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Abstract

Hyperparameter transfer allows extrapolating optimal optimization hyperparameters from small to
large scales, making it critical for training large language models (LLMs). This is done either by
fitting a scaling law to the hyperparameters or by a judicious choice of parameterization, such as
Maximal Update (uP), that renders optimal hyperparameters approximately scale invariant. In this
paper, we first develop a framework to quantify hyperparameter transfer through three metrics: (1)
the quality of the scaling law fit, (2) the robustness to extrapolation errors, and (3) the asymptotic
loss penalty due to choice of parameterization. Next, we investigate through a comprehensive
series of ablations why pP appears to offer high-quality learning rate transfer relative to standard
parameterization (SP), as existing theory is inadequate. We find that the overwhelming benefit of
P relative to SP when training with AdamW arises simply from maximizing the learning rate of the
embedding layer. In SP, the embedding layer learning rate acts as a bottleneck that induces training
instabilities; increasing it by a factor of width to match uP dramatically smooths out training while
improving hyperparameter transfer. We also find that weight decay improves the scaling law fits,
while, in the fixed token-per-parameter setting, it hurts the robustness of the extrapolation.

1. Introduction

Training large neural networks requires carefully tuning numerous hyperparameters, including the
learning rate, weight decay, and batch size, among others [2, 5, 16, 17, 19, 22]. As models scale
into trillions of parameters, the cost of hyperparameter tuning at scale becomes prohibitive. The
solution to this is hyperparameter transfer: one finds the optimal hyperparameters at small scales,
along with a scaling law, which can then be used to extrapolate optimal hyperparameters at large
scales. There are two main approaches in practice. The first approach fits functional forms to
predict how the optimal learning rate n* scales as the model and/or data is scaled [3, 5, 21]. While
effective, these fitted relationships may not generalize beyond their fitted domain and themselves
require expensive hyperparameter searches to obtain a robust functional form. The second approach
is more structural—it parameterizes the model such that the activations and their updates remain
independent of width [27], keeping the training dynamics invariant across scales [4, 26]. Yang &
Hu [27] derived Maximal Update Parameterization (uP) under this desideratum, originally to study
feature learning in the infinite width limit. Empirically, uP has a desirable practical property—it
maintains fairly consistent optimal learning rates across width. This property, termed learning rate
transfer, allows practitioners to utilize optimal learning rates from a smaller proxy model to train
larger ones [28], reducing the need for expensive hyperparameter searches at scale.
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The current practice raises several questions. First, after fitting a scaling law to the hyperpa-
rameters, they can always be reparameterized to be (approximately) scale-invariant. In this case, is
there any distinction with pP and its variants? This suggests an urgent need to quantify the quality
of hyperparameter transfer in order to compare across different schemes. In this paper, we begin
by developing a framework to quantify hyperparameter transfer (Section 2). We develop three key
metrics. The first is the quality of the scaling law fit itself. The second is a robustness metric:
whether the choice of optimal hyperparameter is more robust to perturbations as the model scales.
The third regards the asymptotic performance of the loss: it is possible that some parameterizations
exhibit higher quality transfer at the cost of degradation in the absolute value of the loss.

Armed with a quantitative framework to measure the quality of hyperparameter transfer, we then
investigate in more detail why pP appears to exhibit high-quality transfer. We show that in standard
decoder-only Transformers [25] trained with AdamW [18], P has four key changes compared to
SP (Appendix C). By examining all 16 ablations, we isolate the embedding layer learning rate as
the key factor (Section 3). uP has a much larger embedding layer learning rate compared to SP.
By making this one alteration to SP, the hyperparameter transfer quality of SP essentially matches
that of pP. We further study training dynamics, finding that the embedding layer learning rate is
important throughout training, especially early in training, and if it is not sufficiently large, there
are training instabilities (Appendix G). Therefore, one interesting source of training instabilities is
that the learning can be bottlenecked by the embedding layer learning rate. We also study the effect
of weight decay to show that (1) it can improve the scaling law fit quality, (2) in the fixed token per
parameter setting, it hurts the robustness of the extrapolation (Appendix H).

2. Quantifying Hyperparameter Transfer

In this section, we focus on learning rate n as the hyperparameter of interest and scaling the width
n. In principle, the discussion can be extended to include additional hyperparameters (e.g., batch
size, weight decay) and other scaling dimensions (e.g., depth, context length, and training steps).

A parameterization is effective for learning rate transfer if the optimal learning rate can be
reliably extrapolated from small to large widths without sacrificing performance at scale. Reliability
requires two conditions. First, the loss at the end of training must be predictable, for example,
by satisfying a simple functional scaling law form. Second, even if the loss is predictable, the
transferred learning rate will inevitably carry some residual error (e.g., from finite sampling at the
small scale). The loss at scale must be robust to such errors—if a small error in predicting the
learning rate induces an increasingly large loss gap at larger widths, transfer becomes sensitive
despite predictability in the loss. Accordingly, we introduce three metrics: Loss Predictability
Error &, Transfer Robustness Exponent r, and Asymptotic Loss Degradation R(oco) that capture
loss predictability, robustness to prediction errors, and performance at scale, respectively.

To formalize these metrics, we first need to model how the loss landscape changes with width
and learning rate. Following standard practice in neural scaling laws [1, 9, 12], we model the opti-
mal loss L*(n) as a power law in width:

L*(n) = L*(00) + An™, (1)
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Figure 1: Computing the three transfer metrics for uP. (a) Loss vs. log learning rate v, with

star marking the optimum »*(n), (b) Joint fit of the loss model (Equation (4), dashed
lines), with a low predictability error &€ = 0.0034 , (c) Loss curves in the normalized
coordinates (Equation (6)), with k = —2.640 indicating robust transfer. (d-f) Scaling
laws for optimal loss L*(n), optimal log-learning-rate v*(n), and curvature H (n).

where L*(00) is the irreducible loss, A is the scaling coefficient, and « is the scaling exponent. We
model the optimal log-learning rate ! using a scaling law with an irreducible term as well:

v*(n) = v*(o0) + Bn~?, (2)

where 0 < v*(00) < oo is its asymptotic value, B is the scaling coefficient and 8 > 0 controls the
rate of convergence. The above scaling laws hold for each parameterization separately; different
parameterizations may, for example, exhibit different irreducible loss. As such, a parameterization
with high-quality transfer might sacrifice loss performance. This motivates the following definition.

Definition 1 (Loss Degradation R(co)) For a parameterization, let L*(o0) denote its irreducible
loss, and let L, (00) be the best possible irreducible loss across hyperparameters and parameter-
izations. We define loss degradation as the asymptotic loss gap: R(o0) = L*(o0) — Lj,.,(c0) > 0.
R(o0) = 0 indicates best-in-class loss at scale, and R(o0) > 0 signals a performance gap.

Next, to capture the reliability of transfer, we model the loss around v*(n) as a local quadratic form:
1
L(vin) = L*(n) + 5 H(n) - (v = v*(n))* + O(v*), 3)

where H(n) = V2L(v*(n);n) is the loss Hessian evaluated at v*(n). In addition to the loss and
log-learning rate, we model the Hessian scaling as a power law?> H(n) = Cn”, where C is the scal-
ing coefficient and + is the scaling exponent. Substituting the scaling laws into Equation (3), we get:
2

L(v;n) = L*(00) + An™* + %C”W (v =v*(o0) = Bn ) )

This functional form serves as our scaling ansatz for learning rate transfer.

1. We consider log ) rather than 7 itself because the loss curve is approximately symmetric around its minimum on a
log scale, yielding better fits for quantifying reliability. See Appendix D for details.
2. Empirically, we find this form well approximates the Hessian scaling for many parameterizations we considered.
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Definition 2 (Loss Predictability Error £) Given loss observations { L(v;;n;)} at N, log-learning-
rates {I/Z'}ZN:'II and Ny, widths {n; }j»v:”I, we define loss predictability as the normalized mean squared

error between observed and predicted loss { L(v;; n;)} from Equation (4) with fitted parameters:

1 Ny,Np, ) ,
&= NN, Z [L(Vi§ le) - L(Vi; n])] . )
%)

When &£ = 0, the loss is well captured by Equation (4), suggesting reliable extrapolation is possible.
High & in contrast suggests a complex landscape arising from various sources, such as training
instabilities, finite-size effects, or phase transitions, making an extrapolation unreliable.

To analyze this sensitivity, we normalize both loss and log-learning-rate, focusing on the scale-
invariant landscape defined by the normalized coordinates:

= L(v;n) — L*(c0) v —v*(00)
Ly = =y = T ©)
In these normalized coordinates, Equation (4) becomes:
T _ —2B+v (=~ 2

The normalized loss curvature scales as n”, Kk = o — 28 + v quantifying loss sensitivity with n.

Definition 3 (Transfer Robustness Exponent «) We say that a parameterization under our ansatz
(Equation (4)) exhibits robust transfer ifk = o — 28 + v < 0. The sign of k controls how prediction
errors propagate to loss at scale. k < 0 means the landscape flattens, so errors in extrapolat-
ing v*(n) from small widths result in diminishing loss penalties at scale. By comparison, k > 0
amplifies these errors and degrades transfer reliability, as the landscape sharpens with width.

Taken together, these metrics capture three complementary axes of transfer: R(oco) captures
performance at scale, £ quantifies loss predictability, and x measures whether prediction errors
amplify or dampen at large n. As we show later, these metrics can even be at odds with each other.

3. Examining ;P and SP Through the Lens of the Three Transfer Metrics

We pre-train GPT-style Transformers on FineWeb-Edu [20] using AdamW for a fixed number of
steps. We scale the embedding dimension (width) by increasing the number of heads, while keep-
ing the head dimension fixed. For each width, we sweep the peak learning rate and weight decay
strength A. For full experimental details, see Appendix B. We detail the procedure for fitting the
scaling laws and estimating the three transfer metrics from loss observations in Appendix E.

What Exactly is uP’s Advantage over SP? To find out the essential elements required for reli-
able transfer, we compare P (Figure 1) and SP (Figure 6 in Appendix F) using the three metrics.
SP exhibits visibly noisier loss curves than yP due to training instabilities. Despite this, the two
parameterizations are surprisingly similar on most metrics. The asymptotic loss gap R (o) of SP is
slightly worse but still comparable to pP. For both parameterizations, v*(n) empirically converges
to a finite asymptotic value. Finally, the normalized loss flattens for both parameterizations, with
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Figure 2: Transfer metrics for parameterizations interpolating between SP and pP. Parameteri-

zations with ‘4’ denote incremental changes from SP towards uP, while ‘—’ denotes
changes from pP towards SP. Green and red regions indicate desirable and undesirable
regimes, respectively. The orange arrow highlights SP+Embd (SP with ©(1) embedding
learning rate), which matches pP across all three metrics, suggesting the embedding
layer learning rate is the primary driver of uP’s advantage.

large negative robustness exponents, indicating transfer is robust in both cases. Where SP falls short
is in the loss predictability: the loss vs. v curves are visibly noisier due to training instabilities. As
a result, the predictability error £ is roughly 3 x larger than for uP, suggesting that the loss is poorly
described by our ansatz. While SP can exhibit transfer in principle, training instabilities make it
unreliable in practice.

A Step by Step Journey from SP to 4P. The results above suggest that SP has the right ingredi-
ents for reliable learning rate transfer, but is held back by training instability. Since SP and pP differ
in only four ways (Appendix C), a natural question is which change, if any, is most significant. To
answer this, we perform systematic modifications, starting from SP and making one change at a
time, sweeping the peak learning rate and weight decay across widths. We caution that these modi-
fications interact non-linearly, so the effect of one change may depend on the scaling of other layers.
Figure 2 shows the three transfer metrics for selected ablations and weight decay values. We defer
the full results to Figure 15 in Appendix F and summarize the key findings here.

The embedding layer learning rate emerges as the most critical modification: training SP with
an O©(1) embedding layer learning rate (SP+Embd) matches uP across metrics, while training P
with ©(1/n) embedding layer learning rate (P-Embd) degrades it. Attention scale has a more subtle
effect: both adding 1/d scaling to SP (SP+Attn) and removing it from uP (uP-Attn) result in large
positive x, making transfer brittle. Increasing the LayerNorm learning rate to ©(1) in SP worsens
instability, while decreasing it to ©(1/») in uP has a negligible effect, suggesting that LayerNorm
parameters can be trained slowly without hurting performance. Finally, the last layer initialization
variance has a negligible effect, though P with a 1/» initialization (uP-Last) exhibits instabilities
at small widths. We leave a detailed understanding of these observations to future work.

In Appendix G, we run switch experiments that change the embedding layer learning rate at
step tswitch, and find that the embedding layer learning rate is most critical early in training, and that
training it too slowly not only slows down learning but also results in training instabilities.

Weight Decay and Compute-Optimal Training. In Appendix H, we study the effect of weight
decay and find that it improves loss predictability £ but worsens asymptotic loss R (co) in the fixed-
step setting. In the compute-optimal (fixed tokens-per-parameter) regime, weight decay instead
degrades transfer robustness r, suggesting the standard 17- A = ©(1) convention is inadequate when
training steps scale with width.
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4. Discussion and Conclusion

In this work, we introduced a quantitative framework for evaluating hyperparameter transfer, with
three metrics R(o0), &£, and « that together serve as a diagnostic lens for identifying what a given
transfer setup is lacking. Our framework generalizes beyond learning rate transfer with width and
can be applied to any hyperparameter and scaling dimension. For instance, it can help determine
which depth scaling strategy yields more reliable transfer, whether learning rate transfer across to-
kens is as robust as across width, and whether current batch size and expert scaling conventions are
brittle.
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Appendix A. Related Works

Our work is closely related to several recent works on hyperparameter transfer [2, 6, 7, 14]. Our
notion of robust transfer generalizes the fast transfer criterion of [7], which corresponds to the spe-
cial case v = 0. In practice, v can be comparable to o, making it an important factor for assessing
transfer robustness. [14] argue that weight decay stabilizes feature learning and is central to learning
rate transfer. Our three transfer metrics provide deeper insights into its role: its primary effect is im-
proving the loss predictability error £, but it comes at the cost of increasing the asymptotic loss gap
R(o0) in the fixed step setting. Furthermore, very stable parameterizations such as SP+Embd+Attn
achieve reliable transfer even without weight decay, and weight decay alone is insufficient to stabi-
lize unstable parameterizations such as SP+LN. The analysis of [2] implies that 7 - A should scale as
©(1/n?) in the compute-optimal setting. Our preliminary experiments suggest this may be insuffi-
cient to resolve the transfer robustness degradation observed, leaving a better weight decay scaling
as an open question.

Appendix B. Experimental Details

We pre-trained GPT-style Transformers on FineWeb-Edu [20], building on the nanoGPT code-
base [13]. All experiments use a depth of 12 Transformer blocks without biases, a context length of
1024, and a vocabulary size of 50, 304. We scale the embedding dimension (width) n € [128, 2048]
by increasing the number of heads, while keeping the head dimension fixed at d = 64. We train
the models using AdamW (3; = 0.9, B2 = 0.95, ¢ = 10~®) with a Warmup-Stable-Decay (WSD)
schedule [10] (20% warmup, 60% stable, 20% decay). For each width, we sweep the peak learning
rate and weight decay strength A.

In the fixed-step setting, we train the models for 10, 000 steps with a batch size of 1024 (= 1M
tokens per step), corresponding to a total of approximately 10B tokens. By comparison, in the
compute-optimal setting (fixed token-per-parameter), we scale training tokens proportional to the
number of parameters, with a ratio of 20 tokens per parameter following [9]. To ensure that small
models are trained for a sufficient number of steps, we reduce the batch size to 256 (=~ 0.25M
tokens).

Compute Usage. All experiments were run on H100 GPUs. The total sweep covers 20 learning
rates x 8 weight decay values x 8 widths x 16 parameterizations X 2 training regimes, with each
run taking approximately 2 hours on average, for an estimated total of ~160,000 H100 GPU hours.

Appendix C. Preliminaries: Neural Network Parameterizations

We consider a neural network fp with parameters 6 trained by minimizing a loss L(#) using AdamW
optimizer [18] with learning rate 1 and weight decay A. The performance of a model can be im-
proved by scaling along different dimensions, such as width, depth, context length and data. A
parameterization is then a set of rules that specify how key network and optimizer hyperparameters
must be adjusted as the model is scaled to maintain stable training dynamics. In this work, we focus
on the width n as the scaling dimension and the learning rate n as the hyperparameter to be scaled.

Following [27], we parameterize the network and optimizer using four scalar exponents {a;, by, ¢
per layer [, which control different aspects of width scaling. The exponent a; controls the forward
pass scaling h(+D) = =W 4D g(h®), where h™ and W® denote the pre-activations and

)
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Table 1: Comparison of Standard (SP) and Maximal Update Parameterization (uP) for AdamW.

Parameterization | Layer Multiplier (n~¢) Variance (n72°) LR (n™¢) WD (n~%)
Embedding 1 1 1/n n
Hidden 1 n 1/n n
Standard
(SP) Last 1 Ln 1/n n
LayerNorm — — 1/n _
Attention scale 1//d — _ _
Embedding 1 1 1 1
Hidden 1 L/n 1/n n
uP Last 1 1/n2 1/n n
LayerNorm — — 1 _
Attention scale 1/q — — _

weights in layer [, and ¢(-) is the activation function. The exponent b; scales the initialization vari-
ance W) ~ N (0,n~2b). The exponent ¢; scales the layer-wise learning rate n®) = pn-n=%, where
n is the global learning rate. Finally, the exponent d; scales the weight decay strength \! = \ - n~%
such that the product 5’ - A is width-independent. For Transformers, the usual scaled dot-product
attention comes with a per-head scaling by the head dimension d, with the standard choice being
1/va [24].

Given this general setup, specific parameterizations are obtained by imposing stability condi-
tions on the training dynamics. Two canonical examples of abcd parameterization are SP [23] and
uP [27]. SP requires that activations at initialization do not blow up or vanish as the width grows,
imposing one constraint per layer. uP imposes a stronger condition: both the activations and their
updates must be width-independent, resulting in two constraints per layer. For analytical tractabil-
ity, these additional constraints are derived under three additional assumptions: (1) finite number of
training steps as the width n — oo, (2) full alignment between weight updates and the activations
they act on [27], and (3) a fixed dataset as n scales.

Since one of our goals is to understand which aspects of P are essential for transfer, we need
to express SP and uP in a common form. To this end, SP is defined with a weight initialization
variance of ©(1/fan-in), and a global learning rate 7; = 7 - n~! for all layers. Note that we choose
a convention where we peel off a 1/n factor in the learning rate, which differs from other conven-
tions. To make the comparison between SP and pP more transparent, we use the symmetry of abcd
parameterization [27] to set the multipliers ¢ = 0 in our description of uP. As shown in Table 1, the
two differ in four ways: (1) embedding layer learning rate, (2) last layer initialization variance, (3)
LayerNorm learning rate, and (4) attention scaling.

The intuitive reason for these changes is as follows. SP applies a uniform ©(1/») learning rate to
all layers, but the embedding and LayerNorm layers perform width-independent operations® and do
not require this scaling, making ©(1) the natural choice for these layers. Next, SP’s larger last layer
initialization variance leads to higher Hessian sharpness at initialization, making training unstable
at large learning rates. However, in practice, learning rate warmup mitigates this by gradually

3. Here, by width-independent operations we mean that these layers do not change the scale of activations and their
updates.

10
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reducing sharpness to a level determined by the peak learning rate [11], making the initialization
difference between SP and P negligible. Finally, uP replaces SP’s 1/v/4 attention scaling with
1/4, motivated by the observation that key and query vectors are projections of the same input and
therefore would be more aligned than independent random vectors during training. In this work,
we show that the embedding layer learning rate is the primary driver of yP’s advantage, with the
remaining modifications contributing little.

Appendix D. Scaling Law Ansatz

To formalize the transfer metrics, we first need to model how the loss landscape changes with width
and learning rate. Following standard practice in neural scaling laws [1, 9, 12], we model the optimal
loss L*(n) as a power law in width:

L*(n) = L*(c0) + An™, ®)

where L*(00) is the irreducible loss, A is the scaling coefficient, and « is the scaling exponent.
Here, we can consider the dataset size to be held fixed or increasing along with n as in compute-
optimal training. We model the optimal learning rate using a scaling law with an irreducible term
as well:

n*(n) = n*(c0) + B'n™", 9)

where 0 < n*(00) < oo is the asymptotic optimal learning rate, B’ is the scaling coefficient and
B > 0 controls the rate of convergence. Note that this differs from the form n*(n) ~ n~=% used
elsewhere [6, 16], which implicitly assumes that the optimal learning rate vanishes (5’ > 0) or
diverges (8’ < 0) at large widths. In Equation (9), we assume the dominant scaling law has been
peeled off, leaving the residual correction B'n =",

The scaling law above is expressed in terms of the learning rate . However, the loss as a
function of 7 is typically asymmetric around its optimum 7*—beyond it training becomes unstable,
and the loss increases sharply, while below it the loss degrades gradually. We therefore work in log-
learning-rate space v := log, n for the rest of the paper, where the loss landscape is more symmetric
around its optimum (see Figure 1(a)). In log-learning-rate space v := logn, Equation (9) takes the
form:

v*(n) = log (n*(oo) + B’niﬁ) = v"(00) + log (1 + f;?;:;) .

Since Equation (9) captures the residual width dependence after the dominant scaling has been
removed, the term B'n~? /n*(occ) is small, and to leading order:

v*(n) ~ v*(c0) + Bn™?, (10)

where B = B’/n*(00). The above scaling laws hold for each parameterization separately; different
parameterizations may, for example, exhibit different irreducible loss. As such, a parameterization
with high-quality transfer might sacrifice loss performance.

Appendix E. Estimating the Three Transfer Metrics

This appendix describes the filtering, interpolation, and fitting procedures used to compute the trans-
fer framework metrics R(c0), &€, and k.

11
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Figure 3: (a) Interpolated loss curves for uP across widths with loss filtering threshold f = 1.35.
Raw observed points (circles) and the fitted smoothing spline (solid lines) are shown for
each width. (b) Per-width curvature fits for yP. For each width, we show the interpolated
loss curve (solid line) and the fitted centered quadratic L(v) = Liin + 3H (n)(v — v*)?
(dashed line).

Filtering, Smoothing and Interpolation. For each width, we retain runs with loss within f =
1.35x the per-width optimal loss L*(n) to focus the analysis on the landscape around the minimum.
The threshold f is chosen to avoid unstable and divergent runs while retaining as many data points
as possible. We then fit a cubic spline (UnivariateSpline, degree k = 3) to the filtered per-
width curves with smoothing parameter S = s - N - Var(L), where s = 0.1 is the base smoothing
coefficient, NV is the number of points, and Var(L) is the variance of the loss values. Each spline is
evaluated on a uniform grid of 400 points spanning the observed v range, resulting in smooth, dense
curves for the subsequent analysis (see Figure 3(a) for an example). Out of 128 total combinations
(16 parameterizations x 8 weight decay values), 4 failed this procedure either due to too few points
after the filtering step or the interpolated loss curve exhibiting excessive noise resulting in negative
loss values, and were therefore excluded from the analysis.

Estimating the Three Transfer Metrics. By fitting scaling laws to L*(n) and v*(n), we obtain
the exponents «, 3 and the asymptotic loss L*(00), from which we compute R (o0). The loss scaling
law is fit in log space with constraints L*(c0), A, > 0, ensuring the fitted scaling law strictly
decreases with width and converges to a finite irreducible value. The log-learning-rate scaling law
is fit in linear space, since v is already in log space, with 3 > 0 enforced to ensure convergence
to the asymptotic value. Since R(c0) is non-negative by definition (Theorem 1), we clamp fitted
values to zero when they are negative due to finite-size fitting artifacts. For the curvature H(n), we
first fit a centered quadratic L(v) = L* + £ H(n)(v — v*(n))? to the interpolated per-width curves
(see Figure 3(b)), with the center fixed at v*(n) to prevent noise in the loss curve from shifting the
fitted center away from the true optimum. We then fit the scaling law H (n) = Cn” (Figure 1(f)) to
obtain the exponent . Combined with v and 3 from above, this gives kK = o — 23 4 +. Finally, we
jointly fit all the parameters of Equation (4) using the interpolated curves, and evaluate the fit on the
raw filtered data to obtain the loss predictability error &.

We fit all scaling laws using a Huber loss objective with § = 10~ to improve robustness to
outliers and 200 random initializations to avoid local minima in the non-convex scaling law fits. We
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Figure 4: Fitted (3 as a function of the lower bound Sy, for two cases. Left: a degenerate case (14P)
where the step function better fits the observed trend, and we adopt the optimal solution
with 3 > B*. . Right: a genuine case (;/P-Attn) where 3 monotonically increases with

Bmin, suggesting that the fitted small 5 can be trusted.

additionally cap all scaling exponents at 2.0, which serves as a practical proxy for exponents running
to infinity and prevents spuriously large values that can make comparisons across parameterization
unreliable.

Degeneracy in v* Scaling. A subtle issue arises when v*(n) is nearly constant across widths. In
this regime, the scaling law v*(n) = v*(c0) + Bn~? admits two degenerate solutions: (1) 3 — 0,
reducing the model to a constant v*(c0) + B and (2) 8 — oo, indicating rapid convergence to
v*(00). We prefer the 5 — oo solution, as 5 — 0 reduces the scaling law to a constant and
is inconsistent with the convergence-based interpretation of our framework. Since 5 may not be
exactly zero numerically, distinguishing a genuinely small 5 from the degenerate 5 — 0 solution is
non-trivial. To resolve this, we repeatedly fit the scaling law with an increasing lower bound Sy,
on [ and track how the fitted S changes. If the true solution is degenerate, the fitted 5 will exhibit
a sudden jump at some 3. , beyond which random initializations begin to prefer the 8 — oo
solution. In contrast, if the solution is not degenerate, the fitted S will linearly increase from [y
(see Figure 4). We then fit both a step function and a linear function to the resulting 3 vs. SBmin
trend. If the step function fits better, we have identified the small 5 as a degenerate solution and
select the best solution with 3 > B*. . Otherwise, we treat the small observed 3 as genuine. We
apply this procedure only to the v*(n) scaling law fits to estimate 5 and hence k.

Degeneracy in the Full Model. The full loss model (Equation (4)) introduces additional degen-
eracies beyond those in the individual v* scaling law. Specifically, the term %Cn”(u —v*(o0) —
Bn_ﬁ)2 couples the curvature scaling parameters C' and v with the v scaling parameters B and /3
through the product Cn” - B>n~2%, making individual parameter estimates unreliable even when the
overall fit is good. We therefore do not use the joint fit for estimating 3, s, and R(c0), and instead
rely on the individually fitted scaling laws. The parameters of the full model are constrained in the
same way as the individual scaling laws, with L*(c0), A, a, C, 5 > 0 and B unconstrained. Nev-
ertheless, the joint fit consistently yields smaller fit errors than substituting the individually fitted
parameters directly into Equation (4), and we therefore use it for reporting £.
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Appendix F. Transfer Metrics for Additional Parameterizations

In this section, we analyze the three transfer metrics for all parameterizations interpolating between
SP and pP in further detail. Figure 5-14 show the loss and scaling law curves for each param-
eterization. We use ‘4’ to denote incremental changes from SP towards P and ‘—’ to denote
changes from pP towards SP. For each parameterization, we select the weight decay value that best
represents its typical behavior.

F.1. Effect of Different Layer Types on Transfer Metrics

SP vs. uP. As described in Section 3, P and SP are surprisingly similar across most metrics
(Figures 5 and 6). Despite being more unstable (a 3x larger loss predictability error), SP exhibits
a large negative robustness exponent x = —3.505. SP thus has the right ingredients for reliable
transfer but is held back by training instability.

Embedding Layer Learning Rate. The embedding layer learning rate has the most pronounced
effect on stability. Training SP with a ©(1) embedding learning rate (SP+Embd) eliminates the
instabilities, resulting in smooth loss curves (Figure 7). Conversely, training puP with a ©(1/n)
embedding learning rate (uP-Embd) destabilizes training entirely (Figure 8).

Attention Scaling. The effect of 1/4 attention scaling is more subtle. Training SP with 1/4 attention
scaling (SP+Attn) does not improve stability (Figure 9): the loss predictability error £ remains
similar to SP, R(c0) is slightly worse, and instabilities worsen at large widths. Most notably,
becomes positive (x = 0.509), indicating that transfer becomes brittle. A similar degradation is
observed when training yP with 1/v/d attention scaling (uP-Attn) (Figure 10): £ is similar to SP,
the optimal learning rate decreases with width, and x = 0.881, making transfer unreliable. These
results suggest that the attention scaling has a more subtle effect depending on the scaling of other
layers.

LayerNorm Learning Rate. Increasing the LayerNorm learning rate to ©(1) in SP (SP+LN)
severely destabilizes training ( Figure 11), with £ roughly 10X larger than SP. Interestingly, while
the loss at small widths is poor, SP+LN achieves the best asymptotic loss across all parameteri-
zations at large widths. This highlights a sharp tradeoff: SP+LN can in principle reach excellent
performance at scale, but its unpredictable loss landscape makes transfer unreliable—a high-reward
but high-risk parameterization. By comparison, decreasing the LayerNorm learning rate to ©(1/») in
1P (uP-LN) has a surprisingly almost no effect. The loss predictability error £ is slightly better than
P, while the asymptotic loss is slightly worse. The consistent improvement in loss predictability
from slowing down LayerNorm training observed in both SP+LN and uP-LN suggests that Layer-
Norm parameters are best trained slowly. This again reflects a tradeoff: slower LayerNorm training
stabilizes the training dynamics at the cost of a small performance penalty.

Last Layer Initialization. Finally, reducing the variance of the last-layer initialization to ©(1/n2)
in SP has a negligible effect, with all three metrics remaining comparable to SP. By comparison,
increasing it to 1/n in uP (uP-Last) causes training instabilities at small widths, but transfer remains
robust at larger widths. The minimal role of last layer initialization is consistent with the observa-
tion that a larger initialization variance leads to higher Hessian sharpness, but learning rate warmup
gradually reduces this sharpness early in training [11], effectively mitigating any initialization dif-
ferences.
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Figure 5: Transfer metrics for yP with weight decay A = 0.006. Repeated Figure 1 for complete-
ness.
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Figure 6: Transfer metrics for SP with weight decay A = 0.001.
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Figure 7: Transfer metrics for SP+Embd with weight decay A = 0.001.
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Figure 8: Transfer metrics for 4P-Embd with weight decay A = 0.006.
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Figure 9: Transfer metrics for SP+Attn with weight decay A = 0.001.
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Figure 10: Transfer metrics for uP-Attn with weight decay A = 0.006.
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Figure 11: Transfer metrics for SP+LN with weight decay A = 0.001.
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Figure 12: Transfer metrics for uP-LN with weight decay A = 0.001.
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Figure 13: Transfer metrics for SP+Last with weight decay A = 0.001.
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Figure 14: Transfer metrics for yP-Last with weight decay A = 0.006.
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Figure 15: Transfer metrics for parameterizations interpolating between SP and pP. Parameteri-
zations with ‘+’ denote incremental changes from SP towards pP, while ‘—’ denotes
changes from pP towards SP. Green and red regions indicate desirable and undesirable

regimes, respectively.

Figure 15 shows the three transfer metrics for all 16 parameterizations and 8 weight decay
values. The metrics naturally separate parameterizations into clusters. For example, in panel (b),
parameterizations that train the embedding well (uP, SP+Embd, pP-LN, SP+Attn+Embd) cluster in
the desirable low &£, low R(c0) region, while unstable parameterizations (SP, SP+LN, pP-Embd)
achieve near-zero R(co) but at the cost of high £. This illustrates the tradeoff between the met-
rics noted in Section 3: a parameterization can achieve excellent asymptotic performance while
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Figure 18: (a) Reducing the embedding learning rate from ©(1) to ©(1/n) in uP at step tswiwch
causes a persistent loss gap that grows larger for earlier switches (inset). (b) Increasing
it from ©(1/n) to O(1) in SP at step tswicch €liminates training instabilities and improves
performance over SP (tswitch = 10%).

remaining unreliable for transfer. Large weight decay values are located in the top right, improving
£ relative to the unstable cluster but at an asymptotic performance cost, never reaching the sta-
ble cluster. Similar clustering patterns emerge in panels (a) and (c), with stable parameterizations
consistently occupying the desirable regions across all three metrics.

Appendix G. The Importance of Embedding Layer Learning Rate

The critical role of the embedding layer learning rate in stabilizing SP’s training is surprising. Since
the embedding layer performs a width-independent lookup, one would expect its learning rate to
scale as ©(1). But what is unexpected, as our results in Section 3 show, is that training it too slowly
destabilizes the training, as one might expect later layers to compensate for a poorly trained embed-
ding. In this section, we dig deeper into why training the embedding layer fast enough is critical.

To better understand the role of training the embedding layer, we examine when it matters most
by switching its learning rate at various points during training. We perform two experiments: in
uP, we slow down the embedding learning rate from ©(1) to ©(1/n) at step tswitch, and in SP, we
speed it up from ©(1/n) to O(1). Together, these experiments reveal that a small embedding layer
learning rate not only slows down training but also causes instabilities, with early training being the
most critical. In the uP case (Figure 18a), switching to O(1/») embedding learning rate early in
training drastically slows down training. While further training eventually closes much of this gap,
a residual loss difference of ~ 0.1-0.2 persists at the end of training, with a larger gap for earlier
switches. By comparison, in the SP case (Figure 18b), switching to ©(1) embedding learning rate
at an early stage simultaneously eliminates the training instabilities and improves performance. We
additionally study the effect of completely freezing the embedding layer in Appendix L, finding that
freezing hurts both parameterizations, but ;P much more than SP. This indicates that later layers do
not compensate for an untrained embedding.

One possible explanation for the outsized role of the embedding layer is that a slowly trained
embedding puts excessive pressure on the first attention layer, which must extract useful features
from nearly random token representations and, unlike later layers, has no upstream processing to
rely on, making it sensitive to embedding quality. We also test whether the need to train the first
layer sufficiently fast is specific to Transformers. To this end, in Appendix I, we show that for CNNs
trained on CIFAR-100 [15], SP with a ©(1) input-layer learning rate matches pP’s transfer quality.

21



QUANTIFYING HYPERPARAMETER TRANSFER

Appendix H. The Effect of Weight Decay and Compute Optimal Training

Most studies examining transfer focus on the fixed-step setting, often with little or no weight de-
cay [6, 28]. While recent work has begun examining the effect of weight decay [14] and compute-
optimal scaling regime [2], their effect on transfer quality remains unclear. We find that weight
decay improves loss predictability error £ but consistently hurts asymptotic performance in the
fixed-step setting. By comparison, this performance penalty disappears in the compute optimal scal-
ing regime (20 tokens per parameter, following [9]), but transfer robustness degrades with weight
decay, likely because the appropriate weight decay scaling in this regime is not well understood.

Weight Decay. In the fixed-step setting, weight decay consistently hurts asymptotic perfor-
mance: R(oo) monotonically increases with A across parameterizations, from R(o0) ~ 0.01 to
R(o0) &~ 1 at large A (Figure 19a). The effect on loss predictability error £ is more nuanced and
depends on the baseline stability of the parameterization without weight decay (Figure 19b). For
1P and SP+Embd, which already exhibit low £ at A = 0, small weight decay further improves pre-
dictability before worsening at large A. For SP and SP+LN, which suffer from training instabilities
at A = 0, weight decay steadily reduces £ but is never sufficient to match the stable parameteri-
zations. Interestingly, at large A\, £ converges to = 0.01 across parameterizations, suggesting that
strong weight decay regularizes the landscape to a similar level regardless of parameterization. The
improvement in loss predictability error £ with weight decay has a natural interpretation: weight
decay regularizes the loss landscape, reducing its complexity and making it better captured by our
loss ansatz (Equation (4)). The transfer robustness exponent x remains largely negative and shows
no clear dependence on A (Figure 19c).

Compute Optimal Training. In the compute-optimal setting, most parameterizations achieve
near-zero R (oo) (except for SP+LN and pP-Embd due to exhibiting training instabilities), suggest-
ing that the loss is not sensitive to the choice of parameterization. Predictability error £ follows
similar trends to the fixed-step setting, with minor trend differences. A notable difference from the
fixed-step setting lies in x: at A = 0, most parameterizations exhibit negative x, but this robustness
degrades sharply with increasing weight decay, with most parameterizations converging to x ~ 0.
A natural explanation is that 4P assumes ©(1) training steps relative to width, but in the compute
optimal regime, steps 7" scale as n2, violating this assumption and making the current convention
7 - A = ©O(1) inadequate. In Appendix J, we find that scaling weight decay as 7 - A = ©(1/n2)
reduces the shift in optimal learning rate, but the shape of the loss curves around the minimum
changes across widths. We leave a detailed analysis of the appropriate weight decay scaling in this
regime to future work.

Appendix I. Importance of the First Layer Learning Rate in CNN Image
Classification

In Appendix G, we demonstrated that the embedding layer learning rate is the primary factor in
explaining the difference between SP and P in Transformers trained with Adam. A natural question
is whether this result is specific to Transformers with an embedding layer or generalizes to other
architectures and tasks. To test this, we consider CNNs trained on CIFAR with Adam, where the
first layer is a simple convolutional layer, and there is no LayerNorm or attention.

As there are only two differences in this setting (first and last layer), there are only four variants:
uP, SP, SP+Embd, and SP+Last. Figure 20 shows the training loss as a function of log learning
rate v across widths. We observe that the optimal learning rate increases with width in SP, whereas
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Figure 19: Effect of weight decay on the three transfer metrics in the fixed-step (top) and fixed
TPP (bottom) settings. In the fixed-step setting, weight decay improves predictability
error £ at the cost of asymptotic performance R(co). In the TPP setting, stable
parameterizations achieve near-zero R(cco), and landscape predictability trends are
similar, but robustness x degrades as weight decay increases.

in uP it remains fairly constant. Training SP with a ©(1) first-layer learning rate largely removes
this drift: SP+Embd behaves similarly to uP both in the location of the optimal learning rate and
in its reduced drift. By contrast, changing only the last-layer initialization has little effect: SP+Last
remains closer to SP, both in the location of the optimum and in the observed learning-rate drift.

These results suggest that the role of the embedding layer learning rate is not specific to Trans-
formers, and that training the input layer sufficiently fast is important for learning-rate transfer under
Adam.
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Figure 20: CNN experiments on CIFAR with Adam. Training loss as a function of log learning
rate v for four parameterizations across widths. In SP, the optimal learning rate drifts
with width, while P shows substantially less drift. Increasing the learning rate of the
input-facing layer in SP (SP+Embd) largely removes this drift and places the optimum
in a similar region to uP. By contrast, changing only the last-layer initialization
(SP+Last) leaves both the learning-rate drift and the optimum location closer to SP.
This suggests that the role of the embedding layer learning rate in Transformers reflects
a more general importance of the input-facing layer learning rate.
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Appendix J. Weight Decay scaling in Compute-Optimal Regime
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Figure 21: Loss curves for uP in the compute-optimal setting (20 TPP) under two weight decay
scalings. (a) Standard pP convention - A = ©(1): v*(n) shifts to the left with increas-
ing width. (b) Corrected convention 1 - A = O(1/n?): v*(n) doesn’t vary much, but the
shape of the loss curves around the minimum changes across widths.

In the compute-optimal (fixed TPP) setting, the number of training steps scales as 7' o< n?,

which violates P’s assumption of ©(1) training steps compared to width. This makes the standard
weight decay convention 1 - A = ©(1) inadequate, as we observed in Appendix H where transfer
robustness x degrades with increasing weight decay. A natural scaling, motivated by [2], is to scale
weight decay as - A = ©(1/n2), so that the effective regularization strength remains the same across
different training steps.

Figure 21 compares the loss curves for uP under two scaling conventions. Under 1 - A = ©(1)
(a), the optimal log learning rate v*(n) drifts noticeably to the left with increasing width, suggesting
a slow convergence (small 3). As aresult, K = o —2/3+ becomes large, resulting in brittle transfer
observed in Appendix H. By comparison, under 7 - A\ = ©O(1/n2) (panel b), this drift is visually
reduced, suggesting an improvement in transfer robustness. However, the shape of the loss curves
around the minimum changes across widths. We leave a systematic analysis of the appropriate
weight decay scaling in the TPP regime to future work.

Appendix K. The Effect of Learning Rate Warmup on Learning Rate Transfer

Learning rate warmup is standard practice in large-scale training [5, 19]. Its primary effect is gradu-
ally reducing the sharpness of the loss Hessian (or pre-conditioned sharpness for Adam), effectively
steering optimization towards well-conditioned regions of the loss landscape where the model can
be trained at large learning rates [8, 11]. Despite its widespread use, its interaction with learning rate
transfer has not been systematically studied. Figure 22 shows that short warmup durations (1-5%)
result in training instabilities that make transfer unreliable—the loss curves are noisy across widths,
making extrapolation meaningless. At 10% warmup, the loss curves become noticeably smoother
and v*(n) aligns more consistently across widths. This result confirms that warmup is crucial for
observing reliable learning rate transfer, which is not accounted for in uP’s theoretical derivation.
We use a conservative warmup duration of 20% throughout experiments to observe reliable transfer.

25



QUANTIFYING HYPERPARAMETER TRANSFER

width
—e— 64 —e— 128 —e— 256 —e— 512 —— 768
Warmup duration: 1% Warmup duration: 5% Warmup duration: 10%
5 5 5
= = =
Eq Eaq Eq
B - TS
3 %: 3 3 R
-4 -2 0 2 -4 =2 2 -4 -2 0 2
Y Y Y
(a) (b) (c)

Figure 22: Learning rate warmup is essential for observing reliable learning rate transfer in pP.
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Appendix L. Effect of Freezing the Embedding Layer
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Figure 23: Effect of freezing the embedding layer in pP and SP. (top) Loss vs. log learning rate
curves. (middle) Optimal loss vs. total parameters. (bottom) Optimal loss vs. trainable
parameters, where trainable parameters exclude the embedding when frozen.

The switch experiments in Appendix G show that training the embedding layer too slowly can
both slow down learning and cause training instabilities. Here, we take this further by studying the
effect of completely freezing the embedding layer in both pP and SP.

Figure 23 (top) shows the loss vs. log learning rate curves. Freezing the embedding layer
significantly affects pP, causing pronounced training instabilities and a shift in the optimal learning
rate. SP is comparatively more robust: freezing causes instabilities at small widths, but the curves
match the unfrozen case at large widths.

Figure 23 (middle) shows the optimal loss scaling laws against total parameters. For P, freezing
the embedding causes a large performance gap that narrows with width. For SP, the effect is more
modest, with frozen and unfrozen performance converging at large widths.

However, comparing by total parameters is unfair, since at small widths the embedding domi-
nates the parameter count (vocabulary size x width, with vocabulary size 50,304). We therefore
also compare against trainable parameters, which excludes frozen embedding parameters (Fig-
ure 23, bottom). Even after this correction, freezing P’s embedding remains worse across all
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widths, though the gap narrows considerably. For SP, the frozen variant achieves lower loss at
small widths, suggesting that non-embedding parameters might be more parameter-efficient at small

scales, though the unfrozen case catches up at large widths. We leave a detailed understanding of
this phenomenon to future work.
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Appendix M. Effect of Training other Layers Slowly

In Section 3, we showed that training the embedding layer slowly not only can slow down training,
but can also result in training instabilities. In this section, we analyze the effect of training other
layers slowly. Specifically, we train the hidden and last layer with a learning rate of ©(1/n2) instead
of O(1/n).
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