability of
featurei , its ampli�cation � i and itsnesting� i . Ampli�cation � i is a scaling factor on an embedding,
ei = � i w i zi , wherew i 2 Rd is a feature-speci�c random unit vector. Ampli�cation includes
manipulations of redundancy (replicating a feature) and magnitude (increasing a feature's dynamic
range). Nesting� i is a factor that determines ease of recovery of a latent feature from an embedding.
We assume a nonlinear, rank-preserving transform,e0

i = f � i (e), wheref � i is a fully connected,
random net with� i 2 N tanh layers in cascade. For� i = 0 , featurei remains in explicit form,
e0

i = ei ; for � i > 0, the feature is recoverable through an inversion of increasing complexity with� i .
To complete the data generative process, we combine embeddings by summation:x = e0

s + e0
c.

Assessing shortcut bias. Given a synthetic dataset and a model trained on this dataset, we assess
the model'srelianceon the shortcut feature, i.e., the extent to which the model uses this feature as a
basis for classi�cation decisions. Whenzc andzs are correlated (� sc > 0), some degree of reliance
on the shortcut feature is Bayes optimal (see orange dashed line in Figure 6B). Consequently, we
need to assess reliance relative to that of an optimal classi�er. We perform this assessment in latent
space, where the Bayes optimal classi�er can be found by linear discriminant analysis (LDA) (see
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Figure 2: Deep nonlinear models can prefer a less-predictive but more-available feature to a
more-predictive but less-available one.The color of each cell in the heatmap indicates the mean
bias of a model as a function of the availability and predictivity of the shortcut feature,zs. The inset
shows in faint coloring the decision surface for an optimal Bayes classi�er (LDA) and a trained
model. Overlaid points are a subset of training instances. The model obtains a shortcut bias of0:53.

Figure 2 inset). Theshortcut biasis the reliance of a model on the shortcut feature over that of the
optimal, LDA:

bias= reliancemodel � relianceoptimal:
Appendix C.1 describes and justi�es our reliance measure in detail. For a given modelM , whether
trained net or LDA, we probe over the latent space and determine for each probez the binary
classi�cation decision,̂yM (z ) (see Figure 2). Shortcut reliance is the difference between the model's
alignment (covariance) with decision boundaries based only on the shortcut and core features:

relianceM =
2
n

� �
�
�
�
X

i

ŷM i sign(zsi )

�
�
�
� �

�
�
�
�
X

i

ŷM i sign(zci )

�
�
�
�

�
;

wheren is the number of probe items. Both the reliance score and shortcut bias are in[� 1; +1] :

4 EXPERIMENTS MANIPULATING FEATURE PREDICTIVITY AND AVAILABILITY

Methodology. Using the procedure described in Section 3, we conduct controlled experiments
examining how feature availability and predictivity and model architecture affect the shortcut bias.
We sample class-balanced datasets with 3200 train instances, 1000 validation instances, and 900 probe
(evaluation) instances that uniformly cover the(zs; zc) space by taking a Cartesian product of 30zs
evenly spaced in[� 3� s; +3 � s] and 30zc evenly spaced in[� 3� c; +3 � c]. In all simulations, we set
d = 100, � c = � s = 0 , � c = 0 :9, � sc = 0 :6. We manipulate shortcut-feature predictivity with the
constraint that it is lower than core-feature predictivity but still predictive, i.e.,0:5 < � s < � c = 0 :9.
Because only the relative ampli�cation of features matters, we vary the ratio� s=� c, with the shortcut
feature more available, i.e.,� s=� c � 1. We report the means across 10 runs (Appendix C.3).

Models prefer the more available feature, even when it is less predictive. We �rst test whether
models preferzs when it is more available thanzc, including when it is less predictive, while holding
model architecture �xed (see Appendix C.3). Figure 2 shows that when predictivity of the two
features is matched (� c = � s = 0 :9), models prefer the more-available feature. And given suf�ciently
high availability, models can prefer the less-predictive but more-available shortcut feature to the
more-predictive but less-available core feature.Availability can override predictivity.

Model depth increases shortcut bias.In the previous experiment, we used a �xed model architec-
ture. Here, we investigate how model depth and width in�uence shortcut bias when trained with
� s=� c = 64 and� s = 0 :85, previously shown to induce a bias (see Figure 2, gray square). As shown
in Figure 3A, we �nd that bias increases as a function of model depth when dataset is held �xed.

Model nonlinearity increases shortcut bias.To understand the role of the hidden-layer activation
function, we compare models with linear, ReLU, and Tanh activations while holding weight initializa-
tion and data �xed. As indicated in Figure 3B, nonlinear activation functions induce a larger shortcut
bias than their linear counterpart.
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Figure 3:A: Model depth increases shortcut bias.The color of each cell indicates the mean bias
of an MLP with ReLU hidden activation-functions, for various model widths and depths, trained on
data with a shortcut feature that is more available (� s=� c = 64) but less predictive (� s = 0 :85) than
the core feature.Model nonlinearity increases shortcut bias.B: Shortcut bias for three hidden
activation functions for a deep MLP with width 128 and depth 2, trained on datasets where predictivity
is matched (� s = � c = 0 :9), but shortcut availability is higher (� s=� c = 32). A shortcut bias is more
pronounced when the model contains a nonlinear activation function.C: Shortcut bias for MLPs with
a single hidden layer and a hidden activation function that is either linear (left) or ReLU (right), for
various shortcut feature availabilities (� s=� c) and predictivities (� s). See B.1 for Tanh.

Figure 4: ResNet-18 prefers a shortcut feature when availability is instantiated as the pixel
footprint of an object (feature), even when that feature is less predictive.A: Sample images.B:
Shortcut bias increases as a function of relative availability of the shortcut feature when features
are equally predictive (� s = � c = 0 :9), consistent with Wolff & Wolff (2022).C: Even when the
shortcut feature is less predictive, models have a shortcut bias due to availability, when� s=� c = 4 .

Feature nesting increases shortcut bias.The synthetic experiments reported above all manipulate
availability with the amplitude ratio� s=� c. We also conducted experiments manipulating a second
factor we expected would affect availability (Hermann & Lampinen, 2020; Shah et al., 2020), the
relative nesting of representations, i.e.,� c � � s � 1. We report these experiments in Appendix C.3.

5 AVAILABILITY MANIPULATIONS WITH SYNTHETIC IMAGES

What if we instantiate the same latent feature space studied in the previous section in images? We
form shortcut features that are analogous to texture or image background—features previously noted
to preferentially drive the behavior of vision models (e.g. Geirhos et al., 2018a; Baker et al., 2018;
Hermann et al., 2020; Beery et al., 2018; Sagawa et al., 2020a; Xiao et al., 2020). Building on the
work of Wolff & Wolff (2022), we hypothesize that these features are more available because they
have a large footprint in an image, and hence, by our notions of availability, a large� s.

Methods. We instantiate a latent vectorz from our data-generation procedure as an image. Each
feature becomes an object (zs a circle,zc a square) whose color is determined by the respective
feature value. Following Wolff & Wolff (2022), we manipulate the availability of each feature in
terms of its size, or pixel footprint. We randomly position the circle and square entirely within the
image, avoiding overlap, yielding a224� 224pixel image (Figure 4A, Appendix C.4).

Results. Figure 4B presents the shortcut bias in ResNet18 as a function of shortcut-feature availability
(footprint) when the two features are equally predictive (� s = � c = 0 :9). In Figure 4C, the availability
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ratio is �xed at � s=� c = 4 , and the shortcut bias is assessed as a function of� s. ResNet18 is biased
toward the more available shortcut feature even when it is less predictive than the core feature.
Together, these results suggest that a simple characteristic of image contents—the pixel footprint
of an object—can bias models' output behavior, and may therefore explain why models can fail to
leverage typically-smaller foreground objects in favor of image backgrounds (Section 7).

6 THEORETICAL ACCOUNT

In our empirical investigations, we quanti�ed the extent to which a trained model deviates from a
statistically optimal classi�er in its reliance on the more-available feature using a measure which
considered the basis for probe-instance classi�cations. Here, we use an alternative approach of
studying the sensitivity of a Neural Tangent Kernel (NTK) (Jacot et al., 2018) to the availability of a
feature. The resulting form presents a crisp perspective of how predictivity and availability interact.
In particular, we prove that availability bias is absent in linear networks but present in ReLU networks.
The proof for the theorems of this section is given in the Supplementary Materials.

For tractability of the analysis, we consider a few simplifying assumptions. We focus on 2-layer fully
connected architectures for which the kernel of the ReLU networks admits a simple closed form.
In addition, to be able to compute integrations that arise in the analysis, we resort to an asymptotic
approximation which assumes covariance matrix is small. Speci�cally, we represent the covariance
matrix ass [ 1; � 12 ; � 12 ; 1 ], where the scale parameters > 0 is considered to be small. Finally, in
order to handle the analysis for a ReLU kernel, we will use a polynomial approximation.

Kernel Spectrum. Consider a two-layer network with the �rst layer having a possibly nonlin-
ear activation function. When the width of this model gets large, learning of this model can be
approximated by a kernel regression problem, with a given kernel functionk( : ; : ) that depends
on the architecture and the activation function. Given a distribution over the input datap(x ), we
de�ne a (linear) kernel operator as one that acts on a functionf to produce another functiong as in
g(x ) =

R
Rn k(x ; z) f (z) p(z) dz. This allows us to de�ne an eigenfunction� of the kernel operator

as one that satis�es,
� � (x ) =

R
Rn k(x ; z) � (z) p(z) dz : (1)

The value of� will be the eigenvalue of that eigenfunction when the eigenfunction� is normalized as
R

Rn � 2(x ) p(x ) dx = 1 :

Form of p(z). Recall that in our generative dataset framework, we have a pair of latent features
zc andzs that are embedded into a high dimensional space viax d� 1 = � szsw s + � czcw c =
U d� 2A 2� 2z2� 1 . With this expression, we switch terminology such that ourw i ! U and� i !
A , and thereforeA is diagonal matrix with positive diagonal entries, and the columns ofU are
(approximately) orthonormal. Henceforth, we also refer to features with indices 1 and 2 instead ofs
andc. An implication of orthonormal columns onU is that the dot product of any two input vectors
x andx y will be independent ofU , i.e.,hx ; x y i = hAz ; Az y i . Consequently, we can compute dot
products in the original 2-dimensional space instead of in thed-dimensional embedding space. On
the other hand, we will later see that the kernel functionk(x 1; x 2) of the two cases we study here
(ReLU and linear) depends on their input only through the dot producthx 1; x 2i and normskx 1k and
kx 2k (self dot products). Thus, the kernel is entirely invariant toU and without loss of generality,
we can consider the input to the model asx = Az . Therefore,

x + � N
��

a1� 1
a2� 2

�
;
�

a2
1 a1a2� 12

a1a2� 12 a2
2

��
; x � � N

�
�

�
a1� 1
a2� 2

�
;
�

a2
1 a1a2� 12

a1a2� 12 a2
2

��
:

Linear kernel function . If the activation function is linear, then the kernel function simply becomes
a standard dot product,

k(x 1; x 2) , hx 1; x 2i : (2)

The following theorem provides details about the spectrum of this kernel.

Theorem 1 Consider the kernel functionk(x 1; x 2) , hx 1; x 2i . The kernel operator associated
with k under the data distributionp speci�ed above has only one non-zero eigenvalue� = kA� k2

and its eigenfunction has the form� (x ) = hA� ;x i
kA� k2 .
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ReLU kernel function. If the activation function is set to be a ReLU, then the kernel function is
known to have the following form (Cho & Saul, 2009; Bietti & Bach, 2020):

k(x 1 ; x 2) , kx 1k kx 2k h
��

x 1

kx 1k
;

x 2

kx 2k

��
; h(u) ,

1
�

 

u
�

� � arccos(u)
�

+
p

1 � u2

!

: (3)

In order to obtain an analytical form for the eigenfunctions of the kernel under the considered
data distribution, we resort to a quadratic approximation ofh by bh asbh(u) , 815

3072 (1 + u)2. This
approximation enjoys certain optimality criteria. Derivation details of this quadratic form are provided
in the Supplementary Materials, as is a plot showing the quality of the approximation. We now focus
on spectral characteristics of the approximate ReLU kernel. Replacingh in the kernel functionk of
Equation 3 withbh, we obtain an alternative kernel function approximation for ReLUs:

k(x ; z) , kx k kzk bh
�D

x
kx k ; z

kz k

E�
= kx k kzk a�

�
1 +

D
x

kx k ; z
kz k

E� 2
: (4)

The following theorem characterizes the spectrum of this kernel.

Theorem 2 Consider the kernel functionk(x ; z) , kx k kzk a�
�

1 +
D

x
kx k ; z

kz k

E� 2
. The kernel

operator associated withk under the data distributionp speci�ed above has only two non-zero
eigenvalues� 1 = � 2 = 2a� kA� k2 with associated eigenfunctions given by

� 1(x ) = kx k
kA� k

1+ h x
k x k ; A�

k A� k i 2

2 and � 2(x ) =
D

x
kA� k ; A�

kA� k

E
:

6.1 SENSITIVITY ANALYSIS

We now assign a target valuey(x ) to each input pointx . By expressing the kernel operator using
its eigenfunctions, it is easy to show thatf (x ) =

P
i (� i (x )

R
Rn � i (z) y(z) p(z) dz) wherei runs

over non-zero eigenvalues� i of the kernel operator (see also Appendix G). We now restrict our focus
to a binary classi�cation scenario,y : X ! f 0; 1g. More precisely, we replacep with our Gaussian
mixture and sety(x ) to 1 and 0 depending on whetherx is drawn from the positive or negative
component of the mixture.

f (x ) =
P

i

�
� i (x )

�
1
2

R
R2 � i (z ) (1) p+ (z ) dz + 1

2

R
R2 � i (z ) (0) p� (z ) dz

� �
= 1

2

P
i � i (x )� i (A� ) ;

wherep+ andp� denote class-conditional normal distributions. Now let us tweak the availability
of each feature by a diagonal scaling matrixB , diag(b) whereb , [b1; b2]. Denote the modi�ed
prediction function asgB . That is,gB (x ) , 1

2

P
i � i (x )� i (BA� ). The alignment betweenf and

g is their normalized dot product,


 (b) ,
R

R2
f (x )p R

R2 f 2 ( t )p( t ) dt

gB (x )p R
R2 g2

B ( t )p( t ) dt
p(x ) dx : (5)

We de�ne the sensitivity of the alignment to featurei for i = 1 ; 2 as itsm'th order derivative of

w.r.t. bi evaluated atb = 1 (which leads to identity scale factorB = I ),

� i ,
�

@m

@bmi



�

b= 1
=

�
@m

@bmi

R
R2

P
i � i ( x ) � i ( A� )

r
R

R2

� P
i � i ( x ) � i ( A� )

� 2
dt

P
i � i ( x ) � i ( BA� )

r
R

R2

� P
i � i ( x ) � i ( BA� )

� 2
dt

dx
�

b= 1
:

� i indicates how much the model relies on featurei to make a prediction. In particular, if whenever
featurei is more available than featurej , i.e. ai > a j , we also see the model is more sensitive to
featurei than featurej , i.e. j� i j > j� j j, the model is biased toward the more-available feature. In
addition, whenai < a j but j� i j > j� j j, the bias is toward the less-available feature. One can express

the presence of these biases more concisely assign
�

(j� 1j � j � 2j)(a1 � a2)
�

, where values of+1 and
� 1 indicate bias toward more- and less- available features, respectively. To verify either of these two
cases via sensitivity, we must choose the lowest orderm that yields a non-zeroj� 1j � j � 2j. On the
other hand, ifj� 1j � j � 2j = 0 for any choice ofa1 anda2, the model is unbiased to feature availability.

The following theorems now show that linear networks are unbiased to feature availability, while
ReLU networks are biased toward more available features.

Theorem 3 In a linear network,j� 1j � j � 2j is always zero for any choice ofm � 1 and regardless of
the values ofa1 anda2.
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� 2 = 0 :1 � 2 = 0 :5 � 2 = 1 � 2 = 2 � 2 = 10

Figure 5:Plot of sign((j� 1 j � j � 2 j)( a1 � a2)) for ReLU network as a function ofa1 anda2 . We �x � 1 = 1
and vary� 2 2 f 0:1; 0:5; 1; 2; 10g. Yellow and blue correspond to values+1 and� 1 respectively.

Theorem 4 In a ReLU network,j� 1j � j � 2j = 0 for any1 � m � 8. The �rst non-zeroj� 1j � j � 2j
happens atm = 9 and has the following form,

j� 1j � j � 2j =
5670

kA� k18 (a1a2� 1� 2)8(a2
1� 2

1 � a2
2� 2

2) : (6)

A straightforward consequence of this theorem is that

sign
�

( j � 1 j � j � 2 j )( a1 � a2 )
�

= sign
� 5670

kA� k 18
( a1 a2 � 1 � 2 ) 8 ( a2

1 � 2
1 � a2

2 � 2
2 )( a1 � a2 )

�
= sign

�
( a2

1 � 2
1 � a2

2 � 2
2 )( a1 � a2 )

�
: (7)

Recall from Section 3 that feature predictivity� i is related to� i via � i = 1
2 (1 + erf( � ip

2
)) . Observe

that � i is an increasing function in� i ; thus, bigger� i implies larger� i . That together with (7)
provides a crisp interpretation of the trade-off between predictivity and availability. For example,
when the latent features are equally predictive (� 1 = � 2), thesignbecomes+1 for any (non-negative)
choice of availability parametersa1 anda2. Thus, for equally predictive features, the ReLU networks
are always biased toward the more available feature. Figure 5 shows some more examples with
certain levels of predictivity. The coloring indicates the direction of the availability bias (only the
boundaries between the blue and the yellow regions have no availability bias).

7 FEATURE AVAILABILITY IN NATURALISTIC DATASETS

We have seen that models trained on controlled, synthetic data are in�uenced by availability to learn
shortcuts when a nonlinear activation function is present. How do feature predictivity and availability
in naturalistic datasets interact to shape the behavior of models used in practice? To test this, we train
ResNet18 models (He et al., 2016) to classify naturalistic images by a binary core feature irrespective
of the value of a non-core feature. We construct two datasets by sampling images from Waterbirds
(Sagawa et al., 2020a) (core: Bird, non-core: Background), and CelebA (Liu et al., 2015) (core:
Attractive, non-core: Smiling). See C.5 for additional details.

Sensitivity to the non-core feature beyond a statistical account. Figures 6A and B show that,
for both datasets, as the training-set predictivity of the non-core feature increases, model accuracy
dramatically increases for congruent probes and decreases for incongruent ones. In contrast, a Bayes
optimal classi�er is far less sensitive to the predictivity of the non-core feature. Thus, models are
more in�uenced by the non-core feature than what we would expected based solely on predictivity.
This heightened sensitivity implies that models prioritize the non-core feature more than they should,
given its predictive value. Thus, in the absence of predictivity as an explanatory factor, we conclude
that the non-core feature is moreavailablethan the core feature.

Availability manipulations . Motivated by the result that Background is more available to models
than the core Bird (Figure 6A), we test whether speci�c background manipulations (hypothesized
types of availability) shift model feature reliance. As shown in Figure 6C, we �nd that Bird accuracy
increases as we reduce the availability of the image background by manipulating its spatial extent
(Bird size, Background patch removal) or drop background color (Color), implicating these as among
the features that models latch onto in preferring image backgrounds (validated with explainability
analyses in C.5). Experiments in Figure B.9 show that this phenomenon also occurs in ImageNet-
pretrained models; background noise and spatial frequency manipulations also drive feature reliance.

8 CONCLUSION

Shortcut learning is of both scienti�c and practical interest given its implications for how models
generalize. Why do some features become shortcut features? Here, we introduced the notion of

8
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Figure 6:Availability as well as predictivity determines which features image classi�ers rely on.
A: Models (ResNet18) were trained to classify Birds from images sampled from Waterbirds. We
varied Background (non-core) predictivity while keeping Bird (core) predictivity �xed (= 0 :99), and
show Bird classi�cation accuracy for two types of probes:congruent(blue, core and non-core features
support the same label) andincongruent(orange, core and non-core features support opposing labels).
As Background predictivity increases, the gap in accuracy between incongruent and congruent probes
also increases. The model is more sensitive to the non-core feature than expected by a Bayes-optimal
classi�er (optimal): predictivity alone does not explain the model's behavior.B: Similar to the
Waterbirds dataset, models trained to classify images from CelebA as “Attractive” exhibit an effect
of “Smiling” availability. C: Bird accuracy for incongruent Waterbirds probes is in�uenced by both
Background predictivity (� ) and availability when we manipulate the latter explicitly (see also B.9).

availability and conducted studies systematically varying availability. We proposed a generative
framework that allows for independent manipulation of predictivity and availability of latent features.
Testing hypotheses about the contributions of each to model behavior, we �nd that for both vector
and image classi�cation tasks, deep nonlinear models exhibit a shortcut bias, deviating from the
statistically optimal classi�er in their feature reliance. We provided a theoretical account which
indicates the inevitability of a shortcut bias for a single-hidden-layer nonlinear (ReLU) MLP but
not a linear one. The theory speci�es the exact interaction between predictivity and availability, and
consistent with our empirical studies, predicts that availability can trump predictivity. In naturalistic
datasets, vision architectures used in practice rely on non-core features more than they should on
statistical grounds alone. Connecting with prior work identifying availability biases for texture and
image background, we explicitly manipulated background properties such as spatial extent, color,
and spatial frequency and found that they in�uence a model's propensity to learn shortcuts.

Taken together, our empirical and theoretical �ndings highlight that models used in practice are prone
to shortcut learning, and that to understand model behavior, one must consider the contributions
of both feature predictivity and availability. Future work will study shortcut features in additional
domains, and develop methods for automatically discovering further shortcut features which drive
model behavior. The generative framework we have laid out will support a systematic investigation
of architectural manipulations which may in�uence shortcut learning.
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Supplementary Material for
“On the Foundations of Shortcut Learning”

A BROADER IMPACTS

Our work aims to achieve a principled and fundamental understanding of the mechanisms of deep
learning—when it succeeds, when it fails, and why it fails. As the goal is to better understand existing
algorithms, there is no downside risk of the research. The upside bene�t concerns cases of shortcut
learning which have been identi�ed as socially problematic and where fairness issues are at play, for
example, the use of shortcut features such as gender or ethnicity that might be spuriously correlated
with a core feature (e.g., likelihood of default).

B SUPPLEMENTARY FIGURES

Methods details accompanying these �gures appear in Section C.

Figure B.1: Bias as a function ofzs availability and predictivity for a single-hidden-layer MLP with
a tanh hidden-layer activation function. Settings match those described in Figure 3C.

Figure B.2: Thezs-reliance (Sections 3 and C.1) of hypothetical classi�ers which rely exclusively
onzs (top left) orzc (top right), or rely equally on both features (bottom row). Color indicates the
predicted label (red: pos, blue: neg) for probe items plotted by base probe (zs, zc) values
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Figure B.3: Supplementary data for the results presented in Figure 2.TOP ROW: Model performance
on the train (left) and validation (right) sets.BOTTOM ROW: zs-reliance for the optimal classi�er
(left) and models (right).

Figure B.4: The results shown in Figure 2 are not speci�c to choice of� sc. Results for the same
experiment using datasets with� sc = 0 :4 (A) and� sc = 0 :8 (B).

Figure B.5: Supplementary data for the results presented in Figure 3. Model performance on the train
(left) and validation (right) sets.
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Figure B.6: Supplementary data for image experiments. Model performance underlyingA: Experi-
ments with the Waterbirds datasets presented in Figure 6 and described in C.5, andB: Experiments
with image instantiations of the base dataset manipulating pixel footprint presented in Figure 4 B
(left) and C (right).

Figure B.7:Models prefer a shallowly embedded nonlinear feature (zs) to a deeply embedded
nonlinear one (zc). A: The color of each cell of the heatmap indicates the mean bias of models as a
function of the degree of nesting ofzc (� c), and the predictivity ofzs (� s). zs is always shallowly
embedded (� s = 0 ), and the predictivity ofzc is held �xed (� c = 0 :9). See C.3 for additional details.
B: Model performance. C:zs-reliance of the optimal classi�er (left) versus the model (right).
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