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Abstract

Transformers often display an attention sink:
probability mass concentrates on a fixed,
content-agnostic position. We prove that com-
puting a simple trigger-conditional behavior
necessarily induces a sink in softmax self-
attention models. Our results formalize a famil-
iar intuition: normalization over a probability
simplex must force attention to collapse onto
a stable anchor to realize a default state. We
instantiate this with a concrete task: when a
designated trigger token appears, the model
must return the average of all preceding (non-
BOS) token representations, motivated by the
view that the trigger aggregates the content
seen so far while the BOS token contains no
input-dependent content. We also prove that
non-normalized ReL.U attention can solve the
same task without any sink, confirming that
the normalization constraint is the fundamental
driver of sink behavior. Experiments validate
our predictions and demonstrate they extend
beyond the theoretically analyzed setting: soft-
max models develop strong sinks while ReLU
attention eliminates them in both single-head
and multi-head variants.

1 Introduction

Transformers (Vaswani et al., 2017) frequently con-
centrate attention on an early position in a way
that is largely insensitive to content. This atten-
tion sink has been reported for small and large
models alike (Xiao et al., 2024; Gu et al., 2024;
Guo et al., 2024). It occurs under a variety of posi-
tional schemes—absolute/learned embeddings, AL-
iBi, RoPE, and even without explicit positional en-
codings (Press et al., 2021; Su et al., 2021; Guet al.,
2024)—and similar behavior shows up in multi-
modal and vision settings (Kang et al., 2025; Wang
et al., 2025; Feng and Sun, 2025). The breadth of
contexts points to a pervasive pattern, not a pecu-
liarity of any single model or training regime.

This pattern matters for practice. When probabil-
ity mass concentrates on a fixed position, models
may under-use available context and lose accuracy
(Yu et al., 2024; Guo et al., 2024). Concentration
can also worsen numerical issues relevant to com-
pression/quantization (Sun et al., 2024; Lin et al.,
2024) and distort attention-based analyses (Guo
et al., 2024). Why is sink behavior so common?
One plausible account is general inductive bias—a
phenomenon documented in other settings (Soudry
et al., 2024; Arora et al., 2019)—whereby prefer-
ences of the model class and learning setup steer
solutions toward sinky circuits even when alterna-
tives exist. In this work we argue that, in certain
settings, this isn’t the case, and sink behavior is
functionally essential for the computation being
performed.!

We investigate this claim theoretically in a sim-
plified setting (section 3). Consider a synthetic,
prefix-conditional task on sequences in which each
token representation includes: (i) a binary feature
channel indicating whether the token carries a trig-
ger; (ii) a constant bias channel; (iii) a designated
start token feature (a binary feature equal to one
only for first token in the sequence, BOS); and (iv)
i.i.d. samples from a continuous distribution with
bounded probability density in the remaining co-
ordinates. The target is intuitive: the model writes
nothing to the residual stream at every position (i.e.,
outputs the zero vector), except at the unique trig-
ger position where it should write the empirical
mean of all preceding non-BOS token vectors (We
exclude BOS from the average because it contains
no input-dependent content).

Our main results are necessity theorems for soft-
max self-attention: for single-layer models (theo-
rem 1), any hypothesis that achieves vanishing error

'We do not claim sinks are indispensable in all architec-
tures (e.g., gated attention can mitigate them (Qiu et al., 2025)).
Rather, we prove they are a necessary consequence of softmax
attention.
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Figure 1: Reproduced from Figure 4 of Barbero et al.
(2025): an attention head that fires on an apostrophe
trigger and otherwise attends to BOS.

on this task must place at least 1 — ¢ attention on a
fixed sink token at all non-trigger positions before
the trigger; for multi-layer models (theorem 2), at
least one layer must exhibit sink behavior at some
pre-trigger position. At a high level, we formalize a
widely held intuition: normalization in probability,
when combined with noisy keys, forces attention to
concentrate on a stable anchor to keep the default
output variance low in the no-trigger regime. We
complement this with a constructive result (theo-
rem 3): ReLU attention can solve the same task
with zero attention on the BOS token, demonstrat-
ing that the normalization constraint is a driver of
sink formation.

Experiments on both single-layer and multi-
layer models provide supporting evidence (sec-
tion 4). Models trained on the task develop at-
tention sinks with near-unit mass on BOS when
no trigger is present, aligning with our theoreti-
cal analysis. Swapping softmax for ReLU attention
eliminates sink formation while preserving task ac-
curacy, confirming that the softmax normalization
constraint is a driver of the sink behavior. We ob-
serve these patterns across both single-layer and
deeper multi-head architectures, demonstrating that
our theoretical insights capture fundamental prop-
erties of softmax attention.

2 Related Work and Empirical Evidence

In realistic empirical settings, attention sinks fre-
quently implement no-op behavior in the absence
of specific triggers. Barbero et al. (2025) demon-
strate this directly: their case study of an “apos-
trophe head” in Gemma 7B shows two operating
modes—firing on apostrophe triggers and other-
wise attending to BOS as a default no-op (fig. 1).
Similarly, Guo et al. (2024) document an ac-

tive—dormant head in Llama 2-7B that switches
between active computation on code-like inputs
and dormant sink behavior on text-like inputs. No-
tably, Guo et al. (2024) report that sink behavior
diminishes under certain non-softmax/activation
variants, consistent with our theoretical findings.
These works complement our theoretical per-
spective. Barbero et al. (2025) argue that sinks en-
able controlled information mixing, with BOS serv-
ing as a stable anchor. Guo et al. (2024) analyze
the training dynamics behind sink formation—how
these patterns emerge during optimization. In con-
trast, our work establishes a theoretical necessity of
sink behavior in softmax attention and its absence
in ReLLU attention via expressiveness analyses re-
gardless of optimization and training schemes. We
include an illustrative figure from Barbero et al.
(2025) (fig. 1)? to highlight that our synthetic task
captures key aspects of real sink behavior—sinks
emerge to implement a no-op when no trigger fires.

3 Theory and Results

We now set up our analysis. We introduce the task
in section 3.2, explain why this task is meaningful
and how its assumptions match realistic modeling
in section 3.3, introduce the model architectures in
section 3.4, and state our main necessity claims in
section 3.5.

3.1 Notation and Setup

Let n > 5 denote the input dimension and L > 4
denote the sequence length. We use 1{-} for the

indicator function, [n] = {1,...,n}, and write
sequences as x = (x(M), ..., x(1)) with tokens
x() e R,

3.2 Task Definition

We define a synthetic trigger-conditional task that
exemplifies tasks in which we know attention sinks
form in practice (as in fig. 1): the model must detect
a trigger token and, only at the trigger position,
write to the residual stream some summary of prior
content.

Input Distribution. We denote the data distribu-
tion D as follows: For each sequence, sample a
trigger index j uniformly from {3,...,L}. Con-
struct tokens as follows:
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* Position 1 (B0S): x(1) = (1,0,0,...,0) (fixed
one-hot vector).

* Position j (Trigger token): xU) =

(0,1,0,...,0) (fixed one-hot vector).

* Positions ¢ # 1, j: Coordinate 1 (the BOS indi-
cator) is zero; coordinate 2 is zero; coordinate n
is fixed to one (a bias channel); and coordinates
3 < k < n—1 are i.i.d. over some continuous
distribution.

Target Output. The target output y(¥ is the zero
vector 0 at all positions except the trigger position
i = j, where it equals X = (j—2)7! Zi;lz x (k)
the mean of all preceding non-BOS tokens.

Loss Function. We evaluate hypotheses using
the f00 loss: ‘C(f) = SUP(x,y)esupport(D) Hy(z) -
f(x) ® Hz

3.3 Task Motivation

This setup captures a basic and pervasive pattern in
sequence modeling: gate on a recognizable event,
otherwise preserve a default state. Real attention
heads frequently exhibit exactly this bimodal be-
havior—firing on specific triggers to aggregate con-
text, and otherwise attending to sinks as a no-op
(Barbero et al., 2025; Guo et al., 2024). Our task
distills this to its minimal form: detect a trigger and
compute the mean of prior content, or write noth-
ing. 3 The design choices are less arbitrary than
they may appear. Many aspects are without loss
of generality: the BOS and trigger feature channels
can be any two orthogonal vectors via a change of
basis; we fix them to coordinates 1 and 2 for sim-
plicity. The constant bias channel models position-
independent offsets that MLP layers can inject in
practice.

3.4 Model Architecture

We study self-attention models with two variants
of attention mechanisms. We denote the learn-
able parameter of a single-layer attention model by
W, Wik, Wy, Wp € R"™ " for queries, keys,
values, and output projection respectively. For in-
put sequence x = (x(), ... x(1)), we calculate

Our analysis applies almost as-is to a broader class of
trigger-conditional problems, such as key-query retrieval
where a query must extract a specific previous token (e.g.,
marked by a feature bit) while ignoring others, resembling the
apostrophe head in fig. 1. We analyze the averaging task for
clarity, leaving the formal characterization of the full class of
tasks necessitating sinks to future work.

the attention weights «; ; as defined below for each
variant. The model output is then computed as
f(x)D =Wq 23:1 Oéi,ijX(j).

Softmax Attention. The attention weight from

position ¢ to position j < ¢ is given by:
exp(xVWoWT (x))T)

>t exp(xOW QW (x(M)T)

aivj =

ReLU Attention. For ReLU attention, we re-
place the softmax normalization with element-wise
ReLU. We divide the scores by the number of po-
sitions up to the current position ¢, excluding both
the BOS token and the current token *. Namely,
if we define n; = max{i — 2, 1}, then we have
@i j = ReLU(xOWoWE (x0)T) /.

Multi-Layer Attention. A D-layer soft-
max/ReLU model is the composition
f = fPo...o fM) where each f@ is a

single-layer softmax/ReLU attention model. We
(d)

denote by o i the attention weight at position ¢
attending to position j in layer d.

3.5 Main Result

We are now ready to state our theoretical results.
Our central contribution is threefold: (i) we es-
tablish that an attention sink is necessary at every
position prior to the trigger for single-layer soft-
max attention to solve the trigger-conditional task
(theorem 1); (ii) we prove that in multi-layer soft-
max attention, at least one position must exhibit
sink behavior (theorem 2); 5 and (iii) we prove
constructively that ReLU attention can solve the
same task without any sink behavior (theorem 3).
This contrast directly demonstrates that the softmax
normalization constraint—not the task structure or
optimization dynamics—is the fundamental driver
of attention sinks. Proofs for theorems 1 to 3 can
be found in Appendices C, D, and E respectively.

Theorem 1. For any ¢ > 0,6 > 0,L > 4 and
n > b, there exist constants n > 0 such that the
following holds. Consider any single-layer softmax
attention model f with loss L(f) < 1 on sequences
with length L and dimension n where non-trigger

*This scaling is necessary because ReL U attention cannot
naturally compute averages: concatenating the input sequence
to itself would double the output at the final position while
keeping the average the same. Moreover, a similar scaling
would not work for Softmax attention, as our analysis would
work over any such variant.

5Experiments (section B) show this existential bound is
not loose: sinks do form, but not in all positions and layers.
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Figure 2: Experimental validation: Theoretically analyzed model. (a) Mean attention weights for softmax
attention across 1000 test examples with trigger at position 8. Dark regions indicate high attention mass concentrated
on BOS (position 1) before the trigger. (b) Standard deviation of softmax attention weights shows negligible variance,
confirming stable sink behavior. (c) Mean attention weights for ReLU attention show no sink formation—attention
on BOS remains near zero. (d) Standard deviation for ReLU attention confirms consistent behavior across examples.
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Figure 3: Multi-layer multi-head validation. Attention patterns for a 2-layer 2-head softmax model on a random
input (with trigger at position 8). All heads exhibit strong sink behavior.

coordinates are drawn from some continuous dis-
tribution D with bounded probability density. Then
with probability at least 1 — & over the choice of
x with trigger index j, for all positions 1 < i < j,
we have a;;1 > 1 — €.

Theorem 2. In the setting of theorem 1, but with
a D-layer softmax attention model, there exists
at least one layer d € {1,...,D} and position
1 < i < jsuchthat o} >1—e.

Theorem 3. For any 6 > 0,L > 4 andn > 3,
there exists a one-layer ReLU attention model f
with loss L(f) < & such that for any input se-
quence x with trigger index j and any position
i # j we have o; 1 = 0.

4 [Experiments

We validate our theoretical predictions on the syn-
thetic trigger-conditional task. In section 4.1, we
train single-layer single-head models to validate
theorem 1. In section 4.2, we train multi-layer
multi-head models with residual connections to
validate theorem 2. All experiments use sequences
of length . = 16 with trigger at position j = 8;
training details are in section A.

4.1 Single-Layer Models

We first validate theorem 1 on single-layer single-
head models.

Experiment 1: Softmax Attention Forms Sinks.
Theorem 1 predicts that softmax attention models
achieving low loss must have a strong attention sink
at all pre-trigger positions. To test this, we visu-
alize the mean and standard deviation of attention
weights across 1000 test examples (fig. 2, panels a
and b). The model places near-unit attention mass
on position 1 at every position before the trigger,
with negligible variance across examples.

Experiment 2: ReLU Attention Avoids Sinks.
Our constructive result establishes that ReLU at-
tention can solve the same task with zero attention
on BOS. We replace softmax with ReLLU attention
while keeping all other parameters identical (fig. 2,
panels ¢ and d). The ReLU model achieves com-
parable task accuracy without developing sink be-
havior: attention weights on position 1 remain near
zero throughout the sequence.

4.2 Multi-Layer Multi-Head Models

Figure 3 shows attention patterns for a 2-layer 2-
head softmax model. All heads exhibit strong sink
behavior before the trigger, while ReLLU variants
eliminate sink formation entirely (section B). Simi-
lar patterns emerge in 4-layer 4-head models (sec-
tion B), where sinks appear in some but not all
heads, consistent with theorem 2 which guarantees
existence rather than ubiquity.



5 Limitations

The synthetic trigger-conditional task, while em-
pirically grounded in real sink behavior (Barbero
et al., 2025; Guo et al., 2024), represents a specific
computational pattern within a broader class of
trigger-conditional problems. Our analysis likely
extends to related tasks such as key-query retrieval
where a query must extract a specific previous to-
ken (e.g., marked by a feature bit) while ignoring
others—resembling the apostrophe head in fig. 1.
We leave the formal characterization of the full
class of tasks necessitating sinks to future work.

For multi-layer and multi-head models, our ne-
cessity result (theorem 2) guarantees that at least
one layer must exhibit sink behavior at some posi-
tion, but does not characterize which specific layers
or heads form sinks. Our experiments (section B)
show that sinks indeed do not form at all positions
or in all heads, consistent with the existential na-
ture of the theorem. Our analysis however does not
provide characterizations for exactly where sinks
emerge, we leave this to future work.
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B Additional Experimental Results

We present additional experimental results for
multi-layer multi-head models beyond those shown
in the main text. All models use the same training
configuration described in section A.

B.1 ReLU Attention: 2-Layer 2-Head Model

Figure 4 shows attention patterns for a 2-layer 2-
head model using ReL.U attention with residual
connections. Unlike the softmax variant (fig. 3),
no head exhibits sink behavior—attention on BOS
(position 1) remains near zero throughout all layers
and heads, confirming that our theoretical predic-
tion extends to multi-layer settings.

B.2 Larger Models: 4-Layer 4-Head
Architecture

To further validate our findings at larger scale, we
train 4-layer 4-head models with both softmax and
ReLU attention. Figures 5 and 6 show representa-
tive attention patterns. The softmax variant exhibits
strong sink behavior at least in one head every layer
in the no-trigger regime, while the ReLLU variant
maintains near-zero attention on BOS throughout.
These results provide additional evidence that the
necessity of attention sinks in softmax models per-
sists in deeper, wider architectures.

C Proof of Main Result

In this Appendix section we prove theorem 1.

C.1 Proof Sketch

First, we show that as  — 0, for any two indices
1, h < j, the value vector of the ¢-th token times
the attention score «ay, ; must tend to zero. Now,
suppose no sink forms at some pre-trigger position.
Then softmax normalization leaves nontrivial mass
on content tokens before the trigger; to keep the
output uniformly small across a positive measure
input distribution, the model must crush those con-
tributions, i.e., there is a positive-measure set S
of tokens with ||[Vx||2 — 0. This makes the pre-
trigger output insensitive to which x € S occurs,
whereas the trigger output must be sensitive to that
choice. The two requirements conflict under van-
ishing loss; hence a sink must exist at all pre-trigger
positions.

C.2 Detailed Proof

Step 1: We can assume that Wy =
Wo =1. Let

I and

B:= WoW/, V= WoWy.

For any input, the scores and outputs are

ik = XOBGENT, 50 = g v,
k<i
with
 explsin)
ZESi exp(s;,e)
Thus the attention depends on (W, W) only

through B, and the output depends on (W, Wy/)
only through V. Reparameterize by setting

Q5

)

Wi =1LLQ:=B,Wo =ILWy, =V

leaves «; j, and y@) unchanged, hence the loss is
unchanged. Therefore, we will assume without loss
of generality that W = I and Wy = I, write Q
for the query map, and V for the (combined) value
map.

Step 2: Setup and pigeonhole principle. Fix
€0,00 > 0 and suppose there exists a sequence
of one-layer softmax models { f;}7°; with n; :=
L(f:) — 0 such that, for each ¢, with probability
at least &g over (x,7) ~ D there is a pre-trigger
position 7 < j violating the sink condition:

(6751 S 1-— €0- (1)

Since ) ;o = 1, (1) implies that the total
mass on non-BOS keys is at least €. There are only
finitely many index triples (i, h,7) with2 < h <
1 < j < L. By a pigeonhole principle, there exist
infinitely many times ¢, ¢4,, . . . and fixed indices
2 <i* < j* < Land2 < h* <i* and a constant
v > 0 (e.g., v = €0/ L?), such that

P(%’*,l <1—¢pand ajp» > 7) >0 (2

for some § > 0 independent of ¢. By relabeling this
subsequence, we assume without loss of generality
that (2) holds for all ¢.

Step 3: Constructing tokens via Lemma 6.
Since the event in (2) has positive probability at
least &, by Lemma 6 there exists ¢ > 0 (indepen-
dent of ¢) such that for every content coordinate
m € {3,...,n — 1} there exist tokens z(™), y(")
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Figure 4: ReLU attention: 2-layer 2-head model. Attention patterns on a single test input (trigger at position 8).
No sink formation occurs in any head—attention on BOS remains near zero, consistent with theorem 3.

with the following properties: (i) x,gm) = y,gm) for

all k # m, and \:c%”) — yffln)} > ¢’y and (ii) there
exist sequences with either (™ or y(™) at position
h* and with trigger index j satisfying i* < j, such
that

3)

Step 4: Positive weight implies small values.
By Lemma 5 (applied with the pair (h*,*)), for
every choice of token at position h* we have

HO&Z'*’h*VX(h*) H2 < 4nt

Qjx px 2> .

Combining with (3) yields that for any content co-
ordinate m and any z € {z("™), 3™},

[Vall, < 2. )

That is, the lower bound on «;« j,~ directly forces
the value projections to be small for all tokens con-
structed in Step 2.

Step 5: Transplanting to j = 3 and deriving a
contradiction. Fix ¢ and abbreviate n := 7. Pick
a content coordinate m € {3,...,n—1} and let
Xt 1= 2(™) and yi = y(m) be the two tokens from
Step 2 satisfying |X¢m — yi,m| > €’. Instantiate
two sequences by setting the trigger at j = 3 and
taking x(?) € {x;,y;}. At position i = 3 the target
is

y®) =x3). 5)
Write
Bi(z) := a3 for the sequence with x? = Z,
(6)
v = V, xB) = V.eo. (7)

By Lemma 1 and (4), at position 3 we can decom-
pose

¥ (2) = az1 Ver + aza Va+5i(z) vi, (8)

=:r¢(z)

rs(z)]|2 < Con, )

with Cp := 1+ % independent of ¢. Consider the n-
th (bias) coordinate. Since (y®),, = (x?),, = 1
and 0 < S;(z) < 1, from (8) and the uniform loss
bound we obtain

|8e(2) (vi)n — 1| < ‘5’1(13)(Z) — 1]+ |(r(2))n]
<n+ Con = Cin, (10)

where C] := 1 + Cj. Hence, for all sufficiently
large ¢,

1—C17]

> 1-Cin > 0,
ﬂt(z) = n

(Vi)n > (n
so vy # 0.

Let P; denote the orthogonal projection onto vi-.
Since P, is an orthogonal projection onto an (n—1)-
dimensional subspace there must be at least one
corrdinate m € 3,4 such that || Pyey,|l2 > 1/v/2;
fix m to be that corrdinate. Now, applying P; to (8)
kills the v; component:

Py ®)(z) = Piry(2),
1Py (2)]|2 < re(2)]]2 < Con.

(12)
13)

Therefore, for the two choices z = x4, yy,

| Py® (xi) — Piy® ol
[ Pre(xe)[|2 + ([ Pere(ye) |2
QCOT].

VANV

(14)
On the other hand, P,y®)(z) = Pz, so

| Py (x¢) — Piy®™ (o),
= [|1P(xt — y4)ll2
= | P((Xt,m — Yt,;m)em) |2
= [Xt,m — Yt;m| | Peeml|2
> &' || Preml2

> & V2. (15)



Where the third equality stems from the fact that
x; and y; differ only on coordinate m.

Finally, by the triangle inequality and the uni-
form loss bound,

1Piy® () = Py @ ()
< [Py () = Py (yo)l, + 20

< (2Co +2)n, (16)

which contradicts (15) for all sufficiently small 7,
because €’|| Pie;, ||2 > 0 is independent of ¢. This
completes the proof.

D Proof of Multi-Layer Result

Proof of theorem 2. Setup and contradiction as-
sumption. Fix g, 5o > 0. Suppose for contradic-
tion that there exists a sequence of D-layer softmax
models { f;}7°, with

ne = L(fi) — 0
such that, for every ¢,

P(Vde{l,...,D},V1<i<j: .
az(:jl) <1 —60) > dp.

Let E; denote the event inside the probability in
(17). For each t, let V; be the combined value
map from Lemma 7, and write 61(2 (+) for the cor-
responding coefficients.

Crushing a positive-measure set of second to-
kens. On the event £}, position 2 is pre-trigger
(since j > 3) and for every layer d,

@ _ 1 o >

O£272 — — 71 EO-

Therefore, by Lemma 8,

B (x) > &P

)

on F;. (18)

Moreover, Lemma 10 applied to f; yields
85200 Vix®, < 2.

Combining with (18) gives

2
Mt on Et . (19)

IVix®ls < =
0

Define the measurable set

5= {a e B |Vialh < i}

Since E; C {x() € S;} by (19), (17) implies

P(x® € 8;) > d. (20)

By Lemma 6 applied to (20), there exists ¢’ >
0 (independent of ¢) such that for every content

coordinate m € {3,...,n — 1} there exist tokens

(m) _(m)

X, ,¥; € S satisfying

x\y) =y forall k # m, on
(m)‘ > /

‘X(m) _ c
t,m yt,m :

Transplanting to j = 3 and deriving a contra-
diction. Fix ¢ and abbreviate 7 := ;. Construct
two sequences by setting the trigger at j = 3 and
taking x(2) € {xgm), yim)}. At position i = 3 the
target is

y(3) — x@ (22)

Write
Bi(z) = B} (z),

v = Vies.

By Lemma 7, for each choice x?) = z we can
decompose

53 (2) = B3 (2) Vier + B34(2) Viz +Bi(2) vi.

)

=:r¢(2)

(23)

Since Bég(Z%ﬁg%(Z) < 1, Lemma 9 gives
IViet|l2 <, and z € Sy implies |[Vezlz < 2.

0
Therefore

Iri(z)ll2 < Con,  Co =1+ 5. (24)

Consider the n-th (bias) coordinate. For the j =
3 construction, we have (y®), = (x), = 1.
Using (23) and the uniform loss bound,

18i(2) (Vi) — 1| < [959)(2) — 1| + |(xe(2))a]
<n+ Con = Cin,

where C := 14 Cy. Hence (v¢), > 1—-Cin >0
for all sufficiently large ¢, so v # O.

Let P; denote the orthogonal projection onto v;-.
Since dim(vj-) = n — 1, there exists at least one

coordinate m € {3, 4} such that

|Piemll2 > 1/V2. (25)

Fix such an m, and take x; := xgm)
yﬁm) from (21).

and y; =



Applying P; to (23) kills the v; component, giv-
ing P,y®)(z) = Piry(z). Therefore,

|’Pt$’(3) (x;) — Py® (Yt)H2
< |[Pere(xe) |2 + [| Pere (ye) [l2 < 2Con,
(26)

using (24). On the other hand, by (22) we have
Py®) (z) = Pz, and since x; and y, differ only
in coordinate m,

1Py (x1) — Poy® (y0) |,

= [|P(xt — ye)ll2

= [%t,m — Yem| - || Prem||2

> &' V2, (27)
using (21) and (25).

Finally, by the triangle inequality and the uni-
form loss bound,

1Py® (x:) = Poy® (y1)]),
< || Py® (x0) = Py® (yi) ||, + 20
< (2Co + 2)n,

which contradicts (27) for all sufficiently small 7.
This contradiction completes the proof. 0

E Proof of ReLU Result

In this section we provide the formal proof of theo-
rem 3.

Proof of theorem 3. We give an explicit zero-loss
construction with a; 1 = 0 for all <.

Parameters. Set Wi = I, Wy = 1, and
Wo = 1. Let e, denote the r-th standard basis
vector. Recall: coordinate 1 is BOS; coordinate 2
is the trigger flag; coordinate n is the bias chan-
nel with xg),xg) = 0 and xg) =1fort #1,j.
Define

T
WQ = egen 5

Then for any positions i, k,

i = XOWGWEEI)T = x) (x)

n

Now we calculate the attention score given a
trigger position j € {3,...,L}.
For any position i # j, we have xg) = 0, hence

sir = 0 for all £ < i and therefore «; j, = 0 for
all k < i. For the index i = j, we have x§/) = 1,

(k)

hence s = x5 for all k < j, which implies that

ajr=1/(j—2)forall2 <k <j—landaj, =0
otherwise. Thus ReLU(s; ;) is 1 exactly on the
preceding non-BOS tokens k£ € {2,...,j — 1} and
0 elsewhere.

Plugging this into the model output formula we
get immediately that the loss is zero and that «; 1 =
0 for all ¢, as needed. O

F Lemmas

Lemma 1. Let f be a single-layer self-attention
model as in §3.4 and write V .= WoWy,. If the
loss L(f) (see section 3.2) satisfies L(f) <, then

Verll2 <n.

Proof. By causality, at position ¢ = 1 we have
a1,1 = 1, hence vy = Ve,. Since y) = 0 and
|7 —y Dy < L(f) < 7, the claim follows. [

Lemma 2. Assume the attention mechanism is soft-
max. Fix any query q € R" and two candidate sets
of keys S C T C R™. For the softmax probabilities

~ exp(q'k)
7slk) = & e’

_ exp(q'k)
or(k) = >rerexp(q'r)’

we have or(k) < og(k) for everyk € S.

Proof. The denominators satisfy

> exp(q’r) =D exp(q'r)
reT res
+ Y exp(q'r)

reT\S

> exp(q'r),

res

while the numerator for a fixed k € S is the same
in both fractions. OJ

Lemma 3. Assume the attention mechanism is soft-

max. Consider any sequence from D and any non-

trigger indices 1 < i < jand 1 < h < 1 < j.

Then:

1. (Self-reduction) Let a2 denote the attention
weight on the second token in the length-
2 prefix (B0S,x), computed with the same
(WQ,WK). Then (67X} S 5&272.

2. (Pairwise reduction) Let oo denote the at-
tention weight on the second token in the
length-3 prefix (B0S,x), x(M), computed with
(WQ,WK). Then oy, ; < as 0.



Proof. For (1), at real position ¢ the query
equals xWg.  Let S be the two keys
{(Wex(D Wix®}and T = {Wex®) : k<
i}. Lemma 2 (with this fixed query) gives the
claim, noting that cip » = Us(WKX(i)) and o ; =

OT(WKX(i)).

For (2), at real position A the
query equals x(h)WQ. Let S =
{WKX(I),WKX(i),WKX(h)} and T =

{W x(%)
before.

k < h}; apply Lemma 2 as
O

Lemma 4. In the setting of lemma 1, assume the
attention mechanism is softmax. For every se-
quence in support(D) and every non-trigger index
1<i<y,

|]ai,iVx(i)}|2 S 217.

Proof. Fix i and consider the length-2 prefix
(B0S, x(")). At its position 2 (which is pre-trigger),
the output equals

gy = az1Ver + a2,2\/'><(i),
with target y(?) = 0. Hence
@22 Vx|, < [@]|2 + G2 Ver |2
<n-+n=2n,

using Lemma 1 for the BOS term. By Lemma 3(1),
a;; < a2, and multiplying both sides by the fixed
vector Vx(® yields the result. O

Lemma 5. In the setting of lemma 1, assume the at-
tention mechanism is softmax. For every sequence
in support(D) and every pair of non-trigger in-
dices1 <i < h<j:

o V]|, < 4n

Proof. Consider first the length-3 prefix
(BoS,x®, x(M). At position 3 (pre-trigger),
with target y®) = 0,

y(3) = 52371V€1 + 52372VX(Z‘) + a3,3VX(h).
Therefore,
[G52VxD], < |§P]l2 + @51 Vel

+ [ s V™
< n+n+2n =4,
using Lemma 1 for the BOS term and Lemma 4

for the self term. By Lemma 3(2), oy, ; < a39.
Multiplying by Vx(9) gives the result. O
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Lemma 6. Let X = (X1,..., X,) ~ p®", where
W has a Lebesgue density g bounded by M :=
sup,cgr 9(z) < oo. Fix 6 € (0,1]. Then there
exists some &' > 0 such that if a measurable set
E C R” satisfies P(X € E) > 6, then for every

coordinate j € {1,...,n} there exist v,y € E
such that
zg =yg forallk # j, and |zj—y;| > €,

Proof. Fix j and, for z € R""1, set Ej(z) := {t €
R : (z,t) € E'}. By Fubini and independence,
P(X € E)

— [ nlEi2) d® Vo).
Since p has density g bounded by M, for any mea-
surable A C R we have ;1(A) < M A(A), where
A is Lebesgue measure. Hence

<

/ W(E; (=) du® V()

J

< M [ NEj(2) du®" V) (z).

Therefore there exists z with A(E;(z)) > §/M.
Any set A C R with Lebesgue measure A\(A) has
diameter at least \(A) —n for any n > 0, so we can
choose t1,ty € Ej(z) with |ty — to| > /M — 17
with n < 6/2M. Setting ¢’ = §/2M and taking
x = (z,t1) and y = (z, t) gives the claim. O

Lemma7. Let f = f(P) o0 f) pe a D-layer
causal self-attention model as in §3.4 . For each
layerd € {1,..., D} write

v@ — whw,

VvV = vOvy@-1) y@©)

Then for every input sequence X and every position
i € [L], there exist coefficients 3; 1(%), . .., Bii(x)
such that

FE)D =B vx® o (28)
k=1

Moreover, for each i we have f3; j,(x) > 0 for all
k <iand

1.

> Bik(x) =
k=1
Proof. Let 29 := x and for d > 1 let z(9) :=

@D (z4=1)) Write agi) for the (softmax) attention



weight in layer d from position ¢ to key £ < i. By  Proof. Since j > 3 always, position 2 is pre-trigger

definition of a single layer, and the target satisfies y(2) = 0. By Lemma 7 with
1= 2,
(@) — (d) 37 (d) ,(d~1) (k)
Z = Oél- Z .
; * Fx)@ = By1(x) Ver + Baa(x) Vx®.
Th
Define Bi(}c) = ag}g, and for d > 2 define recur- us
sively [B22(x) VP, < I £ )P
(4 _ (d) p(d—1) + B2,1(x) [Verll2
Bz‘,k = Z W Bik <
£ k<<i =n+n
= 21,

A direct induction on d gives
using | f(x)?) —y®@ |2 <, f21(x) < 1, and
200 = 3 B v @) .y Oxk), Lemma 9. O
k<i

Nonnegativity and the row-sum identity follow
(d)

d = D and setting B, . := B2 yields (28). O

7

since each «; .’ is a probability vector. Taking

Lemma 8. In the setting of Lemma 7, for any input
sequence X we have

D
Boa(x) = [ aldx),
d=1

(d)

where o, 5(X) is the attention weight at position 2
attending to position 2 in layer d.

Proof. In the recursion from the proof of Lemma 7,
note that position 1 is causal and thus never de-
pends on token 2, directly yielding the product
formula. O

Lemma 9. In the setting of Lemma 7, if the loss
L(f) (see section 3.2) satisfies L(f) < 1 then

[Veillz < n.

Proof. By causality, at position ¢ = 1 every
layer attends only to position 1, hence f(x)") =
Vx() = Ve,. Since y) = 0 and || f(x)M) —
yWMlla < L(f) < n, the claim follows. O

Lemma 10. In the setting of Lemma 7, assume
softmax attention and that the loss L(f) (see sec-
tion 3.2) satisfies L(f) < n. Then for every x in
support (D),

182,2() Vx®||, < 2.

11
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Figure 5: Softmax attention: 4-layer 4-head model. Representative attention patterns on a single test input
showing strong sink at least in one head across all layers.
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Figure 6: ReLU attention: 4-layer 4-head model. Representative attention patterns on a single test input showing
absence of sink behavior across all layers.
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