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ABSTRACT

Human modeling of complex processes often involves multiple representations
that capture different aspects of the same underlying reality. While recent ap-
proaches mostly unify such representations into a single predictive model, this
unification could obscure the distinct functional roles associated with each repre-
sentation. Inspired by the function alignment framework proposed recently, we
study an alternative paradigm in which heterogeneous predictive dynamics are
preserved and coupled through bidirectional alignment at the level of functions.
We consider a setting with two representations of the same process paired in time:
a high-dimensional perceptual sequence and a compact analytic state sequence,
each governed by its own autoregressive dynamics. Rather than collapsing them
into a unified model, we align their predictive functions using lightweight adapter
modules that allow each dynamics to incorporate signals from the other during
rollout. We conduct experiments on two physical prediction tasks exhibiting dif-
ferent functional roles of the two dynamic processes, and demonstrate that func-
tion alignment significantly improves long-horizon stability during joint rollout in
both perceptual and analytic domains |'| Together, our results provide a concrete
instantiation of function alignment between perceptual and analytic dynamics,
along with empirical evidence that preserving heterogeneous predictive dynam-
ics can be critical for stable sequential prediction.

1 INTRODUCTION

Humans reason about the world through multiple levels of abstraction. The same underlying reality
can be perceived, described, and predicted using different representations, ranging from low-level
sensory patterns to high-level analytic structures (Fodor, [1975). These representations typically
exhibit distinct predictive dynamics and serve different functional roles. For example, perceptual
representations tend to capture rich and high-dimensional information to model short-range context
dependencies in observations, whereas more abstract or analytic representations often trade percep-
tual detail for compact structure, focusing on longer-range temporal dependencies and more general
regularities (Kahneman), 2011; |LeCunl 2022; Bennis & Lahlou, [2025). These heterogeneous and
often complementary functions of intelligence, sometimes referred to as mode-1 and mode-2, coex-
ist and interact in human cognition—reflecting the interplay between sensation and reasoning that
enables flexible and robust understanding and generation across diverse scenarios.

In contrast, most contemporary artificial intelligence systems adopt a unified modeling paradigm
for predictive dynamics. Transformer-based architectures have become a dominant framework in
multimodal generative modeling across domains such as video, audio and text. To integrate these
distinct sources of information, many approaches rely on fusion or alignment mechanisms at the
representational level, where inputs from different modalities or abstraction levels are embedded
into compatible forms of representation and processed by a single autoregressive backbone (Liu
et al., 2023} |Wang et al.l [2023; [Lu et al.| 2024} Zhou et al. |2025a). Despite the empirical success
on conditional generation tasks, such unified way of modeling introduces an unavoidable structural
trade-off: either the dynamics of one modality are discarded and treated as static conditioning, or
the dynamics of multiple modalities are absorbed into a single predictive process, collapsing their
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Figure 1: Organization of predictive dynamics across two representations (x and z) of the same un-
derlying reality. (a) Standalone dynamics evolve independently. (b) Flat unified modeling collapses
x and z into a single autoregressive state transition. (c) Function alignment preserves individual
dynamics while enabling bidirectional cross-function adaptation (green arrows).

distinct inductive biases. In both cases, the resulting models do not fully exploit the complementary
functional roles of different representations, limiting sample efficiency in long-horizon modeling
and hindering extension to fully unconditional co-generation settings.

Inspired by the function alignment framework (Xia, |2025), we propose that aligning heterogeneous
representations at the function level—while preserving their individual dynamics—can improve
long-horizon prediction of both. We consider the setting where two temporally paired representa-
tions of the same underlying process follow distinct autoregressive dynamics. Specifically, we study
the interaction between a perceptual dynamic process implemented by an autoregressive neural
network operating directly on high-dimensional perceptual observations, and an analytic dynamic
process defined over a compact state space that captures underlying physical regularities—two pre-
dictive functions mirroring the duality of mode-1 and mode-2 in human cognition.

As shown in Figure by introducing bidirectional adaptation while keeping each autoregressive
function intact, the two dynamics are allowed to co-evolve over time, exchanging corrective cues
while retaining their respective functional strengths. We evaluate this hypothesis on two physical
prediction tasks: (1) a wind-affected bouncing-ball system, where the analytic process only models
the ideal kinematics without wind effects, and (2) a double-pendulum system, where the analytic
process relies on an approximate transition model. These settings represent two distinct functional
trade-offs in the analytic dynamics: (1) missing latent information, and (2) suffering from model
inaccuracy. In both cases, we find that function alignment consistently improves predictive perfor-
mance on both perceptual and analytic representations over baselines that unify multiple dynamics
within a single model, with particularly pronounced gains in long-horizon rollouts where error ac-
cumulation dominates. To sum up, our contributions are threefold:

* We present a concrete bidirectional instantiation of function alignment for predictive dy-
namics, bridging analytic and perceptual representations while preserving their individual
autoregressive functions.

* We empirically demonstrate that function alignment outperforms unified-dynamics base-
lines and ablated variants, with consistent improvements in long-horizon prediction where
error accumulation is critical.

* We show that function alignment is effective across distinct trade-offs in the analytic dy-
namic process, including settings where the analytic process either lacks latent information
or structurally relies on approximate models.

2 RELATED WORK

A large body of work in multimodal machine learning studies how to align heterogeneous modal-
ities through shared or coordinated representations. Earlier approaches often employ multi-stream
architectures, where different modalities are processed by separate encoding branches and interact
through cross-modal attention mechanisms, enabling fine-grained exchange of information between
modalities like vision and natural language (Tan & Bansal, [2019; Tsai et al., 2019; [Lu et al., 2019;
Zheng et al. [2022; |Copet et al.l 2023)). Another line of work adopts unified or single-branch mod-
eling strategies, where signals from different modalities are mapped into a common form of repre-
sentation through discretization or projection, and then modeled by a single backbone (Wang et al.,
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2023} [Lu et al.| 2024 [Lei et al., 2025} [Zhou et al., [2025alb). This paradigm has been largely moti-
vated by the success of large-scale contrastive pretraining (Radford et al.||2021} J1a et al., 2021; |Wu
et al., 2023)), which learns modality-invariant embedding spaces that facilitate joint reasoning and
generation across modalities (Kim et al.l 2021} |Liu et al 2023} |Li et al.| 2023} [Zhang et al., [2023).
Despite their effectiveness, these approaches primarily focus on aligning the representations across
modalities, while largely underutilizing the respective dynamics inherent to each modality, which
have been shown to carry rich semantic structure (Eslami & de Melol 2025} |Abbasi et al.} 2025}
Takishita et al., [2025)).

Beyond aligning heterogeneous inputs through neural representations, a different form of alignment
has long appeared in sequential prediction systems that combine multiple models operating over the
same underlying process. In such settings, distinct components are often responsible for modeling
complementary aspects of the data—for example, local evidence from observations and higher-level
regularities over symbol sequences—and their predictions are combined at inference time. Classi-
cal speech recognition systems exemplify this pattern by integrating acoustic models with language
models through probabilistic decoding (Hinton et al., 2012; Hannun et al., 2014; [Povey et al.,|2016),
while related designs appear in statistical machine translation and state estimation, where learned
observation models are coupled with structured sequence priors via post-hoc inference (Bahdanau),
2014; |Gulcehre et al.L|2015). These approaches demonstrate the practical value of combining hetero-
geneous predictive dynamics, but the interaction between components is typically fixed and unidi-
rectional, occurring only at the decoding or inference stage rather than through learned, time-coupled
adaptation between predictive functions.

The recently proposed function alignment framework (Xia, [2025) offers a perspective that bridges
representation-level alignment and modular system-wise composition by allowing multiple autore-
gressive models to interact during the prediction process. Several recent works explore related forms
of cross-model interaction. For example, |[Bansal et al.|(2024) inject latent information from one pre-
trained model into another via cross-attention to share model-exclusive knowledge, while Jiang et al.
(2025) aligns two identical models to unify the processing of conditioning and target signals in con-
ditional generation. These approaches demonstrate the benefits of cross-model information flow,
but are limited to unidirectional adaptation and shared model architectures or modalities. [Zayats
et al.| (2024) investigates mutual interaction between pretrained components through cross-attention
layers, yet remains focused on conditional generation within the transformer architecture. Our work
lifts function alignment to a more general setting, enabling bidirectional adaptation across differ-
ent modalities, between heterogeneous autoregressive dynamics, and supporting fully unconditional
joint generation.

3 METHODOLOGY

We consider two temporally paired sequences x1.7 and z1.7, where & denotes the raw perceptual
signals and z denotes a compact representation corresponding to the same underlying observations.
(24, 2¢) are aligned in time at each time step t. We assume limited to training data consisting of
paired trajectories { (1.7, 21.7) }.

Each representation is equipped with its own autoregressive predictive dynamics. The perceptual
sequence x is modeled by a high-capacity autoregressive model:

Pe(mt | 35<t) = fz(x<t79)a (D

which operates directly on perceptual observations. In this work, we instantiate the perceptual model
fz as a GPT-style transformer decoder, which serves as a representative example for illustrating the
proposed alignment mechanisms (Vaswani et al., 2017;|Radford et al., 2018). The analytic sequence
z follows a separate analytic dynamics:

ZAt = fZ(Z<t)a (2)

defined over a compact state space. Throughout this work, both perceptual and analytic dynamics
are treated as distinct autoregressive processes with independent state transitions, unless explicitly
coupled through alignment mechanisms.
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Figure 2: Bidirectional function alignment of perceptual dynamics f, and analytic dynamics f,.
Green components denote the additional adaptation modules introduced for alignment.

3.1 FUNCTION ALIGNMENT BETWEEN PERCEPTUAL AND ANALYTIC DYNAMICS

Function alignment couples the perceptual and analytic predictive dynamics by enabling informa-
tion exchange during autoregressive rollout. We introduce two directional alignment mechanisms
corresponding to the two predictive processes.

Analytic-to-perceptual alignment (z — ). To incorporate analytic state information into percep-
tual prediction, we augment the conditioning context of the perceptual dynamics. Specifically, the
perceptual model is adapted as

Porne(Tt | T<t,2<t) = fa(v<r, 2<1, 0+ AD), 3)

allowing perceptual predictions to depend on past analytic states in addition to perceptual history.
In practice, this is implemented by first projecting z.; to the same representation space as x ¢, and
concatenating them to the perceptual token embeddings and enforcing causal self-attention, such
that x; may attend to past analytic states. Note that while the perceptual model parameters are
optimized to accommodate the additional analytic context, the original parameters 6 that support
standalone perceptual prediction are preserved.

Perceptual-to-analytic alignment (x — z). To allow perceptual information to influence the an-
alytic dynamics, we introduce an additional adapter network that projects perceptual cues into the
analytic state space. The modified prediction on the state space is defined as

Z = f2(2<t) +€(x<t, 9), “4)
where €(-) is implemented as a multi-layer perceptron (MLP) operating on a short history of .

As shown in Figure [2] the alignment mechanisms enable bidirectional information flow between
the perceptual and analytic dynamics. Note that although we instantiate the alignment mechanisms
with certain architectural choices (e.g., transformer decoder for f,, and MLP for ¢), the framework is
broadly applicable to any pair of autoregressive functions and the alignment modules can be flexibly
designed accordingly.

3.2 TRAINING OBJECTIVES AND OPTIMIZATION

The above function alignment introduces two sets of trainable parameters: the parameter update
A# applied to the perceptual model f,, and the parameters ¢ of the perceptual-to-analytic adapter
€(+; ¢). These parameters are optimized using separate training objectives corresponding to the two
alignment directions.

To train the analytic-to-perceptual alignment, we fine-tune the perceptual model with additional
conditioning on z. Given paired trajectories, we minimize the negative log-likelihood of perceptual
observations:

T
Lo 0(D0) = Epz) > —logposas(ee | x<r, 2<1)- ©)

t=1

Similarly, the perceptual-to-analytic adapter is trained with a regression loss in the analytic space:

T
Los() = By Y llze — 2|7 (6)
t=1
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Figure 3: Example frames (from left to right) for the two experimental environments. Up: Wind-
Affected Bouncing Ball (WBB), where the ball in dimmed pink renders the kinematic rollout without
wind effects. Down: Double Pendulum (DP), where the pendulum in dimmed green shows the
Euler-integrated simulation. Note that the dimmed renderings are only for visualization.

Note that throughout training, we apply teacher forcing on the alignments of both directions—
the ground truth x; and z, instead of the model predictions &, and Z; are used as supervision in
Equations [5] and [6] This is appropriate because the alignment modules are trained to adapt to an
already well-initialized dynamics model on the opposite side. Teacher forcing allows the alignment
to be learned from stable optimization targets under the assumption that the opposite dynamics
can provide sufficiently reliable context during rollout. Since the two alignment objectives involve
disjoint parameter sets, we apply early stopping to each based on their respective validation losses.

To efficiently optimize analytic-to-perceptual alignment without disrupting the pretrained dynamics
0, we parameterize the update A6 using low-rank adaptation (LoRA) Hu et al.| (2022)). Concretely,
A is realized as a low-rank decomposition added to selected weight matrices of ¢, while the original
parameters 6 are kept frozen throughout training.

4 EXPERIMENTS

In this section, we instantiate the function alignment framework with specific model architectures
and evaluate its empirical behavior on two physical prediction environments, under both conditional
and unconditional rollout settings on perceptual () and analytic (z) trajectories.

4.1 EXPERIMENTAL SETTINGS AND IMPLEMENTATION

We consider two simulated physical systems rendered as videos, each paired with an analytic state
sequence describing the same underlying process.

Wind-Affected Bouncing Ball (WBB). A ball moves in a 3D space under gravity, with approxi-
mately elastic collisions that exhibit mild energy dissipation, and a wind field with small Gaussian
perturbations over time. The wind direction and magnitude are visually indicated by waving wheat-
like textures but are not observed in the analytic state. The analytic representation z; consists of the
ball’s position and velocity vectors, and the analytic dynamics f, follow ideal kinematic equations
without wind terms.

Double Pendulum (DP). A chaotic double-pendulum system is rendered as video frames. The
analytic representation z; consists of the two joint angles and angular velocities. f, is implemented
using Euler integration of the physical equations of motion, introducing accumulated numerical error
over long horizons.

Example frames of these datasets are shown in Figure [3] where we also visualize the f, rollouts
using dimmed colors. Other details of the datasets can be found in Appendix [B]

For both environments, we implement the perceptual dynamics f, as a GPT-style transformer de-
coder with causal self-attention. We first train a ResNet-based VQ-VAE (He et al., 2016; |Van
Den Oord et al., 2017)) to learn discrete token representations of video frames, and then train the
transformer to autoregressively model the token sequences. We adopt the rotary positional encoding
scheme in RoFormer (Su et al.,2024)) for temporal position embedding and a trainable position em-
bedding to distinguish patches in every frame. Accordingly, the analytic-to-perceptual alignment is
implemented by concatenating the projected analytic tokens to the temporal-spatial visual patches
(separated with an additional token), and fine-tuning the RoFormer layers with LoRA to attend to the
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Figure 4: Unconditional co-generation performance on the WBB environment given a prompt of 3
steps. Prediction error in both the perceptual and analytic domains is shown as a function of rollout
horizon. Errors are plotted on a logarithmic scale.

newly added analytic context causally. The perceptual-to-analytic alignment is implemented as an
MLP that takes the visual tokens of past three frames and outputs a corrective signal in the analytic
state space. Details of the model architectures are provided in Appendix[C]

4.2 BASELINES AND ABLATIONS

All compared models in this section can be viewed as structural variants obtained by progressively
removing, collapsing, or restricting components of full bidirectional function alignment.

Unified Dynamics Baseline. We consider a unified autoregressive transformer as a primary base-
line, which concatenates perceptual and analytic tokens into a single sequence and models their
co-evolution by fine-tuning the pretrained f,. During training, both x; and z; can attend to the full
history of both modalities, and z is predicted with an additional output head. The unified model
has two variants: (i) Uni-Abs, which models directly the absolute analytic state z;, and (ii) Uni-Res,
which models the difference z; — f.(z<:) to leverage the base analytic dynamics. Both variants have
comparable numbers of trainable parameters to the full function alignment model.

Ablation Variants. We evaluate a set of ablated variants that progressively degrade full bidirec-
tional function alignment. Specifically, we consider: (i) removing a single adaptation pathway while
retaining the other (w/o © — z or w/o z — x); (ii) removing the base predictive dynamics and rely-
ing solely on cross-function adaptation (z — z-only or z — x-only); and (iii) standalone dynamics
continuously trained without any alignment (f,.-only or f,-only).

4.3 QUANTITATIVE RESULTS

We evaluate all models under unconditional co-generation, where perceptual and analytic trajec-
tories are jointly rolled out without access to any ground-truth signals beyond the initial paired
prompts. This setting exposes long-horizon error accumulation and requires mutual correction be-
tween heterogeneous predictive dynamics.

Figure [ reports unconditional co-generation performance on the WBB environment given a 3-step
prompt. We measure the average prediction error in both representation spaces. In the percep-
tual domain, error is measured as pixel-domain mean absolute error (MAE) between predicted and
ground-truth video frames. In the analytic domain, error is measured as the {5 distance between
predicted and ground-truth ball positions.

Figure [4a] shows perceptual prediction error as a function of rollout horizon. The full function
alignment model (Full FA) consistently achieves the lowest pixel-domain error and exhibits the
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Figure 5: Unconditional co-generation performance on the DP environment given the initial state.

slowest error growth over time. In contrast, unified-dynamics baselines (Uni-Abs and Uni-Res)
suffer from steady error accumulation as rollout length increases, despite having access to the entire
history of both modalities during training. As for ablated variants, removing a single adaptation
pathway (w/o x — 2) leads to delayed but inevitable divergence, while continuously training the
perceptual dynamics ( f,-only) shows steady error growth.

Similarly, Figure [db| reports analytic state prediction error under joint rollout. Full FA consistently
exhibits superior performance over other models. Standalone analytic dynamics (f.-only) diverge
rapidly due to unmodeled wind effects, and unified-dynamics baselines suffer from considerable
error from the very beginning. Note that although removing one adaptation pathway (w/o z — x)
also shows competence here, it can solely rely on f,.-only in the perceptual domain rollout.

Taken together, we observe a win-win effect of two dynamics enabled by function alignment—
accurate analytic cues improve perceptual prediction in the short term, which in turn provide more
reliable perceptual feedback for future analytic updates, and vice versa. Breaking this feedback
loop in either direction leads to asymmetric and ultimately unstable behavior—although w/o x —
z appears competitive early in perceptual prediction (Figure [4a), analytic error accumulates and
eventually degrades the perceptual dynamics. In contrast, such a win—win interaction is not observed
in unified-dynamics baselines, which do not leverage the respective strengths of the dynamics of
each modality, despite incorporating f, explicitly in Uni-Res.

A similar pattern of results is observed in the DP environment, as shown in Figure [5} Full FA
alignment consistently outperforms baselines and ablated variants in both perceptual and analytic
domains. Notably, in this environment, the single-direction ablation (w/o x — 2) performs better
than Uni-Abs and Uni-Res in the perceptual domain, suggesting that a sufficiently accurate initial
analytic estimation is critical for modeling a chaotic system.

Results under conditional generation are provided in Appendix Conditional generation cor-
responds to in-distribution, teacher-forced inference on a single modality and only probes single-
direction alignment. FA remains competitive and exhibits particularly strong performance on ana-
lytic prediction.

4.4 QUALITATIVE ANALYSIS

Figure [6] provides a qualitative comparison of long-horizon analytic rollouts between full function
alignment (FA) and the unified-dynamics baseline (Uni-Res) under unconditional co-generation.
Although both models are initialized from identical states, their subsequent trajectory evolution
differs substantially over time.

In the WBB environment (Figure[6a)), full function alignment closely tracks the ground-truth motion
in three-dimensional position space over extended rollouts. The predicted trajectories preserve both
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Figure 6: Representative long-horizon rollouts in the analytic state space under unconditional co-
generation. Up: rollouts produced by Full FA (pink) compared against ground truth (green). Bottom:
Uni-Res (pink) compared against ground truth (green). All trajectories are generated from identical
initial conditions, marked by a larger point. In DP trajectories, the horizontal axis corresponds to the
angle of the first pendulum, and the vertical axis corresponds to the angle of the second pendulum.

the overall structure and local variations of the motion. In contrast, while Uni-Res also exhibits
trajectory turning consistent with the presence of wind, its predictions deviate increasingly from the
ground truth, indicating accumulated error that cannot be corrected once perceptual and analytic
dynamics are collapsed into a single transition.

A similar but more pronounced effect is observed in the DP environment (Figure [6b), where the
underlying dynamics are chaotic and highly sensitive to initial conditions. Under full function align-
ment, predicted trajectories remain qualitatively consistent with the ground truth in the joint angle
space over long-horizon rollout. Uni-Res, however, diverges rapidly and suffers from severe error
accumulation, leading to qualitatively incorrect trajectory evolution away from the ground-truth an-
gles. This behavior is further reflected in the joint error space of the two pendulum angles (Appendix
Figure [I0), where full function alignment remains the slowest in error growth compared to unified
dynamics and FA variants.

5 DISCUSSION

In this section, we discuss and interpret the empirical findings from a structural perspective, focusing
on why bidirectional function alignment is effective and when unified-dynamics modeling may be
insufficient.

5.1 ERROR PROFILES OF LATENT REPRESENTATIONS

To better understand why bidirectional function alignment could work, we analyze the sources of
prediction error that may arise when modeling an observed process with latent representations.

» Estimation error. This error arises from training the predictive function from finite data.

Due to limited training samples or optimization stochasticity, the learned parameters 6 may
deviate from the optimal parameters 6*.

* Representational error. This error occurs when encoding the observed sequence to a lossy
latent representation sequence, filtering out information that is relevant for predicting the
observed process.

* Model bias. The model class used to fit the predictive dynamics may not be expressive
enough to capture the true underlying process, leading to persistent approximation error
even with infinite data.

We claim that for two distinct representations @ and z of the same underlying process, these three
sources of error typically manifest in complementary ways. Different representations impose dif-
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ferent structural constraints on predictive modeling, leading to distinct mixtures of estimation error,
representational error, and model bias. For example, a high-dimensional perceptual representation
x may have low representational error but suffer from high estimation error due to the complexity of
modeling rich sensory patterns. Conversely, a compact analytic representation z may have low esti-
mation error due to its training simplicity but incur higher representational error if it omits relevant
details, or suffer from model bias if the model expressiveness is structurally bounded.

This complementarity suggests that predictive functions defined on different representations can, in
principle, assist each other if allowed to interact at the level of dynamics. In our experiments, the
perceptual dynamics in both environments mainly exhibit estimation error due to the complexity
of modeling video sequences, while the analytic dynamics suffer from either representational error
(WBB) or model bias (DP). We have demonstrated through the two cases that function alignment
can leverage the complementary error profiles to enable mutual correction. While in this work
we instantiated the alignment using perceptual and analytic dynamics as a concrete and illustrative
example, the function alignment framework itself is broadly applicable to any pair of predictive
functions with complementary error profiles.

5.2 THE STRUCTURAL DRAWBACKS OF UNIFIED DYNAMICS MODELING

Unified modeling of dynamics can be limited by the mismatch of inductive biases preferred by
different representations. For example, in physical systems, analytic states are typically continuous-
valued and governed by smooth dynamics, whereas transformer-based perceptual models rely on
discrete tokenization and are not naturally suited for modeling continuous state transitions. Also,
in chaotic settings, approximate analytic dynamics can provide accurate short-term predictions and
strong initial conditions, an advantage that is often diluted when perceptual and analytic processes
are collapsed into a single transition. More broadly, different representations are frequently modeled
using heterogeneous architectures that encode substantial prior knowledge, whereas a unified model
may not be able to merge the prior knowledge of both effectively. Function alignment avoids these
issues by preserving the architectures of both representations.

5.3 LIMITATIONS

This work focuses on settings where two representations of the same underlying process are tem-
porally aligned and paired at each time step. We do not address scenarios in which such pairing
must be inferred, relaxed, or learned from unaligned sequences. Extending function alignment be-
yond strict time alignment remains an open challenge. Moreover, while both predictive dynamics
considered in this work are capable of autonomous rollout, their interaction is purely predictive and
passive. The aligned dynamics exchange corrective signals during rollout but do not actively influ-
ence the underlying process through actions or interventions. As a result, the current framework
captures alignment in perception and prediction, but does not model how aligned representations
might dynamically adjust behavior through control or decision-making.

6 CONCLUSION

In this work, we studied how heterogeneous representations of the same underlying process can be
jointly modeled through function alignment, without collapsing their distinct predictive dynamics.
We proposed a concrete and fully specified instantiation in which perceptual and analytic dynam-
ics are preserved as separate autoregressive processes and coupled through bidirectional adaptation.
Through experiments on two physical prediction problems, we demonstrated that function align-
ment consistently improves long-horizon stability under unconditional co-generation, and that such
mutual benefits arise across settings where the analytic dynamics play different functional roles.
More broadly, this work provides empirical evidence that preserving representation-specific predic-
tive dynamics is beneficial for stable sequential prediction, and that respecting the functional form
of each dynamics can be as important as improving representational capacity.
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A APPENDIX

B DATASET DETAILS

Both datasets used in this work consist of image sequences rendered at a spatial resolution of 128 x
128. For each environment, we generate large-scale simulated trajectories and split them into disjoint
subsets for representation learning, alignment training, and evaluation.

Specifically, for each dataset we generate 100,000 sequences for pretraining the perceptual models
(VQ-VAE and RoFormer), and an additional 100,000 sequences for training the function alignment
modules. Evaluation is performed on held-out data consisting of 10,000 validation sequences and
10,000 test sequences. All splits are non-overlapping and sampled independently.

B.1 WIND-AFFECTED BOUNCING BALL (WBB)

The analytic dynamics for the Wind-Affected Bouncing Ball (WBB) environment are implemented
using explicit Euler integration. The analytic state at each time step consists of the ball position
p: € R? and velocity v, € R3.

The simulation uses a fixed time step of At = 0.12 seconds. The ball has radius = 0.5 and moves
under gravity with acceleration g = (0,0, —9.81). Ground contact occurs at z = 0, and collisions
with the ground are modeled using a restitution coefficient of 0.85.

Wind is modeled as a stochastic external force evolving according to a Brownian motion in the
horizontal plane. At each time step, the wind vector w; € R? is updated as

witt = wi™ teVAL e~ N(0,0°1),

where 0 = 0.05, and the vertical component of wind is fixed to zero. Wind effects are rendered
visually but are not included in the analytic state.

The ball acceleration is computed as

fgravity + fwind

a; = )
m

where foravity = mg and fiing = W;. Velocity and position are then updated using Euler integration:

Vig1 = vy + a At Pi+1 = Pt + Vi1 At
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B.2 DOUBLE PENDULUM (DP)

The analytic dynamics for the Double Pendulum (DP) environment are defined by the standard
equations of motion for a planar double pendulum system. The analytic state at each time step is a
four-dimensional vector consisting of the angles and angular velocities of the two pendulums.

Physical parameters are fixed across all trajectories. Both pendulums have unit length (L1 = Ly =
1.0) and unit mass (M; = My = 1.0), and gravity is set to g = 9.81. Trajectories are simulated
over a time horizon of ., = 3 seconds.

Ground-truth trajectories are generated using a high-accuracy numerical solver based on adaptive
Runge—Kutta integration (RK45). Specifically, the system of ordinary differential equations is
solved using solve_ivp with dense evaluation at fixed time steps.

The analytic dynamics used for prediction are implemented using explicit Euler integration. For-
mally, let z; denote the analytic state consisting of the two pendulum angles and their angular veloc-
ities. Given the continuous-time dynamics z = f(z,t), explicit Euler integration updates the state
as

Zir1 = 2y + [z, 1) At. (7

Given an initial state, the system is evolved forward using a fixed step size of At = 0.1. To reduce
numerical instability, Euler integration is performed with s substeps per time step. The integration
step is divided into smaller increments of size At/s, where s denotes the number of substeps, and
the resulting trajectory is downsampled to the original temporal resolution. We set s to 5 in our
experiments.

Due to the chaotic nature of the double pendulum, small numerical errors introduced by Euler inte-
gration accumulate rapidly over time, leading to divergence from the ground-truth RK45 trajectories
under long-horizon rollout.

C MODEL ARCHITECTURES

C.1 PERCEPTUAL MODEL: VQ-VAE AND ROFORMER

For both environments, perceptual observations are modeled using a two-stage architecture consist-
ing of a VQ-VAE for discrete representation learning followed by an autoregressive transformer for
temporal modeling.

VQ-VAE. Video frames are encoded using a ResNet-18 backbone as the encoder of the VQ-VAE.
The encoder maps each frame to a grid of discrete latent codes drawn from a learned codebook. For
the DP environment, the VQ-VAE uses a codebook size of 256 with latent dimensionality dgoge = 32
and embedding dimension de,, = 512. The decoder mirrors the encoder structure with 6 layers and
2 residual blocks per layer, each with 512 hidden channels. Unless otherwise specified, the same
VQ-VAE architecture is used for WBB.

Perceptual Dynamics. The perceptual dynamics f, are modeled using a GPT-style transformer
decoder with causal self-attention and rotary temporal positional embeddings. For the WBB envi-
ronment, the transformer uses a hidden dimension of dp0q.1 = 768, 12 layers, and 8 attention heads,
with dropout set to 0.1 and a maximum sequence length of 512 tokens. For the DP environment, the
transformer uses a hidden dimension of 512 with 6 layers. In both cases, the transformer operates on
the discrete token sequences produced by the VQ-VAE and predicts future tokens autoregressively.

C.2 ALIGNMENT MODULES

Perceptual-to-analytic alignment (z — 2) is implemented using a lightweight multi-layer perceptron.
Specifically, a three-layer MLP takes perceptual tokens from the recent history as input and outputs
a corrective signal in the analytic state space.

Analytic-to-perceptual alignment (z — z) is implemented by projecting analytic states into token
embeddings and concatenating them with temporal-spatial image tokens, as shown in Figure
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Figure 7: Adaptive training of f, for z — x alignment in our experiments. The RoFormer f, is
fine-tuned with LoRA to attend to additional context tokens causally, as colored in green.

The perceptual transformer is adapted to attend to these additional tokens causally using low-rank
adaptation (LoRA).

LoRA Configuration. For full function alignment and variants, LoRA adapters use rank = 16
with scaling factor @ = 64. For unified-dynamics baselines, because of the absence of perceptual-
to-analytic adaptation, larger LoORA adapters are used with rank r = 24 and scaling factor o =
96, ensuring comparable adaptation capacity across models. In all cases, the original transformer
backbone parameters are kept frozen during alignment training.

D TRAINING DETAILS

All models are trained on a single NVIDIA RTX 5000 Ada GPU using mixed-precision training with
bf16 precision. Optimization is performed using AdamW with 8; = 0.9, 32 = 0.999, ¢ = 1078,
and weight decay set to 0.01. The base learning rate is 1 x 10~%, except when performing continuous
training on f, on the alignment dataset where we start from 1 x 107°. A cosine annealing learning
rate scheduler is used, with a minimum learning rate factor of 0.01. The scheduler operates over
20,000 steps, and the learning rate decay is further modulated by a decay factor of 0.99 applied
every 1,000 steps, with a minimum decay factor of 0.1.

For unified-dynamics baselines and function alignment models, only the designated adapter param-
eters and LoRA modules are updated during alignment training, while the pretrained perceptual
backbone remains frozen. Early stopping is applied based on validation loss for each alignment
module independently.

E ADDITIONAL EXPERIMENTAL RESULTS

E.1 CONDITIONAL GENERATION RESULTS

We additionally report results under conditional generation as a sanity check in Figure [§] and Fig-
ure[9] In this setting, one modality is generated autoregressively while the other modality is clamped
to ground truth at each time step. As a result, conditional generation corresponds to in-distribution
inference with teacher forcing and does not expose long-horizon error accumulation.

Under this regime, single-direction alignment variants (e.g., x — z-only or z — x-only) can perform
competitively and, in some cases, outperform full function alignment. This behavior is expected, as
the availability of ground-truth context reduces the need for bidirectional error correction. However,
these advantages do not transfer to unconditional co-generation, where errors from both modalities
accumulate and must be mutually corrected. Consistent with our main results, full function align-
ment is most effective in the unconditional setting, which constitutes the primary evaluation in this
work.
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Figure 8: Conditional co-generation performance on the WBB environment given a prompt of 3
steps. Prediction error in both the perceptual and analytic domains is shown as a function of rollout

horizon. Errors are plotted on a logarithmic scale.
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(a) Perceptual-domain prediction error conditioned on (b) Analytic-domain prediction error conditioned on
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Figure 9: Conditional co-generation performance on the DP environment given a prompt of 3 steps.
Prediction error in both the perceptual and analytic domains is shown as a function of rollout horizon.
Errors are plotted on a logarithmic scale.

E.2 ADDITIONAL QUALITATIVE RESULTS

Figure [T0] visualizes the joint evolution of analytic prediction errors for the two pendulum angles
under unconditional rollout in the DP environment. Each curve traces how the prediction errors of
the first and second pendulums grow together over time, starting from the origin. Full FA remains
closest to the origin and exhibits the slowest joint error growth, indicating suppressed error coupling
across state dimensions. In contrast, unified dynamics (Uni-Res) and standalone analytic dynamics
(f.-only) drift rapidly toward the upper-right region, reflecting strong amplification of coupled er-
rors in the chaotic regime. The single-direction variant (w/o z — x) shows intermediate behavior,
suggesting that bidirectional alignment is necessary to stabilize joint error growth.
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Figure 10: Joint evolution of prediction errors for the two pendulum angles under unconditional
rollout. Full function alignment suppresses coupled error growth, while unified and single-direction
dynamics diverge rapidly in joint error space.
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