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Abstract

Training models to effectively use test-time com-
pute is crucial for improving the reasoning per-
formance of LLMs. Current methods mostly do
so0 via fine-tuning on search traces or running RL
with 0/1 outcome reward, but do these approaches
efficiently utilize test-time compute? Would these
approaches continue to scale as the budget im-
proves? To answer these questions, in this paper,
we formalize the problem of optimizing test-time
compute as a meta-reinforcement learning (RL)
problem, which provides a principled perspective
on spending test-time compute. This perspective
enables us to view the long output stream from the
LLM as consisting of several episodes run at test
time and leads us to use a notion akin to cumula-
tive regret over output tokens as a way to measure
the efficacy of test-time compute. Akin to how RL
algorithms can best tradeoff exploration and ex-
ploitation over training, minimizing regret should
also provide the best balance between exploration
and exploitation in the token stream. While we
show that state-of-the-art models do not minimize
regret, one can do so by maximizing a dense re-
ward bonus in conjunction with the outcome 0/1
reward RL. This bonus is the “progress” made
by each subsequent block in the output stream,
quantified by the change in the likelihood of even-
tual success. Using these insights, we develop
Meta Reinforcment Fine-Tuning, or MRT, a new
class of fine-tuning methods for optimizing test-
time compute. MRT leads to a 2-3x relative gain
in performance and roughly a 1.5x gain in token
efficiency for math reasoning.

1. Introduction

Recent results in LLM reasoning (Snell et al., 2024) il-
lustrate the potential to improve reasoning capabilities by
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scaling test-time compute. Generally, these approaches train
models to produce traces that are longer than the typical cor-
rect solution, and consist of tokens that attempt to implement
some “algorithm”, e.g., reflecting on previous answers (Qu
et al., 2024; Kumar et al., 2024), planning (DeepSeek-Al
et al., 2025), or implementing some form of linearized
search (Gandhi et al., 2024). These approaches include
explicitly fine-tuning pre-trained LLMs for algorithmic be-
havior, e.g., SFT on search data (Gandhi et al., 2024; Nie
et al., 2024), or running outcome-reward RL (DeepSeek-Al
et al., 2025) against a 0/1 correctness reward.

While training models to spend test-time compute by gen-
erating long reasoning chains via outcome-reward RL has
been promising, for continued gains from scaling test-time
compute, we ultimately need to answer some critical under-
standing and method design questions. First, do current
LLM:s efficiently use test-time compute? That is, do they
spend tokens roughly in the ballpark of the typical solution
length or do they use too many tokens even on easy ques-
tions? Second, would LLMs be able to “discover” solutions
to harder questions when run at much larger test-time to-
ken budgets than what was used for training? Ultimately,
we would want models to derive enough utility from ev-
ery token (or any semantically meaningful segment) they
produce, not only for efficiency but also because doing so
imbues a systematic procedure to discover solutions for
harder, out-of-distribution problems.

In this paper, we formalize the above challenges in optimiz-
ing test-time compute through the lens of meta reinforce-
ment learning (RL) (Weng, 2019). To build our approach,
we segment the output stream from an LLLM on a problem
into multiple episodes (Figure 2). If we were to only care
about (a) the efficiency, then the LLM only needs to learn
to exploit and directly output the answer without spending
too many episodes. On the other hand, if the LLM is solely
focused on (b) the discovery, then exploration is more de-
sirable, so that the LLM can spend several episodes trying
different approaches, verifying and revising them, before
producing the final answer. Fundamentally, this is different
from traditional RL since the goal here is to learn an LLM
that implements explore-exploit algorithms on every test
problem. In other words, we aim to learn such algorithms
from training data, making this a meta RL learning problem.
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Figure 1. Standard outcome-reward reinforcement fine-tuning vs. MRT. Standard techniques for fine-tuning LLMs to use test-time
compute optimize outcome reward at the end of a long trace. This does not incentivize the model to make use of intermediate tokens
to make progress (i.e., probability of eventual success) and leads to 1) unnecessarily long output traces and 2) inability to make steady
progress on new, hard problems as shown in (a). MRT, shown in (b), trains the LLM to minimize cumulative regret over the entire output
stream (red, shaded area) by optimizing a dense reward function in addition to sparse 0/1 reward and thus alleviates both challenges in (a).
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Figure 2. MRT uses dense rewards based on progress throughout
the thinking trace (segmented into “episodes’) to improve test-time
efficiency and performance. Standard fine-tuning only trains mod-
els with outcome rewards at the end, thus reinforcing several traces
that make subpar progress but somehow succeed (Figure 1(a)).

A desired “meta” behavior is one that strikes a balance be-
tween committing to an approach prematurely (i.e., an “ex-
ploitation” episode) and trying too many high-risk strategies
(i.e., an “exploration” episode). From meta RL literature,
we know that optimally trading off exploration and exploita-
tion is equivalent to minimizing cumulative regret over the
output token budget. This regret measures the difference
between the likelihoods of success of the LLM and an oracle
comparator, as illustrated by the red area in Figure 1(b).

By training an LLM to minimize cumulative regret on ev-
ery query, we learn a reasoning strategy that is agnostic of
the test-time budget, i.e., when deployed, the LLM spends
only the necessary amount of tokens while still making
progress when run at larger token budgets. We develop a
new class of fine-tuning methods for optimizing test-time
compute, which we refer to as Meta Reinforcement fine-
Tuning (MRT), by minimizing the cumulative regret. Cu-
mulative regret also provides a metric for evaluating the

effectiveness of SOTA reasoning models such as Deepseek-
R1 (DeepSeek-Al et al., 2025) in using test-time compute.

In particular, we show that SOTA LLMs fine-tuned with
outcome reward fail to improve their chances of discovering
the right answer with more episodes, i.e., they do not make
steady “progress” (illustration in Figure 1(a)), even though
this behavior is critical for solving hard unseen problems.
In fact, a much more naive approach of running substan-
tially fewer episodes coupled with majority voting is often
more effective on harder questions in a FLOPs-matched
evaluation (Figure 3). In contrast, we show that optimiz-
ing for progress in addition to outcome reward naturally
emerges when the objective is to minimize regret. Con-
cretely, our fine-tuning paradigm, MRT, prescribes a dense
reward bonus for RL training (Definition 4.1). This progress
reward measures the change in the likelihood of finishing at
a correct answer, before and after an episode is generated.
Intuitively, the progress made by an episode is akin to the
“information gained” about the underlying problem.

Empirically, we evaluate MRT in two settings that differ in
the way they parameterize episodes. For the first setting,
we employ the format of enclosing the reasoning process
in between <think> markers and fine-tune base models:
DeepScaleR-1.5B-Preview (Luo et al., 2025), DeepSeek-
R1-Distill-Qwen-1.5B, and DeepSeek-R1-Distill-Qwen-
7B (DeepSeek-Al et al., 2025), on a dataset of math reason-
ing problems. We find that MRT consistently outperforms
outcome-reward RL, achieving state-of-the-art results at
the 1.5B parameter scale across multiple benchmarks in
aggregate (AIME 2024/2025, AMC 2023, etc.), with im-
provements in accuracy approximately of 2-3x compared
to those obtained by standard outcome-reward RL (GRPO),
and 1.5-5x token efficiency over GRPO and base models.
In the second setting, we fine-tune Llama3.1 models (3B
and 8B) to implement backtracking search on math prob-
lems, where MRT achieves token efficiency improvements
of 30% over STaR (Zelikman et al., 2022) and 38% GRPO.
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We analyze MRT and show that it attains a lower cumulative
regret and makes more steady progress, even when extrapo-
lating to 2x larger token budgets than what it was trained on.
We also show that, unlike other methods for constraining
length, which typically come at the cost of accuracy, MRT
reduces the output length while boosting accuracy. We also
find that the output length oscillates during RL and that
length alone does not imply accuracy. Finally, we show
that recipes for iteratively scaling test-time budgets—which
have been noted to be more effective than training with a
large output budget from scratch—also implicitly maximize
progress and, hence, minimize regret.

2. Problem Formulation

In this section, we will formalize the problem of optimiz-
ing test-time compute as a meta RL problem. In the next
section, we will show that this meta RL perspective can be
used to evaluate if state-of-the-art models (e.g., Deepseek-
R1 (DeepSeek-Al et al., 2025)) are effectively and effi-
ciently using test-time compute. Finally, we will utilize
these ideas to develop a fine-tuning paradigm, called MRT,
to optimize test-time compute.

2.1. Optimizing Test-Time Compute

We want an LLM to attain maximum performance on Pyest
within test-time budget Co (i.e., 8X; E; (jxjz] Co):

maX Ex p,.:z (jx) [r(X; z) j Dtrain] (1
While this is identical to optimizing the test performance
like any standard ML algorithm, we emphasize that the bud-
get Cop used for evaluation is larger than the typical length
of a correct response. This means that the LLM  ( jX) can
afford to spend a part of the budget into performing opera-
tions that do not actually solve X but rather indirectly help
the model in discovering the correct answer eventually. For
example, consider a math proof question where the output
is composed of a sequence of steps. If the policy could
figure out that it should backtrack a few steps and restart
its attempt, it may not only increase its chances of success,
but also allow the LLM to confidently identify what steps to
avoid and be careful about. However, compute budget Cq
does not necessarily equal to the deployment budget.

The conventional way of training an LLM to attain high out-
come reward (DeepSeek-Al et al., 2025; Kimi-Team, 2025)
given a fixed token budget is suboptimal. On problems
where the typical solution length is well below the maximal
token budget in training, this kind of training procedure
would encourage redundancy and inefficient use of tokens
as the model lacks incentive to develop more succinct re-
sponses. Now if the LLM is deployed with a budget less
than the one used for training, yet sufficient to solve the task,
the trained LLM might still not be able to finish responding.

While one way to address this issue is to force the model to

terminate early if it can, this strategy is suboptimal for com-
plex problems that require the model to potentially spend
more budget on attempting to discover the right approach.
In other words, training to succeed in the fewest tokens can
spuriously cause the model to prematurely “commit” to an
answer upon deployment, though this is not the best strategy.
Additionally, training with only outcome reward is again
suboptimal since it is unable to differentiate between solu-
tions that are still on track progress and solutions that are not
on track, if they both succeed or both do not succeed. We
would instead like the model to still be rewarded positively
for attempting to explore multiple approaches towards a
solution and spending more tokens if it is on track and can
succeed eventually. We therefore propose a different formu-
lation for optimizing test-time compute that trains LLMs
to be “optimal” at spending test-time compute, agnostic
of the training token budget utilized, thus alleviating any
commitment to a particular budget at test time.

Budget-agnostic LLMs. The only approach that can guaran-
tee optimal for any test-time compute budget is a “budget-
agnostic” strategy that imbues behavior that can work well
for multiple large enough budgets. To attain a high test
performance, an LLM  should exhibit behavior that trades
off between exploration and exploitation to make the most
use of the compute budget available.

2.2. Characterizing Optimal Use of Test-Time Compute

To develop a training paradigm to effectively use test-time
compute, we first need to understand the characteristics
of budget-agnostic LLMs that use test-time compute the
most optimally. One way to characterize these LLMs is by
explicitly segmenting the output stream z (jX) into a
sequence of meaningful blocks (i.e., episodes), and viewing
this sequence of episodes as some sort of an “adaptation”
procedure on the test problem. This segmentation then
allows us frame it as a meta-RL problem.

Formally, suppose that z can be divided into k contiguous

segments ngf [20; 21; :Zk 1]'. As shown in Figure 2,
these episodes could consist of multiple attempts at a prob-
lem (Qu et al., 2024), alternating between verification and
generation (Zhang et al., 2024) such that successive gener-
ation episodes attain better performance, or be paths in a
search tree separated by backtrack markers.

We eventually want the LLM  to succeed in the last episode
it produces within the total budget, i.e., Zx 1. However,
since we operate in a setting where the LLM is unaware of
the test-time deployment budget, we need to make sure that

'While there are many different strategies to segment Z into
variable number of episodes, for simplicity we assume a fixed
number of episodes & in our exposition. Note that if a particular z
contains | & natural episodes, we can always choose to merge
the last I  k episodes into one for the purposes of our discussion.
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the LLM is constantly makingrogressand is able to effec- of the DeepSeek-R1 (DeepSeek-Al et al., 2025) family?

tively strike the balance betweé&exploration”: producing  While we cannot necessarily compute the oracle comparator
tokens that are irrelevant to the nal answerd, verifying , we are still able to compare performance conditioned

previous steps or trying a different strategy), mighthelp  on different numbers of episodes in the thought block. This

in later episodes, anéxploitation” : attempting to simply  gives us a sense of whether the cumulative regret grows
expand on a approach to get to an answer. only very slowly inT. To this end, we study the behavior of

_— o Lo the DeepSeek-R1-Distill-Qwen-32B model on two datasets:
Building on this intuition, our key insight is that the adapta—AlME 2024 and a subset from OMNIMATH (Gao et al.,

tion procedure implemented in the test-time token strean5024) In this context, aapisodes de ned as a continu-

can be V|eweq as running an RL algorithm O? th.e .tes"f Pro%%us segment of the model's thought (i.e., text enclosed in
lem, where prior episodes serve the role of “training” dat

for this purely in-context process. Under this abstractior?between thes think> and< /think> markers) uninterrupted
purety P ; by words such as “Wait” and “Alternatively” which break

an “optimal” algorithm is one that makes steady progres§he current ow of logic
towards discovering the solution for the problem with each '
episode, balancing between discovery and exploitation. As
a result, we can use the metricaimulative regreffrom

RL to also quantify the optimality of this process.

De nition 2.1 (Cumulative regre}. Givenk episodes
z generated from ( jx), another LLM that computed
an estimate of the correct response given episodgds so
far, and the optimal comparator policy givep-@pisode
budgetas ,gve de ne cumulative regret , (X; )gs:
1
E. (o4 d(x i) (X (iX;20;))>:
j=0

J

HereJ, is the expected 0/1 outcome reward attained by
LLM  when conditioning on prior episodes;j 1 pro-
duced by , andJ,( ) is the reward of the best possi-
ble budget-agnostic comparator that achievable via ne-
tuning within @j -episode test-time budget. Theeta-prover
policy may be the same as or different from For ex-

ample, if each episode produced bends in an estimate Figure 3.R1 scaling curve on Omni-MATH subsetVe compare
of the answer, then we can measure 0/1 correctness of thﬂ)%rformance when terminating at theh episode: blue points

answer in itself for computing , and set = . Ifsome  represenfmaj@1];, where the model continues reasoning up to
episodes produced bydo not end in a nal answer (e.9., that point before answering; green points repregea@p];
episodes within the “think” block), we can use a different for p = 1;2; 4; 8, where the model stops at the same point and
to help us extrapolate the answer. In our experimerftss produces completions for majority voting. Surprisingly, under
the policy induced by the same underlying LLM, obtainedthe same token and episode budget, early termination with multiple
by terminating the “think” block and forcing the model to completi_ons (green) of;en_outperforms continued reasoning (blue),
estimate the best possible answEhe red colored area  Suggesting that overthinking can degrade performance.

in Figure 1 denotes the cumulative regrelf the regretis  \we report our metrics in terms of tHenaj@p]; metric,
large or if it increases with the number of episodéethen i which we truncate the thought block produced by the
we say that episodesdid not actually make meaningful | | M to the rst | episodesZy; 1) and steer it into im-
progress. On the other haljd, the lower the rate of growth "?nediately producing the nal solution (without producing
the regret, the more meaningful progress a budget-agnosti@ore episodes) conditioned on this truncated thought block.
LLM  makes as the budget grows. We then sample such immediate answetisnes and run a

3. Case Study: Analyzing DeepSeek-R1 majority vote over them to produce a sing[e gnsvpeind
. . . j are variables that parameterize the mefimej@p]; that
HaV|_ng de ned the notion of cumulative regret, can WENOW,y e measure. We also found that terminating the model's
use it to analyze state-of-the-art models, such as de”Vat'V%inking process early requires us to incorporate an inter-
2While and share the same underlying LLM, they represent Mediate prompt that asks the model to “formulate a nal

distinct policies with different trajectory distributions. answer based on what it already has” because it has already
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spent enough time on this problén©bservindmaj@p]; If outcome-reward RL was imbuing the LLM with gener-
evolve withj tells us if adding more episodes helps thealizable test-time scaling, we would expect it to improve
model make meaningful progress and discover the correatonsistently.

solution. We compare this against ttigect baseline, in
which we ne-tune the base model to produce “best guess
responses directly (Qwen2.5-32B-Instruct model based o] « Additional reasoning in models trained with out;
the same base model; see Appendix ). come reward RL do not consistently yield a pert
formance improvement, particularly for complex
problems that require many episodes.

Takeaways: Existing models do not minimize reg

Analysis results.We plot the average accuracy of the model
at different episodegis= f0; ;k 1gasa function of the

test-time compute (measured in tokens and episodes) al « Even when better performance can be achieved Hpy

the episode indei in Figure 3. In particular, we average implementing “nave” strategies such as majority
across solutions that contain similar numbers of episodel  yoting on fewer episodes, a long sequential chain df

(tOtal epiSOdeS =6- 10, 26 - 30, 41 - 45) to demonstrate th thought is unable to implement those.
relationship between steady improvement and total episod
We plot the performance of the direct baseline in orange :
and the performance @fmaj@1]; at differentj in blue. The 4. TheMRT Paradigm
dashed green lines branching from the blue curve extend

average accuracy at the end of a given epigoae alterna-

tively, [maj@1]; (note that maj@1 = average accuracy on

the given problem) tgmaj@p]; for different numbep of

solutions given the thinking trace.

Takeaways.When provided with a few episodes (top row Figure 4. Explore/exploit spectrumFinal reward RL does not re-

in Figure 3; 6 - 10), cumulative regret is low and each newward intermediate episodes encouraging unstructured exploratilon,
episode continuously reduces regret, whefeas@p]; and whereas_ SCoRe (Kuma_r etal., 2024; Qu et al., _202_4) constral_ns
the direct baseline grow slower. However, in settings thaFaCh episode based on its outcome reward making it too exploita-

require more episodes (e.g., 41-45 episodes in the bottortH/e' MRT strikes a balance by assigning an information gain based

row and more examples in Appendix 1), we nd that the reward which aims to make progress in a budget-agnostic setting.
accuracy (blue line) does not increase with each episod¥/e will now develop a ne-tuning paradigm that we call
and sometimes degrades with each subsequent episode g8teta reinforcement ne-tuning (MRT) that directly aims
erated in the output stream. This illustrates that currento learn a budget-agnostic LLM, which makes steady
training does not quite produce traces that optimize regre@rogress. AbstractlyMRT ne-tunes LLMs to directly
swiftly (Figure 3), despite it being possible to minimize optimize (a surrogate to) cumulative regret.

_regret from intermed_iate episodes using information presen(t)ptimizing outcome reward over a long stream does not
in the model (as indicated by the much better pen‘orm"’mcﬁ:'hcentivize meaningful regret minimization during test-time.

of [maj@p]; when the total number of episod2941,45).  aq|ong as the LLM ndssomearbitrary way to eventually

This result is even more surprising becausalong trace succeed, all intermediate episodes in this rollout will be
with multiple sequential episodes should be perfectly capeequally reinforced without accounting for the contribution
ble of implementing th¢maj@p]; baseline as there is no of every episode towards the eventual success. This is prob-
new knowledge needed to implement this baseline. It shouléematic for two reasongi) we may simply run out of the
also easily beat the direct baseline, which just reasons in @eployment token budget to discover solutions to hard prob-
direct/linear chain and does not perform long CoT reasoriems if we are not making progress, &y we will waste
ing. However, reasoning with sequential episodes loses tthe token budget on easy problems that could be solved oth-
both baselines when the solution contains more episode&/wise more ef ciently. One way of addressing these issues
Inconsistent progress with many episodes implies poor peis to directly optimize for the cumulative regret objective
formance as we scale up test-time compute even furthlPe nition 2.1). However, this is problematic due to the
— o ~_ presence of the optimal comparator policy, which we do

We discovered that similar statements are used to limit they ot have access to. The inability to accesss not new or

thinking time of R1 models when it outputs an exceedingly long s L :
solution. Following such a statement, R1 would end the thinkingsurpnsmg' even over training of any RL algorithm, we do

block and give a nal answer. To make sure that a rather prema?0t have access to the comparator policy for minimizing cu-
ture trimming of the thought block results in natural terminations mulative regret. The difference here is thiais cumulative

and does not alter the model's abilities in a detrimental manneregret is not measured over training steps but rather on
we r_nanually incorporated a_suf x of t_his sort when computing test-time token output on a given test queisee Figure 1(b),
[Maj@p];. The exact prompt is shown in Appendix I. where the regret corresponds to the red area). As a result,
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in this section, we come up with a surrogate objective thation 2 to incorporate progress, giving rise to the abstract
trains the LLM to implement a regret-minimizing strategy training objective ¢ is the sequence of tokens generated

when deployed. This should allow us to strike a balanceso far), mgr ( ; od) = f7( )+ “pra (), where
between spending tokens on exploration and exploitationprs ( ) is de ned as:

at test time (Figure 4); exploration in the sense of trying 2 3

new approaches, verifying prior answers, running major- E 45< lE olfoe (Ziie D15 (3)

ity voting and exploitation in the sense of committing to XD ain . CIZ ! (_O'g (”;) prg \ i M LI
simplifying an expression following a given plan. = o

4.1. Surrogate Objectives for Minimizing Regret The term in red corresponds to the reward bonus and it is

The regret (De nition 2.1) cannot be directly optimized provided under the distribution of contexts 1 consist-
since the optimal comparator is not known. Our main ing of pre xes produced by the previous LLM checkpoint,
idea is that we can minimize cumulative regret over episodeshown as ¢4. The meta prover policy can be any other
produced by if we maximize “progress” of policy as LLM (e.g., an “-instruct” model which is told to utilize
more episodes are produced. To see why intuitively, weepisodes so far to guess the best answer) or the same LLM
provide a simple analogy with a multi-armed bandit learning itself after its thought block has terminated.
problem where we must learn to discover the optimal arm ...._. . . .
. . tilizing the previous policy ¢4 in place of the current pol-

and rewards are not noisy. There are two behaviors tha . .

L . . . 1Icy serves dual purposél) akin to trust-region methods
we must tradeoff to minimize cumulative regret in a bandit

i . . ; in RL (Schulman et al., 2015; Peng et al., 2019), it allows
problem:1) stumbling upon promising but risky arms, and us to improve over the previous policy provably, &)
2) continuing to exploit the best arm known so far. In either b b policy p 4

it lendsMRT amenable to a more convenient implemen-
case, each subsequent arm pull should lead to non-ze

and ideally positive improvement in the performance of anﬁ?ltion on top of RL or STaR infrastructure that need not
yp P P run “branched” rollouts (Kazemnejad et al., 2024), and can

exploitation” policy that aims to simply produce the best use an off-policy or stale distribution of contexts. Prior

guess estimate of the optimal arm given the episodes so f"?‘/\r/'ork (Setlur et al., 2024b) alleviates the need for branched

We use this framework to build a simple surrogate objectiverollouts by training an explicit value function, but often in-
The episodesg.x are analogous to “arm pulls” in our setting, duces errors. Therefore, we opt to use off-policy contexts
with the meta-prover policy, serving the role of the policy but provide additional rewards. We also remark that this
which aims to estimate best arm. We can hope to see regradditional reward can be provided to the segment of tokens
minimized as long as the meta-provemakes progress, i.e., spanning a particular episode (“per-episode” reward) or as a
Jr ( (jx;zo;)) increases with more episodes Note that ~ cumulative bonus at the end of the entire test-time thinking
this does not mean that each subsequent episodrist  trace, with alternatives resulting in different variance for the
itself contain a better solution like SCoRe (Kumar et al.,gradient update. Unlike traditional RL that optimizes out-
2024) or RISE (Qu et al., 2024), but only that it should come rewards and recent approaches that provide step-level
ideally increase the probability thatarrives at the right supervision, MRT aligns with meta-RL by operating at the
answer (Figure 4). Following the formalism in Setlur et al.meta-step (episode) level, assessing progress across com-
(2024b), we capture this notion of progress made ja  plete reasoning trajectories rather than individual actions.

advantage of an episode under . Finally, while this objective might appear similar to that of

Setlur et al. (2024b), we crucially note that the progress is

not computed over steps appearing within one attempt but

rather over episodes. With this abstract objective in place,
» W8ve now write down concrete instantiations for SFT and RL.

De nition 4.1 (Progres3. Given prior context and
episodez; (jc), and another meta-prover LLM
that computes an estimate of the correct response
de ne progress made ki as
Morg (Zi5€) = Jr( (jzj;¢))  Ie( (jC)): 5. Practical Instantiations: Dense Rewards for
. / Optimizing Test-Time Compute

4.2. Incorporating Progress as a Dense Reward Bonus We now instantiat&/RT to train an LLM in a way that en-
De ning the standard ne-tuning loss function based 0n gpes it to learn to use test-time compute effectively and ef-
the expected nal reward attained by the last episode as the;jently. We parameterize each episode as a logical thought
following objective, rr : block enclosed in between tkethink> markers, akin to
Gxy [rOG 215 (2) the DeepSeek-R1 model. As shown in Figure 5 (Left), we

refer to this as an “open-ended parameterization” since it

we can train the LLM either with the policy gradient yoes not constrain the content of each episode. With this
obtained by differentiating Equation 2 or with SFT on self- 3 rameterization, we optimize the objective in De nition 3
generated data (Singh et al., 2023). We can extend Equa-

\FT( ):: EXD train +Z

6
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with STaR (Zelikman et al., 2022) and RL (Shao et al.4.1. Now, we lter for episodes,; that satisfy two
2024). With STaR, this involves sampling on-policy tracescriteria: (Ig,)_they achieve maximum progress, i.e.,=
followed by behavior cloning the ones that not only succeedarg max szo M org (zx;ck 1), whereck 1 (X;Zok 1)
under the outcome reward, but also attain high progresand (2) they eventually succeed, i.e.,\if (ix; zoj)
With RL, this involves either explicitly or implicitly adding thenr(x;y) =1. And nally, we run SFT on these traces,
a reward bonus that corresponds to progress. and repeat the process for multiple iterations.

The RL variant of MRT using online RL methods (e.g.,
GRPO (Shao et al., 2024) or PPO (Schulman et al., 2017))
to optimize progress-based rewards. For each episode, we
compute pre x rewards using the meta-prove{Equation 4,
Figure 6). The model then samples multiple on-policy roll-
outs conditioned on this pre x, evenly divided between
continuing to reason and terminating right after the pre x
of the thinking trace and producing the best-guess solution.
During training, we optimize the reward de ned in Equa-
tion 3 rather than just the binary outcome reward. While
this procedure can be implemented with episode-speci c
reward bonuses or a single progress adjusted reward, we
opt for the latter approach due to its plug-and-play nature in
current outcome-reward RL implementations.

6. Experimental Evaluation

We now evaluate how effectiveMRT optimizes test-time
compute—focusing on maximizing accuracy while mini-
mizing compute. We discuss our main results below, then
Figure 5. The two settings we study. Left: open-ended compare the ef ciency oMRT against other prior meth-
parametrization. The model uses explicit thinking markersods, and nally end with ablation experiments studying the
(< think> and< /think>) to work through a problem with multiple  relationship between token budget and progress.
strategiesRight: backtracking search. The model directly solves
the problem with a step-by-step solution. In each episode, th&.1. Experimental Setup
model identi es errors at speci ¢ steps and backtracks to correcMe useMRT to ne-tune base models that can already pro-
them (returning to step 3, then later to step 7) until reaching thejuce traces witk think> markers. For the STaR variant, we
correct answer. use DeepSeek-R1-Distill-Qwen-7B and 1.5B, ne-tuned on
We also study a “backtracking search” parameterization ok randomly sampled problem-solution pairs from Numi-
(Figure 5, Right) where the model alternates between fulhamath (Li et al., 2024) and estimate the progress bonus for
solution attempts and backtracking; details of this approaciyacktracking by rolling out each pre x 20 times. Here, we
along with empirical results are provided in Appendix C.  compareVIRT, which incorporates progress as a bonus, ver-
; sus vanilla STaR which only uses outcome reward. For the
5-1. STaR and RL Variants ofMRT RL variant, we utilized DeepSeek-R1-Distill-Qwen-1.5B
and DeepScaleR-1.5B-Preview as base models (omitting
Sfe 7B model due to higher training compute requirements),
where we compar®MRT with outcome-reward RL (vanilla
The STaR variant of MRT leverages self-generated roll- GRPO (Shao et al., 2024)). We netuned DeepSeek-R1-
outs from the base mode}, to create a Itered dataset of Distill-Qwen-1.5B withMRT on 4,000 NuminaMath prob-
high-quality traces for SFT. For each input promptve  lems, while DeepScaleR-1.5B-Preview, which had already
sample an initial trace betweerx think> tags. We then undergone one round of outcome-reward RL netuning on
segment the reasoning trazéto episodegy; z;; 1Zn. 40K MATH problem-answer pairs, was netuned only on
The meta-prover policy is implemented as the policy that 919 AIME problems from 1989-2023. We also compare
forcefully terminates the thought block with the “time is up” MRT to an RL approach that explicitly penalizes the token
prompt (Appendix I; used in our analysis) and forcing thelength. The average number of tokens in a response on eval-
model to produce a solution given pre Xx: uation prompts is around 8k, therefore, we ne-tune with a
_ def _ o _ 16K maximum token budget and evaluate at the same budget.
(iX;zo;j) = b(iX;zo;;[timeis up];</think>) (4)  More details are outlined in Appendix G.1, and a complete
set of hyperparameters can be found in Appendix G.2.

We build twoMRT variants that optimize test-time compute
via on-policy rollouts and dense progress rewards: one bas
on STaR, the other orRL.

We compute progress,, (2 ; X) according to De nition
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Figure 6.MRT implementation. Left: The STaR variant begins by generating a complete rollout for each quesgmpled from dataset

Dwain - Then,MRT segments thinking traces into distinct episodeskin to our analysis in Section 3. For each pre; , we estimate
rewardJ, ( (jzo:;j;X)) by evaluating the average accuracy of solutions produced after terminating the thought block at this pre x. After
computing rewards across all pre xes, we calculate progrgggzo;j ; X) using De nition 4.1. The STaR variant selectively retains only
reasoning traces that maximize progress and are also followed by correct solutions once thinking terRigitatte$he RL variant

initiates by generating a partial rollout for each quergampled fronD.in , terminating after a random number of episodes. Then it
generatesn on-policy rollouts that terminate reasoning at the pre x and immediately produce nal solutions as well as rollouts that
continue reasoning. Normalizing rewards across this set of traces allows us to implicitly compute the progress bonus. Finally, we update
the policy with an aggregation of this dense reward and the nal 0/1 outcome reward.

Base model + Approach | AIME 2024 | AIME 2025 | AMC 2023 | MinervaMATH | MATH500 |  Avg.

DeepScaleR-1.5B-Preview 42.8 36.7 83.0 24.6 85.2 54.5

outcome-reward RL (GRPO) 44.5(+1.7) 39.3(+2.6) 81.5( 1.5) 24.7 84.9 55.0(+0.5)
length penalty 40.3( 2.5) 30.3( 6.4) 77.3( 5.7) 23.0 83.2 50.8( 3.7)
MRT (Ours) A7 .2(+4.4) 39.7(+3.0) 83.1(+0.1) 24.2 85.1 55.9(+1.4)
R1-Distill-Qwen-1.5B 28.7 26.0 69.9 19.8 80.1 44.9

outcome-reward RL (GRPO) 29.8(+1.1) 27.3(+1.3) 70.5(+0.6) 22.1 80.3 46.0(+1.1)
MRT (Ours) 30.3(+1.6) 29.3(+3.3) 72.9(+3.0) 225 80.4 47.1(+2.2)

Table 1.Pass@1 performance of RL-trainddRT models on various math reasoning benchmark&/e compareMRT, outcome-reward

RL (GRPO), and length-penalized RL against strong base madd&3. consistently outperforms all methods, achieving state-of-the-art
results in its size clas$dRT leads to a 2-3x improvement in accuracy over the base model compared to that of outcome-reward GRPO.
Note that both base models are already trained with RL on a potentially a larger superset of prompts, or distilled from RL trained models,
and thus we should expect the gains from any subsequent ne-tuning to be small in absolute magnitude. Despite this, we observe a
statistically signi cant and systematic gain withRT, whichis2 3 of the gain from outcome-reward training.

6.2. Results forMRT problems with the DeepScaleR-1.5B mod4RT not only
Following the protocol in Luo et al. (2025), we report the attains better performance on AIME 2024 and AIME 2025
pass@1 performance of outcome-reward RL BRI on  evaluation sets (which is perhaps expected) bRT also
multiple math reasoning datasets: AIME 2025, AIME 2024 preserves performance on the AMC 2023 dataset that is
AMC 2023, MinervaMATH, and MATH500, using 20 sam- somewhat out-of-distribution compared to outcome-reward
ples per problem to reduce noise due to limited size. RL. (c) Larger gains with weaker models and broader
training data. The gains in performance are further exag-

erated on the DeepSeek-R1-Distill-Qwen-1.5B model in

omparison, since the DeepScaleR base model is already
frained with RL, whereas the latter is not.

As shown in Table IMRT outperforms training on the same
dataset without the dense reward bonus. We additionall
make a number of interesting observations and draw th
following takeawaysi{a) State-of-the-art resultsTo the
best of our knowledge, our models ne-tuned on top of theWe also evaluate DeepScaleR-1.5B with an explicit length
DeepScaleR-1.5B-Preview base model achieve state-of-thpenalty to improve token ef ciency, following Arora &
art performance for their size. The absolute performanc&€anette (2025). Consistent with their ndings, we observe
gains are small because we train on top of distilled or alread$hat the length penalty reduces pass@1 accuracy.
RL-trained base models. Howevéig relative performance g 3 Token Ef ciency of MRT

improvement from usinyIRT is about2-3x compared So far we have seen thetRT can improve performance

to the performance improvement obiained .frOT“ rl_mningoeyond standard outcome-reward RL in terms of pass@1
outcome-reward RL (GRPQ(b) Better out-of-distribution accuracy. Next, we try to evaluate wheth8RT (RL) also

robustnessWhen ne-tuned on a narrow dataset of AIME leads to an improvement in the token ef ciency needed to

8



Optimizing Test-Time Compute via Meta Reinforcement Finetuning

solve these problems. To plot token ef ciency, we train theber of episodes, cumulative regret per token provide a more
model with a 16K context window and compute maj@K apples-to-apples comparison of progress. Speci cally, we
on multiple reasoning and solution traces sampled fronmeasure the scaling curve (blue curve in Figure 1) and cut
the LLM. Plotting maj@K against token usage provides usit off at varying budgets o€,. We then measure the area
with an estimate of the model performarper token As  ratio between the scaling curve at different value€gfand
shown in Figure 7, in both STaR and RL setting8RT  the constant oracle performancelod (visually depicted
outperforms the base model by an averagg%faccuracy as the shaded red area in Figure 1). Finally, we report this
given the same number of tokens on AIME 2024. More+egret normalized b, in Figure 8.

over,MRT (RL) requiressx fewer tokens on AIME 2024

and aroundix fewer tokens on MATH 500 to achieve the

same performance as the base model (DeepSeek-R1 distilled

Qwen-1.5B model in this example). In a similar veltRT

improves over outcome-reward RL ty2-1.6xin token ef-

ciency. These results demonstrate th&RT signi cantly

improves token ef ciency while maintaining or improving 0
accuracy. We also evaluated training 7B base mdd&3 Figure 8.Normalized regret of different algorithms at different

(STaR). We present these results in Appendix H.1. A dec_ieployment @token budge®y. The rst four points correspond

tailed analysis of the computational cost trade-offs, showingi?abl;?ifgzsftjg%i?og%‘;é%kigisri thtiQGJJJOZ:-E‘g?SEedr)nz;E::
only 1.01 and1.08 overhead in FLOPs compared to P g 9 g

- . - i . from s1 (Muennighoff et al., 2025). The left plot shows the STaR
STaR and GRPO respectively, is provided in Appendix E. \ariant ofMRT, and the right shows the RL variant on DeepScaleR-

1.5B-Preview, both evaluated on AIME 2028RT consistently
achieves the lowest normalized regret, even as outcome-reward
methods plateau or regress at higher budgets.

A low and steadily decreasing normalized regret indicates
the “red” area in Figure 1 narrows as token usage grows.
Empirically, we see in Figure 8 that the normalized regret
for MRT decreases faster compared to both the base model

Figure 7.MRT (RL and STaR) results on DeepSeek-R1-Distill- and outcome-reward RL when the t(_)tal token budgst
Qwen-1.5B We plot maj@k fork =1, 2, ..., 10 on AIME 2024 16384 the token budget used for training.

(left) and MATHSO00 (right). The orange lines correspondBT | Figure 8, we also include token budgets that extrapolate
and the green lines corres:pond to outcome-reyvard training, Wltrbeyond training budget, shown in the dashed lines. To do so,
F denoting RL and denoting STaR / SFT training. we force the model to continue thinking using the budget
6.4. Ablation Studies and Diagnostic Experiments forcing approach of Muennighoff et al. (2025). Even in
Next, we perform controlled experiments to better underéxtrapolationMRT continues to have the lowest normalized
stand the reasons behind the ef cacy MRT. We aim  regret, indicating better progress at larger budgets. We
to answer the following questionbo MRT (RL) and  Presenta detailed version of this study in Appendix K.
MRT (STaR) reduce cumulative regret and make more 7. Conclusion

progress compared to outcome-reward RL and STaR? . o .
We introduceMRT, a framework for optimizing test-time

In the main text, we focus on this core question by analyz e in LLMS vi ta reinf N i1a. By mi
ing regret reduction as a function of token budget. Addj-compute In S Via meta reinforcement iearning. by min-

tional diagnostic experiments examining the relationshiﬁm'zmg cumulative regret—a measure of how ef clently

between token length and progress—including how Iengtli:f.1 mOd,el us?s its available cgr;\fut?:l_-Rk']I'fo.\llercomes (tjhe
evolves over training and how curriculum strategies in u- Imitations of outcome-rewar » Which fails to reward par-

ence performance—are presented in Appendix D. Fial progress and often misallocates test—tim'e tokMBT
introduces a dense reward bonus that quanti es incremental

6.4.1. ROGRESSMADE BY MRT COMPARED TO progress during generation and enables learning policies

OUTCOME-REWARD TRAINING that better utilize the test-time budget. Empirically, this
We measure the regret from De nition 2.1 against an optideads to stronger performance, lower regret, and more effec-
mal “theoretical” policy that achieves perfect accuracy tive extrapolation beyond the training budget. We believe
in one episode. While De nition 2.1 measures regrgtas  this formulation opens several exciting directions for future
a function of the number of episodksto fairly compare  work, including improvements in meta-prover design, base
different ne-tuning algorithms, we instead reparameterizemodel diversity, rollout strategies, and systematic evaluation
regret to be a function of token budg@g for this study. under compute-matched regimes. We elaborate on these
Since traces from different algorithms can differ in the num-open questions and challenges in Appendix F.
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Appendices

A. Related Work

Scaling test-time compute Earlier works (Wu et al., 2024; Welleck et al., 2024) scale up test-time compute by training
separate veri ers (Setlur et al., 2024b; Chow et al., 2024) for best-of-N (Cobbe et al., 2021) or beam search (Beeching et al.,
2024), which can be more optimal than scaling data or model parameters (Snell et al., 2024; Jones, 2021). Building on this,
recent works (Gandhi et al., 2024; Moon et al., 2024) train LLMs to “simulate” in-context test-time search by ne-tuning on
search traces. However, gains from such approaches are limited since ne-tuning on search traces that are unfamiliar to the
base model can lead to memorization (Kumar et al., 2024; Kang et al., 2024; Setlur et al., 2024a). To prevent this in our
setting, we apply a warmstart procedure before running on-policy STaR/RL.

Reasoning with long chains of thought (CoT)RL with outcome rewards has shown promise for netuning LLMs

to produce long CoTs that can search (Lehnert et al., 2024), plan (Yao et al., 2023), introspect (Qu et al., 2024) and
correct (DeepSeek-Al et al., 2025; Kimi-Team, 2025). More recently, several works have considered adding length penalties
to the outcome reward objective to discourage length for easier problems (Arora & Zanette, 2025) and encourage length for
harder problems (Yeo et al., 2025b; Ye et al., 2025a). However, recent work has shown that length may not have a direct
correlation with accuracy (Zeng et al., 2025; Liu et al., 2025; Luo et al., 2025), and that existing long CoT models tend to
use too many tokens (Chen et al., 2024). In our work, we tie this inef ciency to the inability of outcome-reward RL to learn

to output solutions that make steady progress. Similar to our approach, concurrent works also leverage dense rewards. For
example, (Cui et al., 2025), which maximizes the likelihood of generating successful traces given a partial solution, and (Ye
et al., 2025a), which obtains the exploration bonus from a length penalty or an LLM judge. However, the dense reward
design inMRT is inspired by regret minimization and does not require an LLM judge. There have also been efforts to distill
the traces generated from existing reasoning models via SFT (Muennighoff et al., 2025; Ye et al., 2025b; Team, 2025b;a),
however, these are orthogonal to our work which focuses on improving RL directly. In addition, recent work shows that
RL-trained policies scale test-time compute better than SFT (Setlur et al., 2025).

Meta RL. We formulate optimizing test-time compute as a meta RL problem (Beck et al., 2023; Gupta et al., 2018b;a).
Concurrently, a recent survey (Xiang et al., 2025) posits “how-to-think” with meta chain-of-thought as a promising direction
for training the next frontier of reasoning models. In fact, prior work in RL (Ghosh et al., 2021; Rakelly et al., 2019) shows
that it isnecessaryo solve a meta RL problem to effectively generalize to unseen initial coniextsxeéw problems), with

a little bit of interaction i e., initial episodes or attempts). Most work in meta RL (Finn et al., 2017a; Agarwal et al., 2019;
Mendonca et al., 2019) differs in the design of the adaptation procetMid. is closest to meta RL methods that use
in-context histories (Duan et al., 2016; Stadie et al., 2019), but differs in the design of rewards, striking a balance between
E-RL? (Stadie et al., 2019) that does not reward all but the last episode (only exploratio®lLar{®uan et al., 2016) that
rewards each episode (only exploitation).

B. Preliminaries and Background

Problem setup.Our goal is to optimize LLMs to effectively use test-time compute to tackle dif cult problems. We assume
access to a reward functiaiix; ) : Z 7! f 0; 1g that we can query on any output stream of tokengor example, on

a math problenx with token output strearm, rewardr (x; z) can check ifz is correct. We are given a training dataset
Dwain = f(Xi;y;)d\; of problemsx; and oracle solution traces that ends in the correct answer. Our goal is to use this
dataset to train an LLM, which we model as an RL policfjx). We want to train LLM to produce a stream of tokens

on that achieves a largéx; z) on test problenx P e .

Meta RL primer. RL trains a policy to maximize the reward function. In contrast, the meta RL problem setting assumes
access to a distribution of tasks with different reward functions and dynamics. The goal in meta RL is to train a policy on
tasks from the training distribution such that it can do well on the test task. We do not evaluate this policy in terms of its
zero-shot performance, but let it adapt by executing “adaptation” episodes at test time. Most meta RL methods differ in
the design of this adaptation procedure (e.g., in-context RL suB. agDuan et al., 2016), explicit training (Finn et al.,
2017b), and latent inference (Rakelly et al., 2019)).

C. MRT with the Backtracking Search Parameterization

In addition to the open-ended parameterization discussed in the main text, we explore a more structured approach to episode
parameterization that we call “backtracking search”. In this setting, we design episodes to alternate ghaeeattempt
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to solve the problem, an@) an attempt to discover errors in the preceding attempt, followed by determining an appropriate
step to backtrack to. This parameterization explicitly encourages the model to develop error detection capabilities and
strategic backtracking, without the use of anghink> markers. Note that the use of no specke¢hink> marker, and the
requirement for each alternate episode to end in some estimate of a solution makes this parameterization be substantially
restricted compared to the open-ended setting. That said, this structural constraint of alternating between generation and
veri cation enables us to extrapolate inde nitely by simply lling the context window with the last few related episodes and
letting the model run on these. We refered to this as a “sliding window” based linearized evaluation in the main text.

Figure 9.0n-policy rollout generation foMRT in the back- Figure 10.Different data construction schemedsr obtaining
tracking search settingMRT allows the model to learn to warmstart SFT data for the backtracking search setMigT
backtrack ¢1) and generate the corrected attenm) {vith a traverses two paths with the shared pre x, making use of back-
progress-adjusted reward. tracking, which RISE style approaches.

C.1. STaR and RL Variants of MRT in the Backtracking Search Setting

In this setting, episodes explicitly alternate between generation a solution trace and explicitly implementing a process
to implement a form of error correction and backtracking procedure (Figure 5). Concretely, given an initial response
Zp b( jX), the subsequent episode is a backtracking episode where the model identi es erromjrfollowed by

a corrected attemp,. Similar to the open-ended setting, in the backtracking search setting, the STaR variant lters
on-policy traces (generation of on-policy data depicted in Figure 9) bas€l) oarrectness df,, i.e.,r(x;z,) =1, and

(2) high progress backtracks, as measured by a large valyg, ¢f; ; c). The RL variant follows a similar principle but

directly optimizes the progress-adjusted reward rather than the binary outcome, ensuring backtracking leads to meaningful
improvements. Finally, we note that although we only train the LLM to optimize for one backtrack, one can run several
rounds of backtracks iteratively.

C.2. Initialization with Warmstart SFT

For the backtracking search setting, we found that base pre-
trained LLMs lacked the ability to sample meaningful back-
tracking operations due to low coverage over such behavior
in the pre-training data. This inability to sample backtracks
at all, will severely inhibit learning during RL and STaR that
rely on self-generated rollouts. Therefore, before runiiijr

in the backtracking setting, we had to run an initial phase of
“warmstart” supervised netuning (SFT) to imbue the LLM
with abasisof backtracking behavior. To do so without human
supervision, we generated multiple solution traces by runnin
beam search against the 0/1 outcome reward on every trai
ing problem, using rollouts to replace a process reward mod TaR (‘rejection sampling”). and our warmstart SFT data
(PRM),(Sne!l etal, 2,024)' We then gene.ra.ted SFT t_races b ‘Backt(racjk”). A lower IF:)ssgierlies ease of tting this data.
traversing this tree using a number of heuristics (see Figure 10).
We found that backtracking to nodes in the pre x of an attempt that attain a high estimated success rate, followed by
completing the solution from there on, resulted in an SFT dataset that was easy to t without memorization, when normalized
for the same token budget. On the other hand, SFT datasets generated by stitching arbitrary incorrect solutions from the
beam search tree with a correct solution (e.g., RISE) and direct answer traces were both harder to t as evidenced by the
trend in the training loss in Figure 11. Warmstart SFT was not needed for open-ended parameterizations from R1-distilled
checkpoints.

rligure 11 Training lossfor warmstart SFT on multiple data
on gurations: random stitching (“RISE” (Qu et al., 2024)),
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C.3. Progress Made by MRT Compared to Outcome-Reward Training

We plot the histograms of the progress estimates (De nition 4.1) on episodes obtained by running evaluation rollouts from
MRT. We compare them with the progress made by outcome-reward training in Figure 12. Obsel@Thexthibits a net

positive and higher progress over the backtracking episode compared to RISE and outcome-reward RL respectively. This
corroborates the idea thstRT does enhance the progress made by the algorithm.

Figure 12 Progress histograms in the backtracking search settioger the backtracking episode for RISE aviRT (STaR) on the left
and GRPO antRT (RL) on right, computed on the evaluation set. In each case, using reward values presciitied bynpli es
information gain on the test-time trace, enabling it to make consistent progress.

C.4. Linearized Evaluations in the Backtracking Search Setting

Recall that in this setting the model is constrained to producing a solution followed by explicit error detection followed
by a revision (Figure 5). The details for how the method is implemented is shown in Appendices G.1 and G.3. When
training withMRT, we used Llama-3.1-8B and 3B base models. To generate the training data, we use 20K ranomly-sampled
question-solution tuples from the NuminaMath dataset, and sample responses and backtracks from a Llama-3.1-8B model for
a “warmstart” SFT phase before running RL training. Our evaluation uses AIME problems from 1989-2023 as a challenging
hold-out dataset, where Llama-3.1 8B achieves pass@30%, much lower than the 60%on NuminaMATH training

set. We compare to outcome-reward RL, but also comigre (STaR) to RISE (Qu et al., 2024), a self-correction approach
which does not utilize backtracking but just revises the solution.

Figure 13Left: MRT (STaR) with 8B base We plot maj@K performance of models on AIME forX][1; 10] against the total tokens

spent. We also run linearized search (dashed line) for MRT (rest are paflgh): MRT (RL) with 3B base. Similarly to the left plot,

we report maj@K against the total tokens spent.

Evaluation protocol. Following prior work (Qu et al., 2024), in this setting, we evaluslieT in two modes{(i) parallel

mode samplingN independent three-episode traces (generate-backtrack-revise) per problem and computing maj@N
for evaluation; andii) linearized mode:runningN sequential episodes of backtracking in a sliding window fashion
while retaining the last 2048 tokens, which allows for generating very long but coherent outputs, much longer than the
allowed context length for training. Note that this kind of a sliding window evaluation was not possible for the open-ended
parameterization, but the use of a more rigid de nition of episodes and the Markov property allows us to extrapolate far
beyond here.

Results forMRT (STaR).We rst evaluate the STaR variant MRT when ne-tuning a Llama-3.1-8B model. As shown in
Figure 13 (left) MRT achieves the highest test-time ef ciency in both evaluation modes (parallel in solid lines; linearized in
dashed lines) and improves ef ciency by over 30% in the linearized evaluation mode. While RISE (Qu et al., 2024)—which
does not explicitly model backtracking and does not account for progress—also improves performance, it does so inef ciently,
trailing behindMRT in both the peak performance attained and the number of tokens needed to attain this performance.
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Results for MRT (RL). Finally, we evaluate the RL variant MRT on top of GRPO (Shao et al., 2024) when ne-tuning a
3B model after warmstart SFT (Section C.2). Figure 13 (right) showsMRAt (RL) improves linearized ef ciency by
reducing tokens by 1.6x compared to outcome-reward GRPO.

D. Evolution of Length and Progress over Training

Finally, we study the relationship between progress and response
length, which is believed to be a crucial enabling factor behind the
recent results from DeepSeek (DeepSeek-Al et al., 2025) and oth-
ers (Kimi-Team, 2025). We are interested in understandipgow

does length evolve during training witMRT and outcome-reward

RL, over an i.i.d. prompt distribution? Anl) Can the bene ts of
increasing output token budget be explained by implicitly improving
progress? We present results to answer these questions below.

a) Evolution of completion length during training. As shown in

Figure 14, we nd that in general, the average completion length

roughly oscillates around a given range @000 tokens during train-

ing with bothMRT (RL) and GRPO on the AIME dataset (sgme setupFigulre 14 Evolution of length during RL training,

as Table 1). We also note that compared to GRMAT slightly Length largely oscillates around similar values for the
reduces lengthi g, the orange curve generally falls below the greenmost part of training, after an initial increase from the
curve), which aligns with our expectation that optimizing for progressnitialization length.

should lead to some amount of reduction in token length (consistent

with Figure 7). However, this decrease in response length is not as large as the one seen from an explicit length penalty,
which reduces length at the cost of worse performance as shown in Table 1. We observe a similar result in the backtracking
setting in Figure 20.

b) Progress explains the bene ts of increasing output token budget

during training. Despite the supposed gains from running RL training

with a large output budget right from the beginning (DeepSeek-Al

et al., 2025; Kimi-Team, 2025), several analyses and reproduction

studies (Yeo et al., 2025a; Liu et al., 2025; Zeng et al., 2025; Luo et al.,

2025) have found that that training at higher budgetg,(a budget

of 16K for AIME evaluations) results in inef cient use of compute.

Concurrent work, Luo et al. (2025), nds that a more performant

approach is to instead initialize RL training with a smaller outputrigure 15(Source: (Luo et al., 2025)eepScaleR's
token budget of 8K tokens and then expand this budget to 16K afteferage response length and training rewards as train-
training for some time. This raises the question: what bene ts doeg progresses.

a “curriculum” over output token budget provide in this setup? In the

following discussion, we argue that the bene ts of such a curriculum

can be explained by increased progress or lower cumulative regret in

our formulation.

We start by revisiting the trend in completion length and performance

observed by DeepScaleR (Luo et al., 2025) in Figure 15. Observe

that when ne-tuning with an 8K context window (training steps

0 to 1000), performance increases while length reduces, implying

that an increase in length is not necessary for performance to go up.

More interestingly, this trend also indicates that the LLM makes better

progress on average during this phase. In particular, the change in

accuracy per token/episode is higher than when the token budgagure 16 Regret for 8K and 16K DeepScaleR check-
is 16K in the next phase, in which both performance and lengthoints at different budget<,. For budgets beyond
increase. To corroborate this claim, we compute the normalized regré192, we calculate the normalized regret of the 8K
in Figure 16. We observe that the 8K checkpoint indeed attains eheckpoint by extrapolating it with budget forcing. At
lower regret, meaning each episode in this LLM makes more progreggarly all budgets, the 8K checkpoint shows lower nor-
compared to the model trained on 16K. malized regret, indicating better progress.
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In fact, even when we extrapolate the budget for the 8K checkpoint to 16K evaluation tokens via budget forcing, we attain a
normalized regret similar to the subsequent checkpoint obtained after growing the budget to 16K tokens. Concurrent work
(Yeo et al., 2025a; Luo et al., 2025) observes that training with a length curriculum achieves better performance than training
with a budget of 16K from scratch. So, the rst phase of training on a smaller (8K) token budget res)llsgher progress

(lower cumulative regret) an) better performance than training with a larger context length, because the latter does not
explicitly maximize progress. All of this implies that progress is critical towards driving the bene ts of long lengths.

Our main takeawayis that while training with long completion length alone does not always encourage steady progress
Liu et al. (2025); Yeo et al. (2025a), some form of an iterative budget curriculum or the dense reward HdRis¢an

optimize progress. Similar multi-stage training strategies were found critical by prior work training for self-correction (Qu
et al., 2024; Kumar et al., 2024). Of course, it is an open question as to how we should instantiate such an iterative training
procedure to maximize progress more directly.

Insights from ablations: Progress vs length in optimizing test-time com

Simple length penalties improve token ef ciency but ultimately sacri ce peak performance. Using dense rewargs in
MRT increases performance while slightly reducing length, which is a net positive on token ef ciency. Exisfing
approaches for using curricula over the training budget or multi-stage training servéngsliait way to encourage
progress during RL training.

E. Total Computation Cost of MRT

We performed a detailed analysis of the computational costs associated with our proposed MRT method compared to classical
approaches like STaR and GRPO. The analysis quanti es both forward generation and training costs using established FLOP
estimation formulas. To estimate computation costs, we employ two key formulas:

Forward Generation CostX =2 N Dygjiout
Training Cost: Y =6 N Dyain

N represents the number of model paramet®@ssys is the total number of tokens generated during inferencePapgl is
the total number of tokens used during training.

For the STaR baseline, we sampled 200 full rollouts per problem and selected solutions that correctly solved each problem.
In contrast, for MRT (STaR), we generated just 1 complete rollout per problem, then selected 10 pre xes from this rollout
and sampled 20 continuations for each pre x to approximate the information gain.

When applied to the NuminaMATH dataset containing 20,000 problems, using Llama-3.1-8B-Instruct with 4,000 token
completions, this approach yielded 12,000 correct solutions for training (with incorrect solutions discarded). Training
proceeded for three epochs. The total FLOP calculations are:

STaR: 2 8B 200 20K 4K+6 8B 12K 4K 3
256 10 +6912 10%

2:62912 10°°FLOPs

MRT (STaR): 2 8B (1+20 10) 20K 4K+6 8B 12K 4K 3
25728 10 +6912 10'°

2:64192 10°°FLOPs

For the GRPO baseline and MRT (RL), we used a different sampling strategy. In MRT (RL), we rst generated 1 complete
rollout per problem, then selected a pre x and sampled 10 rollouts to approximate information gain. In both methods, given
a prompt, we sampled 4 responses and maximized their group advantage estimations. The resulting FLOP calculations are:
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GRPO: 2 3B 20K 4 4K+6 8B 20K 4 4K 4
192 10 +6144 10w

6:336 10*°FLOPs
MRT(RL): 2 3B 20K (1+10+4) 4K+6 8B 20K 4 4K 4

720 10 +6144 10
6:864 10*°FLOPs

Our analysis reveals that MRT (STaR) requires dnB1 more FLOPg2:64192 10°°=2:62912 10%°) than STaR to
achieve comparable performance, while usirngy fewer tokens during inference. Similarly, MRT (RL) uses ju&i3
more FLOPs than GRPO to achieve equivalent performance, while requiring 1.6x fewer tokens during inference.

These results demonstrate that our MRT approach achieves a favorable trade-off between computational cost and token
ef ciency, making it particularly valuable for deployment scenarios where inference ef ciency is critical.

F. Discussion and Future Work
While MRT shows strong empirical results, it raises a number of important questions that merit further study:

« Choice of in MRT. We choose as a greedy guesser based on the trace so far. Are there better meta-provers or
reward parameterizations that can improve performance?

¢ Characteristics of the base modelAll base models used here exhibit limited strategy diversity. Would models with
broader reasoning strategies further amplify the bene ts of regret minimization?

¢ Branched rollout implementation. Our reward is computed at the end of traces. Could more ef cient implementations
of branched rollouts reduce variance and improve learning?

« Train-time vs test-time compute tradeoff. While MRT uses more train-time compute, we hypothesize that it provides
better test-time ef ciency. We provide an initial “back-of-the-envelope” cost analysis in Appendix E. However, a formal,
FLOPs-matched evaluation in the full online RL implementation of our approach remains an important direction.

Follow-up work in the community on progress-based dense rewardsSince our paper, more recent work in the community

such as (Wang et al., 2025; An et al., 2025; Qi et al., 2025; Tu et al., 2025; Guo et al., 2025) also highlights the importance
of utilizing dense rewards. In particular, the approach of focuses on identifying “critical” tokens (the authors call it “forking”
tokens) based on per-token entropy of the next token distribution, but these are precisely tokens where advantages will be
non-zero. Within our formulation, forking tokens will likely correspond to tokens that appear at the beginning of an episode
that makes non-trivial progress towards or away from the solution the solution (and hence attains non-zero advantages).
It appears that selectively modifying rewards on these tokens results in much larger performance improvements than 0/1
outcome-reward RL, further strengthening the point that dense reward signals of some form, applied to important tokens
can be bene cial. Not only is the performance higher, but the gap between performance of this dense reward inspired
approach and 0/1 outcome-reward RL increases as model size grows, further corroborating the promise of such approaches
asymptotically. We believe th&RT should enjoy similar properties.
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G. Implementation Details

G.1. Pseudocode

Algorithm 1 MRT (STaR)
1: Input base model ,; problemsD; reward functiorr

2: model ,» ne-tuning dataseDs

3: for iteration =1, ..., Tdo

4 for x 2D do

5 Sample one rollouty;; (jx)

6: Compute rewardsr . g -, for each pre xzo.; using De nition 4.1 for progress.
7: if frygi0- > Othen

8 i argmax_,fr, .9

9: Sampley (j%;zp) str(x;y)=1
10: Di D« [f (X Zoisy)g
11 end if
12: end for
13: Fine-tune with Dy and a negative log likelihood loss
14: end for

Algorithm 2 MRT (RL)
1: Input base model ; problemsD; initialize model
2: for iteration =1, ..., Tdo
3: ref

4 for step=1, ..., ldo

5 Sample a batcby, from D

6 for g2 Dy do

7: Sample one partial rollowy;; ref( ]0), Whergj is selected randomly

8 Sample G rollout§ z],,. ;y' g%, (j9;20;)

9 Compute rewardsri + I g%, for each sampled outp(u:ji +1.1Y") using De nition 4.1 for progress

and 0/1 correctness reward. The progress reward is computed using an addition& seflaits that force the model
to terminate.

10: end for

11 Update the policy via GRPO (Shao et al., 2024) wift; + Morgi 91N place of&,
12: end for

13: end for
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G.2. Hyperparameters for Open-ended Parameterizations

For MRT (STaR), we utilize the TRL codebase, but we customize the loss function to be weighted by progress de ned in
De nition 4.1. The base models are directly loaded from Hugging Face: DeepSeek-R1-Distill-Qwen-7B.

Hyperparameter | Values

learningrate 1.0e-6
num.train_epochs 3
batchsize 256
gradientcheckpointing| True
max.seqlength 16384
bf16 True
num.gpus 8
learning rate le-6
warmup ratio 0.1

Table 2.Hyperparameters used fMRT (STaR)

For MRT (RL), we utilize the open-rl codebase, but we customize the loss function to be weighted by progress de ned in
De nition 4.1. The base models are directly loaded from Hugging Face: DeepSeek-R1-Distill-Qwen-1.5B and DeepScaleR-
1.5B-Preview.

Hyperparameter | Values
learningrate 1.0e-6
Ir_schedulettype cosine
warmupratio 0.1
weightdecay 0.01
num.train_epochs 1
batchsize 256
max promptlength 4096
max.completionlength 24576
numgenerations 4
usevlim True
vlim_gpumemoryutilization 0.8
temperature 0.9
bf16 True
num.gpus 8
deepspeednultinodelauncher| standard
zero3init_ag true
zerastage 3

Table 3.Hyperparameters used fOMRT (RL)
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G.3. Hyperparameters for Backtracking Search

For MRT (STaR), we utilize the trl codebase, but we customize the loss function to be weighted by information gain de ned
in De nition 4.1. The base models are directly loaded from Hugging Face: Llama-3.1-8B-Instruct.

Hyperparameter | Values

learningrate 1.0e-6
num.train_epochs 3
batchsize 256
gradientcheckpointing| True
max.seqlength 4096
bf16 True
num.gpus 8
learning rate le-6
warmup ratio 0.1

Table 4.Hyperparameters used fMRT (STaR)

For MRT (RL), we utilize the open-rl codebase, but we customize the loss function to be weighted by information gain
de ned in De nition 4.1. The base models are directly loaded from Hugging Face: Llama-3.2-3B-Instruct.

Hyperparameter \ Values
learningrate 1.0e-6
Ir_schedulettype cosine
warmupratio 0.1
weightdecay 0.01
num.train_epochs 1
batchsize 256
max promptlength 1500
max completionlength 1024
num.generations 4
usevllm True
vlim_gpumemoryutilization 0.8
temperature 0.9
bf16 True
num.gpus 8
deepspeednultinodelauncher| standard
zero3init_ag true
zerastage 3

Table 5.Hyperparameters used fMRT (RL)
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H. Additional Results
H.1. More Results for Open-ended Parameterizations

Figure 17.MRT pass@k performance of R1-Distill-Qwen-1.5B with RLon (Left) AIME; (Right) MATH500.

Figure 18.MRT pass@k performance of R1-Distill-Qwen-7B with STaRon (Left) AIME; (Right) MATH500.

Figure 19.MRT maj@k performance of R1-Distill-Qwen-7B with STaRon (Left) AIME; (Right) MATH500.

H.2. More Results for Backtracking Search
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Figure 20 MRT pass@k performance of R1-Distill-Qwen-1.5Bor k = 1, 2, ..., 10 on AIME (Left) STaR; (Right) RL. Observe that
MRT attains the best performance as more tokens are sampled.

l. Full Analysis of DeepSeek-R1

In this section we will give a more detailed outline on our analysis of DeepSeek-R1 derivates from Section I. We focus our
analysis primarily on a subset of 40 problems taken from Omni-MATH. We chose Omni-MATH because it is not an explicit
benchmark that DeepSeek-R1 reports (DeepSeek-Al et al., 2025) and is still challenging for many models. We chose 10
problems from each of the dif culty levels 4, 4.5, 5, and 5.5. The reason for doing this is to better capture the model's ability
to make progress, which would not be apparent if the model got an accuracy near 0 or 100. We additionally also performed
our analysis on the 30 problems from AIME 2024, which is a commonly-studied benchmark that we also report on in the
main text.

The rst step in our analysis is to generate solutions to problems with DeepSeek-R1-Distill-Qwen-32B, the model in the
R1 family that we analyze. For each problem, we sample 4 responses at a temperature of 0.7 and 8192 maximum token
length. We obtain our direct pass@k baseline with the same settings on Qwen2.5-32B-Instruct, except that we obtain 32
responses to simulate pass@32. Qwen2.5-32B-Instruct shares the same base model as DeepSeek-R1-Distill-Qwen-32B, but
it is ne-tuned only on direct reasoning chains that do not employ thinking strategies such as backtracking and veri cation.

Construction of episodes After we have obtained these initial completions, we separate them into episodes by Itering for
explicit phrases that indicate a disruption in the natural ow of logic. We further constrain each episode to be at least three
steps (each “step” is an entry separated by the delimitamr’) to avoid consecutive trivial episodes. The explicit phrases

are listed in Figure 21. If a step begins with one of these phrases, then we consider it to be the beginning of a new episode.
The number of episodes depends on the problem and particular solution that was sampled. The distribution is shown in
Figure 23. Due to the large number of episodes, we group the episodes into groups of 5 for Omni-MATH and groups of 3
for AIME, so each point on the blue curve in Figures 24 and 25 represents 5 or 3 episodes.

Experimental setup. For each pre x of episodery; 1, wherej is a multiple of 5 or 3 respectively (as discussed in the
previous paragraph), we ask the model to terminate its thinking, summarize its existing work, and give an answer. This is the
way we approximate the computation of the best-guess poligy; zo; 1), as discussed in Section |. To ensure a natural
termination, we append the prompt shown in Figure 22 to the end of the pre x so that the model confguies; 1).

This is repeated 8 times on every pre x to simulate maj@8, at temperature 0.7 and 4096 max tokens. Finally, we compute
blue (maj@1]; atj values) and green curves (for egchmaj@p]; atp = 1; 2; 4; 8) in Figures 24 and 25.
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Explicit step prefixes for separating episodes in R1 solution

Wait

But wait

Alternatively

Is there another way to think about this?
But let me double-check

But hold on

Figure 21. Explicit step prefixes for separating episodes in R1 solution. This is a list of phrases that indicate a disturbance in the natural
flow of logic under R1. If a step begins with one of these phrases, we consider it the start of a new episode.

Prompt used to extract answer from R1

fInsert X; zo;j 1 here (hthinki tag will be part of zo:;j 1)g

Time is up.

Given the time I've spent and the approaches I've tried, I should stop thinking and formulate a final answer
based on what I already have.

hnthinki

**Step-by-Step Explanation and Answer:**

1.

J

Figure 22. Prompt used to extract answer from R1. We use the prompt above to simulate p( jX, Zo:j—1) and extract an answer after j
episodes.

R1 Number of Episodes Distribution

Omni-MATH AIME
20 20
€ €
3 3
o o
Y10 Y10
0 0
0 20 40 20 40
number of episodes number of episodes

Figure 23. Distribution of the number of episodes generated by R1 responses on AIME and Omni-MATH.
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