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Abstract001

Transformers often display an attention sink:002
probability mass concentrates on a fixed,003
content-agnostic position. We prove that com-004
puting a simple trigger-conditional behavior005
necessarily induces a sink in softmax self-006
attention models. Our results formalize a famil-007
iar intuition: normalization over a probability008
simplex must force attention to collapse onto009
a stable anchor to realize a default state. We010
instantiate this with a concrete task: when a011
designated trigger token appears, the model012
must return the average of all preceding (non-013
BOS) token representations, motivated by the014
view that the trigger aggregates the content015
seen so far while the BOS token contains no016
input-dependent content. We also prove that017
non-normalized ReLU attention can solve the018
same task without any sink, confirming that019
the normalization constraint is the fundamental020
driver of sink behavior. Experiments validate021
our predictions and demonstrate they extend022
beyond the theoretically analyzed setting: soft-023
max models develop strong sinks while ReLU024
attention eliminates them in both single-head025
and multi-head variants.026

1 Introduction027

Transformers (Vaswani et al., 2017) frequently con-028

centrate attention on an early position in a way029

that is largely insensitive to content. This atten-030

tion sink has been reported for small and large031

models alike (Xiao et al., 2024; Gu et al., 2024;032

Guo et al., 2024). It occurs under a variety of posi-033

tional schemes—absolute/learned embeddings, AL-034

iBi, RoPE, and even without explicit positional en-035

codings (Press et al., 2021; Su et al., 2021; Gu et al.,036

2024)—and similar behavior shows up in multi-037

modal and vision settings (Kang et al., 2025; Wang038

et al., 2025; Feng and Sun, 2025). The breadth of039

contexts points to a pervasive pattern, not a pecu-040

liarity of any single model or training regime.041

This pattern matters for practice. When probabil- 042

ity mass concentrates on a fixed position, models 043

may under-use available context and lose accuracy 044

(Yu et al., 2024; Guo et al., 2024). Concentration 045

can also worsen numerical issues relevant to com- 046

pression/quantization (Sun et al., 2024; Lin et al., 047

2024) and distort attention-based analyses (Guo 048

et al., 2024). Why is sink behavior so common? 049

One plausible account is general inductive bias—a 050

phenomenon documented in other settings (Soudry 051

et al., 2024; Arora et al., 2019)—whereby prefer- 052

ences of the model class and learning setup steer 053

solutions toward sinky circuits even when alterna- 054

tives exist. In this work we argue that, in certain 055

settings, this isn’t the case, and sink behavior is 056

functionally essential for the computation being 057

performed.1 058

We investigate this claim theoretically in a sim- 059

plified setting (section 3). Consider a synthetic, 060

prefix-conditional task on sequences in which each 061

token representation includes: (i) a binary feature 062

channel indicating whether the token carries a trig- 063

ger; (ii) a constant bias channel; (iii) a designated 064

start token feature (a binary feature equal to one 065

only for first token in the sequence, BOS); and (iv) 066

i.i.d. samples from a continuous distribution with 067

bounded probability density in the remaining co- 068

ordinates. The target is intuitive: the model writes 069

nothing to the residual stream at every position (i.e., 070

outputs the zero vector), except at the unique trig- 071

ger position where it should write the empirical 072

mean of all preceding non-BOS token vectors (We 073

exclude BOS from the average because it contains 074

no input-dependent content). 075

Our main results are necessity theorems for soft- 076

max self-attention: for single-layer models (theo- 077

rem 1), any hypothesis that achieves vanishing error 078

1We do not claim sinks are indispensable in all architec-
tures (e.g., gated attention can mitigate them (Qiu et al., 2025)).
Rather, we prove they are a necessary consequence of softmax
attention.
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Figure 1: Reproduced from Figure 4 of Barbero et al.
(2025): an attention head that fires on an apostrophe
trigger and otherwise attends to BOS.

on this task must place at least 1− ε attention on a079

fixed sink token at all non-trigger positions before080

the trigger; for multi-layer models (theorem 2), at081

least one layer must exhibit sink behavior at some082

pre-trigger position. At a high level, we formalize a083

widely held intuition: normalization in probability,084

when combined with noisy keys, forces attention to085

concentrate on a stable anchor to keep the default086

output variance low in the no-trigger regime. We087

complement this with a constructive result (theo-088

rem 3): ReLU attention can solve the same task089

with zero attention on the BOS token, demonstrat-090

ing that the normalization constraint is a driver of091

sink formation.092

Experiments on both single-layer and multi-093

layer models provide supporting evidence (sec-094

tion 4). Models trained on the task develop at-095

tention sinks with near-unit mass on BOS when096

no trigger is present, aligning with our theoreti-097

cal analysis. Swapping softmax for ReLU attention098

eliminates sink formation while preserving task ac-099

curacy, confirming that the softmax normalization100

constraint is a driver of the sink behavior. We ob-101

serve these patterns across both single-layer and102

deeper multi-head architectures, demonstrating that103

our theoretical insights capture fundamental prop-104

erties of softmax attention.105

2 Related Work and Empirical Evidence106

In realistic empirical settings, attention sinks fre-107

quently implement no-op behavior in the absence108

of specific triggers. Barbero et al. (2025) demon-109

strate this directly: their case study of an “apos-110

trophe head” in Gemma 7B shows two operating111

modes—firing on apostrophe triggers and other-112

wise attending to BOS as a default no-op (fig. 1).113

Similarly, Guo et al. (2024) document an ac-114

tive–dormant head in Llama 2–7B that switches 115

between active computation on code-like inputs 116

and dormant sink behavior on text-like inputs. No- 117

tably, Guo et al. (2024) report that sink behavior 118

diminishes under certain non-softmax/activation 119

variants, consistent with our theoretical findings. 120

These works complement our theoretical per- 121

spective. Barbero et al. (2025) argue that sinks en- 122

able controlled information mixing, with BOS serv- 123

ing as a stable anchor. Guo et al. (2024) analyze 124

the training dynamics behind sink formation—how 125

these patterns emerge during optimization. In con- 126

trast, our work establishes a theoretical necessity of 127

sink behavior in softmax attention and its absence 128

in ReLU attention via expressiveness analyses re- 129

gardless of optimization and training schemes. We 130

include an illustrative figure from Barbero et al. 131

(2025) (fig. 1)2 to highlight that our synthetic task 132

captures key aspects of real sink behavior—sinks 133

emerge to implement a no-op when no trigger fires. 134

3 Theory and Results 135

We now set up our analysis. We introduce the task 136

in section 3.2, explain why this task is meaningful 137

and how its assumptions match realistic modeling 138

in section 3.3, introduce the model architectures in 139

section 3.4, and state our main necessity claims in 140

section 3.5. 141

3.1 Notation and Setup 142

Let n≥ 5 denote the input dimension and L ≥ 4 143

denote the sequence length. We use 1{·} for the 144

indicator function, [n] = {1, . . . , n}, and write 145

sequences as x = (x(1), . . . ,x(L)) with tokens 146

x(i) ∈ Rn. 147

3.2 Task Definition 148

We define a synthetic trigger-conditional task that 149

exemplifies tasks in which we know attention sinks 150

form in practice (as in fig. 1): the model must detect 151

a trigger token and, only at the trigger position, 152

write to the residual stream some summary of prior 153

content. 154

Input Distribution. We denote the data distribu- 155

tion D as follows: For each sequence, sample a 156

trigger index j uniformly from {3, . . . , L}. Con- 157

struct tokens as follows: 158

2Licensed under Creative Commons Attribution 4.0 (CC
BY 4.0). Minor cropping for layout; no other changes.
License: https://creativecommons.org/licenses/by/4.
0/.
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• Position 1 (BOS): x(1) = (1, 0, 0, . . . , 0) (fixed159

one-hot vector).160

• Position j (Trigger token): x(j) =161

(0, 1, 0, . . . , 0) (fixed one-hot vector).162

• Positions i ̸= 1, j: Coordinate 1 (the BOS indi-163

cator) is zero; coordinate 2 is zero; coordinate n164

is fixed to one (a bias channel); and coordinates165

3 ≤ k ≤ n−1 are i.i.d. over some continuous166

distribution.167

Target Output. The target output y(i) is the zero168

vector 0 at all positions except the trigger position169

i = j, where it equals x = (j−2)−1
∑j−1

k=2 x
(k),170

the mean of all preceding non-BOS tokens.171

Loss Function. We evaluate hypotheses using172

the ℓ∞ loss: L(f) = sup(x,y)∈support(D)

∥∥y(i) −173

f(x)(i)
∥∥
2
.174

3.3 Task Motivation175

This setup captures a basic and pervasive pattern in176

sequence modeling: gate on a recognizable event,177

otherwise preserve a default state. Real attention178

heads frequently exhibit exactly this bimodal be-179

havior—firing on specific triggers to aggregate con-180

text, and otherwise attending to sinks as a no-op181

(Barbero et al., 2025; Guo et al., 2024). Our task182

distills this to its minimal form: detect a trigger and183

compute the mean of prior content, or write noth-184

ing. 3 The design choices are less arbitrary than185

they may appear. Many aspects are without loss186

of generality: the BOS and trigger feature channels187

can be any two orthogonal vectors via a change of188

basis; we fix them to coordinates 1 and 2 for sim-189

plicity. The constant bias channel models position-190

independent offsets that MLP layers can inject in191

practice.192

3.4 Model Architecture193

We study self-attention models with two variants194

of attention mechanisms. We denote the learn-195

able parameter of a single-layer attention model by196

WQ,WK ,WV ,WO ∈ Rn×n for queries, keys,197

values, and output projection respectively. For in-198

put sequence x = (x(1), . . . ,x(L)), we calculate199

3Our analysis applies almost as-is to a broader class of
trigger-conditional problems, such as key-query retrieval
where a query must extract a specific previous token (e.g.,
marked by a feature bit) while ignoring others, resembling the
apostrophe head in fig. 1. We analyze the averaging task for
clarity, leaving the formal characterization of the full class of
tasks necessitating sinks to future work.

the attention weights αi,j as defined below for each 200

variant. The model output is then computed as 201

f(x)(i) = WO
∑i

j=1 αi,jWV x
(j). 202

Softmax Attention. The attention weight from 203

position i to position j ≤ i is given by: 204

αi,j =
exp(x(i)WQW

T
K(x(j))T )∑i

k=1 exp(x
(i)WQWT

K(x(k))T )
205

ReLU Attention. For ReLU attention, we re- 206

place the softmax normalization with element-wise 207

ReLU. We divide the scores by the number of po- 208

sitions up to the current position i, excluding both 209

the BOS token and the current token 4. Namely, 210

if we define ni = max{i − 2, 1}, then we have 211

αi,j = ReLU(x(i)WQW
T
K(x(j))T )/ni. 212

Multi-Layer Attention. A D-layer soft- 213

max/ReLU model is the composition 214

f = f (D) ◦ · · · ◦ f (1), where each f (d) is a 215

single-layer softmax/ReLU attention model. We 216

denote by α
(d)
i,j the attention weight at position i 217

attending to position j in layer d. 218

3.5 Main Result 219

We are now ready to state our theoretical results. 220

Our central contribution is threefold: (i) we es- 221

tablish that an attention sink is necessary at every 222

position prior to the trigger for single-layer soft- 223

max attention to solve the trigger-conditional task 224

(theorem 1); (ii) we prove that in multi-layer soft- 225

max attention, at least one position must exhibit 226

sink behavior (theorem 2); 5 and (iii) we prove 227

constructively that ReLU attention can solve the 228

same task without any sink behavior (theorem 3). 229

This contrast directly demonstrates that the softmax 230

normalization constraint—not the task structure or 231

optimization dynamics—is the fundamental driver 232

of attention sinks. Proofs for theorems 1 to 3 can 233

be found in Appendices C, D, and E respectively. 234

Theorem 1. For any ε > 0, δ > 0, L ≥ 4 and 235

n ≥ 5, there exist constants η > 0 such that the 236

following holds. Consider any single-layer softmax 237

attention model f with loss L(f) ≤ η on sequences 238

with length L and dimension n where non-trigger 239

4This scaling is necessary because ReLU attention cannot
naturally compute averages: concatenating the input sequence
to itself would double the output at the final position while
keeping the average the same. Moreover, a similar scaling
would not work for Softmax attention, as our analysis would
work over any such variant.

5Experiments (section B) show this existential bound is
not loose: sinks do form, but not in all positions and layers.
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Figure 2: Experimental validation: Theoretically analyzed model. (a) Mean attention weights for softmax
attention across 1000 test examples with trigger at position 8. Dark regions indicate high attention mass concentrated
on BOS (position 1) before the trigger. (b) Standard deviation of softmax attention weights shows negligible variance,
confirming stable sink behavior. (c) Mean attention weights for ReLU attention show no sink formation—attention
on BOS remains near zero. (d) Standard deviation for ReLU attention confirms consistent behavior across examples.

Figure 3: Multi-layer multi-head validation. Attention patterns for a 2-layer 2-head softmax model on a random
input (with trigger at position 8). All heads exhibit strong sink behavior.

coordinates are drawn from some continuous dis-240

tribution D with bounded probability density. Then241

with probability at least 1 − δ over the choice of242

x with trigger index j, for all positions 1 < i < j,243

we have αi,1 ≥ 1− ε.244

Theorem 2. In the setting of theorem 1, but with245

a D-layer softmax attention model, there exists246

at least one layer d ∈ {1, . . . , D} and position247

1 < i < j such that α(d)
i,1 ≥ 1− ε.248

Theorem 3. For any δ > 0, L ≥ 4 and n ≥ 3,249

there exists a one-layer ReLU attention model f250

with loss L(f) ≤ δ such that for any input se-251

quence x with trigger index j and any position252

i ̸= j we have αi,1 = 0.253

4 Experiments254

We validate our theoretical predictions on the syn-255

thetic trigger-conditional task. In section 4.1, we256

train single-layer single-head models to validate257

theorem 1. In section 4.2, we train multi-layer258

multi-head models with residual connections to259

validate theorem 2. All experiments use sequences260

of length L = 16 with trigger at position j = 8;261

training details are in section A.262

4.1 Single-Layer Models263

We first validate theorem 1 on single-layer single-264

head models.265

Experiment 1: Softmax Attention Forms Sinks. 266

Theorem 1 predicts that softmax attention models 267

achieving low loss must have a strong attention sink 268

at all pre-trigger positions. To test this, we visu- 269

alize the mean and standard deviation of attention 270

weights across 1000 test examples (fig. 2, panels a 271

and b). The model places near-unit attention mass 272

on position 1 at every position before the trigger, 273

with negligible variance across examples. 274

Experiment 2: ReLU Attention Avoids Sinks. 275

Our constructive result establishes that ReLU at- 276

tention can solve the same task with zero attention 277

on BOS. We replace softmax with ReLU attention 278

while keeping all other parameters identical (fig. 2, 279

panels c and d). The ReLU model achieves com- 280

parable task accuracy without developing sink be- 281

havior: attention weights on position 1 remain near 282

zero throughout the sequence. 283

4.2 Multi-Layer Multi-Head Models 284

Figure 3 shows attention patterns for a 2-layer 2- 285

head softmax model. All heads exhibit strong sink 286

behavior before the trigger, while ReLU variants 287

eliminate sink formation entirely (section B). Simi- 288

lar patterns emerge in 4-layer 4-head models (sec- 289

tion B), where sinks appear in some but not all 290

heads, consistent with theorem 2 which guarantees 291

existence rather than ubiquity. 292
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5 Limitations293

The synthetic trigger-conditional task, while em-294

pirically grounded in real sink behavior (Barbero295

et al., 2025; Guo et al., 2024), represents a specific296

computational pattern within a broader class of297

trigger-conditional problems. Our analysis likely298

extends to related tasks such as key-query retrieval299

where a query must extract a specific previous to-300

ken (e.g., marked by a feature bit) while ignoring301

others—resembling the apostrophe head in fig. 1.302

We leave the formal characterization of the full303

class of tasks necessitating sinks to future work.304

For multi-layer and multi-head models, our ne-305

cessity result (theorem 2) guarantees that at least306

one layer must exhibit sink behavior at some posi-307

tion, but does not characterize which specific layers308

or heads form sinks. Our experiments (section B)309

show that sinks indeed do not form at all positions310

or in all heads, consistent with the existential na-311

ture of the theorem. Our analysis however does not312

provide characterizations for exactly where sinks313

emerge, we leave this to future work.314
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B Additional Experimental Results394

We present additional experimental results for395

multi-layer multi-head models beyond those shown396

in the main text. All models use the same training397

configuration described in section A.398

B.1 ReLU Attention: 2-Layer 2-Head Model399

Figure 4 shows attention patterns for a 2-layer 2-400

head model using ReLU attention with residual401

connections. Unlike the softmax variant (fig. 3),402

no head exhibits sink behavior—attention on BOS403

(position 1) remains near zero throughout all layers404

and heads, confirming that our theoretical predic-405

tion extends to multi-layer settings.406

B.2 Larger Models: 4-Layer 4-Head407

Architecture408

To further validate our findings at larger scale, we409

train 4-layer 4-head models with both softmax and410

ReLU attention. Figures 5 and 6 show representa-411

tive attention patterns. The softmax variant exhibits412

strong sink behavior at least in one head every layer413

in the no-trigger regime, while the ReLU variant414

maintains near-zero attention on BOS throughout.415

These results provide additional evidence that the416

necessity of attention sinks in softmax models per-417

sists in deeper, wider architectures.418

C Proof of Main Result419

In this Appendix section we prove theorem 1.420

C.1 Proof Sketch421

First, we show that as η → 0, for any two indices422

i, h < j, the value vector of the i-th token times423

the attention score αh,i must tend to zero. Now,424

suppose no sink forms at some pre-trigger position.425

Then softmax normalization leaves nontrivial mass426

on content tokens before the trigger; to keep the427

output uniformly small across a positive measure428

input distribution, the model must crush those con-429

tributions, i.e., there is a positive-measure set S430

of tokens with ∥Vx∥2 → 0. This makes the pre-431

trigger output insensitive to which x ∈ S occurs,432

whereas the trigger output must be sensitive to that433

choice. The two requirements conflict under van-434

ishing loss; hence a sink must exist at all pre-trigger435

positions.436

C.2 Detailed Proof 437

Step 1: We can assume that WK = I and 438

WO = I. Let 439

B := WQW
⊤
K , V := WOWV . 440

For any input, the scores and outputs are 441

si,k = x(i)B(x(k))⊤, ŷ(i) =
∑
k≤i

αi,k Vx(k), 442

with 443

αi,k =
exp(si,k)∑
ℓ≤i exp(si,ℓ)

. 444

Thus the attention depends on (WQ,WK) only 445

through B, and the output depends on (WO,WV ) 446

only through V. Reparameterize by setting 447

WK := I,Q := B,WO := I,WV := V 448

leaves αi,k and ŷ(i) unchanged, hence the loss is 449

unchanged. Therefore, we will assume without loss 450

of generality that WK = I and WO = I, write Q 451

for the query map, and V for the (combined) value 452

map. 453

Step 2: Setup and pigeonhole principle. Fix 454

ε0, δ0 > 0 and suppose there exists a sequence 455

of one-layer softmax models {ft}∞t=1 with ηt := 456

L(ft) → 0 such that, for each t, with probability 457

at least δ0 over (x, j) ∼ D there is a pre-trigger 458

position i < j violating the sink condition: 459

αi,1 ≤ 1− ε0. (1) 460

Since
∑

k≤i αi,k = 1, (1) implies that the total 461

mass on non-BOS keys is at least ε0. There are only 462

finitely many index triples (i, h, j) with 2 ≤ h ≤ 463

i < j ≤ L. By a pigeonhole principle, there exist 464

infinitely many times ta1 , ta2 , . . . and fixed indices 465

2 ≤ i⋆ < j⋆ ≤ L and 2 ≤ h⋆ ≤ i⋆, and a constant 466

γ > 0 (e.g., γ = ε0/L
2), such that 467

P
(
αi⋆,1 ≤ 1− ε0 and αi⋆,h⋆ ≥ γ

)
≥ δ (2) 468

for some δ > 0 independent of t. By relabeling this 469

subsequence, we assume without loss of generality 470

that (2) holds for all t. 471

Step 3: Constructing tokens via Lemma 6. 472

Since the event in (2) has positive probability at 473

least δ, by Lemma 6 there exists ε′ > 0 (indepen- 474

dent of t) such that for every content coordinate 475

m ∈ {3, . . . , n − 1} there exist tokens x(m), y(m) 476

6



Figure 4: ReLU attention: 2-layer 2-head model. Attention patterns on a single test input (trigger at position 8).
No sink formation occurs in any head—attention on BOS remains near zero, consistent with theorem 3.

with the following properties: (i) x(m)
k = y

(m)
k for477

all k ̸= m, and
∣∣x(m)

m − y
(m)
m

∣∣ ≥ ε′; and (ii) there478

exist sequences with either x(m) or y(m) at position479

h⋆ and with trigger index j satisfying i⋆ < j, such480

that481

αi⋆,h⋆ ≥ γ. (3)482

Step 4: Positive weight implies small values.483

By Lemma 5 (applied with the pair (h⋆, i⋆)), for484

every choice of token at position h⋆ we have485 ∥∥αi⋆,h⋆Vx(h⋆)
∥∥
2
≤ 4ηt.486

Combining with (3) yields that for any content co-487

ordinate m and any z ∈ {x(m), y(m)},488 ∥∥Vz
∥∥
2
≤ 4

γ ηt. (4)489

That is, the lower bound on αi⋆,h⋆ directly forces490

the value projections to be small for all tokens con-491

structed in Step 2.492

Step 5: Transplanting to j = 3 and deriving a493

contradiction. Fix t and abbreviate η := ηt. Pick494

a content coordinate m ∈ {3, . . . , n−1} and let495

xt := x(m) and yt := y(m) be the two tokens from496

Step 2 satisfying |xt,m − yt,m| ≥ ε′. Instantiate497

two sequences by setting the trigger at j = 3 and498

taking x(2) ∈ {xt,yt}. At position i = 3 the target499

is500

y(3) = x(2). (5)501

Write502

βt(z) := α3,3 for the sequence with x(2) = z,
(6)

503

vt := Vt x
(3) = Vte2. (7)504

By Lemma 1 and (4), at position 3 we can decom-505

pose506

ŷ(3)(z) = α3,1Ve1 + α3,2Vz︸ ︷︷ ︸
=: rt(z)

+βt(z)vt, (8)507

∥rt(z)∥2 ≤ C0 η, (9)508

with C0 := 1+ 4
γ independent of t. Consider the n- 509

th (bias) coordinate. Since (y(3))n = (x(2))n = 1 510

and 0 < βt(z) ≤ 1, from (8) and the uniform loss 511

bound we obtain 512∣∣βt(z) (vt)n − 1
∣∣ ≤ ∣∣ŷ(3)

n (z)− 1
∣∣+ ∣∣(rt(z))n∣∣ 513

≤ η + C0η = C1η, (10) 514

where C1 := 1 + C0. Hence, for all sufficiently 515

large t, 516

(vt)n ≥ 1− C1η

βt(z)
≥ 1− C1η > 0, (11) 517

so vt ̸= 0. 518

Let Pt denote the orthogonal projection onto v⊥
t . 519

Since Pt is an orthogonal projection onto an (n−1)- 520

dimensional subspace there must be at least one 521

corrdinate m ∈ 3, 4 such that ∥Ptem∥2 ≥ 1/
√
2; 522

fix m to be that corrdinate. Now, applying Pt to (8) 523

kills the vt component: 524

Ptŷ
(3)(z) = Ptrt(z), (12) 525

∥Ptŷ
(3)(z)∥2 ≤ ∥rt(z)∥2 ≤ C0η. (13) 526

Therefore, for the two choices z = xt,yt, 527∥∥Ptŷ
(3)(xt)− Ptŷ

(3)(yt)
∥∥
2

528

≤ ∥Ptrt(xt)∥2 + ∥Ptrt(yt)∥2 529

≤ 2C0η. (14) 530

On the other hand, Pty
(3)(z) = Ptz, so 531∥∥Pty

(3)(xt)− Pty
(3)(yt)

∥∥
2

532

= ∥Pt(xt − yt)∥2 533

= ∥Pt((xt,m − yt,m)em)∥2 534

= |xt,m − yt,m| ∥Ptem∥2 535

≥ ε′ ∥Ptem∥2 536

≥ ε′/
√
2. (15) 537

7



Where the third equality stems from the fact that538

xt and yt differ only on coordinate m.539

Finally, by the triangle inequality and the uni-540

form loss bound,541 ∥∥Pty
(3)(xt)− Pty

(3)(yt)
∥∥
2

542

≤
∥∥Ptŷ

(3)(xt)− Ptŷ
(3)(yt)

∥∥
2
+ 2η543

≤ (2C0 + 2)η, (16)544

which contradicts (15) for all sufficiently small η,545

because ε′∥Ptem∥2 > 0 is independent of t. This546

completes the proof.547

D Proof of Multi-Layer Result548

Proof of theorem 2. Setup and contradiction as-549

sumption. Fix ε0, δ0 > 0. Suppose for contradic-550

tion that there exists a sequence of D-layer softmax551

models {ft}∞t=1 with552

ηt := L(ft) −→ 0553

such that, for every t,554

P
(
∀d ∈ {1, . . . , D}, ∀ 1 < i < j :

α
(d)
i,1 ≤ 1− ε0

)
≥ δ0.

(17)555

Let Et denote the event inside the probability in556

(17). For each t, let Vt be the combined value557

map from Lemma 7, and write β
(t)
i,k(·) for the cor-558

responding coefficients.559

Crushing a positive-measure set of second to-560

kens. On the event Et, position 2 is pre-trigger561

(since j ≥ 3) and for every layer d,562

α
(d)
2,2 = 1− α

(d)
2,1 ≥ ε0.563

Therefore, by Lemma 8,564

β
(t)
2,2(x) ≥ εD0 on Et. (18)565

Moreover, Lemma 10 applied to ft yields566 ∥∥β(t)
2,2(x)Vtx

(2)
∥∥
2
≤ 2ηt.567

Combining with (18) gives568

∥Vtx
(2)∥2 ≤ 2

εD0
ηt on Et. (19)569

Define the measurable set570

St :=
{
z ∈ Rn : ∥Vtz∥2 ≤ 2

εD0
ηt

}
.571

Since Et ⊆ {x(2) ∈ St} by (19), (17) implies 572

P
(
x(2) ∈ St

)
≥ δ0. (20) 573

By Lemma 6 applied to (20), there exists ε′ > 574

0 (independent of t) such that for every content 575

coordinate m ∈ {3, . . . , n− 1} there exist tokens 576

x
(m)
t ,y

(m)
t ∈ St satisfying 577

x
(m)
t,k = y

(m)
t,k for all k ̸= m,∣∣x(m)

t,m − y
(m)
t,m

∣∣ ≥ ε′.
(21) 578

Transplanting to j = 3 and deriving a contra- 579

diction. Fix t and abbreviate η := ηt. Construct 580

two sequences by setting the trigger at j = 3 and 581

taking x(2) ∈ {x(m)
t ,y

(m)
t }. At position i = 3 the 582

target is 583

y(3) = x(2). (22) 584

Write 585

βt(z) := β
(t)
3,3(z), vt := Vte2. 586

By Lemma 7, for each choice x(2) = z we can 587

decompose 588

ŷ(3)(z) = β
(t)
3,1(z)Vte1 + β

(t)
3,2(z)Vtz︸ ︷︷ ︸

=: rt(z)

+βt(z)vt.

(23)

589

Since β
(t)
3,1(z), β

(t)
3,2(z) ≤ 1, Lemma 9 gives 590

∥Vte1∥2 ≤ η, and z ∈ St implies ∥Vtz∥2 ≤ 2
εD0

η. 591

Therefore 592

∥rt(z)∥2 ≤ C0 η, C0 := 1 + 2
εD0

. (24) 593

Consider the n-th (bias) coordinate. For the j = 594

3 construction, we have (y(3))n = (x(2))n = 1. 595

Using (23) and the uniform loss bound, 596∣∣βt(z) (vt)n − 1
∣∣ ≤ ∣∣ŷ(3)

n (z)− 1
∣∣+ ∣∣(rt(z))n∣∣ 597

≤ η + C0η = C1η, 598

where C1 := 1+C0. Hence (vt)n ≥ 1−C1η > 0 599

for all sufficiently large t, so vt ̸= 0. 600

Let Pt denote the orthogonal projection onto v⊥
t . 601

Since dim(v⊥
t ) = n − 1, there exists at least one 602

coordinate m ∈ {3, 4} such that 603

∥Ptem∥2 ≥ 1/
√
2. (25) 604

Fix such an m, and take xt := x
(m)
t and yt := 605

y
(m)
t from (21). 606
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Applying Pt to (23) kills the vt component, giv-607

ing Ptŷ
(3)(z) = Ptrt(z). Therefore,608 ∥∥Ptŷ
(3)(xt)− Ptŷ

(3)(yt)
∥∥
2

609

≤ ∥Ptrt(xt)∥2 + ∥Ptrt(yt)∥2 ≤ 2C0η,
(26)

610

using (24). On the other hand, by (22) we have611

Pty
(3)(z) = Ptz, and since xt and yt differ only612

in coordinate m,613 ∥∥Pty
(3)(xt)− Pty

(3)(yt)
∥∥
2

614

= ∥Pt(xt − yt)∥2615

= |xt,m − yt,m| · ∥Ptem∥2616

≥ ε′/
√
2, (27)617

using (21) and (25).618

Finally, by the triangle inequality and the uni-619

form loss bound,620 ∥∥Pty
(3)(xt)− Pty

(3)(yt)
∥∥
2

621

≤
∥∥Ptŷ

(3)(xt)− Ptŷ
(3)(yt)

∥∥
2
+ 2η622

≤ (2C0 + 2)η,623

which contradicts (27) for all sufficiently small η.624

This contradiction completes the proof.625

E Proof of ReLU Result626

In this section we provide the formal proof of theo-627

rem 3.628

Proof of theorem 3. We give an explicit zero-loss629

construction with αi,1 = 0 for all i.630

Parameters. Set WK = I, WV = I, and631

WO = I. Let er denote the r-th standard basis632

vector. Recall: coordinate 1 is BOS; coordinate 2633

is the trigger flag; coordinate n is the bias chan-634

nel with x
(1)
n ,x

(j)
n = 0 and x

(t)
n = 1 for t ̸= 1, j.635

Define636

WQ = e2e
⊤
n ,637

Then for any positions i, k,638

si,k = x(i)WQW
⊤
K(x(k))⊤ = x

(i)
2

(
x(k)
n

)
.639

Now we calculate the attention score given a640

trigger position j ∈ {3, . . . , L}.641

For any position i ̸= j, we have x
(i)
2 = 0, hence642

si,k = 0 for all k ≤ i and therefore αi,k = 0 for643

all k ≤ i. For the index i = j, we have x
(j)
2 = 1,644

hence sj,k = x
(k)
n for all k ≤ j, which implies that645

αj,k = 1/(j−2) for all 2 ≤ k ≤ j−1 and αj,k = 0 646

otherwise. Thus ReLU(sj,k) is 1 exactly on the 647

preceding non-BOS tokens k ∈ {2, . . . , j − 1} and 648

0 elsewhere. 649

Plugging this into the model output formula we 650

get immediately that the loss is zero and that αi,1 = 651

0 for all i, as needed. 652

F Lemmas 653

Lemma 1. Let f be a single-layer self-attention 654

model as in §3.4 and write V := WOWV . If the 655

loss L(f) (see section 3.2) satisfies L(f) ≤ η, then 656

∥Ve1∥2 ≤ η. 657

Proof. By causality, at position i = 1 we have 658

α1,1 = 1, hence ŷ(1) = Ve1. Since y(1) = 0 and 659

∥ŷ(1)−y(1)∥2 ≤ L(f) ≤ η, the claim follows. 660

Lemma 2. Assume the attention mechanism is soft- 661

max. Fix any query q ∈ Rn and two candidate sets 662

of keys S ⊆ T ⊂ Rn. For the softmax probabilities 663

σS(k) =
exp(q⊤k)∑
r∈S exp(q⊤r)

, 664

σT (k) =
exp(q⊤k)∑
r∈T exp(q⊤r)

, 665

we have σT (k) ≤ σS(k) for every k ∈ S. 666

Proof. The denominators satisfy 667∑
r∈T

exp(q⊤r) =
∑
r∈S

exp(q⊤r) 668

+
∑

r∈T\S

exp(q⊤r) 669

≥
∑
r∈S

exp(q⊤r), 670

while the numerator for a fixed k ∈ S is the same 671

in both fractions. 672

Lemma 3. Assume the attention mechanism is soft- 673

max. Consider any sequence from D and any non- 674

trigger indices 1 < i < j and 1 < h < i < j. 675

Then: 676

1. (Self-reduction) Let α̃2,2 denote the attention 677

weight on the second token in the length- 678

2 prefix (BOS,x(i)), computed with the same 679

(WQ,WK). Then αi,i ≤ α̃2,2. 680

2. (Pairwise reduction) Let α̃3,2 denote the at- 681

tention weight on the second token in the 682

length-3 prefix (BOS,x(i),x(h)), computed with 683

(WQ,WK). Then αh,i ≤ α̃3,2. 684
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Proof. For (1), at real position i the query685

equals x(i)WQ. Let S be the two keys686

{WKx(1),WKx(i)} and T = {WKx(k) : k ≤687

i}. Lemma 2 (with this fixed query) gives the688

claim, noting that α̃2,2 = σS(WKx(i)) and αi,i =689

σT (WKx(i)).690

For (2), at real position h the691

query equals x(h)WQ. Let S =692

{WKx(1),WKx(i),WKx(h)} and T =693

{WKx(k) : k ≤ h}; apply Lemma 2 as694

before.695

Lemma 4. In the setting of lemma 1, assume the696

attention mechanism is softmax. For every se-697

quence in support(D) and every non-trigger index698

1 < i < j,699 ∥∥αi,iVx(i)
∥∥
2
≤ 2η.700

Proof. Fix i and consider the length-2 prefix701

(BOS,x(i)). At its position 2 (which is pre-trigger),702

the output equals703

ŷ(2) = α̃2,1Ve1 + α̃2,2Vx(i),704

with target y(2) = 0. Hence705 ∥∥α̃2,2Vx(i)
∥∥
2
≤ ∥ŷ(2)∥2 + ∥α̃2,1Ve1∥2706

≤ η + η = 2η,707

using Lemma 1 for the BOS term. By Lemma 3(1),708

αi,i ≤ α̃2,2, and multiplying both sides by the fixed709

vector Vx(i) yields the result.710

Lemma 5. In the setting of lemma 1, assume the at-711

tention mechanism is softmax. For every sequence712

in support(D) and every pair of non-trigger in-713

dices 1 < i < h < j:714 ∥∥αh,iVx(i)
∥∥
2
≤ 4η.715

Proof. Consider first the length-3 prefix716

(BOS,x(i),x(h)). At position 3 (pre-trigger),717

with target y(3) = 0,718

ŷ(3) = α̃3,1Ve1 + α̃3,2Vx(i) + α̃3,3Vx(h).719

Therefore,720 ∥∥α̃3,2Vx(i)
∥∥
2
≤ ∥ŷ(3)∥2 + ∥α̃3,1Ve1∥2721

+ ∥α̃3,3Vx(h)∥2722

≤ η + η + 2η = 4η,723

using Lemma 1 for the BOS term and Lemma 4724

for the self term. By Lemma 3(2), αh,i ≤ α̃3,2.725

Multiplying by Vx(i) gives the result.726

Lemma 6. Let X = (X1, . . . , Xn) ∼ µ⊗n, where 727

µ has a Lebesgue density g bounded by M := 728

supx∈R g(x) < ∞. Fix δ ∈ (0, 1]. Then there 729

exists some ε′ > 0 such that if a measurable set 730

E ⊂ Rn satisfies P(X ∈ E) ≥ δ, then for every 731

coordinate j ∈ {1, . . . , n} there exist x, y ∈ E 732

such that 733

xk = yk for all k ̸= j, and |xj − yj | ≥ ε′, 734

Proof. Fix j and, for z ∈ Rn−1, set Ej(z) := {t ∈ 735

R : (z, t) ∈ E}. By Fubini and independence, 736

P(X ∈ E) =

∫
µ(Ej(z)) dµ

⊗(n−1)(z). 737

Since µ has density g bounded by M , for any mea- 738

surable A ⊂ R we have µ(A) ≤ M λ(A), where 739

λ is Lebesgue measure. Hence 740

δ ≤
∫

µ(Ej(z)) dµ
⊗(n−1)(z) 741

≤ M

∫
λ(Ej(z)) dµ

⊗(n−1)(z). 742

Therefore there exists z with λ(Ej(z)) ≥ δ/M . 743

Any set A ⊂ R with Lebesgue measure λ(A) has 744

diameter at least λ(A)−η for any η > 0, so we can 745

choose t1, t2 ∈ Ej(z) with |t1 − t2| ≥ δ/M − η 746

with η < δ/2M . Setting ε′ = δ/2M and taking 747

x = (z, t1) and y = (z, t2) gives the claim. 748

Lemma 7. Let f = f (D) ◦ · · · ◦ f (1) be a D-layer 749

causal self-attention model as in §3.4 . For each 750

layer d ∈ {1, . . . , D} write 751

V(d) := W
(d)
O W

(d)
V . 752

753
V := V(D)V(D−1) · · ·V(1) 754

Then for every input sequence x and every position 755

i ∈ [L], there exist coefficients βi,1(x), . . . , βi,i(x) 756

such that 757

f(x)(i) =

i∑
k=1

βi,k(x)Vx(k). (28) 758

Moreover, for each i we have βi,k(x) ≥ 0 for all 759

k ≤ i and 760
i∑

k=1

βi,k(x) = 1. 761

Proof. Let z(0) := x and for d ≥ 1 let z(d) := 762

f (d)(z(d−1)). Write α(d)
i,k for the (softmax) attention 763
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weight in layer d from position i to key k ≤ i. By764

definition of a single layer,765

z(d)(i) =
∑
k≤i

α
(d)
i,k V(d)z(d−1)(k).766

Define β
(1)
i,k := α

(1)
i,k , and for d ≥ 2 define recur-767

sively768

β
(d)
i,k :=

∑
ℓ: k≤ℓ≤i

α
(d)
i,ℓ β

(d−1)
ℓ,k .769

A direct induction on d gives770

z(d)(i) =
∑
k≤i

β
(d)
i,k V(d) · · ·V(1)x(k).771

Nonnegativity and the row-sum identity follow772

since each α
(d)
i,· is a probability vector. Taking773

d = D and setting βi,k := β
(D)
i,k yields (28).774

Lemma 8. In the setting of Lemma 7, for any input775

sequence x we have776

β2,2(x) =
D∏

d=1

α
(d)
2,2(x),777

where α
(d)
2,2(x) is the attention weight at position 2778

attending to position 2 in layer d.779

Proof. In the recursion from the proof of Lemma 7,780

note that position 1 is causal and thus never de-781

pends on token 2, directly yielding the product782

formula.783

Lemma 9. In the setting of Lemma 7, if the loss784

L(f) (see section 3.2) satisfies L(f) ≤ η then785

∥Ve1∥2 ≤ η.786

Proof. By causality, at position i = 1 every787

layer attends only to position 1, hence f(x)(1) =788

Vx(1) = Ve1. Since y(1) = 0 and ∥f(x)(1) −789

y(1)∥2 ≤ L(f) ≤ η, the claim follows.790

Lemma 10. In the setting of Lemma 7, assume791

softmax attention and that the loss L(f) (see sec-792

tion 3.2) satisfies L(f) ≤ η. Then for every x in793

support(D),794 ∥∥β2,2(x)Vx(2)
∥∥
2
≤ 2η.795

Proof. Since j ≥ 3 always, position 2 is pre-trigger 796

and the target satisfies y(2) = 0. By Lemma 7 with 797

i = 2, 798

f(x)(2) = β2,1(x)Ve1 + β2,2(x)Vx(2). 799

Thus 800∥∥β2,2(x)Vx(2)
∥∥
2
≤ ∥f(x)(2)∥2 801

+ β2,1(x) ∥Ve1∥2 802

≤ η + η 803

= 2η, 804

using ∥f(x)(2) − y(2)∥2 ≤ η, β2,1(x) ≤ 1, and 805

Lemma 9. 806
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Figure 5: Softmax attention: 4-layer 4-head model. Representative attention patterns on a single test input
showing strong sink at least in one head across all layers.
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Figure 6: ReLU attention: 4-layer 4-head model. Representative attention patterns on a single test input showing
absence of sink behavior across all layers.
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