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Abstract

Reinforcement learning with verifiable rewards
(RLVR) has improved the reasoning ability of
large language models, yet training remains
costly because many rollouts contribute little
to optimization relative to their heavy compu-
tational demands. This study investigates how
simply leveraging interpretable and intrinsic
data properties, which come at almost no addi-
tional computational cost during training, can
markedly improve data efficiency for RLVR.
We propose PREPO', an RLVR model with
two complementary components. First, we use
prompt perplexity as a proxy for model adapt-
ability in learning, and adopt a schedule to
guide the model from well-understood prompts
to progressively challenging ones. Second, we
amplify the diversity among rollouts by dif-
ferentiating their relative entropy and prioritiz-
ing sequences with greater exploratory behav-
ior. Together, these mechanisms reduce rollout
demand while preserving competitive perfor-
mance. On Qwen and Llama models, PREPO
achieves effective results on mathematical rea-
soning benchmarks with up to 3x fewer roll-
outs than baselines. Beyond empirical gains,
we provide theoretical and in-depth analyses
that explain how our method improves the data
efficiency of RLVR.

1 Introduction

Reinforcement learning (RL) has become central
in improving the reasoning capabilities of large lan-
guage models (LLMs) by optimizing self-generated
rollouts [Guo et al., 2025, Team et al., 2025, Chen
et al., 2025a]. Recent advances in reinforcement
learning with verifiable reward (RLVR) demon-
strate that it is a simple yet effective method for
scaling reasoning performance [Shao et al., 2024,
Yu et al., 2025]. However, applying RLVR to
models that generate long reasoning traces will
incur substantial computational overhead in the
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rollout stage, significantly hampering RL training
efficiency and becoming the primary training bot-
tleneck [Zhong et al., 2024].

The exploration of effective strategies for lever-
aging data in RL training remains relatively un-
derdeveloped. Prior studies [Zhang et al., 2025,
Albalak et al., 2025] have suggested using pass rate
as an indicator of data difficulty to strengthen the
training signal. Nonetheless, this approach often
requires multiple rounds of sampling to attain a
sufficiently stable measurement. In fact, it converts
online rollouts into an offline context, which ulti-
mately does not reduce the overall computational
burden. Other metrics, such as human-defined cri-
teria [Chen et al., 2025b, Parashar et al., 2025], e.g.,
specific domains or topics, have the disadvantage
of being influenced by the tagging process and by
biases in human perceptions and experiences. In
addition, alternative approaches often depend on
auxiliary trained models or embedding techniques
to reflect data semantics. We assert that these tech-
niques not only impose significant computational
and memory costs but also introduce mismatches
and limited applicability across diverse policy mod-
els and training paradigms. Furthermore, they over-
look the inherent dynamism of the RL training
process, lagging far behind the pace of training
updates. As a remedy, other methods incorporate
historical information from training to reflect the
dynamic nature of data. Nevertheless, it increases
memory requirements for the RL framework and
introduces extraneous noise during training.

A natural way to improve training efficiency is
to select data, i.e., prune uninformative prompts or
rollouts while preserving those that drive learning.
There are emerging approaches based on parameter-
ized modeling [Qu et al., 2025], replay buffers [Liu
et al., 2025], or selective rollout execution [Zheng
et al., 2025]. Instead of being aided by inductive
biases from both humans and external models, we
address this long-standing research question from



a new perspective:

Can the intrinsic data properties deriving from
the training process improve the efficiency of
RLVR?

In this study, we propose a simple method
with almost negligible computation cost,
Perplexity-schedule with Relative-Entropy Policy
Optimization (PREPO), a method that combines
a perplexity-based schedule with sequence-level
entropy weighting to realize intrinsic exploration.
Specifically, PREPO traces perplexity before
rollout generation to prune the prompts, and
applies entropy weighting after rollout generation
to emphasize uncertain responses. It is worth
noting that metrics collected during standard
RL training can be reused to compute both
components, thereby ensuring computational
efficiency of our method. Moreover, our method is
coherently integrated with the policy model and
training process, offering a favorable trade-off
between suitability and flexibility. Beyond that,
our approach uncovers the intrinsic nature of
data during RL training, providing fine-grained
interpretability of training dynamics. Across Qwen
and Llama models, PREPO surpasses existing
data-pruning baselines and remains competitive
with the baseline, while reducing rollout usage by
more than 40% (see Fig. 1 for Qwen2.5-Math-7B).
These results show that RLVR can be made
substantially more efficient by leveraging the
intrinsic properties of prompt and rollout data.

2 Related Work

Data efficiency in RLVR. A growing body of
work has explored data efficiency for RLVR, with
particular attention to online data selection. Unlike
offline methods that require pretraining or costly
rollouts to estimate sample quality [Qu et al., 2025,
Zhang et al., 2025, Chen et al., 2025b, Kamalloo
et al., 2025], online approaches aim to reduce over-
head by dynamically filtering or prioritizing sam-
ples during training. Online difficulty filtering [Bae
et al., 2025] removes prompts that contribute little
to reasoning improvement, while predictive prompt
allocation [Qu et al., 2025] directs rollouts toward
more promising inputs. Curriculum-based strate-
gies further adapt training to the model’s evolving
competence [Zhang et al., 2025, Chen et al., 2025b].
Other online selection approaches prioritize sam-
ples using gradient-informed signals [Kamalloo
et al., 2025, Chen et al., 2025c] or policy-advantage

estimates [Wang and Guofeng, 2025]. Parallel ef-
forts focus on reducing rollout redundancy during
training. Down-sampling strategies [Li et al., 2025]
and efficient replay buffer designs [Liu et al., 2025]
lessen the burden of repeatedly training on uninfor-
mative samples. Collectively, these online methods
emphasize the importance of allocating computa-
tional resources to samples that drive progress in
reasoning, a goal that aligns with the direction of
our work.

Entropy Mechanism in RLVR. Entropy has
long been studied in reinforcement learning
through entropy-regularized objectives that pro-
mote exploration in control settings. Recent stud-
ies extend this idea to RLVR for reasoning LL.Ms.
Cui et al. [2025] identify rapid entropy collapse
as a major failure mode and propose covariance-
based updates to slow its decay. Wang et al. [2025]
show that high-entropy “forking tokens,” though
rare, account for most reasoning gains, highlight-
ing entropy as a token-level signal of informative-
ness. Cheng et al. [2025] incorporates a clipped,
gradient-detached entropy term into the advantage
function, encouraging more exploratory responses
but introducing additional hyperparameters. Build-
ing on these insights, we propose a parameter-free
approach to reinforce entropy-driven exploration
in RLVR. A related line of work explores weight-
ing in policy-gradient updates through truncated
importance sampling, such as CISPO [Chen et al.,
2025a]. These methods address a different dimen-
sion of RLVR optimization, and can be viewed as
complementary to our focus on online data selec-
tion and entropy-based weighting.

3 Preliminary Analysis

3.1 Low-PPL Prompts Tend to Yield Higher
Pass Rate

We begin by examining the relationship between
prompt perplexity (PPL) and task difficulty us-
ing the DAPO-Math-17K dataset [Yu et al., 2025]
(17,917 samples). For both Qwen and Llama mod-
els, Figure 2 shows a clear negative correlation be-
tween PPL and passrate @ 16, where passrate@ 16
measures the fraction of prompts solved by at least
one of 16 generations. Lower-PPL prompts gener-
ally yield higher success rates. Table 1 correlation
is statistically significant across models, suggest-
ing that PPL can serve as a lightweight signal to
identify more informative prompts for training.
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Figure 1: Overview of PREPO. The PREPO objective integrates perplexity-based schedule learning and sequence-
level entropy weighting into a unified optimization scheme. On Qwen2.5-Math-7B, PREPO achieves higher
performance while requiring only 41.2% of the rollouts used by random selection, showing improved efficiency.
Specifically, PREPO has two complementary components: (a) PPL-schedule, which actively selects prompts
according to model-based perplexity, starting with lower-PPL prompts ( “adapted” to the model) and progressively
introducing higher-PPL ones ( “obscured” to the model) as training progresses. (b) Relative-Entropy Weighting,
which adjusts rollout contributions by comparing each sequence’s entropy against the batch average, amplifying the
high-entropy rollouts ( “novel attempts”) and downweighting the low-entropy ( “regular response”).
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Figure 2: Prompt PPL versus average passrate@16.

Table 1: Correlation between prompt PPL and pass-
rate@16. (*** p < 0.001, ** p < 0.05)

Qwen2.5-7B | Qwen2.5-7B | Qwen2.5-1.5B | Qwen3-4B | LLama3.1-8B
-0.233"* | —0.183™ | —0.186"" | —0.169"** | —0.199""

3.2 Training Dynamics of LOW-PPL and
Hi1GH-PPL Prompts

To better understand the role of PPL during train-
ing, we compare prompts from the lowest 20%
(Low-PPL) and highest 20% (HIGH-PPL) of the
distribution (see Appendix B for examples of the
two groups). Figure 3 illustrates their training dy-
namics on Qwen2.5-Math-7B. The two groups ex-
hibit complementary behavior: LOW-PPL prompts

drive rapid improvements in reward and valida-
tion accuracy during early training, though at the
cost of faster entropy collapse, whereas HIGH-
PPL prompts preserve entropy and lower zero-
advantage ratio, yielding stronger performance in
later stages.

These trends are consistent across other Qwen
models (Appendix C). Specifically, (a) HIGH-PPL
prompts are associated with higher entropy, (b)
Low-PPL prompts yield higher rewards and val-
idation accuracy early on, and (c) HIGH-PPL
prompts maintain exploration and ultimately close
the performance gap. For Llama3.1-8B (Figure 10),
a similar pattern appears, though overall perfor-
mance remains limited as the validation dataset is
too challenging for Llama models.

3.3 Comparison with Random Sampling

To test whether PPL-based grouping offers value
beyond chance, we also compare with a random
20% subset. As shown in Figure 4, the random
group consistently falls between the Low-PPL
and HIGH-PPL groups. This indicates that PPL
is a non-trivial, policy-intrinsic signal that distin-
guishes easy prompts with high-pass rates from
more challenging ones, providing a valuable basis
for the design of online batch selection.



Entropy Loss Reward

All Correct Ratio

Zero Advantage Ratio Validation Score

w— High-PPL
=== Low-PPL

04
03
02
01

0.7 05
0.6 04
0.5 03
04 /’”// 02

0.0

07 0.30

0.6 028
0.5 026
024
022

04

03
020
02
018

o1 0.16

o

0 50 100 150 200

Step

250 0 50 100 _ 150

Step

200 250 0 50 100

150

Step

200 250 0 50 100 150 200

Step

250 0 50 100 150

Step

200 250

Figure 3: Training dynamics of LOW-PPL vs. HIGH-PPL prompts on Qwen2.5-Math-7B. (a) HIGH-PPL prompts
have higher entropy. (b) LOW-PPL prompts have more reward gains. (c) LOW-PPL prompts reach higher all-
correct ratios faster. (d) LOW-PPL prompts show higher zero-advantage ratios in the later stage. (¢) HIGH-PPL

prompts eventually outperform LOW-PPL prompts.
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Figure 4: Comparison among Low-PPL, HIGH-PPL,
and Random Subsets. Random lies between the two,
showing that PPL-based grouping provides a meaning-
ful pruning signal.

4 PREPO: PPL-Schedule
Relative-Entropy Policy Optimization

Building on the preliminary results, PREPO inte-
grates a perplexity-driven schedule with entropy-
based rollout weighting, forming a unified frame-
work to improve efficiency in RLVR.

4.1 General Online Batch Selection

Let B = {x;}}¥, denote the candidate batch at a
training step. The goal of online batch selection is
to design a mapping

®:00,1] =25 p—1, (1)

where p € [0, 1] denotes the normalized training
progress, and Z, C B. The mapping ® is required
to (i) explicitly depend on p, so that the distri-
bution of selected samples evolves with training;
(ii) the sub-batch size is fixed during training, i.e.,
V,O ’ |IP‘ =K.

4.2 PPL-Schedule Online Batch Selection

For a prompt z; = (z; 1, ... ), We measure its per-
plexity under the policy 7, at training progress p
as

2
where 7, is the model distribution at progress p. As
7, is parameterized by 6 and evolves throughout

training, P;(p) provides a model-based measure
for active data selection. We then define the PPL-
schedule sub-batch as

I, ={0(j): lp) <j<lp)+ K -1}, (3)

where o is the permutation that sorts B by ascend-
ing P;(p). The starting index [(p) is given by a
linear schedule

I(p) = [p- (N - K)], )
so that Z,, shifts smoothly from Low-PPL to HIGH-
PPL prompts. While linear scheduling is the sim-
plest case, a nonlinear? can also be used. In general,
the PPL-schedule serves as an online data-selection
procedure that shifts from more to less in-domain
prompts as training progresses.

4.3 Relative Entropy Weighting

As shown in Section 3.2, we empirically find that
training on LOW-PPL prompts accelerates reward
improvement but also leads to a rapid collapse of
entropy, thereby reducing exploration. To mitigate
this effect during the PPL schedule, we introduce a
sequence-level relative-entropy weighting scheme
that adaptively emphasizes uncertain rollouts.

The token-level entropy of a rollout is defined as
Hy = =Y ey oo | octsa)logmo(v | o),
where V is the vocabulary. For rollout ¢, the
sequence-level entropy is the average across its
tokens

|o;]

1

=1
The batch-average entropy over B rollouts is
1 B
H=— ; Hy,. (6)

*We define a general family of nonlinear schedules as
l(p) = |[p* - (N — K)|, where « € R*. For example,
choosing o = % g yields a square-root schedule that transitions
more quickly toward higher-PPL prompts. One (e.g., quadratic
or exponential)



The relative weight assigned to rollout ¢ is then
given by
H;

wi = 2 (7
This formulation is scale-invariant, as a rollout’s
contribution depends only on its entropy relative to
the batch mean. Intuitively, this design enables the
model to seek uncertainty within certainty during
the PPL schedule. While LOW-PPL prompts early
in training often yield confident (low-entropy) re-
sponses, relative weighting amplifies the impact
of less confident (higher-entropy) rollouts, thereby
preserving exploration throughout training.

4.4 Objective Function

The PREPO objective integrates PPL-schedule fil-
tering with relative-entropy weighting as below.

Terepo(0) = E o1, (616 ~ma(fa)

|os

1 G 1 ‘ X
G ; Wy m t_zlmin(Si’t(e) Ay,

clip(si,t(8), 1 — €iow, 1 + €nigh) Ai,t)]

®)
where 7, is the PPL-schedule-filtered batch of
prompts at training progress p, w; encodes the rela-
tive entropy of rollout ¢ at the current micro-batch,
si+(0) is the token-level importance ratio,s; ; () =

79 (04,¢]%,04,<t)

oa (0250 21)? and A;; is the group-based advan-
[s) 7, WV, <
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5 Experiments

5.1 Setups

We benchmark PREPO against three baselines:
Random selection, Dynamic Sampling (DS) [Yu
et al., 2025], and GRESO [Zheng et al., 2025]
(detailed in Appendix D). Our evaluation cov-
ers multiple models: Qwen2.5-7B [Team, 2024],
Qwen2.5-Math-1.5B and Qwen2.5-Math-7B [Yang
etal., 2024], Qwen3-4B (non-thinking) [ Yang et al.,
2025], and Llama3.1-8B [Dubey et al., 2024]. For
training data, we use DAPO-Math-17K [Yu et al.,
2025] and MATHS00 [Lightman et al., 2023a] with
a total of 18,417 training samples.

Training and Evaluation. All models are
trained using the verl [Sheng et al., 2025], with
vLLM [Kwon et al., 2023] employed for rollout gen-
eration to ensure efficient inference. For the Qwen

models, we evaluate them on four benchmarks, in-
cluding AIME25 [Art of Problem Solving, 2025]
(30 samples), AIME24 [Art of Problem Solving,
2024] (30 samples), MATHS500 [Lightman et al.,
2023b] (500 samples), and OlympiadBench [He
et al., 2024] (8,476 samples), which cover a diverse
range of mathematical reasoning challenges. The
Llama model is evaluated on MATHS500 [Lightman
et al., 2023b] and GSM8K [Cobbe et al., 2021]
(1,319 samples). We evaluate all models using
pass@] (avgl6), i.e., the accuracy of the top-1
response averaged over 16 generations, with tem-
perature 1. We evaluate models every 50 training
steps and report the best average performance on
all benchmarks.

Experiment Configuration. For the Qwen2.5-
Math models, we use a maximum context length
of 4096 tokens, matching their supported limit.
For Qwen3-4B and Llama3.1-8B, we set the con-
text length to 32,768 tokens. Rollouts are gener-
ated with temperature as 1 using vLLM, producing
8 responses per prompt. For PREPO, Random,
and GRESO, we adopt an online selection ratio of
K/N = 20% at each training step, where the can-
didate batch size (/V) is 1280 and the actual batch
size (K) is fixed at 256. For GRESO, we set the
targeted zero-variance percentage as 50%. For DS,
the candidate batch size is 384. The mini-batch size
(B) is 64 for all experiments. For all experiments,
we set the clipping thresholds to €jow = 0.2 by de-
fault, with a larger epign = 0.28 as the upper bound.
The actor model is optimized with AdamW using
a constant learning rate of 1 x 106, momentum
parameters $; = 0.9 and B3 = 0.999, and a weight
decay of 0.01. Following Yu et al. [2025], we omit
the KL-divergence regularization term. Training
is applied only to the actor parameters and par-
allelized with Fully Sharded Data Parallel. All
experiments are conducted on 32 GPUs.

5.2 Results

PREPO achieves consistent two- to three-fold
rollout reduction. As shown in Table 2 below,
PREPO substantially lowers rollout usage relative
to all baselines while maintaining or surpassing
accuracy. On Qwen2.5-7B, PREPO reduces roll-
outs from over 1M (DS: 1,040K; Random: 716K
GRESO: 680K) to 304K. On Qwen2.5-Math-1.5B,
it cuts the budget from several million (DS: 3.6M;
Random: 3.0M; GRESO: 2.5M) down to 1.1M.
Similarly, PREPO reduces rollouts to 540K on



Table 2: Performance comparison (%) on Qwen models. For each model, the top row reports the base model’s
performance. Best results are highlighted in bold or underlined. K = thousand, M = million.

Method | AIME25 AIME24 MATH Olympiad | Avg 1 | # Rollouts |
Qwen2.5-7B 1.25 417 7226 3309 | 27.69 -
+DS 7.92 17.55 7550 3891 | 3497 | 1040K
+ Random 6.98 1641 7570 3847 | 3439 716K
+ GRESO 9.22 10.83  76.65 4207 | 34.59 680K
+ PREPO (Ours) 10.21 1609 7630 3985 | 35.61 304K
Qwen2.5-Math-1.5B |~ 3.54 1021 5576 2741 | 24.23 -
+DS 1083 2583 7640 2333 | 3410 3.6M
+ Random 20.00 1667 7625 3050 | 35.86 3.0M
+ GRESO 15.38 2000  76.65  24.17 | 3416 2.5M
+ PREPO (Ours) 20.00 1667 7625 3200 | 36.23 L1IM
Qwen2.5-Math-7B 9.17 2080 7226 39.56 | 35.45 -
+DS 1333 3333 8135 3017 [ 3955 | 1664K
+ Random 1000 2667  77.80  43.26 | 39.45 905K
+ GRESO 1833 2583 77.80 2683 | 37.46 654K
+ PREPO (Ours) 12.81 2615 7785 4158 | 39.59 540K
Qwen3-4B 3000 5333 9410 5267 | 5753 -
+DS 63.33 66.67 9510 5800 | 70.78 688K
+ Random 60.00  70.00 9600 5933 | 71.33 553K
+ GRESO 56.67 69.17 9640  57.33 | 69.89 472K
+ PREPO (Ours) 66.67 80.00 9660  60.67 | 7599 | 348K

Qwen2.5-Math-7B (vs. 1.66M for DS, 905K for
Random, 654K for GRESO) and to 348K on
Qwen3-4B (vs. 688K, 553K, and 472K, respec-
tively).

Dynamic sampling and random selection are
inefficient. Although DS sometimes yields ac-
curacy gains, it consistently demands the largest
rollout budget. For instance, on Qwen2.5-Math-
1.5B, DS requires 3.6M rollouts to reach an av-
erage score of 34.10, whereas PREPO attains a
higher 36.23 with only 1.1M rollouts. This con-
firms that DS wastes computation by discarding
uninformative prompts only after rollouts are gen-
erated. Random selection occasionally performs
comparably to or even better than DS, yet its rollout
cost remains high. On Qwen2.5-Math-7B, for ex-
ample, random selection consumes 905K rollouts
to achieve 39.45, while PREPO surpasses it with
39.59 using just 540K rollouts. Overall, PREPO
delivers both higher accuracy and lower cost, while
also producing a more diverse set of problems than
online random selection (see Appendix H.6).

GRESO improves efficiency but lags behind
PREPO. GRESO reduces rollout demand by pre-
filtering uninformative prompts, making it more

efficient than DS and Random. However, its accu-
racy often falls short of PREPO. For instance, on
Qwen3-4B, GRESO achieves 69.89 accuracy with
472K rollouts, while PREPO reaches 75.99 with
only 348K rollouts. This suggests that PREPO’s in-
trinsic exploration signals provide a more effective
alternative to heuristic rollout filtering.

PREPO generalizes across model architectures.
On Llama3.1-8B (see Table 3), PREPO once again
achieves the strongest results, reaching an average
of 36.55 with just 115K rollouts. In contrast, DS
requires nearly five times as many rollouts, with
substantially lower accuracy. This confirms that
PREPO generalizes effectively across model fami-
lies and scales, providing a consistent advantage in
both performance and efficiency.

Table 3: Performance comparison (%) on Llama. For
each model, the top row reports the base model’s per-
formance. Best results are highlighted in bold or under-
lined. K = thousand.

Method | GSMSK MATH | Avg 1 | # Rollouts |
Llama3.1-8B 9.53 6.05 7.79 -
+DS 3950  17.00 | 2825 553K

+ Random 46.63  14.60 | 30.61 266K

+ GRESO 4177 1680 | 29.29 273K
+PREPO (Ours) | 5110 21.81 | 36.55 115K




PREPO could be more effective when perplexity
distributions are concentrated. We found that
PREPO achieves large improvement when perplex-
ity values are relatively compact across Qwen3-4B,
and LLaMA3.1-8B. As shown in Table 4, the nor-
malized standard deviation of those models remains
below one, indicating less dispersed distributions
that make perplexity-based filtering more reliable.
In these cases, PREPO can better exploit the PPL-
schedule to reduce rollouts.

Table 4: Normalized standard deviation of prompt per-
plexity (std/mean) across models. Values above one
indicate more dispersed distributions.

Qwen2.5-7B  Qwen3-4B LLaMA3.1-8B Qwen2.5-Math-7B  Qwen2.5-Math-1.5B
0.73 0.65 0.75 1.23 1.02

Training Dynamics of PREPO versus the Ran-
dom Baseline Figures 5 and 11 (see Appendix G)
present a comparison of training dynamics between
PREPO and random selection. PREPO shows a
higher entropy loss, indicating stronger exploratory
behavior throughout training. It also sustains a
higher gradient norm while avoiding instability,
suggesting more active yet controlled parameter
updates. In terms of learning efficiency, PREPO
reduces the proportion of rollouts with zero advan-
tage, thereby providing more informative gradients
for optimization. Furthermore, the average prompt
length under PREPO decreases steadily, implying
an adaptive shift from longer to shorter prompts
over time. A similar trend is observed in the av-
erage response length, where PREPO generates
longer outputs than the baseline across most steps
on average, reflecting a longer thinking behavior.

5.3 Ablation Study

In this section, we conduct the ablation analysis
to isolate the contribution of each component in
PREPO. In addition to the linear PPL-schedule,
we evaluate four variants: (1) linear PPL-schedule,
(2) random filtering with relative-entropy weight-
ing, (3) linear PPL-schedule combined with an
entropy-regularization loss, and (4) a nonlinear
PPL-schedule. The nonlinear variant follows the
general form I(p) = |p*(N — K)| with a = 0.5,
which produces a schedule that shifts more quickly
toward higher-PPL prompts.

As shown in Tables 5 and 6, PREPO achieves
the highest average performance across all model
scales. Variants that remove or modify either com-
ponent show consistent performance drops, indicat-

Table 5: Ablation study on Llama. Performance compar-
ison (%) between PREPO and (1) linear PPL-schedule,
(2) random filtering with relative-entropy, (3) linear PPL-
schedule with entropy loss, (4) non-linear PPL-schedule
with relative-entropy. Best results are highlighted in
bold or underlined.

Model | Method | GSMS8K MATH | Avgt
PREPO 51.10 21.81 | 36.55

w/o relative entropy 46.85 18.25 | 32.55

Llama3.1-8B w/o PPL-schedule 34.55 1629 | 25.42

w/ entropy loss 4.45 8.30 6.33
w/ non-linear schedule 46.85 20.56 | 33.71

ing that both the perplexity-based schedule and the
relative-entropy weighting contribute to PREPO’s
effectiveness. The nonlinear schedule performs
competitively but remains slightly below the linear
schedule, suggesting that the linear form is already
a stable and effective design choice.

5.4 Alternative Selection Ratio

Figure 6a and Table 8 (see Appendix G) show the
effect of varying the online batch selection ratio
(K/N) with N fixed for PREPO.

The 20% ratio achieves the best average perfor-
mance while also requiring the fewest rollouts. A
30% ratio is competitive on some benchmarks but
less efficient, while 25% does not improve overall
accuracy. Smaller ratios (15%, 10%, 5%) degrade
performance and consume more rollouts. Over-
all, 20% strikes the best balance between accuracy
and efficiency, and is adopted as the default in our
experiments.

5.5 Analysis of Relative-Entropy Weights

Effective Batch Sizes Relative-entropy weight-
ing does not increase the effective batch size (i.e.,
% >, w;); it merely redistributes gradient contri-
butions across sequences. Since the weights are
normalized by H, we obtain

B B i B
%Zluh “Joi| = %EM\E = Bflg P 1H1:,t = %
©)
The token-weighted average weight equals the
average sequence length. If all sequences have
equal length, then % >, w; = 1. As shown in
Figure 6b, the effective batch size for PREPO on
Qwen2.5-Math-1.5B stays close to B throughout
training. At the early steps, LOW-PPL prompts
yield low-entropy responses, so higher-entropy roll-
outs receive more weight, pushing the average
above B. As training advances and higher-PPL
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Figure 5: Full comparison between PREPO and random selection on Qwen2.5-Math-7B.

Table 6: Ablation study on Qwen. Performance comparison (%) between PREPO and (1) linear PPL-schedule, (2)
random filtering with relative-entropy, (3) linear PPL-schedule with entropy loss, (4) non-linear PPL-schedule with
relative-entropy. Best results are highlighted in bold or underlined.

Model \ Method | AIME25 AIME24 MATH Olympiad Bench | Avg 1
PREPO 12.81 26.15 77.80 41.58 39.59

w/o relative entropy 10.00 23.33 74.60 39.21 36.79

Qwen2.5-Math-7B w/o PPL-schedule 11.87 25.73 76.48 34.43 37.13
w/ entropy loss 10.73 23.54 75.25 38.81 37.08

w/ non-linear schedule 12.71 26.15 76.40 40.12 38.85

PREPO 10.20 16.09 76.30 39.85 35.61

w/o relative entropy 6.98 1641 75.70 38.47 34.39

Qwen2.5-7B w/o PPL-schedule 8.89 16.04 79.41 22.54 31.72
w/ entropy loss 6.25 16.35 77.36 21.04 30.25

w/ non-linear schedule 9.58 16.25 76.31 39.60 35.44

PREPO 20.00 16.67 76.25 32.00 36.23

w/o relative entropy 10.21 15.68 72.10 30.50 32.12

Qwen2.5-Math-1.5B w/o PPL-schedule 11.81 13.12 70.21 30.02 31.29
w/ entropy loss 6.46 16.56 73.77 30.99 31.95

w/ non-linear schedule 9.15 15.83 75.85 30.26 32.77

PREPO 66.67 80.00 96.60 60.67 75.99

w/o relative entropy 64.77 72.70 90.54 59.06 71.77

Qwen3-4B w/o PPL-schedule 64.99 77.73 95.03 57.86 73.90
w/ entropy loss 61.10 75.17 88.39 60.54 71.28

w/ non-linear schedule 61.45 74.47 92.37 60.67 72.24

—— PREPO

0.98|
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Figure 6: More ablation studies.

prompts are used, the overall entropy rises, and
normalization shifts the average slightly below B.

6 Conclusion and Future Work

This study investigated how intrinsic data proper-
ties can improve the efficiency of RLVR training.
Prompt perplexity enables a natural schedule from
easier to harder prompts, while sequence-level rel-
ative entropy amplifies exploratory rollouts. Inte-
grated in PREPO, these components reduce rollout

cost while maintaining or improving benchmark
performance.

Beyond empirical gains, PREPO shows that
RLVR can be guided by interpretable, policy-
intrinsic cues rather than human heuristic or aux-
iliary models. This makes PREPO a practical and
transparent recipe for compute-efficient RLVR, ac-
cessible even to researchers with limited resources.
Future work may explore additional intrinsic sig-
nals(e.g., input token size) and combine data-driven
exploration with system-level optimizations.

Appendix roadmap. Appendices B—C analyze
prompt properties and training dynamics. Appen-
dices D-F provide baseline definitions, implemen-
tation details, and evaluation procedures for repro-
ducibility. Appendix G reports additional results,
including ablations and sensitivity analyses. Ap-
pendix H discusses common concerns such as prob-
lem diversity and memorization risk.



7 Limitations

This study has several limitations that should be ac-
knowledged. (1) response lengths were restricted to
32K tokens, leaving the applicability of PREPO to
models generating substantially longer outputs an
open question; and (2) the evaluation was limited
to mathematical reasoning tasks, while its effective-
ness in other domains remains to be explored.
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A Disclaimer on LLM Usage

The use of LLMs is permitted as a general-purpose
assistance tool. In this work, LLMs were employed
solely for grammar correction and sentence rephras-
ing. Their role was restricted to improving clarity
and style; therefore, they are not considered con-
tributors to the research.

B HIGH-PPL and LOw-PPL Prompts

As illustrated in Figure 7, HIGH-PPL prompts ex-
hibit a greater prevalence of non-English characters
relative to LOW-PPL prompts. This pattern is con-
sistently observed across both the Qwen2.5-series
and Llama model families.

Example of LOwW-PPL Problems

e Cube ABCDEFGH, labeled as shown
below, has edge length 1 and is cut by
a plane passing through vertex D and
the midpoints M and N of AB and CG
respectively. The plane divides the cube
into two solids. Find the volume of the
larger of the two solids. [asy] import cseS;
unitsize(8mm); pathpen=black; pair A =
(0,0), B=(3.8,0), C=(5.876,1.564), D =
(2.076,1.564), E = (0,3.8), F = (3.8,3.8),
G = (5.876,5.364), H = (2.076,5.364),
M = (1.9,0), N = (5.876,3.465); pair][]
dotted = A,B,C,D,E.F,G,H,M,N; D(A-
B-C-G-H-E-A); D(E-F-B); D(F-G);
pathpen=dashed; D(A-D-H); D(D-
C); dot(dotted); label("A",A,SW);

label("B",B,S); label("C",C,SE);
label("D",D,NW); label("E",E,W);
label("F",E,SE); label("G",G,NE);

label("H",HNW); label("M" ,M,S);
label("N",N,NE); [/asy]The answer is in
the form

x0Ocracmn, where gcd(m, n) = 1. Please
provide the value of m + n.

* The number a = g, where p and ¢ are
relatively prime positive integers, has the
property that the sum of all real numbers
z satisfying

o) - {o} = a- o

is 420, where |x| denotes the greatest
integer less than or equal to = and {z} =
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Figure 7: Wordcloud of the Most Frequent Words in Low-/HIGH-PPL Prompts

x — | x| denotes the fractional part of z.

What

* Let a,

isp+q?
b be positive integers satisfying
ab  a+2b
20 —a b

. Find [10(a — 5)(b — 15)| + 8.

¢ What

is the greatest common divisor of

1212 + 2332 + 3452 and 1202 + 2322 +

34627

12

» At the Lexington High School, each stu-
dent is given a unique five-character ID
consisting of uppercase letters. Compute
the number of possible IDs that contain
the string "LMT".

o X3 MrEXFRIEFEA B = DMFIEE S
Bl-1,-1,2, H(1,1,-1)T 24F1E
B2 B R A AFAE M &. i8A H TR
TLRBPFANT, M=
(English: Let the eigenvalues of A real
symmetric matrix of order 3 be —1, —1, 2,
respectively, and (1, 1, —1)7'be the eigen-
vector corresponding to eigenvalue 2. For
the sum of squares of all elements in the



Alis[I]= )

o KANITLRMEHAEESs H6 TR
A ™N4L - (English: Find the number of
elements of order 6 in the permutation
group S of six elements.)

* Three bells begin to ring simultaneously.
The intervals between strikes for these
bells are, respectively, % seconds, % sec-
onds, and 2 seconds. Impacts that coin-
cide in time are perceived as one. How
many beats will be heard in 1 minute?
(Include first and last.)

N O

C More Training Dynamics of LOow-PPL
and HIGH-PPL Prompts i

6

For Qwen2.5-7B, Qwen2.5-Math-1.5B, and
Llama3.1-8B, we found similar trends acrosss
training dynamics of LOw-PPL and HIGH-PPL’
groups, as shown in Figure 8, 9, and 10. 0

11

D Description of Baseline Methods 12

We compare PREPO against the following three
baseline strategies.

* Dynamic Sampling (DS). Dynamic Sampling,
as introduced in DAPO [Yu et al., 2025], dynam-
ically filters out prompt groups whose generated
responses all produce identical rewards (i.e., zero
variance). In each training batch, DS resamples 1
such uninformative prompt groups, thereby en—j
suring that the batch maintains a sufficient pro-,
portion of prompts that give meaningful gradient
signals. However, it can still incur high rollout _
costs because many sampled prompts may re-
main uninformative until they are filtered. 0

* Random. The Random baseline uniformly se—;
lects prompts and associated rollouts without re-o
gard to historical feedback or variance in reward.
All prompts are treated equally, so there is no
mechanism to avoid rollouts on uninformative or
zero-variance prompts. This method serves as a
lower bound in terms of data selection sophisti-
cation.

* GRESO. GRESO (GRPO with Efficient Selec-
tive Rollout) [Zheng et al., 2025] is a lightweight,
online, pre-rollout filtering approach. It uses
statistics of reward dynamics over previous

13

epochs to predict which prompts are likely to
be uninformative (e.g., zero variance among re-
sponses) and skips them before performing roll-
outs.

E Code Implementation

At each global step, PPL-schedule computes per-
plexity on the current batch of prompts and selects
the subset that matches the current progress ratio.
This removes the need for tuning and avoids extra
computational cost. Here is the implementation:

def fit(self):
# compute perplexity for each prompt
batch = self.actor_rollout_wg.get_ppl_batc
— h(batch)
# compute training progress
rho = self.global_steps /
— self.total_training_steps
# determine the prompts to select
start_idx = math.floor((N - K) * rho)
idx = torch.argsort(batch['ppl'])[start_idx
— : start_idx + K]
# select prompts based on the indices
batch = batch.select_via_index(idx)

Similarly, the relative-entropy component uses
only a few lines of code, requires no manual tuning,
and adds no overhead beyond the entropy compu-
tation that is already part of the existing pipeline.
Here is the implementation:

def update_policy(self, data: DataProto):
# all return: (bsz, response_length)
entropy, log_prob = self._forward_micro_ba
— tch(micro_batch=data,
— temperature=temperature)
sample_entropy = verl_F.masked_mean(entropy,
< response_mask, axis=1).detach()
batch_entropy = verl_F.masked_mean(entropy,
— response_mask) .detach()
weight = sample_entropy/batch_entropy
advantages *= weight[:, None]

F Details of Evaluation Framework

We use the _validate()? function to evaluate
the model. In addition, the basic verifier is
math-verify, and we add a LaTeX normalization
package (latex2sympy2_extended) for the AIME
and Olympiad bench.

3We adopt from the public Github repository: line 569 in
ray_trainer.py


https://github.com/volcengine/verl/blob/fb532783ad3176b4f2a1acbe4f75a5d695b4e0b4/verl/trainer/ppo/ray_trainer.py#L569
https://github.com/volcengine/verl/blob/fb532783ad3176b4f2a1acbe4f75a5d695b4e0b4/verl/trainer/ppo/ray_trainer.py#L569
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Figure 8: Training Dynamics of LOW-PPL vs. HIGH-PPL Prompts on Qwen2.5-7B.

Entropy Loss Reward All Correct Ratio Zero Advantage Ratio Validation Score

038 07 05 0250
07 = High-PPL o 06 0225
06 == Low-PPL [°¢ : 05 0.200
05 05 03 04 0175
0.150
04 04 s 03
- 0125
03 03
% 02 0.100)
02 o1
02 0.075
o1 [

o1 0.050;
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400 o 0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
tep St St

Step Step ep ep

Figure 9: Training Dynamics of LOW-PPL vs. HIGH-PPL Prompts on Qwen2.5-Math-1.5B.
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Figure 10: Training Dynamics of LOW-PPL vs. HIGH-PPL Prompts on Llama3.1-8B.

G Additional Experimental Results H Discussion

In this section, we show the performance compar- H.1 Do the Results Generalize to Other
ison between the random baseline and PREPO in Training Datasets?

Figure 11, the performance comparison across dif-
ferent evaluation metrics in Table 7 and the sensi-
tivity analysis of the selection ratio in Table 8.

As DAPO-Math-17K contains both English and
Chinese questions, prompt perplexity could corre-
late with language. To exclude the cofounder of
language effects, we trained Qwen2.5-Math-7B on
a purely English dataset selected from OpenR1-
Math-220k*, and compared PREPO with several
baselines under the same training budget. The re-
sults are shown in Table 9 and the Figure 12 below.
PREPO again achieves lower rollout usage while
achieving a higher average performance. This in-
dicates that the gains of PREPO are not driven by
language imbalance.

H.2 What Does the PPL-schedule Contribute
During Training?

We compared three configurations on Qwen?2.5-
Math-7B training exclusively with HIGH-PPL
prompts, exclusively with LOw-PPL prompts, and
the PPL-schedule, which gradually transitions from
Low- to HIGH-PPL prompts. The training dynam-
ics are shown in Figure 13.

“https://huggingface.co/datasets/open-r1/OpenR 1-Math-
220k
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Figure 11: Full comparison between PREPO and random selection on Qwen2.5-Math-1.5B.

Table 7: Details of performance comparison (%) on Qwen models. Avg (avg @ 16/32/64) means the average of
AIME?2S5 (avg@16/32/64), AIME24 (avg16/32/64), MATH, and Olympiad. Best results are highlighted in bold or
underlined.

Method AIME25 AIME25 AIME25 | AIME24 AIME24 AIME24 Avg 1 Avg T Avg 1
(avg@16) (avg@32) (avg@64) | (avg@16) (avg@32) (avg@64) | (avg@16) (avg@32) (avg@64)
QOwen2.5-7B 1.25 2.60 1.17 4.17 4.90 4.95 27.69 28.21 27.87
+DS 7.92 7.08 7.19 17.55 15.00 14.90 34.97 34.76 34.13
+ Random 6.98 6.35 6.51 16.41 15.63 15.89 34.39 34.04 34.14
+ GRESO 9.22 7.29 7.50 10.83 13.65 13.39 34.39 34.92 34.90
+ PREPO (Ours) 10.21 10.62 10.00 16.09 15.52 16.35 35.61 35.72 35.63
Qwen2.5-Math-1.5B 3.54 3.75 4.48 10.21 8.33 8.96 24.23 23.81 24.15
+DS 10.83 13.76 14.54 25.83 21.72 23.04 34.10 33.80 34.33
+ Random 20.00 17.45 18.81 16.67 15.42 16.50 35.86 3491 35.52
+ GRESO 15.38 11.40 15.39 20.00 19.20 17.97 34.16 32.86 33.56
+ PREPO (Ours) 20.00 19.69 19.38 16.67 16.98 17.03 36.23 36.23 36.17
Qwen2.5-Math-7B 8.95 9.17 8.80 17.50 20.80 19.22 35.45 35.45 34.96
+DS 13.33 14.27 14.84 33.33 35.63 34.69 34.10 40.36 40.26
+ Random 10.00 12.50 12.50 26.67 29.34 29.87 35.86 40.73 40.86
+ GRESO 18.33 18.58 18.58 25.83 24.38 25.00 37.46 36.90 37.05
+ PREPO (Ours) 12.81 14.41 15.93 26.15 29.17 29.25 39.59 40.75 41.15
QOwen3-4B 30.00 47.30 44.89 53.33 61.60 28.70 57.53 63.92 55.09
+DS 63.33 53.90 54.80 66.67 63.50 65.30 70.78 67.63 68.30
+ Random 60.00 58.85 60.16 70.00 65.73 64.69 71.33 69.98 70.05
+ GRESO 56.67 58.33 57.24 69.17 71.77 69.79 69.89 70.96 70.19
+ PREPO (Ours) 66.67 62.19 63.39 80.00 74.28 77.45 75.99 73.44 74.53

Table 8: Performance Comparison (%) of PREPO with Different Selction Ratio (K/B, B fixed) on Qwen2.5-Math-
1.5B. Best results are highlighted in bold or underlined.

Selection Ratio | AIME25 AIME24 MATH Olympiad | Avg 1 | # Rollouts |

30% 20.00 20.83 75.85 25.00 35.42 1.4M
25% 13.33 20.00 73.55 24.00 32.72 1.5M
20% 20.00 16.67 76.25 32.00 36.23 1.1IM
15% 13.33 20.00 75.75 22.17 32.81 1.4M
10% 15.83 19.17 70.25 21.33 31.65 1.7M
5% 19.17 16.67 69.85 20.17 31.46 1.8M

Table 9: Comparison of PREPO and baselines trained on all-English data (Model: Qwen2.5-Math-7B)

Method | AIME25 AIME24 MATH Olympiad | Avg 1 | #Rollout |

DS 11.98 30.00 72.80 42.02 39.20 3256K
Random 10.79 28.25 80.21 36.72 38.99 2457K
GRESO 6.67 30.00 79.20 45.63 40.38 1331K

PREPO 12.92 33.33 78.05 44.10 42.10 860K

In terms of entropy loss, the PPL-schedule entropy decreases steadily but not excessively,
achieves a balance between the two extremes: thereby mitigating the risk of collapse. With re-
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Figure 12: Comparison of performances across PREPO, GRESO, and Random (x-axis: training step, y-axis:
validation score, model: Qwen2.5-Math-7B, training data: OpenR1-Math)

spect to the zero-advantage ratio, the PPL-schedule
consistently maintains a lower value, ensuring that
a greater proportion of rollouts remain informative
throughout training.

H.3 What Does Relative Entropy Bring to
Training?

As shown in Figure 14, PREPO with relative
entropy further reduces the zero-advantage ratio,
thereby improving sample efficiency.

Case Analysis. In Figure 15, we display ex-
amples of responses with their token-level en-
tropy from the same mini-batch, where darker col-
ors mean higher entropy, and each sequence is
weighted by its relative entropy.

H.4 Does Prompt Perplexity Change During
Training?

As shown in Figure 16, we computed the PPL
range at each training epoch and observed that it
remained relatively stable throughout training. In
addition, the PPL of the prompts used for training
exhibited minimal variation.

H.5 What Is the Time Cost of PREPO?

As shown in Figure 17, the time consumption of cal-
culating prompt PPL is barely minimal compared
to the rollout generation duration.

H.6 How Does PREPO Affect Problem
Diversity?

The analysis indicates that PREPO selects a more
diverse set of problems than random sampling.
Specifically, PREPO achieves broader coverage

16

across Mathematics Subject Classification® (MSC)
categories during training, as illustrated in Figure
18.

H.7 How Does PREPO Compare to Training

Without Filtering?

For Qwen2.5-Math-7B, we observe that PREPO
attains performance comparable to training on the
full dataset without any filtering, i.e., using 5 times
rollouts per step, as shown in Figure 19. The “Less
is More” pattern implies that efficient selection
can reduce the amount of data needed for RLVR
training.

H.8 Does PREPO Lead to Memorization of
Training Data?

Following Wu et al. [2025], we trimmed 40% of
each prompt to construct partial problems. We
then evaluate models on these partial prompts and
compute the average pass rate of 16 generations.
As shown in Figure 20, the vast majority of par-
tial problems have near-zero pass rate, with only a
small fraction achieving non-trivial success. These
distributions suggest that the model does not merely
memorize the training data but instead requires the
full problem context to solve tasks.

H.9 How Sensitive Is PREPO to Extreme
Entropy Values?

Since w; = H;/H is normalized by the batch
mean, a rollout with A G > H has a large weight
w; > 1, while simultaneously reducing the
weights of the others (w; < 1 for ¢ # j). The

SMSC : https://zbmath.org/classification/
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clarifies this behavior: (1) for ¢ = j, the two terms
partially cancel, so although wy; is already large, its
growth rate is moderated as H. ;j increases further;
(2) for i # j, the derivative is negative, confirming
that a large H j suppresses the weights of all other
rollouts. Empirically, such outliers are rare. As
shown in Figure 21, the distribution of relative en-
tropy weights remains stable mainly across training
steps 100, 200, 300, and 400 for Qwen2.5-Math-
1.5B, where most rollouts clustered near one, with
negligible mass on extreme values.
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hey) unl A at most one ma(chm; valuell 2
z all possible

of 3 (_ards ‘and SR satisfy the conditio
count] ‘ali nﬂ the
lhe > python itertools
cards shape , letter, number)
||'] letter in [ A", 'B", ' C ] for number
'3 *] ') [ Function to check iff)fset offl3 cards is
B in rangefl3): for j in
cards set [j] for
return True #

range

n range (3 )I8 | :_retum False
all| of 3 cards | [Si! binations

itertools.com binations (cards £ Count i
validl® count = sum( 1 o in combination: if
is valid_set (com bo ) [] | of valid sets

print(valid set _count) * ouipu\ 1278 “ The number of
ways to choose an unordered set of 3 cards from the pack [EE)
that no two of the chosen cards have two matching values is '
(iboxed £ 1278 }v).

(a) Correct answer
x1.65

Let's solve this problem step -by -step . We need to find the
maximun value of $ d n'S, where Sd n'$ is the greatest common
divisor (GCD) of Sa n§ and Sa_{n+1}S, and Sa n =
100 +n~2S. First, let's express Sa_n$ and Sa_{n+1}$:
\[an= 100+n"2 \]\[a_{n+1} =100+
(n+1)2= 100+n"2+ 2n+ 1 \] . we want to
find the GCD of $a n$ and Sa {n+1}$:.[d n=
Vged(a n,a {n+1}) = \ged(100+n*2, 100+ 02
+ 2n+ 1)\] Notice that: \[@ {n+1} -a n=(100+
n~2+ 2n+ 1)-(100+0"2)= 2n+ 1 \]
Therefore, we can|[Wiité: \[ d n = lged(100 + n~2, 2n
+ 1)\]EM sd ns dividesboth $ 100 + 0”28 and $2n
+ 1S, it must also divide any linear combinatior of them. In
particular, it must divide: \[ (100 + n"2) - n(2n+ 1) =
100+n"2- 2n%2-0=100-0"2 -0 \]fi[da
=tgd(2n+ 1, 100-0)] FE, lets Is1o0 -
nlimodd nS:\[ 100 -n=k(2n+ 1)\] for some
integer § k § ranging/gives: \[100 = n(2k + 1)+ k
ﬁ maximiz $ d_n S, we need to_check[[[1] values of
$n$ $2n+ 1Sdivides 101.[Sinee 101 is a prime
number, the only divisors of 101 are 1 and 10 1. [[IENER,
we need to check both cases. 1. If$2n+ 1= 18, thenSn
= 08, but $nS must be a positive integer. 2. If $2n + | =
101S thnSn= 508 s v Sd {50} =
1018:\[a {50} = 100+ 50~2= 100+ 2500
= 2600 \]\[a_{S1} = 100+ S1~2= 100+
2601 = 2701 \]\[lged(2600, 2701) =
Nged (2600, 101)= 101 \] [hereforé, the maximun value
of $d n$ s 101, Let's confirm this using Python
code . " python import math  def ged (a , return math g cd (a
b)max ged = 0 for n in range( 1, 1000) 4 [Pl can
a large range to [check for maximunged a n= 100 + n**2
anl= 100+ (n+1)2 dn=gd@n,anl) i
d n> max god: max ged = d n print(max_ged)
U output 401 maximun value of $d 0§ as $n§
ranges through the positive integers is indeed $ 4 0 1 8. occurring when
Sn . but not
the maximur Therefore, the correct answer is : \ [
\boxed {401} ]

(c) Correct answer
x0.73
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(b) Incorrect answer
x1.33

To solve this problem, we need to find the radius of the largest
possible circle that fits inside or on the boundary of a quadr ilateral \
(ABCD\) with given side lengths \(AB = 141\), \(BC = 91), \
(CD = 71), and \(DA = 12\). This radius is known as the
inradius of the quadr ilateral. [ quadr ilateral that has an ins cribed
circle is called a tang ential quadr ilateral. For a tang ential

quadr ilateral, the sum of the lengths of opposite sides must be
equal . [B's check if this condition is satisfied for the given side
lengths: \[ AB + €D = 14 + 7= 21\]\[BC + DA = 9
+ 12 = 21\] Since \( AB + CD = BC + DA \), the

quadr ilateral \( AB CD ) is indeed a tang ential quadr ilateral. The
area \(K \) of a tang ential quadr ilateral can be expressed in terms
of its in radius \( 1) and its sem iper imeter \(s \): \[ K = r \ cdot
s \] where the sem iper imeter \( s \) is given by: \[ s = \ frac { AB
+BC+CD+DAM2} = \frac{l14+ 9+ 7+ 12}{2}
= 21 \] [ find the arca \(K \), we can usc Brahmagupta's
formula for the arca of a cyelic quadr ilateral, However. since we
are |unsure if the quadr ilateral is cyclic, we will use another method
We can split the quadr ilateral into two
di

riangles by drawing a

onal, and use the formula for the area of a triangl

on's formula. Let 's [EFSS0R [splitting the quadr ilateral along
diagonal \(AC\). We can| . the arca of triangles \( ABC ) and \
(AC DY) separately and sum them up . [0 will use Her on''s formula
for cach triangle. |21, let’s HLlt the il of triangle \( ABC A\, The
sem iper imeter \(s 1Y) of triangle \( ABCY) is: [ s 1 =
\frac { AB + BC + AC }{2} 1] We do not know \( AC\), but
we can express the area in terms of \( AC ) and use Her on's
formula: \[ K {ABC} = \sqrt{s 1(s 1 - AB)(s 1- BC)
(s 1 - AC)} \] Similarh, for triangle \(ACDV): \[ s _2 =
\frac {AC + CD + DA}{2} \]\[ K {ACD}
\sartfs 2(s_2 - CD)(s_2 - DA)s_ 2 - AC)} \] The
total area \(K ) of the quadr ilateral is then: \[ K = K_{ ABC }

+ K {ACD} 1] [0 can[l| the above formulas and iterate to
find the [correet value of '( AC \) that maximizes the area . However,
fot simplicity, we can use Brah magupta's formula for the area of a

tang ential quadr ilateral: \[ K = \sqrt {(s - AB)(s - BC)(s -

CD)(s - DA \] [ stit uting the values: \[ K = \sqrt {(2 1 -
14)21 - 9)21 - 7)X21 - 12} ]\ K = \sat{7
\sqrt {10584}

tedot 12 \edot 14 \cdot 91 \] [ K =
VIAK = \sqrt (B8 762 i d()) VK =

tsqrt {18761 V1 \[ K = (14 \] Now, we can find the
inradius \(r)): [ r = \frac {K }{s} = \frac{84}{21} = 4
1] Howevet , [thisf™ not match the form \(k\sqit {m} + n\).
We need to [check if the " caleulatior - | be simplifie(0 [match
the given form check the python  import
sympy as sp # Given side lengths AB BC = 9 CD =
7 DA = 12 # Semiperimeter s = (AB + BC + CD + DA)
/2 # Area using Brahmagupta 's formula for a tang ential

quadr ilateral K = sp sart (s - AB) * (s - BC) * (s - CD)
* (s-DA) # Inradius r = K /s prnt((K, r) "

“output (84.0000000000000,
4.00000000000000) ™ The area \(K 1) of the

quadr ilateral is \( 8 4 1) and the in radius \(1 ) is \(4 \). [The [ \
(k\an(m}+n\lseem5mbe case (k= 0Y
and \(n = 41), that the answer should be in

the form \(k \ sqrt m} + n'). [Given that \(4\) can be written as
W(0Vsart {1} + 4\), the valuesof \(k'), \(m\), and \(nY)
are \(01), \(11), and \(4\), respectively. Therefore, \(k + m +
n= 0+ I+ 4= 51) [ the final answer is: \[
\boxed { 5} ]

(d) Incorrect answer
x0.74

Figure 15: Token-Level Entropy of Sequences within A Mini-batch (with Relative-Entropy in Red).
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