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ABSTRACT

Under mild conditions on the network initialization we derive a power series ex-
pansion for the Neural Tangent Kernel (NTK) of arbitrarily deep feedforward net-
works in the infinite width limit. We provide expressions for the coefficients of
this power series which depend on both the Hermite coefficients of the activation
function as well as the depth of the network. We observe faster decay of the Her-
mite coefficients leads to faster decay in the NTK coefficients and explore the role
of depth. Using this series, first we relate the effective rank of the NTK to the
effective rank of the input-data Gram. Second, for data drawn uniformly on the
sphere we study the eigenvalues of the NTK, analyzing the impact of the choice
of activation function. Finally, for generic data and activation functions with suf-
ficiently fast Hermite coefficient decay, we derive an asymptotic upper bound on
the spectrum of the NTK.

1 INTRODUCTION

Neural networks currently dominate modern artificial intelligence, however, despite their empiri-
cal success establishing a principled theoretical foundation for them remains an active challenge.
The key difficulties are that neural networks induce nonconvex optimization objectives (Sontag &
Sussmann, |1989) and typically operate in an overparameterized regime which precludes classical
statistical learning theory (Anthony & Bartlett, |2002). The persistent success of overparameterized
models tuned via non-convex optimization suggests that the relationship between the parameteriza-
tion, optimization, and generalization is more sophisticated than that which can be addressed using
classical theory.

A recent breakthrough on understanding the success of overparameterized networks was established
through the Neural Tangent Kernel (NTK) (Jacot et al., 2018). In the infinite width limit the opti-
mization dynamics are described entirely by the NTK and the parameterization behaves like a linear
model (Lee et al., [2019). In this regime explicit guarantees for the optimization and generalization
can be obtained (Du et al.l 2019a;b; |Arora et al., [2019a; |Allen-Zhu et al., 2019; [Zou et al., [2020).
While one must be judicious when extrapolating insights from the NTK to finite width networks
(Lee et al., 2020), the NTK remains one of the most promising avenues for understanding deep
learning on a principled basis.

The spectrum of the NTK is fundamental to both the optimization and generalization of wide net-
works. In particular, bounding the smallest eigenvalue of the NTK Gram matrix is a staple tech-
nique for establishing convergence guarantees for the optimization (Du et al.l [2019azb; (Oymak &
Soltanolkotabil, [2020). Furthermore, the full spectrum of the NTK Gram matrix governs the dynam-
ics of the empirical risk (Arora et al.,2019b), and the eigenvalues of the associated integral operator
characterize the dynamics of the generalization error outside the training set (Bowman & Montu-
far, |2022; Bowman & Montufar, [2022). Moreover, the decay rate of the generalization error for
Gaussian process regression using the NTK can be characterized by the decay rate of the spectrum
(Caponnetto & De Vitol 2007;|Cui et al.l 2021 Jin et al.| 2022).
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The importance of the spectrum of the NTK has led to a variety of efforts to characterize its structure
via random matrix theory and other tools (Yang & Salman, [2019} [Fan & Wangl [2020). There is a
broader body of work studying the closely related Conjugate Kernel, Fisher Information Matrix, and
Hessian (Poole et al., 2016} [Pennington & Worah|, 2017} [2018}; [Louart et al.| [2018]; [Karakida et al.,
2020). These results often require complex random matrix theory or operate in a regime where the
input dimension is sent to infinity. By contrast, using a just a power series expansion we are able to
characterize a variety of attributes of the spectrum for fixed input dimension and recover key results
from prior work.

1.1 CONTRIBUTIONS

In Theorem[3.1|we derive coefficients for the power series expansion of the NTK under unit variance
initialization, see Assumption[2] Consequently we are able to derive insights into the NTK spectrum,
notably concerning the outlier eigenvalues as well as the asymptotic decay.

* In Theorem[d.1]and Observation|4.2] we demonstrate that the largest eigenvalue \; (K) of the NTK
takes up an (1) proportion of the trace and that there are O(1) outlier eigenvalues of the same
order as A\ (K).

* In Theorem [4.3and Theorem [4.5| we show that the effective rank 7r(K)/A;(K) of the NTK is
upper bounded by a constant multiple of the effective rank T'r(XX7*) /A1 (XXT) of the input data
Gram matrix for both infinite and finite width networks.

* In Corollary [4.7)and Theorem [4.8 we characterize the asymptotic behavior of the NTK spectrum
for both uniform and nonuniform data distributions on the sphere.

1.2 RELATED WORK

Neural Tangent Kernel (NTK): the NTK was introduced by [Jacot et al.|(2018)), who demonstrated
that in the infinite width limit neural network optimization is described via a kernel gradient descent.
As a consequence, when the network is polynomially wide in the number of samples, global conver-
gence guarantees for gradient descent can be obtained (Du et al.| [2019ajb; |Allen-Zhu et al., 2019;
Zou & Gul 2019; [Lee et al.l 2019; [Zou et al., [2020; |Oymak & Soltanolkotabil 2020; Nguyen &
Mondelli, [2020; Nguyen, [2021). Furthermore, the connection between infinite width networks and
Gaussian processes, which traces back to [Neal| (1996), has been reinvigorated in light of the NTK.
Recent investigations include |Lee et al.| (2018);|de G. Matthews et al.|(2018)); Novak et al.|(2019).

Analysis of NTK Spectrum: theoretical analysis of the NTK spectrum via random matrix theory
was investigated by |Yang & Salman|(2019); Fan & Wang| (2020) in the high dimensional limit. |Ve-
likanov & Yarotsky| (2021) demonstrated that for ReLU networks the spectrum of the NTK integral
operator asymptotically follows a power law, which is consistent with our results for the uniform
data distribution. [Basri et al.|(2019) calculated the NTK spectrum for shallow ReLLU networks un-
der the uniform distribution, which was then expanded to the nonuniform case by |Basri et al.[(2020).
Geifman et al.[(2022) analyzed the spectrum of the conjugate kernel and NTK for convolutional net-
works with ReLU activations whose pixels are uniformly distributed on the sphere. |Geifman et al.
(2020); Bietti & Bach|(2021);|Chen & Xu|(2021) analyzed the reproducing kernel Hilbert spaces of
the NTK for ReLU networks and the Laplace kernel via the decay rate of the spectrum of the kernel.
In contrast to previous works, we are able to address the spectrum in the finite dimensional setting
and characterize the impact of different activation functions on it.

Hermite Expansion: |[Daniely et al.[(2016) used Hermite expansion to the study the expressivity of
the Conjugate Kernel. [Simon et al.| (2022) used this technique to demonstrate that any dot product
kernel can be realized by the NTK or Conjugate Kernel of a shallow, zero bias network. (Oymak &
Soltanolkotabi (2020)) use Hermite expansion to study the NTK and establish a quantitative bound
on the smallest eigenvalue for shallow networks. This approach was incorporated by Nguyen &
Mondelli| (2020) to handle convergence for deep networks, with sharp bounds on the smallest NTK
eigenvalue for deep ReLU networks provided by |[Nguyen et al.| (2021). The Hermite approach was
utilized by |[Panigrahi et al.|(2020) to analyze the smallest NTK eigenvalue of shallow networks un-
der various activations. Finally, in a concurrent work Han et al.| (2022) use Hermite expansions
to develop a principled and efficient polynomial based approximation algorithm for the NTK and
CNTK. In contrast to the aforementioned works, here we employ the Hermite expansion to charac-
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terize both the outlier and asymptotic portions of the spectrum for both shallow and deep networks
under general activations.

2 PRELIMINARIES

For our notation, lower case letters, e.g., x, y, denote scalars, lower case bold characters, e.g., X,y
are for vectors, and upper case bold characters, e.g., X,Y, are for matrices. For natural numbers
]{17]{32 € N we let [kl] = {1, ey ]{31} and [k’g,kl] = {kQ, .. .,]{1}. If ko > kq then [k’g,kl] is
the empty set. We use [|-[|,, to denote the p-norm of the matrix or vector in question and as default
use ||-|| as the operator or 2-norm respectively. We use 1,,x, € R™*™ to denote the matrix with
all entries equal to one. We define d,—. to take the value 1 if p = c and be zero otherwise. We
will frequently overload scalar functions ¢ : R — R by applying them elementwise to vectors and
matrices. The entry in the ith row and jth column of a matrix we access using the notation [X];,.
The Hadamard or entrywise product of two matrices X, Y € R"™*" we denote X®Y as is standard.
The pth Hadamard power we denote X®P and define it as the Hadamard product of X with itself p
times,
X?P:=Xo0X0- X
Given a Hermitian or symmetric matrix X € R™*", we adopt the convention that A;(X) denotes
the ith largest eigenvalue,
M(X) 2 Xa(X) 2 - 2 Au(X).

Finally, for a square matrix X € R™*" we let T'r(X) = >, [X];; denote the trace.

2.1 HERMITE EXPANSION

We say that a function f: R — R is square integrable with respect to the standard Gaussian measure

v(z) = \/%6*22/2 if Exar0,1)[f(X)?] < oo. We denote by L?(R,~) the space of all such

functions. The normalized probabilist’s Hermite polynomials are defined as

(=12 d* e
VR deft

and form a complete orthonormal basis in L2 (R,~) (O’Donnell, 2014, §11). The Hermite ex-

pansion of a function ¢ € L*(R,7) is given by ¢(z) = > g pk(@)hi(z), where pg(¢) =
Ex ar0,1)[#(X)hi(X)] is the kth normalized probabilist’s Hermite coefficient of ¢.

hi(x) = E=0,1,...

2.2 NTK PARAMETRIZATION

In what follows, for n,d € Nlet X € R™*4 denote a matrix which stores n points in R row-wise.
Unless otherwise stated, we assume d < n and denote the ith row of X,, as x;. In this work we
consider fully-connected neural networks of the form f(*+1): R¢ — R with L € N hidden layers
and a linear output layer. For a given input vector x € R, the activation f() and preactivation g(*)
at each layer [ € [L + 1] are defined via the following recurrence relations,

V(%) = 7 WOx 4+ b0, f0x) = (30 (%)),

JU} —
gV (x) = ﬁw(l)f(l D(x) +ab?, fV(x) = ¢ (g(l)(x)) , VI € [2,L], (1)
P () = ZEWE 0 ), f () = g0 ().

3

The parameters W) € R™*™-1 and b() € R™ are the weight matrix and bias vector at the /th
layer respectively, mg = d, mr4+1 = 1, and ¢: R — R is the activation function applied element-
wise. The variables v,,, o, € R and 4, 03, € R>( correspond to weight and bias hyperparameters
respectively. Let §; € R” denote a vector storing the network parameters (W ("), b(h))ﬁlz1 up to
and including the Ith layer. The Neural Tangent Kernel (Jacot et al., 2018) O : R? x RY — R
associated with f() at layer [ € [L + 1] is defined as

00 (x,y) = (Vo /¥ (x), Vo, fV (v))- @)
We will mostly study the NTK under the following standard assumptions.
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Assumption 1. NTK initialization.
1. Atinitialization all network parameters are distributed as N (0, 1) and are mutually independent.

2. The activation function satisfies ¢ € L?(R, ), is differentiable almost everywhere and its deriva-
tive, which we denote ¢/, also satisfies ¢’ € L*(R,~).

3. The widths are sent to infinity in sequence, mj — 00, My — 00, ..., M — OO.

Under Assumption forany [ € [L+1], ©V)(x,y) converges in probability to a deterministic limit
00 : R? x R4 — R (Jacot et al., 2018) and the network behaves like a kernelized linear predictor
during training; see, e.g., |Arora et al.| (2019b); |Lee et al.| (2019); Woodworth et al.| (2020). Given
access to the rows (x;); of X the NTK matrix at layer [ € [L + 1], which we denote K;, is the
n X n matrix with entries defined as

Kily = 00 (xi,%,), ¥(0,3) € [n] [, ®

3 EXPRESSING THE NTK AS A POWER SERIES

The following assumption allows us to study a power series for the NTK of deep networks and
with general activation functions. We remark that power series for the NTK of deep networks
with positive homogeneous activation functions, namely ReLU, have been studied in prior works
Han et al.| (2022); Chen & Xul (2021); Biett1 & Bach| (2021)); |Geifman et al.| (2022)). We further
remark that while these works focus on the asymptotics of the NTK spectrum we also study the
large eigenvalues.

Assumption 2. The hyperparameters of the network satisfy v2,+7; = 1, 0Bz n0,1)[0(2)%] < 1
and o7 =1 — 02 Bz n(01)[0(Z)?]. The data is normalized so that ||x;| = 1 for all i € [n].

Recall under Assumption [I|that the preactivations of the network are centered Gaussian processes
(Neal, |1996; Lee et al.l [2018)). Assumption E] ensures the preactivation of each neuron has unit
variance and thus is reminiscent of the |LeCun et al.| (2012), (Glorot & Bengio| (2010) and He et al.
(2015) initializations, which are designed to avoid vanishing and exploding gradients. We refer
the reader to Appendix [A.3] for a thorough discussion. Under Assumption [2] we will show it is
possible to write the NTK not only as a dot-product kernel but also as an analytic power series on
[—1, 1] and derive expressions for the coefficients. In order to state this result recall, given a function
f € L%*(R,~), that the pth normalized probabilist’s Hermite coefficient of f is denoted p,,(f), we
refer the reader to Appendix [A.4]for an overview of the Hermite polynomials and their properties.
Furthermore, letting a = (a;)32, denote a sequence of real numbers, then for any p,k € Z>o we
define
1, k=0andp =0,
F(p7kaa): 0, /ﬂZOandsz 4)

Kk
Z(j,i)ej(p7k) Hi:l aj,, k=>1landp >0,
where

k
T (p.k) == {(Gi)iew : ji = 0Vie k], Zji =p} forallp € Z>o, k €N.
=1

Here J(p, k) is the set of all k-tuples of nonnegative integers which sum to p and F(p, k,a) is
therefore the sum of all ordered products of k£ elements of @ whose indices sum to p. We are now
ready to state the key result of this section, Theorem [3.1] whose proof is provided in Appendix [B.1]

Theorem 3.1. Under Assumptions|l|and[2| for all | € [L + 1]

o]
T\ Op
nK; = Z Fpa (XXT)P. 5)
p=0
The series for each entry n[K;|;; converges absolutely and the coefficients k,,; are nonnegative and
can be evaluated using the recurrence relationships

_ {%—o'ﬁ? + Op=17m; =1,
Rp,l =

(6)
Qp1 + ZZ:O Kqi-1Vp—ql, | €[2,L+1],
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where
2,2 —
) = {O-wo/ip((b) + 5 00b7 l= 27 (7)
Zk:o ak,QF(pvkvalfl)a l 2 37
" oo tin(¢) 1=2
Up,l = { Nock _ ’ (8)
Zk:o Uk,QF(pa k7al—1)a l > 37

are likewise nonnegative for all p € Z>o and | € [2, L + 1].

As already remarked, power series for the NTK have been studied in previous works, however, to the
best of our knowledge Theorem|3.1]is the first to explicitly express the coefficients at a layer in terms
of the coefficients of previous layers. To compute the coefficients of the NTK as per Theorem [3.1]
the Hermite coefficients of both ¢ and ¢ are required. Under Assumption [3| below, which has
minimal impact on the generality of our results, this calculation can be simplified. In short, under
Assumption I Up,2 = (p + 1)ap41,2 and therefore only the Hermite coefficients of ¢ are required.
We refer the reader to Lemma@]m Appendix [B.2] for further details.

Assumption 3. The activation function ¢: R — R is absolutely continuous on [—a, a] for all
a > 0, differentiable almost everywhere, and is polynomially bounded, i.e., |¢(z)| = O(|z|?) for
some (3 > 0. Further, the derivative ¢': R — R satisfies ¢’ € L*(R, ).

We remark that ReLU, Tanh, Sigmoid, Softplus and many other commonly used activation functions
satisfy Assumption [3] In order to understand the relationship between the Hermite coefficients of
the activation function and the coefficients of the NTK, we first consider the simple two-layer case
with L = 1 hidden layers. From Theorem 3.1]

ip2 = 00 (1 + Yap)tig(9) + 0y (1+ Pty 1 (6) + =007 )
As per Table[I] a general trend we observe across all activation functions is that the first few coeffi-

cients account for the large majority of the total NTK coefficient series.

Table 1: Percentage of Z;O:o Kp,2 accounted for by the first 7' 4+ 1 NTK coefficients assuming
72 =1, =0,0%2 =1land o} =1 —E[¢p(Z)?].

T = 0 1 2 3 4 5
ReLU 43.944 71.277 93.192 93.192 95.403 95.403
Tanh 41.362 91.468 91.468 97.487 97.487 99.090

Sigmoid | 91.557 99.729 99.729 99.977 99.977 99.997
Gaussian | 95.834 95.834 98.729 98.729 99.634 99.634

However, the asymptotic rate of decay of the NTK coefficients varies significantly by activation
function, due to the varying behavior of their tails. In Lemma @] we choose ReLLU, Tanh and
Gaussian as prototypical examples of activations functions with growing, constant, and decaying
tails respectively, and analyze the corresponding NTK coefficients in the two layer setting. For
typographical ease we denote the zero mean Gaussian density function with variance 02 as w, (2) :=

(1/V2ma?) exp (—22/(207)).
Lemma 3.2. Under Assumptions[l|and

1. if §(z) = ReLU(z), then kp2 = 6y, >0)u(p Eveﬂ)e(p_g/Q),
2. if ¢(2) = Tanh(2), then k2 = O (exp (,ﬂTx/ﬁ))

3. lfd)(Z) = WJ(Z)’ then Kp,2 = 5(’Yb>0)U(p even)@(plﬂ(o—2 + 1)71)).

The trend we observe from Lemma 3.2]is that activation functions whose Hermite coefficients decay
quickly, such as w,, result in a faster decay of the NTK coefficients. We remark that analyzing the
rates of decay for [ > 3 is challenging due to the calculation of F'(p, k,a;—1) (). In Appendix
we provide preliminary results in this direction, upper bounding, in a very specific setting, the decay
of the NTK coefficients for depths [ > 2. Finally, we briefly pause here to highlight the potential for
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using a truncation of (3)) in order to perform efficient numerical approximation of the infinite width
NTK. We remark that this idea is also addressed in a concurrent work by Han et al.| (2022), albeit
under a somewhat different set of assumptions As per our observations thus far that the coefficients
of the NTK power series (B) typically decay quite rapidly, one might consider approximating o®
by computing just the first few terms in each series of (3). Figure 2]in Appendix displays the
absolute error between the truncated ReLU NTK and the analytical expression for the ReLU NTK,
which is also defined in Appendix [B.3] Letting p denote the input correlation then the key takeaway
is that while for |p| close to one the approximation is poor, for |p| < 0.5, which is arguably more
realistic for real-world data, with just 50 coefficients machine level precision can be achieved. We
refer the interested reader to Appendix [B.3|for a proper discussion.

4 ANALYZING THE SPECTRUM OF THE NTK VIA ITS POWER SERIES

In this section, we consider a general kernel matrix power series of the form nK =
> oo cp(XXT)OP where {c,}p2, are coefficients and X is the data matrix. According to Theo-
rem [3.1] the coefficients of the NTK power series (3] are always nonnegative, thus we only consider
the case where ¢, are nonnegative. We will also consider the kernel function power series, which we
denote as K (x1,22) = >~ ¢p(x1, 2)P. Later on we will analyze the spectrum of kernel matrix
K and kernel function K.

4.1 ANALYSIS OF THE UPPER SPECTRUM AND EFFECTIVE RANK

In this section we analyze the upper part of the spectrum of the NTK, corresponding to the large
eigenvalues, using the power series given in Theorem[3.1] Our first result concerns the effective rank
(Huang et al., 2022) of the NTK. Given a positive semidefinite matrix A € R™*" we define the
effective rank of A to be
_Tr(A)

AM(A)
The effective rank quantifies how many eigenvalues are on the order of the largest eigenvalue. This
follows from the Markov-like inequality

Hp: Ap(A) > cA(A)} < cleff(A) (10)

eff(A)

and the eigenvalue bound

>

p(A) _ eff(A)
AM(A) T p
Our first result is that the effective rank of the NTK can be bounded in terms of a ratio involving

the power series coefficients. As we are assuming the data is normalized so that ||x;|| = 1 for all
i € [n], then observe by the linearity of the trace

Tr(nK) = ZcpTr((XXT)Qp) = anp,

p=0
where we have used the fact that 7r((XXT)®P) = n for all p € N. On the other hand,
)\1(TLK) Z Al(Co(XXT)O) = )\1(0()1n><n) = NCp.

Combining these two results we get the following theorem.
Theorem 4.1. Assume that we have a kernel Gram matrix K of the form nK = Z;io cp(XXT)oP

where co # 0. Furthermore, assume the input data x; are normalized so that ||x;|| = 1 for all
i € [n]. Then
o0
Zp:() Cp

<
eff(K) < o

'In particular, in Han et al.| (2022) the authors focus on homogeneous activation functions and allow the
data to lie off the sphere. By contrast, we require the data to lie on the sphere but can handle non-homogeneous
activation functions in the deep setting.
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By Theorem co # 0 provided the network has biases or the activation function has nonzero
Gaussian expectation (i.e., po(¢) # 0). Thus we have that the effective rank of K is bounded by an
O(1) quantity. In the case of ReLU for example, as evidenced by Table|l| the effective rank will be
roughly 2.3 for a shallow network. By contrast, a well-conditioned matrix would have an effective
rank that is 2(n). Combining Theorem4.1|and the Markov-type bound we make the following
important observation.

Observation 4.2. The largest eigenvalue A\ (K) of the NTK takes up an (1) fraction of the entire
trace and there are O(1) eigenvalues on the same order of magnitude as \1(K), where the O(1)
and (1) notation are with respect to the parameter n.

While the constant term cg1,,«,, in the kernel leads to a significant outlier in the spectrum of K, it
is rather uninformative beyond this. What interests us is how the structure of the data X manifests
in the spectrum of the kernel matrix K. For this reason we will examine the centered kernel matrix

K := K — %21,,.,. By a very similar argument as before we get the following result.

Theorem 4.3. Assume that we have a kernel Gram matrix K of the form nK = 3772, cp(XXT)oP
where ¢; # 0. Furthermore, assume the input data x; are normalized so that ||x;|| = 1 for all
i € [n]. Then the centered kernel K := K — 2 1,,,, satisfies

- ~.c
eff(K) < eﬂ(XXT)@.
c1

Thus we have that the effective rank of the centered kernel K is upper bounded by a constant multiple

of the effective rank of the input data Gram XX7T. Furthermore, we can take the ratio as

p=1p
(&
a measure of how much the NTK inherits the behavior of the linear kernel XX7': in particular, if
the input data gram has low effective rank and this ratio is moderate then we may conclude that the
centered NTK must also have low effective rank. Again from Table|l} in the shallow setting we see
that this ratio tends to be small for many of the common activations, for example, for ReLU it is

roughly 1.3. To summarize then from Theorem 4.3 we make the important observation.

Observation 4.4. Whenever the input data are approximately low rank, the centered kernel matrix
K = K — 21, is also approximately low rank.

It turns out that this phenomenon also holds for finite-width networks at initialization. Consider the
shallow model

S ard((we,x)),
(=1

where x € R? and w, € R?, a;, € R for all £ € [m]. The following theorem demonstrates that
when the width m is linear in the number of samples n then eff (K) is upper bounded by a constant
multiple of eff(XXT).

Theorem 4.5. Assume ¢(x) = ReLU(z) and n > d. Fix € > 0 small. Suppose that w1, ..., W, ~
N(0,v1y) iid. and ay,. .. am ~ N(0,v3). Set M = max;c(,) |||y, and let

Y= IE3w~1\7(0,y121) [¢(XW)¢(WTXT)]-

Then
m = Q (max(A; (X) 2, 1) max(n,log(1/e))), v1 = O(1/My/m)

suffices to ensure that, with probability at least 1 —e over the sampling of the parameter initialization,
eff(K) < C - eff(XXT),

where C > 0 is an absolute constant.

Many works consider the model where the outer layer weights are fixed and have constant magnitude
and only the inner layer weights are trained. This is the setting considered by|Xie et al.| (2017)),|/Arora
et al. (2019a), Du et al.| (2019b), Oymak et al.|(2019), Li et al.|(2020), and |Oymak & Soltanolkotabi
(2020). In this setting we can reduce the dependence on the width m to only be logarithmic in
the number of samples n, and we have an accompanying lower bound. See Theorem [C.5]in the

Appendix for details.
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In Figure [I] we empirically validate our theory by computing the spectrum of the NTK on both
Caltech101 (L1 et al., |2022) and isotropic Gaussian data for feedforward networks. We use the
f unctorc module in PyTorch (Paszke et al.l|2019) using an algorithmic approach inspired by
Novak et al.[(2022). As per Theorem 4.1 and Observation 4.2, we observe all network architectures
exhibit a dominant outlier eigenvalue due to the nonzero constant coefficient in the power series.
Furthermore, this dominant outlier becomes more pronounced with depth, as can be observed if one
carries out the calculations described in Theorem [3.1] Additionally, this outlier is most pronounced
for ReLLU, as the combination of its Gaussian mean plus bias term is the largest out of the activa-
tions considered here. As predicted by Theorem 4.3, Observation 4.4 and Theorem 4.5, we observe
real-world data, which has a skewed spectrum and hence a low effective rank, results in the spec-
trum of the NTK being skewed. By contrast, isotropic Gaussian data has a flat spectrum, and as a
result beyond the outlier the decay of eigenvalues of the NTK is more gradual. These observations
support the claim that the NTK inherits its spectral structure from the data. We also observe that
the spectrum for Tanh is closer to the linear activation relative to ReLU: intuitively this should not
be surprising as close to the origin Tanh is well approximated by the identity. Our theory provides
a formal explanation for this observation, indeed, the power series coefficients for Tanh networks
decay quickly relative to ReLU. We provide further experimental results in Appendix [C.3] including
for CNNs where we observe the same trends. We note that the effective rank has implications for the
generalization error. The Rademacher complexity of a kernel method (and hence the NTK model)
within a parameter ball is determined by its its trace (Bartlett & Mendelson, 2002). Since for the
NTK X (K) = O(1), lower effective rank implies smaller trace and hence limited complexity.

NTK Spectrum: Caltech101, Depth=2 NTK Spectrum: Gaussian Data, Depth=2
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Figure 1: (Feedforward NTK Spectrum) We plot the normalized eigenvalues \,/A; of the NTK
Gram matrix K and the data Gram matrix XX for Caltech101 and isotropic Gaussian datasets. To
compute the NTK we randomly initialize feedforward networks of depths 2 and 5 with width 500.
We use the standard parameterization and Pytorch’s default Kaiming uniform initialization in order
to better connect our results with what is used in practice. We consider a batch size of n = 200 and
plot the first 100 eigenvalues. The thick part of each curve corresponds to the mean across 10 trials,
while the transparent part corresponds to the 95% confidence interval

4.2 ANALYSIS OF THE LOWER SPECTRUM

In this section, we analyze the lower part of the spectrum using the power series. We first an-
alyze the kernel function K which we recall is a dot-product kernel of the form K(x1,x2) =
Z;io ¢p(T1,22)P. Assuming the training data is uniformly distributed on a hypersphere it was
shown by Basri et al.| (2019); Bietti & Mairal (2019) that the eigenfunctions of K are the spherical

“https://pytorch.org/functorch/stable/notebooks/neural_tangent_kernels.html
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harmonics. |Azevedo & Menegatto|(2015) gave the eigenvalues of the kernel K in terms of the power
series coefficients.

Theorem 4.6. [Azevedo & Menegatto| (2015)] Let I' denote the gamma function. Suppose that the
training data are uniformly sampled from the unit hypersphere S¢, d > 2. If the dot-product kernel
Sfunction has the expansion K (x1,x2) = Z;OZO cp(x1,T2)P where ¢, > 0, then the eigenvalue of
every spherical harmonic of frequency k is given by

— w2 Z I'(p+ l)F(L’SH)
= C .
"T(p—k+1)D(EEEL 1 k1 d/2)

k= 9k—1
p>k
p—k iseven

A proof of Theorem is provided in Appendix for the reader’s convenience. This theorem
connects the coefficients ¢, of the kernel power series with the eigenvalues \j;, of the kernel. In
particular, given a specific decay rate for the coefficients ¢, one may derive the decay rate of \: for
example, Scetbon & Harchaoui| (2021) examined the decay rate of Ay, if ¢, admits a polynomial de-
cay or exponential decay. The following Corollary summarizes the decay rates of Az, corresponding
to two layer networks with different activations.

Corollary 4.7. Under the same setting as in Theorem4.6]
1. ifc, = O(p~?) where a > 1, then \j, = ©(k~92a+2),

2. lpr = 6(p even)@(p_a)r then )\7]42 = 6(k even)@(k_d_2a+2),
3. ifc, = O (exp (—ay/p)), then A, = O (k‘d“‘l/Q exp (—aﬂ)),
4. ifc, = O(p'/2a7?), then A, = O (k= a™") and A, = Q (k=Y/*F127kq=F).

In addition to recovering existing results for ReLU networks Basri et al.|(2019); Velikanov & Yarot-
sky|(2021)); Geifman et al.| (2020); |Bietti & Bach|(2021), Corollary also provides the decay rates
for two-layer networks with Tanh and Gaussian activations. As faster eigenvalue decay implies a
smaller RKHS Corollary shows using ReL.U results in a larger RKHS relative to Tanh or Gaus-
sian activations. Numerics for Corollary [4.7) are provided in Figure ] in Appendix [C.3] Finally, in
Theorem 4.8 we relate a kernel’s power series to its spectral decay for arbitrary data distributions.

Theorem 4.8 (Informal). Let the rows of X € R™*% be arbitrary points on the unit sphere. Consider
the kernel matrix nK = 377 ¢, (XXT) P and let r(n) < d denote the rank of XX, Then

1. ifc, = O(p~®) witha > r(n) + 1 forall n € Z>g then \,(K) = O (n_%),

1 1
2. ifc, = O(e=VP) then \,(K) = O <n2"‘<”> exp (fo/nwm))for any o/ < a271/2r(n),
3. ifc, = O(e™P) then M, (K) = O (exp (—O/nﬁ))for any o/ < a271/2r(n),

Although the presence of the factor 1/r(n) in the exponents of n in these bounds is a weakness,
Theorem[4.8|still illustrates how, in a highly general setting, the asymptotic decay of the coefficients
of the power series ensures a certain asymptotic decay in the eigenvalues of the kernel matrix. A
formal version of this result is provided in Appendix [C.5]along with further discussion.

5 CONCLUSION

Using a power series expansion we derived a number of insights into both the outliers as well as the
asymptotic decay of the spectrum of the NTK, in particular highlighting the role of the activation
function. We performed our analysis without recourse to a high dimensional limit or the use of
random matrix theory. Interesting avenues for future work include better analyzing the role of
depth as well as characterizing the outlier eigenvalues and spectrum as a whole for networks with
convolutional, residual or transformer layers.
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APPENDIX

The appendix is organized as follows.

* Appendix [A] gives background material on Gaussan kernels, NTK, unit variance intitialization,
and Hermite polynomial expansions.

* Appendix [B]provides details for Section 3]
* Appendix [C]provides details for Section 4]

A BACKGROUND MATERIAL

A.1 GAUSSIAN KERNEL

Observe by construction that the flattened collection of preactivations at the first layer (g (x;))7,
form a centered Gaussian process, with the covariance between the ath and Sth neuron being de-
scribed by

1
S (x5, %7) = gD (x:)95” (3))] = das (12xTx; + 7).

Under the Assumptlon 1] the preactivations at each layer [ € [L + 1] converge also in distribution
to centered Gaussian processes (Neal, (1996 [Lee et al., [2018). We remark that the sequential width
limit condition of Assumption[I]is not necessary for this behavior, for example the same result can
be derived in the setting where the widths of the network are sent to infinity simultaneously under
certain conditions on the activation function (de G. Matthews et al., 2018). However, as our interests
lie in analyzing the limit rather than the conditions for convergence to said limit, for simplicity we
consider only the sequential width limit. As per|Lee et al.| (2018l Eq. 4), the covariance between the
preactivations of the ath and Sth neurons at layer [ > 2 for any input pair x,y € R are described by
the following kernel,

20 (x.y) = Elg (x)g ()]
= bzt (T2Egu-n~gpomn 0098V (x)o(gy (3] +0F) -

We refer to this kernel as the Gaussian kernel. As each neuron is identically distributed and the
covariance between pairs of neurons is 0 unless &« = g, moving forward we drop the subscript and
discuss only the covariance between the preactivations of an arbitrary neuron given two inputs. As
per the discussion by |Lee et al.| (2018] Section 2.3), the expectations involved in the computation
of these Gaussian kernels can be computed with respect to a bivariate Gaussian distribution, whose
covariance matrix has three distinct entries: the variance of a preactivation of x at the previous
layer, X'~ (x, x), the variance of a preactivation of y at the previous layer, £ (y,y), and the
covariance between preactivations of x and y, E(lfl)(x, y). Therefore the Gaussian kernel, or
covariance function, and its derivative, which we will require later for our analysis of the NTK, can
be computed via the the following recurrence relations, see for instance (Lee et al.,2018; |Jacot et al.,
2018 |Arora et al, 2019b; Nguyen et al., 2021,

2 (x,y) = y2x"x + 12,
L0 (x,x) 20N (x,y)
20 (y,x) B0Y(x,x) (11)

SO, y) = 00 E (B, By (0,40 (x,y)) [0(B1)d(B2)] + 07,
2O (x,y) = T (B, BN (0,A0 (xy)) (@ (B1)¢ (B2)] -

AV (x,y) =

A.2 NEURAL TANGENT KERNEL (NTK)

As discussed in the Section 1} under Assumption [1|©() converges in probability to a deterministic
limit, which we denote ©("), This deterministic limit kernel can be expressed in terms of the Gaus-
sian kernels and their derivatives from Section via the following recurrence relationships (Jacot
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et al.|2018], Theorem 1),

oW (x,y) =W (x,y),
0V (x,y) = 0! V(x,y)3" (x,y) + £V (x, Y)

-1
=20(x,y)+ Y 2" (x,y) < II = )vzep L+1].

h=1 =h+1

12)

A useful expression for the NTK matrix, which is a straightforward extension and generalization of
Nguyen et al| (2021} Lemma 3.1), is provided in Lemma [A.T]| below.

Lemma A.1. (Based on Nguyen et al|2021| Lemma 3.1) Under Assumption[l| a sequence of positive

semidefinite matrices (Gy) " in R"*", and the related sequence (Gp)[! also in R™ ", can be
constructed via the followmg recurrence relationships,

G1 =75 XX" + 971 nxn,

Gy =0 wEwN (0, ,d)[¢>(Xw)¢)(Xw) |+ 03l nsn,

Go=02Ewon 0.1 (Xw)¢' (Xw)"], (13)
G = 0o Ewn01,)[0(VGiiwW)d(v/Giiw) T + 03 s, L€ [3,L + 1],

G = 02Ewonoa) ¢ (VGi—1w)¢ (/Gi_iw)T], 1€ [3,L +1].

The sequence of NTK matrices (K;) lL:+11 can in turn be written using the following recurrence rela-
tionship,
nKl = G17

nK; = G +nK;_1 © G,

—Gl+Z(G @( Gy ))

(14)

L+1

Proof. For the sequence (G;);. ;" it suffices to prove for any 7, j € [n] and [ € [L + 1] that

(Giliy =2V (x,%5)

and Gy is positive semi-definite. We proceed by induction, considering the base case [ = 1 and
comparing with then it is evident that

Gl = W (x4, %)

In addition, G is also clearly positive semi-definite as for any u € R”

WGy = 52 X 4 o 1> 0.

We now assume the induction hypothesis is true for G;_;. We will need to distinguish slightly
between two cases, | = 2 and [ € [3,L + 1]. The proof of the induction step in either case is
identical. To this end, and for notational ease, let V. = X, w ~ AN(0,I;) when [ = 2, and

= /Gi_1, w ~ N(0,1,) for [ € [3,L + 1]. In either case we let v; denote the ith row of V.
For any 7, j € [n]
[Gi]ij = 00 Ewlp(v] W)p(v] w)] + o}

Now let B1 = viTW, By = VJ-T

w and observe for any oy, g € Rthat ay By +as By = ZZ(ozlvik +
agvjp)wg ~ N(O, |lagv; + agvj||2). Therefore the joint distribution of (B, By) is a mean 0
bivariate normal distribution. Denoting the covariance matrix of this distribution as = R2%2 then
[G]i; can be expressed as

[Gilij = 0o E 5, p,)~al8(B1)$(B2)] + a7
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To prove [Gy]; ; = XU it therefore suffices to show that A = A(!) as per (TT). This follows by the
induction hypothesis as

E[B}] = v vi = [Gi1]i = 57D (x, %),
E[B3] = v]v; = [Gi1];; = 27V (x5,%;),
E[BlBQ] = V;TVJ‘ = [Gl—l]ij = Z(Z_l)(xi,X]‘).

Finally, G, is positive semi-definite as long as Ey, [¢(Vw)¢d(Vw)T] is positive semi-definite. Let
M(w) = ¢(Vw) € R™ " and observe for any w that M (w)M (w)T is positive semi-definite.
Therefore Ey, [M (w)M (w)”] must also be positive semi-definite. Thus the inductive step is com-
plete and we may conclude for ! € [L + 1] that

(Gili; = 2V (x5, x;). (15)

For the proof of the expression for the sequence (Gl)L +1 it suffices to prove for any i, € [n] and
l € [L + 1] that

[Gilij = 2V (x5, %)
By comparing (I3)) with (TT)) this follows immediately from (I3). Therefore with (I3) proven @I)
follows from (12).

A.3 UNIT VARIANCE INITIALIZATION

The initialization scheme for a neural network, particularly a deep neural network, needs to be
designed with some care in order to avoid either vanishing or exploding gradients during training
Glorot & Bengio| (2010); [He et al.| (2015)); Mishkin & Matas| (2016)); |[LeCun et al| (2012). Some
of the most popular initialization strategies used in practice today, in particular LeCun et al.|(2012)
and|Glorot & Bengio| (2010) initialization, first model the preactivations of the network as Gaussian
random variables and then select the network hyperparameters in order that the variance of these
idealized preactivations is fixed at one. Under Assumption [I] this idealized model on the preactiva-
tions is actually realized and if we additionally assume the conditions of Assumption [2{ hold then
likewise the variance of the preactivations at every layer will be fixed at one. To this end, and as in
Poole et al.|(2016)); [Murray et al.|(2022), consider the function V': R>o — R defined as

V(@) = 02Eznon |6 (VZ)] + of. (16)

Noting that V' is another expression for Z(l)( x,x), derived via a change of variables as per |Poole
et al. (2016), the sequence of variances (X(!)(x,x))%_, can therefore be generated as follows,

2O (x,x) = V(2D (x,x)). (17)

The linear correlation p) : R? x R% — [—1, 1] between the preactivations of two inputs x,y € R?

we define as
20 (x,y)

O(x,y) = .
) 0 y.y)

Assuming © (x,x) = X (y,y) = 1 forall | € [L + 1], then p¥(x,y) = 2O (x,y). Again
as in Murray et al.[(2022) and analogous to @, with Z, Zy ~ N(O, 1) independent, U; := Z7,
Us(p) := (pZ1 + /1 — pQZg)We define the correlation function R : [—1,1] — [—1,1] as

R(p) = o2E[p(U1)p(U2(p))] + ot (19)

Noting under these assumptions that R is equivalent to Z(l)(x, y), the sequence of correlations
(pW(x,y))f, can thus be generated as

P (x,y) = R(p" " V(x,y)).

As observed in [Poole et al.| (2016); [Schoenholz et al.|(2017), R(1) = V(1) = 1, hence p = lis a
fixed point of R. We remark that as all preactivations are distributed as N'(0, 1), then a correlation

(18)

3We remark that Uy, Us are dependent and identically distributed as Uy, Us ~ N(0,1).
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of one between preactivations implies they are equal. The stability of the fixed point p = 1 is of
particular significance in the context of initializing deep neural networks successfully. Under mild
conditions on the activation function one can compute the derivative of R, see e.g., |Poole et al.
(2016); |Schoenholz et al.|(2017); Murray et al.|(2022)), as follows,

R'(p) = o3 E[¢'(U1)¢' (Ua(p))]. (20)
Observe that the expression for 20 and R’ are equivalent via a change of variables (Poole et al.,
2016)), and therefore the sequence of correlation derivatives may be computed as
20(x,y) = R'(p"(x.y)).

With the relevant background material now in place we are in a position to prove Lemma|[A.2]
Lemma A.2. UnderAssumptionsandand defining x = 02, E . n(0,1)[¢' (Z)?] € Rsq, then for
alli,j € [n], 1 € [L+1]

* [Guilij € [F1,1] and [Gy 1) = 1,

* [Guilij € [=xX] and [Gon t)ii = X
Furthermore, the NTK is a dot product kernel, meaning ©(x;,X;) can be written as a function of
the inner product between the two inputs, ©(x! x;).

Proof. Recall from Lemma and its proof that for any [ € [L + 1], i,j € [n] [Gnlij =
YO (x;,%;) and [Gpyli; = XO(x4,%x;). We first prove by induction () (x;,x;) = 1 for all
I € [L 4 1]. The base case [ = 1 follows as
W (x,x) = vaxTx+97 =75+ = L.
Assume the induction hypothesis is true for layer [ — 1. With Z ~ A/(0, 1), then from and
20 (x,x) = V(ZD(x,x))

— U?UE |:¢2 ( E(lfl)(x7 x)Z):| + gg

=B [¢* (2)] + o}

=1,
thus the inductive step is complete. As an immediate consequence it follows that [G;];; = 1. Also,
foranyi,j € [n]and! € [L + 1],

20 (xi,%5) = pV (%1, %) = R(p'"V (%1, %)) = R(...R(R(x] x;))).
Thus we can consider ¥(!) as a univariate function of the input correlation ¥ : [~1,1] — [~1,1]
and also conclude that [G;];; € [—1, 1]. Furthermore,
S0 (xi, %)) = R (0" (xi,%))) = R'(R(..R(R(x{ x)))),
which likewise implies ¥ is a dot product kernel. Recall now the random variables introduced to
define R: Z1,Zy ~ N(0,1) are independent and Uy = Z1, Uy = (pZ1 + /1 — p?Z5). Observe
U, U, are dependent but identically distributed as Uy, Us ~ N (0,1). For any p € [—1,1] then
applying the Cauchy-Schwarz inequality gives
IR (p)* = o, [E[¢/ (U)¢' (U2)]I” < o El¢' (U1)|El¢ (U2)?] = o Ele' (U1)*] = |R'(1)].

As a result, under the assumptions of the lemma X : [—1,1] — [—x, x| and ¥®(x;,x;) = x.
From this it immediately follows that [G;);; € [—X,x] and [G;];; = x as claimed. Finally, as

¥ :[-1,1] = [~1,1]and ¥ : [-1,1] — [—Y, x] are dot product kernels, then from the NTK
must also be a dot product kernel and furthermore a univariate function of the pairwise correlation
of its input arguments. O

The following corollary, which follows immediately from Lemma and (T4), characterizes the
trace of the NTK matrix in terms of the trace of the input gram.

Corollary A.3. Under the same conditions as Lemma suppose ¢ and o2 are chosen such that
x = 1. Then
Tr(Kn;) =1. 2n

19



Published as a conference paper at ICLR 2023

A.4 HERMITE EXPANSIONS

We say that a function f : R — R is square integrable w.r.t. the standard Gaussian measure v =
e 12 N2 if Epeopvo.)[f(2)2] < o0. We denote by L2(R,~) the space of all such functions.
The probabilist’s Hermite polynomials are given by
k
. k g2/2 A7 29 _
Hi(z) = (—1)%e”/ e 2 k=0,1,....
The first three Hermite polynomials are Ho(z) = 1, Hi(z) = z, Ho(z) = (22 — 1). Let

hi(z) = H’“T](;) denote the normalized probabilist’s Hermite polynomials. The normalized Hermite

polynomials form a complete orthonormal basis in LQ(R, ) (O’Donnell, 2014, §11): in all that
follows, whenever we reference the Hermite polynomials, we will be referring to the normalized
Hermite polynomials. The Hermite expansion of a function ¢ € L2(RR,~) is given by

d(x) =Y (@), (22)
k=0
where
pr(9) = Ex onro,1)[@(X) i (X)] (23)

is the kth normalized probabilist’s Hermite coefficient of ¢. In what follows we shall make use of
the following identities.

VEk > 1, by (z) = VEhg_1 (), (24)
Vk > 1, zhi(x) = VE + Thippr (2) + Vihe_1(2). (25)
0, if k is odd
hi (0) = \}H(—l)g(k—l)!! if kiseven ~’
1, k<0 (26)
wherek!!:{lc-(lc—2)--~5-3-17 k > 0odd
k-(k—2)---6-4-2, k>O0even.

We also remark that the more commonly encountered physicist’s Hermite polynomials, which we
denote Hy, are related to the normalized probablist’s polynomials as follows,

2N (2/V2)

The Hermite expansion of the activation function deployed will play a key role in determining the
coefficients of the NTK power series. In particular, the Hermite coefficients of ReLU are as follows.

Lemma A.4. |Daniely et al.|(2016) For ¢(z) = max{0, z} the Hermite coefficients are given by

1V, k=0,
1/2 k=1
_ , : 27
() (k —3)1/V2rk!, kevenandk > 2, <
0, koddand k > 3.

B EXPRESSING THE NTK AS A POWER SERIES

B.1 DERIVING A POWER SERIES FOR THE NTK
We will require the following minor adaptation of [Nguyen & Mondelli (2020, Lemma D.2). We

remark this result was first stated for ReLU and Softplus activations in the work of (Oymak &
Soltanolkotabi| (2020, Lemma H.2).
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Lemma B.1. For arbitraryn,d € N, let A € R™"*d Fori e [n], we denote the ith row of A as a;,
and further assume that ||a;|| = 1. Let ¢ : R — R satisfy ¢ € L*(R,~) and define

M = EWNN(O,IH)[¢(AW)¢(AW)T] e R™ ™.

Then the matrix series

converges uniformly to M as K — oo.

The proof of Lemma [B.T] follows exactly as in (Nguyen & Mondelli, 2020, Lemma D.2), and is in
fact slightly simpler due to the fact we assume the rows of A are unit length and w ~ N(0,1,)

instead of v/d and w ~ N(0, Id) respectively. For the ease of the reader, we now recall the
following definitions, which are also stated in Sectlonl 3} Letting a; := (1), denote a sequence
of real coefficients, then

1 k=0andp =0,
F(p,k,a;):=40 . k=0andp > 1, (28)
Z(ji)EJ(p,k) Hi:l @j,i k=landp >0,

where
k
T, k) == {(Ji)icy : Ji > 0Viec k], ij' =p}
i=1
forallp € Z>o, k € Z>;.

We are now ready to derive power series for elements of (G;));",' and (Gy N
Lemma B.2. Under Assumptzonslandl 2| foralll € |2, L + 1]

G, = Zak,l(XXT)Qk, (29)
k=0

where the series for each element [G];; converges absolutely and the coefficients | are nonnega-
tive. The coefficients of the series (29) for all p € Z>( can be expressed via the following recurrence
relationship,

ap = {Uiug(d)) R (30)
P Yoneo @k 2F(p k,ai1), 1>3.

Furthermore,

G, = ka,z(XXT)Gk, (31)

where likewise the series for each entry [Gl]u converges absolutely and the coefficients vy, ; for all
D € Z>q are nonnegative and can be expressed via the following recurrence relationship,

— wlj’p(d)/) l = 2,
Upl = 32
P {Zk_o Uk,QF(pa k7d171>7 l 2 3. ( )

Proof. We start by proving (29) and (30). Proceeding by induction, consider the base case | = 2.
From Lemmal[A]

G2 = 0o Ewon 01, [0(XW)S(XW) "]+ 03 L.
By the assumptions of the lemma, the conditions of Lemma [B.T]are satisfied and therefore

Gg—awZuk (XXT) % + 0F 1,

= ag2lpxn + Z Qg 9 (XXT)Qk
k=1
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Observe the coefficients (ay2)rez., are nonnegative. Therefore, for any i,j € [n] using
Lemma A .2|the series for [G];; satisfies

Z lok, 2| ‘<Xi,Xj>k| < Zam(Xi,Xi)k =[Gili=1 (33)
k=0 k=0

and so must be absolutely convergent. With the base case proved we proceed to assume the inductive
hypothesis holds for arbitrary G; with [ € [2, L]. Observe
Gl+1 = UEJ]EWNN(O,I,L) [¢(AW)¢(AW)T] + O'Z Loxn,

where A is a matrix square root of G;, meaning G; = AA. Recall from Lemma [A.]] that G; is
also symmetric and positive semi-definite, therefore we may additionally assume, without loss of
generality, that A € R"*" is symmetric, which conveniently implies G,,; = AAT. Under the
assumptions of the lemma the conditions for Lemma are satisfied and as a result [G,, )i =
la;|| = 1 for all i € [n], where we recall a; denotes the ith row of A. Therefore we may again apply
Lemma

Gir1 =02 12(6) (AAT) ™ + 2Lk
k=0

= (0203(8) + o) Lnsn + 05 Y () (Gn) "
k=1

00 00 Ok
= (00 115(0) + 03 nsn + 03, Z 1 () (Z am,l(XXT)®m> )

k=1 m=0

where the final equality follows from the inductive hypothesis. For any pair of indices i, j € [n]

oo oo k
(Gigalij = (oopd(9) +03) + o0 Y i () (Z am7l<Xi,Xj>m> .
m=0

k=1

By the induction hypothesis, for any i, j € [n] the series > - _ cm i (X, X;)™ is absolutely conver-
gent. Therefore, from the Cauchy product of power series and for any k € Z>( we have

[e%S) k [e%S)
<Z am,l<xiaxj>m> = ZF(p7 ka dl)<xivxj>pv (34)
m=0

p=0

where F(p, k,a;) is defined in (@). By definition, F(p,k, ;) is a sum of products of positive
coefficients, and therefore |F(p, k,&;)| = F(p,k,@;). In addition, recall again by Assumption
and Lemmal[A 2|that [Gy];; = 1. As aresult, for any k € Zxo, as [(x;,x;)| < 1

o0 o0 k
> P (pky au)(xi, ;)P | < (Z am,l> = [Guilii =1 (39)
p=0 m=0

and therefore the series Z;io F(p,k,a;)(x;,x;)P converges absolutely. Recalling from the proof
of the base case that the series Z;‘;l oy 2 is absolutely convergent and has only nonnegative ele-
ments, we may therefore interchange the order of summation in the following,

[Gralij = (00ud(9) +0p) + 00, > () (Z F(nkaalxxmxﬁp)

k=1 p=0

=002+ ko <Z Fp, k, 071)<Xz‘7xj>p>

k=1 p=0

=02+ Y (Z ar2F(p, k, al)) {xi, %;)".
p=0 \k=1
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Recalling the definition of F'(p, k,l) in (@), in particular F'(0,0,&;) = 1 and F(p,0,&;) = 0 for
pE ZZ]«’ then

Mg

Gl+1 ( (67°% 2F 0 k ozl)> <Xi7Xj>0 + Z (Z Olk’QF(p,k,Oél)> <Xi,Xj>p
k=1 p=1 \k=1
(Zak 2F'(0,k az)) i, %)0 + (Z%gF(nk,al)) (xi,x;)?

k= p=1 \k=0

0
Z (Z Ozk,QF(pJf,al)) (xi,%;)P
0

p:O

= Z op, 141 (X5, X;)"
p=0

As the indices i, j € [n] were arbitrary we conclude that

Gl+1 = Z Ap 141 (XXT)GP
p=0

as claimed. In addition, by inspection and using the induction hypothesis it is clear that the coeffi-
cients (vp,141)5%, are nonnegative. Therefore, by an argument identical to (33), the series for each
entry of [Gy41];5 is absolutely convergent. This concludes the proof of (29) and (30).

We now turn our attention to proving the (31) and (32). Under the assumptions of the lemma the
conditions for Lemmas[AJ]and [B.] are satisfied and therefore for the base case | = 2

Gy = o2 EWNN(O )8/ (Xw)¢' (Xw)"]

= aw Zuk XXT)
oo

Z XXT

By inspection the coefficients (vy,2),2 are nonnegative and as a result by an argument again iden-

tical to (33) the series for each entry of [Gy];; is absolutely convergent. For [ € [2, L], from (29)
and its proof there is a matrix A € R™"*" such that G; = AA™T. Again applying Lemma

Gn,H—l = 0'2 IEwrv./\f(() L,) [¢/(AW)¢/(AW)T]

= oy, Zu ) (AAT)"

ka,z (G

=0

= ZUk,Z <Z Qp (XXT)®P>
k=0 p=0
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Analyzing now an arbitrary entry [Glﬂ]ij, by substituting in the power series expression for G;
from (29) and using we have

o0 oo k
[Gialiy =Y vk (Z Oép,l<Xi7Xj>p>
k=0 p=0
=Y ws (Z F(p, k, &) (xi, xjy')
k=0 p=0
= Z (Z vk o F(p, k, 541)) (xq,%x5)P

k=0

M

Up,i41(Xi, X5)7.

ji
o

Note that exchanging the order of summation in the third equality above is justified as
for any k € Zxo by (3 we have Y7, F(p,k,au)|(x;;x;)[P < 1 and therefore
D neo 2opeo Uk 2F(p, b, @) (xi, x5)P converges absolutely. As the indices 7, j € [n] were arbitrary
we conclude that

: ®

G =Y vpugr (XXT)™

p=0

as claimed. Finally, by inspection the coefficients (v;,111);52 are nonnegative, therefore, and again

by an argument identical to (33)), the series for each entry of |G, ;41];; is absolutely convergent.
This concludes the proof.

We are now prove the key result of Section 3]
Theorem 3.1. Under Assumptions|l|and[2} for all | € [L + 1]

nKy =3 k0 (XXT). (5)
p=0

The series for each entry n[K,];; converges absolutely and the coefficients r,; are nonnegative and
can be evaluated using the recurrence relationships

o ) Op=0% + Opmi, =1, ©
»! Qp 1+ ZZ:O Rq,1—1VUp—q,l, l e [2, L+ 1}7
where
Qp = {Ug’olilz)((b) + 5p=00-§_7 I= 27 (7)
' Zk:o ak,QF(p7 kv al—l)a l 2 3,
and
o2 2((;5/) 1=29
Upa = { wlip\® ) ] ’ ®)
' Zk:o Uk,QF(pa kvalfl)v l 2 37

are likewise nonnegative for all p € Z>o andl € [2, L + 1].

Proof. We proceed by induction. The base case [ = 1 follows trivially from Lemma We
therefore assume the induction hypothesis holds for an arbitrary [ — 1 € [1,L]. From and
Lemma[B.2]

nK; =G, +nK;_1 ® Gl

_ (,i . (XXT)®p> + (ninwl (XXT)®q> ® (g:o Ve (XXT)®w> .

q=0
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Therefore, for arbitrary i, j € [n]
o0 oo oo
nKili; = Zam(xi,xj)p + (nz quyl_1<Xi,Xj>q> (Z Uw,l<xi,xj>w> .
p=0 q=0 w=0
Observe n Y~ rig1-1(xi,%;)? = 01 (x;, x;) and therefore the series must converge due to the

convergence of the NTK. Furthermore, fozo V1 (X4, X)) = [Gnl}Z ; and therefore is absolutely
convergent by Lemma[B.2] As aresult, by Merten’s Theorem the product of these two series is equal
to their Cauchy product. Therefore

oo 00 P
(K =Y apalxi )+ (Z "vq,l—lvp—qJ> (xi,%;)?
p=0 p=0 \¢g=0
o] p
= Z (ap,l + Z “q,llqu,l> (xi,x;)?
p=0 q=0

= hpalxi,x;)7,
p=0
from which the (5) immediately follows. O

B.2 ANALYZING THE COEFFICIENTS OF THE NTK POWER SERIES

In this section we study the coefficients of the NTK power series stated in Theorem [3.1] Our first
observation is that, under additional assumptions on the activation function ¢, the recurrence rela-
tionship (6) can be simplified in order to depend only on the Hermite expansion of ¢.

Lemma B.3. Under Assumption|3|the Hermite coefficients of ¢’ satisfy

e (¢') = Vk + L1 ()
forallk € Z>.

Proof. Note for each n € N as ¢ is absolutely continuous on [—n, n] it is differentiable a.e. on
[—n, n]. Tt follows by the countable additivity of the Lebesgue measure that ¢ is differentiable a.e.

on R. Furthermore, as ¢ is polynomially bounded we have ¢ € L%(R,e~*/2/\/27). Fix a > 0.
Since ¢ is absolutely continuous on [—a, a] it is of bounded variation on [—a, a]. Also note that

hi(2)e=**/2 is of bounded variation on [—a, a] due to having a bounded derivative. Thus we have
by Lebesgue-Stieltjes integration-by-parts (see e.g. [Folland|[1999, Chapter 3)

j ¢/($)hk($)67$2/2dx
= ¢(a)hk(a)e—a2/2 _ ¢(—a)hk(—a)e_“2/2 " _‘l () [ha () — h%(w)]e_ﬂﬂdl’

= o@hi(@)e 2 — s(-au(-a)e 2 1 [ GIET Thir (x)e .

where in the last line above we have used the fact that (24) and (23] imply that xhy(x) — hj(z) =
V'k + 1hgy1(z). Thus we have shown

’ gb'(a:)hk(x)e*ﬁﬂdz

— s(@hi(@)e 2 = d(—a)hu(~a)e 2 + [ Ga)VEF Thin (w)e = 2da.

—a

We note that since |¢(x)hi(z)| = O(|z|?T*) we have that as a — oo the first two terms above
vanish. Thus by sending a — oo we have

/Oo ¢ (x)hy()e™ 2dx = /oo VE+ 16(@)hira(z)e™ 2 da.

After dividing by v/27 we get the desired result. O
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In particular, under Assumption[3] and as highlighted by Corollary [B.4] which follows directly from
Lemmas and the NTK coefficients can be computed only using the Hermite coefficients
of ¢.

Corollary B.4. Under Assumptions[I| [2|and[3] for all p € Z>
(p + 1)ap+1 2, l= 27

Up| = ’ 36

P {Zzo—o Uk,QF(pa k76‘l—1)’ l > 3. ( )

With these results in place we proceed to analyze the decay of the coefficients of the NTK for depth
two networks. As stated in the main text, the decay of the NTK coefficients depends on the decay of
the Hermite coefficients of the activation function deployed. This in turn is strongly influenced by
the behavior of the tails of the activation function. To this end we roughly group activation functions
into three categories: growing tails, flat or constant tails and finally decaying tails. Analyzing each
of these groups in full generality is beyond the scope of this paper, we therefore instead study the
behavior of ReLLU, Tanh and Gaussian activation functions, being prototypical and practically used
examples of each of these three groups respectively. We remark that these three activation functions
satisfy Assumption For typographical ease we let w, (z) := (1/v2mo?) exp (—22/(202)) denote
the Gaussian activation function with variance 2.

Lemma B.5. Under Assumptions|I|and[2]
L if ¢(z) = ReLU (), then kp 2 = 6(~,50)u(p eveny O (p/2),
2. if p(z) = Tanh(z), then kpy = O (eXp (, @))
3. if p(2) = wo(2), then kip s = 6y, >0)u(p even)@(p1/2(0'2 1)),

Proof. Recall (9)),

kip2 = O (1 + 7o) ia(®) + ooy (L + p)pis i1 (6) + 6p—007 -

In order to bound &, 2 we proceed by using Lemma to bound the square of the Hermite co-
efficients. We start with ReLU. Note Lemma [A.4] actually provides precise expressions for the
Hermite coefficients of ReLU, however, these are not immediately easy to interpret. Observe from
Lemma [A.4]that above index p = 2 all odd indexed Hermite coefficients are 0. It therefore suffices
to bound the even indexed terms, given by

j(ReLU) = —— @ =3

Var V!
Observe from that for p even

therefore ( N 1 (O)]
1 (p—3)M 1 |hy(0
ReLU) = = P .
/pr( ) /727_[_ \/ﬁ /7271_ p— 1

Analyzing now |h,(0)

s

-1 [IAei-1)

|
P [173(2i —1)2i

Here, the expression inside the square root is referred to in the literature as the Wallis ratio, for which
the following lower and upper bounds are available [Kazarinoff| (1956),

1 (p— 1 1
V705 = i “\zp+025) 37)
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As aresult
|7y (0)] = ©(p~ /%)

and therefore
0, p odd.

p(rer) = {
As (p+1)73/2 = ©(p~3/?), then from ()
kip2 = O((pps(ReLU) + 6,50(p + 1) 21 (ReLU)))
= 9((611 even]773/2 + 6(1) odd)N(v»>0) (p+ 1)73/2))
=0 (5(p even)U((p odd)ﬁ(’yb>0))p_3/2)
= 5(p even)U('Yb>0)® (p_3/2)
as claimed in item 1.

We now proceed to analyze ¢(z) = T'anh(z). From [Panigrahi et al.[(2020, Corollary F.7.1)
pp(Tanh') = O (exp (—T)) :

As Tanh satisfies the conditions of Lemma [B.3]

pp(Tanh) = p~p, 1 (Tanh') = O <p1/2 exp (—T)) :

Therefore the result claimed in item 2. follows as

kip2 = O((puz(Tanh) + (p + 1), (Tanh)))

0 (oo (~ET (- 742))

2

ofem( =57

Finally, we now consider ¢(z) = w, (z) where w, (2) is the density function of A’(0, o%). Similar to
ReLU, analytic expressions for the Hermite coefficients of w, () are known (see e.g., Davis| [2021}
Theorem 2.9),

|
12 (we) = {((p/2)!)22f’§w(a2+1)v+1’ peven,

0, p odd.
For p even
(p/2)! = pl12—P/2,
Therefore
p! _op p! :2p(p71)!!
(p/2)!(p/2)! plIp!! plt

As aresult, for p even and using (37)), it follows that

2 —(+1) (ph — 1\
2 _ (c?+1) (p— D! _ —1/2/,2 —p

Finally, since (p + 1)'/2(02? +1)77=! = O(p'/%(¢? + 1)7P), then from (@)
Kp,2 = 9((?#;2)(0%) + 0y,>0(p + 1),“;27+1(Wa)))
=0 (5(p even)U((p odd) (v, >0) P 2 (07 + 1)717)
= O(p even)U(,>0)© (p1/2(02 + 1)7}7)

as claimed in item 3. O
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B.3 NUMERICAL APPROXIMATION VIA A TRUNCATED NTK POWER SERIES AND
INTERPRETATION OF FIGURE

Currently, computing the infinite width NTK requires either a) explicit evaluation of the Gaussian
integrals highlighted in (T3), b) numerical approximation of these same integrals such as in [Lee
et al.| (2018), or c) approximation via a sufficiently wide yet still finite width network, see for in-
stance Engel et al.|(2022)); Novak et al.[(2022). These Gaussian integrals @]) can be solved solved
analytically only for a minority of activation functions, notably ReLU as discussed for example by
Arora et al.[(2019b)), while the numerical integration and finite width approximation approaches are
relatively computationally expensive. The truncated NTK power series we define as analogous to
() but with the series involved being computed only up to the T'th element. Once the top T coeffi-
cients are computed, then for any input correlation the NTK can be approximated by evaluating the
corresponding finite degree 7" polynomial.

Definition B.6. For an arbitrary pair x,y € S* ' let p = xTy denote their linear correlation.

Under Assumptions and foralll € [2,L + 1] the T-truncated NTK power series égpl) :
[-1,1] — R is defined as

T
0P (p) =" kpaur®. (38)
p=0

and whose coefficients are defined via the following recurrence relation,

2 _ 5P:0’yl? + 510:1’75;7 l= ]-7 (39)
D,l dp,l + 2520 I%q’lflﬁp,q’h l e [2, L+ 1]

Here, with dq_y = (Gpi-1)7—o»
Gy i= 0121;7/1‘12)((15) + 6;0:00';3_, =2, 40)
P Zk:() dk,QF(pa kv dl*l)a l 2 3
and
) L= \% p]’—’_ 1dp+1,27 ~ = 2, (41)
" Y ok—o VE+ 1411 2F(p, ki), 12> 3.

In order to analyze the performance and potential of the truncated NTK for numerical approximation,
we compute it for ReLU and compare it with its analytical expression|Arora et al.|(2019b)). To recall

this result, let
/1= p?+ p-arcsin(p)
0

o P

arcsin 1
R'(p) = f(p) Ty
Under Assumptionsand with ¢(2) = ReLU(2),72 = 1,02, =2,02 =42 =0,%x,y € S% and

p1:=xTy, then ©;(x,y) = pand foralll € [2, L + 1]

pr = R(pi-1),

O1(x,y) = pi + pi—1R (pi—1)-
Turning our attention to Figure [2| we observe particularly for input correlations |p| ~ 0.5 and
below then the truncated ReLU NTK power series achieves machine level precision. For |p| &~ 1
higher order coefficients play a more significant role. As the truncated ReLU NTK power series
approximates these coefficients less well the overall approximation of the ReLU NTK is worse. We
remark also that negative correlations have a smaller absolute error as odd indexed terms cancel with
even index terms: we emphasize again that in Figure 2] we plot the absolute not relative error. In
addition, for L = 1 there is symmetry in the absolute error for positive and negative correlations
as ay o = 0 for all odd p. One also observes that approximation accuracy goes down with depth,
which is due to the error in the coefficients at the previous layer contributing to the error in the
coefficients at the next, thereby resulting in an accumulation of error with depth. Also, and certainly
as one might expect, a larger truncation point 7" results in overall better approximation. Finally, as
the decay in the Hermite coefficients for ReLU is relatively slow, see e.g., Table[T]and Lemma [3.2]
we expect the truncated ReLU NTK power series to perform worse relative to the truncated NTK’s
for other activation functions.

(42)
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Error of truncated NTK
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Figure 2: (NTK Approximation via Truncation) Absolute error between the analytical ReLU NTK
and the truncated ReLU NTK power series as a function of the input correlation p for two different
values of the truncation point 7" and three different values for the depth L of the network. Although
the truncated NTK achieves a uniform approximation error of only 10~! on [—1, 1], for |p| < 0.5,
which we remark is more typical for real world data, 7' = 50 suffices for the truncated NTK to
achieve machine level precision.

B.4 CHARACTERIZING NTK POWER SERIES COEFFICIENT DECAY RATES FOR DEEP
NETWORKS

In general, Theorem [3.1)does not provide a straightforward path to analyzing the decay of the NTK
power series coefficients for depths greater than two. This is at least in part due to the difficulty
of analyzing F'(p, k, @;—1), which recall is the sum of all ordered products of k elements of &;_1
whose indices sum to p, defined in {@). However, in the setting where the squares of the Hermite
coefficients, and therefore the series (v 2)p%, decay at an exponential rate, this quantity can be
characterized and therefore an analysis, at least to a certain degree, of the impact of depth con-
ducted. Although admittedly limited in scope, we highlight that this setting is relevant for the study
of Gaussian activation functions and radial basis function (RBF) networks. We will also make the
additional simplifying assumption that the activation function has zero Gaussian mean (which can be
obtained by centering). Unfortunately this further reduces the applicability of the following results
to activation functions commonly used in practice. We leave the study of relaxing this zero bias as-
sumption, perhaps only enforcing exponential decay asymptotically, as well as a proper exploration
of other decay patterns, to future work.

The following lemma precisely describes, in the specific setting considered here, the evolution of
the coefficients of the Gaussian Process kernel with depth.

Lemma B.7. Let ago = 0 and apo = Cony ¥ forp € Z>1, where Co and 1 are constants such
that Z;il apo =1 Then foralll > 2 and p € Z>

0 p=20
a =<7 _ ’ 43)
it {Cz+177l+p17 p>1

where the constants m;11 and Cjy1 are defined as

My = 12 = CCy
1 — ) 1= .
T+ *

(44)

Proof. Observe for | = 2, we have that ag; = 0 and o,y = Cj7; P hold by assumption. Thus
by induction it suffices to show that ag; = 0 and a,,; = Cyn; * implies (@3) and @4) hold. Thus
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assume for some ! > 2 we have that opg; = 0 and o,y = Cip; P Recall the definition of F' from
@): asap; =0thenwithp >land1 <k <p

k k
Fip.ka) = Y Jlese= D, Tleww

(4i)€T (p,k) =1 (i) €T+ (p,k) i=1

where
k

T (0, k) = {(i)iew : Ji = 1Vi€ k], Y _ji=p} forallp € Zz1, k€ [p],
i=1
which is the set of all k-tuples of positive (instead of non-negative) integers which sum to p. Substi-
tuting o, ; = Cyn; ¥ then

_ - - . —p(P—1
Fp.ko)= > Cfn” = Cfn | T (k)| = Cfny (k - 1),
(41)€T+(p,k)
where the final equality follows from a stars and bars argument. Now observe for k£ > p that at

least one of the indices in (j;)¥_, must be 0 and therefore Hle aj, 2 = 0. As a result under the
assumptions of the lemma

1, k=0andp =0,
F(p,k,ar) = S CFn P (327), k€ [plandp > 1, (45)
0, otherwise.

Substituting @3) into (7) it follows that

Q41 = ZamF(Q k,oq) = g2 =0
k=0
and forp > 1

o0
a1 =Y araF(p, k)
k=0

P k
_ &) p—1
-enr (5 (1))
1 2 k -1
p—1 h
— _ Cl p— 1
= "Cimy ' Co Y () )
h=o \'12 h
o N\
=1 "Crmy ' Co (1 + l)
12
_ GG < mn2 >p
2+ Cp \m2 + C;

= Cranh
as claimed. O

We now analyze the coefficients of the derivative of the Gaussian Process kernel.

Lemma B.8. In addition to the assumptions of Lemmal[B.7] assume also that ¢ satisfies Assumption
Then vy o = %(1 + p)ny *. Furthermore, for alll > 2 and p € Z>g

02772_1’ p=0,
v = _ (46)
i {(‘/lckl + ‘/l+1p)77l+p15 p Z 17

where the constants V/' | and V1, are defined as

gl 200 GCE
P (Gt ) me(Crm)?

and C and n; are defined in (@4).

(47)
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Proof. Under Assumption then for all p € Z>y we have

Cy _
Up2 = o pin(¢) = oy (p+ Dptps1(0)® = (p+ Doprr2 = Eﬂ +p)ny "

For [ > 2 and p = 0 it therefore follows that

oo

g1 = Y (k+ a1 2F(0,k,a1) = arz = Cany
k=0

For ! > 2 and p > 1 then

(o)
Up,i41 = Z vk 2 F(p, k, au)
k=0
o0

> (k+ Dok 2F (p, k, )
k=0

=Zh02n2 h—1,a;)
02 _pp+1 p—l
N C ol Z 772 h—2

h=2

= gzmppzl(wﬂ) (Cl>r+2 (p; 1)

EZ () )5 G 0)

p—1 p—2
:C'zcl 77 (2 _,_g( —1) <1+Cl) >
2 2
_ 205G < mn2 >p n CyCF (p—1) < mmn2 )p
m2(Cr+m2) \n2 + C m2(C1 + 12)? ne + C

20,C CC2 N, C,C? .
B (772(01 ) m(C+ w) e <n2<cl T W) Pl
= (Vi + Vi) n i
as claimed. O

With the coefficients of both the Gaussian Process kernel and its derivative characterized, we proceed
to upper bound the decay of the NTK coefficients in the specific setting outlined in Lemma[B.7)and
B3

Lemma B.9. Let the data, hyperparameters and activation function ¢ be such that Assumptions|[I]
and 3| are satisfied along with the conditions of of Lemma [B.7] Then for any | > 2 there exist
positive constants M| and K| such that for all p € Z>,

Kpa < (M} + Kip* =) " (48)
where 1, is defined in Lemma|B.7)

Proof. We proceed by induction starting with the base case [ = 2. Applying the results of Lemmas

[B.7]and B.§|to (6) then for p € Z>,
fip2 = ((Ca + 93 Camy ) + (1 Camy* + 75, C2)p)ny " (49)

If we define My = Cy + 42Cony ! and Kb = ~2Cyny ' + 42 Cs, which are clearly positive
constants, then x, 2 = (M} + Kp)n,? and so for [ = 2 the induction hypothesis clearly holds.
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We now assume the inductive hypothesis holds for some [ > 2. Observe from @[), with [ > 2 and
pc ZZO that

Vpi+1 < (Aipy + Vigap)n (50)
where 4], := max{Cany L Vi'.1}. Substituting [50| and the inductive hypothesis inequality into
(@) it follows for p > 1 that

P

tipis1 < Cram B+ 00 Z(Ml/ + K P (Al + Vi (p — D)1y
q=0

p q
_ _ _ 72
= Cl+1771+p1 + 771+p1 E (M + Kl/qu 3)(A2+1 +Visi(p — q)) (772 n Cl)

q=0
P
< Cranl + it D> (M) + Kig* =) (Al + Viga(p — q))
q=0
p

< Cramh it > (M) + (¢ 72) (Al + Vigap)
q=0

p
< (Crr + M{ Ay n h + (MZ/WHP + Z(Ml/ + K[¢* ) (Al + Vl+1p)> M1
q=1
< (Cry1 + Ml/ ;+1)7h_+p1 + (MZ/VIHP +P(Ml/ + KlIPQZ_S)( 2+1 + WHP)) 771_+p1
< (Cryr + M{A )l + 0 (M{AL +2M)Viap+ K| 1ap? T 4+ K Vi p??) M3
< ((Cryr + MAL ) + (M{A +2M] Vi + KjA) 4+ K Vig) pm_l) M

Therefore there exist positive constants M, | = Cy1+M] A} and K, | = MjA] +2M; Vi 1+

KA} | + K]V such that k41 < (M, + K{+1p2(l+1)*3)77;f1 as claimed. This completes
the inductive step and therefore also the proof of the lemma. O

C ANALYZING THE SPECTRUM OF THE NTK VIA ITS POWER SERIES

C.1 EFFECTIVE RANK OF POWER SERIES KERNELS

Recall that for a positive semidefinite matrix A we define the effective rank [Huang et al.| (2022) via
the following ratio
_Tr(A)

A(A)
We consider a kernel Gram matrix K € R"™*" that has the following power series representation in
terms of an input gram matrix X X%

eff (A) :

nK =) (XX
i=0
Whenever ¢y # 0 the effective rank of K is O(1), as displayed in the following theorem.
Theorem 4.1. Assume that we have a kernel Gram matrix K of the form nK = 3777 cp(XXT)oP

where ¢ # 0. Furthermore, assume the input data x; are normalized so that ||x;|| = 1 for all
i € [n]. Then
[ee]
—0C
eff(K) < @_
Co

Proof. By linearity of trace we have that

Tr(nK) = Z e Tr(XXT)o) = nz &
i=0 i=0
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where we have used the fact that 7r((XXT)®?) = n for all i € N. On the other hand

)\1(TLK) Z /\1(CQ(XXT)O) = )\1(Coln><n) = NCp.
Tr(K) Tr(nK)

_ _ o Ci
off(K) = MK) ~ M(nK) = coo '

Thus we have that

O

The above theorem demonstrates that the constant term col1,,«,, in the kernel leads to a significant
outlier in the spectrum of K. However this fails to capture how the structure of the input data
X manifests in the spectrum of K. For this we will examine the centered kernel matrix K :=
K - %011T. Using a very similar argument as before we can demonstrate that the effective rank
of K is controlled by the effective rank of the input data gram XX7. This is formalized in the
following theorem.

Theorem 4.3. Assume that we have a kernel Gram matrix K of the form nK = Z;io cp(XXT)oP

where ¢; # 0. Furthermore, assume the input data x; are normalized so that ||x;|| = 1 for all
i € [n]. Then the centered kernel K := K — 9 1,,,, satisfies
~ ~.c
eff(K) < eﬁ(xxT)@.
a1
Proof. By the linearity of the trace we have that
Tr(nK) =Y eTr(XXT)?) = Tr(XX") > e
i=1 i=1

where we have used the fact that Tr((XX7T)®%) = Tr(XX7T) = n for all i € [n]. On the other
hand we have that _
A (nK) > A (e, XXT) = ¢ A (XXT).
Thus we conclude
~ K T < ¢
off (K) — Tr(If) _ Tr(nIf) < Tr(XXT) Yo ¢
MEK) AMnK) T MXXT) g

C.2 EFFECTIVE RANK OF THE NTK FOR FINITE WIDTH NETWORKS

C.2.1 NOTATION AND DEFINITIONS

We will let [k] := {1,2,..., k}. We consider a neural network

m

> ard((wi,x))
=1

where x € R? and wy € R%, a, € R for all £ € [m] and ¢ is a scalar valued activation function.
The network we present here does not have any bias values in the inner-layer, however the results
we will prove later apply to the nonzero bias case by replacing x with [x7, 1]7. We let W € R™*¢
be the matrix whose /-th row is equal to w, and a € R™ be the vector whose ¢-th entry is equal to
ay. We can then write the neural network in vector form

f(x; W, a) = al ¢(Wx)
where ¢ is understood to be applied entry-wise.
Suppose we have n training data inputs x1,...,x, € R% We will let X € R"*? be the matrix
whose i-th row is equal to x;. Let 6., = vec(W) denote the row-wise vectorization of the inner-

layer weights. We consider the Jacobian of the neural networks predictions on the training data with
respect to the inner layer weights:

gr _[0re) 0fbx)  OF(x)

inner — ’ L
aainner aeinner 89inner

33



Published as a conference paper at ICLR 2023

Similarly we can look at the analagous quantity for the outer layer weights
g7 _ [9FBx) Of(x2) 0f (xn)

outer fa ' oO0a ' Oa

Our first observation is that the per-example gradients for the inner layer weights have a nice Kro-
necker product representation

=¢ (WXT).

0160 _ [ asir(lwsnd) |
69inner - i o '27 X

am ¢/ ( <Wm ) X> )_

For convenience we will let , )
ay (<W17Xi>)
v, oo | @ ((W2,%))

am® ((Wim, Xi)) ]
where the dependence of Y; on the parameters W and a is suppressed (formally Y; = Y;(W, a)).
This way we may write
of(xi)

aeinner

We will study the NTK with respect to the inner-layer weights
Kinner = Jinner']z;lner
and the same quantity for the outer-layer weights

T
Kouter = JouterJ

outer:

For a hermitian matrix A we will let \;(A) denote the ith largest eigenvalue of A so that A1 (A) >
A2(A) > -+ > A, (A). Similarly for an arbitrary matrix A we will let o;(A) to the ith largest
singular value of A. For a matrix A € R"™** we will let i, (A) = T min(r,k)-

C.2.2 EFFECTIVE RANK

For a positive semidefinite matrix A we define the effective rank (Huang et al.,2022) of A to be the
quantity

Tr(A)

AM(A)
The effective rank quantifies how many eigenvalues are on the order of the largest eigenvalue. We
have the Markov-like inequality

eff(A) :

) 1 Tr(A)
N(A) > (A} < e te—2
{i: Xi(A) > el (A)} <c WEN
and the eigenvalue bound
Ai(A)  1Tr(A)
<= .
)\1(A) 7 )\1(A)
Let A and B be positive semidefinite matrices. Then we have
Tr(A +B) < Tr(A)+Tr(B) < Tr(A) Tr(B)
)\1(A + B) T max ()\1(A), )\1(B)) - )\1(A) )\1(B) '

Thus the effective rank is subadditive for positive semidefinite matrices.

We will be interested in bounding the effective rank of the NTK. Let K = JJ7 = J, e, d 7L ;0 +

Jinnerd Z;mer = Kouter + Kinner be the NTK matrix with respect to all the network parameters.

Note that by subadditivity
TT(K) < TT(Kouter) TT(Kinner)
)\I(K) - A1(I<oute'r) A1(I<7Lnner)
In this vein we will control the effective rank of K, and K¢, separately.
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C.2.3 EFFECTIVE RANK OF INNER-LAYER NTK

We will show that the effective rank of inner-layer NTK is bounded by a multiple of the effective
rank of the data input gram XX7. We introduce the following meta-theorem that we will use to
prove various corollaries later

Theorem C.1. Set o := supp|=1 [min;epn [(Y;,b)|]. Assume oo > 0. Then
minie[n] ”YngTT(XXT) < TT(Kinner) maXlE HY ||2 TT( X )

<
max;epn [ Yilla M (XXT) = A (Kinner) a2 A(XXT)

Proof. We will first prove the upper bound. We first observe that

Y Y e = Z N HENE

2 =1

Tr (Kz’nner) =

i=1

aeznner

2 2 2
< mas [ I = ma Y, 2 T (X7

Recall that
A1 (K”m"”“) =M\ (Ji"nm"]z;mer) =M\ (Jz;mer'lmner) .
Well
T _ (%) ’ . . T
JanE'r' inner — Z (99 = Z [YIL X Xi] [YVZ ® Xi]
inner Winner =
= iyl ® [xix]
=1

Well then we may use the fact that

T TxT
A1 (Jznner']"”le”‘) = Hgﬁax1b JinnerJinnETb
o=

Let by € R™ and by € RY be vectors that we will optimize later satisfying ||b1 ||, [|ba||, = 1. Then
we have that ||b; ® ba|| = 1 and

n

(b1 ® bQ)TJz;meerner(bl ®by) = Z(bl ® bg)T ([YZYZT} ® [XiXZT]) (bl ® bg)

i=1

=> [bIY:Y]by] [blxx]by] > {mmb Y;Y! bl] > b xix! by

P J€([n]

- |:rn1n b1 Y YTb1:| bT [ZX X; ] by = [mln b1 Y, YTbl} b>X"Xb,y

j€[n] P J€[n]
Pick bs so that ||bz|| = 1 and
by X Xby = A\ (XTX) = A\ (XXT).
Thus for this choice of by we have
M (I fnerdinner) > (b1 @ bo)TIE 0 Jinner (b1 ® by) >

m%n] bl Y; YT bl} by X7 Xb, = {m%n] b Y;Y by | A\ (XXT)
JEIn jE€n

Now note that & = supyy,, =1 [minjep bY Y; Y, by]. Thus by taking the sup over by in our
previous bound we have

A (Kznne'r ) =\ (th;mm Jz'rmer) > 012/\1 (XXT)
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Thus combined with our previous result we have

Tr(Kinner) . max;en] ||Y1||§ TT(XXT)
)\1 (Kinner) B a? Al(XXT) .

We now prove the lower bound.

TT(Kinner) = Z

i=1

of(x;)
aoznner

2 2
Z 1Y @ x5 = Z Y13 l1xill5

2 i=1

> HllIl 1Y || Z ||xl||2 = HllIl 1Y ||2TT(XXT)

=1
Let Y € R™ ™ be the matrix whose ith row is equal to Y ;. Then observe that
Kinner = [YYT] © [XXT}

where ® denotes the entry-wise Hadamard product of two matrices. We now recall that if A and B
are two positive semidefinite matrices we have (Oymak & Soltanolkotabi, [2020, Lemma 2)

MAOB) < m?)]i A; i)\ (B).
1€n
Applying this to K, we get that
)\I(Kinner) < ?El?g]( HYlHE Al(XXT>

Combining this with our previous result we get
minie["] HY1 ||§ TT(XXT) < TT(Kinner)
maX;c[n] ||Yz||§ )\1(XXT) N )\I(K’inner)

We can immediately get a useful corollary that applies to the ReLU activation function
Corollary C.2. Set a := sup,|; (minjep [(Y;,0)|] and vimae = sup,eg |9/ (2)]. Assume
o > 0 and Ymaee < 00. Then

o? TT(XXT) TT(Kinner)

- _ Tmaa 2l Tr(XXT)
Vo 23 MXXT) = At (Kinner) —

a2 )\1 (XXT)

Proof. Note that the hypothesis on |¢’| gives HYZ||§ < V20 ||a||§ for all i € [n]. Moreover by
Cauchy-Schwarz we have that min;e(,,) | Yill, > «. Thus by theorem we get the desired
result. O

If ¢ is a leaky ReLU type activation (say like those used in Nguyen & Mondelli| (2020)) Theorem
[C.]translates into an even simpler bound

Corollary C.3. Suppose &' (x) € [Ymin, Ymaz) for all z € R where Ypin > 0. Then
Tr(XXT) _ Tr(Kinner) Tr(XXT)
M (XXTY) = N (Kipner) — A1 (XXT)

Ymin Tmaz

2
Tmax Tmin

Proof. We will lower bound

o= sup [mm(YJ,b>|}
Ibll=1 Li€n]

so that we can apply Corollary[C.2] Set b = a/[|al|,. Then we have that

m
;1) = 3 e (e )/l 2 T 3 a = min all,
(=1 2 =1
Thus & > Ymin ||all,. The result then follows from Corollary [C.2] O
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To control « in Theorem when ¢ is the ReLU activation function requires a bit more work. To
this end we introduce the following lemma.

Lemma C4. Assume ¢(x) = ReLU(x). Let Ryin, Rimaz > 0 and define T = {{ € [m] : |ay| €
[R'mina Rmaw]}- Set T' = minie[n] Zze-,— I [<Xi7 Wl> > O] Then

= sup [min|<Yi,b>|

2
} . R2. T
Ibl|=1 Li€[n]

Rmaw |7-‘1/2

Proof. Let a. be the vector such that (a,), = a/I[¢ € 7]. Then note that

1
(Yj,ar/llarlly) = Tl E aglf(we,x;) > 0] >
T ‘ge

R? R? R?
main H[<WZ7 X > Z O} Z main T Z man T.
la~ | ; ! ”aTHQ Rmam‘7|l/2

O

Roughly what Lemma [C.4] says is that « is controlled when there is a set of inner-layer neurons
that are active for each data point whose outer layer weights are similar in magnitude. Note that in
Du et al.| (2019b), |Arora et al.| (2019a), |Oymak et al.| (2019), Li et al.| (2020), Xie et al.| (2017) and
Oymak & Soltanolkotabi| (2020) the outer layer weights all have fixed constant magnitude. Thus in
that case we can set R, = Rpqee in Lemma so that 7 = [m]. In this setting we have the
following result.

Theorem C.5. Assume ¢(x) = ReLU(x). Suppose |ag| = R > 0 for all ¢ € [m]. Furthermore
suppose W1, ..., Wy, are independent random vectors such that wy/ ||wyl|| has the uniform distri-

bution on the sphere for each ¢ € [m). Also assume m > 41%(zn/e)for some 0, ¢ € (0,1). Then with
probability at least 1 — € we have that

(-9,

4
4 H(XXT) < eH(KinneT) <

< meff(xxT).

Proof. Fix j € [n]. Note by the assumption on the w,’s we have that I[(w;,x;) >
0],...,I[{(w,,x;) > 0] are i.i.d. Bernouilli random variables taking the values 0 and 1 with proba-
bility 1/2. Thus by the Chernoff bound for Binomial random variables we have that

P (Z I[(we,x;) > 0] < %(1 - 5)) < exp (42%) :

=1
Thus taking the union bound over every j € [n] we get that if m > 41%(2"/6) then

min ZH[(WZ,XJ-> >0] > %(1 —9)
=1

Jjeln] =

holds with probability at least 1 — e. Now note that if we set R,,,in, = Rinarz = R we have that
7 = [m] where 7 is defined as it is in Lemrna In this case by our previous bound we have that
T as defined in Lemma satisfies 7" > (1 — 0) with probability at least 1 — ¢. In this case the
conclusion of Lemma|[C.4[gives us

(1-0)
2
Thus by Corollary [C.2]and the above bound for o we get the desired result. O

o> Rm2E 0 ay,

(1-9)
2

We will now use Lemma[C.4]to prove a bound in the case of Gaussian initialization.
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Lemma C.6. Assume ¢(x) = ReLU(z). Suppose that a; ~ N(0,v?) for each { € [m]
i.i.d. Furthermore suppose w1, ..., Wy, are random vectors independent of each other and a
such that wy/ ||wy|| has the uniform distribution on the sphere for each £ € [m]. Setp =
P.no,) (2] € [1/2,1]) = 0.3. Assume

> 4log(n/e)
(1 —d)p
for some €,8 € (0,1). Then with probability at least (1 — €)* we have that
v

a:= sup {min (Yi,b>|] > —(1—6)%2pt/2m!/?
Ibl|=1 Li€[n]

oo

Proof. Set Ryin = v/2 and R,,q, = v. Now set

p= PawN(O,yz) (|a‘ S [RminuRmaa:]) - 2]P)zr\aN(O,l) (Z S |:

= 2P,y (2 € [1/2,1]) = 0.3.

Now define 7 = {{ € [m] : |a¢| € [Rmin, Rmaz]}- We have by the Chernoff bound for binomial
random variables

Rmin Rmax:| )

)
1% 14

P(Irl < (1= 8)mp) < exp (-2

Thus if m > log({) ;3> (a weaker condition than the hypothesis on m) then we have that

|7] > (1 — §)mp with probability at least 1 — e. From now on assume such a 7 has been ob-
served and view it as fixed so that the only remaining randomness is over the wy’s. Now set
T = min;epy) Y ye, L[(Xi, We) > 0]. By the Chernoff bound again we get that for fixed i € [n]

(1-9) I
P(wam»ow . |T><exp(—a ).

let

Thus by taking the union bound over i € [n] we get

. <T = (125)|T|> < nexp (52|1|>
< nexp <_52(1—5)mp>

4
Thus if we consider 7 as fixed and m > ‘;?817(3/)2 then with probability at least 1 — € over the

sampling of the w;’s we have that
(1-9
2

~—

T>

|7
In this case by lemma [C.4] we have that
R72nin T

Rmaa; |T‘1/2

> %(1 _ 6)3/2m1/2p1/2.

= sup [min|<Yi,b>|} >
Iblj=1 Li€]

Thus the above holds with probability at least (1 — ¢)?. O

This lemma now allows us to bound the effective rank of K;,,,,., in the case of Gaussian initializa-
tion.

Theorem C.7. Assume ¢(x) = ReLU(z). Suppose that a; ~ N(0,v?) for each { € [m]
i.i.d. Furthermore suppose w1, ..., Wy, are random vectors independent of each other and a
such that wy/ ||wl|| has the uniform distribution on the sphere for each { € [m]. Set p =
P, n,) (J2] € [1/2,1]) = 0.3. Let €,6 € (0,1). Then there exists absolute constants ¢, K > 0

such that if
4log(n/e)

"= o)
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then with probability at least 1 — 3€ we have that

1 Tr(XXT) _ Tr(Kinner)
C /\1(XXT) - )\1 (Kznn€r>

Tr(XXT)

<
< O3 xxT)

where

C =

64 {1 . max{clKlsfg(l/e),mK}} |

(1-29)%p

Proof. By Bernstein’s inequality

ot
2 .
P (||a/1/H2 —m > t) < exp {—c - min (mKQ’ Kﬂ

where ¢ is an absolute constant. Set ¢ = max{c~ 'K log(1/¢),mK} so that the right hand side of
the above inequality is bounded by e. Thus by Lemma [C.6and the union bound we can ensure that
with probability at least

l—e—[1-(1-€?=1-3e+e*>1-3¢

that ||a/ V||§ < m + t and the conclusion of Lemmahold simultaneously. In that case

2 2
t 64 t
o Sl w0
. (1 =0)3mp  (1-06)%p m
Thus by Corollary [C.2] we get the desired result. O

By fixing § > 0 in the previous theorem we get the immediate corollary

Corollary C.8. Assume ¢(x) = ReLU (z). Suppose that ay ~ N(0,v?) for each ¢ € [m] i.i.d.
Furthermore suppose W1, ..., W, are random vectors independent of each other and a such that
we/ ||wpe|| has the uniform distribution on the sphere for each ¢ € [m)]. Then there exists an absolute
constant C > 0 such that m = Q(log(n/€)) ensures that with probability at least 1 — €

Tr(XXT)
A (XXT)

1 Tr(XXT) < Tr(Kinner)

— <C
C A1()()(71) - >\1 (Kinner) o

C.2.4 EFFECTIVE RANK OF OUTER-LAYER NTK

Throughout this section ¢(x) = ReLU (z). Our goal of this section, similar to before, is to bound
the effective rank of K., by the effective rank of the input data gram XXT. In this section we
will use often make use of the basic identities

|AB|z < [[A]l, 1Bl
[AB|z < [[A]l Bl
Tr(AAT) = Tr(ATA) = A5
1A, = [|AT],
M(ATA) = M\ (AAT) = |A]l;.

To begin bounding the effective rank of K., we prove the following lemma.
Lemma C.9. Assume ¢(x) = ReLU (x) and W is full rank with m > d. Then

[o(WXT)|[5 o _IWIE Tr(XXT)
e(WXT)||y + [¢(=WXT)[[,]* ~ Tmin(W)2 X (XXT)
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Proof. First note that
(W[5, < [[WXT[[5, < W5 [XT[ = W5 Tr(XXT).

Pick b € R? such that ||bl|, = 1 and || Xb||, = [|X||,. Since W is full rank we may set
u = (WT)Tb so that WTu = b where [[u||, < pin(WT)~! where 0, (WT) is the smallest
nonzero singular value of W7, Well then

IX[l, = [Xbll, = [XWTul|, < [XWT], [u]l, < [XWT||, 0pnin(WT) ™!
= WX, omin (W)
Now using the fact that x = ¢(z) — ¢(—x) we have that
IWXH[, = [[o(WX") = o(=WX)][, < [[o(WXT)[|, + [o(-WXT)]],
Thus combined with our previous results gives

X[l < Omin (W)~ [[[@(WXT)]|, + [[o(-=WXT)][],]

Therefore
| 6(WXT)][7 _ lloewxm)|[;
Omin(W) 72 [[@(WXT) ||, + |6(~WXT)|l,]* — XI5
_ W Tr(XXT) W Tr(XXT)
T IXI T A (XXT)
which gives us the desired result. O

Corollary C.10. Assume ¢(x) = ReLU (x) and W is full rank with m > d. Then

max ([[o(WXD)|[S., [|o(-WXT)|) W Trxx?)

maX(\|¢(WXT)II§,||¢(—WXT)|\§) T Omin(W)2 A (XXT)

Proof. Using the fact that
[e(WXT)[|, + [|o(~WXT) [, < 2max ([[o(WXT)[],, |o(-~WXT)[],)
and lemma[C.9] we have that

[S(WXT)J5 _ W Te(xx?)
Amase ([ o(WXT) 2 [o(~WXT)[2) ~ min(W) X (XXT)

Note that the right hand side and the denominator of the left hand side do not change when you
replace W with —W. Therefore by using the above bound for both W and —W as the weight
matrix separately we can conclude

max (lpOWXDI loCWXDIE) _ gwi zrxex)
4 max (||¢(WXT)||§ : ||¢(—WXT)\|§) = Omin(W)? M (XXT)

O

Corollary C.11. Assume ¢(x) = ReLU(x) and m > d. Suppose W and —W have the same
distribution. Then conditioned on W being full rank we have that with probability at least 1/2

Tr(Kouter) _ W[5 Tr(XXT)
)\I(Kouter) - Umin(w)2 Al(XXT)
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Proof. Fix W where W is full rank. We have by corollary [C.10|that either

loWX") [, IWIE Tr(XX7)
[6WXT)[Z " omin (W) 0 (XXT)

holds or

[6C-WXD5 _, IWI3 Tr(XXT)
|‘¢(_WXT)||2 N Jmin(w)2 )\1(XXT)

(the first holds in the case where qu(WXT)Hz > qu(—WXT)Hz and the second in the case

||¢>(WXT)H§ < ||¢(7WXT)||;). Since W and —W have the same distribution, it follows that
the first inequality must hold at least 1/2 of the time. From

Tr(Kouter) _ HJZM&THi _ ’|¢(WXT)H2F
MKouter) 3T, 05 (WX

outer

we get the desired result. O

We now note that when W is rectangular shaped and the entries of W are i.i.d. Gaussians that W
is full rank with high probability and 7, (W) =2 ||WH§ is well behaved. We recall the result from
Vershynin| (2012)

Theorem C.12. Let A be a N x n matrix whose entries are independent standard normal random
variables. Then for every t > 0, with probability at least 1 — 2 exp(—t*/2) one has

VN = V=t < opin(A) < 01(A) < VN + i + t

Corollary gives us a bound that works at least half the time. However, we would like to
derive a bound that holds with high probability. We will have that when m > n we have sufficient
concentration of the largest singular value of ¢(WXT) to prove such a bound. We recall the result
from |Vershynin/(2012) (Remark 5.40)

Theorem C.13. Assume that A is an N x n matrix whose rows A; are independent sub-gaussian
random vectors in R™ with second moment matrix X.. Then for every t > 0, the following inequality
holds with probability at least 1 — 2 exp(—ct?)

t
< max(d,6%) where §= C’\/W-k [
2 07 N VN

where C = Cc,c = cix > 0 depend only on K := max; ||A[ .

1
—A*A-%
HN

We will use theorem [C.13|in the following lemma.

Lemma C.14. Assume ¢(x) = ReLU (z). Let A = ¢(WXT) and M = max;cy) || x|, Suppose
that w1y, ..., W, ~ N(0,0%1,) iid. Set K = Mv+/n and define

Y= IEwwN(O,uzl) [¢(Xw)¢(WTXT)]

Then for every t > 0 the following inequality holds with probability at least 1 — 2 exp(—cxt?)

2§max(5,52) where 5:C’K1/%+#,

where ci, C > 0 are absolute constants that depend only on K.

1
HATAE
m

Proof. We will let A,. denote the /th row of A (considered as a column vector). Note that

Ay = ¢(XW€)
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We immediately get that the rows of A are i.i.d. We will now bound [|A¢. [|,,,. Let b € R" such
that |b||, = 1. Then

n

> b((xi, wi))bi

i=1

[{o(Xwe), b)ll,,, =

b2

n

Z il [|o((xi, we))lly, < Zlb G, wollly,

i=1 i=1
< Z 1i|C |[xilly v < CMv|[bll, < CMvv/n
=1

where C' > 0 is an absolute constant. Set K := Mwv+/n. Well then by theorem we have the
following. For every ¢ > 0 the following inequality holds with probability at least 1 —2 exp(—cxt?)

< max(3,6%) where = Cgk,/ Ly t
2 m

1
—ATA - %
= 7

We are now ready to prove a high probability bound for the effective rank of K¢,

Theorem C.15. Assume ¢(v) = ReLU(x) and m > d. Let M = max;c,) |Xill,. Suppose that
Wi,..., Wy, ~ N(0,021,) iid. Set K = Mv\/n

Y i=Ew~n(,20) [p(Xw)p(w’ X))
555

Vm > Vd + \/21og(2/e)

0=Ck

where € > 0 is small. Now assume

and
max(J,6%) < %)\1 (2)

Then with probability at least 1 — 3¢

Tr(Koum)S 2<\F+f+t1> Tr(XTX)

)\1 (Kouter) \/> \[ — 1 )\1 (XTX)

Proof. By theorem with t; = y/21og(2/¢) we have that with probability at least 1 — ¢ that
Vit = VA =ty < Opin (W /1) < 01 (W /) < Vi + Vi + 11 51)
The above inequalities and the hypothesis on m imply that W is full rank.

Let A = ¢(WXT) and A = ¢(—WXT). Set t, = % where cy is defined as in theorem

Note that A and A are identical in distribution. Thus by theorem and the union bound
we get that with probability at least 1 — 2¢

< max(6,0%) =: p (52)
2

)
2

t
5:0K,/%+\/—%
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By our previous results and the union bound we can ensure with probability at least 1 — 3e that the
bounds and all hold simultaneously. In this case we have

1 < 1
‘ATA < [|[—ATA| +2p
m 2 m 2
1 2p 1 2p
=||=ATA| |1+ ———— <HATA [1+}
Hm > HntATAHQ] m N P V6>

Assuming p < \;(X)/2 we have by the above bound

1 o~
HATA
m

1
< 3HATA
9 m

2

Now note that ) o ,
|ATA, = [oWXT)[5 [|ATA[ = [o(-WXT)];

so that our previous bound implies

lo(-WXT) [ <3 [lo(WXT);
then we have by corollary [C.10] that

Tr(Kourer) _ l6OWXD) ) W5 Tr(XXT)

Al(Kouter) B ||¢(WXT)||§ - Jmin(w)2 Al(XXT)
(VA T xXT)
- \/m— \/E—tl Al(XXT) .

From the above theorem we get the following corollary.

Corollary C.16. Assume ¢(x) = ReLU (z) and n > d. Suppose that w1, ..., Wy, ~ N(0,0%1;)
iid. Fix e > 0 small. Set M = maxX;e[n) ||X; ||y Then

m = (max( ()7, 1) max(n, log(1/¢)))

and
v =0(1/M+\/m)
suffices to ensure that with probability at least 1 — €
Tr(Kouter) < CTT(XXT)

Al(Kouter) o /\1(XXT)

where C' > 0 is an absolute constant.

C.2.5 BOUND FOR THE COMBINED NTK

Based on the results in the previous two sections, we can now bound the effective rank of the com-
bined NTK gram matrix K = K;,pner + Kouter-

Theorem 4.5. Assume ¢(x) = ReLU (x) andn > d. Fix € > 0 small. Suppose that w1, ..., Wy, ~
N(0,v11y) iid. and ay,. .. am ~ N(0,v3). Set M = max;c(,) ||Xilly, and let

Y= EwwN(O,y%I} [¢(XW)¢(WTXT)] .

Then
m = Q (max(A\; (X) 2, 1) max(n,log(1/e))), v1 = O(1/My/m)

suffices to ensure that, with probability at least 1 —e over the sampling of the parameter initialization,
eff(K) < C - eff(XXT),

where C' > 0 is an absolute constant.

Proof. This follows from the union bound and Corollaries [C.8| and [C.16] O
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C.2.6 MAGNITUDE OF THE SPECTRUM

By our results in sections and we have that m 2 n suffices to ensure that
T
Tr(K) < Tr(XX") <d
A (K) ™ A (XXT)

Well note that

Mi(K) _ Tr(K)
M(K) T A(K)
If i > d then \;(K)/A1(K) is small. Thus the NTK only has O(d) large eigenvalues. The smallest
eigenvalue )\, (K) of the NTK has been of interest in proving convergence guarantees (Du et al.,
2019azbj Oymak & Soltanolkotabil 2020). By our previous inequality

An(K) . ﬂ

MK) Y n
Thus in the setting where m 2 n > d we have that the smallest eigenvalue will be driven to zero
relative to the largest eigenvalue. Alternatively we can view the above inequality as a lower bound

on the condition number
)\1 (K) > n

M(K) ~ d

i < <d

We will first bound the analytical NTK in the setting when the outer layer weights have fixed constant
magnitude. This is the setting considered by |Xie et al.|(2017)),|/Arora et al.|(2019a)), Du et al.|(2019b),
Oymak et al.|(2019), L1 et al.| (2020), and |Oymak & Soltanolkotabi| (2020).

Theorem C.17. Let ¢(x) = ReLU (z) and assume X # 0. Let KS°, .. € R"*™ be the analytical
NTK, i.e.

(Kfnner)in = (Xir %) Ewn(0,1) [¢/((%i, W) 8 (x5, W))] -
1Tr(XX") _ Tr(Kg,. Tr(XXT)
40 (XXT) = A (K2 )~ AN (XXT)

Then

Proof. 'We consider the setting where |ay| = 1/v/m for all £ € [m] and wy; ~ N(0, I) i.i.d.. As
was shown by Jacot et al.|(2018), Du et al.| (2019b) in this setting we have that if we fix the training
data X and send m — oo we have that

||Kinner - KOO ||2 —0

mner

in probability. Therefore by continuity of the effective rank we have that
Tr(Kinner)  Tr(KSS, ..)

inner

—
)\I(Kinner) AI(KOO

znner)

in probability. Let 7 > 0. Then there exists an M € N such that m > M implies that

Tr(Kinner) Tr(KS, ..)
_ inner < 53)
A1(I<inner) >\1(KOO ) K (

mner

with probability greater than 1/2. Now fix 6 € (0,1). On the other hand by Theorem with
€ = 1/4 we have that if m > 2 log(4n) then with probability at least 3/4 that
(1—6)2 Tr(XXT) < Tr(Kinner) o4 Tr(XXT)
4 Al (XXT) - )‘1 (Kinner> o (1 - 6)2 )\1 (XXT) ’
Thus if we set m = max(5 log(4n), M) we have with probability at least 3/4 — 1/2 = 1/4 that
(33)) and (54) hold simultaneously. In this case we have that
(1—6)2 Tr(XXT) - Tr(K2,.r) 4 Tr(XXT)

inner
+

1 nXXT) TEN KR, ) T (1= 0)2 0 (XXT)

inner

(54)

Note that the above argument runs through for any 1 > 0 and § € (0, 1). Thus we may send  — 0T
and § — 0T in the above inequality to get

ETT(XXT) < Tr(KSS, or) < 4Tr(XXT)
AM(XXT) 7 A (KR,) T (XX
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We thus have the following corollary about the conditioning of the analytical NTK.
Corollary C.18. Ler ¢(x) = ReLU (x) and assume X # 0. Let K$2 ... € R™*™ be the analytical

inner

NTK, i.e.
(Kimner)i = (Xi, X)) Bwn(0,1) [¢' ((xi, W) &' (x5, W))] -
Then
M) _
Al(K;?gner) on

C.3 EXPERIMENTAL VALIDATION OF RESULTS ON THE NTK SPECTRUM

NTK Spectrum: Caltech101, Depth=2 NTK Spectrum: Gaussian data, Depth=2

Activation
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Figure 3: (NTK Spectrum for CNNs) We plot the normalized eigenvalues \,/A; of the NTK
Gram matrix K and the data Gram matrix X X7 for Caltech101 and isotropic Gaussian datasets. To
compute the NTK, we randomly initialize convolutional neural networks of depth 2 and 5 with 100
channels per layer. We use the standard parameterization and Pytorch’s default Kaiming uniform
initialization in order to better connect our results with what is used in practice. We consider a batch
size of n = 200 and plot the first 100 eigenvalues. The thick part of each curve corresponds to the
mean across 10 trials while the transparent part corresponds to the 95% confidence interval.

NTK Spectrum: RelLU . NTK Spectrum: Tanh NTK Spectrum: Gaussian
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Figure 4: (Asymptotic NTK Spectrum) NTK spectrum of two-layer fully connected networks
with ReLU, Tanh and Gaussian activations under the NTK parameterization. The orange curve is
the experimental eigenvalue. The blue curves in the left shows the regression fit for the experimental
eigenvalues as a function of eigenvalue index / in the form of Ay = a/~? where a and b are unknown
parameters determined by regression. The blue curves in the middle shows the regression fit for the
experimental eigenvalues in the form of A¢ = a¢/=%7b='""". The blue curves in the right shows the

regression fit for the experimental eigenvalues in the form of A\, = al=0-5p=1""?,

We experimentally test the theory developed in Section .| and its implications by analyzing the
spectrum of the NTK for both fully connected neural network architectures (FCNNG), the results of
which are displayed in Figure[T] and also convolutional neural network architectures (CNNs), shown
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in Figure 3] For the feedforward architectures we consider networks of depth 2 and 5 with the width
of all layers being set at 500. With regard to the activation function we test linear, ReLLU and Tanh,
and in terms of initialization we use Kaiming uniform (He et al., 2015), which is very common in
practice and is the default in PyTorch (Paszke et al.l|2019). For the convolutional architectures we
again consider depths 2 and 5, with each layer consisting of 100 channels with the filter size set
to 5x5. In terms of data, we consider 40x40 patches from both real world images, generated by
applying Pytorch’s RandomResizedCrop transform to a random batch of Caltech101 images (Li
et al., 2022), as well as synthetic images corresponding to isotropic Gaussian vectors. The batch
sized is fixed at 200 and we plot only the first 100 normalized eigenvalues. Each experiment was
repeated 10 times. Finally, to compute the NTK we use the £ unctorchﬂ module in PyTorch using
an algorithmic approach inspired by |[Novak et al.|(2022)).

The results for convolutional neural networks show the same trends as observed in feedforward neu-
ral networks, which we discussed in Section@ In particular, we again observe the dominant outlier
eigenvalue, which increases with both depth and the size of the Gaussian mean of the activation. We
also again see that the NTK spectrum inherits its structure from the data, i.e., is skewed for skewed
data or relatively flat for isotropic Gaussian data. Finally, we also see that the spectrum for Tanh is
closer to the spectrum for the linear activation when compared with the ReLLU spectrum. In terms of
differences between the CNN and FCNN experiments, we observe that the spread of the 95% con-
fidence interval is slightly larger for convolutional nets, implying a slightly larger variance between
trials. We remark that this is likely attributable to the fact that there are only 100 channels in each
layer and by increasing this quantity we would expect the variance to reduce. In summary, despite
the fact that our analysis is concerned with FCNNSs, it appears that the broad implications and trends
also hold for CNNs. We leave a thorough study of the NTK spectrum for CNNs and other network
architectures to future work.

To test our theory in Section[4.2] we numerically plot the spectrum of NTK of two-layer feedforward
networks with ReLU, Tanh, and Gaussian activations in Figure ] The input data are uniformly
drawn from S?. Notice that when d = 2, k = ©(£'/2). Then Corollary |4.7| shows that for the
ReLU activation \, = ©(¢£~3/2), for the Tanh activation Ay = O (¢~3/* exp(—5¢'/4)), and for the

Gaussian activation Ay = O£~/ 2907 ). These theoretical decay rates for the NTK spectrum are

verified by the experimental results in Figure {4

C.4 ANALYSIS OF THE LOWER SPECTRUM: UNIFORM DATA

Theorem 4.6. [Azevedo & Menegatto|(2015)] Let " denote the gamma function. Suppose that the
training data are uniformly sampled from the unit hypersphere S¢, d > 2. If the dot-product kernel
function has the expansion K(x1,x2) = 3772 cp(x1,22)? where ¢, > 0, then the eigenvalue of
every spherical harmonic of frequency k is given by

—  q¥2 I(p+ 1)I (251

A = —— c .
BT ok ,;C "T(p—k+ DDA k4 d/2)

p—k is even

Proof. Let 0(t) = 37 cpt?, then K(x1,29) = ({21, 22)) According to Funk Hecke theorem
(Basri et al.,[2019, Section 4.2), we have

1 2
R = Vol(s* 1) [ 00 Pea(t)(1 - )T at, (55)
-1

where Vol(S41) = IE(TFT?/;) is the volume of the hypersphere SY~1, and Py 4(t) is the Gegenbauer

polynomial, given by

(—1)F T(d/2) 1 d" (1= ()22,

Pk,d(t) = ok F(l{? + d/2) (1 _ 752)(d—2)/2 %

and I' is the gamma function.

*https://pytorch.org/functorch/stable/notebooks/neural_tangent_kernels.html
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From (53)) we have

Ay = Vol(871) /_ 11 0(t) Pra(t)(1 = 12) 7 dt

g/ /1 9()(_1)k I'(d/2) ik(l_t2)k+(d—2)/2dt

r@2) | " Tt a2

272 (—1)F T(d/2) & bk 2\ k4
_ v . (d—2)/2
T(d/2) 2% T(h+d/2) 2}‘3” =) dt. (56)

Using integration by parts, we have

1 dk;
/ tpw(l _ tQ)k-‘r(d—?)/th
1

» dk! 2\ k+(d—2)/2 ' ' p—1 dk! 2\ k4(d—2)/2
=t dtkfl(l_t) 71—p 711} W(l—t) dt
[T ET L eeaeaya
—-p | (=) at, (57)
-1

k

where the last line in (37) holds because jt,e—:ll(l — 12)F+(d=2)/2 = O whent = lort = —1.

When p < k, repeat the above procedure (37) p times, we get

1 dk 1 dkfp
/ tpw(kt?)kﬂd*)/?dt: (71)Pp!/ dtk_p(l—tZ)“(d’z)/th
1 —1

dk—p—l 1

= (_1)pp! W(l _ t2)k+(d—2)/2

—1
=0. (58)

When p > k, repeat the above procedure k times, we get
1

1 k
d
/ (- t2)HA=22qt = (—1)*p(p—1)---(p—k + 1)/ PR (1 — 2k Hd=2)/2qy,
1 —1

(59
When p — k is odd, t?~*(1 — #2)#+(4=2)/2 i5 an odd function, then
1
/ PR (1 — )R =229 — 0. (60)
-1
When p — k is even,
1 1
/ tp—k(l _ t2)k+(d—2)/2dt _ 2/ tp—k(l _ t2)k+(d_2)/2dt
—1 0
1
:/ (t2)(p—k—1)/2<1 _t2)k+(d—2)/2dt2
0
—k+1
- B (p; k+ d/2>
_ T(E=)T(k +d/2) o1
(2=t 4k +d/2)
where B is the beta function.
Plugging (61)) , (58) and (60) into (59), we get
1 k
d 2\k+(d—2)/2
lltp%(l—t) (d=2)/2q¢
P=EE\P (k4d .
_ (—Dkp(p—1)...(p—k+ 1)%7 p—kisevenand p > k, 62)
0, otherwise.
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Plugging (62) into (36), we get
_omd2 (1) T(d/2) T(E=EET(k + d/2)
T T TRrdp 2 oCVRe Dok Do

p>k
p—k is even

md/2 plp—1)...(p—k+1)[ (25t
Z Cp p—k+1
== +k+d/2)

p=>k
p—Fk is even
_ w2 D(p+ DI (E=5H)
> PT(p—k+ DI k1 dj2)
p=>k 2
p—k is even

Corollary C.19. Under the same setting as in Theorem
1. ifc, = O(p~®) where a > 1, then Ny = ©(k~4-2a+2),
2. if cp = 0peven)O(P ™), then Ny = (g even) O (k™ 472072),
3. ifp = O (exp (~ay/p)), then X = O (k™12 exp (~av/k) ),

4. ifc, = O(p'/2a7P), then A\, = O (k= a™") and A, = Q (k= Y/2F127kq=F).

Proof of Corollary[C4} part 1. We first prove A, = O(k~4722+2)_ Suppose that ¢, < Cp~° for
some constant C, then according to Theorem [4.6| we have

— ¥ _ [(p + 1)I(2=EL)
Ak < Py E Cp™* p—k+12 '
2 P(p—k+1)I(E=5=+k+d/2)

p>k
p—k is even

According to Stirling’s formula, we have
2 % 1
D(z) =4/ (E) <1 +0 <)> . (63)
z \e z
Then for any z > %, we can find constants C'; and C5 such that
2 z 2 z
o= (2) st <o/ (2) (64)
z \e z \e

p—k+1

[2x_ (p+1\P+l T e N
d/2 02 1 ( ) kTl
— T D e p—ktl e
= 5 D, O :

2k-1C? p>k ar (p—k+1\P R prs =kl gy qyo) e TREd/2
p—k is even p—k+1 ( e ) prk*l+k-+d/2 ( e )
p—k+1
d 2 +1 —k+1 2

B 71_113/2 C220 Y €2 \/;(p“!‘ 1)11 (p 2 )
- 2k-1 2 2 b okt 1 - ki1 poktl g id/2

p—gi_séven (p—k+1) \V =5 4k+d/2 ( > the d/2)
B /2 C2C Z Y 325" (p+ 1)1"*‘%
-2kl 012 p p—k+1 k41 2ok ktd/2

JZE k)T (2 k4 d)2)

d d —a 1

-9 d/QM p_*(p+ 1)P+2 65
= 24T 2 p—kil ptktd ° (65)

1 ok (P—k+1) 2> (p+k+1+4d) °

p—k is even
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We define

P (pt P
fa(p) = Pkl prktd * (66)
(p—k+1) 2 (p+k+1+d) 2

By applying the chain rule to ¢'°¢ /«(P) | we have that the derivative of f, is

/ _ (erl) +3 p~
fa(p) 2(p—]€+1)p7 (p+k+d+1)p+k+d
) _2a_ k+d k2—d(p—k+1) )
( > oiDoikhrdrn Tt T e s Rrar ) @

a d k+1
Let g, (p) = 72? m +log(1+ = k+1)((1;)+kj-d)+1) )- Then g, (p) and f(p) have the

same sign. Next we will show that g,(p) > 0 for k < p < 5 +22 1. When £ is large enough.
. k2 —d(p—k+1)
First when p > k and (p—k’+1)(1;:7+k+d+l) > 1, we have
2a k+d
9a(p) 2 — +log(2) 2 0, (68)

ko k+D)(k+k+d+1)
when £ is sufficiently large.

Second whenp > kand 0 < k2 —d(p—k+1) ) < 1, since log(1 +

=R D) (pFh+d+1 > 5 for0 <z <1, we have

)
dp—k+1)
)

(p) > 2a k+d k2 —
Jalb) = T Do+ k+d+1)  2(0—k+D(p+tk+d+1)
2a k+d k2 —dp

- _ + .
p (+Lp+k+d+1) 2pp+k+d+1)
When p < d+24a we have k2 — dp > 24ap. Then
k% —dp 24ap S 6ap S k+d
dp(p+k+d+1) ~dpp+k+d+1) ~ p+Dp+k+d+1) =~ (p+D(p+Ek+d+1)
when £ is sufficiently large. Also we have
k2 —dp 24ap S 6a S 2a
dr(p+k+d+1)  dr(p+k+d+1) " p+k+d+1~ p
when £ is sufficiently large.

Combining all the arguments above, we conclude that g,(p) > 0 and f.(p) > Owhen k < p <

d+24a Then when k < p < d+24 , we have
ki2
o) < fal 575~ 69
10 < 1o (3355 (69)
When p > d+24a,we have
1
fa(p) = L (p+ ik
. (p) =
(p— k+1) (p—|—]<:+1—|—d)
_ P (p+ 1)”2
- + d—l
(p+1)2—k2+d(p— k:+1)) p+k+1+d)°
_ pe o)t
1 _ k2—dp—k+1) B 1 4 k+d B
I CE=VER T pHl
d
p o2
< Py
1 _ k2—dp—k+1) B
N (p+1)2

49



Published as a conference paper at ICLR 2023

p—k+1

If k? —d(p—k+1) <0, (1 — Bodookil) —gfl)’f“)) C > LR —d(p—k+1) > 0,ie.,p < Etdhed,
for sufficiently large k, we have

2
k2+dk—d
AR =C k41

p—k+1 5
(1_k2_d(p—k+1)) 2 ><1_k2 (7~ k—i—l))

3 =
(p+1) (d+24a +1)
k2
24
S (1 _ 48a(d + 24(1))
= R
_ k2 48a(d+24a) _ 48a(d+24a)
>e 2d k2 =e 2d ,
which is a constant independent of k. Then for p > Troda +2 1> We have
falp) < &5 e, (70)
Finally we have
e = 2n d/2226202 S falp
p>k
p—k is even
<0 Z Z falp
k<p< d+24 P> d+24a
p—Fk is even p—Fk is even
k'2 k2 48a(d+24a) d
<0 —k+1)f, T 2a p T2
= (d+24a * )f <d+24a)+ 22 c P
p,ﬁ
p—k is even
d
k2 48a(d+24a) k2 T2 48a(d+24a) 1 k2 l—a=3
<0 —k+1|e 2@ T 2d —1
= ((d+24a * )e (d+24a) e a+g—1(d+24a )
— O(k‘_d_2a+2).

Next we prove A, = Q(k~9729%2). Since c, are nonnegative and ¢, = ©(p~?), we have that
¢p > C'p~® for some constant C’. Then we have

— /2 T(p + 1)0(2=ktL
Nz oy, O p )p—(k-'r12 ) . (71)
S L(p—k+1)I(E==+Ek+d/2)
p—k is even
According to Stirling’s formula (63) and (64)), using the similar argument as (63) we have
p—k+41
27 (p+1 p+1 21 % 2
o d/2 02 \/?( ° ) p—kTL ( e
)\k*Z’“lCZ Z P - : k+d/2
.t o (ki1 \P I e [ reErL e\ T R/
p—k is even p—k+1 e P*T’M_Hﬁ_d/g e
(72)
_ppa2ieiCRC P (p 1) o)
- 02 +
2 >k (p— k+1) 72 (p+k+1+d)
p—k is even
> 27#/22”” I A" (74)
p>k2

p—Fk is even
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where f,(p) is defined in (66). When p > k2, we have

P (p+ Pt

fa(p) =
(p— k+1) (p+k+1+d)
B —a(p+1)P+2
(12— 4dp— k1)) (p k14 d)
S (p+1)~"2

K —d(p—k+1) p712c+1 2k+2d—1
—d(p—k+ k+d
(1 - W) (1 + m)

For sufficiently large k, k2 — d(p — k + 1) < 0. Then we have

p—kt1 —+1)2  —k2+4d(p—k+1) p—k+1
(1 W—d@—k+n> ’ _<1 W—d@—k+n>“<wk“> (e? ’
(p+1)2 (p+1)?
—k24+d(p—k+1) p— ket
<e (p+1)?

which is a constant independent of k. Also, for sufficiently large k, we have

2k+4d—

< k+d> 2
14—
p+1

p+1 k+d 2k+d—1

- ( k+d> QT
p+1

k+d 2k+d 1

Then for p > k2, we have f,(p) > e 2 2 (p+ 1)~ 2.

Finally we have

— 2
e > ond 2 2626& S fulp (75)
p>k72
p—k is even
2262020 _d_3 —q—d
az/2T Yo i3 (p4 1)t (76)
2 p>k?
p—Fk is even
25e202C" 4 s 1 d
d/2 1 —3577% ]{72 ) l1-a—35 77
— Q(k_d_2a+2). (78)
Overall, we have )\, = O(k~9720+2), O

Proof of Corollary[C4) part 2. 1tis easy to verify that \; = 0 when k is even because ¢, = 0 when
p > kand p — k is even. When £ is odd, the proof of Theorem [4.6|still applies. O

Proof of Corollary[C4} part 3. Since ¢, = O (exp (—a\/ﬁ)), we have that ¢, < Ce™ V" for some
constant C'. Similar to (63)), we have

p28e2C3C e=oVP (p+ 1)
T p—k+1 ptk+d °
1 >k —k+1) 7 (p+k+1+d) >

p—Fk is even

A <27 (79)
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Use the definition in (66) and let a = 0, we have

o+ 1Pt

fo (P) pEIES)
(p— k+D @+k+1+@

(80)

Then according to (69) and (70), for sufficiently large k, we have fo(p) < fo ( ) when k < p <

72 and fo(p) < Cgp_g for sogne constant C'3 when p > k2 Then when k <p< k—, we have

d
_d _d
folp) < fo ( ) < Cs (%) ° When p > E,We have fy(p) < C3p*% < (s (%2) *. Overall,
for all p > k, we have

k2 _%
i <c () 1)
Then we have
_ 2442
W< 202200 S aum g ) (82)
Cl p>k
p—k is even
2%¢3020,C %
o d/2 2V3 v —a\/p 83
o ( d) ; e (83)
pszseven
d/222e20203c kj “% 9emavET VET(a/kE—141) 84)
C? d a?
-0 (k—d+1/2exp (—a\/%)) (85)
O

Proof of Corollary[C4} part 4. Since ¢, = O(p'/?a~P), we have that ¢, < Cp'/2a™P for some
constant C'. Similar to (63), we have

L 2% .42 p2a7P (p+1 p+i
A < 2m2 === ey v e (86)
1 v —k+1)7 (p+k+14d)
p—Fk is even
Use the definition in (66) and let a = 0, we have

1

+1 p+3
folp) = v w7 (87)

(p— k+D +(+k-+1+d)

Then according to (69) and (70), for sufficiently large k, we have fo(p) < fo (’%j) when k <

p < % and fo(p) < Csp~2 for some constant C's when p > %. Then when k& < p < %, we
1/2 -5
have p'/2fo(p) < p*/%fo (%) < Cg( ) (d) . When p > kd, we have p'/2fo(p) <
—441
Csp'/2p=t < 6’3( ) % Overall, for all p > k, we have
1/2 k‘2 *%Jr%
p/fo()<03(d> : (88)
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Then we have

— 253030
)\kggﬂ-dﬂ% Z p2a7" fo(p) (89)
1 p>k
p—kis even
d 1
29e5C2C5C (K2\ 272
< 271_11/226207223 <d) Z a~P (90)
1 p>k
p—k is even
d 1
25e503C;C (K2 272 1
< opd/227 723 [ = g k1) 91
=T 2 d loga" ©n
=0 (k" a™F). (92)

On the other hand, since ¢, = ©(p'/2a?), we have that ¢, > C’p'/2a~P for some constant C".
Similar to (73], we have

- 9l 2 2cn 1/2, —p 1)Pt+3
% > ont2 2O CC = p+1) 93)
2 ok (p—k+1)T (ptk+1+d)
p—k is even
2% 2020 E/20-F (k4 1)F3
S 9d/2 262&;1(7 ca (k+1) — o4)
Oy (k—k+1) 2 (k+k+1+d) =
E—d/2+1 =k (L 1 1)k
—Q o ( +Q . 95)
(k+k+1+d)
Since (k 4+ 1)" = k¥ (14 1/k)* = O(k*). Similarly, (k + k + 1 + d)* = ©((2k)*). Then we have
k= d/2+1 1
-0 “(k+1)" (96)
(k+k+1+d)F
d/2+41 -k
§z(k K ) (97)
Q( d/2+12 k —k) (98)
O

For the NTK of a two-layer ReLLU network with 7, > 0, then according to Lemma we have
cp = kp2 = O(p~3/2) . Therefore using Corollary 4.7| A, = ©(k~9!). Notice here that k
refers to the frequency, and the number of spherical harmonics of frequency at most k is ©(k9).
Therefore, for the ¢th largest eigenvalue Ay, we have Ay = @(ﬁ_(’“l)/ d). This rate agrees with Basri
et al| (2019) and |Velikanov & Yarotsky| (2021). For the NTK of a two-layer ReLU network with
~v» = 0, the eigenvalues corresponding to the even frequencies are 0, which also agrees with Basri
et al.| (2019). Corollary also shows the decay rates of eigenvalues for the NTK of two-layer
networks with Tanh activation and Gaussian activation. We observe that when the coefficients of
the kernel power series decay quickly then the eigenvalues of the kernel also decay quickly. As a
faster decay of the eigenvalues of the kernel implies a smaller RKHS, Corollary demonstrates
that using ReLU results in a larger RKHS relative to using either Tanh or Gaussian activations. We
numerically illustrate Corollary 4.7)in Figure 4 Appendix[C.3]

C.5 ANALYSIS OF THE LOWER SPECTRUM: NON-UNIFORM DATA

The purpose of this section is to prove a formal version of Theorem[4.8] In order to prove this result
we first need the following lemma.

Lemma C.20. Let the coefficients (c;)32 with c; € Rxq for all j € Zxo be such that the series
Z;io cjp’ converges for all p € [—1,1]. Given a data matrix X € R™*% with ||x;|| = 1 for all
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i € [n), define r := rank(X) > 2 and the gram matrix G := XX Consider the kernel matrix

nK = Z chQj.
§j=0

For arbitrary m € Zx>1, let the eigenvalue index k satisfy n > k > rank (H,,), where H,, :=
Z;n:_ol ¢;G%. Then

Gom|| &
AR (K) < w > g (99)
Jj=m

Proof. We start our analysis by considering A\, (nK) for some arbitrary k¥ € N<,,. Let

3

H,, : ;G

<.
I
o)

T,, : chQj

o

I
3

be the m-head and m-tail of the Hermite expansion of nK: clearly nK = H,, + T,, for any
m € N. Recall that a constant matrix is symmetric and positive semi-definite, furthermore, by
the Schur product theorem, the Hadamard product of two positive semi-definite matrices is positive
semi-definite. As aresult, G®7 is symmetric and positive semi-definite for all j € Zx( and therefore
H,, and T,, are also symmetric positive semi-definite matrices. From Weyl’s inequality (Weyl,
1912, Satz 1) it follows that

nA(K) < \e(Hp) + Ar(T). (100)
In order to upper bound A\ (T,,), observe, as T, is square, symmetric and positive semi-definite,
that A1 (T',) = || T ||. Using the non-negativity of the coefficients (c;)32, and the triangle inequal-
ity we have

M(Tw) =D ¢,GY) < ¢ |G|
j=m j=m

By the assumptions of the lemma [G];; = 1 and therefore [G]/; = 1 for all j € Zx(. Furthermore,
for any pair of positive semi-definite matrices A, B € R™*" and k € [n]

MAGB) < ?é?rf]([A]ii/\l(B)v (101)
Schur| (1911). Therefore, as max;c[,,) (Gl = 1,
GO = A (GOT) = A (G © GOUD) < A (GOUD) = ng(j—DH
for all j € N. As a result

)\1(Tm) S HGGmH Z Cj.
j=m

Finally, we now turn our attention to the analysis of A\;(H,,). Upper bounding a small eigenvalue
is typically challenging, however, the problem simplifies when and k exceeds the rank of H,,,, as is
assumed here, as this trivially implies Ay (H,,) = 0. Therefore, for k¥ > rank(H,,)

G| &
j=m

n

as claimed. O

In order to use Lemma we require an upper bound on the rank of H,,,. To this end we provide
LemmalC21]
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Lemma C.21. Let G € R™*"™ be a symmetric, positive semi-definite matrix of rank 2 < r < d.
Define H,,, € R"*" as

m—1
H,, = Z ¢;G®I (102)
j=0
where (cj);.’g)l is a sequence of real coefficients. Then

rank (H,,) <1 +min{r — 1,m — 1}(2¢)" !

r=1 103
2_61) (m— l)ril- ( )

+ max{0,m —r} (
r

Proof. As G is a symmetric and positive semi-definite matrix, its eigenvalues are real and non-
negative and its eigenvectors are orthogonal. Let {v;};_, be a set of orthogonal eigenvectors for
G and ~; the eigenvalue associated with v; € R™. Then G may be written as a sum of rank one
matrices as follows,

r

T

G = g ViViVy .
i=1

As the Hadamard product is commutative, associative and distributive over addition, for any j € Z>¢
G®J can also be expressed as a sum of rank 1 matrices,

. oY
GYI = (Z %‘ViviT>
i1
T T T
= (Z %IVnVi) o) <Z mzvhvg) Q-0 Z %-J,vl-jvg;

i1=1 iz=1 ij=1
T
= Y e vavh) @ (vivh) @ (vivT)
i1,iz...05=1
r T
= Z iy Vi " Vi (vi1®vi2®.“®vij) (Vil@vi?@l“Qvij)

i1,02,.0yi5=1

Note the fourth equality in the above follows from viviT = v; ® v; and an application of the mixed-
product property of the Hadamard product. As matrix rank is sub-additive, the rank of G®7 is less
than or equal to the number of distinct rank-one matrix summands. This quantity in turn is equal to
the number of vectors of the form (v, ® v, ® -+ ® v;,), where i1, iz, ...,i; € [r]. This in turn
is equivalent to computing the number of j-combinations with repetition from 7 objects. Via a stars

and bars argument this is equal to (r"'?_l) = (:(‘*;lj):ll) It therefore follows that

rank(G®7) < (r - 1>
r—1

_ (e(rﬂ'—l))”
- r—1
j r—1
<e (1
<o (1425)
j r—1
< (2e)" 1 <5j§r—1 + 0j>r—1 (r = 1) > :
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The rank of H,,, can therefore be bounded via subadditivity of the rank as

m—1
rank(H,,) =rank | agl,xn, + Z chQj

j=1

3
L

IN

1+ rank (G®j)

_ . r—1 (104)
1+ S (2) 1 (51'9«—1 +0j5r1 (ril> )

J
<1 +min{r — 1,m — 1}(2e)"*

3 <.
Ll

IA
Il

2 \"!
+ max{0,m — r} (r—l) (m—1)""%.

O

As our goal here is to characterize the small eigenvalues, then as n grows we need both &k and
therefore m to grow as well. As a result we will therefore be operating in the regime where m > 7.
To this end we provide the following corollary.

Corollary C.22. Under the same conditions and setup as Lemma[C.21|with m > r > 7 then
rank(H,,) < 2m".

Proof. Ifr > 7> 2e+ 1thenr — 1 > 2e. As a result from Lemma [C.21]

rank(Hm)<1—|—(r—1)(26)T_1+(m—r)< 2€1> Cm— 1yt

r—
<r2e)" 4+ (m—1)"
<2m”

as claimed. ]

Corollary [C.22]implies for any k > 2m”, k < n that we can apply Lemma[C.20]to upper bound the
size of the kth eigenvalue. Our goal is to upper bound the decay of the smallest eigenvalue. To this
end, and in order to make our bounds as tight as possible, we therefore choose the truncation point
m(n) = |(n/2)'/"], note this is the largest truncation which still satisfies 2m(n)” < n. In order to
state the next lemma, we introduce the following pieces of notation: with £ := {¢: R>¢g — R}
define U : £ X Z>1; = R>¢ as

U, m) = / 0(x)da.
m—1

Lemma C.23. Given a sequence of data points (Xz‘)iezzl with x; € S for all i € Z>1, construct
a sequence of row-wise data matrices (Xn)neZZp X, € R4 with x; corresponding to the
ith row of X,,. The corresponding sequence of gram matrices we denote G, = X,XL. Let
m(n) = [(n/2)Y"™ | where r(n) := rank(X,) and suppose for all sufficiently large n that
m(n) > r(n) > 7. Let the coefficients (c;)52, with c; € Rxq for all j € Zxo be such that
1) the series Z;io cjp’ converges for all p € [=1,1] and 2) (c;)32, = O(L(j)), where £ € L
satisfies U(€,m(n)) < oo for all n and is monotonically decreasing. Consider the sequence of
kernel matrices indexed by n and defined as

o0
nK, = g ;G
Jj=0

‘GS""(") = O(n=vM+1), then

With v : Z>1 — Z>1 suppose ’

M (Kyn) = O(n~ MU, m(n))). (105)
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Proof. By the assumptions of the Lemma we may apply Lemma [C.20| and Corollary [C.22] which
results in

ezl & :
(K < Y g =0m"") Y ¢
j=m(n) j=m(n)

Additionally, as (¢;)32, = O(£(j)) then

as claimed. O

Based on Lemma [C.20| we provide Theorem [C.24] which considers three specific scenarios for the
decay of the power series coefficients inspired by Lemma[3.2]

Theorem C.24. In the same setting, and also under the same assumptions as in Lemma[C.23| then

1 ifc, = O(p~®) witha > r(n) + 1 for all n € Z>g then \,,(K,)) = O (ni :(75),

2. ifc, = O(emVP), then \,(K,) = O(nﬁ exp (—O/nﬁ)) for any o <
a2—1/27'(n)’

3. ifc, = O(e=P), then A, (K,,) = O (exp (—o/nTl"))> for any o/ < a271/2r("),

Proof. First, as [Gy];; < 1 then
HGGm(")H - Trace(GO™()
n - n
Therefore, to recover the three results listed we now apply Lemma with v(n) = 0. First, to
prove 1., under the assumption ¢(z) = x~* with & > 0 then

/°° vodp = (M) = D7

n(n)—1 a—1

=1

As aresult »
M(Kn) = O (n*ﬁ) .
To prove ii), under the assumption (z) = e~V with o > 0 then
e 2 -1) —-1+41)
/ o OVE gy exp(— \/m a\/m +

m(n)—1 o?

As a result ) )
A (K,) =0 <nﬁ exp (—a’nm))
. Finally, to prove iii), under the assumption £(x) = e~ ** with o > 0 then

/OO e~ Jo — exp(—a(m(n) — 1) )

m(n)—1 «a

for any o/ < a271/27(")

Therefore
An(Kp) =0 (exp (—a’nﬁ))

again for any o/ < a2~1/27("), O
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Unfortunately, the curse of dimensionality is clearly present in these results due to the 1/r(n) factor
in the exponents of n. However, although perhaps somewhat loose we emphasize that these results
are certainly far from trivial. In particular, while trivially we know that A, (K,) < Tr(K,)/n =
O(n~1), in contrast, even the weakest result concerning the power law decay our result is a clear
improvement as long as @ > r(n) + 1. For the other settings, i.e., those specified in 2. and 3., our
results are significantly stronger.
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