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Abstract

Stable diffusion models represent the state-of-the-art in data synthesis across di-
verse domains and hold transformative potential for applications in science and
engineering, e.g., by facilitating the discovery of novel solutions and simulating
systems that are computationally intractable to model explicitly. While there is
increasing effort to incorporate physics-based constraints into generative models,
existing techniques are either limited in their applicability to latent diffusion frame-
works or lack the capability to strictly enforce domain-specific constraints. To
address this limitation this paper proposes a novel integration of stable diffusion
models with constrained optimization frameworks, enabling the generation of out-
puts satisfying stringent physical and functional requirements. The effectiveness
of this approach is demonstrated through material design experiments requiring
adherence to precise morphometric properties, challenging inverse design tasks
involving the generation of materials inducing specific stress-strain responses, and
copyright-constrained content generation tasks. All code has been released at
https://github.com/RAISELab-atUVA/Constrained-Stable-Diffusion.

1 Introduction

Diffusion models have emerged as powerful generative tools, synthesizing structured content from
random noise through sequential denoising processes [1, 2]. These models have driven significant
advancements across diverse domains, including engineering [3, 4], automation [5, 6], chemistry
[7, 8], and medical analysis [9, 10]. The advent of stable diffusion models has further extended these
capabilities, enabling efficient handling of high-dimensional data and more complex distributions
[11]. This scalability makes stable diffusion models particularly promising for applications in science
and engineering, where data is highly complex and fidelity is paramount.

However, despite their success in generating coherent content, diffusion models face a critical
limitation when applied to domains that require outputs to adhere to strict criteria. In scientific and
engineering contexts, generated data must go beyond merely resembling real-world examples; it
must rigorously comply with predefined specifications, such as physical laws, safety standards, or
design constraints grounded in first principles. When these criteria are not met, the outputs may
become unreliable, unsuitable for practical use, or even hazardous, undermining trust in the model’s
applicability. Bridging this gap is crucial for realizing the potential of diffusion models in scientific
applications.
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Recent research has reported varying success in augmenting model training with (often specialized
classes of) constraints and providing adherence to desired properties in selected domains [12–14].
Many of these methods, however, are restricted to simple constraint sets or feasible regions that
can be easily approximated, such as a simplex, L2-ball, or polytope. These assumptions break
down in scientific and engineering tasks where constraints may be non-linear, non-convex, or even
non-differentiable. Others are fundamentally limited, as training-time enforcement offers only
distribution-level adherence to constraints rather than per-sample guarantees, even in convex settings,
and cannot generalize to unseen or altered constraints without retraining. While inference-time
enforcement methods address these shortcomings, these approaches modify the reverse processes in
the original data space [15, 16]. This makes them incompatible with diffusion models like Stable
Diffusion, which operate on learned lower-dimensional representations of the data. Latent-space
variants have begun to appear, but they rely on special measurement operators [17–19] or on learned
soft penalties [20, 21], thus limiting general applicability to the problems of interest in this work.

We address this challenge by integrating a proximal mappings into the reverse steps of pretrained
stable diffusion models. The paper makes the following contributions: At each iteration, the generated
latent is adjusted with a gradient descent step on the score field followed by a proximal update for
constraint correction, all without retraining the network. When the constraint set is convex we prove
that every iterate remains in the feasible region and that the Markov chain converges almost surely to
a feasible point. The same algorithm, kept unchanged, extends to strongly non-convex constraints and
even to constraints that can be checked only through a black-box simulator by estimating stochastic
subgradients with finite differences. Experiments on (i) porous-material synthesis with exact porosity
and tortuosity, (ii) meta-material inverse design that matches target stress-strain curves through
a finite-element solver in the loop, and (iii) content generation subject to copyright filters show
near-zero violations and state-of-the-art performance in constrained generation.

2 Preliminaries: Diffusion Models

Score-Based Diffusion Models [22, 23] learn a data distribution by coupling a noising (forward)
Markov chain with a learned denoising (reverse) chain. Let fxtgTt=0 be the sequence of diffusion
states with x0 drawn from the original data distribution pdata(x0). In the forward process, Gaussian
noise is added according to a fixed variance schedule ��t, where ��t+1 � ��t, so that the learned
marginal q(xT ) approaches N (0; I) as t ! T . A score network s�(xt; t) is trained to learn the
score function s�(xt; t) = rxt

log q(xtjx0) � rxt
log p(xtjx0), where the approximation holds

under the assumption that q(xtjx0) is a close proxy for the true distribution p(xtjx0). The network is
trained by applying noise � � N (0; I) perturbations to the x0, such that xt =

p
��tx0 +

p
1� ��t�;

with the training objective minimizing the predicted error in the score estimate of the noisy samples:

min
�

E
t∼[1;T ]; x0∼pdata; �∼N (0;I)

h
ks�(xt; t)�rxt

log q(xt j x0)k2
2

i
: (1)

In the reverse process, the trained score network s�(xt; t) is used to iteratively reconstruct data
samples from the noise distribution p(xT ). At each step t, the model approximates the reverse
transition, effectively reversing the diffusion process to sample high-quality data samples. Notably,
Denoising Diffusion Probabilistic Models have been shown to be mathematically equivalent [2, 23].

Stable Diffusion. In latent-diffusion variants such as Stable Diffusion [24, 25], the same scheme
operates in a compressed latent space. The architecture uses an encoder-decoder pair E and D, where
the encoder E maps the high-dimensional image data to a latent space, denoted zt, and the decoder D
reconstructs the final image from the latent space after the diffusion model has operated on it. The
training objective remains consistent with Equation (1), with the exception that noise is applied to
z0 = E(x0) as opposed to directly to x0 as in ambient space diffusion models. The latent diffusion
model is thus trained to denoise over the latent space as opposed to the image space. Notice, however,
that training the denoiser does not directly interact with the decoder, as the denoiser’s loss is defined
over the latent space and does not connect to the finalized samples. This consideration is relevant to
the design choice taken by this paper in the proposed solution, discussed in Section 4. After iterative
denoising, the final sample can be obtained by decoding z0 with D.
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3 Projected Langevin Dynamics

Score-based diffusion models sample by running annealed Langevin dynamics, a form of Langevin
Monte Carlo adapted to multiple noise levels. At each level t, one takes M iterations of

x
(i+1)
t = x

(i)
t + 
t s�

�
x

(i)
t ; t

�
+
p

2
t�; � � N (0; I);

where s�(x; t) � rx log q(x) is the fixed, learned score and 
t is a step size. This update performs
stochastic gradient ascent on the learned log-density log q(x) with added Gaussian noise [26]. This
optimization is performed either directly [22] or as the corrector step within a predictor-corrector
framework [23]; in both cases, the result is an approximate gradient ascent on the density function,
subject to noise. Provided this understanding, Christopher et al. [15] showed that for a constraint set
C, enforcing x(i+1)

t 2 C turns sampling into a series of constrained problems.

Specifically, this framing shifts the traditional diffusion-based sampling procedure into a series of
independent, per-timestep optimization subproblems, each responsible for denoising a single step
while enforcing constraints:

x
(i+1)
t = PC

�
x

(i)
t + 
trx

(i)
t

log q(xtjx0) +
p

2
t�
�
; (2)

where the projection operator PC(x) = argminy∈C ky � xk2
2 returns the nearest feasible sample.

Note that Langevin dynamic annealing occurs in an external loop decreasing the noise level across
t = T; : : : ; 1, so that noise level � and step size 
t remain fixed inside each subproblem. As t! 0 the
noise vanishes and the Langevin dynamics converge to a deterministic gradient ascent on the learned
density function. Note also that annealed Langevin dynamics is known to reach an "-stationary
point of the objective with high probability [27]. In diffusion processes, the negative learned density
function, � log q(xtjx0), serves as the objective, so Equation (2) can be viewed as projected gradient
descent on this landscape. The results of [27] extend to non-convex settings, giving further theoretical
support to the constrained sampler adopted here.

While this approach is applicable when diffusion models operate across the image space, it cannot
be directly adapted to the context of stable diffusion as C cannot be concretely represented in the
latent space where the reverse process occurs. Other works have attempted to impose select criteria
on latent representations, but these methods rely on learning-based approaches that struggle in
out-of-distribution settings [20, 21], making them unsuitable for scenarios requiring strict constraint
adherence. This limitation likely explains their inapplicability in the engineering and scientific
applications explored by [13–15].

4 Latent Space Correction

Addressing the challenge of imposing constraints directly in the latent space hinges on a key insight:
while constraints may not be representable in the latent domain, their satisfaction can be evaluated
at any stage of the diffusion process. Indeed, the decoder, D, facilitates provides a differentiable
transformation from the latent representation to the image space, where constraint violations can be
directly quantified. Therefore, when the constraint function is differentiable, or even if its violations
can be measured via a differentiable mechanism, gradient-based methods can be used to iteratively
adjust the latent representation throughout the diffusion process to ensure constraint adherence.

4.1 Imposing Ambient Space Constraints on the Latent

This section begins by describing how constraints defined in the ambient space can be imposed on
the latent during the denoising process. First, following the constrained optimization framework
discussed in Section 3, at each noise level t we recast the reverse process for Stable Diffusion as the
following constrained optimization problem:

minimize
zT ;:::;z1

X
t=T;:::;1

� log q(ztjz0) s.t.: g(D(zt)) = 0; (3)

where D maps the latent representation zt into its original dimensions and g is a differentiable
vector-valued function g : Rd! [0;1] measuring the distance to the constraint set C. At each
iteration of the diffusion process, our goal is to restore feasibility with respect to g.
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As the constraint function can only be meaningfully represented in the image space, its gradients with
respect to the latent variables are computed by evaluating the function on the decoded representation
D(zt). This process is facilitated by the computational graph:

zt  D(zt) = xt  g(xt) = inf
y∈C
ky � xtk: (4)

This enables iterative updates that reduce constraint violations by backpropagating gradients from the
constraint function directly to the latent representation as,

rzt
g =

�
@D=@zt

�⊤rxt
g:

Thus constraint information, computed where it is meaningful (image space), can be back-propagated
through the frozen decoder to steer the latent variables. The method leaves the score network and the
decoder unchanged, adds no learnable parameters, and enables feasibility enforcement at every step
even when C is non-convex or specified only by a black-box simulator.

4.2 Proximal Langevin Dynamics

The representation of latent diffusion as a constrained optimization task enables the application
of established techniques from constrained optimization. To this end, this section discusses a
generalization of the orthogonal projections used in projected Langevin dynamics, formulated
through a Proximal Langevin Dynamics scheme. Let a constraint be encoded by a proper, lower-
semicontinuous convex penalty g : Rd! [0;1] whose zero set coincides with the feasible region.
After each noisy ascent step we apply a proximal map:

x
(i+1)
t = prox�g

�
x

(i)
t + 
trz

(i)
t

log q(xtjx0) +
p

2
t�
�

| {z }
Langevin Dynamics Step

; (5)

with the proximal operator defined as:

prox�g(xt) = arg min
y

�
g(y) + 1

2�ky � xtk
2
2

	
: (6)

This operator balances maintaining similarity to the updated sample and adhering to the constraint
function g as weighted by hyperparameter �. Choosing g as the indicator of a set, reproduces the
familiar projection step introduced earlier, but the proposed Proximal Langevin Dynamics also accom-
modates non-smooth regularizers, composite penalties, and constraints specified only through inner
optimization subroutines [28–30]. Thus, because proximal maps can be evaluated efficiently even for
implicit or geometrically intricate constraints, Proximal Langevin Dynamics extends Langevin-based
sampling to settings where explicit projections are impractical while preserving the convergence
guarantees of the original scheme. The next results provides a characterization on convergence to (i)
the constraint set and (ii) the original data distribution pdata.
Theorem 4.1 (Convergence to the Constraint Set). Let C be non-empty and �-prox-regular in the
sense of [31], Def. 13.27, the score network satisfy krxt

log q(xt)k � G (a standard consequence of
the bounded-data domain after normalization), and D is ‘-Lipschitz such that krD(z)k � ‘. Then,
for positive step sizes 
t;� 1

2G2 �, the following inequality holds for the distance to C:

dist
�
D(z′

t);C
�2 � (1� 2�′
t+1) dist

�
D(z′

t+1);C
�2

+ 
2
t+1G

2; (non-asymptotic feasibility)

where z′
t is the pre-proximal mapping iterate, g is L-smooth, �′ = �=(‘L), and dist(z′

t;C) is the
distance from z′

t to the feasible set C.

Theorem 4.1 illustrates that the distance to the feasible set C decreases at a rate of 1 � 2�′
t+1

at each step (up to an additive 
2
t+1G

2 noise). Thus, the iterates converge to an �-feasible set in
O( 1


min
log( 1

" )) steps, with 
min = mint 
t. This is experimentally reflected in Section 6.1, where
C is convex and all samples converge to the feasible set.
Theorem 4.2 (Training Distribution Fidelity). Suppose the assumptions stated in Theorem 4.2 are
satisfied. Then, for positive step sizes 
t;� 1

2G2 �, the following inequality holds for the Kullback-
Leibler (KL) divergence from the data distribution:

KL
�
q(zt−1) k pdata

�
� KL

�
q(zt)kpdata

�
+ 
tG

2; (fidelity)
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The inequality in Theorem 4.2 shows that the divergence from the training data distribution increases
by at most �

2 (since 
 � 1
2G2 �) at each step and, consequently the cumulative divergence from

the training distribution is O(
P
t 
t) and thus vanishes as t ! 0. Consequently, after at most

T ? = d 1
2�
min

log
�dist(xT ;C)2

"

�
e steps the expected constraint violation drops below " while their

KL divergence from the original data distribution grows at most linearly in
P
t 
t (negligible because


t!0 along the chain). This implies that our approach inherits the same sample quality guarantees
as unconstrained diffusion, up to a tunable drift bounded by 
maxG

2, (with 
max = maxt 
t), and,
since 
t! 0 along the chain, this drift is negligible in practice. This result provides theoretical
rationale for our method’s comparable FID scores to unconstrained baselines for the image generation
tasks in Sections 6.1 and 6.3. Proofs for both theorems are provided in Appendix H.

4.3 Training-Free Correction Algorithm

With the theoretical framework of our approach established, we are now ready to formalize the
proposed training-free algorithm to impose constraints on zt. The algorithm can be decomposed
into an outer minimizer, which corrects zt throughout the sampling process, and an inner minimizer,
which solves the proximal mapping subproblem. The former describes a high-level view of the entire
constrained sampling process, whereas the latter presents the single-step sub-optimization procedure.

Outer minimizer. First, to impose corrections throughout the latent denoising process Equation (6)
is modified to accommodate the D mapping:

prox�g(zt) = arg min
y

�
g(D(y)) + 1

2�kD(y)�D(zt)k2
2

	
(7)

At each sampling iteration, we first compute the pre-projection update z′
t = zt+
trzt log q(ztjz0)+p

2
t� which incorporates both gradient and stochastic noise terms. We then apply a proximal
operator to obtain the corrected latent ẑt = prox�g(zt

′). This follows the Proximal Langevin
Dynamics scheme outlined in the previous section.

Inner minimizer. Each proximal mapping is composed of a series of gradient updates to solve the
outer minimizer. In practice, gradient descent is applied on the proximal operator’s objective:

zi+1
t = zit �rzi

t

�
g(D(zit)) + 1

2�kD(zit)�D(z0
t )k2

2

�
:

When a convergence criterion is met (e.g., g(D)(z
(i)
t ) < �), the algorithm proceeds to the next

denoising step. Algorithm 1 provides a pseudo-code for this gradient-based approach to applying the
proximal operator within the stable diffusion sampling process.

Algorithm 1: Sampler with Constraint Correction
Input: � (violation tolerance), lr (learning rate)

Define prox_objective(xit):

violation g(xit);

distance 1
2�kx

i
t � x0

tk2
2;

return violation + distance;

for t T to 0 do

// Sampling steps (omitted).

i 0;

while g(D(zit)) � � do

g  rzi
t
prox_objective(D(zit));

zi+1
t  zit � (g � lr); i i+ 1;

Output: D
�
z0

�

In the case that g is an indicator function,

g(y) =

�
0; y 2 C;

1; y =2 C;

the proximal mapping reduces to a projection
onto the constraint set. If PC can be formu-
lated in the ambient space, the minimization
can be fully imposed on the projection objec-
tive, kPC(D(zt)) � D(zt)k2

2. Notably, the
gradients of this objective capture both the
constraint violation term, g(D(zt)), and the
distance term, 1

2�kD(y) � D(zt)k2
2, within

the prescribed tolerance, resulting in the so-
lution to Eq. (7) at the end of the minimiza-
tion. When C is convex, the projection can
be constructed in closed-form (Section 6.1),
but otherwise a Lagrangian relaxation can
be employed [32]. For our experiments with
non-convex constraint sets (Sections 6.2 and
6.3), we leverage an Augmented Lagrangian
relaxation as described in Appendix D [33].
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Importantly, in these cases the corrective step can be considered a projection of the latent under
appropriate smoothness assumptions. We justify this claim with the following rationale: under the
assumption of latent space smoothness [34], the nearest feasible point in the image space closely
corresponds to the nearest feasible point in the latent space. Therefore, while the distance component
of the proximal operator, 1

2�kD(zit) � D(z0
t )k2

2, is evaluated in the image space, minimizing this
distance in the image space also minimizes the corresponding distance in the latent space, validating
the use of this corrective step as a latent projector.

Finally, when g cannot be represented by a differentiable function, such as when the constraints
are evaluated by an external simulator (as in Section 6.2) or when the constraints are too general to
represent in closed-form (as in Section 6.3), it is necessary to approximate this objective to Equation
(7) using other approaches. We discuss this further in the next section and empirically validate such
approaches in Section 6.

5 Complex Constraint Evaluation

While in the previous section we discuss how to endow mathematical properties within stable
diffusion, many desirable properties cannot be directly expressed as explicit mathematical expressions.
Particularly when dealing with physical simulators, heuristic-based analytics, and partial differential
equations, it becomes often necessary to either (i) estimate these constraints with surrogate models or
(ii) approximate the gradients of black-box models. To this end, we propose two proxy constraint
correction methods that leverage differentiable optimization to enforce constraints.

Differentiable surrogates. Surrogate models introduce the ability to impose soft constraints that
would otherwise be intractable. Specifically, we replace g(xt), the constraint evaluation function
used in the optimization process, with a constraint violation function dependent on the surrogate
model (e.g., a distance function between the target properties and the surrogate model’s predictions
for these properties in xt as shown in Section 6.3). This allows the surrogate to directly evaluate
and guide the samples to adhere to the desired constraints at each step. Apart from this substitution,
the overall algorithm remains identical to Algorithm 1. Through iterative corrections, the model
converges to a corrected sample ẑt that satisfies the target constraints to the extent permitted by the
surrogate’s predictive accuracy. Appendix C provides an in-depth view of the differences of this
approach with respect to classifier guidance.

Differentiating through black-box simulators. In some cases (including the setting of our meta-
material design experiments in Section 6.2), a strong surrogate model cannot be leveraged to derive
accurate violation functions. In such settings, the only viable option is to use a simulator to evaluate
the constraints. However, these simulators are often non-differentiable, making it impossible to
directly compute gradients for the proximal operator. To incorporate the non-differentiable simulator
into the inner minimization process, this paper exploits a sensitivity analysis method inspired by the
differentiable perturbed optimizer (DPO) adopted in the context of differentiable optimization [35, 36].
DPO introduces controlled perturbations to the optimization variables and smooths the resulting
objective, yielding differentiable surrogate gradients. Following this idea, random local perturbations
are injected into the simulator inputs and define a smoothed function ���(xt) = E�[�(xt + ��)] ;
where � is the external simulator, � � N (0; I) is a random perturbation, and � is a temperature
parameter controlling the smoothing scale. An unbiased Monte Carlo estimate of ��� is obtained as

���(xt) =
1

M

MX
m=1

�
�
xt + ��(m)

�
;

where M is the number of perturbed samples. The gradient of this smoothed objective can be written
as

rxt
���(xt) =

1

�
E[�(xt + ��) �];

which corresponds to a finite-difference estimator whose scaling term 1=� is absorbed into the
proximal step size during optimization. Finally, this smoothed estimator enables a differentiable loss
formulation:

rxtL(�(xt)) = �
�

���(xt)� target
�
;

which is used to update the latent variable zt (via xt = D(zt)) through proximal Langevin dynamics.
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Ground P(%)
Generative Methods

Cond PDM (Ours)

30

50

FID scores: 10.8±0.9 30.7±6.8 13.5±3.1
P error > 10%: 68.4%±12.4 0%±0 0%±0

Figure 1: Comparison of model performance in
terms of FID score and constraint satisfaction
(percentage of samples that does not satisfy the
target porosity with a margin of 10%).

Voids diameter distribution

P = 30% P = 50%

MSE w.r.t. Ground

Cond: 1.58 Cond: 0.31
Ours: 0.47 Ours: 0.12

Figure 2: Distribution of void diameters in the
training set (Ground) and in data generated by
Conditional diffusion model and Latent Con-
strained Diffusion models.

6 Experiments

The performance of our method is evaluated in three domains, highlighting its applicability to diverse
settings. Supplementary results and baselines are discussed in Appendices E and F.

Baselines. In each setting, performance is benchmarked against a series of baselines.
1. Conditional Diffusion Model (Cond): To assess the contribution of latent diffusion itself, we

include a reference baseline consisting of an identical Stable Diffusion with text-conditioned
constraints guidance [37].

2. Projected Diffusion Models (PDM): Following [15], this approach enforces feasibility by
projecting onto the constraint set at each denoising step in the image space. PDM represents the
current state-of-the-art for constrained generation in Sections 6.1 and 6.3.

3. Bastek and Kochmann (2023): For the task in Section 6.2, where PDM is inapplicable, we
compare with this specialized method, which constitutes the state-of-the-art in that domain [38].

Collectively, these baselines capture the strongest existing constrained-generation methods, enabling
a clear assessment of the improvements introduced by our latent constrained diffusion framework.

6.1 Microstructure Generation

Microstructure imaging data is critical in material science domains for discovering structure-property
linkages. However, the availability of this data is limited on account of prohibitive costs to obtain high-
resolution images of these microstructures. In this experiment, we task the model with generating
samples subject to a constraint on the porosity levels of the output microstructures. Specifically, the
goal is to generate new microstructures with specified, and often previously unobserved, porosity
levels from a limited dataset of microstructure materials.

For this experiment we obtain the dataset used by [15, 39]. Notably, there are two significant obstacles
to using this dataset: data sparsity and absence of feasible samples. To address the former limitation,
we subsample the original microstructure images to generate the dataset using 64�64 images patches
that have been upscaled to 1024� 1024. To the latter point, while the dataset contains many samples
that fall within lower porosity ranges, it is much more sparse at higher porosities. Hence, when
constraining the porosity in these cases, often no feasible samples exist at a given porosity level.

Inner minimizer. To model the proximal operator for our proposed method, we use a projection
operator in the image space and optimize with respect to this objective. Let xi;j be the pixel value
for row i and column j, where xi;j 2 [�1; 1] for all values of i and j. The porosity is then,

porosity =

nX
i=1

mX
j=1

1
�
xi;j < 0

�
;
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where 1(�) is the indicator function, which evaluates to 1 if the condition inside holds and 0 otherwise.
We can then construct a projection using a top-k algorithm to return,

PC(x) = argmin
yi;j

X
i;j

kyi;j � xi;jk s.t. 8 yi;j 2 [�1; 1];

nX
i=1

mX
j=1

1
�
yi;j < 0

�
= K

where K is the number of pixels that should be “porous”. Importantly, since the above program
is convex, our model provides a certificate on the satisfaction of such constraints in the generated
materials. We refer the interested reader to Appendix G for additional discussion.

Results. A sample of the results of our experiments is presented in Figure 1. Compared to the
Projected Diffusion Model (PDM), latent diffusion approaches show a significant improvement.
Latent diffusion models enable higher-quality and higher-resolution images. The previous state-
of-the-art PDM, which operates without latent diffusion, had an FID more than twice as high as
the models incorporating latent diffusion. Alternatively, the Conditional Diffusion Model, utilizing
text-to-image conditioning, reports the best average FID of 10.8 but performs poorly with regard to
other evaluation metrics. Conditioning via text prompts proved unsuitable for enforcing the porosity

Model MSE [#]
Fraction of physically

invalid shapes [#]
Cond 7.1�4.5 55%

Bastek and Kochmann 6.4�4.6 20%

Latent (Ours) 1.4�0.6 5%

Figure 3: Compare MSE w.r.t. target stress-strain
response and rejection rate of physically inconsis-
tent shapes.

Original Step 0 Step 2 Step 4

Structural analysis

 
in

cr
ea

si
ng

st
re

ss
 

Stress-strain curves

MSE [#]
179.5 175.6 12.5 1.2

Figure 4: Successive steps of DPO. The sample is
iteratively improved and the stress-strain curve aligns
with the target. Structural analysis shows progressive
deformation under controlled compression.

constraints, and on average, only 31.6% of the
samples had a porosity error less than 10%,
indicating that this method lacks reliability
in constraint satisfaction despite its ability to
match the training distribution. Furthermore,
as shown in Figure 2, the conditional model
performs significantly worse than our method
on producing realistic microstructures.

In contrast, our Latent Constrained Model ex-
hibits the most optimal characteristics. The
proposed method satisfies the porosity con-
straints exactly, achieves an excellent FID
scores, and provides the highest level of
microstructure realism as assessed by the
heuristic-based analysis. This indicates that
our approach effectively balances constraint
satisfaction with high-quality image genera-
tion. This is a significant advantage over ex-
isting baselines, as the method ensures both
high-quality image generation and precise ad-
herence to the physical constraints.

6.2 Metamaterial Inverse Design

Now, we demonstrate the efficacy of our
method for inverse-design of mechanical meta-
materials with specific nonlinear stress-strain
behaviors. Achieving desired mechanical re-
sponses necessitates precise control over fac-
tors such as buckling, contact interactions,
and large-strain deformations, which are inher-
ently nonlinear and sensitive to small paramet-
ric variations. Traditional design approaches
often rely on trial-and-error methods, which
are time-consuming and may not guarantee
optimal solutions.

Specifically, our task is to generate mechani-
cal metamaterials that closely match a target
stress-strain response. From [38], we obtain
a dataset of periodic stochastic cellular struc-
tures subjected to large-strain compression.
This dataset includes full-field data capturing
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complex phenomena such as buckling and contact interactions. Because the problem is invariant
with respect to length scale, the geometric variables can be treated as dimensionless. The stress is
expressed in megapascals (MPa).

Inner minimizer. Exact constraint evaluation requires the use ofan external, non-differentiable
simulator� . Hence, we employ DPO as described in Section 5 to facilitate the proximal mapping
with respect to the signals provided from this module. To compute the ground truth results for the
stress-strain response, we employ Abaqus [40], using this simulator both for our correction steps
and for validation of the accuracy of the generations. For this implementation, we set the number of
perturbed samplesM = 10, �nding this provides strong enough approximations of the gradients to
converge to feasible solutions.

Results.We illustrate the DPO process for ourLatent Constrained Modelin Figure 4. Firstly, note
that our method facilitates the reduction of error tolerance in our projection to arbitrarily low levels.
By reducing the tolerance and performing additional DPO iterations, we can tighten the bound on
the projection operator, thereby enhancing its accuracy. Moreover, the integration of the simulator
enables the model to generalize beyond the con�nes of the existing dataset (see Figure 7).

Due to the complexity of the stress-strain response constraints in this problem, other constraint-aware
methods (i.e. Projected Diffusion Models) are inapplicable, and, hence, our analysis focuses on the
performance ofConditional Diffusion Modelbaselines. We compare to(1) an unconstrained stable
diffusion model identical to the one used for our method and(2) state-of-the-art method proposed
by Bastek and Kochmann[38], which operates in the ambient space. While our approach optimizes
samples to arbitrary levels of precision, we observe that these baselines exhibit high error bounds
relative to the target stress-strain curves that are unable to be further optimized. As shown in Figure 3,
with �ve DPO steps our method provides a4.6x improvementover the state-of-the-art model by [38]
and a5.1x improvementover the conditional stable diffusion model MSE between the predicted
structure stress-strain response and target response.These results demonstrate the ef�cacy of our
approach for inverse-design problems and generating samples that adhere to the target properties.

6.3 Copyright-Safe Generation

Next, we explore the applicability of the proposed method for satisfying surrogate constraints. An
important challenge for safe deployment of generative models is mitigating the risk of generating
outputs which closely resemble copyrighted material. For this setting, a pretrained proxy model is
�ne-tuned to determine whether the generation infringes upon existing copyrighted material. This
model has been calibrated so that the output logits can be directly used to evaluate the likelihood that
the samples resemble existing protected material. Hence, by minimizing this surrogate constraint
function, we directly minimize the likelihood that the output image includes copyrighted material.

To implement this, we de�ne a permissible threshold for the likelihood function captured by the
classi�er. A balanced dataset of 8,000 images is constructed to �ne-tune the classi�er and diffusion
models. Here, we use cartoon mouse characters `Jerry,' fromTom and Jerry, and copyright-protected
character `Mickey Mouse'. When �ne-tuning the diffusion model, we do not discriminate between
these two characters, but the classi�er is tuned to identify `Mickey Mouse' as a copyrighted example.

Inner minimizer. Our correction step begins by performing Principal Component Analysis (PCA)
on the 512 features input to the last layer and selecting the two principal components. This analysis
yields two well-de�ned clusters corresponding to the class labels. Provided this, the inner minimizer
differentiates with respect to a projection of the noisy sample onto the centroid of the target cluster,
as illustrated in Figure 5 (top-right). Given the complexity of the constraints, we de�ne a Lagrangian
relaxation of the projection, terminating the iterative optimization based on proximity to the `Jerry'
cluster. Empirically, we found it was only necessary to trigger this proximal update if the classi�er
assigns a high probability to the sample being `Mickey Mouse' at a given step.

Results.Figure 5 (bottom-right) reports the FID and constraint satisfaction, and Figure 5 (top-left)
compares the evolution of the original sample and corrected sample. We implement aConditional
Diffusion Modelbaselines using and unconstrained stable diffusion model identical to the one used
for our method. The conditional baseline generates the protected cartoon character (Mickey Mouse)
33% of the time, despite conditioning it against these generations. TheProjected Diffusion Model
also struggles in this domain, particularly due to the image-space architecture's inability to handle
high dimensional data as effectively as the latent models; it failed to generate reasonable samples at
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Denoising process
25% 50% 75% 100%

Cond

Latent (Ours)

Model Constraint[" ] FID [#]

Cond 67 % 61.2
PDM 71 % 75.3
Latent (Ours) 90 % 65.1

Figure 5: Left: Denoising process of Cond vs. Latent (Ours). Out method drives the denoising
toward a copyright-safe image.Top-right: Showing projection from original (O) to projected (P) in
the PCA-2 space.Bottom-right: Constraint satisfaction and FID scores.

a resolution of 1024� 1024, unlike the latent models which maintained image quality at this scale.
As a result, we were constrained to operate at a much lower resolution of 64� 64 during sampling,
subsequently relying on post-hoc upscaling techniques to reach the target resolution. This led to
higher FID scores and only marginal improvement over the conditional model's constraint satisfaction.
Conversely, ourLatent Constrained Modelonly generates the protected cartoon character 10% of
the time, aligning with the expected bounds of the classi�er's predictive accuracy. Our method has
proven to be highly effective because it preserves the generative capabilities of the model while
imposing the de�ned constraints. The FID scores of the generated images remain largely unaltered by
the gradient-based correction.This demonstrates that our approach can selectively modify generated
content to avoid copyrighted material without compromising overall image quality.

7 Conclusion

This paper provides the �rst work integrating constrained optimization into the sampling process of
stable diffusion models. This intersection enables the generation of outputs that both resemble the
training data and adhere to task-speci�c constraints. By leveraging differentiable constraint evaluation
functions within a constrained optimization framework, the proposed method ensures the feasibility
of generated samples while maintaining high-quality synthesis. Experimental results in material
science and safety-critical domains highlight the model's ability to meet strict property requirements
and mitigate risks, such as copyright infringement. This approach paves the way for broader and more
responsible applications of diffusion in domains where strict adherence to constraints is paramount.
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately re�ect the
paper's contributions and scope?

Answer: [Yes]

Justi�cation: The claims made in the abstract are theoretically and empirically supported
by the content of the paper. We include proofs for all theoretical claims and three distinct,
real-world settings to evaluate the proposed methodology.

Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and re�ect how
much the results can be expected to generalize to other settings.

• It is �ne to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Justi�cation: Limitations are discussed in a standalone section (Appendix A).

Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-speci�cation, asymptotic approximations only holding locally). The authors
should re�ect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should re�ect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should re�ect on the factors that in�uence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
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• The authors should discuss the computational ef�ciency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.
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reviewers as grounds for rejection, a worse outcome might be that reviewers discover
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judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be speci�cally instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justi�cation: Proofs for all theoretical results are included in Appendix H. These proofs are
complete and correct to the best of our knowledge.
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• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justi�cation: Our experimental section and Appendix E provide all necessary details to
reporduce our work (e.g., datasets, implementation details, etc.).

Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or veri�able.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suf�ce, or if the contribution is a speci�c model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with suf�cient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justi�cation: We provide code with our submission and intend to release a public repository
following the reviewing process.

Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/

public/guides/CodeSubmissionPolicy ) for more details.
• While we encourage the release of code and data, we understand that this might not be

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy ) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justi�cation: We include these details when applicable.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical signi�cance

Question: Does the paper report error bars suitably and correctly de�ned or other appropriate
information about the statistical signi�cance of the experiments?

Answer: [Yes]

Justi�cation: We have included error bars in our experimental results.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, con�-

dence intervals, or statistical signi�cance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not veri�ed.

• For asymmetric distributions, the authors should be careful not to show in tables or
�gures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding �gures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide suf�cient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justi�cation: We describe the used resources in Appendix F.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn't make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethicshttps://neurips.cc/public/EthicsGuidelines ?

Answer: [Yes]

Justi�cation: All ethical standards have been observed in conducting this research.

Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).

10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justi�cation: The societal impacts of this work are common to other advancements in
machine learning. As these are general and well-known by those in the �eld, we do not
expressly highlighted them.

Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
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• Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake pro�les, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact speci�c
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the ef�ciency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justi�cation: This paper does not deal with data or models that pose high risks.

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety �lters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justi�cation: All assets include are used in the capacity allowed by their respective licenses,
and the original owners have been properly cited.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
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• If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets,paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset's creators.

13. New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justi�cation: No new assets are provided by this paper.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip �le.

14. Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justi�cation: No human subjects were involved in this research.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is �ne, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justi�cation: The paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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• We recognize that the procedures for this may vary signi�cantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scienti�c rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justi�cation: LLMs were not involved in the core method development.

Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM )
for what should or should not be described.
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A Limitation

Classi�er-based constraints.Section 6.3 motivates the use of classi�er-based constraints for stable
diffusion models. While we illustrate one potential use case of this approach, we hold that this can
generalize to arbitrary properties that can be captured using a classi�er. We defer more rigorous
comparison to classi�er guidance [2] and classi�er-free guidance [41] for future work.

Stable video generation.While there many exciting applications for using this approach for scienti�c
and safety-critical domains when generating data in the image space, many more applications will
be enabled by extending this work to video diffusion models. While we compare to video diffusion
baselines in Section 6.2, our training-free correction algorithm is only applied to stable image
diffusion models. The introduction of temporal constraints over video frames holds signi�cant
potential that we plan to investigate in subsequent studies.

Integration of external simulators. This paper motivates future study of embedding non-
differentiable simulators within generative process. Yuan et al.[42] previously proposed the inclusion
of physics-based simulators to augment diffusion generations, but in their case, differentiability was
not considered as their simulation used a reinforcement-learning environment to directly return a
modi�ed version of the noisy samplex t . More often, external simulators are used to provide a
measure of constraint satisfaction rather than to transform a sample. The techniques explored in this
paper provide a vastly more general framework for incorporating these black-box simulators as a
differentiable components of the sampling process and, hence, opens the door for the integration of
increasingly complex constraints. Further use cases will be explored in consecutive works.

B Related Work

Conditional diffusion guidance. Conditional diffusion models have emerged as a powerful tool
to guide generative models toward speci�c tasks. Classi�er-based [43] and classi�er-free [41]
conditioning methods have been employed to frame higher-level constraints for inverse design
problems [3, 10, 38, 44] and physically grounding generations [5, 42, 45]. Rombach et al. extended
conditional guidance to stable diffusion models via class-conditioning, allowing similar guidance
schemes to be applied for latent generation. However, while conditioning based approaches can
effectively capture class-level speci�cations, they are largely ineffective when lower-level properties
need to be satis�ed (as demonstrated in Section 6.1).

Training-free diffusion guidance. Similar to classi�er-based conditioning, training-free guidance ap-
proaches leverage an external classi�er to guide generations to satisfy speci�c constraints. Juxtaposed
to classi�er-based conditioning, and the method proposed in this paper, training-free guidance lever-
agesoff-the-shelfclassi�ers which have been trained exclusively on clean data. Several approaches
have been proposed which incorporate slight variations of training-free guidance to improve constraint
adherence [46–49]. Ye et al. compose a uni�ed view of these methods, detailing search strategies to
optimize the implementation of this paradigm. Huang et al. improve constraint adherence by introduc-
ing a “trust schedule” that increases the strength of the guidance as the reverse process progresses but
remain unable to exactly satisfy the constraint set, even within the statistical bounds of the employed
classi�er. Importantly, training-free guidance approaches suffer from two signi�cant shortcomings.
First, this paradigm exhibits worse performance than classi�er-based guidance as the off-the-shelf
classi�ers provide inaccurate gradients at higher noise levels. Second, like classi�er-based guidance,
these guidance schemes are ineffective in satisfying lower-level constraints

Post-processing optimization.When strict constraints are required, diffusion outputs are frequently
used as initial guesses for a subsequent constrained optimization procedure. This approach has
been shown to be particularly advantageous in non-convex scenarios where the initial starting point
strongly in�uences convergence to a feasible solution [52]. Other methods incorporate optimization
objectives directly into the diffusion training process, essentially framing the post-processing opti-
mization steps as an extension of the generative model [53, 54]. However, these methods rely on a
succinctly formulated objective and therefore often remain effective only for niche problems—such
as constrained trajectory optimization—limiting their applicability to a wider set of generative tasks.
Furthermore, post-processing steps are agnostic to the original data distribution, and, hence, the
constraint correction steps often results in divergence from this distribution altogether. This has been
empirically demonstrated in previous studies on constrained diffusion model generation [15].
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Hard constraints for generative models.Frerix et al.[12] proposed an approach to impose hard
constraints on autoencoder outputs by scaling the generated data so that feasibility is enforced, but this
solution is limited to simple linear constraints. Liu et al.[16] introduced “mirror mappings” to handle
constraints, though their method applies solely to familiar convex constraint sets. Given the complex
constraints examined in this paper, neither of these strategies was suitable for our experiments.
Alternatively, Fishman et al.[13, 14] extended the classes of constraints that can be handled, but
their approach is demonstrated only for trivial predictive tasks with MLPs where constraints can
be represented as convex polytopes. This con�nes their method to constraints approximated by
simple geometric shapes, such as L2-balls, simplices, or polytopes. Coletta et al.[55] provide a
generalization of constrained diffusion approaches for time-series problems, and, while these settings
are not explored in our work, we take inspiration from their framing of diffusion sampling as a
constrained optimization framework. Most similar to our work are Sharma et al.[56] and Christopher
et al. [15], concurrent studies which propose projected Langevin dynamics sampling processes
for constrained generation tasks. Sharma et al.[56] develop this approach for constrained graph
generation, making this work not directly applicable to the tasks explored in this work. Christopher
et al. generalize this sampling process for arbitrary constraint sets, but, like the other methods for
hard constraint imposition discussed, their work is not extended to stable diffusion models.

Stable diffusion for constrained settings.Although inverse design has been extensively studied
in diffusion models operating directly in image space, fewer studies have investigated the potential
of stable diffusion models for inverse design, as these models have primarily been applied in
commercial rather than scienti�c contexts. Song et al.[17] proposeReSample, which repurposed
latent diffusion models as inverse-problem solvers by alternating a hard data-consistency projection
and stochastic resampling steps returning the sample to the learned manifold. While applicable to
image reconstruction with a �xed measurement operator, this approach cannot be adapted to handle
open-ended constraint sets as explored in this work as it assumes knowledge of this operator for
the data-consistency projection. More recently, Zirvi et al.[18] follow-up on this line of research,
demonstrating improvement over [17] and [19], a method proposed concurrently toReSample, but
all three methods are limited in the requirement of a forward measurement operator which does not
appear in our explored settings. This dependency narrows the scope of these inverse design methods,
and this rigid de�nition of inverse design problems similarly restricts the applicability similarly
presented methodology for diffusion operating in the image space.

Notably, a handful of other works explore constrained settings more generally without requiring
dependency on the measurement operator. Engel et al.[20] proposes learning the constraints in the
latent space via a neural operator, applying this methodology to auto-encoder architectures. Although
effective for soft constraint conditioning, our attempts to adapt such approaches to latent diffusion
were unsuccessful and such approaches can be viewed as a weaker alternative to classi�er-based
conditional guidance. Rather, conditioning approaches such as proposed by [24] have proven much
stronger alternatives, leading to our selection of constraint-conditioned stable diffusion as a baseline
throughout the explored settings. Finally, concurrent to our study, Shi and Bulling[21] proposes
CLAD for imposinglearnedconstraints on latent diffusion model generations, but, importantly, their
study has very different objectives than our work. As opposed to our work, which enables imposition
of hard constraints at inference time,CLAD learns latent vectors to statistically optimize feasibility
for visual planning tasks. Importantly, this approach outputs symbolic action tokens as opposed to
high-resolution pixel images, a distinctly disconnected modality from those explored in this paper.

C Comparison to Classi�er Guidance

At �rst glance, this approach might appear similar to classi�er-guided diffusion [43], as both rely on an
external predictive model to direct the generation process. However, the two methods fundamentally
differ in how the methods apply the model's gradient. Classi�er-guided diffusion encourages similarity
to feasible training samples, offering implicit guidance. In contrast, our approach providesstatistical
guarantees as to constraint satisfaction within the con�dence levels of the classi�er,providing a more
direct and targeted mechanism for integrating constraints into the generative process.

Classi�er-based guidance.Applies Bayesian principles to direct generation toward a target classy,
based on the decomposition:

r x t log p(x t j y) = r x t log p(x t ) + r x t log p(y j x t ) (9)
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This conditional generation incorporates a classi�erp(y j x t ) into the sampling process. During
generation, the model updates the noisy samplex t by combining the standard denoising step with
the classi�er's gradient:

x t +1 = x t + � r x t log p(x t ) +
p

2� + wr x t log p(y j x t ) (10)

Here, the classi�er's gradientwr x t log p(y j x t ) guides the denoising toward samples likely belonging to class
y, with w controlling the guidance strength.

Training-free guidance. Extends the principles of classi�er-based guidance by leveraging pretrained, “off-the-
shelf” classi�ers to steer the generation process without requiring additional training. As with classi�er-based
guidance, the conditional generation incorporates a classi�erp(y j x t ) into the sampling process. However,
rather than training a custom classi�er tailored to the diffusion model, this approach directly uses existing models
to compute the guidance term. By decoupling the classi�er from the diffusion model training, training-free
guidance achieves �exibility and reusability, making it a practical choice for tasks where suitable pretrained
classi�ers are available.

Surrogate constraint corrections. Introduce a structured method to enforce class-speci�c constraints by
adjusting samples at speci�c diffusion steps. In this approach, a surrogate model modi�es the samplezt to
ẑt to meet the target constraints. These corrections can be introduced either at the beginning of the diffusion
process, setting a strong initial alignment to the target class and then allowing the model to evolve naturally, or at
designated points within the denoising sequence to enforce the constraints more explicitly at each selected step.
In contrast, while classi�er-based guidance and training-free guidance continuously integrate classi�er gradients
to steer generation toward the target class, surrogate constraint corrections offer discrete, targeted adjustments
throughout the reverse diffusion process. This makes surrogate constraints particularly effective when strict
adherence to certain class-speci�c conditions is necessary at particular stages of the generation process.

D Augmented Lagrangian Method

In experimental settings 6.2 and 6.3, a closed-form projection operator cannot be derived in the image space, and
it becomes necessary to solve this subproblem through gradient-based relaxations. In these settings, we adopt
theAugmented Lagrangian Methodto facilitate this relaxation [57]. This method operated by restructuring a
constrained optimization problem, in our case

arg min
y 2 C

ky � D (zt )k

as a minimization objective which captures feasibility constraints through penalty terms. Expressly, the use
of Lagrangian multipliers� = ( � 1 ; : : : ; � n ) and quadratic penalty terms� = ( � 1 ; : : : ; � n ) form thedual
variablesused to solve the relaxation. Hence, the objective becomes:

arg min
y

ky � D (zt )k + � g(y ) + �
2 g(y )2 :

This problem provides a lower-bound approximation to the original projection. Its Lagrangian dual solves:

arg max
�;�

�
arg min

y
ky � D (zt )k + � g(y ) + �

2 g(y )2
�

:

Algorithm 2: Augmented Lagrangian

Input: x t , � , � , 
 , � , �
y  D (zt )
while ~� (y ) < � do

for j  1 to max_inner_iterdo
L ALM  
ky � D (zt )k + � g(y ) + �

2 g(y )2

y  y � 
 r y L ALM

�  � + � ~� (y );
�  min

�
��; � max

�

return y

Following the dual updates described by [33], we perform
the following updates:

y  y � 
 r y L ALM
�
y ; �; �

�
; (11a)

�  � + � ~� (y ); (11b)
�  min( ��; � max ); (11c)

where
 is the gradient step size,� > 1 is a scalar which
increases� over iterations, and� max is an upper bound on
� . This drivesy to satisfyg(y ) � 0 while staying close to
D(zt ).

E Extended Results

In this section, we include additional results and �gures from our experimental evaluation.

E.1 Microstructure Generation

Additional baselines.To supplement the evaluation presented in paper, we also implemented the following
baselines:

24



Ground P(%) Generative Methods
Cond PDM Latent (Ours)

10

30

50

FID scores: 10.8� 0.9 30.7� 6.8 13.5� 3.1
P error > 10%: 68.4%� 12.4 0%� 0 0%� 0

Figure 6: Extended version of Figure 1

1. Image Space Correction:We implement a naive approach which converts the latent representation to the
image space, projects the image, and then passes the feasible image through the encoder layer to return to the
latent space.

2. Learned Latent Corrector: Adapting the implementation by [20] for diffusion models, we train a network
to restore feasibility prior to the decoding step.

TheImage Space Correctionmethod, which involves re-encoding the image into the latent space after correcting
it during various denoising steps, and theLearned Latent Correctormethod, where a network is trained to
project a latent vector toward a new state ensuring constraint satisfaction, both failed to produce viable samples.
Both baselines deviated signi�cantly from the training set distribution, resulting in high FID scores and
generated images that lacked quality, failing to capture essential features of the dataset. Due to the inability of
these methods to produce viable samples, we do not include them in Figure 1.

E.2 Metamaterial Inverse Design

Figure 7 illustrates the performance of different models in interpolation (i.e., when the target curve falls within
the stress range covered by the training set) and in extrapolation (i.e., when the target is outside this range). In
addition to the proposed model, a Conditional Stable Diffusion model and a Conditional Video Diffusion model
[38] are shown. The proposed model allows for arbitrarily small tolerance settings and outperforms the baselines
in both tests.

Practically, one can select an error tolerance and compute budget for tailored for the speci�c application. Each
iteration of the DPO necessitates approximately 30 seconds of computational time. Given our prescribed
error tolerance, convergence is achieved within �ve iterations, culminating in a total computational duration of
approximately 2.5 minutes per optimization run. Additionally, note that� has not been optimized for runtime,
operating exclusively on CPU cores.
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Interpolation Extrapolation

Model Shape Stress curve MSE Shape Stress curve MSE

Cond
(Stable Image)

7.0 127.3

Cond
(Video Diffusion)

Bastek and Kochmann
9.2 99.6

Latent
(Ours)

1.2 78.3

Figure 7: Performance of different models in interpolation and in extrapolation.

E.3 Copyright-Safe Generation

As opposed to other approaches, the projection schedule is tuned differently for this setting. Particularly, it is
only necessary to project during the initial stages of the generation. After this correction, the denoising process
is allowed to evolve naturally without further intervention. This method ensures that the generated images
are guided away from resembling copyrighted material while still allowing the model to produce high-quality
outputs. By selectively modifying the generated content during the initial stages of denoising, we can effectively
prevent the model from producing images that infringe on copyrights without signi�cantly affecting the overall
image quality.

Surrogate implementation.We begin by �ne-tuning a classi�er capable of predicting membership to one of two
classes: `Mickey Mouse' or `Jerry'. The architecture of the classi�er consists of a ResNet50 backbone, which is
followed by two fully connected layers. These layers serve to progressively reduce the dimensionality of the
feature map, �rst from 2048 to 512 and then from 512 to a single scalar feature, which represents the output of
the classi�er. A Sigmoid activation function is then applied to this �nal feature to estimate the probability that
the input sample belongs to either the `Mickey Mouse' or `Jerry' class. This process ensures that the model
outputs a value between 0 and 1, indicating the likelihood of each class membership. The classi�er was evaluated
on a held-out test set and demonstrated a strong performance, achieving an accuracy greater than 87%, which
showcases its effectiveness in distinguishing between the two classes.

F Runtime

Note that the simulator employed in Section 6.2 has been speci�cally optimized for CPU execution; consequently,
runtimes observed for these experiments are inherently longer compared to GPU-optimized procedures (refer to
Table F). Importantly, optimizing computational runtime was not the primary focus of this study. Rather, the
emphasis was placed on scienti�c discovery, prioritizing the �delity and accuracy of the generated content. In
the scienti�c domains explored, achieving exact adherence to physical constraints and established principles is
crucial, as deviations would render the models unreliable and impractical for use.

A signi�cant bottleneck frequently encountered in these experimental domains is the iterative cycle from
experimental design to validation, which typically necessitates multiple trial-and-error iterations. Consequently,
the capability to generate realistic synthetic materials exhibiting precisely controlled morphological or structural
characteristics, as demonstrated at the �delity levels reported herein, holds substantial potential for accelerating
scienti�c work�ows—from initial experimentation to full-scale production.
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Figure 8: Enlarged version of Figure 4. Successive steps of DPO are shown. At each stage,
M perturbed shapes are generated, each undergoing structural analysis with� , which provides
the corresponding stress-strain. The perturbation that produces the curve closest to the target is
then selected, and a new perturbation-structural analysis-selection cycle begins, continuing until
convergence is achieved. The convergence tolerance can be tightened as desired, provided it is
compatible with the available computational cost.
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Experiment Sampling Type Time Hardware

Microstructure Conditional Sampling 10 s Nvidia A100-SXM4-80GB
Microstructure Constrained Sampling 50 s Nvidia A100-SXM4-80GB
Metamaterials Conditional Sampling 5 s Nvidia A100-SXM4-80GB
Metamaterials Single Simulation 30 s Intel Core i7-8550U CPU
Copyright Conditional Sampling 10 s Nvidia A100-SXM4-80GB
Copyright Constrained Sampling 65 s Nvidia A100-SXM4-80GB

Table 1: Experiment runtimes by sampling type and hardware.

G Feasibility Guarantees

First, note that when a projection (or approximation thereof) can be constructed in the image space, strict
guarantees can be provided on the feasibility of the�nal outputsof the stable diffusion model. A �nal projection
can be applied after decodingz0 , and, as this operator is applied directly in the image space, constraint satisfaction
is ensured if the projection is onto a convex set. As detailed in [57](§8.1), a projection of any vectorx 2 Rn

onto a non-empty closed convex setC exists and is unique.

Theorem G.1. Convex Constraint Guarantees:The proposed method provides feasibility guarantees for convex
constraint.

As we can derive a closed-form projection for convex sets in the ambient space after decoding our sample (e.g.,
in Section 6.1 where our proximal operator used is a projection), the proposed method thus provides guarantees
for convex constraints.

H Supplementary Proofs

H.1 Proof of Theorem 4.1 (Part 1): Non-Asymptotic Feasibility in the Image Space

Proof. We begin by proving this bound holds for projected diffusion methods operating in the image space:

dist
�
x 0

t ; C
� 2 � (1 � 2�
 t +1 ) dist

�
x 0

t +1 ; C
� 2 + 
 2

t +1 G2 ; (12)

For clarity and simplicity of this proof, we omit superscripts in subsequent iterations, using only subscripts to
denote both inner and outer iterations of the Langevin sampler. For instance, the sequencex 0

t ; : : : ; x M
t ; x 0

t � 1
is now represented asx t ; : : : ; x t � M ; x t � ( M +1) . Consequently, as annealing occurs at the outer loop level
(everyM iterations), the step size
 t is no longer strictly decreasing with each iterationt, and instead satis�es

 t � 
 t � 1 .

Consider that at each iteration of the denoising process, projected diffusion methods can be split into two steps:

1. Gradient Step: x 0
t = x t + 
 t r x t log q(x t )| {z }

s t

2. Projection Step: x t � 1 = PC (x 0
t )

These steps are sequentially applied in the reverse process to sample from a constrained subdistribution.

x t !

x 0
tz }| {

x t + 
 t st ! P C (x 0
t ) = x t � 1 !

x 0
t � 1z }| {

x t � 1 + 
 t � 1st � 1 ! P C (x 0
t � 1) = x t � 2 : : :

By construction,x t � 1 = PC (x 0
t ) 2 C . Next, let us de�ne the projection distance toC as:

f (x ) = dist(x ; C )2 = kx � P C (x )k2

SinceC is � -prox regular, by de�nition the following hold:

• f is differentiable outsideC (in a neighborhood)

• r f (x ) = 2( x � P C (x ))

• r f is L -Lipshitz withL = 2
�
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The “descent lemma” forL -smooth functions applies:

Lemma H.1. 8x ; y in the neighborhood ofC :

f (y ) � f (x ) + hr f (x ); y � x i +
L
2

ky � x k2 = f (x ) + 2 hx � P C (x ); y � x i +
1
�

ky � x k2

Applying this lemma, let us usex = x 0
t � 1 andy = x 0

t . Noting thatPC (x 0
t ) = x t � 1 , we get:

dist(x 0
t ; C )2 � dist(x 0

t � 1 ; C )2

| {z }
Term A

+ 2 hx 0
t � 1 � x t � 2 ; x 0

t � x 0
t � 1 i

| {z }
Term B

+
1
�

kx 0
t � x 0

t � 1k2

| {z }
Term C

(?)

Decomposing Term B. First, consider that since the step size is decreasing
 t � 
 t � 1 :

x 0
t � 1 � x t � 2 � (x t � 1 � x t � 2) + 
 t � 1st � 1

� (x t � 1 � x t � 2) + 
 t st � 1

By the same rationale,

x 0
t � x 0

t � 1 � (x t � x t � 1) + 
 t (st � st � 1): (De�nition B.1)

Proof of non-expansiveness of the projection operator.Next, we prove the non-expansiveness of the projection
operator:

kx t � x t � 1k � 2 
 t +1 G2 (L + )

Givenx t = PC (x 0
t +1 ) andx t � 1 = PC (x 0

t ),

kx t � x t � 1k = kPC (x 0
t +1 ) � P C (x 0

t )k � k x t +1 � x t k

since projections onto closed prox-regular sets areL -Lipshitz.

Now:

x 0
t +1 = x t +1 + 
 t +1 st +1 ;

x 0
t = x t + 
 t st ;

x 0
t +1 � x 0

t = ( x t +1 � x t ) + ( 
 t +1 st +1 � 
 t st ): (De�nition B.2)

Making the projection residual,
x t +1 � x t = x t +1 � P C (x 0

t +1 )
orthogonal to the target space atx t (and any vector of the formst +1 � st ). Thus, sincekst k � G 8t:

kx 0
t +1 � x 0

t k
2 = k
 t +1 st +1 k2 + k
 t st k � (
 2

t +1 + 
 2
t )G2

Taking the square root:

kx 0
t +1 � x 0

t k �
q


 2
t +1 + 
 2

t G

Since
 t +1 � 
 t :

kx 0
t +1 � x 0

t k �
p

2
 t +1 G
< 2
 t +1 G

Finally, by applying De�nition (B.1),kx t +1 � x t k � k x 0
t +1 � x 0

t k, and thus:

kx t +1 � x t k � 2
 t +1 G

Now, prox-regularity gives:

hx 0
t � 1 � x t � 2 ; x 0

t � x 0
t � 1 i � � kx t � x t � 1k2

� 4�
 2
t +1 G2 (Bound B.1)

where the Bound B.1 is derived by applying (L + ).
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SinceC in � -prox regular, for any pointu nearC andv 2 C:

hu � P C (u); v � P C (u)i � � kv � P C (u)k2

Above, we substitute:

u = x 0
t = x t + 
 t st

v = x t

PC (u) = x t � 1

Now, expanding the inner product:

hx 0
t � 1 � x t � 2 ; x 0

t � x 0
t � 1 i = hx 0

t � 1 � x t � 2 ; (x t + 
 t st ) � (x t � 1 + 
 t � 1st � 1)i

� h x 0
t � 1 � x t � 2 ; (x t � x t � 1) + 
 t (st � st � 1)i

� h x 0
t � 1 � x t � 2 ; (x t � x t � 1)i + hx 0

t � 1 � x t � 2 ; 
 t (st � st � 1)i

and sincekst k � G 8t: hst +1 ; st i � k st +1 kkst k � G2 sohst � 1 ; st i � k st +1 k2 � G2 , and:

hx 0
t � 1 � x t � 2 ; 
 t (st � st � 1)i � 
 2

t G2 (Bound B.2)

By applying De�nition (B.2):

hx 0
t � 1 � x t � 2 ; x 0

t � x 0
t � 1 i = hx 0

t � 1 � x t � 2 ; (x t � x t ) + ( 
 t st � 
 t � 1st � 1)i

� h x 0
t � 1 � x t � 2 ; (x t � x t � 1)i

Therefore, by applying Bound (B.1) to the previous inequality and Bound (B.2) directly, Term B is upper
bounded by:

2 hx 0
t � 1 � x t � 2 ; x 0

t � x 0
t � 1 i � 8�
 2

t +1 G2 + 2 
 2
t G2 (Bound B.3)

Decomposing Term C. Next, we derive a bound on Term C in Eq. (?). As already shown,

kx 0
t � x 0

t � 1k � 4
 t G;

given:

x 0
t � x 0

t � 1 � (x t � x t � 1)
| {z }

� 2
 t +1 G

+ 
 t (st � st � 1)
| {z }

� 2G

� 4
 t +1 G

Thus,

1
�

kx 0
t � x 0

t � 1k2 �
16
�


 2
t +1 G2 (Bound C.1)

Combining bounds (B.3) and (C.1) into (?), and recalling that
 t +1 � 
 t :

dist(x 0
t ; C )2 � dist(x 0

t � 1 ; C )2

| {z }
d

+ (8 � + 2 +
16
�

)
| {z }

K


 2
t +1 G2

Now, we rewrite Term A, which for ease of notation we will refer to asd:

d2 = (1 � 2�
 t +1 )d2 + 2 �
 t +1 d2

Thus:

dist(x 0
t ; C )2 � d2 � 2�
 t +1 d2 + 2 �
 t +1 d2 + K
 2

t +1 G2

= (1 � 2�
 t +1 )d2 +
�
2�
 t +1 d2 + K
 2

t +1 G2 �

Next, through Young's inequality, we simplify this expression further.

Theorem H.2. (Young's Inequality) 8u; v � 0; � > 0:

uv �
u2

2�
+

�v 2

2
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If we chooseu =
p

2�
 t +1 d, v =
p

K
 t +1 G, and� = 2�d 2

k
 t +1 G 2 , then

uv =
p

2�
 t +1 d �
p

K
 t +1 G

=
p

2K

3
4

t +1 Gd

Applying Young's Inequality:

uv �
u2

2�
+

�v 2

2

=
2�
 t +1 d2

2( 2�d 2

K
 t +1 G 2 )
+

�v 2

2

=
K
 2

t +1 G2

2
+

�v 2

2

=
K
 2

t +1 G2

2
+

�
1
2

�
2�d 2

K
 t +1 G2
� K
 2

t +1 G2
�

=
K
 2

t +1 G2

2
+ �
 t +1 d2

Thus,
p

2K

3
4

t +1 Gd �
K
 2

t +1 G2

2
+ �
 t +1 d2

Finally, taken altogether:

2�
 t +1 d2 + K
 2
t +1 G2 � �
 t +1 d2 +

�
K
 2

t +1 G2

2
+ �
 t +1 d2

�

= 2 �
 t +1 d2 +
K
2


 2
t +1 G2

Since
 t +1 � �
2G 2 , then

K
2


 2
t +1 G2 �

1
2

�
8� + 2 +

16
�

�
� 2

4G2
= O(� 3)

which is bounded by
 2
t +1 G2 for all � � 0.

Thus,
2�
 t +1 d2 + K
 2

t +1 G2 � 2�
 t +1 d2 + 
 2
t +1 G2 :

Finally, by substitution:

dist(x 0
t ; C )2 � (1 � 2�
 t +1 )dist(x 0

t � 1 ; C )2 + 
 2
t +1 G2

| {z }
O ( � 3 )

H.2 Proof of Theorem 4.1 (Part 2): Non-Asymptotic Feasibility in the Latent Space

Proof. The previous proof can be naturally extended to latent space models under smoothness assumptions:

Assumption H.3.

(1) (Decoder regularity) D : Rdz ! Rdx is `-Lipschitz andkrD (z)kop � ` for all z.

(2) (Constraint regularity) g : Rdx ! Rm is L -smooth andr g(x ) has full row rank onC = f x :
g(x ) = 0g, henceC is prox-regular.

Let x 0
t = D(z0

t ) be the decoded pre-projection iterate. Prox-regularity implies



 x t +1 � P C (x 0

t )



 � (1 � � )




 x 0

t � P C (x 0
t )




 = (1 � � ) dist(x 0

t ; C );

wherex t +1 = PC (x 0
t ) is the data-space projection produced by the algorithm.

BecauseD is `-Lipschitz we have

dist(x 0
t ; C ) = dist

�
D(z0

t ); C
�

� ` dist
�
z0

t ; D � 1(C )
�
;
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where the inverse image isD � 1(C ) =
�

z : g(D(z)) = 0
	

: Using the same prox-regularity argument (now
applied to the level set ofg�D ), Thus, by the chain-rule and prox-regularity:

kr (g � D )( z) � r (g � D )( z0)k � `L kz � z0k;

which shows that for a projection in latent space, the contraction factor(1 � � ) is replaced with

1 � � 0 := 1 � �= (`L ):

Therefore, denoting byz0
t +1 the latent iterate after one full update butbeforedecoding, we obtain the fundamental

recursion

dist
�
D(z0

t ); C
� 2 � (1 � 2� 0
 t +1 ) dist

�
D(z0

t +1 ); C
� 2 + 
 2

t +1 G2 ; (non-asymptotic feasibility)

whereG is the same (�nite) uniform bound used in Part 1.

H.3 Proof of Theorem 4.2: Fidelity

Proof. Finally, we prove the �delity bound:

KL
�
q(zt � 1) k pdata

�
� KL

�
q(zt )kpdata

�
+ 
 t G

2

We begin by assuming feasibility of the training setpdata � C . Provided this holds, but the data-processing
inequality,

KL
�
q(zt � 1) k pdata

�
= KL

�
PC (q(z0

t )) k PC (pdata )
�

= KL
�
PC (q(z0

t )) k pdata
�

� KL
�
q(z0

t ) k pdata
�

This result shows that since the projection operator is a deterministic, measurable mapping, theKL will not be
increased by this operationiff the training set is a subset of the constraint set (all samples in the distribution fall
in C). Hence, subsequently we will ignore the presence of this operator in obtaining our bound.

Next, consider that while in continuous time the application of the true score results in a strictly monotonically
decreasingKL , Euler discretizations introduce a bounded error.

Consider thatz0
t = zt + 
 t st . Each denoising step shifts the vectorzt by a vector norm of at most
 t G, provided

thatkst k � G.

Lemma H.4. Supposekst k � G everywhere, Then,

KL
�
q(z0

t ) k pdata
�

� KL
�
q(zt ) k pdata

�
� 
 t G

2 :

Proof of Lemma H.4.

KL
�
q(zt ) k pdata

�
=

Z
q(zt ) log

q(zt )
pdata

dx;

and

KL
�
q(z0

t ) k pdata
�

=
Z

q(z0
t ) log

q(z0
t )

pdata
dx;

Therefore,

KL
�
q(z0

t ) k pdata
�

� KL
�
q(zt ) k pdata

�
=

Z
q(zt ) [log q(zt ) � log q(zt + 
 t st )] dx;

Sincekst k � G, we assume that the true score is bounded by a comparable normkr log p(zt )k � G. A
one-step Taylor bound gives:

log p(zt ) � log p(zt + 
 t st ) � k 
 t st k � kr log p(� )k � 
 t G
2

for some� on the line segment betweenzt andz0
t . Integrating overq(zt ) gives

KL
�
q(z0

t ) k pdata
�

� KL
�
q(zt ) k pdata

�
� 
 t G

2

Lemma H.4 can then be directly applied to derive our bound:

KL
�
q(zt � 1) k pdata

�
� KL

�
q(zt )kpdata

�
+ 
 t G

2
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