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Scalable and Provably Fair Exposure Control
for Large-Scale Recommender Systems

Anonymous Author(s)

ABSTRACT

Typical recommendation and ranking methods aim to optimize the
satisfaction of users, but they are often oblivious to their impact
on the items (e.g., products, jobs, news, video) and their providers.
However, there has been a growing understanding that the latter is
crucial to consider for a wide range of applications, since it deter-
mines the utility of those being recommended. Prior approaches to
fairness-aware recommendation optimize a regularized objective
to balance user satisfaction and item fairness based on some no-
tion such as exposure fairness. These existing methods have been
shown to be effective in controlling fairness, however, most of them
are computationally inefficient, limiting their applications to only
unrealistically small-scale situations. This indeed implies that the
literature does not yet provide a solution to enable a flexible control
of exposure in the industry-scale recommender systems where mil-
lions of users and items exist. To enable a computationally efficient
exposure control even for such large-scale systems, this work devel-
ops a scalable, fast, and fair method called exposure-aware ADMM
(exADMM). Our algorithm is based on implicit alternating least
squares (1ALS), a conventional scalable algorithm for collaborative
filtering, but optimizes a regularized objective to achieve a flexible
control of accuracy-fairness tradeoff. A particular technical chal-
lenge in developing exADMM is the fact that the fairness regularizer
destroys the separability of optimization subproblems for users and
items, which is an essential property to ensure the scalability of
iALS. Therefore, we develop a set of optimization tools to enable
yet scalable fairness control with provable convergence guarantees
as a basis of our algorithm. Extensive experiments performed on
three recommendation datasets demonstrate that exADMM enables
a far more flexible fairness control than the vanilla version of iALS,
while being much more computationally efficient than existing
fairness-aware recommendation methods.
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1 Introduction

Personalized recommender system has been a core function of
many online platforms such as e-commerce, advertising, dating
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app, and online job markets. In these systems, the items to be
recommended and ranked are products, job candidates, or other
entities that transfer economic benefit, and it is widely recognized
that how they are exposed to users has a crucial influence on their
economic success [33, 44, 50]. It has also been recognized that rec-
ommender systems are responsible for and should be aware of
potential societal concerns in diverse contexts, such as popularity
bias [2, 3, 35, 43, 45], sales concentration in e-commerce [9, 19], filter
bubbles, biased news recommendation in social media sites [23, 40],
and item-side fairness in two-sided markets [1, 10]. In essence, these
concerns all demand a form of exposure control to ensure that each
item receives “fair” exposure to relevant users while not greatly
sacrificing user satisfaction or recommendation accuracy. However,
implementing exposure control poses technical challenges in model
optimization since its objective function often becomes non-trivial
and hard-to-handle in a scalable and efficient way. Building a prac-
tical system, therefore, requires a careful consideration and balance
between computational requirements, user satisfaction, and item
fairness via an effective and scalable exposure control.

Related Work. In the context of fairness-aware recommendation
and ranking, there exist numerous studies on learning fair proba-
bilistic rankings based on pre-trained preferences [7, 16, 17, 32, 44,
49]. The problem is often formulated as a convex optimization on
doubly stochastic matrices with the size of |V| x |V| (where V
is the item set) for each user. Whereas formulating ranking opti-
mization through doubly stochastic matrices is advantageous for
differentiability and convexity, this approach may not be applica-
ble to most industry systems because of the space complexity of
O(|U||VIK) for top-K recommendation (where U is the user set).
More recent methods [16, 17, 56] are based on the Frank-Wolfe-
type efficient algorithm [20, 26], which requires a top-K sorting
of items for each user at each iteration, resulting in a computa-
tional cost of O(|U||V|logK) per training epoch, which is still
prohibitively high. Patro et al. [36] proposed a greedy round-robin
algorithm called FairRec, which also does not scale well because
its round-robin scheduling is not parallelizable. Notably, these post-
processing methods require, a priori, a || X |V| (dense) preference
matrix (e.g., a preference matrix estimated by an MF model). The
preference matrix is costly to retain in the memory space or even
impossible to materialize due to its cost of O(|U||V|). Therefore,
these post-processing approaches cannot exploit feedback sparsity,
leading to the time and space costs of O (|U||V|). Note that a simi-
lar approach is also adopted to control popularity bias [3, 52]. In
particular, Abdollahpouri et al. [3] proposed a re-ranking algorithm
based on xQuAD [47], which also suffers from a quadratic compu-
tational cost to the number of items for each user, and thus it is
infeasible for large-scale systems.

In contrast to the post-processing approach, various studies
have explored an in-processing counterpart where a single model
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is trained to jointly optimize recommendation accuracy and ex-
posure fairness [2, 11, 27, 28, 33, 34, 50, 59, 61, 62, 65]. To repre-
sent a stochastic ranking policy, several studies in information
retrieval [34, 50, 61] rely on the Plackett-Luce (PL) model [37],
which has a cost of O(|U||V|K) per training epoch. When op-
timizing the PL model and the joint objective of ranking quality
and exposure equality, stochastic gradient descent (SGD) is often
applied. Although SGD allows flexible objectives and reduces the
computational cost per training step, it is often difficult to apply in
practice due to its severely slow convergence, particularly when
the item catalogue is large [13, 63].

Compared to often inefficient fairness methods, iALS is a con-
ventional algorithm to enable scalable recommender systems. It has
also been shown by Rendle et al. [38, 39] to perform more effectively
in terms of recommendation accuracy than neural collaborative
filtering (NCF) [22] with a proper hyperparameter tuning. Rendle
et al. [39] reported that MF models with the ALS solver [24] can
be further improved by using a customized Tikhonov regulariza-
tion, which is an extension of the well-known technique proposed
by Zhou et al. [66]. This latest version of iALS [39] shows com-
petitive accuracy with that of state-of-the-art methods, such as
Mult-VAE [29], while substantially improving computational cost
and scalability. This empirical evidence motivates us to extend iALS
to build a first recommendation method that is fairness-aware and
scalable to large-scale systems with over million users and items.

Our Contributions. To enable a scalable and provably fair ex-
posure control for large-scale recommender systems, this work
develops a new recommendation algorithm called exposure-aware
ADMM (exADMM), which is an extension of the celebrated iALS
algorithm to achieve a scalable and flexible exposure-control. This
extension is novel and non-trivial from the technical perspective,
since any fairness regularizer in the objective function introduces
dependency between all users and items because it involves the
exposure allocation to items under the limited exposure budget.
This is a major distinction from traditional personalized item rec-
ommendation since the optimal item rankings for users depend on
each other when aiming for fairness. In particular, this intrinsic
dependency inevitably destroys optimization separability, which is
a crucial property that ensures the scalability of iALS. To overcome
this technical difficulty in building a scalable method to control
item fairness, we develop a set of novel optimization tools based
on the alternating direction method of multipliers (ADMM) [8].
Furthermore, we provide a convergence guarantee for the proposed
algorithm in terms of a non-trivial objective that includes a fairness
regularizer, despite the non-convex and multi-block optimization.
Finally, we provide a comprehensive empirical analysis on three
datasets and demonstrate that exADMM outperforms the vanilla
version of iALS in terms of fairness control while maintaining
its scalability and computational efficiency. In addition, exADMM
achieves similar effectiveness in terms of accuracy-fairness tradeoff
compared to typical fair recommendation methods while being
much more scalable and computationally faster.
Our contributions can be summarized as follows.

e We propose a first scalable method (exADMM) to enable a
flexible control of accuracy-fairness tradeoff for large-scale
recommender systems with over million users and items.

Anon.

e We develop a set of optimization tools based on ADMM to
enable an extension of iALS to an exposure-controllable
variant with provable convergence guarantees.

e We empirically demonstrate that ex ADMM achieves similar
scalability to 1ALS and similarly effective accuracy-fairness
tradeoff compared to existing (computationally inefficient)
fairness methods.

2 Problem Formulation and iALS

This section formulates the typical recommendation problem and
the core technical details of iALS as a basis of our method.
Givenusers U = [|U|] anditemsV = [|V]],1letR € {0, 1}|(”|X|(V|

be an implicit feedback matrix whose (i, j)-element has the value
of 1 when user i € U has interacted with item j € V; otherwise, it
has a value of 0. We represent the number of observed interactions
by that of non-zero entries in R, which is denoted as nz(R). iALS is
an MF-based method, and its model parameters are d-dimensional
embeddings, U € RIUIXd and V e RIVIXd for users and items,
respectively. These parameters are typically learned by minimizing
the following objective:

1 o
L(V.U) = - [Ro (R~ UV + ?" [uvTf7
S R
+2”AUUF+2AVVF, (1)

where operator © is the Hadamard element-wise product, and the
second term is the L2 norm of the recovered score matrix UV
(i.e., implicit regularizer [5]) with a weight parameter a9 > 0.
Ay € RIUIXIUI and Ay € RIVIXIVI are diagonal matrices (a.k.a.
Tikhonov matrices [66]) representing the weights for L2 regulariza-
tion. Letr; . and r. j be the (column) vectors that correspond to the i-
th row and the j-th column of R, respectively. The frequency-based
weighting strategy sets the weights with internal hyperparameters
ALz > 0 and exponent > 0 as follows:

n n
(Ap)ii = AL2 (||ri,‘||1+(10|(V|) , (Av)jj = Ar2 (”r] |1+0!0|‘U|) .
Hereafter, we use /15;) = (Ay)i; and )L‘(,j) = (Ay)j,;j.
iALS solves the minimization problem in Eq. (1) by alternating
the optimization of V and U. Specifically, in the k-th step, iALS
updates U and V via

. 1/2
UM = argmin IR © (R — U(VE) D[[2 + aol[U(VE) T )12 + [|A}/*U)12,
U
V! = argmin R © (R - URIVT) |12 + a0 [UFIVT |2 + ||A1V/2V||§.
\'4

Owing to the alternating strategy, the optimization of U and V
can be divided into independent convex problems for each row of
U and V. Let us use u; € RY to denote the (column) vector that
corresponds to the i-th row of U. Then, its update can simply be
done via the following row-wise independent problem:

k+1

2 .
. i 2
u;" " = argmin ) + AI(J) [lw;l5
u;

2
|I‘i © (l‘i - Vkui)”z + ”Vklli)
-1

= Z ri,jvi?(vf)T +a0G]€, +/1§]i)l Z ri,jvl?,
jev JjevV
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where G@ =Yjev v’;(ij)T = (VF)TV* is the Gram matrix of
the item embeddings in the k-th step, where vﬁ? € R? denotes the

column vector that corresponds to the j-th row of VK. When GI‘C,
is pre-computed, the expected computational cost for each sub-
problem is reduced to O((nz(R)/|V|)d? + d*) (ak.a. the Gramian
trick [39]), which consists of (i) computation of the Gramian for
interacted items ;e ri,j(vg?)(vi?)-r in O((nz(R)/|V])d?) and
(i) solving a linear system Hkuf.”l = Yieuri jv§ , where H¥ =

2jev ri,jV§ (vf)—r + aoG]‘C, + ).g)l in O(d?). Because the update of
V is analogous to that of U, the total cost of updating U and V is
O (nz(R)d?+(|U|+|V|)d?). This is much lower than O (|U||V |d?+
(IU) +|V])d®) due to feedback sparsity, i.e., nz(R) < |U||V|. In
summary, 1ALS retains scalability, despite its objective involving
all user-item pairs. The crux is that iALS exploits the Gramian trick
and feedback sparsity to avoid the intractable factor O(|U||V|).

3 The exADMM Algorithm

This section develops our proposed algorithm, exADMM, which is
an extension of iALS to enable a scalable exposure control.

3.1 A Regularized Objective for Fairness

The aim of this paper is to enable a scalable control of item exposure
so that individual items can receive attention from users more fairly
while not sacrificing recommendation accuracy much. To this end,
we consider minimizing the following regularized objective.

min L(V,U) Rex(V,U) @)

s ——— | —
typical prediction loss fairness regularizer

+  Aex -

where Rex(V,U) is a penalty term to induce exposure equality,
and Aey is the weight hyperparameter to control the balance be-
tween recommendation quality and exposure equality. As already
discussed, the scalability of iALS is due to the simplicity of its objec-
tive. To retain this desirable property, we need to carefully define
an exposure regularizer Rex(V, U) in a still tractable way.

To define our regularizer, let us denote the predicted score for
user i and item j by #;; = (UVT); ;, and we predict the item rank-
ing for user i according to the decreasing order of {#;; | j € V}.
Evidently, there is a monotonic relationship between #; ; and the
amount of exposure that item j will receive in a ranked list. Hence,
we can evaluate exposure inequality under a recommendation
model by the variability of items’ scores averaged over the users,
ie., ﬁ Ylieq Fi,j (this is for item j). There exist several possible
measures of variability such as Gini indices [4, 17], standard devia-
tion [16], and variance [60]. In this work, we consider the following
second moment of the predicted scores as the regularizer Rex.

2
1 1 1 1
Rex(V,U) = — — Fij =—H—VUT1L
ex IVIJ.;,(I(UII.;, ”) (V] U]

2

>

2

where 1 is the || X 1 column vector of which the elements are
all 1. The fairness regularizer defined above is the L2 norm of the
average scores predicted for the items. This is considered one of
the reasonable measures of exposure inequality since it takes a
large value for items whose average scores are either extremely
large or small. Moreover, we can draw a clear technical distinction
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between our fairness regularizer Rex(V,U) and implicit regular-
izer [VUT||% of the vanilla iALS in Eq. (1). That is, the implicit
regularizer penalizes the score (UVT);; of each user-item pair
(i, j) € U XV independently, whereas our (and any other) penalty
term introduces a structural dependency into the recovered matrix
UVT. Unfortunately, this structural dependency destroys the op-
timization separability with respect to the rows of U due to the
averaged user embedding (1/|%|)UT 1 that appears in its defini-
tion. Optimizing Rey is thus not straightforward, particularly in
large-scale settings, which motivates us to develop novel tools to
handle this fairness regularizer in a scalable and provable fashion.

3.2 Scalable Optimization based on ADMM

To enable parallel optimization of our exposure-controllable objec-
tive in Eq. (2), we adopt an approach based on ADMM, which is
an optimization framework with high parallelism [8] and has been
adopted to enable scalable recommendations [14, 25, 51, 53, 54, 64].
To decouple the row- and column-wise dependencies in U intro-
duced by our fairness regularizer, we first reformulate the optimiza-
tion problem by introducing an auxiliary variable s € R9 as

1
st.s= —UT1. (3)

min L(V,U) +
|U|

»Us

Aex 2

> IVsll5,
Here, we replaced (1/|U|)UT 1 in the fairness regularizer with s
while introducing an additional linear equality constraint. This can
be further reformulated to the following saddle-point optimization:

min max L, (V,U,s,w),
V.Us w

where

Lp(V,U,S,W)

1 2 p
— U1 -s+w| —=[w|i
2 2

AEX
=L(V,U) + ==
V.U +— ki

2
[Vsl|5 +

2]

Ly is the Lagrangian augmented by the ADMM penalty term with
weight p > 0, and w € R? is the dual variable (i.e., Lagrange
multipliers) scaled by 1/p. We can perform optimization in the
(k + 1)-th step by iteratively updating each variable as

vkt = argmin L, (V, UK, sk, wh),
s

ukt! = argmin L, (Vk+1, U, sk, wk),
U

k+1

st = argmian(Vkﬂ,Uk+1
S

.5, wF),

w =W + —

kel _ k1 (URH) T — g+t
|U| |

The update of w corresponds to the gradient ascent with respect to
the dual problem maxy miny ys L, (V, U, s, w) with step size p [8].

3.2.1 Update of V. Next, we derive how to update V in the (k +1)-
th step, which comprises independent optimization problems for
the rows of V. Suppose that V§+1 e R? and r.j € {0, 1}1'U1 are the

Vk+1

column vectors indicating the j-th row of and the j-th column
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of R, respectively. The update can then be performed by solving
the following linear system.

kel _ 1 ko Al 2 20 luky P
vj+ = arg‘,r]pln{i Hr.,j o(r.;j-U vj)”2 + ”U vj“2

A o2 (7))

-1
Z r,-,jui?(uif)T+a0G]f]+)Lexsk(sk)T+/1€,])I) Z ri,juf,
el ieUl

T. . .
where G]f] =Dlieu u]l.< (uéc ) is the Gramian of the user embeddings

in the k-th step. Notably, we can pre-compute GI[‘] and s*(sK)T, and
thus the update of V achieves the same complexity as that of iALS.

3.2.2 Update of U. Updating U is the most intricate part of our
algorithm. In the (k + 1)-th step, our aim is to solve the following

argmm{L(vk“ U) + e"nvk+1 k”“"”WUTﬂ — sk wk

The issue here is that the penalty term of ADMM (the fourth term of
RHS) destroys the separability regarding the rows of U. We resolve
this using a proximal gradient method [18, 30, 42]. Specifically, we
consider a linear approximation (i.e., the first-order Taylor expan-
sion around the current estimate U¥) of the objective except for the
ADMM penalization. This yields the following objective:

Uk = argmm{w Uk, Vyg(VE+, UK, k)>F+ HU Uk”
2
+—H—UT - sk wk

|U| }

where g(V,U,s) = L(V,U) + (dex/2) ||Vs||2. Here, we introduce a
regularization term (1/2y)||U — Uk ||%, which is referred to as the
proximal term [42]. By completing the square, the above update can

be rearranged into the following parallel and non-parallel steps:

2

2
1 2
k+1 T k k k k
U —argmm—H—U 1-s"+w +—HU—(U -yVug )H
8] |q/[| 2 2}/ F
= proxy (UK —yVygh),
N—— [ ——
non-parallel parallel
where
2
_ 1 2
prox)lf(U) = arg[r]nin lz—) ”WUTJI — sk wk , + 2_y HU - UHF

_[_P T, ! W T
(WILIL yI) ( -U+ mﬂ(s ) )
Vng is used to represent Vyg(V<+!, Uk, %) for brevity. Note that
the term U¥ —yVng corresponds to a gradient descent with respect
to the iALS objective.! Therefore, we can update U in two row-wise
parallel and non-parallel steps, that is, (i) gradient descent Uk+! =
UK — yVyg¥ and (ii) proximal mapping U¥+! = prox)li (Uk+1,

!Note that Vyg(V, U, s) is equivalent to the gradient of L(V, U) with respect to U
because we can ignore the constant exposure penalty (Aex/2) ||Vs||§.

)

Anon.

Parallel gradient computation. The gradient VUg(VkH, Uk, sk)
can be independently computed for each row of U as follows:

T
Vu,-gk= Z ri,jij+l(V§+l) +

jev jev

J

Similar to iALS, we can efficiently compute the gradient by pre-
computing the Gramian G"‘,ﬂ = (VK1) Tyk+1 Thus, the gradient

descent U¥ —Vng can be performed in parallel with respect to users
while maintaining efficiency by exploiting the Gramian trick and
feedback sparsity. It should be noted that we can avoid computing
the inverse Hessian in O(d>) unlike the U step of iALS.

Efficient proximal mapping. The proximal mapping step re-
quires a costly inversion of the |2/| x || matrix in O(|U|3) for
a naive computation. This is problematic because, in practice, p
and y may increase/decrease during iterations [8]. However, we
can indeed compute the inverse matrix efficiently by leveraging the
Sherman-Morrison formula [48] (a special case of the Woodbury
matrix identity [58]), which yields the following

(LMT 11)1 __/uPIITen
|U|? Y L+ (p/UPTT (yDT
=Y S — 1 ]

i)

Therefore, we can derive the proximal
lowing closed-form solution:

mapping prox)li as the fol-

-1

prox)]j (U) = m

111F+1(+pyns T).
U (sk—wk)

4)
The naive computation of prox)’ﬁ is still computationally costly due
to the multiplication of || x || and |1/| x d matrices in O(|U|?d).
Let us here define U = U+ (py/|2|) 1 (s —wk)T for simplicity, and
we can further rewrite Eq. (4) as follows:
1

[ (g + 75)
Thus, we can perform this matrix multiplication efficiently by (i)
computing each row of Uin parallel (e, u; = u; + (PY/IWl)(sk -
wk)), (ii) computing the accumulated user embedding t = UT1,and
then (iii) adding —|7/| =2 (1/|U| + 1/py) ! - t to each row of U. Thus,
the cost of the matrix-matrix multiplication in Eq. (4) is reduced
to O(|U|d), which is more efficient than O(|U|?d) of the naive
implementation. The computational efficiency is advantageous even
when p and y are fixed during optimization.

prox)li(U) =- -1 (ﬁTIL)T +0.

3.2.3 Update of s. We can perform the update of s by computing
the following solution:

2

2 }

Aex
gk+1 argmin{ ; Vk+1 Uk+1)TIL _ k
S

S+WwW

il

-1
k+1 (kT
p(/lexGV +pI) (lw(U ) 1l+w)

aOGI‘</+1 +/1£;)I uf - Z rljvkﬂ.
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Algorithm 1 exADMM

Require: Implicit feedback matrix R
1: Vi€ Uul ~ N0, (o/Vd)D), Vj € Vv ~ N(0, (o/Vd)T),
2 8% — (1/]UNU)TL, w' — 0
3: fork=0,...,T —1do

T T
&GN ¥ uk@k)’, GE — sk (sk)
forj=1,...,|V| do
T
Gk — irijuf (uf)

/I O(|U|d?) and O(d?)
/I parallelizable loop

5:
6: // O((nz(R)/|V|)d?)

vj?ﬂ — (G§ +00GE + AexGE + A<Vf>1) ' Siriguk 11 0(d®)
8:  end for
9 G e 3 vk vk T 110(|V|d?)
10 fori=1,...,|U|do // parallelizable loop

O L A /1 O((nz(R)/|U|)d?)
12 Vit e (GE 4 aoGl A1) uk - 2 vk g 0
13: ﬁ’i‘” — uif — ¥V, g + % (sF — wk) /1 O(d)
14:  end for

15 te 3, akH /1 O(|U|d)
16: fori=1,...,|U| do /| parallelizable loop
17: ukrl e TR U2 (Y + 1py) T /1 O(d)
18: end for

19 te o X ukt /1 0(1U|d)

-1

200 s p (AexG"‘,“ + pl) (t - wk) /1 0(d?)
21wkt wk g — gkt // O(d)
22: end for

23: return U,V

We can reuse the Gramian Glf,“ for this step following its pre-
computation in the U step. The computation cost here is thus
O(|U|d+d?), which includes (i) the computation of (1/|/|) (U1
and (ii) the solution of a linear system of size d?.

3.3 Complexity Analysis

Algorithm 1 shows the detailed implementation of exADMM. First,
the user and item embeddings are initialized with independent nor-
mal noise with a ¢/ Vd standard deviation [39]. In line 10 of Algo-
rithm 1, we pre-compute G"C, =2ljev V?(V?)T, which can be done
in parallel for each item and be reused in the update of U and s. The
averaged user vector t = (1/|U|)(U) T 1 can be reused for the s and
w steps, hence, we compute this in line 20. Consequently, the compu-
tational costs for updating V, U, s, and w are (i) O (nz(R)d?+|V|d?),
(ii) O (nz(R)d? + |U|d?), (iii) O(|U|d + d*), and (iv) O(d), respec-
tively. Therefore, the overall cost is O(nz(R)d? + |U|d? + |'V|d>),
which is indeed even lower than O(nz(R)d? + (|U| + |'V|)d®) of
iALS. This is because we avoid solving the linear system when
updating U by applying the proximal gradient method with the
efficient proxy.

3.4 Convergence Analysis

The objective defined in Eq. (3) has more than two variables (i.e.,
three-block optimization), which are coupled (e.g., U, V in the iALS
loss function). However, multi-block ADMM does not retain a con-
vergence guarantee in general [12]. Various algorithms have been
developed for optimization separability and provable convergence
under coupled variables [15, 30, 57]. For instance, Liu et al. [30]
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Table 1: Statistics of the datasets.

Dataset ‘ #of Users # of Items # of Interactions
ML-20M 136,677 20,108 10M
MSD 571,355 41,140 33.6M
Epinions 6,287 3,999 0.13M

proposed a variant of ADMM for non-convex problems, which com-
pletely decouples variables by introducing linear approximation
when updating all the coupled ones, thereby enabling parallel gradi-
ent descent. By contrast, exADMM applies linearization only to the
U step and works in an alternate way. This strategy enables second-
order acceleration in the update of V and s, whereas this partial
linearization might impair convergence at first glance. Nonethe-
less, the following provides a convergence guarantee for exADMM,
which is our main theoretical contribution.?

THEOREM 3.1. Assume that there exist constants Cy, Cy,Cs > 0

such that ||Vk||12E < Cy, ||Uk||% < Cy, ||sk||§ < Cs forVk > 0. For

2402, CvCs 1 1,92 2 1
> max | —&—— - +./57+645,.C% | andy < = s
P ( A, 2TV ety | AN S Oy +1

where Ay = max;cqq /18) and Ay, = minjey ).(J), the augmented
Lagrangian L, (VK UK, sk wk) converges to some value, and residual
norms VK41 —VK|[p, [[US*! —U |, |55+ =¥ |2, and [|w**! —w¥ |l
converge to 0. Furthermore, the gradients of L, with respect to'V, U,
s, and w converge to 0.

Theorem 3.1 illustrates that the sequence {Uk, vk sk wk } will
converge to the feasible set, in which s = (1/|U|)UT 1 in Eq. (3)
holds. Moreover, the derivative of the augmented Lagrangian with
respect to the primal variables (i.e., V, U, and s) will converge to
zero, which implies that the limit points of {Uk, vk, sk wk } should
be the saddle points, i.e., the KKT points of Eq. (3) if there exist.
Notably, the above convergence relies on the fact that the objective
is strongly convex with respect to each variable when the other vari-
ables are fixed. This property is inherited from iALS, and therefore
exADMM takes advantage of iALS in both scalability and conver-
gence guarantee while enabling flexible control of accuracy-fairness
tradeoff via a (seemingly) hard-to-optimize regularizer Rex (V, U).

4 Empirical Evaluation

This section empirically compares exADMM with iALS and ex-
isting fair recommendation methods regarding their effectiveness
in accuracy-fairness control and scalability. Our experiment code
is available at https://anonymous.4open.science/r/exADMM-57E4
and will be made public on Github upon publication.

4.1 Experiment Design

Datasets. Our experiments use MovieLens 20M (ML-20M) [21],
Million Song Dataset (MSD) [6], and the Epinions dataset (Epin-
ions) [31]. Following the standard protocol to evaluate recommen-
dation effectiveness [29, 39], we generate implicit feedback datasets
by binarizing the raw explicit feedback data by keeping interactions
with ratings of four or five for ML-20M and Epinions. For MSD, we

The proofs of the theorem and related lemmas are provided in Appendix A.
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Table 2: Comparison of the Scalability of Compared Methods

Methods ‘ Time Complexity Space Complexity Is it parallelizable across users? Is it parallelizable across items?
IALS O (nz(R)d® + (U +[Vd®) O ((|U| +|V])d) 4 4
Mult-VAE O (IU1|VI|d) O (|V|d) v X
FairRec O (|U||V|(d +logK)) o (1 U||V)) X X
Multi-FR O (z(R)|V| + |U||V|d) O (|V|d) 4 X
exADMM (ours) O (nz(R)d? + |'V|d®) O ((|U| +1|V])d) v v

use all the recorded interactions as implicit feedback. Note that,
for Epinions, we only retain users and items with more than 20
interactions following conventional studies [2, 3]. Table 1 shows
the statistics of the resulting implicit feedback datasets.

Our empirical evaluation procedure follows a strong general-
ization setting, in which we utilize all interactions of 80% of the
users for training and consider the remaining two sets of 10% of the
users as holdout splits. In the validation and testing phases, each
model predicts the preference scores of all items for each user on
the validation and test sets.

Compared Methods. Since our aim is to develop a scalable method
to enable accuracy-fairness control, we compare our method against
an efficient but unfair method and fair but inefficient methods.
Specifically, we first include the vanilla version of 1ALS as a scal-
able baseline, which does not consider item fairness. Therefore,
against this baseline, our aim is to achieve better accuracy-fairness
control and similar scalability. In addition to iALS, we include Mult-
VAE [29], a state-of-the-art deep recommendation method, as a
reference to provide the best achievable recommendation accu-
racy on each dataset. Besides, we consider fairness-aware recom-
mendation methods such as the MF-based in-processing method
called Multi-FR [59]. We also consider a post-processing method
called FairRec [36] combined with the vanilla iALS algorithm to pre-
train user-item preference matrix for it. We thus call this baseline
iALS+FairRec. Against these fairness-aware baselines, our aim is to
achieve a similarly flexible and effective accuracy-fairness control
by our algorithm, which is much more scalable and computationally
efficient. Table 2 summarizes the time complexity, space complexity,
and parallelizablity of each method where we can see that Mult-
VAE, Multi-FR, and FairRec are particularly not scalable because
their complexity depends on the problematic factor of |U||V|.
Throughout the experiments, we train iALS and exADMM for
T = 50 training epochs, Multi-VAE for T = 200 epochs, and Multi-
FR for T = 500 epochs with a constant standard deviation o = 0.1
for initialization. We tune {A1,, @p} for iALS and iALS+FairRec,
{AL2, @0, Aex, p, vy} for exADMM, and {p, 7, pg} for Multi-FR (where
p, T, pg are the user patience, temperature of smooth rank functions,
and dropout rate). To ensure that Ay and p are scale independent
of |U|, we reparametrize Aex and p by Aex = A%y - [U|? and p =
p* - |U|?, respectively, and tune A%, and p* instead of the original
ones. We implement iALS, iALS+FairRec, and exADMM based on
the efficient C++ implementation provided by Rendle et al. [39]°,
which is multi-threaded and uses Eigen?. For a fair comparison, we
use frequency-based re-scaling of Ay and Ay [39] for both iALS

3https://github.com/google-research/google-research/tree/master/ials
4https://eigen.tuxfamily.org

and exADMM. Note that we adopt Denoising Auto-Encoder [29] as
a backbone model of Multi-FR because it can make predictions for
holdout users without costly SGD iterations in the testing phase.
Mult-VAE and Multi-FR are implemented with PyTorch running on
a single NVIDIA P100 GPU.

Evaluation Metrics. We use the normalized cumulative gain (nDCG)
as the measure of recommendation accuracy. To formally define
this accuracy metric, let V; € V be the held-out items that user i
interacts with and 7;(k) € V be the k-th item in the ranked list to
be evaluated for i. Then, we can define nDCG@K as

DCG@K (i, ;)

nDCG@K(z, 7[1') = W,
e

©)

K
Hri(k) € V;
where DCG@K (i, 7rj) = Z %,
PR

and ;" is an ideal ranking for user i. Note here that we can inter-
pret models of user examination (i.e., item exposure) behind accu-
racy measures [41, 46]. Specifically, we can interpret the weight
o(i, j; i) = 0 for each item j in the metric as the exposure that
the item receives in the ranked list for user i, that is, o(i, j; ;) =
Hr;1(j) < K}/logy(; 1 (j) +1) for DCG@K.

In addition to the accuracy metric, we use Gini@K to measure
the exposure inequality based on the Gini index (or Gini mean dif-
ference) [4], which is widely used to evaluate exposure inequality in
related research [17, 59]. Specifically, Gini@K is defined as follows:

Gini@K (o) = ! Z Z loj — ol (6)

2
2lloll, VI 44, &

where o € RIV! is an |'V|-dimensional vector, whose j-th ele-
ment o; indicates the total exposure given to item j, i.e.,, 0; =
>.; 0(i, j; ;). In our experiments, we define o(i, j; ;) = ]I{ﬂ'i_l(j) <
K}/ logz(fri_1 (j) + 1) following the examination model of the DCG
metric. Note that a lower value of Gini@K indicates that recom-
mendations are more fair towards the items, but to do so without
sacrificing accuracy and scalability is particularly challenging.

4.2 Results and Discussion

Accuracy-Fairness Tradeoff. First, we evaluate and compare
how well each method can control the tradeoff between recom-
mendation accuracy (nDCG@K) and exposure fairness (Gini@K)
in Figure 1 on the three datasets and three different values of K. In
the figures, we report the Pareto frontier of exADMM, Multi-FR,
and 1ALS+FairRec with various hyperparameter settings obtained
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Figure 1: Tradeoff between recommendation accuracy (nDCG@XK) and exposure equality (Gini@K) achieved by each method.
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Figure 2: Distribution of item exposure achieved by our
method with different hyperparameter (1.x) settings.

through a grid search.> Note that neither iALS nor Mult-VAE con-
tains a fairness regularizer and a corresponding hyperparameter to
control accuracy-fairness tradeoff in their objective, and thus we
tune their hyperparameters regarding nDCG@K in the validation
split and report nDCG@K and Gini@K in the test split as (blue
and yellow) dots. This is why these typical methods achieve better
accuracy than fairness-aware methods including exADMM, but it
is also true that they produce substantial unfairness among items
according to their Gini@K. It should also be noted that Multi-FR
is infeasible on ML-20M and MSD, and iALS+FairRec is infeasible
on MSD. This is due to their excessive time and space complexity,
which depend on |U||V|. As a result, their results are not shown
in the figures corresponding to these datasets.

From the figures, we can first see that exADMM achieves a sim-
ilar accuracy-fairness tradeoff compared to Multi-FR on Epinions
even though exADMM is much more scalable. Next, the compar-
isons between exADMM and iALS+FairRec (which has much larger
time and space complexity compared to ours) are complicated, and
it is not straightforward to determine which method performs better
in terms of accuracy-fairness tradeoff. However, an interesting trend

SHyperparameters range from Ay, € [le—4,1.0], @y € [le—4,1.0], Aix €
[1e—10,1e—4], p* € [1e—10,1e—4], y = {0.001,0.01,0.05}, § € [0.1,1.0], and
p € [0.6,1.0],7 € [1e-3,1.0], pg = [0.1,0.9]. For iALS+FairRec, we first select
the best setting of @ and Az, in iALS in terms of nDCG@K and then tune the hy-
perparameters of FairRec, namely, the length of rankings K and the scale I € (0,1]
of the minimum allocation constraint for each item [ - (K - |U|)/|V|. We search
each parameter in a logarithmic scale unless otherwise noted. For all methods, we use
d = 32 for Epinions, d = 256 for ML-20M, and d = 512 for MSD.
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Table 3: Computation Time (seconds) to Complete Training and Inference of Compared Methods

\ Epinions \ ML-20M \ MSD

| K=5 | K =20 | K =10 | K =50 | K =10 | K =50
Methods ‘ Train  Inference ‘ Train  Inference ‘ Train  Inference ‘ Train  Inference ‘ Train  Inference ‘ Train  Inference
iALS 1.7 0.1 1.7 0.1 237.5 4.2 237.5 4.2 2,743.7 39.4 2,743.7 39.4
Mult-VAE 72.6 0.5 72.6 0.5 1,872.6 14.7 1,872.6 14.7 22,580.1 145.2 22,580.1 145.2
FairRec 1.7 0.3 1.7 0.3 237.5 23.3 237.5 30.1 878.2 NA 878.2 NA
Multi-FR 4,011.3 0.5 4,011.3 0.5 NA NA NA NA NA NA NA NA
exADMM (ours) 1.7 0.4 1.7 0.4 98.0 9.5 98.0 9.5 1,533.1 89.6 1,533.1 89.6

emerges from our empirical results on Epinions and ML-20M (Fair-
Rec is infeasible on MSD). That is, exADMM is likely to achieve a
better accuracy-fairness tradeoff than iALS+FairRec when we need
to achieve high recommendation accuracy, while iALS+FairRec is
likely to perform better in terms of the tradeoff when we need
to enforce a strong fairness requirement. This interesting differ-
ence can be attributed to the fact that exADMM is an in-processing
method while FairRec is a post-processing method. Overall, it is
remarkable that exADMM, which is much more scalable, achieves
a competitive effectiveness in terms of accuracy-fairness control
compared to Multi-FR and iALS+FairRec, which do not consider
scalability.

To visualize how flexibly exADMM can control exposure dis-
tribution via its hyperparameter (d¢x), Figure 2 illustrates the cu-
mulative item exposure (called the Lorenz curve) induced by ex-
ADMM with several different values of A¢x on Epinions (top row),
ML-20M (mid row), and MSD (bottom row). Each curve in the fig-
ures shows the cumulative item exposure relative to the case when
Aex = 0.0 (i.e., the vanilla version of iALS), and this is why Adex = 0.0
(iALS) always has flat lines. In addition to the curve for Aex = 0.0,
we present curves induced by three other values of Aex (small,
medium, and large) for each dataset. Specifically, we use Aex = 2e—4
(small), A3, = 3e—3 (medium), and A}, = 9e-2 (large) for Epin-
ions, Aex = le—10, A3, = le—7, and A}, = 3e—6 for ML-20M, and
Aex = 1le—12, A, = 1e—10, and A}, = le—3 for MSD. Note that ex-
ADMM with the largest A}, retains an acceptable recommendation
accuracy for every dataset; nDCG@20 = 0.069, nDCG@50 = 0.336
on ML-20M and nDCG@50 = 0.236 on MSD, while those of iALS
models are nDCG@20 = 0.080 on Epinions, nDCG@50 = 0.384 on
ML-20M and nDCG@50 = 0.260 on MSD.

Figure 2 demonstrates that exADMM achieves fairer exposure
distribution compared to iALS (A¢x = 0.0). We can also see that
we can flexibly and accurately control the item exposure distribu-
tion via the hyperparameter Aex of our method. That is, we can
see a monotonic relationship between A,y and fairness of expo-
sure distribution, suggesting that Aex of exADMM works as an
appropriate parameter to control item fairness. To sum up, Fig-
ures 1 and 2 demonstrate that exADMM enables more effective
and flexible accuracy-fairness tradeoff compared to iALS and also
performs competitively compared to Multi-FR and FairRec, which
are computationally much more demanding. exADMM can also
effectively and readily control the item exposure distribution via a
scalar parameter Aqx as demonstrated in Figure 2.

Computational Complexity. Finally, we empirically evaluate
the computational efficiency of methods in terms of both training

and inference. Table 3 reports the average elapsed time to complete
training and inference of each method on the three datasets and two
values of K. Note that the “NA" values that we see for Multi-FR and
FairRec indicate that their training and/or inference are infeasible.

From the table, it is evident that exADMM achieves compu-
tational efficiency equivalent to or sometimes even better than
iALS across all datasets and all values of K, which implies that
our method is able to control the accuracy-fairness tradeoff while
retaining scalability.® We also observe that Mult-VAE needs approx-
imately 15-40 times longer training time compared to exADMM.
This issue of Mult-VAE will be exacerbated as the item space grows,
given its time complexity of O (|U||V|)d). The training procedure
of Multi-FR is about 2,350 times slower than that of exADMM
on Epinions. Besides, Multi-FR is infeasible on ML-20M and MSD.
FairRec suffers from longer inference time compared to iALS and
exADMM, and on MSD, its inference becomes infeasible. Therefore,
even though Multi-FR and FairRec show their usefulness in terms
of exposure control on datasets with a limited size, due to their
inefficiency and large complexity (as in Table 2), they are impracti-
cal for most industry-scale systems, which can even be larger than
MSD. This empirical observation demonstrates that exADMM is the
first method that enables an effective control of accuracy-fairness
tradeoff and is scalable to systems of practical size.

5 Conclusion

The feasibility of exposure-controllable item recommendation is
indispensable for solving immediate problems of accuracy-fairness
tradeoff, however, it has been disregarded in academic research.
Therefore, this work studies and develops a novel scalable method,
which we call exADMM, to enable flexible exposure control. De-
spite the technical difficulty in handling the exposure regularizer
in parallel, the proposed algorithm achieves this while maintaining
scalability with yet provable convergence guarantees. Empirical
evaluations are promising and demonstrate that our method is the
first to achieve flexible control of accuracy-fairness tradeoff in a
scalable and computationally efficient way. Our work also raises
several intriguing questions for future studies such as extensions to
more refined fairness regularizers beyond the mere second moment,
a scalable post-processing approach to control fairness, a scalable al-
gorithm to achieve exposure fairness in two-sided preferences [55],
a scalable control of impact-based fairness [44].

%exADMM can be faster than iALS due to its slightly improved computational com-
plexity as discussed in Section 3.3 and summarized in Table 2.
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A Proofs of Convergence Guarantee
A.1 Proof of 3.1

Proor or THEOREM 3.1. In the proof, we use the following lemma on the smoothness of g:

LeMMA A.1. ForanyV,V’ € RIVIXd g ¢ e RY and U, U’ € R'wx‘i,function g satisfies the following inequalities:
19vg(V.U,5) = Fyg(V', U9l < VIV (1 +a0) VI + Aexllsl + Ay ) IV = VIl
1Vug(V. U.) = Vug(V,U'.s )l < VI (1 + o) IVIE + 20 ) 1U = Ul

IVsg(V, U,s) = Vsg(V,U’,8") |2 < AexIVIIAlls = 8']l2.
IVsg(V,U,8) = Vsg(V', U,8)ll2 < Aex(IIVIIF + IV I[E)lIsI2IIV = VI,

where Ay = max;cqq /’lg) and Ay = maxjeqy /’ll(,j).

We prove the first part of the theorem. We decompose the difference of L, before and after a single epoch update into that before and
after each alternating step.

Lp(Vk+1,Uk+1’sk+1,Wk+1) _ Lp(Vk’Uk’ ok why = (Lp(vk+1’Uk+1’sk’Wk) _ LP(Vk, Uk, sk,wk))
+ (Lp(Vk+1’Uk+1’ skH k) Lp(Vk+1,Uk+1,sk,Wk))
" (LP(VkH’ UK+ gkt wk+1) -L, (Vk+1’Uk+1’ Sk+1’wk)) . )
Lemma A.1 implies the upper bound on each term in the RHS:

LeEMMA A.2. The update of V and U in the (k + 1)-step satisfies

by < MU+ a0)Cy + ) ~ 17y
B 2

A
Zv
Lp(Vk+1,Uk+1, Sk,Wk) _ Lp(Vk,Uk, Sk,W ||Uk+1 _ Uk“% _ 7”‘]k+1 _ Vk”%—;

LEMMA A.3. The update of s in the (k + 1)-th step satisfies
p
Lp(Vk+l,Uk+1, Sk+l,Wk) _ Lp(Vk+1, Uk+1, Sk, Wk) < _E ”Sk+1 _ Sk”%
LEMMA A.4. The update of w in the (k + 1)-th step satisfies
312,.C? 612,CyC
|4 \4
< —||sk+l _ Sk”g + EX—S||Vk+l _ Vk”%

Lp (Vk+l, Uk+1, sk+l, Wk+1) _ Lp (Vk+1, Uk+l, sk+1, Wk)
P

2
By using Eq. (7) and Lemmas A.2 to A.4, under the assumptions p > max (% % + 1/‘1—1 + 6/1§xC‘2,) andy < W((Ha;)cvu’u)ﬂ’

we have

Lp (Vk+1, Uk+1, sk+1, Wk+1) _ Lp (Vk, Uk, sk, wk)

VIUI((1+a0)Cy +Ay) = 1/y Ay P
< ||Uk+1 _ Uk”% _ 7”\,k+1 _ Vk”% _ E”sk+1 _ Sk”§

2
312,C? 642,.CyC
2LV ket _ k2 VexCVEs  ghet _ yk
p ? i
VA + a)Cy + Iy~ 1 by | 61,CrC Yoy
_ VIUI((1 +a0)Cy + Ay) /Y”Uk+1_Uk”2+ 2V 2extVES | kel _ykg2 g | ZP L TV kel k2
2 F 2 e 2
< Ly Sy S AV ke gz Ly gk < (8)
=75 F 4 F 2 2=

Therefore, L, (Vk, Uk, sk, wk ) is monotonically decreasing.
Here, we obtain the following lower bound on L, (Vk , Uk , sk R wk):

Lemma A5. VK UK sk and wk updated by xADMM satisfy
1 2
Ul

— AexC
L, (VK UK, sk, why » 2= 2ex=V
2

10

(Uk)T]I _ Sk

2
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Thus, when p > AexCy holds, Ly (Vk, Uk, sk, wk ) is lower bounded by 0. Therefore, owing to its monotonic decrease, Ly (Vk, Uk, sk, wk )
converges to some constant value, and L, (Vk+1,Uk+1, sk+1,wk+1) -L, (Vk,Uk, sk,wk) converges to 0. From Eq. (8) and the fact that
Lp(Vk”,Uk”, sh+l wh+ly Lp(Vk,Uk, sk, wk) converges to 0, |[VK*1 — VK ||, [|[UK*1 — U¥||f, and ||s¥*! — sk ||, also converge to 0. Finally,
from Lemma A .4, we have:
k+1 yyk+1 _k+1 k+1 k+1 prk+1 _k+1 _k k+1 k2
Lp(V+,U+,S+,W+)_Lp(V+,U+,S+,W) +_W||2

= pllw

2
3)[89‘ V1gk+1 _ k2 ngCVCs
IIs stz + ———

5 [VE*E - V|12,

and then we can also state that |[w**! — wk||, converges to 0.

We next prove the second part of the theorem. Since VA+1 minimizes Ly(V, Uk, sk, wk), it holds that VyL, (Vk+1, Uk, sk, wk) =0, and we
obtain the following inequality from Lemma A.1:

IVVLp (VE U, s W)l = (V3L (V1 UF, 88, W) — Wy L, (VE UF s5 wh) )
= [9yg(VFH, UK, s5) = Vyg(VE, UR s5) |1
< VIV (1 + @) Cu + AexCs + Ay) VKL = V||,
Since |[V¥*! — V¥|| converges to 0, VvL, (VK U¥, sk, wk) converge to 0. Similarly, we have:

IVuL, (VK UK, sk, wh)||p

14 T k kNT
Vug(VE UK s%) + 117Uk + 21wk - s5)
g [up m| -
1
VUg(Vk,Uk, Sk) _ VUg(Vk, Uk_l,Sk_l) + ]I(W k—l)T ]l(S Sk—l)T _ —(Uk _ Uk—l)
|W| rm y F
< [Vug(VE, UK, sK) — Vyg(VE, UK=1 sk~ 1) 10+ Lok - Ukt p 4+ 2wk - wh ) Tlp + 2 n(sk — sk 1T
Y IWI |’L(|
_ _ 1 _ _ _
< VT (- a0)Cy o+ ) U =05l 10 = U o WK Tl + st =T,

where the second equality follows from the fact that U* minimizes g||WUT]l +wk-1— sk_1||% - %Hwk_1 ||% + %HU - Uk_1||% +(U -
Uk, VUg(Vk, UF=1 sk=1))p. Since |[UK = UKL ||, [ wk —wk 1|, converge to 0, this inequality implies that VyL, (VK UK, sk wh) converges
to 0.

Because s*

minimizes L, (Vk, Uk s, wk_l), we also have

V5L, (VK UK, sK, W) |5 = || V5L, (VK UK, K, wh=1) - w1, (VK UK, sk, wh) |1,

ko k-1
=pllw* = w"" 2.

Thus, since ||wk — wk~1]|; converges to 0, V5L, (VK UK, sk wk) converges to 0.
Finally, it holds that

VWL, (VE, U, 5%, wh)|, = H Uk - sk

Ul
- w1,

2

= pllwk
and hence VwlLy (Vk, Uk, sk, wk) converges to 0. O
A.2 Proof of Lemma A.2

Proor. From the definition of Ly (V,U, sk, Wk), we have:

Lp (Vk+1, Uk+1, Sk, Wk) _ Lp (Vk, Uk, Sk, Wk)

2 2
k+1 yrk+1 _k P k k+1 T k P k2 k 11k Kk P k k T k P k2
= g(VFL URL Ky 4 +Lw e —g(VE UF 5y - Bllwk + — Ry TL - k|| + 2
o o)+ 2 Wb s UL - B g(VE U5 ) < 2wk s 0 T -] s
2 2
P
_g(Vk+1 Uk+1 k) g(Vk+1 Uk k) +g(Vk+1 Uk k) g(Vk Uk k) + = ‘Wk+ |(L(| Uk+1)T k ‘Wk + |ﬂ| Uk)T _sk
2 2(9)
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Denoting the Gram matrix of U by Gy = UTU, we have
(Vyg(V,U,s) — Vyg(V',U,s),V - V')p

5|

Z rijuin] + oGy + Aexss’ + Ay)l) vj— Z riju; — (Z rijuin] + oGy + dexss’ + A‘(,])I v+ Z i jui, Vj =V}

jeV \\ieU ielU ieU ieU
= Z <(Z ri)juiu;r) (v —V}),Vj —v}> + Z <a0GU(Vj —V;-),Vj —v}>
jeV Wied jev
+ Z <AexssT(Vj —v}),vj' —V_/’-> + Z </1€,j)(vj' —V_/’-),Vj —V}>
jev Jjev
T 2 T 2 T 2 / 2
= 3 D il v =i e Y (] (v = ViR dex Y (8T (v =)+ D IAY (v = v))IE
jeVielu jeVieUu jev jev
2 2
>4y Y vy =I5 =2, IV - VI3,
jev

where A}, = minjeq, A‘(,j ), Thus, the function g is A;,-strongly convex with respect to V. We also have
A
Zv
g(Vk+1,Uk, Sk) _ g(Vk, Uk, Sk) < (va(Vk+1,Uk, Sk),Vk+l _ Vk)F _ ? ||Vk+l _ Vk”i“
A
=V
= =S IVE - VA (10)

where the last equality follows from the fact that V**+1 minimizes g(Vv, Uk , sk ); hence va(Vk“, Uk , sk ) = 0 holds. Moreover, since Ukt

2
BN P k 1 T k P k2 1 k|2 k k+1 y1k Kk .
minimizes 5 Hw + W(U) 1-5 Hz = SlIwel5 + EHU—U Iz + (U - U%, Vyg(V +1 U, s%))F, we have:

2
P 1 p 1
Elwk 4 —— ()T — skl — Zjwk |2 + = URt - U )12 + (U - U, vyg (VR U s5))p
2 Ul , 2 2y
2
Plok, 1 T k Py k2
< Dlwk+ =— W71 - L . 11
z‘w St I (1)

By combining Egs. (9) to (11), we obtain:
Lp (Vk+l, Uk+1, Sk, Wk) _ Lp (Vk, Uk, Sk, Wk)
1 Ay
< g(Vk+1,Uk+1, Sk) _ g(Vk+1,Uk, Sk) _ <Uk+1 _ Uk, VUg(Vk“,Uk, Sk)>F _ 5||Uk+1 _ Uk”% _ 7||Vk+1 _ Vk”% (12)

On the other hand, under the assumption in Theorem 3.1, from Lemma A.1, the function g(Vk+1, U, s5) is /U] (1+a0)Cy + XU)—smooth
with respect to U. Then, for any U, U’, we have:

VIUT((1 + a0)Cy + Ay)
2

gV U, s5) — g(VF*,U,s%) — (Vg (VA U,69), U7 - U < IV~ U3 (13)
By combining Eq. (12) and Eq. (13), we obtain the following inequality:

) < VIUT((1 + a0)Cy + Ay) - 1]y
- 2

A
Lp(Vk+1,Uk+1,Sk,Wk) _ Lp(Vk,Uk, Sk,Wk ||Uk+1 _Uk”% _ %”V’H—l _ Vk”%

A.3 Proof of Lemma A.3
PROOF. Let us define h¥ (s) = g(VF+L UKL 5) + % Hwk + |—,111|(Uk+1)TIL - s”z - %”Wk”%. We have:
(VKK (s) = YRk (s),s = §')
_ <ng(vk+1,Uk+1’s) —p (Wk + ﬁ(UkH)Tn _ s) — Vg (VEHL UM &) 1 p (Wk + ﬁ(Ukﬂ)Tn _ Sr),s _ s/>
= <ng(Vk+1,Uk+1, s) — Veg(VFHL U ¢/) 4 p(s —§'),s — s’>
> plls = s'l13,
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where the inequality follows from the convexity of g(V<+1, Uk+ ), Consequently, h¥ is a p-strongly convex function. Therefore, we have:

Lp (Vk+1,Uk+l, Sk+1,Wk) _ Lp (Vk+1, Uk+1, Sk, Wk)
P p
— hk(Sk+l) _ hk(sk) < <th(Sk+l), sk+1 _ Sk> _ §||Sk+l _ skng — _E”Skﬂ _ Sk”%,

where the last equality follows from that s**1 minimizes k¥ (s), i.e., VAF (sK*1) = 0.

A.4 Proof of Lemma A.4

Proo¥. From the definition of L, (Vk+1 Uk+l gk+1 ) and the update rule of wk, we have:

k+1 yrk+1 _k+1 _ k+1 k+1 yrk+1 _k+1 _k
Ly(VFHL UM Wiy — L, (v U s W)

2 2

Pllok+t o 1 ok+iy Ty _ k1l Pk 12— Pllok o L kT Kk Pk 2
=£ +— (U T — skl 2w - Plwk + — T - s 4 Bjw
i 2 v SIS = 2k o) I
1
— p<wk+l _ Wk, |(Ll| (Uk+1)T1 _ Sk+1> — p||wk+1 _ Wk”g

k+1

On the other hand, since s**! minimizes the convex function k¥ (s), the first-order optimality condition implies:

1
th(sk+l) — ng(Vk+l,Uk+l, Sk+l) -p (Wk + m(Uk+l)T]l _ sk+1)
— ng(VkH Uk+1 Sk+1) _ pwk+1 =0.
Thus, it holds that

1
Wk+1 — —ng(Vk+1,Uk+1, Sk+1).
p

By combining Eq. (14), Eq. (15), and Lemma A.1, we obtain:

Lp (Vk+1, Uk+1, sk+1, Wk+l) _ Lp (Vk+l,Uk+1, sk+l,wk)
1

— ;”ng(vk+l, Uk+1, Sk+1) _ ng(vk’ Uk, Sk)”%
1

= ~[Vsg(VF* UML) - Wi (VR UK 65) 4 Vg (VR UK, 5) - Vg (VE UK, 69)113
p

1 2

S (IPag(VF, U, $541) - Dg (VR U, )l + 195V, UR,55) = Dy (VE UR s
1 2

< % (e IVE RIS = 86+ e (Ve IVEILE ) IVE = VE 1 )

3 (32 rwk+lpa kel _ k2, 42 k12 K2 ) rvk+ _ wky2 k2
< = (Rl VEPIRIS* = MU 4 25 (VR VR IV = VEIR IS )

IA

3)2
= (GRS = I+ 200 GV - VI,

where the third inequality follows from (a + b + ¢)? < 3(a® + b + ¢?) for a,b,c € R.

A.5 Proof of Lemma A.5

(14)

(15)

Proor oF LEMMA A.5. Under the assumption in Theorem 3.1, the function g(Vk , Uk ,8) is AexCy-smooth with respect to s from Lemma A.1,

and then we have, for any s, s/,

dexC
g(VE UK, s") = g(VF, UK, s) — (Vsg(VE, UK, s),s" —s) < %"us ~s|I2.
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By combining Eq. (15) and Eq. (16), we obtain:

2
Ly (VE, UK, sK wh) = g(vF UK, sF) 4 2wk & (0F)T1 - || — 2wk|2
2 U] 2
2
= g(VE, UK 65 4 p(wh, —— (UF) "1 = sky 4 2 ” (U1 -5
I 7] ] .
2
= (V& UK, $6) — (Veg(VF UF, 55 s - |( UHTL) + ‘ (ULt
2
2
k ik KTy, P~ AexCy kT _
> g(Vk, UK, —(Uk)T1) ¢ 222V~ (gkyTy s
9 |fu| 2 I‘ul 2
2
p — AexCy kyTq _ gk
> —————— (|—(U") "1 =s"|| ,
2 |‘U| 2
where the last inequality follows from g(V, U, s) > 0 for any v, U, and s.
A.6 Proof for Lemma A.1
Proor. For fixed U, s, for all V, V/, we have the following
||VV9(V3 Ua S) - va(v’sUa S)”F
= Z Z rijuin] + oGy + dexss' + Ay)l) (vj- v;-)
jeVil\ieu 2
< 3 Y Mrjuin] (v =Vl + ) D llaguiu] (v =Vlla+ Y. Iexss” (v =villz+ > IAY (v = v)ll2
jeViel jeVielu jev jev

= 0 3 gl (v =Vl luillz + a0 Y Y Tl (v =Vl lluillz +dex Y 18T (v =)l lsllz + > IAY (v = V)2

jeVield jeVield jev jev
2 2 2 3
< 0 > rijlwlldiv = villz + a0 Y > will3lvy = Villz + Aex Y- s3IV = Villz + v > 11vj = )l2
jeVieUu jeVield jev jev
2 2,7
< (<1+ao) > ||ui||2+aex||s||2+av) D Ivi=villz
ieUl jev

< VIVI((1+ @) (U1 + 2exllslE + Av ) IV = V'l

where Ay = max jev A‘(/j ). Note that the second inequality follows from the Cauchy-Schwarz inequality.
In addition, we have, for a fixed V, for all s,s” and U, U’,

IVug(V. U.s) = Vyg(V.U".s)Ip

_ T T 40 T T+ 201y
= Z Z rijViv; +a Z ViV +)LU I|u; — Z rijvj — Z rijViv; +ao Z Vjv; +/1U Ifu; + rijvj

ieUli\jevV jev jev jev jev = ,
= Z Z rljvjvj +ap Z vjv] +A(’) I|(u; - u))
ieU ||\jeV eV
3 5 o) ol 3 5 o) a0 5 i
ielU jeV
Z Z rlJHVJV (u; - “)H + a0 Z Z ”vjv (u; - u)” Z HA( )(u _u)”
i€l jeV
=2, D, rilvy (i - u>|||vJHz+aoZ ST s = i v, + ZHMU,
i€l jeV el jev
< 25 2 ralall o =il e 35 3 o fos = il + ZHMm
ieU jeV ieU jeV
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, ]
< (1+ao)| D0 IViIE] D o = wflla+ Ay > lhws = w2

JjeEV ieU ieU
< VU ((1+ @) IV +20) [U-U'IF,

where the second inequality follows from the Cauchy-Schwarz inequality.
Here, for a fixed V, for all s, s’ and U, U’, we have:

[Vsg(V. U,5) = Vsg(V. U, 8") |2 = [[ex V' Vs = 2ex V' VS|,
= Aex|IVTV(s = s")[I2
< Aex|IVTVIElls = s"ll2
< AexlVIIlls = s”ll2,

where the first/second inequality follows from the Cauchy—-Schwarz inequality.
Finally, for fixed U and s, for all V, V/, we have:

IVsg(V,U,s) = Vsg(V, U,s) |2 = dex|[VT Vs = VT V5|
= Aex|(VI(V=V') + (V=V)TV)s]|,
< ex VTV = V)slg + Aex || (V= V) TV

< Aex VTV =V)IF - lIsllz + Aex | (V = V)TV [ - [Isll2

< Aex (VI + IV MlR) - MIslizlIV = V[l

where the second/third inequality follows from the Cauchy-Schwarz inequality.
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