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Abstract

In reinforcement learning (RL), spatial planning is often mediated through rasterized obser-
vations processed by convolutional networks, even when the underlying task is continuous
and geometric. This discretization can introduce aliasing and obscure topological struc-
ture, increasing the difficulty of the spatial problem. We study a hierarchical set-valued
geometry-first observation interface for sparse-reward navigation that operates directly on
triangulated obstacle geometry. This interface uses learned multi-token aggregation to com-
press variable-sized geometry into a bounded fixed-size representation while preserving local
spatial structure relevant for spatial decision making. In a controlled goal-conditioned point-
navigation setting with a fixed RL backbone, we compare it against raster—CNN baselines
across bounded and unbounded procedural training regimes. The empirical results of our
work demonstrate that its advantage is most pronounced under continual exposure to newly
generated environments, where the agent must learn reusable spatial structure rather than
rely on memorizing a fixed environment support.

1 Introduction

In reinforcement learning (RL) for spatial planning, the observation interface determines which geometric
regularities a policy can readily exploit. This is especially important in continuous domains, where successful
behavior depends on spatial relationships that are metric, relational, and not naturally discrete.

Despite this, RL still commonly approaches such problems by processing rasterized observations with con-
volutional networks (Espeholt et al., [2018; Sharma et al., |2025). This choice is practical, but it creates a
representational mismatch: continuous spatial structure is presented through a discretized, image-like proxy.
Rasterization can introduce aliasing, impose resolution-dependent trade-offs, and tie spatial reasoning to
perceptual encoding. In sparse-reward navigation, where exploration and long-horizon credit assignment are
already challenging, this coupling can make it difficult to tell whether failure arises from planning itself or
from the representation used to support it (Pignatelli et al.l 2023; |Cetin et al., [2022).

A natural alternative is to expose geometry directly. This is increasingly plausible in robotics systems
equipped with modern sensing and mapping pipelines, and it offers a way to study control on a representation
that preserves the structure most relevant for spatial decision-making. In this work, we adopt a geometry-
first view and instantiate it using triangles as obstacle primitives. Triangles provide a lightweight, continuous
representation with a fixed internal structure, while preserving metric information and accommodating
complex topology. However, direct geometry alone does not solve the representation problem. A triangulated
scene naturally presents itself as a variable-size unordered set of primitives, so the encoder must handle
permutation invariance, changing cardinality, and potentially large primitive counts (Zaheer et al., [2017}
Lee et al., [2019b). This rules out naive sequence encodings and makes simple global pooling only a partial
solution, since effective control may depend on interactions among nearby primitives before compression.
At the other extreme, unrestricted global self-attention over all primitives quickly becomes computationally
impractical at realistic scene densities. Graph-based relational processing is another natural alternative, but
it imposes a different inductive bias: long-range spatial structure must emerge through repeated message
passing rather than through explicit local geometric aggregation. The central challenge is therefore not
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Figure 1: Two Observation Interfaces for the same navigation environment.

only how to expose geometry to the policy, but also how to do so in a way that remains tractable and
geometrically well-aligned. To address this, we instantiate a hierarchical geometry-first observation interface
for sparse-reward navigation. The design transforms triangulated obstacle geometry into a fixed-sized hex-
local set-of-sets representation and aggregates it hierarchically into a fixed-dimensional state representation.
This turns geometric observation into a learned compression problem: multiple aggregation seeds form a
bounded multi-faceted summary of local and global geometry, while preserving local metric structure and
avoiding the cost of flat global self-attention. Although its ingredients are individually familiar, their synthesis
yields a geometry-first interface that is both tractable for RL and well suited to controlled evaluation.

The goal of this paper is therefore not only to introduce a tractable geometry-first observation interface, but
also to test when it becomes useful. For spatial RL to scale beyond fixed map collections, agents should not
merely fit a finite set of training layouts; they should benefit from increasing environmental diversity. This
makes broad procedural coverage a useful stress test, especially when navigation involves sparse rewards and
intricate geometry drawn from multiple environment families.

We study this question in a controlled goal-conditioned point-navigation setting under a fixed RL back-
bone. The training setup spans multiple complex procedural distributions, and evaluation includes both
in-distribution and held-out generator families. Using raster—CNN baselines as the main comparison, we
isolate the effect of the observation interface from optimization and actor—critic confounds. Importantly,
the raster baselines are not restricted to binary occupancy alone, but are augmented with continuous metric
cues. The comparison, therefore, asks whether direct geometric structure remains useful even when raster
inputs are enriched with distance cues. We further distinguish finite-support training from sustained proce-
dural generation. The results show a clear pattern: the geometry-first interface is strongest when training
continually exposes the agent to new layouts, while the gap narrows when learning is restricted to a fixed
finite map pool.

Our contributions are as follows:
o We instantiate a hex-local hierarchical geometry-first interface that uses learned multi-token ag-

gregation to compress triangulated obstacle geometry into a bounded fixed-dimensional set-of-sets
observation.

o We show that hierarchical aggregation makes geometry-first RL computationally tractable at realistic
primitive counts, where flatter geometric attention models become impractical.

e Through a controlled comparison with raster—-CNN baselines under a fixed RL backbone, we show
that the benefit of the proposed interface is most pronounced under sustained procedural novelty
and smaller under bounded training.

2 Related Work

Abstraction and generalization in spatial RL. In embodied navigation and related spatial RL settings,
a parallel line of work has introduced richer abstractions beyond raw raster inputs, including semantic maps,
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topological memories, and scene-graph-like representations (Chaplot et al., 2020; Singh et al., 2023). These
can improve long-horizon reasoning and semantic generalization, but they typically shift the inductive bias
away from direct metric geometry and often rely on additional semantic structure or auxiliary signals. By
contrast, vectorized spatial representations are common in adjacent areas such as motion forecasting, yet
remain relatively uncommon as the primary interface for RL policies (Gao et all 2020). Our focus is
different: we study whether operating directly on structured geometry helps RL learn spatial reasoning
under distribution shift.

Image encoders in visual RL. In modern RL, encoders are often deep residual CNNs, with IMPALA-
style backbones forming a common design choice (Espeholt et all) 2018). This approach is practical and
often effective, but it ties control to an image-processing pipeline shaped by discretization, resolution, and
the compression of spatial feature maps before the policy head. Recent work has argued that this encoder-
to-head interface can itself become a scaling bottleneck in pixel-based RL, and that replacing flattening with
global average pooling can improve performance and generalization (Trumpp et al.l 2025} Sokar & Castrol,
. Our work departs from the raster—-CNN paradigm by operating directly on structured geometry:
the input tokens are geometric primitives organized through an explicit hex-local hierarchy, yielding a more
interpretable and domain-specific bottleneck than generic image patches.

Set and geometric encoders. Because our observation is a variable-size unordered collection of geometric
primitives, permutation-invariant set processing is a natural starting point. Deep Sets formalized invariant
learning on sets; PointNet and PointNet++ showed that shared encoders with symmetric
aggregation and local hierarchy can be effective on unordered geometric inputs; and Set Transformer extended
this family with attention-based interaction modeling (Zaheer et all, 2017} [Lee et al.| [2019b). Graph neural
networks provide a related relational bias, but long-range context typically emerges only through repeated
message passing, which introduces additional design choices and potential propagation bottlenecks
let al. 2023} Black et al., [2023). Our method builds on this broader literature, but differs from flat set
encoding and generic graph propagation by imposing locality explicitly through a hexagonal spatial hierarchy
and bounded hierarchical aggregation.

3 Method

We formulate the point-to-point navigation problem as a goal-conditioned RL task. We then construct
the proposed hierarchical observation interface from the geometric environment representation and specify
the tensor form of the resulting observation space. Finally, we describe how this structured observation is
ingested by the hierarchical geometric encoder.

3.1 Problem Formulation

Spatial planning may be viewed as a geometric problem in which an agent traverses
a spatial domain D. Let D := [0,1]> C R? be bounded and planar. We define a
map G € & as a finite collection of spatial elements in D. For a given map G,
we write S(G) C D for the union of all solid obstacle polygons, and define the
corresponding free space as F(G) := D\ S(G). Since S(G) is polygonal, it admits a
finite triangulation 7(G) = {T,}'7,, whose triangles cover the obstacle region S(G) I }I

up to numerical tolerance.

Within this geometric abstraction, we formulate the navigation task as a goal-

conditioned Markov decision process (ge-MDP) M = (S,A,P,T,%m), where & Figure 2: Piecewise-
is the augmented state space, A the action space, P the transition kernel, r the linear trajectory in
reward function, v € (0, 1) the discount factor, and py the reset distribution. In each 2 polygonal environ-
episode, both the map instance G € & and the goal location g € F(G) remain fixed, ment.

while only the agent position evolves over decision steps. The augmented state is

therefore 8, = (x;,g,G) € S, where § = Uges (F(G) x F(G) x{G}) and x, € F(G)

denotes the agent position at step t. The corresponding geometric trajectory is the piecewise-linear path ob-
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tained by interpolating between successive sampled positions. The action space is A = [—1,1]> C R?, whose
elements are interpreted as line segments in G. For a fixed maximum step length o > 0, each action a; € A
proposes the next position X;1; = x; + aa;. The move is accepted if the segment [x;,X:11] lies entirely in
free space, in which case x;y1 = X;y1; otherwise the agent remains at x; and the episode terminates. The
agent acts on observations o; = ¢(§;) rather than on the full augmented state directly, where ¢ denotes the
observation function. We consider a sparse-reward setting in which reward is given only on reaching the goal,
namely 7(8;,as, 8141) = 1[||xe41 — gll2 < €] for a fixed threshold € > 0. The objective is to learn a policy
m(a; | o) that maximizes the expected discounted return J(m) = Er(py p.6.m) [Doreo V' 7 (8¢, ¢, 8¢41)]-

3.2 The Observation Interface

" Environment Representation Observation Construction Observation Encoding

2D Mapping - Triangulation Spatial Ego Parcellation Hierachical Geometric Encoding
~ B

- . > 2

Environment G T(G) (Et, Ct) h U, Gy
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Figure 3: Full Observation Interface

3.2.1 Observation Construction

We construct an observation space that presents the surrounding geometry as a hierarchy of local geometric
subsets. A goal-aligned hexagonal lattice centered at the agent partitions the scene into spatial cells, and
triangle primitives are assigned to cells according to their centroids.

Spatial Ego Parcellation The observation is constructed in an ego frame aligned with the agent-goal axis:
the x-axis points toward the goal, and all geometry is expressed relative to this frame. A hexagonal lattice,
fixed in this ego frame, partitions the surrounding plane into spatial cells based on the Ay (triangular) Bravais
lattice, yielding regular hexagonal cells (Conway & Sloane, 1999)) indexed by axial coordinates (gq,7) € Z2.
The lattice scale s > 0 — defined as the hexagon circumradius — sets the spatial resolution and serves as
the normalization scale throughout the representation. Cell centers follow the standard pointy-top mapping:

{x/ﬁs ¢+ ér)] _ )

sr

2
The receptive field is bounded by restricting to an R-ring neighborhood using the discrete hex distance
dhex(q,7) = Mﬂ, giving at most Npex = 1 4+ 3R(R + 1) cells. Hexagons provide an equal-area,
nearly isotropic partition of the plane (Middleton & Sivaswamy], [2005). The set of active cell centers Cr =
{cq,r : (q,7) € Z2, dpex(q,7) < R} is represented as the dense tensor

[T T T Npex X2
Ct = [qu’rl, e 7CQthx’Tthx:| c R x (2)
with binary mask mg! € {0,1}Mex indicating occupied cells. Each primitive is assigned to a cell
by its ego-frame centroid via cube rounding, then re-centered and normalized by s to yield dimen-
sionless cell-local coordinates. The ego-frame state is summarized by the navigation vector z; =

[cos(0y), sin(0:), @t Yes Goits yots f)t]T € R7, where the goal coordinates (gm,gy,t and distance L,
are normalized by s. The policy predicts an ego-frame action a;®® € [—1,1]?, mapped to the world frame

via a; = Rya;®°.

1Retained for generality, e.g., under agent-pose rather than goal-aligned frames.
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Geometric Primitives We use triangles as the basic geometric primitive. Their fixed internal structure

simplifies encoding while preserving continuous geometry. For each triangle T = {a,b,c} expressed in cell-

local coordinates, we compute the triangle feature vector ¢ (1) = [a®, b7, ", p", [b—all2, llc=bl2, [la—

cll2, A(T)] € R'2, where p = (a + b+ ¢)/3 is the triangle centroid and A(T) is the signed area. We

store the resulting fixed-sized tensor of triangle feature vectors E; together with a binary validity mask
mi' € {0, 1}%ui1 ) which indicates which of the Ky,; entries are valid.

c RK“; x12

(3)

To guarantee a fixed-size observation tensor, we retain at most M active cells and at most Keen triangle
feature vectors per cel This truncation yields B, € RM*Kenx12 gptri ¢ 1o 13\MxKeen G, ¢ RM*2,

msl € {0, 1} together with z; € R7. The resulting observation is
0 = (Ety m;rl’ Ct7 7 Cell’ Zt)' (4)

3.2.2 Observation Encoding

We encode the bounded hex-local set-of-sets representation with a two-stage hierarchical set encoder that
first aggregates triangles within each retained hex cell and then aggregates the resulting cell-level summaries
across cells into a fixed-dimensional latent representation. We use masked Pooling by Multihead Atten-
tion (PMA) (Lee et all 2019a) as the aggregation operator at both levels, enabling multi-faceted learned
summaries through multiple seed tokens that jointly form a compressed representation. PMA introduces k
learned seed vectors S € R¥*? and computes:

PMA,(Z) = MHA(Q=S, K=Z, V=2) ¢ R**4, (5)

This layer maps unordered sets to invariant multi-token readouts without quadratic scaling. In our imple-
mentation, we employ a masked version of PMA. We describe the full pipeline using its conceptual steps:

Primitive encoding. A shared residual encoder is ap-
plied independently to each triangle descriptor: Vi
EHCtri(Et) c RMXKCCH Xdixi .

2 B, it (c m?“)

Intra-cell aggregation. For each retained cell, PMA
with Si;; learned seeds aggregates the unordered set of
triangle features into a fixed number of cell-level tokens:
U, =PMAg,, (Vt, rirﬁj“) € RMXSerixdeen

Global aggregation. We inject spatial context by
adding an encoded representation of each retained hex-
cell center to its corresponding cell-level tokens. This
requires the seed tokens produced by triangle aggrega-
tion to match the d.o-dimensional center-feature space;
in general, this can be achieved with a projection layer,
while in our implementation, the projection is the iden-
tity map. U; = U, + broadcastSm(Encc(Ct)) €
RMxSuixdeenl . These tokens are then flattened across cells
and seed slots and aggregated with a second PMA layer
using the correspondingly broadcast cell-validity mask:

Gy PMAg (ﬂatten(ﬁt) , broadcastg,,,(m§°") ) c
RSerid Xdcen

grid

v

v

[ Nav. Ve
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Figure 4: Architecture of hierarchical geo-
metric encoder (Hex-PMA).

Vector fusion. The encoded navigation vector is used as a query in a cross-attention module over the
global summary tokens, followed by a residual MLP that produces the latent state: q; = Enc.(z;), h; =

MLPmix (CI‘OSSAttD(qt N Gt)) .

2Largest triangles by area are retained up to capacity.
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4 Experimental Setup

Our experiments are designed to vary training and evaluation conditions in a controlled way while isolating
the effect of the observation interface. We first introduce the Environment Generation Controls (Sec. [L.1]),
then the Training and Evaluation Protocols (Sec ., and finally the Comparison Setup (Sec . that
holds the RL backbone fixed across methods. This organization makes explicit how the task distribution is
controlled, how generalization is evaluated, and how the representation question is isolated.

4.1 Environment Generation Controls

We generate planar environments from procedural map generatorsEl each defining a qualitative family. Rep-
resentative samples from all generators are shown in Fig.[5] We control variation along three axes: generator
family, geometric complexity, and task difficulty. Here, geometric complexity is controlled through a prim-
itive budgetEl; the precise generator-side parameterization is given in App. Task difficulty is controlled
through the start—goal sampling distribution. A summary of all generators, including geometric complexity
and per-cell primitive density statisticsﬂ is provided in Tab. 3| (App.).

. - ~ . :
¥ RS
. N o s 1 o -

Forest Ruins Hex-Forest Dungeon City Office Maze Teotihuacan

Figure 5: Samples from all eight procedural map generators used in this work.

4.2 Training and Evaluation Protocols

We study two training regimes. In the unbounded regime, training maps are drawn from a continually
expanding procedural stream. In the bounded regime, training is restricted to a fixed finite set of maps.
Evaluation varies along two axes: difficulty, controlled by the reset-difficulty parameter, and provenance of
the test map. We evaluate on three map distributions: ID-Seen, generated by the training generators with
seeds encountered during training; ID-Unseen, generated by the same generators with held-out seeds; and
OOD, generated by held-out generators. Taken together, the protocol may be viewed as a matrix indexed
by training regime, evaluation distribution, and fixed evaluation difficulty.

4.3 Comparison Setup

Shared Training and Evaluation Setup. All agents are trained with SAC (Haarnoja et al. 2018)
under identical replay, training budget, discount, and curriculum settings, and share the same modular
actor—critic template with fixed policy and twin critic heads. Methods differ only in their observation
interface—observation function plus encoder—which jointly map the environment state into a common latent
space. This isolates the effect of the observation interface from optimization and downstream architecture
confounds. We evaluate three aspects: training dynamics, final navigation performance, and computation.
Training progress is measured by curriculum progression rather than raw training success, since task difficulty
changes over the course of learning. Final performance is reported using success rate and path efficiency over
successful episodes relative to an oracle plannerﬂ Computational efficiency is assessed through inference
latency, update cost, and parameter count. Full hyperparameter settings, architectural details, and metric
definitions are provided in the appendix.

3Deterministic mappings from random seeds to environment geometries.

4the maximum number of triangular primitives used to represent an environment

5Measured under the observation-construction hyperparameters used in the main experiment.

6Shortest paths are computed with continuous A*, with a discrete grid-based A* fallback when numerical instabilities arise.
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Observation Functions and Encoders. The raster baselines, IMPALA (Espeholt et al., [2018) and IM-
POOLA (Trumpp et al., |2025), receive a standard two-stream raster interface consisting of a global map
and a local crop, both processed by convolutional encoders; Importantly, these inputs are not limited to
binary occupancy, but also include signed-distance-field, agent-position, and goal-position channels, so the
comparison tests direct geometric structure against raster observations already enriched with continuous
metric cues. To isolate encoder effects under matched geometric inputs, we also consider HEX-ATTN, which
uses the same hexagonal spatial parcellation and tokenization as HEX-PMA but replaces PMA with self-
attention and CLS-based global aggregation (Vaswani et al., [2017; [Devlin et alJ [2019). Finally, the global
TRANSFORMER, baseline uses the same triangulated geometry without hex spatial parcellation and processes
it with a standard self-attention encoder and the same CLS-based global aggregation (Vaswani et al. 2017}
Devlin et al., |2019)).

5 Results and Analysis

We evaluate the proposed geometry-first observation interface against raster—CNN baselines, the standard
choice in deep RL for spatial tasks, under matched training conditions. The main comparison evaluates
HEX-PMA against raster—CNN baselines on the full task setting, whereas the geometric encoder ablations
keep the same comparison principle but move to a simplified procedural setting with reduced generator and
primitive budgets in order to make alternative geometric encoders computationally feasible. Full architectural
and training details are provided in App. [B] and App. [C}] We organize the analysis around two questions:
First, does the advantage of the geometric interface depend on the training regime?—the focus of the
main comparison; Second, does bounded hierarchical aggregation retain the benefits of geometric processing
without incurring the cost of full global attention?—the focus of the geometric encoder ablations.

5.1 Main comparison: Hex-PMA versus raster baselines

The main comparison is conducted on the complex procedural generators Ruins and Forest, which stress the
observation interface through clutter, narrow passages, and multiscale obstacle structure. Within this setting,
we compare HEX-PMA against two raster—CNN baselines, IMPALA and IMPOOLAE] Training dynamics are
summarized through aggregate metrics in the main text, with full learning curves deferred to App.[D.2

5.1.1 Unbounded training

Success Rate Curriculum Mean
Method AUCH Asympt.T AUCHT Asympt.T
HEx-PMA | 74.3 £ 0.7 77.1 + 0.7 | 0.898 + 0.026 0.999 + 0.000
IMPOOLA 69.7 = 0.1 70.0 £ 0.1 0.443 £+ 0.052 0.475 £ 0.077
IMPALA 69.6 +£ 0.1 69.9 £+ 0.1 0.220 £+ 0.021 0.226 + 0.053

Table 1: Unbounded training dynamics (higher is better). Full curves in App.

In the unbounded regime, training maps are drawn from a continually expanding procedural stream rather
than a fixed finite pool. This is a demanding test of representation quality, since the agent must repeatedly
adapt to new layouts instead of improving in a stable environment. Tab. [I| summarizes training dynamics
in the unbounded regime. The clearest separation appears in the curriculum metrics: HEX-PMA attains by
far the highest curriculum AUC and reaches an asymptotic curriculum mean of nearly 1.0, indicating that
it successfully progresses to the highest difficulty levels. By contrast, the raster baselines remain confined
to much lower curriculum levels throughout training. This gap is also reflected in success-rate AUC and
asymptotic success, where HEX-PMA again performs best despite dealing with substantially harder tasks.

THEX-PMA and IMPOOLA are closely matched in parameter count. IMPALA uses the same overall convolutional structure as
IMPOOLA, but its terminal flattening stage yields a larger parameter count than global pooling; see Sec @



Under review as submission to TMLR

Bl IvpaLa B Ivpoora MM HEX-PMA
ID—Seen ID—-Unseen

100 100 80 1

\\_~< N
—
e ¢

%
=)
1

L

60

i
]
\\-\./~.

RL Success (%)
= [=2]
(=] (=]
L

25

¥
=}
1

0

g 95.0 4

% 951 95 92.5

g

2

3 90.0 1

E 90 7 90

= 87.5 1

b

m T T T T T T 850- T T T T T

S E SRS R N RN S LSS S
Difficulty Difficulty Difficulty
Impala Impoola Hex-PMA
Succ. %1 Ef.%1 Succ. %71 Eff. %1 Succ. %1 Ef.%1

ID-Seen 56.4 + 10.7 93.1 +1.3| 66.9 £ 9.9 905+ 1.1|76.9 £+ 6.2 93.6 + 0.6
ID-Unseen | 56.7 + 11.2 93.0 + 1.4 | 67.0 &+ 10.5 90.6 + 1.1 |77.2 + 6.7 93.6 + 0.6
OOD 294 +£9.0 905+ 16| 39.4 +9.3 885+1.0|45.1 £ 9.3 92.5 + 0.7

Figure 6: Unbounded training. (7op) Evaluation across distribution splits and difficulty: success rate
(top row) and path efficiency (bottom row) for ID-Seen, ID-Unseen, and OOD. (Bottom) Average metrics
over difficulty levels.

This training time performance difference carries over to the evaluation. Across ID—Seen, ID—Unseen, and
OOD evaluation, all methods degrade as difficulty increases, but HEX-PM A consistently attains the strongest
success rates (Fig. @ The gap is modest at low difficulty and widens substantially at intermediate and high
difficulty, indicating that the benefit of the geometric interface becomes most visible when navigation requires
longer-horizon, obstacle-aware planning. This pattern is especially clear under OOD evaluation, where HEX-
PMA degrades more gradually than either raster baseline. The averages in Fig. [6] show the same ordering
across all three evaluation distributions. Path efficiency shows a complementary pattern. Whereas the raster
baselines decline mildly with increasing difficulty, HEX-PMA remains nearly flat and, on OOD maps, even
improves slightly with difficulty. At the easiest settings, IMPALA can match or slightly exceed HEX-PMA
on in-distribution path efficiency, but this advantage disappears once planning becomes more global. In
addition, HEX-PMA exhibits visibly lower spread across random seeds, suggesting more stable optimization
under sustained procedural novelty.

5.1.2 Bounded training

Success Rate Curriculum Mean
Method AUC?TH Asympt.T AUC?TH Asympt.T
HEx-PMA | 87.3 £ 3.0 92.1 + 2.3 | 0.937 + 0.027 1.000 + 0.000
IMPOOLA 83.6 + 2.1 89.0 + 1.1 0.893 + 0.033 1.000 + 0.000
ImpPALA 824 +16 86.7 1.1 0.918 £+ 0.022 0.985 £+ 0.022

Table 2: Bounded training dynamics (higher is better). Full curves in App.

In the bounded regime, training is restricted to a fixed finite set of maps generated from the same Ruins
and Forest families. This setting is less demanding from a generalization perspective, since the agent can
repeatedly revisit the same environment support throughout training. It adopts the finite-support setting
used in many procedural RL generalization benchmarks, where performance on held-out environments from
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the same support is often treated as generalization. We include this regime because it is also practically
relevant when only a finite sample of environments is available during training.
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Figure 7: Bounded training. (Top) Evaluation across distribution splits and difficulty: success rate (top
row) and path efficiency (bottom row) for ID-Seen, ID-Unseen, and OOD. (Bottom) Average metrics over

difficulty levels.

Tab. 2| shows that the training gap between methods is substantially smaller than in the unbounded regime.
All three reach high curriculum levels by the end of training, and although HEX-PMA still leads on the
aggregate training metrics, its advantage over the raster baselines is no longer decisive.

The same compression of differences appears at evaluation time (Fig. @ On the in-distribution splits, all
methods remain much closer than in the unbounded case. HEX-PMA still retains a modest lead in success on
ID-Seen and ID—-Unseen evaluation, but the separation is smaller than under continual procedural novelty.
Differences in path efficiency are also small throughout the in-distribution evaluations. OOD performance is
more mixed: IMPOOLA attains slightly higher average OOD success, while HEX-PMA retains the strongest
overall path efficiency and the most balanced profile across all three evaluation distributions (Fig. [7)). This
contrast with the unbounded regime is important. One interpretation is that, once the training distribution
is bounded, the raster baselines can exploit recurring regularities in the finite map pool more effectively,
which reduces the visible advantage of the stronger geometric inductive bias. In this sense, bounded training
does not remove the representational difference between the interfaces, but it partially masks it. This may
help explain why Procgen-like finite-support benchmarks can make raster CNNs appear more competitive
than they do under settings that require learning transferable spatial structure from sustained novelty.

5.1.3 Compute profile

To assess practical viability, we complement the performance comparison with an analysis of inference latency,
update cost, and parameter count (Fig. . HEX-PMA delivers the strongest overall task performance while
remaining competitive in model size and deployment-time inference cost. Its main overhead appears during
training updates, where the nested attention structure is more expensive to optimize than the raster baselines.
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Figure 8: Compute profile for the main comparison. Left to right: inference latency, update cost,
and parameter count. Inference bars are split into lighter observation-construction (obs_fn) and darker
network-forward segments.

This yields a clear trade-off. The proposed interface shifts cost toward training rather than deployment
while remaining within a practical inference regime. In the present setting, that trade is favorable: the gains
under unbounded training come without prohibitive control-time latency. More importantly, this comparison
should be interpreted relative to the geometric alternatives considered later in the ablations. The relevant
question is not whether HEX-PMA is cheaper than a CNN, but whether it remains viable once flatter
global-attention encoders become too expensive at higher primitive counts.

5.1.4 Main Comparison Takeaway

The main comparison reveals a clear split between the two training regimes. Under unbounded training,
the proposed geometry-first interface is distinctly stronger than the raster—CNN baselines. Under bounded
training on a fixed finite map pool, this advantage becomes substantially smaller. This suggests that the
main strength of the proposed interface is not simply improved fitting to a recurring environment support.
Rather, it lies in helping the agent extract reusable spatial structure under sustained procedural novelty,
where training continually requires adaptation to new layouts rather than repeated exposure to the same
finite set of maps. A further qualification is that the proposed interface is capacity-limited by design.
Although this boundedness is central to its tractability, it also implies information loss in sufficiently dense
scenes through active-cell selection and per-cell truncation, as explained in Sec . The observed gains,
therefore, are not explained by unrestricted policy access to scene structure; rather, they are achieved under
a compressed geometric observation whose limits become most visible in the densest environments (Tab.

App.).
5.2 Geometric encoder ablations

We next isolate differences among geometric encoders that operate on the same triangle-based observation.
The purpose of this experiment is not to conduct an exhaustive survey of geometric encoders, but to test
a narrower question: whether bounded hierarchical PMA aggregation sacrifices task quality relative to
fuller attention-based alternatives in the regime where those alternatives remain computationally feasible.
Accordingly, we compare HEX-PMA, HEX-ATTN, and a global attention baseline, denoted TRANSFORMER,
while holding the geometric input fixed. These ablations are conducted in a simplified procedural regime
with reduced primitive budgets. This reduction is necessary because, at the full primitive budgets used
in the main experiments, HEX-ATTN already becomes memory-intensive, and the global attention baseline
becomes impractical without additional modifications that would confound the architectural comparison.
The ablation should therefore be interpreted as a controlled comparison: it asks whether hierarchical PMA
remains competitive before flatter attention mechanisms become prohibitively expensive.

5.2.1 Performance under reduced budgets

In the reduced ablation regime, all three geometric encoders achieve closely matched success rates on both
ID and OOD evaluation (Fig. E[) HEX-ATTN is marginally strongest in success, but the differences are
small and within run-to-run variability. Computational scaling is shown in Fig. Path efficiency shows a
somewhat clearer distinction: HEX-PMA consistently outperforms HEX-ATTN on this metric and roughly
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Figure 10: Inference times of geometric encoder variants across primitive counts.

matches the global Transformer. The main conclusion is, therefore, limited but important. In the reduced
regime where all three encoders remain computationally feasible, replacing full self-attention with PMA does
not produce a large task-quality penalty. The point is not that PMA uniformly dominates fuller attention,
but that bounded hierarchical aggregation preserves most of the useful signal for control while avoiding the
cost structure of flatter attention mechanisms.

5.2.2 Computational scaling

The compute profiles of the geometric encoders separate much more clearly than their reduced-regime task
performance. As capacity increases, global self-attention scales less favorably with primitive count than
the hierarchical hex-based variants (Fig. . Among the geometric models, compiled HEX-PMA variants
provide the most practical deployment profile. This scaling result is the critical complement to the reduced-
regime performance comparison. Full global attention is not especially problematic on a toy-sized version of
the task. Its weakness appears once primitive counts reach the scales that make the benchmark realistically
demanding. At that point, the relevant question is no longer whether global attention can work in principle,
but whether it remains usable without architectural or systems-level modifications. The answer suggested
by these results is no: full attention is acceptable only in the reduced setting, whereas bounded hierarchical
aggregation is the variant that continues to scale.
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5.2.3 Ablation takeaway

Taken together, the ablations show that bounded hierarchical geometric processing substantially improves
computational scalability while preserving competitive task performance. In the reduced regime where all
variants remain feasible, HEX-PMA shows no clear task-level disadvantage relative to HEX-ATTN or the
global TRANSFORMER. As primitive counts increase, however, the flatter attention baselines scale much less
favorably, whereas the hierarchical HEX-PMA design remains practical.

6 Discussion and Limitations

An interesting possibility suggested by the results is that hierarchical PMA helps extract task-relevant
geometric glimpses from a bounded local observation. This interpretation is consistent with both the gains
under procedural novelty and the saliency analysis in App. [E.2] which suggests that the model concentrates
on locally relevant geometric cues within the compressed interface. That is especially notable here because
the policy still acts in a partially observed navigation problem through a bounded and lossy observation
produced by active-cell selection and per-cell truncation. The main limitation of this study is the assumption
that structured geometry is available. This choice is deliberate, since the aim is to isolate the observation-
interface question and test whether RL can benefit from a geometry-first interface when such a structure
is already given. At the same time, the paper does not address the upstream problem of constructing this
geometric substrate robustly from raw and noisy sensory input. Generalization gains also remain uneven
across held-out generators. Some structured OOD environments remain difficult for all methods, and the
advantage of HEX-PMA is not uniform across generator families. This suggests that the learned PMA-based
aggregation is not yet equally effective across the full range of geometric patterns considered here, and may
transfer more reliably when test-time local structure remains closer to the regularities seen during training.
A further limitation is that the geometric encoder ablation is conducted in a reduced procedural regime with
smaller primitive budgets than those used in the main experiments. This is necessary to keep alternative
attention-based geometric models computationally feasible under controlled conditions. The ablation should
therefore be read as a controlled test of whether bounded hierarchical aggregation preserves performance
before flatter attention mechanisms become prohibitively expensive, rather than as a broad benchmark of
geometric encoders.

7 Conclusion and Future Work

We introduced a hierarchical geometry-first observation interface for sparse-reward spatial planning in RL
and studied whether and when RL-based spatial planning benefits from it. The empirical results support
two main conclusions. First, direct geometric structure is most valuable under sustained procedural novelty.
In the unbounded training regime, HEX-PMA clearly outperforms raster—CNN baselines, even though those
baselines operate on occupancy rasters augmented with signed-distance-field channels. In the bounded
regime, where agents repeatedly revisit a fixed finite map pool, this advantage becomes much smaller. This
shows that the proposed interface primarily helps the agent learn reusable spatial structure, rather than
merely fit recurring environments. Second, bounded hierarchical aggregation provides a practical route to
geometry-first RL. In reduced-budget ablations, HEX-PMA remains competitive with fuller attention-based
geometric encoders, while the scaling analysis shows that flatter attention mechanisms become substantially
less practical as primitive counts increase. Thus, the proposed hierarchy is not only a representational choice,
but also the mechanism that makes geometric observation tractable at the practical scales.

Future work should move beyond the controlled interface study presented here. The most important next
step is to enrich the triangle primitives with semantic attributes, so that the same geometric interface
can represent not only free-space structure but also properties such as color, object type, danger or other
semantic labels. A closely related direction is to combine the proposed observation interface with perception
or mapping systems that construct such structured geometry online from noisy sensory input.
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A Context, Definitions, and Terminology

This appendix makes explicit the conceptual viewpoint that underlies the paper and clarifies the terminology
used throughout. Its purpose is not to introduce an additional empirical claim beyond the main text, but
to state clearly the abstraction-layer perspective from which the work is formulated.

| Encodin; Action
e Parametrization
Agent-Environment : :ﬁ Abstraction
Interface g Laver
Representation Actuation

Figure 11: The geometry abstraction layer. Triangulated environment geometry serves as the structured
intermediate representation between the raw environment and the RL observation encoder.

uonoy

Observation

Geometry as an abstraction layer. In this work, we treat geometry as one possible abstraction layer for
reinforcement learning in spatial decision-making problems. By this we mean that the agent interacts with
a structured description expressed directly in geometric terms—such as positions, distances, orientations,
boundaries, and occupancy—rather than through a rasterized image-like proxy.

A decomposition of the agent—environment interface. The agent—environment interface is defined
by observation and action. On the observation side, we distinguish between representation and encoding.
The representation specifies how relevant environment state is presented before learning, for example, as
rasters or as bounded sets of geometric primitives. The deterministic, non-learned map from environment
state to that representation is referred to as the observation function, and its codomain as the observation
space. The encoding is the learned neural mapping that transforms this representation into the latent state
representation used by the policy and critic. We use the term observation interface to denote the full
pipeline formed by the observation construction together with the encoder that ingests it. On the action
side, we distinguish between parametrization and actuation. The parametrization specifies the abstract form
in which actions are predicted by the policy, while actuation concerns how those actions are realized in the
underlying system. In the present work, the observation construction is deterministic and non-learned, while
the encoder is part of the learned neural architecture of the RL agent. We acknowledge that the boundary
between representation and encoding is not absolute in general, but for the purposes of this paper, the
distinction is operationally clear and useful.

Observation—action alignment as a motivating viewpoint. A broader motivation for this work is the
idea that spatial RL may benefit when observation and action are expressed in compatible abstraction layers.
When observations are represented geometrically, it can be natural to formulate actions in the same spatial
frame rather than tie them too closely to platform-specific realization details. We include this viewpoint only
as a conceptual context for the present formulation, not as a claim established directly by the experiments.
In robotics and planning-oriented systems, alignment between the abstraction level of observation and that
of action is not unusual; it is often built into the separation between representation, planning, and execution.
In reinforcement learning, however, this alignment is less often isolated and studied explicitly as an interface-
design principle. A central conceptual aim of this work is to state that principle clearly and to examine one
concrete realization of it on the observation side.

Action as geometric completion of the same substrate. Under this viewpoint, actions need not be
treated as external to the abstraction layer in which the environment is represented; rather, they are elements
of that same layer, which in the present work is instantiated by the observation space. In that sense, actions
may be viewed as a form of geometric completion (inpainting) into the same structured substrate on which
the environment is represented: the policy proposes geometric continuation or completion within the same
spatial frame in which obstacles, free space, and goals are already expressed. We use this as a conceptual
interpretation of the formulation rather than as a separate algorithmic claim.
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Scope of the present paper. The experiments in the main text isolate the observation interface. They
study a deterministic geometry-first observation construction together with a learned encoder, while keeping
the downstream actor—critic architecture fixed. The action formulation used here is compatible with the same
geometric frame, but the paper does not attempt a comparative study of alternative action abstractions.
At the same time, the present line-segment action should be understood as a simple member of a broader
family of geometric path parametrizations, with spline-based or higher-order variants obtainable through
reparametrization.

B Neural Architecture

B.1 Actor Critic Model

¢ Observation Function Action Encoder
Observation Function ¢ Dense Residual
¢ BaseModel
BaseModel
Mixing Module
Dense Residual

u-Head
Dense

log-Head
Dense output-Head

Dense

Figure 12: Actor network. Figure 13: Critic network.

To isolate the effect of the observation interface from confounding architectural choices, we standardize all
experiments around a shared modular Actor—Critic template. Each method differs only in the observation
encoder, referred to as the Base Model, which maps its input representation into a common latent vector
h; € R This latent representation is then passed to the same policy head and twin critic heads for all
methods. The downstream decision-making architecture is therefore held fixed across the entire comparison.

B.2 Baseline Details

This subsection specifies the baselines used in the main text.

Raster observation. To preserve global context while limiting aliasing and information loss from a single
discretization, raster baselines receive two map streams: a local map and a global map. Both maps use
the same channel set. Since the environments are static, we precompute two geometry channels: a binary
occupancy channel and a signed distance field (SDF) channel. The SDF channel stores the signed distance
to the nearest obstacle boundary, providing the raster baselines with continuous metric information rather
than only discrete occupancy. At each timestep, we additionally render dynamic channels for the agent
position and the goal position. Thus, the raster baselines receive four channels in total: occupancy, SDF,
agent position, and goal position. The global map MtglOb € RE*ExC ig world-aligned and downsampled to a
fixed resolution. The local map M}°¢ € RP*FPXC i an ego-centric crop centered at the agent and rotated so
that the goal direction aligns with the positive z-axis. To express goal distance in a resolution-independent
way, we normalize the ego-goal distance L, in the navigation vector by the crop circumradius perop.
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Nav. Vec. Encoder Global Map Encoder Local Map Encoder
Dense Residual CNN. CNN
Global Map Decoder Local Map Decoder
Dense Residual Dense Residual
Mixing Module

Dense Residual

Mixing Module
Dense Residual

v
Figure 14: CNN encoder architecture for raster baselines (IMPALA/IMPOOLA).

Raster model. Each raster stream is encoded by its own image encoder. We evaluate the standard Im-
PALA-CNN (Espeholt et al.,|2018)), which flattens the final spatial dimensions, and IMPOOLA-CNN (Trumpp

2025)), which replaces spatial flattening with global average pooling (GAP) (Lin et al., 2014).

Let fioe(M}°¢) and fglob(MtglOb) denote the feature vectors produced by the local and global encoders,
respectively. After projecting both streams to a width d, we combine the map features and then fuse them
with the navigation vector z;:

h, = MLPmiX2<MLPveC(zt) + MLP s, (Dec( fioe (M1°°)) 4 Dec( fglob(Mtglob)))). (6)

v v

Nav. Vec. Encoder Triangle Encoder
Dense Residual Dense Residual

Geometry Encoder
Transf. Enc. with [cls]
Cross Attention
Multi-Head Attention

Mixing Module
Dense Residual

v

Figure 15: Global Transformer encoder architecture.

Global Transformer. The Transformer baseline mirrors the overall role of the geometric encoder while
omitting spatial parcellation. Instead of first grouping primitives into local hex cells, it operates directly on
the padded dense primitive set. Each primitive is embedded with a residual MLP, and the resulting sequence
is processed by a standard Transformer encoder (Vaswani et al., 2017). Global information is represented
through a CLS token (Devlin et al., 2019), which serves as a summary feature for the full triangulation. As
in HEX-PMA, we then use cross-attention to extract task-relevant information from this global summary.
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C Experimental Protocol

We summarize the environment distributions, training regimes, hyperparameters, metrics, and profiling
protocol used throughout the experiments.

C.1 Environment Distributions

Map generators. At the beginning of each episode, a world map G is sampled from a family of pro-
cedural generators Geny : Z — G using a random seed { € Z, ie., G = Geny (). Once instantiated,
the corresponding triangulated geometric representation 7 (G) is constructed once and reused throughout
the episode. This triangulation forms the common geometric substrate on which all observation functions
operate. The choice of generator family determines the qualitative structure of the environment, including
obstacle layout, clutter type, and topological variation. In addition to this qualitative diversity, we explicitly
control geometric complexity through a primitive budget. Unless otherwise stated, complexity refers to this
budget.

Although the observation in the main method is defined over triangle primitives, procedural map generation
is more naturally specified at the polygon level. We therefore parameterize environment complexity as a
tuple in which the first entry denotes the maximum number of obstacle polygons and the second denotes
the maximum number of triangles per polygon. Thus, a setting of 6 x 12 denotes an environment with
up to 6 polygons, each represented by up to 12 triangles. This budget induces a first truncation level
at the environment representation itself: generated maps are clipped or padded to fixed polygon and per-
polygon triangle limits before observation construction. The observation function may then impose a second,
independent truncation level when packing the bounded observation tensors used by the policy. The former
controls environment complexity; the latter controls observation capacity.

Complexity control. To obtain a controlled quantitative axis of environment variation, we group maps
into two primary complexity branches according to their primitive budget. We refer to scenarios with at
most 6 x 10 primitives as simple, and to scenarios with up to 64 x 256 primitives as complex, where the first
factor denotes the maximum number of polygons and the second the maximum number of triangles used to
represent them. During map generation, small polygons may be heuristically merged into larger ones when
this preserves geometric fidelity. These preprocessing steps do not affect the experimental substrate itself:
all observation functions operate on the final triangulation, which serves as the common geometric ground
truth across methods. This separation allows us to vary structural diversity through generator family and
geometric density through primitive count independently.

Reset and goal sampling. Given a fixed map instance G, the initial position and goal pair (x¢,g) €
F(G)x F(G) are sampled from a reset distribution over free space, where F(G) denotes the traversable subset
of the environment. This reset distribution is parameterized by a scalar reset difficulty variable tgir € [0, 1],
distinct from the environment time index t.

The variable tq;f smoothly controls both the admissible start—goal distance range and the probability of
sampling geometrically difficult configurations, such as peripheral starts or start—goal pairs with obstructed
line of sight. Although tq;¢ does not coincide exactly with the theoretical maximum difficulty of a given
map, it serves as a reliable proxy for the expected planning horizon, i.e., the average number of decision steps
required to reach the goal. Low values of tgig typically correspond to short-range local navigation problems,
whereas high values induce longer-horizon tasks that increasingly require global spatial reasoning.

Evaluation distributions. Within each training regime, we evaluate all methods on three distributions.

ID—Seen corresponds to replay over maps generated from the same generator family and the same seed set
encountered during training. In the bounded regime, this reduces to replay over the fixed training pool. In
the unbounded regime, it corresponds to replay over maps that were encountered at least once during the
expanding procedural curriculum.
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Geometry statistics Per-cell primitive density (percentiles)

Generator Example Obs. Triangles Free Triangles Obs. Polygons P50 p90 p95 p99 max Exceeds Kcen

forest 109.3 +£19.6 109.7 £ 37.9 8.9+3.3 27 37 40 50 66 v (+3%)
- ~
!
N !\\‘
ruins hd A\ 183.5 £21.0 200.8 +23.9 13.7+ 3.1 50 73 82 96 123 v (+92%)
[ ]
[SS
Hex-Forest hd 51.0 £ 14.0 85.5 + 20.7 9.5+23 16 23 26 32 40
dungeon . 123.7 4+ 10.4 69.1 + 8.2 45415 20 24 25 28 35 -
city . 125.2 +£4.8 186.4 £ 8.5 11.6 £1.3 25 28 29 31 34 —
Jﬁr N
THT =h
office L 341.6 +12.0 364.2 +13.0 174+ 3.4 54 59 61 64 71 v (+11%)
E"dl
B KW
maze 235.3+2.9 155.4+5.9 36.0 £ 0.0 40 42 43 44 46 —
teotihuacan k) 707.4 +198.7 498.5 +31.4 38.7+5.3 201 341 395 519 753 (+1077%)

Table 3: Generator statistics and per-cell truncation analysis. Left: Example observation and mean prim-
itive counts (obstacle triangles, free-space triangles, obstacle polygons) across 100 sampled maps. Right:
Distribution of per-cell primitive counts (p50-p99 denote percentiles; max is the observed maximum). The
final column indicates whether the maximum exceeds the cell capacity K. = 64, with the percentage over-
flow in parentheses. Generators marked v experience truncation under the default capacity budget.

ID—Unseen uses the same generator family as training, but a disjoint seed set that is never used during
optimization. This evaluates in-family generalization to novel instances drawn from the same underlying
distribution.

OOD evaluation is performed on generator families that are never used during training. This is our strongest
test of transfer, as it assesses whether the learned representation remains effective on qualitatively different
environment families generated by a disjoint set of procedural generators.

C.2 Generator Statistics
C.3 Training Details

Training regimes. We consider two complementary training regimes.

In the bounded regime, training is performed on a fixed finite pool of procedural maps defined by a seed
set Yirain. The agent repeatedly revisits this same environment support under varying reset conditions.
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This regime measures how effectively a representation can exploit limited structural support and how well
it extrapolates beyond a finite set of encountered layouts.

In the unbounded regime, training is performed on a continuously expanding procedural stream. At every
reset, the agent is exposed to a new map instance. In this setting, performance depends on whether the
agent can leverage increasing structural diversity and convert it into reusable spatial competence.

Together, the bounded and unbounded regimes distinguish learning under finite support from learning under
sustained procedural novelty. This distinction is important because finite-support training may reward mem-
orization or support exploitation, whereas unbounded training more directly tests whether a representation
can accumulate reusable structure from continually changing environments.

Random seeds. All experiments are repeated over 5 independent random seeds. We report the mean and
standard deviation across seeds for all quantitative results.

Probabilistic adaptive curriculum. Training long-horizon navigation policies from scratch on com-
plex maps is highly inefficient. To address this, we employ a performance-driven adaptive curriculum that
gradually increases task difficulty in response to the agent’s competence. Specifically, we maintain an ex-
ponential moving average of recent success and adjust the mean of the reset-difficulty distribution so as to
keep performance near a desired target level.

At each episode reset, the actual difficulty value tq;g is sampled stochastically around the current curriculum
mean by adding small Gaussian perturbations and clipping the result to [0,1]. In addition, with a small
fixed probability, the boundary values tqi € {0,1} are sampled explicitly in order to preserve coverage of
both trivial and maximally difficult cases. The resulting curriculum is therefore probabilistic rather than
deterministic: instead of following a fixed sequence of tasks, the agent is trained under a dynamically adapted
distribution over task difficulties.

Discount scheduling. In addition to difficulty adaptation, we employ an increasing discount-factor sched-
ule during training. Early in training, a smaller discount biases optimization toward shorter-horizon behavior
and stabilizes learning on locally solvable tasks. As training progresses, the discount factor is increased so
that optimization gradually emphasizes longer-horizon planning and delayed rewards. In the main exper-
iments, we use a linear schedule from Ygiare = 0.975 t0 Yena = 0.99 over the first 2 x 10° environment
steps.

Hyperparameters. All methods share the same RL and training hyperparameters; only the encoder
architectures differ.

SAC ‘ Training ‘ Discount schedule

Actor LR 2 x 10~ | Replay buffer 200,000 | Type Linear
Critic LR 2 x 10~% | Batch size 64 | Ystart 0.975
Entropy « 1x10°% Warmup steps 10,000 | Yend 0.99
Target entropy 0.03 | Updates/step 1 | Schedule steps 2x10°
Soft-update T 0.005 | Update freq 1

Policy delay 1 | Max env steps 2x10°8

Actor freeze 0

Table 4: Shared RL and training hyperparameters (all methods).
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Parameter ‘ Hex-PMA Hex-Attn Transformer Impala Impoola
Primitive / Image Encoder

Triangle MLP dim 256 256 128 — 64 - -
Triangle MLP layers 4 4 241

CNN channels - - - [16,32,32] [16,32,32]
Residual blocks / stage - - - 2 2
CNN head dim - — - 256 256
Spatial pooling PMA CLS + Self-Attn CLS + Self-Attn Flatten GAP
Set / Sequence Encoder

dmodel 64 64 64 - -
Intra-cell self-attn layers - 2 - -
Grid-level self-attn layers - 2 - — —
Global self-attn layers - - — _
Intra-cell attn heads 16 16 - - -
Grid-level attn heads 4 4 - - -
Global self-attn heads - - 8 - -
Cross-attn heads 8 8 8 - -
PMA seeds Siri 16 — — — -
PMA seeds Sgria 8

Feature Fusion

Navigation enc. dim 256 256 256 — 64 256 256
Navigation enc. layers 4 4 4+2 4 4
Map decoder layers - — — 1 1
Map mixing layers - - - 2 2
Output mixing layers 4 4 4 2 2
Output mixing dim 256 256 256 256 256
Actor—Critic MLP

Critic action encoder 2x256 2x256 2x256 2x256 2x256
Critic mixing 2x256 2x256 2x256 2x256 2x256
Activation SiLU SiLU siLut SiLU SiLU
LayerNorm v v v v v

T Transformer critic uses ReLU; all other sub-networks use SiLU.

Table 5: Network architecture hyperparameters. Hex-PMA and Hex-PMA i, share the same network
architecture and differ only in the observation primitive budget (K..n=64 vs. 32).

C.4 Metrics

Training progression and sample efficiency. Standard success-rate learning curves are not an infor-
mative proxy for sample efficiency in our setting, because training is governed by an adaptive difficulty
controller that explicitly aims to maintain performance near a target success level. As a result, the observed
success curve is intentionally flattened and does not faithfully reflect learning progress.

Instead, we quantify sample efficiency through progression through the curriculum. Our primary training-
dynamics metric is the area under the curve (AUC) of the curriculum difficulty variable over environment
steps. A method that reaches and sustains higher difficulty levels earlier in training is considered more
sample-efficient. We additionally report asymptotic training success and the final attained curriculum level.

Final navigation performance. To evaluate the spatial navigation capabilities of fully trained policies,
we report navigation success rate and a path-efficiency measure relative to an oracle planner. Success
rate captures whether the goal is reached within the episode budget, while path efficiency measures how
economically the agent moves relative to the corresponding shortest feasible path in the environment. Path
efficiency is computed over successful episodes only.

Oracle planner. The oracle planner computes shortest feasible paths using A* on a visibility graph built
over the convex corners (extremity vertices) of the obstacle polygons, with Euclidean distance as both edge
weight and heuristic. This yields the exact shortest Euclidean path through the free space of a 2D polygonal
environment. We use the extremitypathfinder packageﬂ which constructs the visibility graph via line-of-
sight checks between polygon vertices and solves the search with networkx.astar_path. When numerical
instability is detected (e.g., degenerate geometry or precision failures), the planner falls back to a discrete
A* on a uniform grid derived from the same map. Both variants use Euclidean cost and differ only in the

8https://github.com/jannikmi/extremitypathfinder
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spatial representation used for path search. In our setting, path efficiency is particularly informative because
successful behavior in highly non-convex environments is meaningful only when the executed trajectory also
reflects effective long-horizon planning. Evaluating these quantities across the fixed difficulty grid provides
additional insight into how performance degrades as the planning horizon increases.

Deployment and computational metrics. Finally, because one of our goals is to assess the practical
viability of continuous geometric encoders for embodied systems, we report computational metrics. These
include inference cost, update cost, and model size. Such measurements complement task performance by
indicating whether the gains of a representation remain compatible with real-time deployment constraints.

C.5 Profiling Protocol

Computational measurements are reported for inference latency, update cost, and parameter count. For
inference, we separately profile (i) observation construction time and (ii) network forward-pass time. While
these components are measured independently for analysis, the inference times reported in the main text
correspond to their sum, which reflects the total end-to-end latency of one control step. Update cost is
measured as the wall-clock time of a full training update, including all forward and backward passes required
by the learning algorithm. Parameter count reports the total number of learnable parameters in the policy
and value networks.

These measurements are intended to support relative comparison across methods under matched experimen-
tal conditions rather than to provide absolute hardware-independent timing claims.

C.6 Hardware Details

Component Specification
CPU AMD Ryzen Threadripper PRO 7985WX (128 threads)
GPU 4x NVIDIA GeForce RTX 4090 (24 GB each)

Memory (RAM) 512GiB

Operating System  Ubuntu 22.04.5 LTS
Kernel Version Linux 6.8.0-94-generic

Table 6: Hardware and Software Configuration
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D Extended Quantitative Results

D.1 Per-Generator Evaluation Breakdown

Impala

Sucec. %71 Eff. %1

Impoola

Succ. %t Eff. %1

Hex-PMA
Succ. %7t Eff. %1

ID—Seen

forest
ruins

715+ 7.1 94.6 £ 0.3
41.4 £ 104 904 £ 0.6

81.7 £ 4.1 91.8+ 0.3
52.0 £ 8.9 88.5 0.5

86.5 £ 2.6 944 + 0.1
67.4 +£ 4.5 92.5 +£ 0.3

ID—Unseen

forest
ruins

71.7 £75 94.7T + 0.5
41.7 £ 12.1 90.2 £+ 0.6

82.2 £ 5.0 91.9+ 0.4
51.8 + 10.1 88.4 £ 0.6

87.2 + 2.6 94.5 £ 0.1
67.1 +£ 5.9 92.4 + 0.2

[e]e) ]

city
dungeon
Hex-Forest
maze

office
teotihuacan

49+6.2 858+ 1.2
41.7 £ 13.3 90.4 £ 0.9
76.4 £81 93.1+£1.0
10.9 £ 5.9 83.6 2.1
54+ 53 82.0%£ 21
37079 89.3+£0.7

14.2 £ 9.8 86.0 + 1.2
57.0 £ 9.4 89.8+0.8
85.8 £ 5.0 89.7+ 1.4
209 £ 79 86.7 % 2.0
11.8 £89 839+ 1.6
46.7 £ 6.8 87.4 £ 0.5

16.0 + 9.8 89.7 + 0.7
62.2 + 8.2 93.8 +£ 0.4
94.0 £ 1.2 93.9 £+ 0.6
25.7 £ 9.0 91.0 £ 0.7
25.6 + 8.2 88.7 + 0.5
47.0 £ 6.9 91.9 £+ 0.2

Table 7: Full evaluation breakdown for the main comparison, reported separately for each generator.

D.2 Training Curves

We report the full training dynamics for both the unbounded and bounded main-comparison regimes. For
each regime, we show episodic success rate and curriculum mean difficulty as a function of environment steps,
together with the corresponding AUC and asymptotic summary statistics. The curves include all 5 inde-
pendent seeds in their entirety; a subset of seeds ran beyond the nominal 2M-step budget for completeness.
In all cases, the performance trend remains consistent past the 2M cutoff used for the main comparison,
supporting the use of 2M steps as a sufficient comparison horizon and showing that the relative ordering of

methods is stable.

D.2.1 Unbounded regime
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Figure 16: Unbounded training curves (2M steps). (Left) Episodic success rate. (Right) Curriculum
mean difficulty. Shaded bands show mean + std across 5 seeds. Some seeds continue beyond the nominal
2M-step comparison horizon.
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D.2.2 Bounded regime
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Figure 17: Bounded training curves (2M steps). (Left) Episodic success rate. (Right) Curriculum mean
difficulty. Shaded bands show mean =+ std across 5 seeds. Some seeds continue beyond the nominal 2M-step
comparison horizon.
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D.3 Robustness to Deployment-Time Truncation

Finally, we examine the robustness of HEX-PMA to capacity constraints at deployment time. Starting from
the trained model of the unbounded main experiment, we vary the maximum number of retained primitives
per hex cell at inference time and evaluate the resulting policies without retraining. This directly probes
sensitivity to primitive truncation and to capacity mismatch between training and deployment.

Fig. [I8 shows the resulting performance across evaluation splits and difficulty levels. As expected, stronger
truncation degrades both success and path efficiency. However, the effect is gradual rather than catastrophic,
indicating that HEx-PMA tolerates moderate reductions in local geometric detail while retaining useful
navigation behavior. This suggests that the model is not overly brittle to deployment-time observation caps,
even though the representation relies on truncated local primitive sets.

HeEx-PMA-32 B Hex-PMA-64 [l HEX-PMA-128
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Figure 18: Robustness of Hex-PMA to deployment-time truncation. Performance of compiled and
capacity-limited variants evaluated without retraining across ID—Seen, ID-Unseen, and OOD splits.
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E Qualitative Analyses

E.1 Qualitative Saliency Comparison

To better understand which parts of the observation influence each policy, we visualize saliency maps for
representative states across the compared architectures. Although saliency does not by itself provide a
complete explanation of model behavior, it provides a useful qualitative complement to the quantitative
comparison. Fig. 19| shows matched saliency visualizations for HEX-PMA | IMPALA, and IMPOOLA.
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Figure 19: Qualitative saliency comparison. Attribution maps for HEX-PMA, IMPALA, and IMPOOLA.
The first column shows the input geometry. For HEX-PMA, the middle column shows importance aggregated
per hex cell, and the right column shows per-triangle importance. For IMPALA and IMPOOLA, saliency is
overlaid on the ego-centric local crop and the global occupancy map. Colors follow the inferno scale from
low (dark) to high (yellow). Agent: e; goal: .

E.2 Saliency Progression Analysis

The static snapshot in the qualitative saliency subsection above captures attribution at a single representative
state. Here we study how saliency patterns evolve over the course of an episode across five independently
sampled episodes per method, allowing assessment of cross-episode consistency.

Saliency computation. For geometric methods (HEX-PMA, HEX-ATTN, TRANSFORMER), saliency is
computed as the gradient of the actor’s log-probability with respect to the input features, aggregated either
at the hex-cell level or at the individual triangle level. For raster methods (IMPALA, IMPOOLA), vanilla
gradient saliency is computed with respect to the local and global map pixel channels independently. All
maps are normalized per frame to the [0, 1] range and rendered on the inferno color scale (dark — low, yellow
— high). The agent position is marked with a blue circle and the goal with a green star.
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Figures display five independently sampled episodes per method, each spanning six evenly-spaced time
steps.

Several consistent trends emerge across episodes. HEX-PMA (Fig. reliably highlights the cells nearest to
the optimal path, with the attribution front advancing toward the goal as the episode progresses. HEX-ATTN
(Fig. exhibits a similar directional bias but with somewhat broader cell-level attribution, consistent with
its use of full intra-cell and grid-level self-attention rather than pooling-based aggregation. TRANSFORMER
(Fig. shows triangle-level saliency that is geometrically coherent but less spatially focused than the hex-
partitioned methods, reflecting its lack of explicit local structure. ImpPALA (Fig. and ImpooLA (Fig.
display saliency overlaid on both local and global map channels; the local crop consistently attracts the
strongest gradients, with the global map contributing more diffuse, lower-magnitude attribution.
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Figure 20: Saliency progression for HEX-PMA across 5 episodes. Cell (left) | Triangle (right). Columns
show evenly sampled time steps within each episode.
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Figure 21: Saliency progression for HEX-ATTN across 5 episodes. Cell (left) | Triangle (right). Columns
show evenly sampled time steps within each episode.
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Figure 22: Saliency progression for TRANSFORMER across b episodes. Geometry (left) | Triangle saliency
(right). Columns show evenly sampled time steps within each episode.
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Figure 23: Saliency progression for IMPALA across 5 episodes. Local (left) | Global (right). Columns show
evenly sampled time steps within each episode.
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Figure 24: Saliency progression for IMPOOLA across 5 episodes. Local (left) | Global (right). Columns show

evenly sampled time steps within each episode.
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