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Procurement Auctions with Best and Final Offers

Anonymous Author(s)

Abstract

We study sequential procurement auctions where the sellers are
provided with a “best and final offer” (BAFO) strategy. This strategy
allows each seller i to effectively “freeze” their price while remaining
active in the auction, and it signals to the buyer, as well as all other
sellers, that seller i would reject any price lower than that. This is
in contrast to prior work, e.g., on descending auctions, where the
options provided to each seller are to either accept a price reduction
or reject it and drop out. As a result, the auctions that we consider
induce different extensive form games and our goal is to study the
subgame perfect equilibria of these games. We focus on settings
involving multiple sellers who have full information regarding each
other’s cost (i.e., the minimum price that they can accept) and a
single buyer (the auctioneer) who has no information regarding
these costs. Our main result shows that the auctions enhanced
with the BAFO strategy can guarantee efficiency in every subgame
perfect equilibrium, even if the buyer’s valuation function is an
arbitrary monotone function. This is in contrast to prior work which
required that the buyer’s valuation satisfies restrictive properties,
like gross substitutes, to achieve efficiency. We then also analyze
the seller’s cost in these subgame perfect equilibria and we show
that it can vary significantly across different efficient outcomes,
depending on the structure of the buyer’s valuation function.
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1 Introduction

Many situations call for purchasing items that need to fit together. A
computer drive must fit in the drive bay, an alternator in the engine
bay, and a piece of accounting software may need to be compatible
with inputs from a web store. Indeed, a company setting up a web
store needs a variety of software products that work together: a
front end for the buyer, an accounting system, an inventory sys-
tem, a process for product delivery, customer service software, and
so on. The creator of a web store will want to purchase various
applications that are compatible and, as a result, two accounting
systems may be good substitutes, but an accounting system will be
a complement to an inventory system. That is, an array of software
applications will contain both substitutes and complements, in a
potentially very complex relationship.
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Procurement problems featuring both substitutes and comple-
ments are probably more common than just substitutes. Virtually
any assembly problem will force complements via specifications
and compatibility. While individual components are substitutes
for each other, components that fit together are necessarily com-
plementary. This logic applies equally well to software as well as
hardware. Similarly, information - for advertising, for financial
transactions, for investment, or for training models — from various
sources will have both complements and substitutes among the
various suppliers. How should a buyer purchase in such a situation?

The default solution for pricing an asset when there is substantial
uncertainty about its value is to hold an auction, and this approach
has been successful for a variety of such assets, ranging from elec-
tromagnetic spectrum licenses to antiques and art. We approach
this problem from the buyer’s perspective, aiming to design pro-
curement (or reverse) auctions that they can use to determine which
subset of these goods or services they should acquire, and at what
price. One difficulty in applying standard procurement auction
tools to the applications discussed above is that known techniques
from the literature focus on the case where the goods being sold
are substitutable, e.g., captured by the assumption that the buyer’s
valuation function is submodular, or satisfies the more restrictive
gross substitutes property. For example, the brilliant paper of Kelso
and Crawford [13], extended by Gul and Stachetti [11], shows that
whenever the gross substitutes property is satisfied the auctions
perform well. Moreover, there are examples that illustrate bad equi-
libria can arise whenever the gross substitutes property is violated,
suggesting that this property may even be necessary.

Our main contribution in this paper is to design auctions that
can handle the more complicated value structure that arises in
many important applications. We revisit the design of procurement
auctions and augment the bidder with a new strategy which we
call “best and final offer” (BAFO). This strategy, which is often
used in practice but has not received enough attention in auction
theory, effectively allows the bidders to freeze their price, while
remaining active. In doing so, they risk losing the auction but, as
we show, if they strategically choose when to use it, the design
recovers the efficiency even in settings with highly complicated
valuation functions that exhibit both substitutes and complements.

1.1 Our Results

We focus on settings involving a single buyer who wants to acquire
the goods or services of multiple sellers. For that setting we revisit
the design of procurement auctions and augment the bidder with
a new strategy which we call “best and final offer” (BAFO). This
strategy, which is often used in practice but has not received enough
attention in auction theory, effectively allows the bidders to freeze
their price, while remaining active. In doing so, they risk losing the
auction but, as we show, if they strategically choose when to use
it, the design recovers the efficiency even in settings with highly
complicated valuation functions that exhibit both substitutes and
complements.
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In the first class of auctions, which we refer to as “Name-Your-
BAFO” auctions, the sellers are approached in some sequence and
each seller i is asked to directly report their BAFO, i.e., the payment
that they request for selling (essentially posting a take-it-or-leave-it
price), after observing the prices posted by all sellers that were ap-
proached before i in the sequence. Once all sellers have posted their
prices, the buyer purchases from the set of sellers that maximizes
their utility, i.e., the set that maximizes the buyer’s value for the
set minus the sum of the prices posted by the sellers in that set.

The second class of auctions are descending auctions and may
interact multiple times with each seller, providing them with a
strategy space that is quite different. These auctions initially assign
a high price to each seller and then take place over a sequence of
rounds: in each round the auction computes a tentative allocation
based on the current prices and approaches one of the sellers that
remain active and is not in the tentative allocation and asks them if
they would be willing to accept a slightly reduced price. The seller
can either accept that reduction and remain active, or to instead
permanently “freeze” their price. Crucially, a seller that freezes
their price does not drop out of the auction, so freezing their price
corresponds to a BAFO strategy. Once every seller is either frozen
or in the tentative allocation, the buyer purchases from the set of
sellers that maximizes their utility, given the current prices.

Analysis of auction efficiency and cost. We analyze the extensive
form games that these sequential auctions give rise to when the
sellers know the buyer’s valuation function and the sellers’ costs
(i.e., the bare minimum payment that they need to receive), but
the buyer has no prior information regarding the sellers’ costs.
Specifically we evaluate the subgame perfect equilibria (SPE) of
these games in terms of their efficiency and their cost.

We first show that every one of these auctions is guaranteed to
reach efficient outcomes in every subgame perfect equilibrium. This
result holds for a very general class of buyer valuation functions
that can exhibit complementarities, which is in stark contrast to
classic prior work that seems to suggest that the restrictive gross
substitutes property is required to reach efficiency. The key differ-
ences that allow us to achieve this positive result are i) the fact
that our auctions provide the sellers with the ability to make a
BAFO, combined with ii) their sequential implementation, which
allows the sellers to signal to each other using the BAFO strategy.
Specifically, once some seller i has finlized their price using the
BAFO strategy, all other active sellers can observe this fact and
have to choose their optimal strategy conditioned on this fact. This
is something that i anticipates when choosing the BAFO strategy,
and this signaling between the sellers avoids inefficient outcomes.

Finally, apart from the allocations returned by these auctions
we also analyze the price vectors that they give rise to. We show
that although the allocation remains efficient irrespective of the
sequence in which the sellers are approached, this sequence can
have a very big impact on the total cost that the buyer needs to pay,
i.e., the sum of the prices in the efficient solution.

1.2 Related Work

Our work adds a new twist to the large body of literature on as-
cending and descending price auctions, which have a long history
in economic theory (e.g., Kelso and Crawford [13], Demange, Gale

Anon.

and Sotomayor [9]; Gul and Stacchetti [11]; Parkes and Ungar [17];
Ausubel and Milgrom [4]; Bikhchandani and Ostroy [6], Ausubel
[1, 2]; Perry and Reny [18]; de Vries, Schummer, and Vohra [8]).
Such designs have been immensely successful both in theory and
in practice and variants of these designs have been used in ma-
jor spectrum auctions worldwide [3, 16] as well as in auctions
for electricity, gas, and emission allowances in Europe [7], among
many other applications. There are several practical advantages to
this auction format such as minimizing the information the buyer
learns about the sellers and the simplicity in bidding (see [18] for a
comprehensive discussion).

Prior work has focused on settings in which there is a degree
of substitution between the items involved: [11, 13] focus on gross
substitutes, [9] on unit-demands which is a special case of substi-
tutes, [1] on homogenous goods with decreasing marginals, [8]
assumes a submodularity condition. The only examples that we are
aware of with ascending and descending price procedures that can
handle complements are: Sun and Yang [20] and Baranov et al [5]
who do so by studying restriced forms of complementarity with an
underlying substitutable structure. This is a structure that Hatfield
and Kominers refer to as “hidden substitutes” [12]. In fact, some of
these auctions are known to lose efficiency even in seemingly very
simple settings beyond substitutes [10].

Just like the descending auctions that we analyze in this paper,
the descending clock auctions in the papers cited above also assign
a personalized price to each seller, which then weakly decreases
over time. However, a crucial difference is that clock auctions do
not provide the bidders with the option of freezing their price. If a
seller is not willing to accept a price decrease, then they are forced
to drop out of the auction and are, therefore, excluded from the
final solution, even if their price before dropping out turns out to
be competitive in hindsight.

Our results augment the descending auction format with the
ability for participants to make a BAFO — instead of dropping out of
the auction, sellers can remain active but can no longer revise their
price. This new feature allows us to extend the efficiency guarantees
to any combinatorial valuation. The notion of a BAFO has been used
in the implementation of optimal strategies in certain bargaining
games (e.g. Samuelson [19]) but to the best of our knowledge has
not been applied to iterative combinatorial auctions.

Another important difference between our work and the pre-
vious literature on iterative auctions is the equilibrium concept.
Traditional descending price auctions satisfy the stronger notion
of strategyproofness. Instead we guarantee efficiency under any
subgame perfect equilibrium (SPE) of the extensive form game in-
duced by the auction mechanism. Characterizing SPE of tends to be
difficult except for very structured games [14]. The SPE of simple
auction formats has been studied under submodularity and matroid
conditions [15].

2 Preliminaries

We consider settings with a single buyer who wants to procure
goods or services from a set N = {1,...,n} of n sellers. Each seller
i € N hasacostc; €N for selling! and the buyer’s value for buying

Throughout the paper, we assume that costs and prices are expressed as multiples of
some small enough denomination, e.g., $1 or ¢1.
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each subset of goods or services is captured by a combinatorial
valuation function o(-) : 2N — R. Given a vector of prices peRY
one for each seller, the utility of the buyer for a subset of sellers
Q is equal to his value for that subset, minus the total cost, i.e.,
0(Q) — Xiep pi- We use D(v; p) to denote the buyer’s preferred
subset of sellers, i.e., the one that maximizes the buyer’s utility:

D(v; p) = argmaxgc n [0(Q) = Xieg pil-

Types of valuation functions. A valuation function v(-) : 2N —
R is anonymous if for every Q C N, the value of v(Q) depends
only on the size |Q| of this set, irrespective of the sellers in it. A
valuation function is submodular if for any two sets Q and R such
that Q c Rc N, and any i ¢ Q UR, we have 0(Q U {i}) —0v(Q) >
(R U {i}) — v(R). A buyer’s valuation function satisfies the gross
substitutes property if an increase of the price for certain goods
does not reduce the buyer’s demand for goods whose price did not
increase. Formally, a valuation function satisfies gross substitutes if
for every pair of price vectors p < p’,if Q € D(v; p) at prices p, then
there exists R € D(v; p’) at prices p” such that QN {i : p; = pi} C R.

Procurement auctions. Our goal is to design procurement auc-
tions, which are mechanisms that interact with the sellers and
decide which subset W C N of sellers the buyer will purchase
(the “winners”), and what price each winner i € W should pay.
The output of the auction is the set W (or, equivalently, a vector
x € {0,1}", such that x; = 1ifi € Wand x; =0ifi ¢ W) and a
price p; for each i € W. The utility of each seller i € N is

ui(x,p) = (pi — ci)xi.

If p; = c¢; we assume that agents prefer winning at a price equal to
their cost to losing (both yield the same utility of zero).

Given a set of winners W and a price vector p, the (utilitar-
ian) social welfare is equal to o(W) — X ;cw ci- We use W* €
argmaxy cN 0(W) — X ;ew ¢i to denote an efficient solution, i.e., a
set of winners W that maximizes the social welfare, and we use x*
to denote the corresponding allocation vector. The total cost of the
buyer given a price vector p and a set of winners W is ;< pi-

Winner selection and tie-breaking. Once the price vector p has
been finalized, our proposed auctions choose a set of winners W
from the demand set D(v;p). If there are multiple such sets in
D(v;p), we use a tie breaking rule which is encoded as a winner
selection rule which maps a vector of prices p to a set of win-
ners W(p) € D(v;p) in the demand set and satisfies the well-
known Independence of Irrelevant Alternatives (IIA) property. In
our context, this implies that if W* is the winning set that we
choose from D(v; p) and, D(v, p’) is another demand set such that
D(v,p’) € D(v,p) and W* € D(o, p’), then we choose W* from
D(v,p’) as well. Most natural ways of breaking ties satisfy IIA. E.g.,
the rule that defines some arbitrary total order over subsets Q € N
and then chooses the first Q € D(v; p) according to this total order.

Extensive form games and subgame perfect equilibrium. Our auc-
tions are sequential and give rise to extensive form games between
the sellers. An extensive form game with a set N of players is rep-
resented by a rooted tree 7~ of finite depth with node set S. Given
anodes € S, we use 7 (s) C S to denote the child-nodes of s in
T.If T (s) = 0, we say that s is a terminal node; otherwise, we say
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it is an internal node. We use Sterm to denote the set of terminal
nodes and Sjt = S \ Sterm to denote the set of internal nodes.

Each internal node s is associated with a player i(s) (the player
whose turn it is to make a “move” at that point in the game) using
amapping i : Sjny — N.If we let S; C Sjnt be the set of internal
nodes associated with player i, then a strategy for player i is a
mapping a; : S; — S such that a;(s) € 7 (s). Each terminal node
is associated with a payoff 7; : Sterm — R for each playeri € N. A
profile of strategies (aj,. .., ap) for all players extends the payoff
functions from the terminal nodes to every internal node s € S via
backward induction as follows:

7j(s) = mj(s) for s € Sterm and 7 (s) = #j(a;(5)(s)) for s € Sint.

A profile of strategies is a subgame perfect equilibrium (SPE) if
for every player i, all nodes s € S; and all nodes s’ € 7 (s) we have:

#i(ai(s)) > f'[i(sl).

3 Sequential Name-Your-BAFO auction

As a warm up, we first propose and analyze the Name-Your-BAFO,
which is a simpler auction that asks each seller once what their best-
and-final-offer is. This auction is simpler to implement and analyze
than the descending auction analyzed in Section 4, but lacks the
“price discovery” aspect of descending auctions that makes them
attractive in practice. These differences notwithstanding, our results
show that both of these auctions always yield efficient outcomes.

The Name-Your-BAFO auction approaches the sellers in a pre-
specified (and possibly history-dependent) order and sequentially
asks each seller i € N to submit a bid b; € N regarding the price
that they would like to be paid for their good or service. This is
the only price reported by the seller, so they directly report their
BAFO. Before reporting their BAFO, each seller can observe the
bids reported by all preceding sellers. The buyer then chooses a
set of winners W that maximizes their own utility o (W) — >;cw bi
(using a tie-breaking rule that satisfies IIA) and pays each winner
i € W a price equal to their bid, i.e., p; = b;.

The auction described above gives rise to an extensive form
game that can be represented by a tree of depth n + 1, where each
node at level £ + 1 is indexed by a tuple (b1,...,bp) € Nf. Note
that the tree has infinite branching but finite depth. The payoffs
of the sellers can be computed at the terminal nodes once all the
bids (b1, ..., by) have been specified. In this section we only refer
to this tree implicitly. In the more difficult proofs in the following
session, we explicitly analyze the corresponding game tree.

Before analyzing this auction, we consider the toy example of
buying chopsticks in auction to develop some intuition regarding
the important role of the sequential nature of our auctions.

3.1 Buying Chopsticks in Auction

To exhibit the issues that arise with complementarities and how
sequential pricing can sidestep these issues, we consider the illus-
trative example of buying chopsticks using an auction. Consider
an instance of a chopstick auction with one seller with a fork and
two sellers with one chopstick each. The value of the buyer for a
fork is the same as the value for two chopsticks, say $1; a single
chopstick is worthless. This situation fails the gross substitutes
property because the chopsticks are complements (raising the price
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of one chopstick will eventually lower the demand for the other
chopstick). Assume that the chopstick sellers have a cost of ¢10 each,
and the fork seller has a cost of ¢50, and consider a non-sequential
version of the Name-Your-BAFO auction. In this auction, there is
an equilibrium where the chopstick sellers each ask for ¢95 and the
buyer buys the fork for $1. No seller can improve their position by
a unilateral deviation; a chopstick seller cannot create a sale even
if they were to lower their price to equal their cost.

Note, however, that the inefficient equilibrium falls apart if the
prices are set sequentially and the sellers can observe these prices.
For example, suppose that the auction approaches the sellers in a
sequence and the fork seller goes last. If the sum of the chopstick
prices exceeds the fork seller’s cost, the fork will ask for the sum of
the chopstick prices, perhaps minus a penny if the indifferent buyer
randomizes (or $1 if the sum of the chopstick prices also exceeds
the buyer’s value). Knowing this, the second chopstick seller will
ensure that the sum of the prices does not exceed the fork’s cost, if
that is possible (i.e., if the price asked by the first seller is not more
than ¢40). Knowing this, the first chopstick asks for exactly ¢40, the
second seller asks for ¢10, and the fork seller asks for ¢50. The other
cases, where the fork seller is not last, are similar but the fork does
not necessarily ask for a price equal cost. In all permutations, the
buyer purchases chopsticks, which is the efficient outcome, though
the payment may exceed ¢50.

REMARK 3.1. As exhibited by the chopstick auction example, in
the subgame perfect equilibria of the Name-Your-BAFO auction the
sellers’ bids are not necessarily equal to their costs.

3.2 Analysis of Name-Your-BAFO Auctions

Our main result for this section shows that every subgame perfect
equilibrium of a Name-Your-BAFO auction is efficient.

THEOREM 3.2. For any combinatorial valuation v, the allocation
induced by any subgame perfect equilibrium of a Name-Your-BAFO
auction is efficient.

Before proving this theorem, we show the following lemma.
Specifically, since all auctions in this paper choose an allocation
that maximizes the buyer’s utility (using a tie-breaking rule that
satisfies ITA), the outcome always satisfies the following property.

LEMMA 3.3. If for some prices p our auction chooses the winning
set W(p), and p’ are any prices such that p; < p; fori € W(p) (the
prices of all the winning bidders are weakly lower) and p; > p; for
i & W(p) (the prices of all the losing bidders are weakly higher), then
our auction chooses the same winning set at p’, i.e., W(p’) = W(p).

PrOOF. Let W* = W(p) be the set of winners at prices p and let
T # W* be any other set of sellers. Since W* € D(v; p), we have

oW = > pizo(T) - pi. 8

iew* ieT

Under prices p’, the cost of W* decreases by A = 3;cyy+ pi —p; and
the cost of every other set T decreases? by at most ¥ ;e rw+ pi — P}

?In fact, it may even increase.

Anon.

which is at most A, i.e., Yjer pj = Yjer pi — A. As a result, we get:

oW = ) pi=o(WH+A- Y pi

iew* iew*
>o(T)+A - Zpi
ieT
>o(T) - ) p},
ieT

where the first inequality is due to (1) and the second inequality is
due to the fact that the prices in T drop by at most A. Therefore,
W* is also in D(v; p”) (the demand set based on the new prices p’)
and D(v;p") € D(v; p) (the demand set based on p’ contains only
the sets of sellers that were in D(v; p) and whose price dropped
by exactly A). Using the fact that our auctions use a tie-breaking
rule that satisfies the IIA property, this implies that since W* was
selected from D(v; p), it will also be selected from D(v;p”). O

We now use this lemma to analyze the subgame perfect equilibria
of the game induced by Name-Your-BAFO, which can be computed
using backwards induction. First, we focus on the bid of the last
seller given the prices posted by the n — 1 bidders preceding it, then
we focus on the bid of the next-to-last seller, and so on.

For the last seller, choosing their optimal BAFO is relatively
straightforward, since all the other bidders’ prices are already fi-
nalized. The bidder chooses their bid b, aiming to maximize their
utility (bp — cn)xp, where x,, = 1 if the last bidder is in the winning
set and x, = 0 otherwise. Note that, according to the definition
of the auction, if the bidder wins, the price that they are paid is
Pn = bp, but the winning set W(p) chosen based on the final prices
and, hence, also the value of b,, that maximizes their utility, depends
on the previously posted prices (p1, ..., pn—1)-

To simplify our analysis for sellers that arrive earlier in the
ordering, we now define a “conditional price vector” for each round
of the Name-Your-BAFO auction.

DEFINITION 3.1. For each round k € {0,1,...,n} of the Name-
Your-BAFO auction, the conditional price vector is defined as:
. bi, ifi<k
pi(k) = { l .
ci, otherwise.
The final price vector after the completion of the auction is p = pp.

Now, using this price vector, we define a notion of “conditional
efficiency”” The auction directly associates a winning set W (s) with
each terminal node s of the game tree (the set of winners if that
is indeed the outcome of the auction). Given a subgame perfect
equilibrium, this allocation can also be extended to every internal
node s, using the subgame perfect equilibrium outcome of the
subgame rooted at s (i.e., W(s) is the set of winners in the subgame
perfect equilibrium outcome of the subtree rooted at s).

DEFINITION 3.2. Consider a node s at the k-th level of the Name-
Your-BAFO game tree, after the first k — 1 sellers have named their
best and final offers by, . .., bi._1. We say that the set W (s) associated
with s is conditionally efficient if it maximizes the buyer’s utility with
respect to the price vector p(k — 1), i.e.,

W(s) € argm}e{txv(X) - ;{ﬁi(k -1).
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If there are multiple such allocations, W (s) is the one chosen by the
same tie-breaking rule used by the auction to determine the winners.

We are now ready to prove Theorem 3.2.

Proor oF THEOREM 3.2. We prove that in any subgame perfect
equilibrium, the set W (s) associated with each node s of the Name-
Your-BAFO game tree is conditionally efficient. We start at level
k = n and proceed by backwards induction. This implies that the
auction is also conditionally efficient at k = 1, for which p; = ¢; for
all i € N, so the Name-Your-BAFO auction is efficient in every SPE.

The rest of the proof verifies the conditional efficiency for all k.

Base case (k = n): Given any node s at level k = n of the game
tree, we consider two possibilities based on whether or not there
is a bid by, > ¢y, that bidder n can make to become a winner given
the previously posted bids (b1, .. ., by—1). If no such bid exists, then
bidder n is not in W(s) (i.e., they are not one of the winners in the
SPE outcome of the subgame rooted at s) because for this bidder
to become a winner they would have to report a bid b, < ¢, that
would return negative utility b, — cp. For every other bidder and,
hence, also for every i € W(s), we have that their conditional
price is the same as their final price, i.e., p;(n — 1) = p;, and thus
W (s) is conditionally efficient. If, on the other hand, there exists
some bid b, > ¢, that would make bidder n a winner, then the
bidder’s optimal strategy is to report such a bid in order to be one
of the winners (in fact, the bidder’s optimal strategy is to report
the largest b, for which they remain a winner). This means that
that bidder n will be a winner in the SPE of the subgame rooted at
s, so this bidder is in W (s). Furthermore, this implies that W (s) is
conditionally efficient in this case as well: since i) W (s) maximizes
the buyer’s utility with respect to the final prices p and ii) the prices
p(n—1) satisfy p;(n—1) < p; foralli € W(s) and p;(n—1) = p; for
all i ¢ W(s), we can use Lemma 3.3 to conclude that W (s) would
also maximize the buyer’s utility with respect to p(n — 1).

Induction step: Now, consider any level k < n and assume that
for any subgame perfect equilibrium, any level £ € {k + 1,...,n},
and any node s’ at level ¢, we have that W(s) is conditionally
efficient. We consider any node s at level k and we consider two
possibilities based on whether or not there is a bid by > ¢ that
bidder k can make to become a winner in the corresponding child
node s’ (the child node of s that corresponds to choosing strategy
by) given the previously posted bids (b1, ..., bg_1).

If no such bid exists, then bidder k is not in W (s) because for this
bidder to become a winner they would have to report a bid by < ¢
that would return negative utility by — cg. For every other bidder
and, hence, also for every i € W(s), we have that their level-k
conditional price in s and their level-(k + 1) conditional price in any
child node of s is the same (either equal to their cost or equal to
their final price), and thus W (s) is conditionally efficient.

If, on the other hand, there exists some bid by > ¢ that would
make bidder k a winner, then the bidder’s optimal strategy is to
report such a bid in order to be one of the winners. This means that
that bidder k will be a winner in the SPE of the subgame rooted at
s, so this bidder is in W (s). Furthermore, this implies that W (s) is
conditionally efficient in this case as well. Let s” be the child node of
s that bidder k chooses in the SPE and note that i) W (s) maximizes
the buyer’s utility with respect to the level-(k + 1) conditional prices
at node s’ and ii) level-(k + 1) conditional price of bidder k at node
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s” is weakly greater than the level-k conditional price of bidder k
at node s (because the former is by while the latter is equal to cg,
and by > ci). All other prices are the same so, using Lemma 3.3 we
conclude that W(s) would also maximize the buyer’s utility with
respect to p(k).

[m]

REMARK 3.4. The proof actually provides a partial computation
for equilibria. First, for any k such that x; = 1, where x* maximizes
v(x) — cx, k will choose the highest price for which maxy v(x) —
(P15 -+ s Pk—1> P> Chet1s - - -» Cn) X results in xp = 1. When x;: =0, one
choice that always results in an equilibrium is py = cy, but there

could be higher prices that also result in equilibria.

REMARK 3.5. When we specify the game, we need to specify a
(possibly adaptive) order in which the buyer will approach sellers and
that order becomes common knowledge among the sellers who then
use it to compute their SPE. Nevertheless, the proof of Theorem 3.2
shows that the SPE depends only on who are buyers that arrived before
and what was their BAFO. A remarkable property of this game, is
that sellers are able to compute their strategies without knowing the
order in which the buyer will approach the remaining sellers.

REMARK 3.6. Note that our proof of the auction efficiency does not
make any assumptions regarding the order in which the bidders are
approached, so it holds for any possible, even adaptive, ordering. As
we show in Section 5, this is not true for the prices that the auction
returns, which can vary significantly, depending on the ordering.

4 Descending Auctions with BAFO

While the Name-Your-BAFO auction has efficient equilibria, it may
be a demanding auction format for the perspective of the sellers in
practice. They interact with the auction only once and, in this one
interaction, they need to choose one of infinitely many strategies:
a bid b; € N. As an alternative format, we now present a class of
descending auction where the sellers have repeated interactions
with the auction as it gradually reduces the prices offered to each of
them, and in each interaction a seller needs to choose between just
two strategies: to either accept a price decrease or to permanently
freeze their price (make a BAFO). This option for a seller to freeze
their price is a feature that is often used in practice, but has not
received as much attention from an analytical standpoint.

Class of descending auctions. A vector of prices p is initialized at
avery high level, say for every i € N we have p; = h where h € Nis
some arbitrarily large value, and also initializes the set F of “frozen”
sellers to be empty The auction then takes place over a sequence of
rounds, and in each round the auction computes a (possibly empty)
tentative allocation W (p) based on the current prices, chooses a
seller i ¢ W(p) U F who remains active (i.e., has not frozen their
price) and provides them with two options: (i) accept a decrease of
their price® from p; to p; < p; — 1, or (ii) freeze their price at p;.
If a bidder freezes at p;, this means that this is their best and final
offer, so the bidder is added to set F and the auction never attempts
to lower their price again in the future. Each bidder’s decision to
accept a reduced price or freeze is observed by every other bidder,
3Note that we assumed that all costs are natural numbers, using some small enough

monetary denomination, like $ or ¢, so we can safely restrict our attention to price
decrements of 1. We could, alternatively, just choose a small enough decrement of e.
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so both the current prices and the subset of bidders whose prices are
frozen (i.e., the set F) is public knowledge. There are no restrictions
on the order in which the sellers are approached. In particular, it
can be history dependent, i.e., dependent of the sellers’ choices
along the way. The auction terminates after all sellers not in the
tentative allocation W (p) have frozen their prices. We assume that
if a price reaches zero, the seller automatically freezes. Once all
prices are finalized, the set of winners is determined to be the set
that maximizes the buyer’s utility at the given prices. If there are
multiple such sets, the auction uses a tie-breaking rule that satisfies
IIA.

Extensive form game tree. Each descending auction from the class
above induces an extensive form game which can be represented
as a tree, with each node corresponding to the interaction of the
auction with some seller i, asking them to either accept a reduction
of their price by 1 or permanently freeze it. Note that in each round
of this game one of the prices is either frozen or decreased by an 1
and no price can drop below zero, so the game is finite. For each
node s of this tree, we use p(s) to denote the price vector at the time
when the auction reaches this node s and we use F(s) to denote
the set of sellers that have already chosen to freeze, i.e., they chose
to freeze at some node on the path from the root to node s. Note
that p(s) and F(s) are both fully determined by the path from the
root to s, as the edges of this path determine when each price is
decreased or frozen. If, at node s, the seller i who was asked to
reduce their price accepts this reduction, then we proceed to the
left child-node of s, which we denote as s,, and if i does not accept
this reduction and instead chooses to freeze, then we proceed to
the right child-node of s, which we denote by s,. Also, let G(s) be
the subgame that corresponds to the substree rooted at s.

Note that, since the sequence in which the sellers are approached
by the descending auction can depend in non-trivial ways on the
observed strategic choices, this can lead to an unpredictable tra-
jectory for the price vector. At first glance, this suggests that the
induced game would be very demanding for the sellers to play,
but our key lemma (Lemma 4.1) shows that sellers do not need
to know anything regarding the future price trajectory or details
regarding the history to compute their optimal strategy. They only
need access to p(s) and F(s).

4.1 Analysis of Descending Auctions with BAFO

Given a descending auction and some problem instance, consider
any subgame perfect equilibrium of the game tree induced by this
auction. We annotate each node s in the game tree with the final
allocation W (s) resulting from playing the given subgame perfect
equilibrium of the subtree rooted at s.

DEFINITION 4.1. For each node s in the descending auction game
tree, we define a price vector p(p(s), F(s)), or just p(s), such that

5i(s) = {pi(s), ifi € F(s)

¢, otherwise.

We show the following lemma using backwards induction:

LEmMA 4.1. For every node s of the descending auction game tree,
the allocation W (s) resulting as the subgame-perfect equilibrium of

Anon.

G(s) is an allocation that maximizes the buyer’s utility with respect
to cost vector p, i.e., an allocation

W (s) € argmaxo(X) — Z pi(s).
X .
ieX
If there are multiple such allocations, W (s) is chosen using the same
tie-breaking rule that the auction uses to determine the set of winners.

Proor. To verify that the lemma holds for every leaf of the
game tree, we observe that at every leaf node s all prices have
been permanently frozen, so the vector p of prices is finalized. The
buyer’s chosen allocation in response to these prices would be the
allocation X that maximizes v(X) — >};ex pi(s). Since every seller
is frozen at s, i.e., F(s) = N, we have p;(s) = p;(s) for all i, so the
chosen allocation also maximizes v(X) — X;ex pPi(s). If there are
multiple such allocations, our auction is designed to consistently
tie-break, so the lemma holds for all leaves.

Now, consider an internal node s of the game tree and assume
that the lemma holds for all of its descendants. Let i be the seller
who, at node s, is asked to either accept a price decrease from p;(s)
to pi(s) — 1 (leading to child-node s¢) or to freeze at p;(s) (leading
to child-node s,). By our inductive assumption, if i accepts the price
decrease, the resulting allocation will be

W (sp) € argmaxo(X) — Z pi(se)s @)
X 4
ieX
and, if i chooses to freeze, the resulting allocation will be
W (sy) € arg m)?x o(X) - ;{f), (sr), (3)

and in both cases any ties are broken using the same tie-breaking

rule.

Now, to identify seller i’s optimal strategy at node s we consider
four cases based on whether i wins or loses in the aforementioned
allocations W (sg) and W (s,):

o Case 1: Agent i loses at W(s;). Note that if this is the case,
then seller i also loses at W (s;). To verify this fact, note that
pi(se) = pi(s) — 1 and pi(sr) = pi(s), so pi(sr) > pi(se), while
pj(sr) = pj(se) for all other sellers j # i. Therefore, for every
winner j € W(s;) we have p;(s;) = cj(s;) and every loser
j & W(s¢) we have pj(s;) > cj(s¢). From the statement of the
lemma we can conclude that W(s,) = W (s,), which means that
the allocation W (s) resulting from playing the subgame-perfect
equilibrium of G(s) is independent of i’s strategic choice at node
s and, hence, W(s) = W(sy) = W(s;).

Since W (s) = W(sg), to prove that the lemma holds for node s

as well, it suffices to show that

W(se) € argmaxo(X) = ) fi(s), @
X ieX
and that this allocation would be chosen in case of ties. To verify
that both of these are true, note that p;(s) = pj(s¢) for every
seller j, since no additional freezing took place between s and sp.
Therefore, our inductive assumption that the lemma holds for
node s, directly implies that the lemma also holds for s.

e Case 2: Agent i wins at both W(s;) and W (s;). If this is the
case, then seller i would choose to freeze, since they would win
in both cases (due to the inductive hypothesis), but the price that
i would receive if they freeze is higher (it will be exactly p;(s) if
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Procurement Auctions with Best and Final Offers

they freeze, while it would be at most p;(s) — 1 if they do not).
Therefore, given this strategic choice of i, the resulting allocation
W (s) of G(s) will be the same as W (s ).

Since W (s) = W(sy), to prove that the lemma holds for s as well,
it suffices to show that

W(s;) € argmaxo(X) — Z pi(s), (5)
X ieX

and that 7 would choose this allocation in case of ties. We can ver-
ify that (5) holds by using the fact that W (s,) satisfies condition
(3) and then observing that the only difference between p(s;)
and p(s) is the fact that p;(s;) > c;(s) because in s, seller i froze
at a price at least c¢;. Therefore, for each set that does not contain
i their “cost” relative to p is the same between s and s,, while the
“cost” relative to p of all sets that include i dropped by the same
amount. The fact that i € W(s,) implies that W (s,) satisfies (5).
To also verify that 7 would choose W(s;) in case of ties with
respect to p(s), note that c;(s;) < c¢j(s) for all j € W(s;) and
cj(sr) 2 cj(s) for all j ¢ W(sy), so the fact that T chose W (s;)
given p(s,) (by our inductive assumption) implies that r would
also choose W (s;) given p(s) (by definition of the tie-breaking
rule). This implies that the lemma holds also for s.

e Case 3A: Agent i wins at W (sy) for a price less than ¢; and
loses at W (s, ). In this case, if seller i accepted the price decrease
they would end up winning, but for a price that is strictly lower
than their cost, leading to negative utility. They would instead
prefer to freeze at price p;(s) and lose in order to maintain a
non-negative utility, so the resulting allocation is W(s) = W(s;).
Since W (s) = W(s;), to prove that the lemma holds for s as well,
it suffices to show that

W (sy) € argmaxo(X) — Z pi(s),
X ieX

and that the tie-breaking rule would choose this allocation in

case of ties. We can once again verify that this is true using

the fact that W (s,) satisfies condition (3), combined with the

facts that p;(s;) = pi(s) for seller i who is not in W (s), while

pj(sr) = pj(s) for all other sellers j # i.
Case 3B: Agent i wins at W(sy) for a price of at least ¢; and
loses at W (s, ). In this case, seller i prefers the outcome of winning
at W(s¢) for a price that would give them non-negative utility
rather than losing at W (s, ), which would give them zero utility. As
a result, they would accept the price decrease and W (s) = W (sp).

Since W(s) = W(sy), to prove that the lemma holds for s as well,
it suffices to show that

W(s¢) € argmaxo(X) — Z pi(s),
X 4
ieX
and that 7 would choose this allocation in case of ties. We can once
again verify that this is true using the fact that p;(s) = p;(s,) for
every seller j, since no additional freezing took place between s
and sp. Therefore, our inductive assumption that the lemma holds
for node s, directly implies that the lemma also holds for s. O

Using Lemma 4.1, we can now verify that the descending auction
is guaranteed to be efficient in any subgame-perfect equilibrium.

THEOREM 4.2. The allocation induced by any descending auction
in any subgame perfect equilibrium is always efficient.
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PRrOOF. Let s be the root node of the game tree. Since no seller
has had a chance to freeze at that point, i.e., F(s) = 0, we have
pi = ¢; for all i. Using Lemma 4.1 for s we can conclude that
the allocation W (s) resulting from a subgame-perfect equilibrium
satisfies

W(s¢) € argmaxo(X) — Z ci(s),
X ieX
which implies that it is an efficient allocation. O

REMARK 4.3. Similar to Remark 3.5 the proof Theorem 4.2 shows
that sellers don’t need to know the order in which the buyer will
approach sellers to compute their SPE.

REMARK 4.4. If the valuation function satisfies gross substitutes,
then the final allocation never includes a seller that froze their price.
By the definition of subtitutability, if an item is not demanded at a
given price vector, it is not demanded at any vector where every other
price is weakly smaller. Hence, for the special case of substitutes, our
auction behaves exactly like the procedure of Kelso and Crawford [13].

5 Price Vectors Supporting the Efficient Solution

Having shown that the SPE of these auctions are always efficient,
we now analyze their performance in terms of the price vectors that
support these efficient allocations. As a warm-up, we first provide
a small example that verifies these prices are not unique; not even
with respect to their sum, i.e., the buyer’s total cost. We prove
this for the Name-Your-BAFO auctions, but note that this directly
extends to the descending auction with BAFO if we approach the
sellers in the same order and lower the price of each seller until
they freeze.

Cram 5.1. Executing the Name-Your-BAFO auction with different
orderings of the sellers leads to the same efficient allocation in every
subgame perfect equilibrium but the resulting prices need not sum up
to the same amount.

Proor. Consider an instance with three sellers {1, 2,3} such
that the buyer’s value for its subsets is v({1}) = v({3}) = 10.
v({1,2,3}) = 20, and v(S) = 0 for any other subset S. Let the costs
of all sellers be 0. Then, x* = {1, 2,3} and the order in which our
algorithm raises the sellers’ prices actually matters: if the algorithm
starts by raising the price of seller 2, it will stop when the price is
equal to 10 and the prices of sellers 1 and 3 cannot be raised after
that point, leading to price vector p = (0,10, 0). If, on the other
hand, our algorithm starts by raising the price of seller 1, it will
stop when that agent’s price is equal to 10, but it can then also raise
the price of seller 3 by the same amount, leading to a price vector of
p’ = (10,0, 10). In particular, when raising the price of sellers who
are also part of competing allocations allows the prices to be raised
further, since raising those prices also hurts the competition. O

Now, moving to a more complicated example, we show that even
for the special class of anonymous valuations, that depend only on
the number of sellers rather than who these sellers are, the total
cost of the buyer can vary by a factor that grows linearly with the
number of sellers.

THEOREM 5.2. Even if the valuation function of the buyer is as-
sumed to be anonymous, the sum of the prices of two distinct price
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vectors that arise from executions of the Name-Your-BAFO auction
with different seller orderings can vary by a factor n/2, where n is the
total number of sellers. This bound is tight. On the other hand, if the
anonymous valuation function is also weakly concave, then the price
vector that supports x* as a SPE equilibrium is unique (a threshold
price for all winners).

Proor. Consider an instance with n sellers where the value of
the buyer for any set of up to n — 2 sellers is equal to the size of
the set, i.e., additive with value 1 per seller. However, the value of
any set of n — 1 sellers has value n — 2 as well, while the set x* that
includes all agents has value n — 1. The cost of every seller is zero.

We first claim that the price vector (0,0,...,0, 1) supports x* as
a SPE equilibrium. The utility of x* under these prices would be
n — 2 (a value of n — 1 minus a total payment of 1) and if any seller
i were to raise their price, the utility of x* would drop below n — 2,
while the set x* — {i, n} would have a value of n — 2 and a cost of 0,
maintaining a utility of n — 2 and leading to an inefficient outcome
of x* — {i,n} instead of x*. (note that even if i = n the set {i,n}
equals {n} and the above still holds)

We now claim that the price vector (1/2,1/2,...,1/2,1/2) also
supports x* as a SPE equilibrium. The utility of x* under this price
vector would be n/2—1 (a value of n— 1 and a total payment of n/2),
while the utility of any other subset would be at most n/2 — 1 (a set
of n—1 sellers has value n—2 and price (n—1)/2, leading to a utility
of n/2—3/2, and a set with k < n— 2 sellers has value at most k and
price exactly k/2, leading to a utility of k —k/2 = k/2 < n/2 - 1).
If any seller i were to raise their price, the utility of x* would drop
below n/2 — 1, while the set x* — {i, j}, where j is any seller other
than i, would have a value of n — 2 and a cost of (n — 2)/2, leading
to utility at least (n — 2)/2 =n/2 - 1.

Tightness: To prove that the bound of n/2 is tight, given any
instance let p and p’ be any two price vectors that support x* as a
SPE equilibrium. We will prove that the sum of prices in p’ cannot
be more than a factor n/2 greater than the sum of the prices in p. In
fact, if we let k denote the size of x*, we will prove that the factor
can be no more than k/2. Our argument uses the fact that given any
price vector p, if we order the sellers in weakly increasing order
of their prices, the solution that maximizes the buyer’s utility is a
prefix of that ordering.

Assume that x* contains k sellers and let p1, pa, ..., pr be the
k smallest prices in p, in weakly increasing order. The fact that p
supports x* as a SPE equilibrium means that if we were to raise
p1 by an arbitrarily small amount, then the seller whose price we
raised would become a loser. Let k” be the number of winning
sellers in the new solution after this change in p;.

Case 1: If k¥’ >= k even though the seller whose price was raised
is now a losing bidder, this must mean that the price of this seller
is now greater than the k” smallest ones in p and, hence, p; must
have been equal to pi + 1, i.e,, equal to the smallest price among
the original losing sellers. However, since p and p’ support x* as
a SPE equilibrium, the prices of each losing seller are the same in
p and p’ and this means that all the prices that p’ assigns to the k
winning sellers are all at most pg + 1 and, therefore, also at most
p1 (since we just argued that p; = pg + 1 in this case), which is the
smallest price in p. As a result, this would imply that the minimum
price in p is at least as large as the maximum winning price in p’,

Anon.

so the total price in p would be at least as high as the total price in
p/

Case 2: If kK’ < k, i.e., the size of the solution after raising p; is
strictly smaller, using the fact that the new solution contains the
sellers with prices pa + p3 + ... + pgr41, We can infer that

P1+Prsa + Prras + -+ Pt + pr = 0(k) —o(K'),

i.e., the marginal value of the last k—k’ sellers in x* was equal to the
sum of their prices (since the seller with price p; + € was rejected,
it must mean that their price was already among the highest k — k’
up to tie-breaking). But, for any other price vector p’ to support
x*, it must also be the case that the k-k” highest prices must be
upper bounded by v(k)-v(k’), otherwise dropping the corresponding
sellers would lead to higher buyer utility. Therefore:

Phrat ¥ Prsg + Dz + o+ Dy + 0y < 0(k) —o(K),

Combined, with the previous equation, this yields:

’ ! ’
Drrs1HPhrsp P i3t L1 0L S P1+PIr s PR 43+ D1 Dk

For k’ = k — 1, this implies that pl’C < p1, which would once
again lead to the conclusion that the total price in p is at least as
high as the total price in p’. For k’ = k — 2, the inequality becomes

Pr_y + P SP1+Pp =

9 k k
C PSP AP S PR ) pi =
i=1

i=1
k k k
<= i
; pi< ; pis
where the first derivation used the fact that p; | and p; are the
top two prices among the k winners in p’ and thus also at least
as high as two times the average price among the winners. In
general, if we use d to denote the drop in the size of the winning
set,ie., d =k —k’ > 2, then following the same argument we get
Z;‘:l P < S Z{'C=1 pi, and the right hand side is maximized when
d = 2, which yields the desired upper bound on the total price of

p.

Concave valuation functions: Note that if the valuation function
is concave, then the optimal solution x* can be derived as follows.
Order the sellers in a weakly increasing order of their cost and
rename them so that ¢; is the i-th smallest cost. Then, if we let
v(k) — v(k — 1) denote the marginal change in the buyer’s value
after adding a k-th seller to a set of k — 1 sellers, the optimal solution
corresponds to the prefix of sellers in the aforementioned ordering
for whichv(k)—v(k—1) > cg, i.e., their marginal contribution to the
buyer’s value is at least as high as their cost. In any SPE equilibrium,
the price offered to the winning sellers, i.e., the first k sellers in
the ordering is the same, and equal to v(k + 1) — v(k). It is easy
to verify that these prices would support x* as a SPE equilibrium,
so we now show that no other price vector can support x* as a
SPE equilibrium. Consider any other price vector that supports x*
as a SPE equilibrium and note that if one of the smallest k prices,
i.e., a price of one of the k winning sellers of x*, is higher than
o(k + 1) — v(k), then dropping that seller from the winning set
would increase the buyer’s utility. On the other hand, if one of
these k prices is lower than v(k + 1) — v(k), then the corresponding
seller could raise their price while remaining in the winning set. O

871

873
874
875
876
877
878
879
880
881
882
883
884
885
886
887
888
889
890
891
892
893
894
895
896
897
898
899
900
901
902
903
904
905
906
907
908
909
910
911
912
913
914
915
916
917
918
919
920
921
922
923
924
925
926
927
928



929
930
931
932
933
934
935
936
937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971
972
973
974
975
976
977
978
979
980
981
982
983
984
985

986

Procurement Auctions with Best and Final Offers

References

(1]
(2]
(3]

(4]
(5]

(6]
(71

(8]

Lawrence M Ausubel. 2004. An efficient ascending-bid auction for multiple
objects. American Economic Review 94, 5 (2004), 1452-1475.

Lawrence M Ausubel. 2006. An efficient dynamic auction for heterogeneous
commodities. American Economic Review 96, 3 (2006), 602—629.

Lawrence M Ausubel and Oleg V Baranov. 2014. Market design and the evolution
of the combinatorial clock auction. American Economic Review 104, 5 (2014),
446-451.

Lawrence M Ausubel and Paul R Milgrom. 2002. Ascending auctions with
package bidding. The BE Journal of Theoretical Economics 1, 1 (2002), 20011001.

Oleg Baranov, Christina Aperjis, Lawrence M Ausubel, and Thayer Morrill. 2017.
Efficient procurement auctions with increasing returns. American Economic
Journal: Microeconomics 9, 3 (2017), 1-27.

Sushil Bikhchandani and Joseph M Ostroy. 2002. The package assignment model.
Journal of Economic theory 107, 2 (2002), 377-406.

Peter Cramton, Emel Filiz-Ozbay, Erkut Y Ozbay, and Pacharasut Sujarittanonta.
2012. Discrete clock auctions: an experimental study. Experimental Economics
15 (2012), 309-322.

Sven de Vries, James Schummer, and Rakesh V Vohra. 2007. On ascending
Vickrey auctions for heterogeneous objects. Journal of Economic Theory 132, 1
(2007), 95-118.

Gabrielle Demange, David Gale, and Marilda Sotomayor. 1986. Multi-item auc-
tions. Journal of political economy 94, 4 (1986), 863-872.

(10]

The Web Conference 25, April 28 - May 2, 2025, Sydney, Australia

Paul Diitting, Vasilis Gkatzelis, and Tim Roughgarden. 2017. The Performance
of Deferred-Acceptance Auctions. Math. Oper. Res. 42, 4 (2017), 897-914.

Faruk Gul and Ennio Stacchetti. 1999. Walrasian Equilibrium with Gross Substi-
tutes. Journal of Economic Theory 87, 1 (1999), 95-124. https://doi.org/10.1006/
jeth.1999.2531

John William Hatfield and Scott Duke Kominers. 2016. Hidden substitutes. In
Proceedings of the 16th ACM Conference on Electronic Commerce.

Alexander S. Kelso and Vincent P. Crawford. 1982. Job Matching, Coalition
Formation, and Gross Substitutes. Econometrica 50, 6 (1982), 1483-1504.
Renato Paes Leme, Vasilis Syrgkanis, and Eva Tardos. 2012. The curse of si-
multaneity. In Proceedings of the 3rd innovations in theoretical computer science
conference. 60-67.

Renato Paes Leme, Vasilis Syrgkanis, and Eva Tardos. 2012. Sequential auctions
and externalities. In Proceedings of the twenty-third annual ACM-SIAM symposium
on Discrete Algorithms. SIAM, 869-886.

Paul Milgrom and Ilya Segal. 2020. Clock Auctions and Radio Spectrum Reallo-
cation. Journal of Political Economy 128, 1 (2020), 1-31.

David C Parkes and Lyle H Ungar. 2000. Iterative combinatorial auctions: Theory
and practice. Aaai/iaai 7481 (2000), 53.

Motty Perry and Philip J Reny. 2005. An efficient multi-unit ascending auction.
The Review of Economic Studies 72, 2 (2005), 567-592.

William Samuelson. 1984. Bargaining under asymmetric information. Economet-
rica: Journal of the Econometric Society (1984), 995-1005.

Ning Sun and Zaifu Yang. 2006. Equilibria and indivisibilities: Gross substitutes
and complements. Econometrica 74, 5 (2006), 1385-1402.

987

988

989

990

991

992

993

994

995

996

997

998

999

1000
1001
1002
1003
1004
1005
1006
1007
1008
1009
1010
1011
1012
1013
1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025
1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043

1044


https://doi.org/10.1006/jeth.1999.2531
https://doi.org/10.1006/jeth.1999.2531

	Abstract
	1 Introduction
	1.1 Our Results
	1.2 Related Work

	2 Preliminaries
	3 Sequential Name-Your-BAFO auction
	3.1 Buying Chopsticks in Auction
	3.2 Analysis of Name-Your-BAFO Auctions

	4 Descending Auctions with BAFO
	4.1 Analysis of Descending Auctions with BAFO

	5 Price Vectors Supporting the Efficient Solution
	References

