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ABSTRACT

Non-convex Machine Learning problems typically do not adhere to the standard
smoothness assumption. Based on empirical findings, [Zhang et al.| (2020b) pro-
posed a more realistic generalized (Lg, L1 )-smoothness assumption, though it re-
mains largely unexplored. Many existing algorithms designed for standard smooth
problems need to be revised. However, in the context of Federated Learning, only
a few works address this problem but rely on additional limiting assumptions. In
this paper, we address this gap in the literature: we propose and analyze new meth-
ods with local steps, partial participation of clients, and Random Reshuffling with-
out extra restrictive assumptions beyond generalized smoothness. The proposed
methods are based on the proper interplay between clients’ and server’s stepsizes
and gradient clipping. Furthermore, we perform the first analysis of these methods
under the Polyak-t.ojasiewicz condition. Our theory is consistent with the known
results for standard smooth problems, and our experimental results support the
theoretical insights.

1 INTRODUCTION

Distributed optimization problems and distributed algorithms have gained a lot of attention in recent
years in the Machine Learning (ML) community. In particular, modern problems often lead to the
training of deep neural networks with billions of parameters on large datasets (Brown et al.| 2020;
Kolesnikov et al [2019). To make the training time feasible (Li, |2020), it is natural to parallelize
computations (e.g., stochastic gradients computations), i.e., apply distributed training algorithms
(Goyal et al., 2017} [You et al.l 2019; [Le Scao et al., |2023). Another motivation for the usage of
distributed methods is dictated by the fact that data can be naturally distributed across multiple
devices/clients and be private, which is a typical scenario in Federated Learning (FL) (Konecny
et al.,[2016; McMahan et al.,|2016; Kairouz et al.,[2019).

Typically, such problems are not L-smooth as indicated by Defazio & Bottou| (2019) that motivated
the optimization researchers to study so-called generalized smoothness assumptions. In particular,
Zhang et al.| (2020b) propose (Lg, L1 )-smoothness assumption, which allows the norm of the Hes-
sian to grow linearly with the norm of the gradient, and empirically validate it for several problems
involving the training of neural networks. In addition, |Ahn et al.| (2023)); |Crawshaw et al.| (2024b));
Wang et al.| (2024) demonstrate that linear transformers with few layers satisfy this assumption,
highlighting the practical importance of (Lg, L1)-smoothness. Moreover, the theoretical conver-
gence of different methods is studied under (Lg, L1)-smoothness in the literature (Zhang et al.,
2020bga; Koloskova et al., [2023a; |Chen et al.| 2023} [L1 et al., 2024a:b; (Crawshaw et al., |2024b).
Noticeably, most of these methods utilize gradient clipping (Pascanu et al., 2013).

However, in the context of Distributed/Federated Learning, the theoretical convergence of meth-
ods is weakly explored under (Lg, L1 )-smoothness. In particular, only a couple of papers analyze
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methods with local steps and Random Reshuffling — two highly important techniques in FL — un-
der (Lg, L1)-smoothness but only with additional restrictive assumptions such as data homogeneity
(Liu et al., |2022)), bounded variance (Wang et al.| |2024)) or cosine relatedness (Qian et al., |2021)).
Also, to the best of our knowledge, there is only a single result for the methods with partial partic-
ipation of clients under (Lg, L1 )-smoothness with local steps but without data shuffling [Crawshaw
et al.| (2024a). This leads us to the question: is it possible to design methods with local steps, Ran-
dom Reshuffling, and partial participation of clients with provable convergence guarantees under
(Lo, L1)-smoothness without additional restrictive assumptions? In this paper, we give a positive
answer to this question.

1.1 OUR CONTRIBUTIONS

* New method with local steps. We propose a new method with local steps called Clip-LocalGDJ
(Algorithm . This method can be seen as a version of LocalGD (Mangasarian, |1995; | McMahan
et al.| 2016) with different clients and server stepsizes and (smoothed) gradient clipping (Pascanu
et al.| [2013) on a server side. We also prove the convergence of Clip-LocalGDJ for distributed
non-convex (Lo, L1 )-smooth problems without additional assumptions such as data homogeneity
used in the previous works (Liu et al., 2022).

* New method with local steps and Random Reshuffling. The second method we propose —
CLERR (Algorithm [2) — utilizes local steps and Random Reshuffling and clipping once-in-a-
epoch. For the new method, we derive rigorous convergence bounds for distributed non-convex
(Lo, L1)-smooth problems without additional assumptions such as bounded variance (Wang et al.,
2024) or cosine relatedness (Qian et al.| [2021).

* New method with local steps, Random Reshuffling, and partial participation. We extend
RR-CLI (Malinovsky et al.| 2023a)), utilizing Random Reshuffling of clients (as an alternative
to clients” sampling) and clients’ data at each meta-epoch, and adjust it to the case of (Lg, L1)-
smooth objectives through the usage of (smoothed) gradient clipping at the end of each meta-
epoch. For the resulting method called Clipped RR-CLI (Algorithm 3, we derive a convergence
rate for distributed non-convex (Lg, L1 )-smooth problems without additional restrictive assump-
tions. To the best of our knowledge, this is the first result for an FL method with partial participa-
tion of clients under (Lg, L1 )-smoothness assumption.

* Results for the PL-functions. For all three new methods, we derive new results under Polyak-
Lojasiewicz condition (Polyakl |1963} [Lojasiewicz, |1963)) that, to the best of our knowledge, are
the first results for FL. methods under (Lg, L1 )-smoothness and Polyak-F.ojasiewicz condition.
The analysis is based on the careful consideration of two possible cases (the gradient is either
“small” or “big”’) and induction proof of the boundedness of certain metrics.

* Tightness of the results. The derived results are tight: in the special case of L-smooth functions,
our results recover the known ones for the non-clipped version of the algorithms.

* Numerical experiments. Our numerical experiments illustrate the superiority of the proposed
methods over the existing baselines.

1.2 PRELIMINARIES

In this paper, we consider a standard distributed optimization problem

M
. def 1
= 37 m L ) 1
min {f(ar) Mﬂ;f (T)} (1)
where [M] et {1,2,..., M} represents the set of all workers participating in the training, and each

fm : R? — R is a non-convex function corresponding to the loss computed on the data available
on client m for the current model parameterized by 2 € R?. Throughout the paper, we consider
two setups: either workers can compute the full gradient V f,,, () of their loss functions or they can
compute only a stochastic gradient at each step. In the latter case, we will assume that functions
{fm }M_, have the finite-sum form

N
f7rl($): %mej(x)v Ym € [ML
j=1
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where f,,,; () corresponds to the local loss of the current model parameterized by = € R?, evaluated
for the j-th data point on the dataset belonging to the m-th client.

1.3 RELATED WORK

Local training. Local Training (LT), where clients perform multiple optimization steps on their
local data before engaging in the resource-intensive process of parameter synchronization, stands
out as one of the most effective and practical techniques for training FL. models. LT was proposed
by Mangasarian| (1995)); [Povey et al|(2014); Moritz et al|(2015) and later promoted by [McMahan
et al.| (2016). Early theoretical analyses of LT methods relied on restrictive data homogeneity as-
sumptions, which are often unrealistic in real-world federated learning (FL) settings (Stich} 2018}
Li et al.,2019;|[Haddadpour & Mahdavil, 2019). Later, |Khaled et al.|(2019afb) removed limiting data
homogeneity assumptions for LocalGD (Gradient Descent (GD) with LT). Then, [Woodworth et al.
(2020); |Glasgow et al.| (2022) derived lower bounds for GD with LT and data sampling, showing
that its communication complexity is no better than minibatch Stochastic Gradient Descent (SGD)
in settings with heterogeneous data. Another line of works focused on the mitigating so-called client
drift phenomenon, which naturally occurs in LocalGD applied to distributed problems with hetero-
geneous local functions (Karimireddy et al., [2020; [Tran-Dinh et al.| 2021} |Gorbunov et al., [2021bj
Thapa et al., |2022; Mishchenko et al., 2022; Malinovsky et al., [2023b).

Random reshuffling. Although standard Stochastic Gradient Descent (SGD) (Robbins & Monro,
1951)) is well-understood from a theoretical perspective (Rakhlin et al., 2012; [Bottou et al., 2018;
Nguyen et al., 2018} |Gower et al. [2019; Drori & Shamir, [2020; Khaled & Richtarik} 2020; [Demi-
dovich et al., [2024), most widely-used ML frameworks rely on sampling without replacement, as it
works better in the training neural networks (Bottou, [2009; Recht & Ré, 2013 Bengio, 2012; Sun),
2020). It leverages the finite-sum structure by ensuring each function is used once per epoch. How-
ever, this introduces bias: individual steps may not reflect full gradient descent steps on average.
Thus, proving convergence requires more advanced techniques. Three popular variants of sampling
without replacement are commonly used. Random Reshuffling (RR), where the training data is ran-
domly reshuffled before the start of every epoch, is an extremely popular and well-studied approach.
The aim of RR is to disrupt any potentially untoward default data sequencing that could hinder train-
ing efficiency. RR works very well in practice. Shuffle Once (SO) is analogous to RR, however, the
training data is permuted randomly only once prior to the training process. The empirical perfor-
mance is similar to RR. Incremental Gradient (IG) is identical to SO with the difference that the
initial permutation is deterministic. This approach is the simplest, however, ineffective. IG has been
extensively studied over a long period (Luol [1991; |Grippo, [1994; Li et al., [2022} [Ying et al., 2019;
Glirbiizbalaban et al., [2019; Nguyen et al.,2021)). A major challenge with IG lies in selecting a par-
ticular permutation for cycling through the iterations, a task that Nedic & Bertsekas|(2001) highlight
as being quite difficult. (Bertsekas, [2015) provides an example that underscores the vulnerability of
IG to poor orderings, especially when contrasted with RR. Meaningful theoretical analyses of the
SO method have only emerged recently (Safran & Shamir, [2020; Rajput et al.,|2020). RR has been
shown to outperform both SGD and IG for objectives that are twice-smooth (Giirbiizbalaban et al.,
2015; [Haochen & Sral [2019). Jain et al.[|(2019) examine the convergence of RR for smooth objec-
tives. [Safran & Shamir|(2020); Rajput et al.| (2020) provide lower bounds for RR. Mishchenko et al.
(2020) recently conducted a thorough analysis of IG, SO and RR using innovative and simplified
proof techniques, resulting in better convergence rates. Recent advances on RR can be found in (Cha
et al.| 2023} |Cai et al., [2023; |Koloskova et al.| [2023b)).

Generalized smoothness. Let us remind that the function f is said to be L-smooth if there ex-
ist L > 0 such that |V f(z) — Vf(y)|| < L|jz—yl| forall z,y € R% For twice-differentiable
functions, it is equivalent to HV2 f (x)H < L, for all z € R?. This assumption is very standard in
the optimization field. Recently, based on extensive experiments, |Zhang et al.|(2020b)) introduced a
generalization of this condition called (Lg, L1 )-smoothness. Namely, twice-differentiable function
[ is said to be (Lo, L1)-smooth if ||V2 f(z)|| < Lo + L1 |V f(z)|, for all 2 € R%. Compared to
the standard smoothness, this condition is its strict relaxation, and it is applied to a broader range
of functions. [Zhang et al|(2020b) demonstrated empirically that generalized smoothness provides
a more accurate representation of real-world task objectives, especially in the context of training
deep neural networks. During LSTM training, it was noted that the local Lipschitz constant L
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Algorithm 1 Clip-LocalGDJ: Clipped Local Gradient Descent with Jumping

1: Input: Synchronization/communication times 0 = to < t; < to < ... < tp_1, initial vector

zo € R%, number of epochs P > 1, constants cg, c; > 0.
2: Tnitialize 27 = &9 = a forall m € [M] & {1,2,..., M}.
3: forp=0,1,...,P—1do

4:  Choose the server stepsize v, = m.
0t+c1 tp

5:  Choose small inner stepsize o, > 0.
6: form=1,...,M do

7: T =y,

8: fort c {t,,...t,41 — 2} do

9: i =2 — Vi (2)

10: end for

11:  end for
. — 1 A, 1 M 2
20 9% = w15 (xtp =W Lm=1 xg;rl*l)

13: i’tpﬂ = ﬁctp — YpIp
14: end for

near the stationary point is thousands of times smaller than the global Lipschitz constant L. Un-
der this condition, Zhang et al.| (2020b) provided a theoretical justification for the gradient clipping
technique (Pascanu et al., [2013), which is considered effective in mitigating the issue of exploding
gradients. Their results were improved by (Zhang et al., |2020a; Koloskova et al.| [2023a). (Chen
et al., 2023)) establish various useful properties of generalized-smooth functions, propose general-
izations of (Lo, L1 )-smoothness and optimal first-order algorithms for solving generalized-smooth
non-convex problems. |Li et al|(2024azb) extend the (Lo, L1)-smoothness condition, introduce a
novel analysis technique that bounds gradients along the trajectory, analyze GD, SGD, Nesterov’s
accelerated gradient method and Adam. (Crawshaw et al., 2024b)) consider a coordinate-wise ver-
sion of generalized smoothness. (Ahn et al., 2023; |[Crawshaw et al., |2024b; [Wang et al., 2024)
demonstrate that linear transformers with few layers satisfy generalized smoothness empirically.
There are few papers on distributed algorithms that combine local steps or reshuffling with gener-
alized smoothness. |Qian et al.| (2021)) examined clipped IG; |Wang et al.| (2024)) investigated Adam
with RR; (Liu et al., 2022)) studied LocalGD, however, all of the papers contain additional restrictive
assumptions. This is a significant gap in the literature and we close it in our paper. Finally, |Craw-
shaw et al.|(2024a)) use local steps and partial participation for (Lg, L )-smooth objectives, but they
do not use reshuffling and add heterogeneity assumptions.

2 NEW METHODS

In this section, we introduce the new methods — Clip-LocalGDJ (Algorithm [I), CLERR (Algo-
rithm 2)), and Clipped RR-CLI (Algorithm [3).

Clip-LocalGDJ. As standard LocalGD, the first method (Clip-LocalGDJ, Algorithm [I]) alternates
between local GD steps on each worker and synchronization/averaging steps. However, there are two
noticeable differences between Clip-LocalGDJ and LocalGD. The first one is the usage of different
clients’ and server’s stepsizes. In our method, clients’ stepsizes are typically smaller than the server’s
ones, which allows us to handle the client drift. Then, on the server, the pseudogradient g, is
computed, and the server performs a Clip-GD-type step, which is a second important difference
compared to LocalGD. Since the server’s stepsize is typically larger than the clients’ stepsizes, the
local steps can be seen as steps determining the update direction, and the server step can be seen as
a larger “jump” in the averaged update direction.

CLERR. In CLERR (Algorithm [2), each client does a full epoch of RR before between synchro-
nization steps (similarly to (Malinovsky et al.,|2023b))), and similarly to Clip-LocalGDJ, (smoothed)
clipping is applied only to the averaged pseudogradient g; once in an epoch. In contrast, a naive
combination of clipping with RR uses clipping at each step, which can amplify the bias of RR and
lead to poor performance (as we illustrate in our experiments).
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Algorithm 2 CLERR: Clipped once in an Epoch Random Reshuffling

1: Input: Starting point o € R, number of epochs T, constants cg, ¢; > 0.
2: fort=0,...,T—1do

3:  Choose global stepsize y; = m.

4:  Choose small inner stepsize a; > 0.

5:  Sample a permutation 7 = {m¢(1),...,m(NV)}.
6: form=1,...,Mdo

7: xo =Tt

8: for j=0,...,N —1do

9: % =2y — Vo, ()

10: end for

11 g?L_ale(xt_l'tN)

12:  end for

M
13: gt = ﬁ Zm:1 gi
14: Ti+1 = Tt — Vet
15: end for

Clipped RR-CLI. Clipped RR-CLI (Algorithm |3)) is the first FL algorithm that combines clip-
ping, local steps, local dataset reshuffling, server and client step sizes and regularized client partial
participation (sampling of clients without replacement). It is based on RR-CLI proposed by Ma-
linovsky et al.| (2023a)) and leverages the core techniques proposed in FedAvg (McMahan et al.,
2016). The key idea is similar to CLERR, but in addition to the reshuffling of clients’ data, Clipped
RR-CLI performs a reshuffling of the groups of clients as an alternative to the standard i.i.d. sam-
pling of clients at each communication round. At the end of each meta-epoch, the server performs a
smoothed Clip-GD-type step similar to the one used in CLERR, which allows the method to make
a larger step with an accumulated pseudogradient.

When the number of workers is large, partial participation is preferable. In this case, Clipped RR-
CLI (Algorithm [3) is the best option as it utilizes partial participation. Otherwise, if we have access
to full gradients on the workers, then Clip-LocalGDJ(Algorithm [T)) is preferable. In case when the
workers can compute only a stochastic gradient, then CLERR (Algorithm 2)) is recommended.

3 ASSUMPTIONS

In this section, we list assumptions adopted in the paper.
Assumption 1. There exists f*, fy,, fr; € Rsuchthat f(z) > f*, frm(z) > f, fmi(x) > fi
m € [M], j € [N], forall z € R

The next assumption is a strict relaxation of the standard smoothness.
Assumption 2 (Asymmetric (Lo, L1)-smoothness (Zhang et al., 2020b; |Chen et al., 2023)). The
Sunctions f(x), { fm(x )}m L and { frm;(x )}m 1\{3 | are asymmetrically (Lo, L1)-smooth:

IVF(@) = VW) < (Lo + La|Vf(@)D]le —yll, Va,y € R,

||me(.’L‘) - me(y)H < (LO + Ll||vfm(33)||)||aj - y”? Vm e [M],x,y € Rd’
IV finj (@) = V @)l < (Lo + Li [V frng (@)l = yll.  Vm € [M],j € [N],z,y € R™.

Empirical findings of |[Zhang et al.| (2020b) revealed that generalized smoothness characterizes real-
world task objectives in a more precise way, particularly when applied to the training of DNNs.
Moreover, the above assumption is satisfied in Distributionally Robust Optimization for some prob-
lems (Jin et al.| [2021)).

The assumption below generalizes the smoothness condition even further.

Assumption 3 (Symmetric (Lo, L1)-smoothness (Chen et al) [2023)). The functions f(z),

{fm(x)}m Land {fm;(x )}%’ZI\{JZI are symmetrically (Lo, L1)-smooth:

IVf(x) = VIl < (Lo+ L1 sup [[Vf()|)llz —yll, Vz,yeR?,

ue|x,y
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Algorithm 3 Clipped RR-CLI: Federated optimization with server and global steps, clipping, ran-
dom shuffling and partial participation with shuffling
1: Input: cohort size C € {1,2,..., M}; number of rounds R = M/C; initial iterate/model
zo € R%; number of meta-epochs 7' > 1, constants ¢y, c; > 0.
for meta-epocht =0,1,...,7 — 1do
. ; — 1
: Choose global stepsize 0; = STAINFET

Choose small server stepsize n; > 0.

2:
3
4:
5: Cgloose small client stepsize y; > 0.
6.
7
8
9

Ty = T

Client-Reshuffling: sample a permutation A = (Ag, A\1,...,Ag—1) of [R]

for communication rounds r = 0,..., R — 1 do

Send model z; to participating clients m € St’\* (server broadcasts z} to clients m, € S;")
10: for all clients m € S;", locally in parallel do
11: x:,’:]t =z (client m initializes local training using the latest global model z})
12: Data-Random-Reshuffling: sample a permutation 7, = (70, 7} ... 7N=1) of [N]
13: for all local training data points j = 0,1,..., N — 1do
14: i BEA Y fﬁ" (x7)) (client mm passes once its local data in 7., order)
15: end for 7 7
16: Gt = %IN (xf — x:n]\g) (client m computes local update direction gy, ¢)
17: end for
18: gi = % > g;m (server aggregates local directions gy,,: of the clients cohort .Sy)
mes;”

19: $;+1 =x; —ng;  (server updates the model in aggregated direction g; with server stepsize 1)
20:  end for
2 g =5 Y0 g
220 Ty = x4 — Oigy (global step after all communication rounds during meta-epoch)
23: end for

IV (@) = V@) < (Lo + Ly sup [[Vfm(u)lDllz —yl, Vm e [M] 2,y €RY,

u€lz,y]
IV fimj (@) =V fmj (W) < (Lo+La s IV frnj(@Dllz—yll,  Vm € [M],j € [N],z,y € R%.
ue|x,y

A common generalization of strong convexity in the literature is the Polyak—t.ojasiewicz condition.
Assumption 4 (Polyak—L.ojasiewicz condition (Polyakl [1963; |Lojasiewicz, [1963)). Suppose As-
sumptionholdsfor the function f. There exists 1 > 0, such that ||V f(z)||> > 2u (f(z) — f*).

4 THEORETICAL CONVERGENCE RATES

. . . . . def
In this section, we describe our convergence results. Let us first introduce the notation. Put A* =

% Ax def — def
e e NS = L E N £ Define 6 = f (z) — f*. Let C be a

constant such that 0 < ¢ < %. Fix accuracy € > 0. Let P > 1 be the number of epochs. For all
0 <p< P —1,denote

ap = Lo+ L[|V f(&0,)]l,  ap = Lo + Ly max[|V fon (&0, )|, 1 <tpir =1, < H.

We start by formulating the convergence result for Clip-LocalGDJ (Algorithm [I}) in non-convex
asymmetric generalized-smooth case. More details can be found in Appendix [B.1]
Theorem 1. Let Assumptions |I|and 2| hold. Choose any P > 1. Choose small local stepsizes cup,

. . . 1P-1 . .
server stepsizes vy, S0 that ai < < ﬁ. Then, the iterates {xtp }p*O of Algorzthmsatlsfy
P P -

7 A 3(H—1)2042a3 P
min 4 S in { IVS@)IE IV G@)IY (1+ ) 5
0<p<P-1 | 8 Lo ) I, < e X
3(H —1agay

2, :
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Corollary 1. If P > 32% and  op is  small  enough, then

N 2 -
ming<p<p-1 {min { HVf(Lwtp)H : HVfixtp)H }} <e.

0 1

The rates we obtain in Corollary [I] are consistent with the previously established rates of LocalGD

and GD in the standard smooth case, i.e., when L; = 0. Indeed, we recover the rate O (%) for
LocalGD (Koloskova et al.l [2020). Notice, that if H = 1, the Algorithmﬂ] reduces to vanilla GD,
and we recover its rate O (L“ 50) (Khaled & Richtdrik, 2020). In the (Lg, L1 )-smooth case, setting

H =1, we recover the rate O (LO 50) of clipped GD from (Zhang et al.,[2020b).

Below we state the convergence result for Clip-LocalGDJ (Algorithm|I)) in non-convex asymmetric
generalized-smooth case under the PE-condition. For more details, see Appendix [B.2]

Theorem 2. LetAssumpnonsIandIhold LetAssumptlonIhold Choose any integer P > 642‘2

Choose small local stepsizes c,, server stepsizes 7y, so that % <7 < ap . Let P be an integer
~ 6450 L2 5 def o
such that 0 < P < ===+, A > 0 be a constant, o < \/ 3% Put p = f (1) — f*. Then, the

iterates {itp };3: o Of Algorithm I satisfy

pP-P
uC 4LoAa?
op<(1—--—"- 0o + —.
P—( 4L0) O T

2
Corollary 2. Choose o < min {1/12‘;3, Lqy/ LSO(S,TP} AfP > 6427051 + 4&“ In 260 , then dp < ¢.

In the standard smooth case, when L; = 0, we guarantee the iteration complexity O (LO In 250) ,
which matches the LocalGD (Koloskova et al., 2020) and GD (Khaled & Richtarikl |2020) rates.

The above results can be generalized to the symmetric (Lg, L;)-smooth case, see Theorem [5| in
Appendix [B.3] for details.

Let T' > 1 be the number of epochs. Forall 0 <¢ < T — 1, denote
= Lo+ L1||Vf($t)||7 a; = Lo + Ly m”E%X ||me(33t)|| s a; = Lo+ L rf}LaJX ”mej (xt)” .

Further, we outline the convergence result for CLERR (Algorithm [2)) in non-convex asymmetric
generalized-smooth case. For more details, see Appendix [C.1]

Theorem 3. Let Assumptions[I|and 2| hold. Choose any T > 1. Choose small client stepsizes o,
global stepsizes v, so that a% < < 4—}“. Then, the iterates {xt}z:ol of Algorithm@satisfy

El i {ml {nwm)n? |Vf<xt>|}H
t=0,....,T—1 ) 8 Ly = Ly

8 (1 + 3905 (N~ 1)(2N — 1) + 2(N + 1)))T

6aZa3
< 5 EL(N + 1A (2
< T 0+ Q. (N+1) 2)
Corollary 3. If T > 256%  gpnd oy is  small  enough, we  have

Ce

E [mine—o, .rs {min { IO I9/GIILY] <

In the standard smooth case, we recover the rate O (%) of RR (Mishchenko et al.,|2020).

We relegate the convergence result for CLERR (Algorithm [2) in non-convex asymmetric
generalized-smooth case under the PE-condition to Appendix [C.2] In the standard smooth case

we recover the rate O (% In %) of RR (Mishchenko et al., [2020).

Further, we formulate the convergence result for Clipped RR-CLI (Algorithm [3) in non-convex
asymmetric generalized-smooth case. For more details, see Appendix [D.I}
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Theorem 4. Ler Assumptions |l|and|2|hold for functions f, { fm}i\g: 1 and { fm; }7]‘::]\1[ j=1 - Choose

any T > 1. Choose small local stepsizes ¢, small server stepsizes 1, global stepsizes 6; so that
a% <0, < 4—}“. Then, the iterates {xt}z:ol ofAlgorithm@satisﬁ/

e, up, {Go Il |94t W]

2a.a;+ad [ 2 2 P2 2N 2 r
1+T3(ntat+ntR ar + 7 Nay + 17 Ray)

< ]
< T 0
24 ~2 ~3 .
thd;r % (RPaA” + 92 NG A + nfRatA*) .
t
Corollary 4. If T > 2% and Ye,me  are  small  enough, then

Ce
E |mingo, 71 {min{uwgt)n ,nwL(lmu}H <e.

Finally, we provide the convergence result for Clipped RR-CLI (Algorithm [3)) in non-convex asym-
metric generalized-smooth case under the PE-condition in Appendix [D.2]

5 EXPERIMENTS

We split our experimental results into 3 parts. In Section[5.1] we provide results for the Algorithm 2]
with random reshuffling and jumping in the end of each epoch. In Section[5.2] we consider Algo-
rithm |1{ with local steps and jumping in the end of every communication round. In Section we
consider Algorithm [3] which has local steps, uses random reshuffling of clients and client data and
performs jumping in the end of every epoch. Moreover, in Section[F] we provide additional technical
details on the experiments. Finally, in Section[G] we provide additional experiments, that did not fit
in the main text. In Section[G.T| we investigate the influence of inner step size on the convergence of
Algorithm 2] and in Section [G.2] we provide additional logistic regression experiments.

All the mentioned methods have a parameterized stepsize v; = If we denote

1
coterllgell”

1 c
B=g—0 A=, 3)
Co C1

we can estimate ; as stepsize multiplied by clipping coefficient: £ min {1, m} < 7y <

[ min {1, m} We use this connection in the process of tuning constants cg and c;.

In our experiments, we consider the synthetic problem, a sum of shifted fourth-order functions:

1 N
flz) = NZHI_I,-H{ x; € [-10,10]. 4)
i=1

The main reason to consider this problem is that it is (Lo, L)-smooth, but not L-smooth [Zhang
et al] (2020b). Additionally, in Section [5.1.1] we consider the problem of image classification of
ResNet-20 [He et al.| (2016) on CIFAR-10 dataset Krizhevsky et al.| (2009). All the methods and
baselines were tuned with grid-search over logarithmic grid.

5.1 METHODS WITH RANDOM RESHUFFLING

We conduct this experiment on problem @), where d = 1, N = 1000. We consider the Shuffle
Once methods, which shuffle data once at the beginning of training. As baselines, we consider the
following methods: regular SO method, which is just SGD with shuffling at the start of training,
Nastya from Malinovsky et al.| (2022) with one worker, Clipped SO (CSO), which clips stochastic
gradients at every step of the method. The results are presented in Figure[I] As one can see from
Figure [T} methods with clipping significantly outperform the rest. This empirical result justifies
the theoretical fact of the importance of clipping for optimization of (Lg, L1)-smooth objectives.
Additionally, we see that among methods with clipping, CLERR shows better results than CSO.
From this, we can conclude that clipping the final (pseudo)gradient approximation at the end of an
epoch gives better results than clipping on every step.
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Figure 2: Loss, gradient norm and accuracy on test dataset for ResNet-18 on Cifar-10, a; = 0.01

5.1.1 RESNET-18 ON CIFAR-10

InZhang et al.|(2020Db)) the authors obtained results on a positive correlation between gradient norm
and local smoothness for the problem of training neural networks in language modeling and image
classification tasks. To check, whether our findings in synthetic experiments also take place for
neural networks, we decided to test Algorithm [2]in the same image classification problem: train
ResNet-18 [He et al.| (2016) on the CIFAR-10 dataset |Krizhevsky et al.| (2009). Additionally, we
consider heuristical modification of Algorithm 2} which we call CLERR-h. The details of it we
provide next. The overall results of the experiment on test data are shown in Figure[2] Additionally,
we provide results on train data along with technical details in Appendix ??.

From this Figure we can see, that both jumping (Nastya and CLERR) and clipping on outer step
(CLERR) does not have any impact on this problem. On the other hand, CSO shows the best results.
Since in this problem regular clipping already works very well, we decided to heuristically modify
our Algorithm[2} take the best clipping level and inner stepsize of CSO and use it on inner iterations,
and tune ¢y with ¢; for outer stepsize. We call this method CLERR-h and also provide its results in
Figure 2] CLERR-h chooses a rather big outer stepsize, while the outer clipping level is very tiny.
For big clipping levels method diverges. These results show that jumping does not give performance
gains when the method clips on every inner step.

5.2 METHODS WITH LOCAL STEPS

In this experiment, we aim to show the effect of the jumping technique on federated learning meth-
ods. We consider problem (@) with d = 100, N = 1000. To make the distributions of data on each
client more distinct between each other, we sort the whole dataset at the beginning of the experiment
by ||z;||. Here we consider a high-dimensional setup so that the starting point has less impact on
the algorithm performance. Indeed, in one-dimensional case, if we started from zo ¢ [—10,10],
the anti-gradient of every fi(x) = (x — 2;)* would point towards minimum. Therefore, we could
find such stepsize, that method converges in one iteration. On the other hand, if we consider a high-
dimensional setup, then regardless of the starting point, the gradient of each f;(x) has a different
direction. In this experiment we compare Algorithm [T] (C-LGDJ) with Communication Efficient
Local Gradient Clipping (CELGC) (Liu et al.| [2022) and Clipping-Enabled-FedAvg (CE-FedAvg)
Zhang et al.|(2022)). The results are shown in Figure@
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Figure 3: Function residual for (@), starting from different ¢ for different number of local steps on
the client device 7.

Overall, we arrive at two conclusions. Firstly, local steps do not have any positive effect on this
problem. The plots with the increased number of client steps 7 only strengthen this point. Secondly,
since local steps are pointless, the method works better if the server gets a better gradient approxi-
mation, which is true if the method clips gradients on the server, not on the client. This is exactly
the reason why C-LGDJ has better performance in Figure 35

5.3 METHODS WITH LOCAL STEPS, RANDOM RESHUFFLING AND PARTIAL PARTICIPATION

—— CRR-CLI

In the final experiment, we consider methods with partial o
participation. The goal of this experiment is to investigate .
how clipping, local steps, partial participation and random

reshuffling of both clients and client data works together. . *
We compare Algorithm [3] with CE-FedAvg [Zhang et al.
(2022) with partial participation (CE-FedAvg-PP) on prob- o
lem @) with d = 100, N = 1000. Again, to make the
distributions of data on each client more distinct between
each other, we sort the whole dataset at the beginning of the
experiment by ||z;||. The results are presented in Figure ] o 2 s 75 M0 105 150 15 200

Number of meta-epochs (communications)

—— CE-FedAvg-PP, =10

Since CRR-CLI uses random reshuffling of the data instead

of sampling with replacement, and clips only in the end Figure 4: Function residual for (@),
of meta-epoch, it has better gradient approximation on the starting from zo = (1, ..., 1) with batch
global step, which results in better performance, than CE- ;e 16.

FedAvg-PP.

6 DISCUSSION

In this paper, we consider a more general smoothness assumption and propose three new distributed
methods for Federated Learning with local steps under this setting. Specifically, we analyze local
gradient descent (GD) steps, local steps with Random Reshuffling, and a method that combines local
steps with Random Reshuffling and Partial Participation. We provide a tight analysis for general non-
convex and Polyak-tL.ojasiewicz settings, recovering previous results as special cases. Furthermore,
we present numerical results to support our theoretical findings.

For future work, it would be valuable to explore local methods with communication compression
under the generalized smoothness assumption, as well as methods incorporating incomplete local
epochs. Additionally, investigating local methods with client drift reduction mechanisms to address
the effects of heterogeneity, along with potentially parameter-free approaches, represents a promis-
ing direction.
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A IMPLICATIONS OF GENERALIZED SMOOTHNESS

Lemma 1. Let f satisfy AssumptionEI Then, for any z,y € R% we have

Fly) < f(z) + (Vf(2),y—z) + Lo+ L1£|Vf(x)
Moreover, if f* = inf cpa f(x) > —o0, then, for all * € R, we obtain
IV ) P o
Lo+ Vi@ =@

I
lz =yl

Proof of Lemmal[l] The first statement of the lemma is proven in (Zhang et al., 2020b, Appendix
A.1). The second statement is proven in (Gorbunov et all [2024): it follows from the first statement,

if one substitutes y for x — %Vﬂx) and uses the fact that f* < f(y). O

Lemma 2. Let f satisfy AssumptionEI Then, for any z,y € R% we have

fly) — f(z) < (Vf(x),y—z)+ Lo+ L12||Vf(m)||

Moreover, if f* := inf cpa f(x) > —o00, then, for n > 0, such that nexpn < 1, for all x € R¢, we

obtain
|V f ()]
2(Lo + L1 ||V f(=)]])

Proof of Lemma 2| The first part of this lemma is one of the results of (Chen et al.,[2023| Proposition
3.2). The second statement is proven in (Gorbunov et all,[2024). To deal with it, let us substitute y

in the first statement with x — %V f(z):
Lo+ L[|V f(2)|
2

exp(Lilz — yl)llz — ylI*.

< flx) -1

T < fly) < fla) + (V@) y —x) + exp(Lilx = yl)llz — ylI?

o AlVF@I
=@ - L LV

SR T /TR D o/ 2T

2 Lo+ L[V f (@)} (Lo + L1[[Vf(z)])?
V(@) V(@)
=IO LTIV 2 + L e
IV f (@)l
=T ST+ LV
Rearranging the terms, we get the second statement of the lemma. O

Lemma 3. AssumptionElholds for the function f if and only if, for any z,y € R?,
IVf(x) = Vil < (Lo + Ly [[Vf(@)ll) exp (L1 lz — yl) = =yl -

Proof of Lemma[3] This lemma is one of the results of (Chen et al!, 2023| Proposition 3.2) O
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B LOCAL GRADIENT DESCENT

B.1 ASYMMETRIC GENERALIZED-SMOOTH NON-CONVEX FUNCTIONS
Theorem|T](non-convex asymmetric generalized-smooth convergence analysis of Algorithm|[T)). Ler

Assumptionsand@holdforfunctions fand {fm}n]\le. Chooseany P > 1. Forall0 <p < P—1,
denote

ap = Lo + Li[[Vf(&:,)l,  ap = Lo+ Limax [V (s, )|, 1<ty —tp, <H.

Put A* = f*— ﬁ %:1 £, Impose the following conditions on the local stepsizes o, and server
stepsizes yp

1 1 a 1
op < min , — a4 , Aigypg—” 0<p<P-1,
2Hay, cap \| ap Gp 4ay,

where 0 < ¢ < %, ¢ > V/P. Let & o f (zo) — [*. Then, the iterates {&;, }52_01 ofAlgorithm
satisfy

R R 3(H—1)2a§a2 P
¢ IV eI ()
8 Lo = I = P 0

3(H —1)%atal A*,

min
0<p<P-1

2,

def
Putv, = t,,, — 1.

Lemma 4. Assume that f and each f, satisfy Assumptions|[Il|and 2} Then we have the following
bound:

v

M
S e | <8 ) apad (F(,) — 4 A).

m=1t=t,+1

Proof of Lemmad] We have

2

o7 =20, | = || 3 Vi (&)

J=tp
2 2
t—1 t—1
<2(> " ap (Vim(@]) = Vim(Es))|| +2]|D apVim(dr,)
J=tp j:tp
t—1 ) )
<2t 1) 3 (0)* (Lo + L [ lie))P o — |
J=tp
t—1 2
+2 Z apV frn(Z¢,)
Jj=tp
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Averaging, we get

M 2(t*t ) M t-—1 ) )
S o | < 2O S ST ) (Lo L [V G )P e |
m=1 m=1 j=t,
2
9 M t—1
+ M Z Z Oépvfm(xtp)
m=1 J=tp
M t—1
< 2(7&]&%)) ( p>2 Z (Oép)2 H.’lf;n _ .’lAftPH2
m=1j=t,
2
9 M t—1
+ 27 2 || 22 oV Im(a,)
m=1 ||j=t,

. Then we have

< 1
Recall that o), < (Lot Ly maen [V T e )

1 M ‘_ t M t—1 )
LS < e S S o |
m=1 m=1 j=t,
2
2 M t—1
+ M Z Z apvfm<§7tp)
m=1 ||j=t,

Let us bound the last term:

2 M 2 2
<= V(@) (= t)

4 M
< LS Lo+ L |V ]) (B (i1, — £2)

m=1
x (t —t,)° o
4(t—ty)% apa A&
< 2B %% S (a1) - £2)

®)
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Further, summing (7) with respect to ¢, we obtain

1 M v 1 M t—1 )
M Z Z Hmt mtp” —9H2M Z (t_tp)z Hx}n_i‘tpH

m=1t=t,+1 m=1t=t,

s

Jj=tp

Using the fact that v — ¢, < H — 1 < H, we obtain that

—Z Z ’zf — &y, H <8(v—tp) apa (f(itp)ff*JrA*).

m=1t=t,+1

Proof of Theorem(l] Applying Lemmal[T] we obtain that

9 2
F@t) < fe,) = (VS (2¢,) 90 + (Lo + Lo [V £ (21,) ) %'

Additionally, from the fact that 2{(a, b) = —||a — b||> + ||a||? + ||b]||?

2 2
Fe,0) < f@,) =1 (VS (2,) . 9p) + (Lo + L1 |V f (24,)]]) oo llopl”

2
< f(dy,) - él(_||vf(it ) = 9pll? + IV £ (@)1 + llgpl?)

2
b Lo+ LV £, ) ) 221221

I

< 1) = U a0 )P + 21V o) = 017 + (Lo + L9 ) 22122

Consider 22|V f(24,) — gp||*>. We have
2
y M
D1V sGa,) -l = 2| S (Ve
m=1 P j= =tp
M
Tp 1

v
- 2 m - 2
< i) 2 ot PV 0 X2 =5

m=1

§2(v_t)(Lo+L1maxHme(zt M) MZZHJ; — &, |

m=1 j=t,
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Notice that

wlgol® _ ¥Z z”: vy 2
2 2 | M(v—tp) m=1j=t,+1 "
2
S(Uft Z Z vf'rn me( p))
m=1j= tp+1
2
+< M Z Z vfm ‘Ttp
m=1j=t,+1
V2 N L SR = a2
<o (Lom s Vo)1) 5 30 3 o7
+7 HVf (s,
M v
’Y m
o=t p Z Sl = [P+ 97 1V ()
m=1 j=t,
Therefore, we obtain
A A a 72 g 2
F (Bt,0n) < Flan,) = ZIVFGr I + Z Z 5" pH”%
m=1 j=t,
Sf@tp)—%HVf(@tp)n? 72M Zan — &4, |17
=1j=t,
= Z S o = |+ a2 197 ()P
m=1 j=t,
= f(@r,) + (apvp -7 Hw (i)
2.2, 1@ SEN B
+ <dpa’p7p+ 2p> ’U—t Z ngn_i‘tPH :
m:lj:tp

Recall that v, < ﬁ. Then, using Lemma we have
Y “ 2
F @) < f () = VS (0,)]]
o9 T 1 = m_ a2
+ apa‘p’yp + 2 M(U—t ) Z : H(E] _xtPH

< J () = LIV @)

a2
+ (&paf,’yi + 7p2 p) 8(v — tp)2apoz12, (f(a?tp) -+ A*)

B(H — 1)Papa} (f(a,) = [ +47)

< J () = (VS (@) +

Let us rewrite the inequality in the following way:

3(H —1)%alal (f(dr,) — f*+ A¥)

2,

s (@) P < 7 (@) = f () +

23
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Since 7y, > 57 we get that
P

wl9s @)l SIVS @)l

4 4a,
Therefore,
YV f(&e,)|? . 7 7
’YprVf(ft )H2 > m‘g%p)”’ ||Vf(l'tp)|| S %(1)’ :Cmin{Vf($tp)||2 vf(xtp)”}
N E e NGRS Lo m b

Denote 5, & f (£1,) — f*. Then we have

€ i { 1T 19700,
8 Ly ’ Ly

3(H —1)%azad (6, + A*)

}<5p_6p“+ 2% '
D

Let o, < %, / Z—‘”, where ¢ > v/ P. Applying the result of [Mishchenko et al.| (2020, Lemma 6), we
P P
appear at

A R 3(H*1)2a}27a2 P
¢ IVIGIE IV - 0T
8 To L < .

3(H —1)%a2d} A*

min
0<p<P-1

0

2,
O

Corollary 1. Fix e > 0. Choose ¢ = \/3(H — 1)°P. Let ay, < 2\/5pr-2mrss- Then, if
P

IVF@e)I? IV F (@)l
o 0 L }} <e

P > %, we have minogpgp_l {I’Illl’l { |

Proof of Corollary[l] Since ¢ = \/3(H —1)2P and o, < %,/Z—Z, a, <2 %, due

to the choice of P > 32%  we obtain that

Ce
3(H-1)%?c2a?
(1 - P p)
2 6O<\/E(50<2(50<C5

P - P — 16’
and that 5 9 3
3(H — }) O o s E
2a, — 16
. 2 .
Therefore, ming<,<p—_1 {min { ”vf(Lm:")” , vaf:tp)” }} <e. O

B.2 ASYMMETRIC GENERALIZED-SMOOTH FUNCTIONS UNDER PL-CONDITION

Theorem 2| (Asymmetric generalized-smooth convergence analysis of Algorithm|[I]in PE-case). Let

Assumptionsandhold for functions f and { fm}i\f:l .LetAssumptionhold. Choose 0 < ( < i.
2

Let & déff (zo) — f*. Choose any integer P > 64ZU<L1 .Forall0 < p < P — 1, denote

ap = Lo+ LillVf (i), @y = Lo+ Lymax [V f(ay,)ll, 1<ty —t, < H.

Put A* = f* — ﬁ Zn]\le f.- Impose the following conditions on the local stepsizes o, and server
stepsizes 7yp :

o 11 Ja, pGap
« min e - ~ ,
p= 2Ha,’ cap\| ap" \| 48L3(H — 1)2a3 (f(d4,) — f* + A¥)

20t
3P(H — 1)2a3 (f(iy,) — f* + A7) [
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So< b o<peron,
ap 4a,
~ ~ 2
where ¢ > /P. Let P be an integer such that 0 < P < Miiofl, A > 0 be a constant, o < 1/%.

Then, the iterates {;%tp }520 of Algorithmsatisfy

P-P
,MC 4LQAO(2
<|1—-—" _
op < ( 4L0) do + 1

where 6 p d:eff (Zep) — f*.

Proof of Theorem[Z] Let us follow the first steps of the proof of Theorem|[I] Consider (6):

V20302 (F(A ) o AR
B9 (30, < 5 (31,) — f () + D () 2 S A

2,

Since v, > Cp , and f satisfies Polyak-FL.ojasiewicz Assumptionﬂ we obtain that

a

76 (f(ftp) - f*)

2,

2082 (Fla ) e AR
< Fli) = f (e,,) + SH =D apep (@) = /7 + A7)

2,

1. Let P be the number of steps p, so that ||Vf (i:tp)|‘ > f—‘l) For such p, we have Ly +
Ly ||Vf (itp)H =ap <20, HVf (i"t,,)H . Therefore, we get

BC(F@n,) = 17) _y o S =1)adad (f(@r,) = £+ A7)
4L1||Vf (jtp)H Sf( tp) f( tp+1) + 2a, :

Notice that the relation G, < 2L; ||V f (2,)|| and Lemmatogether imply

95 @)l _ 19 (2e,)

2
I

AL, T 2a, <F (@)= 1"
Hence, we have
s . R 3(H —1)2adap (f(&,) — f* + AF)
16[& S f (ztp) - f (Itp+1) + zdp

Subtracting f* on both sides and introducing § &f f (Atp) — f*, we obtain

pC 3(H —1)%aSal (f(ar,) — f* + A7)

1) <4, —
prE=T T 6L2 2a,,
uCay : 3(H—-1)%aga} (f(@e,)—f"+A") ¢
As a, < \/48L%(H_1)2a%(f(itp)_f*+A*), it follows that 5, < 3‘2‘L§.
Therefore, we get
8
Spr1 <0 — —=.
p+1 = Up 32L%

2. Suppose now that ||V f (&,)|| < f—‘f For such p, we have Lo + L1 |V f (24,)|| = @, < 2Lo.
Hence,
1 (f(ftp) - f*)

3(H — l)zagaf, (f(itp) -+ A*)
4L .

2,

S f (i‘tp) - f (’i‘tp+1) +

Subtracting f* on both sides and introducing 6, & f (£4,) — [*, we obtain

3(H —1)%a3a? (f(itp) — [+ A*)

6p+1 S 6pp + PP Mé_

, wherepdéfl—E.
0

24,

25
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2Aa,
3(H—1)2a3(f(Be,)— f*+A%)

def . .
Let a, = ad, and &, < \/ for some constant A > 0. Then,

6p+1 S p5p + AO(Z.

Unrolling the recursion, we derive

N < e =
op <pPFdo+ A0y ot =0 D
i=0 1 =0

- Aa2 1— P
< pPPsy+ - _ P #CZ.
—p 1—p 32L%

Notice that §,+1 < d, + Aa?, which implies

5 LY
Sp <6, (P—P)AQ—P .
P00t STy
Since a < X—UP, we conclude that
5 MG 5 _ 64607
O<6p§260—P7, :>P§ .
32L3 78
Therefore, for P > 64:2%? we can guarantee that P — P > 0and
Ao® 5 p g
op < pt'=Ps — Pp”
A T T
_ 2
<p"Féo+ 1Aa

O

2
Corollary Fixe > 0. Choose v < min {\/233, Lyy/ LE?X}} . Then, if P > 64io<L1 —1—% In %,

we have dp < €.

~ 2
Proof of Corollary[2} Since 0 < P < 6427‘?1, A>0a< j—;, a < Ly LSO‘Sfp, due to the
2
choice of P > %81 4 4Lo Iy 2% we obtain that

e\ 4 (P—P) €
1- = O0p <e ALo\" TG < =
( 4L0) 0=€ 0=73
and that
Alod 0 _ £
78 P =2
Therefore, dp < . L]

B.3 SYMMETRIC GENERALIZED-SMOOTH NON-CONVEX FUNCTIONS

Theorem 5. Let Assumptionsand@hold Sor functions [ and { fm}f\le. Choose any P > 1. For
all0 < p < P — 1, denote

iy = Lo+ Li[Vf (i) ap = Lo+ Lymax [V findr, )|, 1< tyr —t, < H.

Put A* = f*— ﬁ Zn]\le f.- Impose the following conditions on the local stepsizes o, and server
stepsizes 7y :

2Hay,’ cap \| ap’ a, (Lo + L1 Ay,) ap 8a,

26
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v ? v

def 2LoM (8., +A*) 2L M(6,, +A*
whereO<C§é,czx/P,Cglnhlr'E),Atp:efmax{ oM (o1, ) 1M (5, )} v such

that vexpv = 1. Let §y d:eff( 0) — f*. Then, the iterates {xt } 0 ofAlgorlthmlsattsfy
P

win S [IVFG) P [V 5G)INY _ (14 M) 5
0<p<P-1 8 LO 5 Ll < 5 o
UGN

ap
Let us remind that G, = Lo + L1 ||V f(2¢,)[l, ap = Lo + Ly maxy, |V frn (2, )|| and A* = f* —

MZ _1 [h. Puto, —tp+1 —1.
Lemma 5. Assume that f and each f,, satisfy Assumptions[I)and[3] Then we have the following
bound:

v

M
ﬁ S0 e =l <820 =)  apag (far,) = fF+A).

m=1t=t,+1

Proof of Lemmal[5] We have
2

t—1
a7 = o, || = | 3= apV fon ()
j=t

2 2
t—1 t—1
<23 ap (Vim(@]) = Vim(s))|| +2|Y apVim(is,)
Jj=tp J=tp
t—1
< Q(t - tp) Z (O‘p)z (LO + Ly vam(jjtp)H)2
J=tp

2

t—1
coxp (L o — I} o — 0, |+ 2| 3 p ¥t

J=tp
t—1 ,
2 .
<20t=tp) > ()" (Lo+ Lu [V i, )|
Jj=tp
j—1 , t—1 2
x exp | Ly Z apV fm (x7") ||x;” — &y ||"+2 Z apV fin(Z¢,)
=t, j=t
: < 1 m
Let us show that if o, < AT — DI then fy(z7") < frm(xf)) for

t, <€ <tp41 — 1. Notice that locally we perform the iterations of the gradient descent. It means,

that
i) < fnta) = g9 )P+ 2SI e s, 9 o a1} 21 o

< fun(@f) = |V fim ()| + JIIme(xz )II* exp {eyy (Lo + Ly [V frn (@) 1)}

V3
:fm(xg )70410 ( 77 ||vfm l’e
Then fin(23") < fin(2f)) = m (&¢,) fo ¢ < tp41 — 1 follows. Therefore, for such o, we
have that

M
Fn(a) = £ < @) = 2 < Y (Fmlal) = £3,) = Moy, + MA™.
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From Lemma 2] we have

AV L @2 0V fon () AV fon ()2 —
n{ Lo ’ Ly } = 2(Lo + L1 ||V fm (z1)]]) < fmla) = [

< M (6, + A¥).

For every t, < ¢ < t,41 — 1, for every m, we establish

)

LM (8, + A*) 2L, M (5, + A*
||me(x2n)|| < max \/ 0 (;p + ) 1 (th + ) def Atp

Let us choose o), < LM% for some C < h‘# and show by induction that for such lo-

cal processes max,, |V fm(z7")]| < Ay, forall t, < ¢ < t,,1 — 1. Indeed, for £ = t,

it holds trivially. Suppose it holds for all ¢ such that ¢, < ¢ < ¢ for some ¢'. Then,

fm (2P1) < fm (27) holds for any o, < m7 including the chosen stepsize. Hence,

fm (x’Z}H) < fm(xe,). Therefore, max,, ||V f, (27")|| < Ay, forall ¢, < ¢ < t,,1 — 1. Then,
C

< L :
L0+L1Atp - 2(L0+L1 maXm maxt,,glg:p+1 Hme(IZ”)H)

It means that exp {L1 HZ;;EP apV fm (xT)H} <enld =135,

Averaging, we get

1L 2 3t—t) &R & 2
37 2l = 1P < S5 30 3 (@) (Lo + L |V e[ | — e, |
m=1 m=1 j=t,
2 M t—1 2
+MZ >V fm(iy,)
m=1 ||j=t,
3(t —t L= )
< Wt (2 57 7 () o — |
m=1j=t,
2
9 M t—1
+ =Y 1D apVimld,)
m=1 ||j=t,
Recall that o), < ﬁ Then we have
M M t—1 M 2
1 N 1.5 (t —t,) —
i > ot =, | < SN S Ml = [+ Z Z apV fm (&
m=1 m=1 j=t, m=1

)

28
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Let us bound the last term, using Lemma and the fact that 1/n < 2:
2

t—1 9 M ) )
> apVimlds)|| < i S IV @) (8= 1,) o
m=1 ||j=t, m=1
8 M
<7 2 Lot Lu[[Vmlin)|) (fm (32,) = £72)
m=1
X (t —t,)° a?
8(t—t,) % a,a2 M
< B0 S (o o) - 1)
m=1
1 M
:8(t_tp)2apa;2) (f(‘%tp) -+ (f*_ i Z f;ﬁb))p
m=1
=8(t—tp)" apay (f(&,) — f*+A%).

Further, summing (7)) with respect to ¢, we obtain

1 &L Y .
MZ Z th xtp” —2H2M Z t_t ZH“"T xtpHZ

m=1t=t,+1 m=1t=t,+1 ty

+ Z 8(t— tp)z apaf) (f(&e,) — [+ A%)

= 2H2M Z Z ZHCE ﬂAft,,H2

m=1t=t,+1 j=t,

+38 Z (v—tp) apa (f(fctp)—f*—i—A*)
t=t,+1

v

2 M )
§ H2M Z Z Hx ‘%tpH
=1y

+8(v—t,)° aper (f(2e,) — f*+ AY).
Using the fact that v — ¢, < H — 1 < H, we obtain that

1 M v
M Z Z Hx;nfitpHQS?’Z(”*tp)sap%z) (f(ii"tp)*f*JrA*).

m=1t=t,+1

Proof of Theorem[3] Applying Lemmal[T] we obtain that

F@t0) < F(@2,) = (VS (30,) 90 + (m+LJVHmMDMMme%m%ﬂ%£
Additionally, from the fact that 2(a, b) = —|la — b||* + ||a||* + ||b]|?
Fyn) < (& >%Wﬂ%>>+%+hWHmmwmmmmmﬁ@l
< flan,) = S (=1 G) = goll* + 1V F@p)]” + llgwll*)
ﬁ@i

+ (Lo + Lul[Vf(@1,)]) exp { L1 [|gp 1}

swm—%Wm%W+%Wm%%%Wﬂ%+hWﬂ exp (L, gyl 212210
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Consider 22|V f(24,) — gp||*>. We have

2
M

=3 (mem )-—— Z Vn ( ;”))

m=1

Jp b Y a2 =1
2|1V 1(3r,) - > = 2

M
1
< Sy ot mnm«mnf% = o, 12 exp {201 |7 — &, |}
9
< 8(th (Lo + Limax |V fn i, )2 Z Z |27 — &, ||
m=1 j=t,

9 v
— 717 M Z Z ||J} _xtpHQ

m=1 j=t,

Notice that

2 2 2
W l9p 1" _
5 > | 370 =1y Z > Vin e

m=1j=t,+1

2
v

M
Z Vfm (@

<7 MZ Z (Vi (&) = Vi (24,)) +(
m=1j=t,+1 1j=tp,+1
7;2; . 21 Mo m a2 m -
< (1) _ tp) (LO + 1 mn%X ||me(xtp)”) M Z Z ij - wtpH eXp{QLl ||xJ _xtpH}

m=1 j=t,

+% HVf (xt )

M
m . 12 . 2
4Mv_t Do M = a7+ 1V ()

m=1 j=t,

a,C C

Further, recalling that'y<8 and o, < (Lot A )S ToTL A We have
1 v
L1y lgpll = vpLa M(iz Y. Vin (e
m=1 j=t,+1
VoL L VoL
_ Ip~r 1 pH1
Tt m{: ; (Vi (2]") =V (21,)) o) ;j;lvfm )
a L M v
'Yp pl1 Z Z —xt H—i—'prl HVf (CEt )H
m=1 j=t,
L
< ST S 5 | ien)| 4095 @)
m=1j=t,+1 |[=t,
Inl.5 1
< ht
- 8
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Therefore, since exp { L1, ||gp||} < 2, we obtain

v ~ 2 2
N A ap Yy |9l
S (#,0) < (o) = UV + 5 Z > Nl = e, I+ 2 exp (L gy}
m=1j=t,
< J(#r,) = LIV + g Z S o =y P
m=1j=t,

9a,a fy v
LBy 503 gt P+ 20,2297 (20

ml]t

=f@ﬂ+@%%—3NWﬂ@Hf
94,0272 9v,a> R
+< TR+ g”>M ZZHI’ — & |

m=1 j=t,

: 1
Since v, < %, <3 fap Then, using Lemmal we have

)|
(9% i 9%) PRE S e - o P

ml]t

f(xtwl) < f(xtp) va(

+

< J () = LIV ()]

a2
N <9ap p"yp 9% »

Yapag (f(r,) = f* +A%)

T(H —1)%ad02 (f(d,) — f* + A¥)
ap '

< f(@,) = 2(|VF (&) +
Let us rewrite the inequality in the following way:
T(H — I)Qaf’)af, (f(:%tp) -+ A*)

ap

% va (itp)H2 S f (‘fjtp) - f (i.tp+1) + (8)

Since 7y, > &i, we get that
P

wlVF @)E TS ()
4 = 4a,

Therefore,

CIV (@) . L . 2 N
v 4z s < B¢ (IVEGIE VG,
;Wf(xtp)?z{w?ézp)u Ve = T~ Conin f ol

s IVf@E )l > 8 Lo L
Denote 5, & f (Z1,) — f*. Then we have
¢ JIVEGEIP V(@) T(H — 1)*aja; (8 + A)
3 min Io s L < 5p - 5p+1 + d
Let o, < s | / Z‘“, where ¢ > v/P. Applying the result of Mishchenko et al. (2020, Lemma 6), we
appear at
T(H-1)%202a3 P
ISR VRGN () T 1)adal
min 2 min , < oo + ~ A
o<p<P-1| 8 Lo 14 P ap
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Corollary 5. Fix e > 0. Choose c = —1)2P. Let o, < mﬁ‘%. Then, if P >
P
. . A\ 2 vf
20 \ue have mingzp<p 1 {mm {H <w0t,,>|\ il gwn}} .
Proof of Corollary[§} Since ¢ = /TA(H — 1)2P and a, < -2/, 0, < [ ot Phose, due
~-Yp P P
to the choice of P > 3250 , we obtain that

T(H-1)%202a3 P
(1+ a‘P ’ p) 5 < \/660

0 < <o
P P P 16’
and that ) g s
7(H - 1)aza;, - Ce
& =16
. 2 .
Therefore, ming<,<p—_1 {min { ”vf(;:”)” , vaiftp)” }} <e. O

B.4 SYMMETRIC GENERALIZED-SMOOTH FUNCTIONS UNDER PL-CONDITION

Theorem 6 (Symmetric generalized-smooth convergence analysis of Alorithmmin PL-case). Let

Assumptionsand hold for functions f and { fm}M . Let Assumption|d|hold. Choose 0 < ( < %.

Let 6 déff( o) — [*. Choose any integer P > 646‘2 .Forall0 <p < P — 1, denote

(?Lp:L0+L1HVf(£%tp)”, ap:L0+L1 mﬁxHme(:itp)H, 1 Stp+1*tp SH

M . . .
Put A* = f*— 3> | fr.. Impose the following conditions on the local stepsizes o, and server
stepsizes 7yp :

L L o iy
r= 2Hay,’ cap \| ap’ \| 224L3(H — 1)2a3 (f(&,) — f* + A*)’

S0ty
TP(H —1)%a3 (f(&4,) — f* + A% [

1
§<vp<g7 0<p<P-1,
P P

~ ~ 2
where ¢ > \/P. Let P be an integer such that 0 < P < E"Zliiofl, A > 0 be a constant, o < 1/%.
Then, the iterates {;%tp }520 of Algorithm!satisfy

MC 4LQAO(2
1 55 il Vel
op ( 4L0) do + P
where 6 p d:eff (Zep) — f*.

Proof of Theorem|[6] Let us follow the first steps of the proof of Theorem[5] Consider (8):
T(H —1)%apo; (f(r,) — f*+A*)

ap

% va (iztp)H2 S f (itp) - f (i‘thrl) +
Since 7y, > é, and f satisfies Polyak—t.ojasiewicz AssumptionEl we obtain that
T(H = 1)%a3od (£(dr,) = f*+ A7)

MU T (o)~ 1 () + %

24, ap
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1. Let P be the number of steps p, so that ||V f (i,)|| > 9. For such p, we have Lo +
L, HVf (55%)” =a, <20, HVf (i}p)“ . Therefore, we get
u¢ (f(2e,) — f*) . X T(H —1)%dja; (f(2,) — f* + A)
2 < - )+ — :
V5 (] = ) 2 ) i

Notice that the relation @, < 2L ||V f (&,)|| and Lemmamtogether imply

Vs @) IVEEIE .
o S e, S-S
Hence, we have
7H_123 2 A rx A*
e < () =5 (i) + LD ) 2 A7)

Subtracting f* on both sides and introducing =4 f (}p) — f*, we obtain

uc T(H - 1)%204% (f(itp) -+ A*)

Opr1 <0y, — - .
b Poo16L2 ap
wCa . T(H—1)%a3a’(f(&1,)—f*+A%) uC
AS QO S izt a3 (1) i ar) 1t follows that B v S sz
Therefore, we get
S
1) <, — —.
p+1 = Up 32[/%

2. Suppose now that ||V f (&,)|| < %’ For such p, we have Lo + L1 |V f (24,)|| = @, < 2Lo.
Hence,

pl (f(&e,) — f*)
4L,

_1)\2,3,2 o e N
< f (ﬁ?tp) _ f (i'tp+1) n 7(H 1) apap (f(:I,‘tp) f + A )

ap

Subtracting f* on both sides and introducing 6, &f f (xtp) — f*, we obtain

T(H — 1)2a2a§ (f(itp) — [+ A*)

ap

, wherepdglf%.
0

dpr1 < dpp +

Aa,,
T(H—1)2a3 (f(#1,,)— f*+ A

def . .
Let o, = adyy and G, < \/ ) for some constant A > 0. Then,

Opt1 < pdp + Aa?.

Unrolling the recursion, we derive

e’} N—1

_p i ji’e i

op < pf P50+Aa2g Y E p
i=0 1 =0

Ao’ 1-pP ¢
1—p 1—p 3203

< PP_P(SO +

Notice that §, 11 < d, + Aa?, which implies

- 5 g
5p <6 (P—P>A2—P“.
P=o0t RETY
Since a < %, we conclude that
5 MG 5 _ 6460L7
0<é6p<26p—P—, =P<——.
=207 32 = U
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6450 L>

Therefore, for P > Tl we can guarantee that P — P > 0and
; Ao® 5 5 g
6p < pF'= s — Pp”
P=p o+ 1_ o P 32[4%
_ 2
< p" P60+ Ao :
I—p

O

2
Corollary 6. Fixe > 0. Choose e < min {, [ Ly 228 } Then, if P> 10051 4 Ao 1 200

we have 6p < €.

. = 6490 L2 s s
Proof of Corollaryl6] Since 0 < P < %, A>0,a</4%, a< Ly Lso;’fp, due to the

choice of P > 642‘%? + 4’% In %, we obtain that
ue \"77 b (p_p), _ €
1- = S <e i\ P)g < =
( 4L0) 0=€ 0=73
and that
4LOA 50 < g
uC AP — 2
Therefore, dp < . O]

C RANDOM RESHUFFLING

There are several approaches, that fall under the category of permutation methods, and one of the
most popular is Random Reshuffling (RR). In each epoch ¢ of the RR algorithm, we sample indices
(1), ..., m(N) without replacement from the set {1,2, ..., N}. In other words, 7 (1), ..., m(N)
forms a random permutation of {1,2,..., N}. We then perform N steps in the following manner:

s =251 = N () (€ -1)s 9
where f, x,(;) is the m-th function after permutation 7; on epoch ¢, and « is a stepsize at t-th
epoch. We can rewrite this step as

j—1

o =y — e YV o () (€F)-

k=0
After each epoch we perform additional outer step with stepsize ~;:

N M
]' m
Ti41 = Tt — NGty Gt = 7MN E E vfm,‘frt(j)(xt,jfl)' (10)

Jj=1m=1

C.1 ASYMMETRIC GENERALIZED-SMOOTH NON-CONVEX FUNCTIONS

Theorem [3|(non-convex asymmetric generalized-smooth convergence analysis of Algorithm[2). Ler

Assumptionsand@holdforfunctions fand {fm}%:1 . ChooseanyT > 1. Forall0 <t <T—1,
denote

ar = Lo+ L1||Vf(z)ll, ar= Lo+ Ly max IV fing(@e)]] -

Put A" = - ﬁ Zjvzfol 2%21 1. Impose the following conditions on the client stepsizes oy
and global stepsizes ; :

0<t<T-1,

V2 @t} ¢ 1

a; < min ,
te { BN(N — Dy ca/
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where 0 < ¢ < L ¢ > \/(N—-1)(2N —1)+2(N + 1)) T. Let & =4 f(xo) — f*. Then, the

E
iterates {x; }tT:_O1 of Algorithm|2|satisfy

El i {Cmm {uwm)u? IVf(wt)l}}
t=0,..T—1 | 8 Lo ’ Ly

T

8(1+ 3atat((N_1)(2N— 1)+2(N+1))) 6aia;

. - So + ——
ay

(N +1)A*.

Lemma 6. Recall that &y = Lo + L1 maxy, j ||V fm;(z¢)|. Then

N M
i llgel? m
= ZmZ:j a1 = well* + A2 f ()17 (1n

Proof.
N M 2
llgel® 1) 1
5 — 3 WZZ V fon () (@5 -1)
N M ?
1 m 2
=577 22 2 (Vmm @ @1) = Vimm @ (@) + V(@)
j=1m=1
| NoM ) ,
< 3w 2 2 Lo L [Viimm iy (@)D (27 -1 — ™ + 9 (22)]|
j=1m=1
1 L& 2
- m 2
< (at)zm Z Z thvj—l - xt” + |V f (@)
j=1m=1
;] NoM )
- 12 m 2
= @ g7y 2o 3 ety w4 VSN
O
Lemma 7. Let Assumptlonsland Ihold Sor functions f and { fm} . Then, if we choose oy <
N
1 N m 2 2~ *
~ ol = | o | < 20fa (N = 1)@2N = 1) + 2(N + 1)(f(z:) — f*))
j=1
+4a’a (N +1)A" (12)

Proof. From (9) we have

J
x;ﬂj = x??j—l - atvfm,m(j)(x%—l) =Tt — Z Oétvfm,m(k)(x??k—ﬂ-
k=1
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Thus,

J
Z atvfm,ﬂt(k) (x;tlkfl)

k=1

2
m —
s = ]| =

<2

J
Z o7 (me,m(k) (x??kfl) - me,m(k) (ft))
k=1

) 2

J
2 Z atvfmﬂrt(k) (xt)

k=1

<2]Z o) L0+L1 ||me o (xt)H)QHxZLk_l —gst||2

2
J
2 Zatvfm,wt(k)(mt)
k=1
Using last inequality, we get
1 = m 2 L2 m >
5 2l = < 37 5 D@0 (Lo + Lo [V (@0)])” [l —
Jj=1 j=1 k=1

i 2

5 N
NZ Z tvfmwt (k) SUt)
=1 ||k=1
2xn 2 202 || ’
? (1) ZNZHM 1_$tH + Nt Z vam,m(k)(xt)
j=1 k=1 =1 ||k=1

Let oy < £, where f is constant. Then, we take a conditional expectation of the last inequality and
get the followmg

1 . m 2 2ﬁ2 al ! m 2
N Z th,j - xtH | <E N ZJ Z th,kq - xtH
j=1

j=1 k=

—_

k) (It) Tt

2a2N
t
—gE
+Nj:1

Denote o2 = Y fom ) (@) = f4) ?_ and consider
t N +(4)

2

Z vfm,ﬂ't(k) (mt)

k=1

Tt

From Malinovsky et al.| (2022, Lemma 1) we get

2 . 2
J
v| <PV + R H;Z(me,mw)(xt)—f(xt)) "
k=1
o
< 2190+ =02
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Thus,
1 Y 282 &L 2
B |23ty — ol for| <B | 2255253 Jap — il o
=1 j=1 k=1
207 . -2 N—-j) »
+N;;(]”Vf@0'+ R
2 2
SE ]6 . ; J)tH xt]
2af ((N(N —1)(2N — 1)) 2
3 ( ) Vi)
202 N(N +1) ,
N 3 ¢
Further,
3-E NZHJ;” th xt]<352 NZHg;tj—xtH xt]

+ 207 ((N — 1);2N k) HVf(a?t)H + (N + 1)0?) )

Thus, if we choose 8 < , /W, we get

1 N 2
|y 3 llaty -

N
xt] (3—38°N [ Z|xm’*

(N - DN 1) : :
§2%< EE= 9 sl + (v + 10

<2ﬁ@NfD@N7DU@)*FX%+LnWﬂwm)

POV ZHmemu el
Lemmald]

- mﬁ@NU@Nnuuoﬁm

1 N
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Now, adding and removing f* to the sum factor on the right-hand side, we get

N M
E| 2o S0 g — ol e | <2030 (N ~ 1)@N ~ )(7) ~ 1)

j=1m=1

1 N M
*
+40état N+1 W;T; fm] th — )

= 20{a; (N = 1)(2N — 1) +2(N + 1)) (f(z¢) — f*)
+4a?a;(N +1)A".

O

Proof of Theorem[3] From Lemma|T]and (I0) we get

F@ien) < @) =3 (V@) 90) + (Lo + La |V f (o)) 2 ||é‘1t||2
Additionally, from the fact that 2 (a, b) = —|la — b||*> + ||a||? + ||b]|*> we can get

F@esn) < f(ae) =1 (Y £(2), 90) + (Lo + La| V£ ()]]) 22 ”29f”2

< fae)) = 5 (IVF@) = gill® + 1V @) 2 + ge])

+ (Lo + L s 210

< fl@) = ZIVF@OIE + IV @) = gl + (Lo + La |9 (o)) 2 ||29t||2
Consider 2|V f(z:) — gil|? and denote a; = (Lo + L1||Vf(x)|) and a; = (Lo +

L1 max,, ||me(xt ), then:

N M
Nt Ve || L m
SIVI@) =9l = 5 | 575 22 22 Vhmm) (@) = Vi) (275)

MN
j=1m=1
5 1 N M
t 2
< EW Zl ZI(LO + Ll||vf7n Tl't(j)(xt)”) th - gct]”
j=1m=

“Y N M
t
@37 Z D llze =l
j=1m=1
From the above inequality and Lemma [f] we get

N M
Flaeen) < f) = LIV I+ Lad 2o 30 3 e — o + A%Hgt

Jm:

[§

=

s \ 1 N M
D fw0 - Livs@ole + Laz L 3230

5 1 shv .
vaair? g 32 3 [ty — P+ an? 19 £l
j=1m=1

1 N M
< flo) + (an? = 3) IVF@OI? + (@i + Faf) 7= 2 D oty — o]
j=1m=1
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1
Let v < T then

g ~ Tt . 2
(@) < flae) — ZtHVf(ﬂUt)H2 + (ata?%? + 5 2) VN Z Z [y — @]
j=1m=
Now, if we take conditional expectation of this and use Lemma[9] we get

B [f(aer)led] < flae) = LIV (e

- 1 N M )
+ (@ady? + 3af ) B | > > [lor — al)

j=1m=1

< fa)) = LIVF @I

+ 2a2a, (atat'yt + % 2)

X ((N=1)@N = 1)+ 2(N + 1)) (f(w) = /) + 2N + 1)A").

. 1
Since v; < o then

3a2ad -
TIVI @I < Fw) = E[fen)led + 58 (V= 1DEN = 1) +2(N + 1) 6, + 2N +1)A")
(13)
Consider the left-hand side of (]E[) Due to the bounds = > ¢ > = on 7y, we have
Y > ¢ IIVf(wt)H
LIVl 2 S
Then, we get
2 CHVf a:t)l\ V)| < %1)’
LIV IR Iy
sn o IVf(@)ll > 1°
_ i { IV |95 @)] "
8 Ly Ly

Denote 0; = f(x;) — f*, then from (I6) and we get

3ala} .
fle) = o) + =g (((N “1)@@N —1) +2(N+1))6, +2(N + 1A )
=0 — Orar + 30‘;at (((N “1)(2N — 1) + 2(N +1)) 8, + 2(N + 1)Z*)

oo

2
> C in { A ||VfL<ft>||}

Let oy < - /%, where ¢ is a constant such that \/((N — 1)(2N — 1) + 2(N + 1))T < ¢. Now
we take full expectation and use from |Mishchenko et al.| (2020, Lemma 6):

2
¢ L-&?i};l {gmm { llvféf»ll , \|VfL<jct>H }}

T
(1+ 8050 (N — 1)(2N — 1)+2(N+1))) 3023
< o + —Lt
T 4at

(N+1)A%
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Corollary Fix e > 0. Choose ¢ = /((N—1)2N —1)+2(N +1))T. Let oy <
8 m Then, if T' > 2“%50, we have
2
I R O 0712 AT N
t=0,...,T—1 Ly Ly
Proof of Corollary[3} Since ¢ = /((N —1)(2N — 1) +2(N + 1))T and oy < i %, ap <
8, /m, due to the choice of T > 25?‘50 we obtain that
T
Sa at
(135 (V- DEN =D 2N D)) s 26 ce
60 S S = S TR0
T T T 16
and that 25
304{ (N+1A" < Cs
Qg
Therefore, E [mint:O)m’T,l {min { ”vféﬁ‘)HQ, ”VfL(f”)” }H <e. O

C.2 ASYMMETRIC GENERALIZED-SMOOTH FUNCTIONS UNDER PL-CONDITION

Theorem 7. Let Assumptions I and E| hold for Sunctions f, { fm}m , and { fm7}f\f’]\1[;120 . Let

Assumptwnahold Choose 0 < ( < L. Let 50 f( 0) — f*. Choose any integer T > %. For
all0 <t <71 —1, denote

ay = Lo + L1||V f(z)|l, ar= Lo+ L1 max IV fon(@e)| -

Put A" = = f* = 37 Domet Z —1 Jmj- Impose the following conditions on the client stepsizes o
and global stepstzes Ve
: V2 a
oy < min 3737
3M(M — 1)(115 cat

a i€
12026, <5t((N “1)@N — 1) +2(N +1)) +2(N + 1)Z*)

8a00 }
3T, (5t((N —1)(2N — 1)+ 2(N +1)) + 2(N + 1)Z*) ’
ég%gf? 0<t<T -1,
Qy 46Lt
where ¢ > /(N —1)(2N — 1) +2(N + 1)) T. Let & 4 f(z0) — f*. Let T be an integer such

that0 < T < 642(’CL1, A > 0 be a constant, o < \/%. Then, the iterates {xt}z:ol ofAlgorithmH
satisfy

uC 4LoAc?
< - R
e (1 4L0> SRR

where o7 d:eff (xr) — f*.

Proof of Theorem[7] Let us follow the first steps of the proof of Theorem[3] Consider (I6):
Tt
Zf IVf(@)l” < flxe) = flae)

302;2@3 (((N — 12N —=1)+2(N +1)) 6 + 2(N + 1)3*) .
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Since 7y, > aiv and f satisfies Polyak—t.ojasiewicz AssumptionEl we obtain that
D

ug (f(@,) = f*)

2,

< f@e) = fae)
3atd;®
8at
1. Let 7" be the number of steps ¢, so that |V f (i) > %’ For such ¢, we have Lo+L1 ||V f (x4)|| =
Gy < 2L1 ||V f (x¢)|| - Therefore, we get

1G (f(xe) — f7)
4Ly [V f ()]

((M(N C1)@@N — 1) +2(N 1)) +2(N + 1)2*) .

< f@e) = f(@es1)

30[%dt3
8a

Notice that the relation a; < 2L1 ||V f(z;)|| and Lemma|[I]together imply

IVfll _ IV £ (o)]”
4L, — 204

<5t((N —1)(2N — 1)+ 2(N + 1)) + 2(N + 1)Z*) .

< flz) = .

Hence, we have

I8
@ < flwe) = f(weg)
304%6?,53
8a

(5t((N “1)(2N — 1)+ 2(N +1)) + 2(N + 1)2*) .

Subtracting f* on both sides and introducing ¢, def f (z) — f*, we obtain

LS
16L2

3aid?

8y

Orr1 < 6t

(6t((N —1)(2N — 1)+ 2(N + 1)) + 2(N + 1)Z*) .

apuC .
Asay < \/12L§a}3(6t((N1)(2Nt1)+2(N+1))+2(N+1)A*) , it follows that
30(752@}3 J— /_/,C
= (6t((N “1@EN 1) +2(N+1)) +2(N +1)A ) <
t

- 3212
Therefore, we get

LS
3202

2. Suppose now that |V f (z;)]| < %’ For such ¢, we have Lo+ L1 |V f (z¢)|| = a, < 2L¢. Hence,

pg (f () = f*)
4L,

Oip1 < 0

< fze) = f(ze41)
30[%@}3
8ay

(5t((N —1)(2N — 1)+ 2(N +1)) + 2(N + 1)Z*) .

Subtracting f* on both sides and introducing ¢, def f (z) — f*, we obtain

3ajd,® x*
Si41 < Sip+ O;t&at (6:((N = 1)(2N — 1) + 2(N + 1)) + 2(N + 1)A").

t

def - pu¢ def . A 8a; A
where p = 1 iLs Let oy = ady with & < \/3(1}3(5t((N—1)(2N—1)jr2(N+1))+2(N+1)Z*) for

some constant A > 0. Then,
i1 < pdy + A
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Unrolling the recursion, we derive

T—T 2 = i
or < p° 7" 0o + Ac ;p*SQLQ ZP
_ A 2 1— T
SPT—T50+ o 14 MCT
1-p 1—p 32L7

Notice that §; ;1 < §; + Aa?, which implies

LS
or <0+ (T -T) Aa® - T
TS0 o~ Tonr
Since a < AT, we conclude that
- ¢ - 640, L3
<op <26 —T-—5 T<
0 <or <200 — 3207 =1 < uc
Therefore, for T > & CLI we can guarantee that 7' — T > 0and
F Aa® o5
op < p' =T —Tp"
R e O OV
2
< prT(; 1Aa

O

Corollary 7. Fixe > 0. Choose o < mln{\/ AT,L“ / LgfjfT} Then, if T > 6450]“1 + 4L° In 250

we have 1 < €.

~ 2
Proof of Corollary[9) Since 0 < T < 642051 A>0a< %, a < I, LsffT, due to the

choice of T' > 6460 L] + 4L° In 250 , we obtain that

e
N b (p_F) . _ €
1-— o < e Lo\" Ty < =
( 4L0) 0= 0=3
and that
ALod % _ ¢
u¢ AT — 2
Therefore, 7 < ¢. O

C.3 SYMMETRIC GENERALIZED-SMOOTH NON-CONVEX FUNCTIONS

Theorem 8. Let Assumptwnslandlhold for functions f and { fm} . Choose anyT' > 1. For
all0 <t < T —1, denote

= Lo+ Li[[Vf(zo)ll, @ = Lo+ L max IV fmg (@) -

Put A" = f*— Z Zm 1 fon- Impose the following conditions on the client stepsizes o
and global stepstzes Ve
oy < min , oy < max , ,
= ON(N — i, ca? ! AG,L1(N — 1) 6 (Lo + L1Gy) (N — 1)
1
£<%_ —, 0<t<T-1,
ag 8ay
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where 0 < ¢ < L ¢ > JIN-1)CN-1)+2(N+1)T and G, =
def f(xo) — f*. Then, the iterates {xt}zﬂ:_ol of Algo-

~~~~~

: ¢ JIV@E VS ()]
E |f=0{?.{%"—1 {8 mln{ Lot ’ L1 }}

8(1—1— 30} “f((N—l)(QN—l)—i-Q(N—i—l)))T 602a3

< ] N +1)A”
< T o+ i (N+1)
Lemma 8. Recall that 4y = Lo + L1 max, j ||V fm;j(x¢)|. Then
Vi llgell? _ 9 1 S m 2 2 2
> < 3awv; mz Z 271 — 2ell” + 2 IV f ()]
j=1m=1
Proof.
N M 2
lgel® 1
9 =3 Z Z fm ;e () xt] 1)
2
| NoM
- ||MN Z Z (me Wt(J)(xtJ 1) = Vm (J (xt)) +IVi@l
j=1m=1

} 1 N M
< @) 577 20 2 Mleto = al*exp {210 [la7 oy = |} + IV S @)

j=1m=1

Let Gy = maxy,—1,... .M {||V fm; (z¢)]|} . By the induction with respectto j = 1,..., N, we prove
Jj=1,..., N
that, for any m € {1,..., M}, we have ||me (. (xt i 1) || < 2@G;. Indeed, notice that

IV fon ey (20— 1)|| < |V @] + Hme w) (@75-1) = V) ()
< Gyt (Lo + L ||V finm ) (@) exp {Lu (|27 y — e[} |27y — |
< Ge+ (Lo + L |V iy (@o)]]) exp { Ly |27y — ||} 271 — 2|
< Gi+ (Lo + L1Gy) exp {L1 th,jq — act”} Hx?,%jq — 9CtH )

By the induction assumption, we obtain that

j—1 j—1
H'TTTj—l - xtH < Q vam)ﬂ-t(i) (x;r,Li—l) < Qg Z ||vfm,7rt(z) (lez—l)H
i=1 =1

<ay(j—1)-2G; < (N — 1) - 2G,.
Hence, we have that
IV fonme iy @5-0) || € Gi+ (Lo + LaGe) exp {ar L (N — 1) - 2G4} an(N = 1) - 2Gy.

Let oy < max {

4GtL1(N71)’ 6(L0+L1ét)(N*1)} : j (xiny—l)H <2G:.

Therefore, we conclude that

I’ _

||gt ~ 2 1 N oM m 2 v 9
2 WZZ 271 = || + IV F @)
j=1m=1
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Lemn\l/zi 9. Let Assumptions |l|and|2| hold for functions f and { fm}i\r{:I . Then, if we choose oy <
V2
V3n(n—1)(a:)’ we get

1< m 2
s —
j=1

2| <dafa; (N —1)2N = 1) +2(N + 1)(f(z:) — [*))

+ 8aZay (N +1)A". (15)
Proof. From () we have

J
x?:] = x?,lj—l - O‘tvfm,m(j)(xz;—l) =Tt — Z O‘tvfm,m(k)(‘r?,lk—l)'
k=1

Thus,

2
m _
275 = 2| =

J
Z AtV fonm (k) (T 1)

k=1
. 2
J
<2 Zat (Vo) (@5% 1) = V e (1) (1))
k=1
j 2
2 Zatvfmnrt(k)('rt)

k=1

J 2

25 % (01)* (Lo + Ly |V fon muy (@) exp {211 (|27 — e} |y — @

k=1
2

2 Z atvfm,ﬂ't(k) (l’t)

k=1

Using last inequality, we get

J

67
NZH% o[ <Z 5 22 () (Lo L [V i @) ) [y = ]
Jj=1 k=1
2

2\1\3
uMz

Z tvfm ,me (k) (.’Et)

2

l\’)

J
vam ¢ (k) .Tt

k=1

N 65 & 2 22 &
)’y > etk — [+ tZ

j=1 k=1 j=1

Leta; < ~t where [ is constant. Then, we take a conditional expectation of the last inequality and
get the following

1 = m 2 6/62 al ! m 2
3 ot el o | <B [ ST53 oty —a
j=1

Tt
j=1 k=1
202 N J ?
+ Wt ZE va7n,ﬂ'{,(k) (xt) T
j=1 k=1
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Denote o? = + Z?:Ol |V fonme () (0) — f(xt)||2, and consider

X 2
E HZizlvfm,m(k)(fﬂt) x

. From |Malinovsky et al.| (2022, Lemma 1) we get

2

. . 2
J ’ . 1 J
Z V fonme (k) (T) xt] <G Vf(ze)| + 5°E {HJ Z (me,m(k) (w¢) — f(xt)) Ty
k=1 k=1
) JIN—J
<21V + 12
Thus,
N N 7
1 m 2 65°
NE:WM—%H$1<E N Jiﬂﬁk—%ﬂwi
Jj=1 j=1 k=1
20‘% ) J(N =) 2
n N.;;(JHVfu0+-]V_1 o
662 N(N-1) <L, >
<E ( 5 )Zth,j_xtH Ty
j=1
2 N(N —1)(2N — 1
+%C( 2= v sl
N
202 N(N +1) ,
N 3 ot
Further,

[ Elvm al

1 N 2
r| 99N = ey~

J:1

490 <(N— 1);2N— 1

NIV @l + (¥ + 1ot )
Thus, if we choose 8 < 1/9N(N g , n such that nexpn = 1, we get 1 /9 < 2 and

1
{Nzhfﬂ NZ zu*xtH xt]

<202 (L2 )fN L9 1@l + (v + 1o
<2%(< 12N = 1)(f(2:) — £*)(Lo + Ly |V f(z)])

1 N 2
5 2 MV im0 )

]=1

&ﬁQNn&qu@oﬁmt

:

] (3—-98°N

Lemmal2]
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Now, adding and removing f* to the sum factor on the right-hand side, we get

x| <4aia (N —1)2N = 1)(f(z) — f7)

N M )
= Lt 2 2 ety

1 N M
—|—80¢tatN+1 NMZZ fmj th - *')

j=1m=1
= 4afa, (N = 1)(2N = 1) +2(N + 1)) (f(z0) — f*)
+8a2a,(N +1)A".

Proof of Theorem|[8] From Lemma[2]and (I0) we get

Flxen) < Fxe) =3 (VF(@0), 98) + (Lo + La||V £ (2)]]) exp { Ly [lgel|} T2 HQtH

Additionally, from the fact that 2 (a, b) = —||a — b||% + ||a||? + ||b]|* we can get

Vi HgtH

f(l“t+1)§f(xt)*% (Vf (i), ge) + (Lo + LalIV £ (@)[]) exp {Lave [lgel[}

< fla) — (*HVf(fEt) al? + IV f@)|? + llgell?)
V|| ge||?
2

+ (Lo + LalIVF (@o)ll) exp { L1y |l g}

< 1) = U@ + LIV — gl + (Lo + LIV 7 exp L ool 0

Consider L[|V f(z;) — g|/* and denote a; = (Lo + L1||Vf(zy)|) and a; = (Lo +

Ly maxy, |V fm(2:)]]), then:

N M
gt e || L m
Et"vf(xt) gt” 5 Z Z vfm,ﬂ't(j) (It) - vfm,ﬂ'f,(j) (xt,j)

46
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Let us consider L1 ||g¢|| now. Recall that oy < jz 577

N M
1 m
Live gl = Ly VN Zmz:: V o) (@5 -1)

< Ly

N M
< L | o 5030 ks =l exp (L ety = o} + 90

j=1m=1
3L17idt o s | 1
< ]\;_,]Gt;n;Hmt,j—l_xtHﬂﬂl
3L1G o e 1
L0 §ENERINE
.
§4ZZ (N = 1)[1Gy + >
1
< —.
=2

From the above inequality and Lemma 6] we get

M=

Feen) < flw) = GV @) + 3% 2L

M
b 0 3l = a7+ 0 200 e (1 )

Il
_
—

J

i) M
< D e —afy)?

m=1

P~ LIV sl + Lad

EMZ

+2atafszsznxw ail|” + 22 [V ()P

j=1m=1

L9 2 BVtao 1 Al m 2
< fen)+ (200 = 3) VS0l + (2aits? + 3t )MZZ||rt,j—xt||.
=1m=1

. 1 .
Sine vy < ga,» We obtain

N M
J(@ri) < flae) = FIVI@)] + ( it} + ) a2 o Nl =

j=1m=1

Now, if we take conditional expectation of this and use Lemma[9] we get

E[f(wen)lad < flar) = HNV ()

3 N M
- (2@&3%2 n % 2) N SN ey - w|*|e

j=1m=1

< J(w) = FIV @)

~ 3
+ 2atay <2atatfyt + % 2)

% (((N = DEN = 1)+ 2(N + 1) (fw) = ) +2(N + 1)A").
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. 1
Since v; < Tan then

062[13 —*
TIVI@OI < fa) = E[fen)lzd + Gt (V= 1D(@N = 1) +2(N + 1), + 2N +1)A").
(16)
Consider the left-hand side of (T6). Due to the bounds 1+ - >y > (ft on v;, we have
% N ||Vf<xt>\|
A
Then, we get
UV |15 f(z,)]| < Lo
8L1 ) ‘Vf(xt)” > i
G [IVF@I [V -
8 Ly Ly

Denote 6; = f(z;) — f*, then from (I6) and we get

2~3
Qi ay

55 (((N —1)(2N — 1)+ 2(N +1)) 6, + 2(N + 1)Z*)

fxe) = i) +

2~3
Qi ay

- (((N —1)(2N - 1)+ 2(N +1)) 6, + 2(N + 1A )

+
¢ in {Wf(xt)n? ||Vf<xt>||}
8

=0 — 01 +

Y

Ly 7~ Ly

Leto; < -1 ‘,/Z—:, where c is a constant such that /(N — 1)(2N — 1) + 2(N +1))T < ¢. Now

— cayg
we take full expectation and use from Mishchenko et al.| (2020, Lemma 6):

El min {Cmm{nwmw IVf(:vt)I}H
t=0,....T—1 | 8 LO ’ L1

. (1 + S (N — 12N — 1) +2(N + 1)))T
- T

23
5o+ft

(N +1)A".

Corollary 8. Fix ¢ > 0. Choose ¢ = +/((N—1)(2N —1)+2(N +1))T. Let oy <

- i 5
4, /W‘W. Then, if T > 254%, we have

2
iy {mm { IIVfL(?)II | ||VJ;(1fft)H }H -,

Proof of Corollary[§} Since ¢ = /(N —1)(2N —1) +2(N + 1))T and oy < = LIS

_ay . 25630 .
4,/ FTN TR due to the choice of T > e we obtain that

(1+ %2 (v - DN - 1) 28 1)

E

IN

5o < < 20 X2
T O="T7 =T =16’
and that
afai (N+1A" < ce
ay ~ 16"

2
Therefore, E |min;—g__ 71 { min { ”Vfgt)” 7 “VfL(ft)H } < ¢. Notice that the computation of

Gy, 0 <t < T — 1, requires additional T" epochs. Therefore, the total number of epochs is at least
27 > —514250. O
- 1>
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C.4 SYMMETRIC GENERALIZED-SMOOTH FUNCTIONS UNDER PL-CONDITION

M,N—1

Theorem 9. Let Assumptions |I| and 3| hold for functions f, { fm}ﬁf:l and { fmj},, i—o - Let
Assumptionahold. Choose 0 < ¢ < i. Let 4 d:eff (zo) — f*. Choose any integer T > 64?;’;? . For
all0 <t <T — 1, denote

ay = Lo + L1[|Vf(ze)|, as = Lo+ Ly mn%Xvam(xt)H

Put A" = - ﬁ %:1 Z;V:1 I mj- Impose the following conditions on the client stepsizes c
and global stepsizes ; :

V2 Vg
VIN(N —1)d; ca,**’

ap < min{

agpg
1624, ((M(N —1)@2N = 1)+ 2(N +1)) + 2(N + 1)3*)

2&1550 }
T, (5t((N 12N — 1)+ 2(N +1)) + 2(N + 1)2*) ’

¢ 1

TS’Ytg ~
Q¢ 8CLt

0<t<T-1,

where ¢ > \/((N —1)(2N — 1) +2(N + 1)) T. Let 6o 4 f (x0) — f*. Let T be an integer such
that 0 < T < %, A > 0 be a constant, o < g/%. Then, the iterates {xt}z:ol 0fAlg0rithm|g|
satisfy

T-T
uC 4LoAc?
< _
5T<1 4L0> oo + il s

where 1 d:eff (z7) — f*.

Proof of Theorem[9] Let us follow the first steps of the proof of Theorem[3] Consider (T6):

2~3
QpQy

T IVAGI® < fla) = flan) + 5

X (((N C1)(2N — 1)+ 2(N + 1)) 6, + 2(N + 1)Z*) .

Since v; > &, and f satisfies Polyak—t.ojasiewicz AssumptionEl, we obtain that

pe (f (@) — %)

20y

< f(we) = f(we41)

+ Og&? (&((N —1)(2N —1) +2(N +1)) +2(N + 1)2*) .

Qg

1. Let T be the number of steps ¢, so that IVf(z)] > %—i’ For such ¢, we have Lo+L1 |V f (z4)|| =
Gy < 2Ly ||V f (x¢)|| - Therefore, we get

me () = %) < f(xe) = f(weg1)

ALYV f (ol —
af&f —*
+ 5 (5t((N “1)@N 1) +2(N+1)) +2(N +1)A ) .
t
Notice that the relation @, < 2L; ||V f(z;)|| and Lemma|[I]together imply
IVf @)l _ IVf ()] N
< < - /.

i S e, =l

49



Published as a conference paper at ICLR 2025

Hence, we have

HE o bay) — o) + 2 (5 (N —1)(2N —1) + 2(N +1)) + 2(N + 1)2*)
1602 = T 9, '
Subtracting f* on both sides and introducing J; & f (z) — f*, we obtain
uc a?ad ——
ot 00— J6p + e (B:((V = 1)@N = 1) +2(N + 1)) +2(N + DA") .
apg 1
Asay < \/16L§a}3(6t((1\r1)(2N1)+2(N+1))+2(N+1)A*) , it follows that
aray (6t((N —1)(2N — 1)+ 2(N +1)) + 2(N + 1)Z*) < M
20, = 3212

Therefore, we get

e
3203

2. Suppose now that ||V f (z¢)|| < f—f For such ¢, we have Lo+ L1 |V f (z,)|| = é, < 2L¢. Hence,

1C (f(xe) — f)
4L,

5t+1 < 5t

< f(we) = f(we41)

2~3
aya

t

+

= (5t((N —1)(2N — 1)+ 2(N +1)) + 2(N + 1)2*) .

Subtracting f* on both sides and introducing d; &ef f (x¢) — f*, we obtain

2-3
81 < 0ip+ O;*;f (6:((N = 1)(2N — 1) + 2(N + 1)) + 2(N + 1)A").
t
where p 21— 2 Let oy & aéy with &, < 24, A for some
P 4Lo" t t t= \/a’ﬁ(6t((Nfl)(2N71)+2(N+1))+2(N+1)Z*)
constant A > 0. Then,
i1 < pdy + A
Unrolling the recursion, we derive
- ] C N—-1
o7 < p" Too+ A2 g = Lo ST
i=0 3213 i=0
- A 2 1— T
SPT—T§O+ a” 14 M(z.
1—p 1—p 32L7
Notice that §; 1 < §; + Aa?, which implies
2 LS
5 <6 (T—T)AQ—T .
TS0 STy 5
Since o < %, we conclude that
s _ 6460L2
0<6r <20g—T-—5, =>T< ——=.
>~ 07 > 0 32L%’ = MC
Therefore, for T > % we can guarantee that 7" — T > 0 and
i Ao® o pg
o < pt=Ts —TpT
A T AETTR:
_ 2
<p" T+ Aa .
l—p
O
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Corollary 9. Fixe > 0. Choose o < min { \/ 3%, L/ Lsfff:r} Then, if T > 645°L1 + 4L° In 2o

we have o1 < €.

%, a < Ly Lgsz?’ due to the

Proof of Corollary[d Since 0 < T < 64ZOL1 A>0,a<

6450L

choice of T' > 229021 4L° In 250 , we obtain that

(1-29) " n ety <
and that
4Lod % _ £
uC AT — 27
Therefore, d7 < . Notice that the computation of G, 0 < ¢t < T — 1, requires additional 7" epochs.
Therefore, the total number of epochs is at least 27" > 12852Lf + % In %. ]

D PARTIAL PARTICIPATION

D.1 ASYMMETRIC GENERALIZED-SMOOTH NON-CONVEX FUNCTIONS

Theorem (4| Let Assumptions|l|and 2| hold for functions f, { fm}%:1 and { fm; }717:1:1\1[ =1 Choose
anyT > 1. Forall0 <t <T' — 1, denote

G = Lo+ Li[[Vf(@)ll,  ar = Lo+ Limax [[Vfm(@i)ll,  ar = Lo+ Lymax [V £/ ()]

Put A* = f* — & Zn]\le fr and A= - i Z%Zl + Z;‘Vﬂ frj- Impose the following
conditions on the local stepsizes v, server stepsizes 1, global stepsizes 0 :

1 24 _ 2 1
164, ¢ \| @ Caaz +a) [ "= BN\ & ava? + a))’

Y NR <R < min{

< <.

, 0<t<T-—1,
<1 <t<

A0S

where ¢ > \/T,0 < ( < 3 Let &g d:eff (x0) — f*. Then, the iterates {xt}tT:_Ol ofAlgorithmsatisfy

e, sy, { S {ITLCOR IV

(1 + m (77t ar + n; 2R24, Jr’)/t Nag +n; Rat))
< T %

20,42 + a3 N
# (ntafA Jr’ytNatA + n? Ra; A* )
t

T

We need to use the following relations to establish convergence guarantees:

ot =y — Wtz Z ZV ( >7

r=0 mES“
o d ¥ S () e s (),
mGSMc
Ti41 —xt—%(xt—.ft)
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We assume that the whole sum is zero when the upper summation index is smaller than the lower
index. We can derive the following recursion from the above relations:

Ty — Tg41 = R( —Z‘f)

R— 1 N-1 ; By
-2 Z = v ()
mespr J=0

‘ >

Further, the first statement of Lemmal|T] yields the following inequality:

F(@es1) < fl@e) — (VF (20) 20 — Tesr) + (Lo + L1 |V f (z2)]) M.

We deal with the last term, using the second statement of Lemmam

2

= ‘
2 J j
|z — e ||” = 07 R Z Z N Z Vin (Irnjt)
=0 mes%r §=0
2

1 R—-1 1 N-1
<202 - N 2 (VIR () = V@) + 28719 4|
=0 meSpT Jj=0
292 2R 1 N-1 y 2
< ot Lo+ L VS @l D D0 Y ||ee - i)

Il
o

r=0mespr j

S7
+407 (Lo + L1 |V f (o)) (f (2e) = f*).-

We use the following notation: a; = Lo + L1||V f(z¢), ar = Lo + L1 maxy, |V fm (x|, ar =
Lo + Ly maxy, ; va;:: (2) ’

. Next, we have that

2
j—1
’ Ty — xm t nt Z ZM Z Vfﬁj ( lt) + lz Vf;; (mjr’zl,t)
mES =0
r=1 | V-1 ) 4 2 j—1 l 2
= DL DI (k)| +2fe o vra (w5lh)
CanN s ’ = 7

Using Young’s inequality, we obtain

1 1 J J
oo <o |2 S & 30 (Vi (o52) - Vo @)
c N -
k=0 mespk T j=0
1 N-1 2
— 1 1 '« i
+ 4n; = ~ Vin (@)
c N
k=0~ mesik T j=0
i—1 2
1 r 71_I.
et |50 (0 () - 8 )
=0
j—1 2
l
+A? || ) VIR ()
=0
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2

Using |[Malinovsky et al.[ (2022, Lemma 1), we derive the following upper bound on th — xm ‘

EURTEC 3P 3 et

S’\kj 0

L]
m,t

HCCt — X

Cr(M—-Cr
0 o (Vs + D )

2

Jj—
+ 477 @)* Y|

| 10 )
+ 442 <J2I|me(xt)|| TN 2 >7

where
N—

1 M
o} > D0 IV @) = Vi @),
m=1

=0
-1

,_.

IV fri (x¢) =V fin (%)”2

, , 2
Ty — :c:,j x,), — x|, we ob-

def N—
for Vi = oay > Zmes*' 2= 1}

Using this bound on ‘
tain

E[V] = Z > ZE!

R— N-1 r—1
1

N—
X Z 477t2r2 N go ‘

r=0 pegt j=0 k=0

famw X XX (nd (j2||me<xt>||2+j§JVV_‘f)oil,t))

k,j
xt—xmt

;= Tt

1 o 1 22 2 2, Cr(M —Cr) ,
tam > X 3 (e (VerIvse)p s ) ).
N

R<mR< ﬁ Summing over indices, we arrive at
M(M - 1)4 9

7 @) E Vi

M
IV APV = 12 1)+ 50N+ D5, 3 o

2 M-C 2R+1 )
- g
(M—1)c™t N2

-1 .
———4n; (@) E [Vi] +

+§77t||Vf( z)|*(R-1)(2R - 1) +

w

M
Z IV fm (o) [P (N = 1)(2M — 1)

CO\[\D

< 2n? (@) (1+ RY)E|

M
2 2 1
+ SR IVH @R = DER - 1)+ S92V + )7 Y o,
m=1

2 ,R+1 M-C o2
3t Nz (M -1
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To derive the bound on EE [V;] we need to require that 7 N R < 1; R < 15— to have 127 (a)” (14
R?) > 0. Using Lemma we have

E[V] < 22N Z IV fn()lI? + 207 B2V £ )]

M
1 R M-C
+2’Yt2N Z Umt+277t2N2 WU?
m=1
LM
§473N2M;(L0+L1 IV fim(@ll) (fm () — f)
1 L1 &
+ A Ry (f(20) = f(2) + 200N 52 D0 5 D IV (@)

m=1 7=0

1 M
Z ||Vf7n th H2
m:l

,_.

2 1 >z 1 ™ T j %
+4y N ZN (Lo + Lo [V i (@o)ll) (F () = f7777)

(Lo + Lo [V () |]) (fm(2e) = f) -

The bound for E [V;] is given by the following:

M
E[Vi] < 4nfa, (f(mt) — (f* - Z )) + 4Ry (f(x0) — 1)

,_.

M
1 1 )
+4viNag | foe) — f*+ | fF— — Zlﬁgofgf*

m J

—_

=1

M — C ZM
4 o = _ * * _ * .
* * 1 M * * N—1 pmj,*
Recall that A* = f* — 52" " 1fm, = f*— M § el N N j=o [fm'". Therefore,

E[Vi] < 4nja; (f(ze) — f* + A*) + A0} Ry (f (xe) = f7)

i X M-C L
Rewriting, we obtain
E(Vi] <4 (f(ae) — ) (nar + 2 B2, + 22 Nty + 12 Ray —a—C
t] = t t Wt t t t t t t(M 1)0
X - M-C
+4T)t2atA +4’Yt2NCLtA +4n§Rath

<A4(f(xe) — f*) (nfae + n; R?a + v Nag + n; Ray)
+ 4nfa; A* —|—4’ytNatA + 4n? Ra; A*.
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Following this, we need to establish a bound for the scalar product

—(Vf(z1), l't_l't+1>—9t<Vf ) ——Z i vanf( ]>>

mGS*’

Using the identity 2(a, b) = |la + b]|* — ||al|* — ||b]|*, we obtain

2
R—1 N-1
0,1 1 1 i
(VS (@)= wn) = — | ZIVF @I+ R £ & X & 2 Vi (w3)
r=0 meS}T j=0
R—1 N-1 2
0, 1 ~— 1 1 «— i
+ 5 Vf(xt) - E 5 N vfm (xmﬂf)
r=0 meSs}” j=0
R—1 N-1 2
_ 0 2 O]l —~ 1 1 nﬂ(m‘)
o M COIREES =D DD D D 7l €
r=0 mES?’" 7=0
R—1 N-1 2
0,5 1 — 1 1 - - r,j )
t3|RE G 2 w2 (VI () - VAT @)
r=0 mES?’" 7=0
Using Lemma([T]and omitting one of the terms, we get
0 R—1 1 N-1
t
~(VF @) m—in) < LIV @+ Z DR Dl CSA
TrLES’\7 ]:0
Taking the expectation with respect to the randomness of the algorithm, we have
0
E[f(ze)] < f(xt) - *t||Vf (s)|I”
N-
oo
mES” =0
a
+ Et [l — $t+1||2 :
Recalling the definition of E [V;] and taking the conditional expectation, we obtain
0 0 512 . "
E[f(zre) 2] < f2) - *tIIVf (@)|* + SLE [Vi] + 674 |V f (@) | + 0767 [Vi]
B 9t atat 2.4
= f(z1) — (1 = 20,) |V f ()] + E V)] + 6;aiE[Vi].
Using the fact that 0, < 4}“ ,
B(J(resn)l o € £l - 2197 @0l + SB (v + LB (1)
Te+1)| Tt = J (Lt 4 t 8a, t 16&? t] -
Recalling the bound on E [V;], we obtain
6‘t t at
E[f(zer1) 2] < f(2e) - ZHVf( ) E[Vt] 1642 QE[Vt]
< fla) = IVS ()]
ag aj * (02 2p224 2075 2
+ —+ =5 (f(xt)_f)(Tltat+71tR at+’YtNat+71tRat)
2at 4Clt
a; 4y *
+ ( : (naia® +42Na A" + nfRaiA) (18)
Qat 4Clt
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Using the fact that ; > =, we get that

01V £ (o)]|” s Vs ()] .

4 4at
Therefore,
2
0V @)l {C'W”' IVF@oll <8, _¢ {nwm)n? wwn}.
4 Sl IVf@l > 22,8 Lo o
Denote 5, & f (z¢) — f*. Then we have
¢ . Vi(z)|? |[Vf(x
N2 LGl S
20,03 + a3}
%( at+77t2R2at +'YtNat+77tRat) 0y
t
2a.a7 + a3 .
% (n?atA* +72Na, A" + n?Ra, A )
¥

23 23 1 . .
Recall that n; < ‘“ T/ at(2ata$+a3 , v < céljtv T@aarTan’ © > \/T. Using Mishchenko et al.

(2020, Lemma 6), we appear at

, IV @)I? V£
t=0 1 { 8 min { Ly =~ Ly }}

T
(1 + M (nta +ntR2at —|—’}/tNCLt +77tRat))
< %
T
2
%_Fat (nta A* + 2N A" + 1 RatA*)
t
CorollaryH Fix e > 0. Choose ¢ = 2T. Let n, < Q&t\/Qat(Qatagj_QS)A*RTa TS
t
N\ s s Then if T > 7220, we have

E

2
i g

Proof of Corollary[} Since ¢ = 2v/T and 1, < 2‘“\/ af(QM Tanyr Mt = c21(211t\/ v W&%M?)’

~ 3d0 24, [/ 36 .
and 7y < 2at\/2at(2dta trenaRT S N 7iGaa3 e A RT due to the choice of T >

max { 7230 , 12<§* , 6?5* } , we obtain that
2ata +a? 24 !
(1 4 7’5 (nt a; —|—'I7tR ag +7t Nay + Rat)) 650 350 CE
bo < — < — < o7,
T T T 24
2000 48 (00 A 4 2 RaA) < 8
442 e L 24
and that
2,07 + af Ce
——tx N A < =
142 T =ar
Therefore, E [mint:owa_l {mjn { |‘Vf£5§t)‘|27 I\VfL(lact)H }H <e. O
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D.2 ASYMMETRIC GENERALIZED-SMOOTH FUNCTIONS UNDER PE.-CONDITION

Theorem 10. Let Assumptions |1 and |2| hold for functions f, {fm M: and { fim; MN  Let
m=1 JIm=1,j=1

2
Assumptionahold. Choose 0 < ¢ < i. Let 4 d:eff (zo) — f*. Choose any integer T > 64i°fl . For
all0 <t <T — 1, denote

@ = Lo+ Li[[Vf(@i)ll,  ar = Lo+ Limax|[Vfm(@i)ll,  ar = Lo+ Ly max [V £/ ()|

1 M K 1 M 1 N-1 .
Put A* = f*— > fhand A = f*— 3 & ijo Jmj- Impose the following
conditions on the local stepsizes v, server stepsizes 1y, global stepsizes 0; :

NR <R <mind — 20 L 0t g
min —_—, —
VIS T = 16a;" ¢ \| ar Qazar +a3)" \| 3202 (6, + A%) ag (2602 + a7

CL250
TL% ((5t + A*) a¢ (2&15&% + d?) ’

24 1 )
7 NR < min at\/~ 5 3y 7*% . ’
¢\l a: (2a:a3 + a3) TL? <5t +A ) ay (2aa? + a3)

S
3202 (5t + Z*) Gy (28,62 + &)

~ ~ 2
where ¢ > \/T. Let T be an integer such that 0 < T < 6420L1, A > 0 be a constant, o < %'
Then, the iterates {xt}z:ol of Algorithmsatisﬁ/

T-T
uC 4Ly Aa?
<(1-£> 2ol
o= ( 4L0> ot

where 1 d:eff (z7) — f*.

Proof of Theorem Let us follow the first steps of the proof of Theorem[d Consider (T8):

0
fIIVf (@)lI” < f20) = fl@e)
20,07 + a3
4a?
20,02 + a3
4a?

(f(xe) = f*) (nfae + nf R?as + 77 Nag + 7 Ray)
(nfatA* +2Na A" + nfRatA*) .

Since 6; > ai’ and f satisfies Polyak-FL.ojasiewicz Assumption@ we obtain that
t

WA =T < )~ )
2,2 + i3

162
20,02 + a3

182

(f(ze) = [*) (nfas + i R?ay + 77 Ny + 17 Ray)

(nfatA* +y2Na A" + nfRatA*) :
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1. Let T be the number of steps ¢, so that IVf(z)] > %’ For such ¢, we have Lo+L1 |V f (z¢)|| =
Gy < 2Ly ||V f (x¢)| - Therefore, we get

1¢ (f(ze) = f7)
CTANZICHI < f(@e) = f@ee)
2a,a7 + a3

4a?
2a.a7 + a3

4a?

(f(xe) = f9) (771526% +n; R%a, + vi Nay + nfRat)
(nfatA* +12Na A" + r]fRatA*) .
Notice that the relation @, < 2L; ||V f(z;)|| and Lemma|[I]together imply

IV Sl _ IV S )]

< — f*.
L, S 2a, Sfwo—f
Hence, we have
IS
1612 < fze) = f(ze41)

2,2 + a3
12
20,a2 + a3
447

(f(ze) = [*) (nfar + 07 R?ay + 77 Nay + 17 Ray)
(nfatA* + 2N A" + ntZRatA*) .

Subtracting f* on both sides and introducing J; o f (z) — f*, we obtain

_m
1613
2a,a7 + a3
#51‘,
4a;z
2a:a7 + a3
4a?

Opr1 < 0
(nfat + ntQRth +v2Na; + nfRat)

(nfatA* +~2Na, A" + ntZRatA*) .

As . < 4a3 ¢ and n, < \/ 44 ¢ it follows that
¥ < 128L§(5t+K*)atR2N2(2dt&?+&?) e > 128L%(5:+A*)a; R?(2a:a7+a3)’ W

2A ~2 ~3
2nai +ai 5 (nfas + n; R?ay + v Nay + nj Ray) +

187
20,07 + 07 ( 5 2a72 A, 2 * jus
T (ntatA + v Na A + n;y Ra A ) < 3217
Therefore, we get
S
Oy < 0p — —.
=TT 302

2. Suppose now that |V f (z;)]| < %’ For such ¢, we have Lo+ L1 |V f (z¢)|| = é, < 2L¢. Hence,

pe (f (@) = %)

1L, < f(xi) = f(we41)
2a.a7 + a3 . _
% (f(ze) = f7) (ntQG't +n Ry + ¢ Nas + ntQRat)
t
20,02 + a3 -
= T 4td2 ¢ (nfatA* + ’ytzNatA* + nfRatA*) )
t
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Subtracting f* on both sides and introducing J; def f (z) — f*, we obtain

20,42 + a3 5
s 0t

Opr1 < 0ep + (nfar + 7 R*a, + v Na, + ni Ray)

4a?
24,42 + a3 —*
+ %jat (nfatA* + WEN&tA + nfRatA*) .
t
def e def 4atA
where p = . Let % = oryt and 9, = an, with 44 < \/4L§(6t+A Vo, RPN 207 1) and
< \/4L2(5 +A*fa%§(2h e for some constant A > 0. Then,
1\0¢ at atayt+ay
i1 < pdy + A
Unrolling the recursion, we derive
o < pTTéy + Aa? Y pf —
7 < p" "6 + Aa ;p 32L2 Zp
PP Ao®  1-p" g
<p do + 1 — 5
—p 1—-p 32L7
Notice that §; 1 < §; + Aa?, which implies
- LY
5 <6 (T - T) A — TS
T 00t 3212
Since a < AT, we conclude that
s - 6400L7
0<6r <25g—T , =T< .
S DT LS
Therefore, for T > % we can guarantee that T — T > 0 and
Aa® oo
Sp < pt TS Tp"
A e O OV
_ Aa?
O]

Corollary 10. Fix ¢ > 0. Choose @ < min{\/g"T,Ll,/fffT}. Then, if T > 6450L i

4Lo 1y 2‘50 , we have 61 < ¢.

e
. = 6450L§ 5o 88pe
ProofofCorollary- Since 0 < T < ,A>0,a < J5, @ < L4 ToAT> due to the
choice of T > 642‘2 14 4L0 In 250 , we obtam that
1— LC 5 < 674};‘50 (TﬁT)(S < E
4Lg 0= 0=
and that
4LOA (50 3
u¢ AT — 2
Therefore, 01 < €. ]
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E EXTENSION TO GLOBAL STEPSIZES WITH PSEUDOGRADIENTS

Let us consider Algorithm 1] For the other two algorlthms same results can be obtained in a similar

manner. We replace vy, = m with v, = , Ton after the computation of g, in the
pseudocode. Recall that
1 M v
S | P v m
m=1 j=t,+1
By the triangle inequality, we obtain that
1 1 M v
lowll < =5 |13z > (V@) = V(@) || + ||V £ (E2,)|]
p m=1 j=t,+1
1 M v
< o IV fin (@) = ¥ o, )| + [V £ (2, )|
(v—tp)M -
m=1j=t,+1

Since every f, is (Lo, L1)-smooth, we have that

loell < 7 MZ S [~ + 95,

m=1j=t,+1

By Jensen’s inequality we have that

v M v
DD IR e [(ETAND oip ol LA

m=1j=t,+1 m=1 j=t,+1

gl V8w — 1) a3 (F(r,) — f+ A%).

For any sufficiently small § > 0, let us choose «;, < N ) 3(;( rra Then, ||g,| <
8(vp—tp ay itp —fr*4+A*
IV f(@e,)]| + .

The lower bound on ||g,|| is obtained similarly: we just need to write the triangle inequality for the
IV f(2:,)]]- We have

IV f(s,)]| < CETSIT Z Z [V fn(27) = ¥ fn () || + Il
m=1j=t,+1
<0+ |lgpll-
Finally, we obtain that ||V f(Z,,)|| — 6 < |lgp|| < [[Vf(Z¢,)]| + J. Hence
1 1 1

< < .
(ch+c10) + ¢ [VFGr)[| ~ ch+ i llgpll = (ch = c10) + & [V F (s, )]

It means that the practical choice of the stepsize only slightly differs in the constants in the denomi-
nator. So, all our theory works for it as well.

F ADDITIONAL EXPERIMENTAL DETAILS FOR MAIN PART

In this section, we provide additional experimental details: parameters search grids and some tech-
nical details that did not fit in the main text. For all the plots we provide in the legend all the best
parameters found by the grid search. The parameter grids are provided as table for every method.
The code is available at https://github.com/postrou/local_steps_rr.
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It can be seen from pseudocode of Algorithms [T} [2] [3] that global stepsize depends on the full gra-
dient. However, our numerical tests showed that use of gradient approximations g,, for Algorithm
[[] and g; for Algorithms [2] [3] gives better numerical results while being less computationally ex-
pensive. Thus, in our practical experiments we decided to use this approximation in calculation of
global stepsize. We want to point out, that the theoretical analysis for this “practical” version of the
algorithm can be done considering very small inner stepsizes. Although, we decided not to include
it in the current version to keep the presentation more concise and avoid additional complexities.

F.1 METHODS WITH RANDOM RESHUFFLING

10
10°
10°
. —— S0, Ir=1e-07
T 102 NASTYA, Ir=1e-06
< —— €S0, ¢I=10000.0, Ir=0.0001
= 10" — CLERR, cl=100000.0, Ir=0.0001 A g
" M v
107
107
0 20 40 60 80 100

Epochs

Figure 5: Function residual for (@), a; = 10~". The best parameters are provided in the legend.

In these experiments we compare methods with random reshuffling, that shuffle data once at the
start of training process. The main idea is to show the positive impact of random reshuffling and
clipping on algorithm performance. We incorporate these two techniques inside our CLERR method
(Algorithm [2)).

Firstly, consider ({@). For these experiments we take d = 1 and randomly sample 1000 shifts z; €
[—10, 10]. We run all the methods for 10 different seeds on a logarithmic hyperparameter grid. Then
we choose the best hyperparameters according to the best mean loss values on the second half of
epochs. The parameter grid is provided in Table[I] To find f*, we run the Newton method for couple
iterations until convergence.

Since both Nastya and Algorithm [2] have jumping at the end of every epoch, if we tuned the inner
stepsize along with other parameters, the inner stepsize would go to zero and the outer stepsize would
be selected such as these methods solve the problem in 1 step. This would be unfair because other
baselines do not use a jumping technique, so they would not be able to achieve such performance.
Thus, we decided to fix the inner stepsize for Algorithm [2] and Nastya equal to the best stepsize,
chosen for SO, and tune the clipping level and outer stepsize with the outer stepsize not exceeding
the values supported in theory. Here and later, for simplicity, we speak about Algorithm [2]in terms
of stepsize and clipping level, that we can obtain from ¢ and ¢; from (3). The best stepsize for SO
is 1077, so we choose inner stepsize for Nastya and Algorithm [2] the same. Nastya chooses outer
stepsize equal 10~7, while CSO and CLERR (Algorithm [2)) choose it equal to 10=%. CSO clips
gradients at the level 10%, while CLERR - at the level 10°.

Method Stepsize Clipping Level | Inner Stepsize
SO 108,102 - -
NASTYA 108,102 - 1077
CSO 108,107 10°,10° -
Algorithm[2[ | [107%,10~7 10°,10° 107

Table 1: Parameter grids for experiments on methods with random reshuffling on (@).
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Figure 6: Loss, gradient norm and accuracy on train and test dataset for ResNet-18 on CIFAR-10.
The best parameters are provided in the legend.

In this experiment we consider image classification task. We train ResNet-18 on
the CIFAR-10 Krizhevsky et al.| (2009) dataset. The implementation of ResNet-18 was taken from
https://github.com/kuangliu/pytorch—cifar. All the methods are run on 3 differ-
ent random seeds on logarithmic hyperparameter grid. Then we choose the best hyperparameters
according to the best mean test accuracy on the last 25% of epochs.

In this experiment, we do not fix the inner stepsize for Nastya and CLERR, since methods do not
try to make it as small as possible, as it was in the previous experiment. However, both SO, Nastya,
and CLERR choose the same inner stepsize 1072 as the best. Then, both Nastya and CLERR
choose bigger outer step size 1071, and CLERR also chooses clipping level on outer step size as
10. Despite the fact that both Nastya and CLERR choose bigger outer stepsizes compared to inner
stepsize, jumping does not have any impact on this problem. CLERR clips outer gradients at the
level of 10, so this also does not help method to converge to a better area.

Moreover, we provide results of heuristically modified Algorithm [2} where we fix clipping level
and inner stepsize of Algorithm [2] equal to the best clipping level and the best stepsize from CSO
correspondingly. The tunable parameters are only ¢y and ¢; for outer stepsize. We call this method
CLERR-h. CLERR-h chooses an outer stepsize equal to 5, while the clipping level is very tiny and
equal to 1072, All the parameter grids are provided in Table

Method Stepsize Clipping Level | Inner Stepsize co c1
RR 1073,107 1 - - - -
NASTYA | [1073,107 1 - [10=%,107] - -
CRR 1073,107 1 109,103 - - -
CLERR 1073,107 1 109,103 [107%,107] - -
CLERR-h - 101 1071 [1072,10% | [1072,107]

Table 2: Parameter grids for experiments on methods with random reshuffling on ResNet-18 on
CIFAR-10.
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F.2 METHODS WITH LOCAL STEPS
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Figure 7: Function residual for (@), starting from different z, for different number of local steps on
the client device 7. The best parameters are provided in the legend.

In these experiments we compare methods with local steps: Algorithm [T](C-LGDJ) with Communi-
cation Efficient Local Gradient Clipping (CELGC) (Liu et al.,2022)) and Clipping-Enabled-FedAvg
(CE-FedAvg) [Zhang et al| (2022). For comparison we take problem @) for d = 100, where we
randomly sample 1000 shifts z; € [—10, 10]¢. To make the distributions of data on each client more
distinct between each other, we sort the whole dataset at the beginning of the experiment by ||z;||.
Each method has 10 clients, where each client has equal number of data. We provide results for
two starting points: zo = (1,...,1) and zy = (10, ...,10). All the methods are run for 10 different
random seeds on logarithmic hyperparameter grid. The best hyperparameters are chosen according
to the best mean loss on the last 25% of epochs.

Each client performs 7 = 1 or 7 = 10 local steps, and each local step is performed on the whole
local data. For ease of implementation and due to computational limitations we iterate over all the
clients sequentially.

We reformulate constants co and ¢ as server stepsize and clipping level from (3) to better interpret
the experimental results. We start by paying attention to results with a single local step. Firstly,
consider C-LGDJ (Algorithm . It chooses tiny client stepsizes 10719 and small server stepsizes
5 - 1075 for both starting points. For Figure [7alit also takes very big clipping level for server 104,
compared to Figure [7b, where it clips on level 106, which is obvious because on the second picture
methods start farther from the minimum and have bigger gradients. Secondly, consider CELGC.
In both cases, it takes very small client stepsizes: 5 - 107> and 5 - 10~ respectively, and very big
clipping levels: 10** and 105 respectively. Finally, CE-FedAvg also takes small client stepsizes:
10~* and 1072, rather big server stepsizes, which are equal to 1, and average client clipping levels:
10 in both cases. For 7 = 10 we have the same parameters for C-LGDJ, CELGC tries to make even
smaller steps with high clipping levels, while CE-FedAvg uses a much bigger server stepsize and
much smaller client stepsize, for the case from Figure[7a]

The grids of hyperparameters for zo = (1,..., 1) are provided in Table 3] and for z¢ = (10, ..., 10)
—in Table @

Method Cl. Stepsize | Se. Stepsize | Cl. Clip Level co c1
Clipped-L-SGD-J | [10~19,107] - - [1071°,10°] | [10~19,10°]
CELGC - - - [10~1°,10%] | [10~15,10™7]
CE-FedAvg [10~19,10°] | [10~19,107] [10°, 107 - -

Table 3: Parameter grids for experiments on methods with local steps on @) for zo = (1,...,1).

Here ’cl.” means ”Client”, and ”’se.”

—”server’’.
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Method Cl. Stepsize | Se. Stepsize | Cl. Clip Level co c1
Clipped-L-SGD-J | [10~19,107] - - [1071°,10°] | [10~19,10°]
CELGC - - - [10~1910%] | [10~1°,1017]
CE-FedAvg [10~19,10°] | [10~19,107] [10°, 107 - -

Table 4: Parameter grids for experiments on methods with local steps on (@) for zp = (10, ..., 10).
Here ”’cl.”” means “client”, and ’se.” — "’server”.

F.3 METHODS WITH LOCAL STEPS, RANDOM RESHUFFLING AND PARTIAL PARTICIPATION
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Figure 8: Function residual for (@), starting from zo = (1,...,1) with batch size 16. The best
parameters are provided in the legend.

In these experiments we compare methods with clipping, random reshuffling, local steps and partial
participation: Algorithm [3] (CRR-CLI) and with CE-FedAvg [Zhang et al.| (2022) with partial par-
ticipation (CE-FedAvg-PP). For comparison we take problem ) for d = 100, where we randomly
sample 1000 shifts z; € [—10,10]¢. Again, to make the distributions of data on each client more
distinct between each other, we sort the whole dataset at the beginning of the experiment by ||z;]|.
All the methods are run for 10 different random seeds on logarithmic hyperparameter grid. The best
hyperparameters are chosen according to the best mean loss on the last 25% of epochs.

Each method has 10 clients, where each client has the same amount of data. The size of the cohort
is chosen to be 2. The method performs local steps on each client from the cohort, after which it
performs communication and goes to the next cohort. In the Algorithm [3|the clients to the cohort are
chosen sequentially with sliding window after Client-Reshuffling. In CE-FedAvg-PP clients to the
cohort are always chosen randomly. The starting point is chosen zy = (1,...,1). All the methods
are run for 10 different random seeds. The best hyperparameters are chosen according to the best
mean loss on the last 25% of epochs.

For local steps we chose batch size equal to 16. In Algorithm [3|every client goes sequentially over
the whole shuffled local dataset with batch size window. In CE-FedAvg-PP we fix number of local
steps to 10, and each client samples batch on every local step.

Just like in previous experiment in Section [5.2] all the methods try to reduce the influence of local
steps by making inner stepsizes very small. Algorithm [3] chooses both client and server stepsizes
equal 1071, and CE-FedAvg-PP chooses client stepsize equal 10~° and client clipping level equals
1. Speaking of outer steps, Algorithm [3| chooses global stepsize equal to 5 - 107 with clipping
level 10'°. And CE-FedAvg-PP has server stepsize equal to 10. The grids of hyperparameters are
provided in Table 5]
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Method Cl. Stepsize | Se. Stepsize | Cl. Clip Level co c1
CRR-CLI 10~1910°] | [1071°,10° - [10-19,10°] | [10~19,10]
CE-FedAvg-PP | [10719,103 10719103 [10°, 107 - -
Table 5: Parameter grids for experiments on methods with clipping, random reshuffling, local steps
and partial participation. Here “cl.” means “client”, and “se.” — ’server”.
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Figure 9: Algorithm with different step sizes on ResNet-18 on CIFAR-10.

G ADDITIONAL EXPERIMENTS

In this section, we provide additional numerical experiments, that did not fit in the main paper: in
Section we investigate the influence of that inner step size on the behavior of Algorithm[2] and in
Section we provide additional experiments on logistic regression, where we compare Algorithm
[2) with clipped SGD.

G.1 HOW THE INNER STEP SIZE AFFECTS CONVERGENCE OF THE METHOD

In this experiment, we investigate the influence of the inner step size on the behavior of Algorithm
[2] on ResNet-18 on CIFAR-10. To do this, we take the same hyperparameters for Algorithm [2]as in
Sections [5.1.1] [F1.T]and only change the inner step size. The results are provided in Figure

On the one hand, if we take the inner step size too small (blue and orange lines), it converges very
slowly. This is obvious since Algorithm 2] becomes regular Clipped-GD, which can be seen from
pseudocode. Because Clipped-GD performs a single step per epoch, it has slow convergence. On
the other hand, if we take the inner step size too big (red line), the method diverges. It does not have
clipping on the inner step, so such behavior is expected. To summarize, it is important to take the
inner step size small, but not too small, because it may slow down the convergence.

G.2 LOGISTIC REGRESSION EXPERIMENTS

Since in the experiments on neural networks (Sections[5.I.1] [FT.T) regular CSO (SGD with clipping)
showed very good results, we decided to conduct additional experiments on logistic regression,
where we compare CSO with our Algorithm[2] We consider gisette and realsim datasets from libsvm
library |Chang & Lin| (2011). All the methods are run for 3 different random seeds on logarithmic
hyperparameter grid. The best hyperparameters are chosen according to the best mean loss on the
last 25% of epochs. The results are presented in Figure 9]
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Figure 10: Gradient norm for logistic regression problem on gisette and realsim datasets. The best
parameters are provided in the legend.

Since the inner stepsize for CLERR has the same meaning as stepsize for CSO, we decided to take
the same parameter grids for these two parameters. The same goes for clipping levels in spite of
the fact that CLERR clips the gradient approximation only in the end of the epoch. This experiment
shows that CLERR either has the same performance as CSO or better. Since logistic regression
is (Lo, L1)-smooth, such result is expected, as Algorithm [2]is designed for such type of functions.
Figure shows us that CLERR chooses very small outer stepsize 103, while inner step size is
bigger than the one in CSO: 10~ vs 102, In the Figure CLERR chooses parameters in the
opposite way: inner step size is very small and equal to the one from CSO, while the outer stepsize
is bigger. The parameter grids for gisette dataset is presented in Table[6] and for realsim — in Table

Stepsize Clipping Level | Inner Stepsize
CSO 1073,1071 100,107 -
CLERR | [1073,107! 109,102 [1073,10~1]

Table 6: Parameter grids for logistic regression experiments on gisette dataset

Stepsize Clipping Level | Inner Stepsize
CSO 1075,107 1 109,102 -
CLERR | [1073,107! 109,102 [107°,1071]

Table 7: Parameter grids for logistic regression experiments on realsim dataset

H EXTENDED RELATED WORK

The usage of distributed methods is dictated by the fact that data can be naturally distributed across
multiple devices/clients and be private, which is a typical scenario in Federated Learning (FL)
(Konecny et al., 20165 [McMahan et al., 2016; [Kairouz et al., 2019). FL systems have practical
considerations and are backed by extensive experiments from recent years. These highlight impor-
tant effective design rules and algorithmic features. Below is a quick overview of some key points.

Partial Participation. Partial Participation (PP) is a FL technique in which a server selects a
subset of clients to engage in the training process during each communication round. Its application
may be necessary in scenarios where server capacity or client availability is limited (Kairouz et al.,
2021). The technique is useful when the number of clients is large, as the benefits of convergence do
not grow proportionally with the size of the cohort (Charles et al., 2021)). Clients can be selectively
chosen to form a cohort, prioritizing those that deliver the most impactful information (Chen et al.,

2020).

Local training. Local Training (LT), where clients perform multiple optimization steps on their
local data before engaging in the resource-intensive process of parameter synchronization, stands
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out as one of the most effective and practical techniques for training FL. models. LT was proposed
by [Mangasarian| (1995)); |Povey et al.| (2014); Moritz et al.| (2015) and later promoted by McMahan
et al.[(2016). While these works provided strong empirical evidence for the efficiency and potential
of LT-based methods, they lacked theoretical backing. Early theoretical analyses of LT methods re-
lied on restrictive data homogeneity assumptions, which are often unrealistic in real-world federated
learning (FL) settings (Stich, 2018 |L1 et al.l [2019; Haddadpour & Mahdavi, 2019). Later, |Khaled
et al.| (2019azb)) removed limiting data homogeneity assumptions for LocalGD (Gradient Descent
(GD) with LT). Then, Woodworth et al.|(2020); |Glasgow et al.|(2022) derived lower bounds for GD
with LT and data sampling, showing that its communication complexity is no better than minibatch
Stochastic Gradient Descent (SGD) in settings with heterogeneous data. Another line of works
focused on the mitigating so-called client drift phenomenon, which naturally occurs in LocalGD
applied to distributed problems with heterogeneous local functions (Karimireddy et al.| 2020; [Tran-
Dinh et al., [2021}; |Gorbunov et al.l 2021b; [Thapa et al., [2022; Mishchenko et al.| 2022} Malinovsky
et al., |2023b; Y1 et al., [2024).

Although removing the dependence on data homogeneity was a key advancement, the theoretical
result suggests LT worsens GD, which contradicts empirical evidence showing LT significantly im-
proves it. Karimireddy et al.| (2020) identified the client drift phenomenon as the main cause of the
gap and proposed a solution to mitigate it, which led to the development of the Scaffold method,
featuring the same communication complexity as GD. Later, another algorithm S-Local-GD was
proposed by |Gorbunov et al.| (2021b)). Finally, Mishchenko et al.| (2022) demonstrated that a novel
and simplified form of LT exemplified by their ProxSkip method, results in provable communication
acceleration compared to GD. LocalGD is at the base of Federated Averaging (FedAvg) (McMahan
et al., 2016). Essentially, FedAvg is a variant of LocalGD with participating devices and data sam-
pled randomly. FedAvg has found applications in various ML tasks, such as, e.g., mobile keyboard
prediction (Hard et al.,|2018)). Wide applicability of FedAvg motivates theoretical study of its back-
bone LocalGD algorithm.

Random reshuffling. Stochastic Gradient Descent (SGD) serves as the foundation for nearly all
advanced methods used to train supervised machine learning models. SGD is often refined with
techniques like minibatching, momentum, and adaptive stepsizes. However, beyond these enhance-
ments, it is important to decide how to select the next data point for training. Typically, variants of
SGD apply a sampling with replacement approach where each new training data point is selected
from the full dataset independently of previous samples. Although standard Stochastic Gradient De-
scent (SGD) (Robbins & Monrol, |1951)) is well-understood from a theoretical perspective (Rakhlin
et al.; 2012; Bottou et al., 2018}, Nguyen et al., 2018; |Gower et al., 2019; [Drori & Shamir, 2020;
Khaled & Richtarik, 20205 [Sokolovl, 2022} |Demidovich et al.| [2024)), most widely-used ML frame-
works rely on sampling without replacement, as it works better in the training neural networks (Bot-
toul, [2009; Recht & Ré| 2013} Bengio} 2012} [Sun, [2020). It leverages the finite-sum structure by
ensuring each function is used once per epoch. However, this introduces bias: individual steps may
not reflect full gradient descent steps on average. Thus, proving convergence requires more advanced
techniques. Three popular variants of sampling without replacement are commonly used. Random
Reshuffling (RR), where the training data is randomly reshuffled before the start of every epoch, is
an extremely popular and well-studied approach. The aim of RR is to disrupt any potentially unto-
ward default data sequencing that could hinder training efficiency. RR works very well in practice.
Shuffle Once (SO) is analogous to RR, however, the training data is permuted randomly only once
prior to the training process. The empirical performance is similar to RR. Incremental Gradient (1G)
is identical to SO with the difference that the initial permutation is deterministic. This approach is
the simplest, however, ineffective. IG has been extensively studied over a long period (Luo| 1991}
Grippo, 1994; [Li et al.,2022; [Ying et al., 2019; (Giirbiizbalaban et al., 2019; Nguyen et al., [2021). A
major challenge with IG lies in selecting a particular permutation for cycling through the iterations,
a task that Nedic & Bertsekas| (2001) highlight as being quite difficult. (Bertsekas|, [2015) provides
an example that underscores the vulnerability of IG to poor orderings, especially when contrasted
with RR. Meaningful theoretical analyses of the SO method have only emerged recently (Safran &
Shamir, 2020; Rajput et al., [2020). RR has been shown to outperform both SGD and IG for objec-
tives that are twice-smooth (Giirbilizbalaban et al., [2015; |Haochen & Sral, [2019)). Jain et al.| (2019)
examine the convergence of RR for smooth objectives. [Safran & Shamir| (2020); Rajput et al.|(2020)
provide lower bounds for RR. [Mishchenko et al.|(2020) recently conducted a thorough analysis of
IG, SO and RR using innovative and simplified proof techniques, resulting in better convergence
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rates. Recent advances on RR can be found in (Sadiev et al.| 2022} [Cha et al.l 2023} [Cai et al.| 2023},
Koloskova et al., 2023b).

Other useful features. Further techniques in FL include compression during the communication
rounds (Alistarh et al., 2018} (Gorbunov et al.| [2021a; [Panferov et al.| [2024)), clients’ drift reduc-
tion (Karimireddy et al.l|2020; |Gorbunov et al.l 2021b).
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