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ABSTRACT

Recent works have shown generative models’ striking capabilities to memorize
training data, and encode the underlying lower-dimensional data manifold M .
However, while this phenomenon has been studied from different perspectives,
current training objectives do not explicitly control the geometric complexity of
memorization. In this work, we propose a constrained maximum-entropy (MaxEnt)
principle for learning a generative model density q that (i) fits the data, (ii) dis-
courages tangential “memorization” (training-point attractors along the manifold)
through a data-driven Carré-du-Champ (CDC) tangential Fisher constraint defined
on the projected marginal of q onto M , and (iii) enforces bounded normal thick-
ness so the ambient entropy objective is well-posed. Leveraging this, we prove
KL-to-uniform control and explicit anti-concentration bounds near training points,
and lift them to ambient space via thickness control. We also provide scalable
kNN/local-PCA estimators for the data-driven geometric terms and demonstrate
numerical and simulation results. More generally, to our knowledge, this is the first
work proposing a principled variational principle that jointly controls entropy and
geometric complexity through a data-dependent metric.

1 INTRODUCTION

Data distributions encountered in modern deep generative modeling problems are often effectively
low-dimensional: observations in Rd concentrate around an embedded lower-dimensional manifold
M of dimension m ≪ d Narayanan & Mitter (2010); Fefferman et al. (2013). Models aim to
sample from an unknown density p(x) concentrated on M given only a set of finite data points
SN = {x(i)}Ni=1 ⊂ Rd. Some recent examples where the manifold hypothesis acted as a guiding
principle include diffusion models, flow models, stochastic interpolants, and normalizing flows Ho
et al. (2020); Sohl-Dickstein et al. (2015); Lipman et al. (2023); Rezende & Mohamed (2015);
Albergo et al. (2025), among various others. In Stanczuk et al. (2024), the authors estimate M ’s
dimension by computing the intrinsic dimensionality of the normal bundle, and demonstrate that near
the data manifold, the score (gradient of the log-density of the data distribution) is orthogonal. Like
so, there are other studies of emerging geometric behavior in diffusion/flow/autoregressive models
that offer increased understanding into various phenomena. In this work, we are interested in
maximizing the entropy of a generative model under the manifold hypothesis, while mitigating
memorization.

Maximum Entropy Maximum entropy (MaxEnt) has had a long history Jaynes (1957); Kullback
(1997) and is enjoying a resurgence in the generative modeling and reinforcement learning (RL) com-
munities for its wide applicability in problems requiring diversity, robustness, and/or generalizability

1



Published as a paper at the 2nd DeLTa Workshop, ICLR 2026

Yang et al. (2025). Eysenbach & Levine (2022) show that MaxEnt RL maximizes a lower bound on a
robust RL objective, and learns policies that are robust to disturbances in the dynamics and the reward
function. Another concurrent work Smith et al. (2026) deals with posing the calibration/fine-tuning
of generative models as a constrained maximum entropy optimization problem with distributional
constraints. Chaudhari et al. (2017) also leverage local geometry but to construct a local-entropy-
based objective function that generalizable solutions lying in large flat regions. Meanwhile, MaxEnt
along with a data-fit constraint alone has been observed to drive the distribution towards the data
points, so there needs to be a principled approach to mitigate memorization in this case as well.

Memorization There has been a great deal of recent interest in studying the memorization and
generalization abilities of such models, e.g. Ye et al. (2025); Wang et al. (2025). While these models
can match marginals and produce high-quality samples, they can still exhibit memorization-like
behavior, manifesting as reduced diversity and sample trajectories that drift toward specific training
samples Somepalli et al. (2023). In other words, as Bamberger et al. (2025) remarked, high quality
samples alone cannot measure the performance of a generative model as it can be easily be achieved
by reproducing training samples; more importantly, they also highlight that memorization occurs due
to tangential flows of the velocity field associated with the model, creating attractors Achilli et al.
(2024); Biroli et al. (2024).

Standard fitting/learning objectives such as score-matching, maximum likelihood estimation, or flow
matching prioritize data fit but do not directly control tangential concentration along M . Conversely,
maximizing ambient differential entropy alone is ill-posed in Rd as vanishing mass can be placed
arbitrarily far from the data. Santi et al. (2025) consider MaxEnt as a fine-tuning problem where the
authors were interested in exploration over an approximate data manifold implicitly-defined by a
pre-trained diffusion model. Other recent work leverages local geometric covariance information in
generative path constructions in the setting of flow matching Bamberger et al. (2025).

In this work, we propose a constrained maximum entropy principle for selecting a model density q
on Rd: maximize ambient entropy subject to data fit and geometric regularity constraints. Data-fit
can be enforced by any standard constraint; here, we took it to be the negative log likelihood (NLL).
To make the ambient entropy objective well-posed and prevent mass-at-infinity solutions, we impose
a thickness constraint that keeps q concentrated on a tubular neighborhood of M . To suppress
memorization, we introduce a tangential Carré du Champ (CDC)-type constraint on the projected
marginal qM on M , defined by a CDC quadratic form that’s estimated from data.

Contributions

• We propose a general MaxEnt-CDC problem with constraints to prevent formation of narrow
modes along the data manifold M , targeting memorization.

• Under a log-Sobolev inequality (LSI) on the data distribution p on M and a quantitative
projector-accuracy on the data-driven CDC, we prove intrinsic Kullback-Leibler (KL) control
and explicit anti-concentration bounds near training points; thickness lifts these guarantees
to ambient neighborhoods in Rd.

• We provide scalable estimators for CDC regularization and distance-to-manifold prox-
ies, demonstrate increased diversity, and reduced reproduction of training points through
experiments (in Appendix A).

2 GEOMETRIC SETTING AND MEASURES ON A MANIFOLD

Assumption 2.1 (Compact C2 manifold with reach). Let M ⊂ Rd be a compact, connected, C2

embedded manifold of dimension m without boundary. Assume M has positive reach: there exists
r0 > 0 such that every x in the tubular neighborhood

Ur0(M) := {x ∈ Rd : dist(x,M) < r0}
has a unique nearest point on M . Denote by π : Ur0(M) → M the nearest-point projection.
Incidentally, π is locally Lπ-Lipshitz.

Let σ := volM
volM (M) be the canonical reference measure on M . Let q be a probability density

on Rd with corresponding probability measure (still denoted q) and assume q(Ur0(M)) = 1 for
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simplicity (or q(Ur0(M)) ≈ 1). The pushforward on M is qM := π#q, where qM (A) := q(π−1(A))
for a measurable A ⊂ M . Assume qM is absolutely continuous with respect to σ: qM (A) =∫
A
ρ(y)σ(dy).

3 THE MAXENT-CDC PROBLEM

In this section, we develop the theoretical foundations of the proposed maximum entropy under
the carré du champ constraint (MaxEnt-CDC) formulation. We begin by motivating the principle
through the memorization-quality trade-off in generative models, then introduce the carré du champ
Fisher information and derive the Euler-Lagrange conditions. We further prove existence and
qualitative properties of solutions and connect the formulation to Bakry-Émery curvature, log-
Sobolev inequalities, and the geometry learned by diffusion models. Throughout, we leverage the
data-dependent diffusion geometry estimated via a nearest-neighbors approach. To our knowledge,
this is the first variational principle connecting geometry, entropy, memorization, and generalization
in generative modeling problems.

3.1 SETUP

Let q denote a probability density on Rd, and Γ(x) ∈ Rd×d be a symmetric positive semidefinite
matrix, and uniformly bounded; it will be estimated from data as we will see in Section A. Denote our
(unknown) data distribution by pdata – we only have access to samples SN = {x(i)}Ni=1 ∼ pdata ⊂
Rd.
Definition 3.1 (Entropy). The (ambient) entropy is defined as

H(q) := −
∫
Rd

q(x) log q(x) dx (1)

It is unbounded over all densities on Rd: a model can increase H(q) by allocating a small amount of
probability mass far from the data (where likelihood constraints are not evaluated), while changing
the data-fit objective negligibly. To make this well-posed, we impose a thickness control:
Definition 3.2 (Normal thickness control). This constraint controls the thickness around the manifold
M , and prevents the model from meeting the negative log-likelihood but wasting entropy by going
far off-manifold:

EX∼q[dist(X,M)2] ≤ δ2

We propose the following constrained MaxEnt problem:

How can we do maximum entropy learning while ensuring that memorization of the training
data is minimized?

max
q

H(q) s.t.

IΓ(ρ) ≤ Ctan,

∫
q(x) dx = 1, q ≥ 0

D(q, pdata) ≤ Cnll, EX∼q[dist(X,M)2] ≤ δ2

(2)

D(·, ·) can be an arbitrary metric or divergence between data density pdata and q. In practice, we will
take this to be the negative log-likelihood (NLL) on data: −Ex∼pdata [log q(x)] (which is equivalent
to taking the Kullback-Leibler (KL)). We think of this as a “data-anchoring” term so that the entropy
does not converge to the uniform distribution. Notably, since pdata is unknown, we use the empirical
NLL (obtained from SN ). IΓ is the CDC quadratic form containing the data-driven Γ(x) (which
measures local tangent projection). We will dive into the CDC regularization further in Section 4.
This formalizes our goal to maximize diversity of the generative model subject to bounded geometric
curvature in data-adaptive coordinates, while respecting the data manifold.

We form a variational principle using the Euler-Lagrange equations to solve this problem. For more
details, we refer to Appendix D. The following sections will improve our understanding of the role of
each constraint in Problem 2.
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4 CDC TANGENTIAL FISHER CONTROL AND INTRINSIC FISHER INFORMATION

Recall that our goal is to suppress memorization understood as tangential collapse of the model
distribution along the data manifold. A natural way to quantify tangential accumulation is the intrinsic
Fisher information:

I(ρ) =
∫
M

∥∥∇M log ρ(y)
∥∥2 ρ(y)dσ(y) (3)

where ρ is the intrinsic density on M defined by qM . I(ρ) penalizes high-frequency variation of
log ρ along M . Unsurprisingly, this is hard to directly evaluate as M and the intrinsic gradient ∇M

are unknown. However, since M ↪→ Rd, intrinsic gradients can be expressed using the ambient
gradients via the tangent projector:
Definition 4.1 (Intrinsic gradient ∇M via the tangent projector onto M ). Let the orthogonal projector
onto the tangent space TyM ⊂ Rd be PT (y). Then, for any smooth function f on M and any smooth
extension f̃ off M ,

∇Mf(y) = PT (y)∇f̃

The above suggests replacing the unknown projector PT (y) by a data-driven surrogate Γ(y). We then
have a CDC Fisher proxy
Definition 4.2 (Carré du champ (CDC) regularizer). Given a C2 function f : Rd → R, the carré du
champ operator is

IΓ(ρ) :=
∫
M

⟨∇ log ρ(y),Γ(y)∇ log ρ(y)⟩ρ(y) dσ(y). (4)

Γ(x) is estimated using local neighborhood statistics inspired by Bamberger et al. (2025); the data-
driven estimation procedure can be found in Appendix A. In a sufficiently small neighborhood around
y, the data cloud is approximately supported on an m-dimensional affine subspace aligned with TyM ,
so the top-m eigenspace of a kernel-weighted local covariance provides a consistent estimate of the
tangent space. The covariance behaves like a local tangent projector. The quadratic form ⟨∇f,Γ∇f⟩
is the standard carré du champ energy associated with a local metric Γ (in fact, it is a Riemannian
metric); here, we use it solely as a geometry-aware regularizer.

Next, we make an assumption about the projector accuracy Γ ≈ PT (which, as we will see, is verified
numerically):
Assumption 4.3 (CDC projector accuracy). Recall Γ : M → Rd×d is symmetric and PSD by virtue
of it being a local covariance estimate. Assume there exists ϵ ∈ [0, 1) such that for all y ∈ M ,
(1− ϵ)PT (y) ⪯ Γ(y) ⪯ (1 + ϵ)PT (y), in the sense of quadratic forms.

The following shows us the equivalence of IΓ and the intrinsic Fisher quantity:
Lemma 4.4 (Equivalence of IΓ and I). Under Assumption 4.3, for any smooth ρ > 0 with

∫
ρ dσ = 1,

(1− ϵ)I(ρ) ≤ IΓ(ρ) ≤ (1 + ϵ)I(ρ).

Proof. We refer to Appendix B.

4.1 LOG-SOBOLEV INEQUALITY (LSI) AND INTRINSIC DIVERSITY

The CDC tangential Fisher constraint introduced in the previous section penalizes sharp variation
of ρ and hence log ρ along the data manifold. While this aligns with the heuristic notion that
memorization corresponds to concentration near training points, Fisher-type quantities are gradient
energies and do not, by themselves, directly quantify distributional closeness or diversity. To turn
tangential smoothness into a quantitative non-collapse principle, we make use of a standard functional-
analytic bridge: the log-Sobolev inequality (LSI) on (M,σ). LSI relates KL divergence (w.r.t. the
uniform measure σ) to the intrinsic Fisher information, yielding an explicit bound of the form
KL(qM ||σ) ≲ I(ρ). Combining this with projector-accuracy Γ ≈ PT converts the CDC constraint
I(ρ) ≤ Ctan into an intrinsic KL control guarantee. This, in turn, implies anti-concentration: the
probability assigned by qM to unions of small neighborhoods around projected training points cannot
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exceed the corresponding uniform baseline volume by more than a factor controlled by said KL
guarantee. This allows us a clean mechanism to show CDC tangential control prevents memorization
in the sense of tangential collapse.

Assumption 4.5 (LSI on (M,σ)). There exists λ > 0 such that for all smooth f : M → R with∫
M

f2 dσ = 1,

Entσ(f
2) :=

∫
M

f2 log f2 dσ ≤ 2

λ

∫
M

∥∇Mf∥2 dσ.

Remark 4.6. LSI holds for many compact manifolds under mild curvature/regularity conditions;
moreover, it allows dimension-free conversion and thus we use it as a sufficient condition.

We will need the following lemma to help us with formalizing anti-concentration bounds later:

Lemma 4.7 (LSI implies KL-Fisher bound). Under Assumption 4.5, for any smooth density ρ > 0
with

∫
ρ dσ = 1,

KL(ρ||1) :=
∫
M

ρ log ρ dσ ≤ I(ρ)
2λ

Proof. We refer to Appendix B.

Theorem 4.8 (CDC Fisher bound implies intrinsic KL control). Assume Assumptions 4.3 and 4.5. If
IΓ(ρ) ≤ Ctan, then

KL(qM ||σ) =
∫
M

ρ log ρ dσ ≤ Ctan

2λ(1− ϵ)

Proof. By Lemma 4.4, I(ρ) ≤ 1
1−ϵIΓ(ρ) ≤

Ctan

1−ϵ . Applying Lemma 4.7, we arrive at the statement.
In essence, this KL-to-uniform control is a diversity guarantee.

4.2 INTRINSIC ANTI-CONCENTRATION NEAR TRAINING POINTS

The previous section shows that the CDC Fisher constraint yields a bound on KL(qM ||σ), meaning
that the projected model distribution qM cannot deviate too far from the uniform reference measure σ
on M . To connect this global notion of diversity to memorization, we study how much probability
mass qM assigns to neighborhoods of the training samples SN . If the model “memorizes”, then a
non-negligible fraction of the model’s probability must concentrate in unions of small balls around
the projected training points.

We work with the projected training points y(i) = π(x(i)) (from tubularity). To make things clearer,
and to avoid geodesic vs Euclidean subtleties, we work with extrinsic balls on M :

Bext
M (y, r) := {z ∈ M :∥z − y∥ < r}.

Next, we define intrinsic memorization mass:

Memr
M (qM , SN ) := qM

(
∪N
i=1B

ext
M (y(i), r)

)
We make use of Pinsker’s inequaity, which states that for probability measures µ ≪ ν on the same
measurable space,∥µ− ν∥TV ≤

√
1/2KL(µ||ν).

Theorem 4.9 (Anti-concentration bound). Under the assumptions of Theorem 4.8, for all r > 0,

Memr
M (qM , SN ) ≤ σ

(
∪N
i=1B

ext
M (y(i), r)

)
+

√
Ctan

4λ(1− ϵ)
.

Proof. Define the set A := ∪N
i=1B

ext
M (y(i), r). Then, qM (A) ≤ σ(A) +∥qM − σ∥TV. From here, a

simple application of Pinsker’s inequality suffices.
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5 LIFTING INTRINSIC CONTROL TO AMBIENT SPACE CONTROL VIA “NORMAL
THICKNESS”

Theorem 4.9 yielded anti-concentration around the projected training points y(i), and controlled the
projected model distribution qM = π#q on M . However, the model q and the observed samples
x(i) live in the ambient Rd and memorization is also often assessed in ambient coordinates (say,
for example, neighborhoods in pixel space). Therefore, this necessitates the translation of intrinsic
non-collapse on M into an ambient space statement about the mass q assigns. The “lifting” relies
on two geometric ingredients: (i) projection regularity, which ensures that nearby points in Rd have
projections that are also nearby on M , and (ii) thickness control, guaranteeing most of the model
mass lies within a tubular neighborhood where the projection map is well-defined.

We define ambient memorization at scale r > 0, to be

MemRd

r (q, SN ) := q
(
∪N
i=1BRd(x(i), r)

)
.

With this, we observe the relationship between intrinsic memorization and ambient memorization:
Lemma 5.1 (Projection inclusion). Under Assumption 2.1 and recalling q(Ur0(M)) = 1 (for
simplicity), for any r < r0, BRd(x(i), r) ⊂ π−1(Bext

M (y(i), Lπr)) for each i. Consequently,

MemRd

r (q, SN ) ≤ qM

(
∪N
i=1B

ext
M (y(i), Lπr)

)
= MemM

Lπr(qM , SN ).

Proof. We refer to Appendix B.

This lemma has a direct corollary, whereby we can formally derive an anti-concentration bound in
ambient space
Corollary 5.2 (Ambient anti-concentration bound with thickness control). Using Theorem 4.9 and
under the assumption of Lemma 5.1, for all r > 0 with Lπr < r0,

MemRd

r (q, SN ) ≤ σ
(
∪N
i=1B

ext
M (y(i), Lπr)

)
+

√
Ctan

4λ(1− ϵ)

Proof. The proof follows from Lemma 5.1 to reduce ambient mass to intrinsic mass at radius Lπr
and then applying Theorem 4.9.

Remark 5.3. Note that we have worked under the assumption q(Ur0(M)) = 1 (or ≈ 1). However,
we have, in practice, the thickness constraint Eq[dist(X,M)] < δ2. In this case, for any t < r0,

q( Ut(M)c︸ ︷︷ ︸
the complement

) = P(dist(X,M) ≥ t) ≤ δ2

t2

by Markov’s inequality. Then, noticing that

q(∪iB(x(i), r)) ≤ q((∪iB(x(i), r) ∩ Ut(M)) + q(Ut(M)c),

we can get finer-grained estimates for Corollary 5.2 where we will incur an additive δ2/t2 tail term.

6 RATES OF APPROXIMATIONS OF THE DATA-DRIVEN ESTIMATORS

In this part, we analyze the gap between the estimators Γ̂(x), d̂ist(x,M) (estimated via local
covariance procedures as in Appendix A) and the idealized assumptions Γ ≈ PT and the Lipschitz
projection. We state rates in a parameterized form.
Assumption 6.1 (Local sampling and noise model). Let Z be a random point on M with density
bounded above and below w.r.t. σ. Assume observations are of the form x = Z + ξ, where ξ is
mean-zero noise, E[ξξ⊤] = Σξ and ∥ξ∥ ≤ τ almost surely (or sub-Gaussian with parameter τ ).
Assume the second fundamental form of M is bounded so that locally M deviates from its tangent
plane by O(h2) at scale h.
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Remark 6.2. Assumption 6.1 is a convenient way to formalize “data concentrate near M” with
thickness and curvature. The rates below separate (i) curvature bias (ii) statistical error from finite k
(the number of neighbors). The following is a generic subspace perturbation lemma.
Lemma 6.3 (Projector perturbation bound). Let S be a symmetric PSD matrix with eigenvalues
λ1 ≥ · · · ≥ λd ≥ 0. Let U ∈ Rd×m span the top-m eigenspace, and P := UU⊤. Let Ŝ =

S + E with symmetric perturbation E, and let P̂ be the top-m projector of Ŝ. If the eigengap
∆ := λm − λm+1 > 0, then

∥P̂ − P∥op ≤ 2∥E∥op
∆

.

Proof. We refer to Appendix B.

This justifies the following – if the local covariance has a clear eigengap between tangential and
normal directions, then local PCA recovers the tangent space. The required projector-accuracy
assumption

∥∥∥Γ̂− PT

∥∥∥
op

≤ ϵ holds whenever the covariance estimation error
∥∥∥Ŝ − S

∥∥∥
op

is O(ϵ∆).

6.1 RATE FOR Γ̂ AS AN APPROXIMATION OF PT

We now interpret S as the population local covariance in a neighborhood of radius h around an
anchor point, and Ŝ as the empirical weighted covariance Ŝi computed from k neighbors.
Proposition 6.4 (Parameterized local PCA tangent-space rate). Fix y ∈ M , and consider a neighbor-
hood scale h (e.g. the typical k-NN radius). Let Ph(y) be the population top-m projector of S at y,
with ∆(h) the corresponding eigengap. Under Assumption 6.1, suppose S satisfies:

1. (Eigenspace separation) The top-m eigenspace equals TyM and has eigengap ∆(h) > 0 to the
remaining (d−m) directions;

2. (Curvature bias) Deviation from the true tangent projector obeys ∥Ph(y)−PT (y)∥op ≤ Ccurvh
or Ccurvh

2.

Let Γ̂i be the empirical top-m projector from k samples in the neighborhood. Then with probability
at least 1− δfail,

∥Γ̂i − PT (y)∥op ≤ ∥Ph(y)− PT (y)∥op︸ ︷︷ ︸
curvature bias

+
2∥Ŝ − S∥op

∆(h)︸ ︷︷ ︸
statistical & noise term

,

and moreover, for sub-Gaussian noise and bounded moments one typically has a concentration bound
of the form

∥Ŝ − S∥op ≲ C1

(
τ2 + h2

)√ log(d/δfail)

k
+ C2

(
τ2 + h2

) log(d/δfail)
k

,

where C1, C2 depend on the weighting scheme and moment constants.

Proof. We refer to Appendix B.

Remark 6.5 (Regarding Assumption 4.3). If Γ̂i satisfies
∥∥∥Γ̂i − PT (y)

∥∥∥
op

≤ ϵ, then (1− ϵ)PT (y) ⪯

Γ̂i ⪯ (1 + ϵ)PT (y) holds as quadratic forms on Rd (a projector perturbation implies a sandwich
bound on the tangent subspace), thus matching Assumption 4.3 with Γ = Γ̂.

6.2 RATE FOR d̂ist(x,M) AS A THICKNESS PROXY

Let x ∈ Rd be a point in a tube around M and let y = π(x) (which only has a normal component).
In reality, since we have data anchors, we will have a tangential error as well. If Γ̂ approximates
PT (y) well, then the normal residual (I − Γ̂)(x− x(i)) approximates the normal component:
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Proposition 6.6 (Parameterized distance proxy bound). Let i be a nearest neighbor anchor to x ∈ Rd

and assume x(i) ∈ Ur0(M) with y(i) = π(x(i). Assume ||Γ̂i−PT (y
(i))||op ≤ ϵ and ||y(i)−y|| ≤ ch

(anchor proximity). Then

|d̂ist(x,M)− dist(x,M)| ≤ Canchorch + ϵ||x− x(i)||+ Ccurv∥x− y∥2

Proof. See Appendix B.

7 NUMERICAL EXPERIMENTS

In this part, we solve the MaxEnt-CDC problem equation 2 and see the effect each constraint has on
the entropy. We train a Real NVP normalizing flow as our generative model, since the log density
log q is readily available Dinh et al. (2017). We take M = S2, k = 30, d = 3, and m = 2. To solve
Problem 2, we form a (relaxed) Lagrangian and perform appropriate penalization for the constraints.
More details about leveraging a variational principle can be seen in Appendix D.

Table 1: Results depicting the effects of the different constraints on the MaxEnt (M.E.) objective for
a sphere. ⊥≡ normal thickness; Γ ≡ CDC constraint. Mem denotes memorization, and Cover ≡
coverage of M

Obj. H(q) NLL MemRd

0.1(q, SN ) Cover ⊥
NLL 13.36 -5.6108 0.6690 0.1880 0.0094

M.E. 20.17 -3.1619 0.9650 0.0680 0.0104

M.E. + Γ 14.37 -2.4852 0.6640 0.1700 0.0832

M.E. + ⊥ 20.00 -3.3725 0.4040 0.0680 0.0382

Pb. 2 13.54 -3.7177 0.2390 0.2080 0.0027

We set the distance for memorization of a point to count to be within 0.1 of a training data point.
The results in Table 1 distinctly show that MaxEnt alone increases memorization. This confirms the
paper’s insight that maximizing entropy without geometric constraints leads to diffuse mass that does
not respect manifold structure. The CDC + thickness constraints sacrifice some entropy but achieve
meaningful diversity on the manifold. Both together achieve the best result – highest coverage and
lowest memorization. We defer, to Appendix C, other experiments showing sample diversity,
memorization Memr(q, SN ) capacity, and verification of the algorithm in Section A.

8 LIMITATIONS

The estimated projection Γ̂ is only geometrically meaningful when x is near a training anchor.
Samples in “gap” regions receive gradient signals from distant anchors (though this is mitigated
by the thickness constraint). We also need to compute ambient scores at each step, and in high-
dimensional ambient spaces, this may become expensive unless we take into consideration known
efficiencies when employing this principle for a specific generative model along with amortized score
estimation (e.g. using a Score Network and score matching).

9 CONCLUSION

We introduced a geometry-aware maximum-entropy framework for modeling data in Rd that concen-
trate near an unknown low-dimensional manifold M . The key idea is to identify memorization-like
tangential collapse along M and control it via a Carré du Champ-type Fisher constraint induced
by a data-adaptive field Γ that approximates the local tangent projector. We obtain guarantees on
the intrinsic diversity and lift them to the ambient space. Experimental results validate our MaxEnt
problem and show that the constraints are necessary and complementary: diversity is increased
significantly while suppressing memorization.
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A EFFICIENT DATA-DRIVEN COMPUTATION OF Γ(x) AND dist(X,M)

So far, we have made use of Γ(x) and dist(X,M) in formally showing anti-concentration, both
intrinsically on M and in the ambient space where the model q lives. In this part, we describe an
efficient way to estimate these objects; we will call the estimated objects Γ̂(x) and d̂ist(X,M).

A.1 LOCAL PCA

First, we fix k, the number of neighbors, and an intrinsic dimension estimate of m. The intrinsic
dimension can be estimated from prior knowledge, the eigengap/spectral gap, or even through
the method described in Stanczuk et al. (2024) as mentioned in Section 1. On the given dataset
SN , we build an approximate nearest neighbor (ANN) index (which is used to rapidly retrieve
high-dimensional vectors close to a query point).

A.1.1 PRECOMPUTATION AT THE ANCHOR POINTS x(i)

We precompute once, for each i:

1. Find Nk(i), the k-nearest neighbors of x(i) in SN .

2. Choose weights wij ≥ 0,
∑

j∈Nk(i)
wij = 1. For instance, we can take Gaussian weights

Bamberger et al. (2025). Let µi :=
∑

j∈Nk(i)
x(j).

3. Then, we form the weighted covariance

Ŝi :=
∑

j∈Nk(i)

wij(x
(j) − µi)(x

(j) − µi)
⊤

4. Compute Ûi ∈ Rd×m, containing the top-m eigenvectors of Ŝi. Randomized SVD is
efficient when m ≪ d. Define the local tangent projector estimate

Γ̂i := ÛiÛ
⊤
i .

A.1.2 QUERY-TIME EVALUATION

Given a new x ∈ Rd, we pick the nearest anchor i = NN(x) and set Γ̂(x) := Γ̂i.
Remark A.1. If we interpolate projectors, this method becomes geometrically unsound. The average
of projectors from different tangent spaces is generally not a projector onto a meaningful tangent
space. Assumption 4.3 holds locally.

A.2 DISTANCE-TO-MANIFOLD PROXY VIA NORMAL RESIDUAL

Due to the tubular assumption of the manifold, we can decompose a point into its projection onto
the manifold and curvature terms. To estimate r0, known as the injectivity radius of the tubular
neighborhood, we refer to Sakamoto et al. (2024).

Given the nearest anchor i and Ûi, define

d̂ist(x,M) :=
∥∥∥(Im − ÛiÛ

⊤
i )(x− x(i))

∥∥∥ .
This quantity is the distance from x to the estimated local tangent place at x(i), i.e. a proxy for
the normal deviation from the manifold. To efficiently compute this, we compute without forming
Γ̂i = ÛiÛ

⊤
i explicitly:

(Im − ÛiÛ
⊤
i )(x− x(i)) = (x− x(i))− Ûi(Û

⊤
i (x− x(i)))

which costs O(dm).
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B PROOFS

In this section, we state proofs of aforementioned lemmata/theorems.
Lemma B.1 (Equivalence of IΓ and I, Lemma 4.4). Under Assumption 4.3, for any smooth ρ > 0
with

∫
ρ dσ = 1,

(1− ϵ)I(ρ) ≤ IΓ(ρ) ≤ (1 + ϵ)I(ρ)

Proof. Fix y ∈ M and ]et f̃ be a smooth extension off M of f := log ρ. Then
∥∥∇Mf(y)

∥∥2 =

⟨∇f̃(y), PT (y)∇f̃(y)⟩. Directly applying Assumption 4.3 implies

(1− ϵ)⟨∇f̃(y), PT (y)∇f̃(y)⟩ ≤ ⟨∇f̃(y),Γ(y)∇f̃(y)⟩ ≤ (1 + ϵ)⟨∇f̃(y), PT (y)∇f̃(y)⟩

Thus (1− ϵ)∥∇M log ρ∥2 ≤ ⟨∇ log ρ,Γ∇ log ρ⟩ ≤ (1 + ϵ)∥∇M log ρ∥2. Multiplying by ρ(y) and
integrating over M w.r.t. σ gives the result.

Lemma B.2 (LSI implies KL-Fisher bound, lemma 4.7). Under Assumption 4.5, for any smooth
density ρ > 0 with

∫
ρ dσ = 1,

KL(ρ||1) :=
∫
M

ρ log ρ dσ ≤ I(ρ)
2λ

Proof. Let f :=
√
ρ, so

∫
M

f2 dσ = 1 and Entσ(f
2) = KL(ρ||1). Using that ∇Mf =

1/2ρ−1/2∇Mρ,

∥∇Mf∥2 =
∥∇Mρ∥2

4ρ
=∥∇M log ρ∥2 /4.

Integrating,
∫
M
∥∇Mf∥2 dσ = I(ρ)/4 and Assumption 4.5 completes the proof.

Lemma B.3 (Projection inclusion, Lemma 5.1). Under Assumption 2.1 and recalling q(Ur0(M)) = 1
(for simplicity), for any r < r0,

BRd(x(i), r) ⊂ π−1(Bext
M (y(i), Lπr)) for each i

Consequently,

MemRd

r (q, SN ) ≤ qM

(
∪N
i=1B

ext
M (y(i), Lπr)

)
= MemM

Lπr(qM , SN ).

Proof. Fix i and let x ∈ BRd(x(i), r). Since q is supported on Ur0(M), we may assume x ∈ Ur0(M).
By Lipschitzness of π,

∥π(x)− y(i)∥ = ∥π(x)− π(x(i))∥ ≤ Lπ∥x− x(i)∥ < Lπr,

so π(x) ∈ Bext
M (y(i)) and hence x ∈ π−1(Bext

M y(i), Lπr). Taking unions over i, applying q(·), and
using q(π−1(A)) = qM (A), we get the desired statement.

Lemma B.4 (Projector perturbation bound, Lemma 6.3). Let S be a symmetric PSD matrix with
eigenvalues λ1 ≥ · · · ≥ λd ≥ 0. Let U ∈ Rd×m span the top-m eigenspace, and P := UU⊤. Let
Ŝ = S + E with symmetric perturbation E, and let P̂ be the top-m projector of Ŝ. If the eigengap
∆ := λm − λm+1 > 0, then

∥P̂ − P∥op ≤ 2∥E∥op
∆

.

Proof. We utilize a standard Davis-Kahan-type argument. Let U⊥ ∈ Rd×(d−m) span the orthogonal
complement, so P⊥ = U⊥U

⊤
⊥ = Id − P . Similarly, let Û span the top-m eigenspace of Ŝ, so

P̂ = Û Û⊤.

A standard way to measure the distance between subspaces is via the matrix of principal angles Θ.
One such identity is

∥∥∥P̂ − P
∥∥∥
op

=∥sinΘ∥op. So, it suffices to bound∥sinΘ∥op.
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Now we consider the off-diagonal block of Û in the basis (U,U⊥): U⊤
⊥ Û , quantifying how far the

estimated subspace is from the true one. A standard Davis-Kahan inequality states

∥∥∥U⊤
⊥ Û

∥∥∥
op

≤

∥∥∥U⊤
⊥EÛ

∥∥∥
op

gap

where gap is the separation between the top-m eigenvalues and the rest. The separation (eigengap),
in this case, becomes ∆ = λm − λm+1. Taking operator norms gives∥∥∥U⊤

⊥ Û
∥∥∥

op
≤

∥E∥op
∆

It turns out
∥∥∥U⊤

⊥ Û
∥∥∥

op
=∥sinΘ∥op (the sines of the principal angles between two subspaces), and

therefore this is directly comparable to the projector difference
∥∥∥P̂ − P

∥∥∥
op

. A conservative bound is∥∥∥P̂ − P
∥∥∥
op

≤ 2∥sinΘ∥op =
2∥E∥op

∆ . For more details, we refer the reader to Yu et al. (2014).

Proposition B.5 (Parameterized local PCA tangent-space rate, Proposition 6.4). We work at a fixed
anchor with projected location y ∈ M , and consider a neighborhood scale h (e.g. the typical
k-NN radius). Let Ph(y) be the population top-m projector of S at y, with ∆(h) the corresponding
eigengap. Under Assumption 6.1, suppose the population local covariance satisfies:

1. (Eigenspace separation) The top-m eigenspace equals TyM and has eigengap ∆(h) > 0 to the
remaining (d−m) directions;

2. (Curvature bias) Deviation from the true tangent projector obeys ∥Ph(y)−PT (y)∥op ≤ Ccurvh
or Ccurvh

2

Let Γ̂i be the empirical top-m projector from k samples in the neighborhood. Then with probability
at least 1− δfail,

∥Γ̂i − PT (y)∥op ≤ ∥Ph(y)− PT (y)∥op︸ ︷︷ ︸
curvature bias

+
2∥Ŝ − S∥op

∆(h)︸ ︷︷ ︸
statistical & noise term

,

and moreover, for sub-Gaussian noise and bounded moments one typically has a concentration bound
of the form

∥Ŝ − S∥op ≲ C1

(
τ2 + h2

)√ log(d/δfail)

k
+ C2

(
τ2 + h2

) log(d/δfail)
k

,

where C1, C2 depend on the weighting scheme and moment constants.

Proof. Recall Ŝ = S + E, and Ph(y) is the tangent projector in the ideal noiseless case. Then,∥∥∥Γ̂i − PT (y)
∥∥∥
op

≤
∥∥∥Γ̂i − Ph(y)

∥∥∥
op

+
∥∥Ph(y)− PT (y)

∥∥
op

.

Applying Lemma 6.3 to the first term, we get
∥∥∥Γ̂i − Ph(y)

∥∥∥
op

≤ 2∥E∥op /∆(h) (well-defined if

the population eigengap ∆(h) > 0). The stated concentration form for∥E∥op comes from standard
matrix concentration applied to the sample covariance and under sub-Gaussian noise τ Tropp (2011);
Vershynin (2018).

Proposition B.6 (Parameterized distance proxy bound, Proposition 6.6). Let i be a nearest neighbor
anchor to x ∈ Rd and assume x(i) ∈ Ur0(M) with y(i) = π(x(i). Assume

∥∥∥Γ̂i − PT (y
(i)
∥∥∥
op

≤ ϵ

and
∥∥∥y(i) − y

∥∥∥ ≤ ch (anchor proximity). Then

|d̂ist(x,M)− dist(x,M)| ≤ Canchorch + ϵ
∥∥∥x− x(i)

∥∥∥+ Ccurv∥x− y∥2
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Proof. Let y = π(x) ∈ M , so that dist(x,M) = ∥x− y∥. Define the proxy

d̂ist(x,M) :=
∥∥(I − Γ̂i)(x− x(i))

∥∥.
Using the triangle inequality |∥a∥ − ∥b∥| ≤ ∥a− b∥ with

a = (I − Γ̂i)(x− x(i)), b = x− y,

we obtain ∣∣d̂ist(x,M)− dist(x,M)
∣∣ ≤ ∥∥(I − Γ̂i)(x− x(i))− (x− y)

∥∥. (5)

Add and subtract (I − PT (y
(i)))(x− x(i)) and apply the triangle inequality:∥∥(I − Γ̂i)(x− x(i))− (x− y)

∥∥ ≤
∥∥(I − Γ̂i)(x− x(i))− (I − PT (y

(i)))(x− x(i))
∥∥︸ ︷︷ ︸

=:Rproj

+
∥∥(I − PT (y

(i)))(x− x(i))− (x− y)
∥∥︸ ︷︷ ︸

=:Rgeom

. (6)

For the projector term,

Rproj =
∥∥(Γ̂i − PT (y

(i)))(x− x(i))
∥∥ ≤ ∥Γ̂i − PT (y

(i))∥op ∥x− x(i)∥ ≤ ε ∥x− x(i)∥.

It remains to bound Rgeom. Write

x− x(i) = (x− y) + (y − y(i)) + (y(i) − x(i)),

so that
(I − PT (y

(i)))(x− x(i))− (x− y) = (I − PT (y
(i)))(x− y)− (x− y)

+ (I − PT (y
(i)))(y − y(i)) + (I − PT (y

(i)))(y(i) − x(i))

= −PT (y
(i))(x− y) + (I − PT (y

(i)))(y − y(i))

+ (I − PT (y
(i)))(y(i) − x(i)).

Hence, using ∥I − PT (y
(i))∥op = 1,

Rgeom ≤ ∥PT (y
(i))(x− y)∥︸ ︷︷ ︸
(A)

+ ∥y − y(i)∥︸ ︷︷ ︸
(B)

+ ∥y(i) − x(i)∥︸ ︷︷ ︸
(C)

. (7)

We bound (B) ≤ ch by assumption. For (C), we absorb it into the anchor term by assuming (as in
the standard tube/noise model) that ∥x(i) − y(i)∥ ≤ Canchor ch; then (B) + (C) ≤ Canchor ch after
adjusting constants.

To control (A), note that x− y ∈ NyM , so PT (y)(x− y) = 0 and

PT (y
(i))(x− y) = (PT (y

(i))− PT (y))(x− y).

By projection regularity / bounded curvature in a tubular neighborhood, the tangent projector is
Lipschitz:

∥PT (y
(i))− PT (y)∥op ≤ Ccurv∥y(i) − y∥.

Therefore,
(A) ≤ ∥PT (y

(i))− PT (y)∥op ∥x− y∥ ≤ Ccurv∥y(i) − y∥ ∥x− y∥.
Finally, using the anchor proximity ∥y(i)−y∥ ≤ ch and (in the tube regime) the standard second-order
approximation of the manifold by its tangent plane, we may upper bound this term by Ccurv∥x− y∥2
after adjusting constants.1

Combining equation 5–equation 7 yields∣∣d̂ist(x,M)− dist(x,M)
∣∣ ≤ Canchor ch + ε ∥x− x(i)∥+ Ccurv∥x− y∥2,

as claimed.

Remark B.7 (Estimating the LSI constant). We note that for the sphere S2 with uniform measure σ,
the log-Sobolev constant λ = 1. This follows from the Bakry-Émery criterion since S2 has constant
positive Ricci curvature ≥ 1.

1Equivalently, one can keep the slightly more general bound Ccurv∥y(i) − y∥ ∥x− y∥; the stated ∥x− y∥2

form follows whenever ∥y(i) − y∥ ≲ ∥x− y∥ in the tubular neighborhood.
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C FURTHER EXPERIMENTAL RESULTS

Here, we continue the analysis of our experimental setting: we solve the MaxEnt-CDC problem
equation 2 and see the effect each constraint has on the entropy and memorization. We train a Real
NVP normalizing flow as our generative model, since the log density log q is readily available Dinh
et al. (2017). In practice, we can use diffusion/flow models as well and learn a score network which
will allow for more efficient computations. We were interested in a simple architecture to more
clearly understand the effect(s) of the constraints and objective function. We emphasize that this work
establishes a principled variational framework and proves its theoretical properties. The following
experiments on the manifold S2 serve as controlled validation where ground truth is available. Scaling
to image-space diffusion models requires amortized score estimation (e.g., score networks) and
approximate nearest-neighbor structures, which we leave for future work.

To that end, we repeat our settings here: We take M = S2, k = 30, the ambient dimension d = 3, and
m = 2. To solve Problem 2, we form a (relaxed) Lagrangian and perform appropriate penalization
for the constraints. We take the regularizer in front of the NLL term to be 1, the regularizer for the
CDC term to be 0.01 (since the CDC Fisher IΓ has larger magnitude than entropy/NLL terms, we
scale it down to balance gradients), and the regularizer for the thickness control term to be 1. Note
that one can also cap or rescale eigenvalues as in anisotropic CDC constructions. The following is a
summary of the simulation settings:

• Architecture: RealNVP with 8 coupling layers, hidden dimension 64, 2 hidden layers per
coupling.

• Optimizer: AdamW with learning rate 1e-3.
• Training: 800 epochs, batch size 64, gradient clipping at 5.
• CDC estimation k = 30 neighbors, Gaussian-weighted local covariance.

The following are the definitions of the metrics used:

• NLL: negative log-likelihood, reported as −Ex∈SN
[log q(x)].

• Coverage (denoted Cover in Table 1): Fraction of uniformly sampled reference points
within adaptive radius 1.5(Vol(M)/(ncm))1/m.

• Memorization (denoted by Mem): Fraction of generated samples within Euclidean distance
0.1 of any training point.
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Figure 1: Comparison of Memorization across different components/constraints of the MaxEnt-CDC
problem

In the first figure on the left, we see that MaxEnt + CDC + Thickness (i.e. the problem equation 2)
suppresses memorization by comparing Memr(q, SN ) values we get. The third figure on the right
shows the distance to the nearest training point is more distributed with this objective.

It is observed that we get increased sample diversity for MaxEnt-CDC problem 2 while respecting
data manifold constraints, in Figure 2. Across the sphere, we get better more diverse coverage and do
not just force learned samples to training points.
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Figure 2: Comparing the samples obtained from different combinations of the objective and con-
straints. Red points are true data samples, and blue points are sampled from q
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Figure 3: Sample Diversity Distances

In Figure 3, we observe the tradeoff between exploration and memorization. Additionally, we see the
how sample distances are distributed.
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Figure 4: Accuracy and verification of Assumption 4.3
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Figure 4 actually verifies Assumption 4.3! In particular, the middle plot shows how the projector
accuracy error ϵ drops as the number of neighbors k increases, validating the assumption with small
ϵ. That is, the data-driven local PCA algorithm outlined in Section A works sufficiently well.
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Figure 5: Memorization using true PT on the sphere vs the estimated Γ.

Table 2: Results from solving equation 2 with true projector vs Γ̂

Proj. H(q) NLL Mem Cover ⊥
True PT 12.52 -1.5507 0.4340 0.2280 0.0466

Γ̂ 13.73 -1.2880 0.6220 0.1280 0.0047

Figure 5 and Table 2 shows that the true PT outperforms the estimated tangent projector Γ̂ and
shows the effect of clustered training data. The leftmost figure in Figure 5 shows that PT has lower
memorization than Γ̂, but both exceed the theoretical bound because training data is clustered. The
middle shows the cost of estimation error, and the rightmost figure shows that true PT can help spread
samples farther from training points.

D EULER-LAGRANGE AND VARIATIONAL FORMULATION FOR MAXENT-CDC
EQUATION 2

To analyze this problem, we derive the necessary condition in the form of an Euler-Lagrange equation
(in its weak form). To this end, we introduce multipliers to form the (negative) Lagrangian functional.
Let γ ≥ 0 be the multiplier for the CDC constraint, α ≥ 0 be the multiplier for the NLL constraint, η
be the multiplier for the normal thickness constraint, and µ be the multiplier for the normalization
constraint.

That is, we convert problem 2 as follows:

inf
q∈P(Ω)

F(q) := αNLL(q)−H(q) + γIΓ(q) + ηEX∼q[dist(X,M)2︸ ︷︷ ︸
=:d(x)2

] (8)

s.t. α ≥ 0, λ > 0 (9)

P(Ω) := {q ∈ L1(Ω) : q ≥ 0,

∫
q = 1} (10)

The Lagrangian, denoted by F(q), is given by∫
Rd

q(x)
[
log q(x) + γIΓ(q)(x)− µ− ηd(x)2

]
dx− α

∫
pdata(x) log q(x) dx. (11)

Note that we can rewrite

IΓ(q) =
∫
Rd

(∇q(x))⊤Γ(x)(∇q(x))

q(x)
dx.
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Writing the integrand in terms of q and ∇q, we have that F(q) =
∫
F (x, q,∇q) dx. We seek the

functional derivative δF/δq = 0, and obtain the Euler-Lagrange equation. First, we compute ∂F/∂q:

∂F

∂q
= −α

pdata

q(x)
+ log q(x) + 1− γ

(∇q(x))⊤Γ(∇q(x))

q(x)2
− µ− ηd(x)2

Next we compute ∂F/∂(∇q). Note that only the CDC term depends on ∇q. For a symmetric Γ(x),
∂F

∂(∇q)
= γ

2Γ∇q(x)

q(x)
.

The celebrated Euler-Lagrange (EL) equation ∂F
∂q −∇ ·

(
∂F

∂(∇q)

)
= 0 is

−α
p(x)

q(x)
+ log q(x) + 1− γIΓ(log q(x))− ηd(x)2 − µ− 2γ∇ · (Γ(x)∇ log q(x)) = 0. (12)

Note that we have assumed that the integration domain is Rd and that q(x) decays fast enough so that
the boundary term in integration-by-parts is zero.

D.1 REPARAMETERIZATION u(x) = − log q(x)

Setting q = e−u, log q = −u, ∇ log q = −∇u, we can arrive at a different form of Equation (12).
This reparameterization is useful as positivity of q is automatic. The resulting EL equation (after
absorbing constants) is the following nonlinear elliptic partial differential equation (PDE)

2γ∇ · (Γ∇u)︸ ︷︷ ︸
(A)

− γ(∇u)⊤Γ(∇u)︸ ︷︷ ︸
(B)

−αpeu︸ ︷︷ ︸
(C)

−u− ηd2 + 1− µ︸ ︷︷ ︸
=:D

= 0 (13)

The EL equation reveals that the optimal density q arises from a balance between the different
terms. (A) is an anisotropic diffusion operator induced by the CDC geometry that enforces geometric
smoothing of the log-density. (B) is a nonlinear Hamilton-Jacobi-type term penalizing sharp score
magnitudes, also weighted by geometry. (C) is a data-anchoring potential determined by the empirical
data distribution and ensures fidelity to observed samples. Importantly, without this term, the PDE
admits high-entropy solutions unrelated to the data manifold. The presence of u acts as a soft
confining potential. Lastly, the constant D aids in enforcing the normalization constraint of q. The
ηd2 term is the contribution from the normal thickness constraint. Together, these terms enforce
smoothness of the log-density in directions of low variance while allowing high variance along the
data manifold.

D.2 EXISTENCE OF MINIMIZERS TO THE EL EQUATION

We emphasize that different parameterizations of the density q are employed for different analytical
purposes. For the derivation and interpretation of the EL Equation (12), we worked with u = − log q,
since ∇u = −∇ log q aligned with the score field and facilitated a clear geometric interpretation.
However, for the analysis of existence of minimizers, compactness, etc.. it is technically advantageous
to work with the quadratic parameterization q = ϕ2. Under this change of variables, the CDC energy
becomes the Dirichlet form

IΓ(q) = 4

∫
Ω

(∇ϕ(x))⊤Γ(x)∇ϕ(x) dx

which is coercive and weakly lower semicontinuous in H1(Ω); this allows the application of the
direct methods of the calculus of variations.
Remark D.1. The two parameterizations are equivalent on the interior of the feasible set of the
problem equation 2.

With this in mind, let us consider the problem of existence of the EL PDE equation 12. In Section 4,
we had assumed Γ(x) is a symmetric PSD measure of the tangent projector that is estimated from
the data. In reality, it is indeed rank-deficient. However, for the following EL analysis, for ease of
exposition and a demonstration of different parts of the EL equation, we assume that we analyze a
full-rank variant (either by assumption or by adding a regularization). With this, we can therefore
assume that Γ(x) is uniformly elliptic in the following. That is, 0 < β1I ≤ Γ(x) ≤ β2I < ∞ a.e.x.
The following theorem states the existence of the maximizer of the MaxEnt-CDC problem:
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Theorem D.2 (Existence of solution). Let Ω ⊂ Rd be compact without boundary (e.g. Td. Then the
(negative) MaxEnt-CDC functional Equation (2) admits a minimizer q∗ over the set

Q :=

{
q ∈ L1(Ω) : q > 0,

∫
q = 1, H(q) > −∞, IΓ(q) < ∞

}
. (14)

Moreover, q∗ > 0 a.e. on {pdata > 0}

Proof. The proof proceeds in a series of steps

We now show that minimizers of F exist under the assumptions of the theorem. We work in the
Sobolev space H1(Ω) with the usual norm

∥u∥2H1 = ∥u∥2L2 + ∥∇u∥2L2 . (15)

1. Coercivity of the ϕ-transform Let (qn)n ⊂ P(Ω) be a minimizing sequence for F(·). That is,
F(qn) → inf F(q). W.l.o.g. assume supn F(qn) < ∞ (otherwise, there is nothing to prove). Define
ϕn :=

√
qn, so∥ϕn∥2L2 = 1. Then, from definition we have

IΓ(qn) = 4

∫
∇ϕ⊤

nΓ∇ϕn ≥ 4β1∥∇ϕn∥2L2 .

Since γIΓ(qn) is bounded above along the minimizing sequence, (ϕn)n is bounded in H1(Ω).

2. Compactness of minimizing sequence There exists a sequence (Banach-Alaoglu) that’s not re-
labeled and ϕ ∈ H1(Ω) such that ϕn ⇀ ϕ weakly in H1(Ω). By reflexivity and Rellich–Kondrachov,
there exists a subsequence (still denoted ϕn) and ϕ ∈ H1(Ω) such that ϕn ⇀ ϕ in H1 and ϕn → ϕ in
L2 and a.e. Recall q := ϕ2 and qn = ϕ2

n. Then strong L2 convergence implies strong L1 convergence
of squares:

∥qn − q∥L1 = ∥ϕ2
n − ϕ2∥L1 ≤ ∥ϕn − ϕ∥L2 ∥ϕn + ϕ∥L2 → 0,

since (ϕn) is bounded in L2. Also
∫
q = ∥ϕ∥2L2 = limn ∥ϕn∥2L2 = 1, and q ≥ 0 a.e., so q ∈ P(Ω).

Lemma D.3 (Lower semicontinuity of the entropy term). Let (ϕn) ⊂ A and ϕ ∈ A be such that
ϕn → ϕ in L2(Ω). Then ∫

Ω

ϕ2 log ϕ2 dx ≤ lim inf
n→∞

∫
Ω

ϕ2
n log ϕ

2
n dx. (16)

Proof. Let qn = ϕ2
n and q = ϕ2. Since ϕn → ϕ in L2, we claim that qn → q in L1(Ω). Indeed,∫

Ω

|qn − q| =
∫
Ω

|ϕ2
n − ϕ2| =

∫
Ω

|ϕn − ϕ| |ϕn + ϕ| (17)

≤ ∥ϕn − ϕ∥L2 ∥ϕn + ϕ∥L2 . (18)

The second factor is bounded (since (ϕn) is bounded in L2 and ϕ ∈ L2), and ∥ϕn − ϕ∥L2 → 0, so
∥qn − q∥L1 → 0.

3. Lower semicontinuity of the CDC term The map ϕ 7→
∫
∇ϕ⊤Γ∇ϕ is convex in ∇ϕ and, since

Γ is bounded and symmetric PSD, the functional

E(ϕ) :=

∫
Ω

∇ϕ⊤Γ∇ϕ

is weakly lower semicontinuous on H1(Ω). This follows from Ioffe (1977). Thus,

lim inf
n→∞

IA(qn) = 4 lim inf
n→∞

E(ϕn) ≥ 4E(ϕ) = IA(q).
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4. Lower semicontinuity of the NLL term We show

lim inf
n→∞

(
−
∫

p log qn

)
≥ −

∫
p log q.

Fix ε ∈ (0, 1) and define the truncated function

logε(t) := log(t ∨ ε),

which is bounded and continuous on [0,∞). Since qn → q in L1 and Ω has finite measure, after
passing to a subsequence we may assume qn → q a.e. Then logε(qn) → logε(q) a.e., and since logε
is bounded we have logε(qn) → logε(q) in L1 and also in L1(pdata dx) because pdata ∈ L∞:∫

pdata | logε(qn)− logε(q)| dx

≤ ∥pdata∥∞
∫

| logε(qn)− logε(q)| dx → 0.

Therefore,

−
∫

pdata logε(qn) dx → −
∫

pdata logε(q) dx.

Finally, note logε(t) ↓ log t pointwise as ε ↓ 0, so by monotone convergence (applied to − logεwhich
increases to − log on (0,∞)),

−
∫

pdata log(q) dx = lim
ε↓0

(
−

∫
pdata logε(q) dx

)
,

−
∫

pdata log(qn) dx = lim
ε↓0

(
−

∫
p logε(qn) dx

)
.

Taking lim infn→∞ and using the convergence for fixed ε yields

lim inf
n→∞

(
−
∫

pdata log(qn) dx
)
≥ −

∫
pdata log(q) dx,

as desired.

5. Lower semicontinuity of the normal thickness term Again, let d(x) := dist(x,M). d is
continuous under the conditions of the manifold M . Consider

Φ(q) := Eq[d(X)2]

Since M is compact, d(x)2 is continuous and bounded, so
∫
d2 dqn →

∫
d2 dq, showing that Φ is

continuous and thus lower semi-continuous. Likewise, it is easy to see d(x)2 also satisfies coercivity.

Now we use the above results to conclude a minimizer exists.

The functional F admits a minimizer on Q, and q > 0 a.e. on {pdata > 0}
Combining Steps 3-5 gives F(q) ≤ lim infn→∞ F(qn) = inf F(q), so q∗ exists. Additionally, if
q = 0 on some measurable set E with

∫
E
pdata > 0, then log q = −∞ on E and −

∫
p log q = ∞,

contradicting finiteness of F(q). Thus q > 0 a.e. on {pdata > 0}, and we have shown the required.

With this, we conclude the proof of Theorem D.2.

Under additional smoothness assumptions on Γ(x) and standard boundary conditions, elliptic regu-
larity implies that weak solutions of equation 12 are smooth in the interior of Ω; see, e.g., Gilbarg &
Trudinger (2001) for details.

Finally, we note that it is possible to prove the existence of a minimizer if the domain Ω = Rd. If that
is the case, then we need to assume that finite second moments of the density q and p exist.
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