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ABSTRACT

Fourier Neural Operators (FNOs) have emerged as leading surrogates for solver
operators for various functional problems, yet their stability, generalization and
frequency behavior lack a principled explanation. We present a systematic ef-
fective field theory analysis of FNOs in an infinite dimensional function space,
deriving closed recursion relations for the layer kernel and four-point vertex and
then examining three practically important settings—analytic activations, scale in-
variant cases and architectures with residual connections. The theory shows that
nonlinear activations inevitably couple frequency inputs to high frequency modes
that are otherwise discarded by spectral truncation, and experiments confirm this
frequency transfer. For wide networks, we derive explicit criticality conditions on
the weight initialization ensemble that ensure small input perturbations maintain
a uniform scale across depth, and we confirm experimentally that the theoreti-
cally predicted ratio of kernel perturbations matches the measurements. Taken
together, our results quantify how nonlinearity enables neural operators to cap-
ture non-trivial features, supply criteria for hyperparameter selection via critical-
ity analysis, and explain why scale invariant activations and residual connections
enhance feature learning in FNOs.

1 INTRODUCTION

1.1 FOURIER NEURAL OPERATOR

In scientific machine learning, neural operators—networks that approximate solution operators so
they can act directly on functional data—are attracting growing attention (Kovachki et al.[ (2021b),
Lu et al|(2021)). In addition to the linear layers of standard fully connected networks (FCNs),
neural operator architectures include layers that approximate a kernel and apply an integral trans-
form. How the kernel is represented gives rise to many variants: graph based constructions (L1 et al.
(2020)), tensor product decompositions (Kovachki et al.| (2021b))), hierarchical (multi-resolution)
kernels (Gupta et al.| (2021))), and, most notably, Fourier Neural Operators (FNOs) (Li et al.|(2021)).
Thanks to their computational efficiency, high accuracy, and ability to capture long range interac-
tions that elude CNNs and GNNs, FNOs have become the workhorse choice for surrogate model-
ing (Pathak et al.| (2022)), |Sun et al.| (2023))). Prior theory has addressed their generalization error
(Kim & Kang (2024), [Benitez et al.| (2024)), the universal approximation property (Kovachki et al.
(2021a), |[Lee et al.[(2025))), and expressivity/trainability from a mean-field perspective (Koshizuka
et al.| (2024)), yet a comprehensive statistical description is still lacking. Here we fill that gap by
analyzing FNOs through the lens of effective field theory (EFT).

1.2 EFFECTIVE FIELD THEORY FOR NEURAL NETWORKS

Because stochastic elements such as random initialization and stochastic gradient descent are intrin-
sic to neural networks, statistical-physics tools are natural candidates for theoretical analysis. Recent
work has imported methods from field theory (Halverson et al.|(2021)), Banta et al.| (2024)), relating
connected correlators in randomly initialized ensembles and deriving susceptibility based criticality
conditions that predict when training remains stable (Roberts et al.|(2022)). Within the EFT frame-
work one can see how the choice of activation or hyperparameters moves a model between different
universality classes, revealing when signals explode, vanish, or propagate cleanly.
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1.3 CONTRIBUTIONS

Building on the EFT formulation for FCNs, we extend the approach to Fourier Neural Opera-
tors—an essential step, because FNOs act on infinite dimensional function spaces rather than finite-
dimensional vectors. While the basic relations among connected correlators mirror those in FCNs,
the architectural differences introduce qualitatively new phenomena: the observables become func-
tions rather than scalars, and mechanisms such as frequency coupling appear. We show that the
kernel function—the infinite width approximation of the two-point correlator—admits a closed lay-
erwise recursion, and we derive analytic formulas for kernel perturbations; we then validate these
predictions experimentally. Our analysis quantifies how non-trivial activations and residual connec-
tions influence information flow in FNOs and yields explicit design criteria for stable models.

2 PRELIMINARIES

In this section, we examine the definition of neural operators designed for processing functional
data, and explore effective field theory along with its application to the statistical analysis of basic
neural networks (fully connected networks). Henceforth, the Einstein summation convention will
be adopted for repeated indices.

2.1 EFFECTIVE FIELD THEORY

Suppose that the distribution p(X7, ..., X,) ~ exp(—S(Xi,...,X,)) is given. For an analytic

function f(z1,...,7,) = > a;. 4,2} ... 2 the expectation of f with respect to p is expressed

as
E[f(X1,.... Xn)] = ai, i, BX{ ... X}r]

Thus, in the analytic observable case, the collection of terms E[X* ... X "] contains all the infor-
mation about the distribution. These terms are referred to as the (i1 + - - - + 4,,)-point correlators (or
(i1 + - - - + iy, )-th moments). For a Gaussian distribution, where S(X71, ..., X,,) consists solely of
quadratic terms, the following well-known result holds:

Proposition 1 (Wick contraction) Suppose (X1, ..., X,,) is a zero-mean multivariate normal ran-
dom vector. Then, all odd order correlators vanish, and the even order correlators are given by
ELG . Xpl= >0 ] ElX )

(all possible pairings) (pairings)
Motivated by this proposition, we define the connected correlator (or cumulant) for an arbitrary
distribution as follows:

Definition 1 The k-point connected correlator (or k-th cumulant, k = iy + - - - + i,,) is defined by
Elcom X! ... Xi] :==E[X] ... XI"]

— > EX . 2 XG0 leomn - EIXj 1 - X5, Tlconn

all subdivisions of (1,...,k)

Since the connected correlators vanish for Gaussian distributions, they serve as an indicator of the
deviation of a distribution from Gaussianity. A review of the effective theory analysis for fully
connected networks (FCNs) is provided in Appendix[A]

2.2 NEURAL OPERATOR

The architecture of the neural operator we consider consists of the following two types of layers:
Eq. (I) describes a linear layer that linearly transforms the channel dimension of functional data, and
Eq. represents a kernel integration layer performing convolution operations with a kernel func-
tion. Eq. expresses the kernel integration layer combined with a non-linear activation function.
In general, the kernel function does not need to be translationally invariant; however, in our setting,
we focus on the translationally invariant case as expressed in Eq. (2).

(E(u)(x))l = Z Wijuj(z), i=1,...,n. (1)
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(R(u)(x)) = /Rd kij(z — 2" yu;(2')da’, i=1,...,n. )
S(z) := o(R(u)(x)). 3)

Definition 2 By composing the linear layers and kernel integration layers introduced above, we
build the Neural Operator architecture as follows:

M= Ly (u),
2D () .= RUFD (6(1)(@)7 l=1,...,L—1, @)

V() = Ly (20 (w)):

Here, Ly and Ly are linear layers. Ly lifts the input function’s pointwise values into a higher
dimensional feature space, L,oj projects the pre-activations—after they have passed through the se-

quence of kernel integration layers—back down to the dimensionality of the target function. R(¥)
denotes a kernel integration layer. In the Fourier Neural Operator of [Li et al.| (2021)), each ker-
nel integration layer is implemented by taking the Fourier transform of its input, multiplying by a
learnable tensor, and then applying the inverse Fourier transform. Concretely, one can write:

(u! (k) ( (Z R(k+1) (k)(f)))

where R(kﬂ) (f) represents the parameterized complex-valued tensor. We adopt the convention of

using F and the hat notation for the Fourier transform, and F ! for the inverse transform. As with
fully-connected networks, we initialize all parameters so that they follow the statistical distributions:

E[RETV(f)] =0,

O k+1
BlRe(R ) ()RR ()] = S oot 1)

Eftm(RED (1) im(rED (pry)) = R s s s 1),

t1J1 122 In(k)

(&)

ERe(RY (/)Im(REFD (7)) = 0.

1171 1272

Therefore, the initialization distribution of the kernel integration layers can be viewed as white noise,
and when implemented in practice via discretization, it matches the setup in |Li et al.[(2021). Our
neural-operator architecture assumes real-valued functions. To guarantee that multiplying by the

parameter tensor Rg?) and then applying the inverse Fourier transform still yields a real function,

we theoretically impose the symmetry on the sampled parameters: Rl(-f) (f) = RE;-C)( —f). During
training the values of Rl(?) evolve, yet the symmetry is preserved in practice because the implemen-
tation processes data with a real discrete Fourier transform, which enforces the required conjugate
symmetry automatically. For the linear layers, we define their initialization distributions in exactly

the same way as FCN in Appendix

3 EFFECTIVE FIELD THEORY FOR NEURAL OPERATORS

Following the effective field theory (EFT) framework for neural networks set out in Appendix
the functional degrees of freedom wu are assumed to follow the Boltzmann type distribution

P(u) x exp(—S(u)).

where the action S(u) fully determines the statistical weight of each configuration. The expectation
value of w at position z is therefore obtained from the path integral

fu(m)P(u)Du.

Blu)] = T
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Because both differentiation and ordinary integration act linearly on the functional measure, con-
nected correlators furnish a systematic means of computing expectation values that involve prod-
ucts, derivatives, or integrals of multiple fields. In what follows, closed form expressions for these
correlators are derived, and—paralleling the analysis in Appendix [Al—recursive relations are estab-
lished for the two-point kernel and the four-point vertex. Finally, explicit formulas are provided
for the susceptibility of the kernel to perturbations parallel and perpendicular to a chosen reference
trajectory in function space, thereby quantifying anisotropic responses to input variations.

3.1 CORRELATORS FOR NEURAL OPERATORS

Henceforth, boldface letters indicate vector-valued functions. And notation % also means F (u). Be-
cause the explicit evaluation of correlators in layers that include convolution is prohibitively cum-
bersome, we instead work in Fourier space and compute the correlators of the Fourier transformed
pre-activations. In particular, Eq. (6)) gives the two-point correlator of the /-th layer conditioned on

the (I — 1)-th layer’s outputs u and v. We write (Z(l) |u) for the i-th component of Z(!)|,,, that is,
the i-th pre-activation in layer [ when the preceding layerl is fixed to the function u. Likewise, we
write (Z ® {u}) for the corresponding output component of layer [ when the input function is u.

i

— 5| S R ORD (s (1)

B[ 7(291) (07 (201) )

il

U, v]

Cro , e— (6)
=D O = 1)iadyit ()5 (1)
Ji’
Cpra _
= ool = 8 3 i (N5 ().
J

Although we currently compute all statistical objects for the Fourier transforms of the pre-activation
functions, the corresponding quantities in the spatial domain are recovered via Eq. (7). Specifically,

B (20@),(20Lw),

I
[ Lo oo o0

— %5“/?*1((&70)).

3

u, v} eee=il"vqrqf’ (7

Now, we consider two-point correlator for neural operator, since [-th layer parameters and variables
up to (I — 1)-th layers are independent, the two-point correlator of a neural operator factorizes as

Eq. (§).
|7 (20) (7 (2001), ()

i i
_ Cgro

- ®)

— B 5w (f ~ B {(f(@“‘”{u}) () F(0-1{v}) <f’>} :
and we define the [-th layer mean metric G as non-trivial part of Eq. (8) as Eq. @) and stochastic
metric G() as Eq. in which expectation is not taken except on last [-th layer:

GO (v} (f, )= 07 — ) PR [f(6<l—”{u}) (f)- F(&t-1{v}) (f’)] O

GO {u v}, 1) = 3(f — £ S F(60 D uy) (NF(8C-01v)) (1) a0

J
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The fluctuation of this metric is governed by the four-point connected correlator; see the Appendix [B]
for a detailed derivation.

3.2 RUNNING OF COUPLINGS

In this subsection we derive recursion relations for the correlation functions—what, in field the-
ory language, is the running of couplings. As the layer width tends to infinity, the pre-activation
ensemble becomes Gaussian and the layer metric converges to a deterministic kernel () (see Ap-
pendix B). In this vanishing fluctuation regime, the next layer kernel can be expressed as a Gaussian
expectation with covariance K(*) inherited from the previous layer; equivalently, (1) is obtained
by integrating over the Gaussian process defined by K(:

KDL, v (f, f) = 0(f — f))Crasn (fIF(GD{u}), FSD{v)) o (f, f).

Here, notation (A, B)(f, f) means the expectation value of A(f)B(f’) where each A and B
are Gaussian random fields with kernel K. We will denote functions K{u, u} simply as {u} and
(A, A) as || A|| . £{u}(f) will mean the diagonal values K{u}(f, f). Specifically, the first kernel
is defined as in Eq. (IT)) and deeper layer kernels are calculated recursively as in Eq. (12)

C
KDL V(1) = 5 Dy (£ (). (1)

KDLy (f, 1) o= 6(f — f1)—E=g(kD),
9(K) = (F(6V{u}), F(& ”{u})>;c<z>(f,f’)-

We analyze the layerwise amplification factor (susceptibility) of the kernel—i.e., the ratio of the
kernel perturbation at layer [+1 to that at layer [—when an infinitesimal perturbation is injected into
the previous layer. We consider both the parallel (x| and the perpendicular (x ) susceptibilities;
formal definitions and derivations appear in Appendix [C| Note that parallel and perpendlcular sus-
ceptibilities are defined at different perturbative orders. Because the perturbation is orthogonal to
the input in the perpendicular case, the leading non-vanishing contribution appears at second order
in the small perturbation d7). By contrast, a perturbation parallel to the input produces a non-zero
contribution already at first order along parameter €. Each susceptibility is therefore defined in terms
of the fluctuation that arises at its respective lowest non-trivial order. Accordingly, for local fluctu-
ations to remain stable under perturbations perpendicular to the reference trajectory, the following
condition must be satisfied:

8(f = £)Cran (|| F (6" uob) < om| V(.5 = K(F.1). (13)

Imposing that relation Eq. l| exactly would make || F(&'®{uo})|lxcw (., behave like a Dirac
delta, which is too restrictive Tor most practical networks. Instead, we adopt a softer requirement:
the integrated (layer-wise) sum of the kernel remains constant across layers, so the overall spectral
energy is preserved while still allowing a non-trivial, spatially extended kernel shape.

/ 3(f = F)Crasv | F(& D {uo}) * dnllicw fuy df df’ = / Ko (f, £ df df’

CR(Z+1)
12)

= / 5(F — F)Crirn | F(S O Luoh o gy (o f)dfdf =1
= / s ()| F (SO {0} o ey (F)df = 1.

For convenience we introduce the reduced perpendicular susceptibility

XJ-(fa f/) = ||]:(6/(l){u0})||K(l){u0}(f7 f,)

With this notation, the analysis of correlators and their recursion relations yields two depth-wise
critical conditions:
X =1, local condition (for parallel perturbation).

/ c(f f)df =1 global condition (for perpendicular perturbation).
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Here, X is calculated at layer [ and C(f) is Cra+1) (f)-

4 RESULTS: THREE REPRESENTATIVE CASES

In this section we put the general framework of Section 3 to work by carrying out the calculation
in three representative settings—(i) analytic activations, (ii) scale invariant architectures, and (iii)
networks equipped with residual connections.

4.1 ANALYTIC ACTIVATIONS

First, we consider the case where the activation is an analytic function so that we can expand it
and kernels perturbatively. We will frequently use the notation H ) (f) := KO (f)Cra (f); in the
discrete case, H" (n) := KW (n)Cra)(n). Suppose the activation passes through the origin then it
can be written as Eq. (14).

o(z) = Z %x” (14)

n=1

Following the analysis in Appendix [D] we obtain the following expressions for the kernel recursion
and the parallel/perpendicular susceptibilities:

Theorem 1 With the analytic, origin passing activation specified in Eq. (14) and a Fourier Neural
Operator defined by Eq. @) under the initialization ensemble Eq. (5), the kernel and the susceptibil-
ities are given by the following recursion relations:

oo

KUV ) = 8(f = 1) Craan ( Z (l)
Y Ll R gy ),
np 1+ tng =k

oo

Xl (f’f ) =0(f - f Crawv (f ; n(l) k 1
(’nk 1) (nk l)' ('H(l )*Tbk 1., (H(D)*nk«l(f)
% (k= 1) K0 {uo} (f) 7

ng,1+tng 1=k

oo

X (. Z n(z) k 1

1

Z (nk 1) - (ne)! (H(D)*nk 1 ,,,(H(l))*nk,z(f).

k—1)!
ng 1+ tng =k—1

—

4.2 SCALE INVARIANT ACTIVATIONS

The scale invariant class of activations is defined as follows:

az forz>0
o(z) = {Bz for z < 0. (1>

Following the analysis in Appendix [E| we obtain the following expressions for the kernel recursion
and the parallel/perpendicular susceptibilities:

Theorem 2 With the scale invariant activation specified in Eq. (I5)) and a Fourier Neural Operator
defined by Eq. (@) under the initialization ensemble Eq. (5), the kernel and the susceptibilities are
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given by the following recursion relations:
KD (S ) = (a = B)*6(f = £)Crasn (f)
/ / Z—Z) (2m + p® (z + 2 arcsin p”)))e*"f wtif'e G dy!
+aB3(f = f)Crarn (NHV (),
[ = 5 [0 gar

KD, )
KO, 1)

x.L(f, f’) = FoFyu (@ (1 + %arcsin p<l)) + aﬁ).

xi(f, ) =

where VW = [HO(£)df, VW pO(z,2") = [ HWD(f) cos(f(x—a'))df. And each F,, F,s denote
the Fourier transform along each axis.

4.3 ARCHITECTURE WITH RESIDUAL CONNECTION

In practice, an FNO keeps only a subset of Fourier modes: after the FFT, all modes above a cutoff
are truncated. With no activation (purely linear layers), both pre-activations and outputs stay strictly
within this band. Once a nonlinearity is added, however, low frequencies couple to high frequency
kernels—as shown in Sections 4.1-4.2 and confirmed empirically in Appendix [H} For inputs of
modest extent and large channel width, Theorem 1 implies that this coupling is weak. To retain the
efficiency of truncation while still accumulating nonlinear interactions, we adopt a ResNet style up-
date that adds each layer’s pre-activation to its activation output. This helps preserve high frequency
information with depth and improves fine scale processing. The rest of this section develops the
corresponding theory for residual FNOs. We begin by defining a weighted residual connection for
the kernel integration layer, modifying Eq. (4) accordingly.

20 () = REV(SD (u) + 520 (u). (16)

where 7 is a hyperparameter to be set. By extending the arguments of Theorem 1 to the ResNet
architecture in Appendix [F] we obtain the following result:

Theorem 3 With the analytic, origin passing activation specified in Eq. and a Fourier Neural
Operator defined based on Eq. {@) and modification of Fourier layers by Eq. under the initial-
ization ensemble Eq. (§), the kernel and the susceptibilities are given by the following recursion
relations. Here v = 72

KD fu (f, 1) = ( 7 (02 (1) + KO L} (f)

n ' n ' KT *n
oY e 2 (ot Dl g0y oms () (p))

2 ng, 1t tng =k
o0 0_2
X1 1) =805 = £ (7 + Croen (D 3 Gy

k(’n, ’1)| (n ) (/H(l))*nk 1... (H<l))*nk>l(f)
Z k(kfl). = /C(l){uo}(f) )7

oo

KL 1) (Z T

ng, 1+ tng =k

S e Bl e Oy (1)) 4 (3 4 230)8()O().

ng 1t tng =k—1 (k B 1).

Results for the compact (periodic) domain are provided in Appendix
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5 EXPERIMENTAL VALIDATIONS

In this section we empirically validate the theoretical findings from Section 4 and illustrate how
they can be exploited in practice. We run three complementary sets of experiments. First, we
verify qualitatively that a non-linear activation couples low and high frequencies, and then test the
theory quantitatively by predicting the next layer kernel from the current one via Eqs. (24),
and (31)) and comparing that prediction with measurements. Next, under fixed hyperparameters, we
experimentally confirm that the susceptibilities in the Fourier layers behave as our theory predicts.

5.1 KERNEL EVOLUTION PREDICTION

In this subsection we start by examining how the kernel evolves under three different activa-
tions—quadratic, tanh, and ReLU—across a range of network depths and widths. We then study
how the kernel changes when a tanh activation is used inside a ResNet-style FNO. Secondly, using
the kernel recursion formula derived in Section 4, Appendix |G} we feed the empirical kernel from
layer [ into the recurrence to predict the kernel at layer [ + 1 and compare that prediction with the
measured kernel. To validate the frequency coupling and theoretical prediction over the truncation
frequency (kmax), we consider the reduced kernel K which is defined as follows:

KD, v, f) = (F(6W{u}), D4V o (f, )

In the post-truncation band f € [17,63] (kmaq. = 16), the measured kernels closely follow our theo-
retical curves across activation families (tanh, cubic, ReLU) and with/without a residual connection.
With channel width fixed at 32 and depths 0,2 for tanh/cubic and 0,1,2,3 for ReLU/residual, the
theory lies almost entirely within the +1 s.d. band over 100 runs. Ablation tests that remove indi-
vidual activation terms break this agreement, indicating that all relevant terms must be retained in

the theory. The same behavior holds for non-constant spectra, e.g., Cr(f) = % See Appendix

Figs. 2] and [3for full details.

5.2 SUSCEPTIBILITY PREDICTION

This section validates the parallel (x) and perpendicular (1) susceptibilities predicted by our
theory. We fix the architecture to truncation k,,x = 32 and channel width 32, with inputs drawn
from the same Gaussian field as above, and read out the first Fourier layer. For the parallel tests we
add a perturbation of size e = 102 along the theory-specified data direction and compute X (f) via
Egs. 25), (29) and (32) averaging over 100 seeds. For the perpendicular tests we inject an orthogonal
perturbation of size e = 1075, integrate the resulting power over all frequencies following Egs. ,
(30) and and again average over 100 runs. We evaluate four activation settings: quadratic, cubic,
ReLU, and a ResNet variant with a cubic activation and residual gain v € {0.25,0.75}. Except for
the Cr(f) o 1/|f] ablation, the weight-variance profile Cr(f) is a step function that vanishes
above kp,.x; for the parallel tests we fix Cr = 1, while for the perpendicular tests we sweep
Cr € [0.80,1.20]. Because non-ResNet models have zero kernel beyond kp,.x, we show their
curves only up to Ky ax; the ResNet retains post-cutoff energy, so we plot it up to 2k,,,. Figure
shows close agreement between theory and measurement: empirical susceptibilities lie within one
standard deviation of the predicted curves across activations, perturbation types, and depths.

6 CONCLUSION

We analyze neural operators directly in function space, characterizing their frequency domain ker-
nels and susceptibilities without resorting to discretization. The theory reveals that convolution
in Fourier Neural Operators induces frequency coupling: even after spectral truncation, a reduced
kernel retains energy at higher modes. The resulting behavior depends systematically on activa-
tion class—analytic versus non-analytic (with singular features)—and the predictions are borne out
experimentally: the kernel evolution recursion matches measured kernels across depth, and both
parallel and perpendicular susceptibilities agree with theory within empirical one-sigma bands.

These findings will provide practical criteria for selecting initialization hyperparameters and for
anticipating spectral transfer as architectures deepen or widen. Promising next steps are to turn
these criteria into concrete initialization/tuning procedures, broaden the analysis beyond the analytic,
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Comparison Between Empirical Perturbation Ratio

Comparison Between Empirical Perturbation Ratio Comparison Between Empirical Perturbation Ratio and Parallel Susceptibility for Cubic Activation Case
and Parallel Susceptibility for Quadratic Activation Case and Parallel Susceptibility for Cubic Activation Case with Cg ~ 1/]1]
& ot & ot s
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Comparison Between Empirical Perturbation Ratio Comparison Between Empirical Perturbation Ratio and Perpendicular Susceptibility for Cubic Activation Case
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Comparison Between Empirical Perturbation Ratio Comparison Between Empirical Perturbation Ratio ‘Comparison Between Empirical Perturbation Ratio
and Parallel Susceptibilty for Cubic Activation ResNet Case (y = 0.25) and Parallel ity for Cubic Activation ResNet Case (y= 0.75) and parallel for ReLU Activation Case
+ ot ey + cjeooien
z I
o WAL
Frequencies. h * Frequencies Frequencies N
Comparison Between Empirical Perturbation Ratio Comparison Between Empirical Perturbation Ratio
and Perpendicular Susceptibility and Perpendicular Susceptibility ‘Comparison Between Empirical Perturbation Ratio
for Cubic Activation ResNet Case (y =0.25) w0 for Cubic Activation ResNet Case (y =0.75) and Perpendicular Susceptibility for ReLU Activation Case
- [Cuad - ot - Jordt,
P = (ouernfonn (ot foudn

Figure 1: Empirical vs. theoretical susceptibilities (log scale; red error bars = +1 s.d., N = 100)
for width n = 32 and truncation ky,., = 32. Row 1: parallel susceptibility x| for (col 1) quadratic
with step C'g, (col 2) cubic with step C'g, (col 3) cubic with Cr(f) o< 1/|f| (truncated). Row 2:
corresponding perpendicular susceptibility . Row 3: x| for cubic + residual with v = 0.25 (col
1) and v = 0.75 (col 2), and ReLU (col 3), all with step C'r. Row 4: corresponding x . Parallel
runs use g = 0.01; perpendicular runs use £, = 1075, Markers = measurements; solid curves =
theory.

scale invariant, and residual cases, track the ensemble distribution through training, and investigate
higher-order correlations.
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A FCN EFFECTIVE-THEORY BACKGROUND

We define the fully connected network (FCN), a basic architecture in deep learning models:
Definition 3 The FCN is composed as follows:

n(©®
j=1

n®
(z+1) ZW (+1) (l) b§l+1)7 l=1,...,L—1.

where o : R — R is an activation function and z is input-vector, W and b)) are weights and
biases parameters. z(!) denotes the pre-activation at the [-th layer.

In deep learning architectures, the learning process involves optimizing the parameters

{W(l), b(® }i=1,...,r- The initial setting of these parameters, known as initialization, follows a spe-

cific probability distribution called the initialization distribution. For the statistical analysis of

neural network pre-activations, we assume that the initialization distribution consists of independent
and identically distributed (i.i.d.) Gaussian random variables. Specifically, we assume:

0 Cw

Wij ~ N(O’ n(lfl))

bV ~ N(0,Cy).

Then, the statistics of first-layer pre-activation is also i.i.d Gaussian distribution with following
covariances:

1 @) 4 _ 1

E[ 11,(11212 (){2] - §i1i2G£x1)a2

where the indices «; are labels for input data, and GS}RQQ is a metric for the first pre-activation,
which contains all the information about the statistics. (since first pre-activation is Gaussian)

al., =cV+

[e3Re)

E :J’.J sa1Ljson -

Now, the distribution of [-th layer pre-activation conditioned on [ — 1-th layer is also following
Gaussian distribution:

o 2
(o

(I+1) l+1)| l)] 5.

115001 7/27a2

el

E[Z 1112 Y vy

where CJEQM itself is a random variable, and defined as follows:

0 n®
0) o, Sw (-1 (-1)
Galaz - C + n- 1) sz§a1 Fjian
J

Let the fluctuation of Gala2 around its mean ijm = ]E[Gglaz] be AGala2 = Gala? - G(Qa?
then it can be shown that the variance of this fluctuation is related to four-point connected correlator

and is O( =) ) Specifically, we define four-point vertex as follows:
O] _ . (-1) 0) )
V(maz)(agm) =n ]E[AG AGa3a4]
It can be easily checked that 2k-point connected correlators is O(ﬁ) So, for large enough

widths, we can consider the neural network ensembles as a Gaussian processes. As widths go to

infinity, the 2-point correlations go to some fixed kernel let denote this kernel as Kéll)%. According
to Roberts et al.[(2022)), for infinite width neural networks, the running of kernels and four-points

11
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vertices are described as follows:
K(l+1) ClElJrl) + CI(/ff+1)<UOC10'a2>K(Z)7

[eaRes)

I+1 I+1
Vi) = (O )2 (001 0y 0asTas) K — (Tay0as) k) — (TagTas) ko]

(ay2)(azeua)
O]
n I+1 1B2)(Bs 17
+ o 1)(0‘ )2 Z V(Efﬁ)(53’3“)<0a10a2(zmzﬁ2 Kél)ﬁz» o 47D
B1,...,84€D

1
<00t30044 (253254 - K[gs)ﬂzl» Gl O( (l))

Let’s now examine how the kernel changes under a small perturbation around a reference input xg.

Define two perturbed inputs 4 = 2o £ %5:17, and let zs_l) and z(_l) denote their pre-activations at
layer [. For this two-point dataset, the kernel admits an expansion of the form:

0 )
) K ) 1 o (1 0 ({1l -1
aﬁ_< 0} Tl) ( 1)+K| (o ) PR 1)

where the coefficients are as follows:

n®
1)
K(SO = [ ) sz O}

n® n®

K‘,”;( - l>zx+0}* HDZ&OD’
KO = ( [ z)ZmW}HE{ (I)Zx o}— [ 0 z(%:uox OD

As dx — 0, the components K ‘(ll) and K J(_l) each vanish, while the first term collapses to a degenerate

matrix. In|Roberts et al.|(2022), through a careful eigenvalue expansion one finds that the two—point
activation correlation under this perturbed kernel is given by:

(0(2a)0(28)) k)
- [a(zo)U(Zo»K(%)}%[fﬁ]%

O]
(B2 oo oo 1
Ky ool

s
+ [§§Kf)<a’(zo)a’(zo)>KéQ + (2 ‘él)) = Kéf)))a’(zo)a’(zo»K(%) 75};
Ky

From that result, one deduces the following recursion relations for the leading terms of K I(\ ) and
K f):

C
SK|MY = S (20" () () kK,

W {0200’ ()22 — K OK{Y.

When the perturbation is orthogonal to the data, the second term on the right-hand side of the equa-

SOK MY = Oy (07 (2)0" (2)) k66 KD +

tion for 66 K (ll) vanishes. Consequently, in both the parallel and perpendicular cases the two formu-

las above reduce to geometric-sequence recursions, and if their common ratios CTW (20 (2)0(2)) Kk
and Cyw (0’(2)o’(2)) k both equal one, the volume occupied by the data distribution remains con-
stant as it propagates through the layers.

12



Under review as a conference paper at ICLR 2026

B SCALING LAW AND FOUR-POINT VERTEX

Large-Width Scaling of Connected Correlators Eq. presents the general form of an arbitrary
2k-point connected correlator. Under mild regularity conditions, an inductive estimate shows that
the correlator in layer [ obeys the scaling (’)(ni) If the activation function is analytic and vanishes
at the origin, the leading contribution to the connected correlator of activations in layer [ — 1 obeys
the same bound. In addition, the statistics of the pre-kernel integration stages match those of a fully
connected network, as established in Section 2.1. Hence, when all widths are identical and large,
n =mn; = --- = ng,n > 1,the connected correlator in layer [ is suppressed to (9(n,},1 ). In the
infinite width limit, only the two-point connected correlator carries appreciable statistical weight;
the analysis that follows therefore concentrates on the relationship between this kernel and the four-
point vertex that governs its fluctuations. For conciseness the derivation in Eq. is given for
real-valued functions, but the extension to complex-valued fields is straightforward.

E []—"(Z(l){ul})i1 (f1)- -]:(Z(l){uzk}>i2k (f%)]

C k
= (n(%ll))) 51'11'2 - 12k 182k (fl f2) <o 5(f2k—1 - f2k)
=Y

Z 8irjo -+ Ojor U%{E[f(G(l_l){lh}’)jl(ﬁ)...]:(G(Z_l){u%}>j2k(f2k)] (18)

SJ2k

- Y e[ ),

(3
all subdivisions of (1,...,2k) e

E [;(6@—1){%%1}) L .f(e(l-ﬁ{uuu,ty })%M] |Conn}

Ty 1
Four-point vertex Henceforth, to obtain a well-defined four-point vertex, we factor out the 6(f — f”)

conn

..F(G(lfl){umytl})i ]|

from the metric and work with the reduced metric. We define the fluctuation of metric AG® as
follows equation:

AGOLu, v (f, f) == GO(f, ') = GO(f, ')
= ?ifi(ll)) Z <]:(6(l_1){u})](f)]:(G(l_l){V})](f/)

_E {]-'(6“”{u}>(f) ‘f(6<“>{v})(f’)D

and define four-point vertex V O {(uy,uy), (uz, uy)} which is scaled variance of ﬂuctuatlon AGWD),
Using this quantity, we can calculate four-point correlators perturbatively. Eq. [19) shows the ex-
pansion of four-point vertex which is composed of four-point connected correlators of (I — 1)-th
layer activations.

1
n(—1)

E {Aém{uh w2} (f1, f2)AGO {us, us}(fs, f4)]
= G (- ) B [Z (]—"(6”—”{ul})j(fl)f(ei(l_l){uz})j(fz)
7,k

—E{f(@“‘”{ul}) (f)- F (8" {ua}) (£ D
(F(6 ), ()7 (& i) (1)~ B|7(& D} (1) F (80 (i) ()] )|

VO{(u1,u2), (us, wa) }(f1, fo, f3, fa) =

13
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LE=DY (IE []-‘(6“*1){U1})j(f1)}'(6(171){u2})j(f2)

J

F() (8 uay) (70| - B|F(S ) 10 2(8 ) (1)
E {J—"(G(l_l){ua}) (fs)F(G(l_l){U4})j(f4)]>

J

1 N2 (19)
+ 012%(0 (W) JZ#; (E |:]:(G(lf1){u1}>j(f1)]:<6(l—l){u2})j(f2)

]_—(6(l—1){u3})k(fg)f(G(l—l){u4})k(f4):| _E {}-(6(1—1){m})j(fl)]-"(6<l—l){u2})j(f2)]
el(o ), (o ), 0]

Next, we describe the recursion for the four-point vertex. In Eq. @]) when all four indices coincide,
the distribution reduces to one over a single scalar. Therefore, by computing each statistic similar
to as in the nearly Gaussian action expansion of Roberts et al.| (2022)), we obtain the following

expression as in Eq. (I7):

a0 90 (110 110) (g 1))
= 5 [(F(8) (e F (647 ) e} F (67 ) o} (617 ) fua) )]
() (6 () ()

1 _
+ 4nd-1) Z V(l—l) 1{(u517uB2)7(uﬁ37u54)}

P
((

F(& ) e }F (6 ) {uas } (F(Z4Hus, DFE" " {ua, ) - ' {ugy, us 1) ) )
F(&" ) uaa} 7 (8" ) ua }(FE D {us DFE {up}) = 64 sy, us}) ) )

;)

g(l—1)

g(l—1)

(20)

We use angle brackets (-) to indicate averaging with respect to the kernel (i.e., expectation under the
kernel induced measure) in Eq. (20); this notation should not be confused with an inner product.

C SUSCEPTIBILITY RECURSIONS AND CRITICALITY CONDITIONS

As in Appendix |A| for FCNs, we derive the criticality condition by writing layerwise recursions
for perturbations taken parallel and perpendicular to the data manifold. For the parallel case, fix a

reference pre-activation Z, and consider two nearby samples Z(il) = (1 £ ¢€)Zp, where e > 0 is the
perturbation amplitude at layer [. Let ug := F(Zg). Then the difference between H]—' (ng) H KO {uo)

and H]:(Z(—l))H/cm{uo}

difference at layer [+1 yields:

is4 IC(l){uo} e. Performing a first—order Taylor expansion to evaluate the

IFE D 20040 0 (o} = Crasn IF(SD | 2,150 e uoy
= Cra [ F(8D]z,) + F (206" z,)e + O(€%)] k0 uo)

= || F(z{T —||F@

)HIC(U{uO} ))HIC(U{UO}

= 200 ((F(206' | 2,) (S 20) {00} gy + (FED2), F(206' 24) 0 gy ) €

14
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Therefore, for the difference in variances under parallel perturbations between the I-th and (I + 1)-th
layers to remain unchanged, the following equation must be satisfied:

GG

o) = - | FEt

— |7z

)”)c(l>{u0} )HIC(l){uU}

)
)”}C(l){uo} )”}C(l){uo}
20R(l+1) (<]:(ZOG,<Z) |Zo)a ]:(GU) |Zo){u0}>l($(l) {uo} + <]:(6(l) ‘ZU)’ ]:(ZOGI(Z) |ZO)>}C”){“0})6
= 4K {uo}e
Cra+n (<]:(ZOG/(Z)‘ZO)7‘F(G(l)|30){u0}>lc(l){u0} + <]‘—(6(l)|Zo)’HZOG/(Z)‘ZO»’C“){%}) 1

2K {uo}(f, f")

=1.

Next, we consider perturbations in the perpendicular direction. In principle, the kernel on the
two—point set {Z;, Z_}, with Z; = Z, + dn and Z_ = Z; — In, should be treated as a 2 x 2
matrix. However, under the orthogonality assumption dnp 1 Z, all mixed terms proportional to
0m - Zy vanish, and the joint law of the norms factorizes as

1Z0l(f)  [loml*(f)
PU) o exp(_ 2Kolf) 2K, (f) )

Therefore, the variance of the difference & {u, } —&® {u_} admits the simple form below, where
u4 = F (Zi)

I6@ {us} — 6W{u_}lxa

_ /C”“){u:i(f) + KD 3(f) = KDy u  }(f) = KD uy 3 ()

_ (F(&"{uo}) + F(&"{uo}om) + 0(%5772)7 F(&D{uo}) + F(&"{uo}on) + O(60*))
L F(6Wuo}) = F(&"V{uo}om) + O(n?), 73(6(”{%60}) — F(&' " {uo}dn) + O(n°)) e
_ (F(6Wun}) — (& {uo}on) + O(0n?), F(E W {uo}) + F(&'"V{uo}n) + O(0n*)) vy
_ (F(6Yuo}) + F(&"{uo}on) + O(0n?), ;(6(”{%}) — F(&' " {uo}on) + O(6n°))cw
— | F(& O 1uo}) < m|| _, +OUmP). 4

2L

Here, the kernel () in Eq. is defined on the joint space that includes the distribution of d7;
Since the variance of u; — u_ at the [-th layer is 4/C,, and the variance of the pre-activation at the
I 4 1-th layer is derived in Eq. the variance of the difference between the two data points will
remain constant across layers only if the corresponding condition is satisfied:

|29 216 — 29| 24 _snllcor
| F(Z0 + 0m) — F(Z0 — dn)llx,
|7 (& O uo}) om|| (5.5

1
KO =1.

Kn(f: 1)

Xl(fa f/) =

=06(f — f)Cra+n

D PROOFS FOR THEOREM 1

To handle the non-linearity introduced by an analytic activation in Fourier space, we first state the
following lemma.

15
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Lemma 1 Let o : R — R be an analytic function passing through the origin and g € L' such that
o(g) € L' then,

where §*" means n-times self-convolution of g.

Then, the kernel can be written as follows:
2 _ 1 @ 2
Kﬂ+n{uﬂf):C%UHKfX/HF(JMﬂ)*uDH(fﬁ S st W

2
_ 1 o2
¢ o W

Du

R (P (f) + G5 (B i) (B ) (F) + -+

When the network output is expanded analytically and its Fourier transform is taken, the result can
be written as a sum of terms in which a Gaussian random field is composed with itself multiple
times. Evaluating those terms requires Lemma 2. The lemma is stated for complex, scalar-valued
fields, but the vector-valued case follows immediately: simply apply the lemma componentwise,
using the distributive property to handle each vector entry separately.

Lemma 2 Suppose independent, mean-zero Gaussian random fields {R(f)} rer, {U(f)} fer have
following two-point correlators:

then we have the following relations:

E[(RU)*"™(f)(RU)*™(f")]
= Opm(n)25(f — fYH™ ().
where H(f) = C(f)K(f, f).

Proof.

E[(RU)™(f )(RU)*"’(f’)]

/5 Fo wa) ﬁ RU)(F) df(’“)/é o Zf/(k ﬁ £ qpm)]
= k=1 k=1 k=1
— [t~ Zﬂ“ A
k=1
B [ RGO ﬂﬁ DT ] T]
k=11=1 k=11=1 k=11=1

if n # m, the expectation of [];~, R(f*))R(fU) is zero since the wick contraction of each term
. . —2
contains expectation of B2 or R". So assuming n = m then,

16
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[(RU)*"(f)(W)””(f’)]

— b [ 67 - Zf(’“) (f - ka’““))
=1

B[] ﬁR(f(“)F(f’(”ﬂE[f[ Tou® o) ] TTa®a
k=11=1 k=11=1 k=11=1
= b [ 8(F = 32 £I6( = Y Ol
k=1 k=1
( []scs® ffac))c(f(k))) ( [1EG™, f/<k:>)) [ ar®ar®
k=1 k=1 k=1
_5nm(n )2/5(f_2f(k))5(f/ Zf/(k))
k=1 k=1
(ﬁ S(fR) — () )(ﬁ K(f®), k) ) ﬁ Af o g
k=1 = k=1

n

~5 m(n!)z/é(f—;f( (' - Zf’“) (I ) I

k=1
= Gpm(n))25(f — fYH™ ().

Using Lemma 2, we can now express the kernel of the next layer in terms of the current layer’s
kernel through the following expansion:

KOS, ) = ‘ijl‘;;;; H( R (a1) + 5 ((RY)05) (R a,0) 1)+ )
= Cpratv (f Z (l)z gk (l) uz(f))*’“llm

| |
=0(f — f)Crasn (f Z n(l) k I Z W(H(l))*nkwl...(H(l))*"k,L(f)

k:1 ng, 1+ +ng 1=k

KO

In the second line, every term that cannot be paired with its complex conjugate drops out by Lemma
2. Combinatorially, at order k, the number of surviving monomials associated with a multiplicity

vector (N1, ..., Nk,1) 18 FTSRTnE Applying Lemma 2 once more, each pair of identical fac-

tors contributes an additional factor (ny ;!)2. Collecting these factors for all indices produces the

coefficients w which yields the expression shown in the third line. And for parallel
susceptibility, we get the following:

x| (f f) =
Crain <<]_-(206/(z)|20),]:(6(l)‘ZO){UO}MU){MO} + <]:(6(l)|20)7‘7:(206/(l)‘20)>K(”{u0})
2]C<l){ll0}
*xk
5 %<Zk Va2 (BODan) " Sy @ (BO (D) >W
= CR(1+1) K:(l){ll(]}

17
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o2 O Vi sk (RO ()i Ry
= CR(lJrl) Z Z <(RZJ (f) J(f)) ’ (Rz] (f) ](f)) >IC( ) .

1)k! K®{ug}
> (nae,1)! - (ng)! (HO) - (RO ) (f)
AR CR”“’; };_k (k—1)! KO {uo}(f) '

and for perpendicular susceptibility, we get the following:

ulfsf > (&' {uo}>||,cu>{uo}<f 7)
=3 il + U2R§j)(f)ﬁj(f) + 2 (B a) « (R0 ) (1) 4+ o guo)

i

i n(l Z M(H(l PR (H(l))*nk’l(f)

k:]. nk71+--~+nk7l:k71 (k_ 1)

E PROOFS FOR THEOREM 2

Since the sequence of functions o,(z) = §(1 + erf(nx)) converges to max(z,0), we have the
following approximation:
Lemma 3 Let ReLU(x) := max(x, 0) then we have the following convergent function sequence.
1 3
ReLU(x) ~ op(z) = =z + I S

2 VT 3T
And to approximate the correlation of ReL.U via 0,,’s, we need following lemma:
Lemma 4 Suppose g,, converges pointwise to g and h € L' N L, satisfying following conditions:
* gn(z) < C|z| for some constant C' > 0.
then we have the following:

F(gnoh) — F(goh) (uniformly)

Proof.
lgn © h(z)| < Clh(z)].

So, {gn(h)} is dominated by C|h(z)|. By dominated convergence theorem we get the following:

lim/\gnoh —goh(z)|dz =0.

n—oo

then, from the following inequality we get the uniform convergence of g,, o h to g(h):

| F(gnoh)—F(goh)| S/I(gnoh—goh)e‘””’lde/\gnoh—gohlde |gnoh—goh| L.
]

Lemma 5 Suppose mean zero Gaussian random fields {R(f)}ser, {U(f)}ser have following
two-point correlators:

E[R(f)R(f)] = o(f = f)C(),
E[U(HU = K(f, ).

then we have the following relations:

E[HReLU(/UdR H /C

18



Under review as a conference paper at ICLR 2026

Proof. By Ito isometry we have the following identity:

JE{H(/UdR H /C 22)

And since the expectation of [ UdR is zero, only half of samples affects to the expectation of first
equation. So by halving Eq. (22), we get the result. O

To compute the covariance value of absolute of random variables, we need following lemmas from
Heydenreich & Hofstad| (2009)), |Vieck] (1943).

Lemma 6 For two Gaussian random variables X, Y with means zero and correlation p, the expec-
tation of | X||Y]| is formulated as follows:

E[ X[V} = \/1*7+parcs1np
11
E[l{X>O}1{Y>0}] =1 + 5 arcsinp.

Lemma 7 Suppose mean zero complex-valued Gaussian random fields {R(f)}rer, {U(f)}rer
have following two-point correlators:

let us define random fields I(z), H (z) as follows:

I(x) = ReLU( / R(HU(f)é = df),
H(x) := 11 p(p)u(f)eir=dr>0}-

then the mean and two-point correlators are calculated as follows:

E[l(z)] = \/%V% forall z € R,
E[H ()] = % forall z € R
E[I(z)I(z')] = %(zm + p(7 + 2arcsin p),
E[H (x)H (2")] = i + % arcsin p,
E[R(f)T(f)F(I ()] = 56(F ~ FE(F, 1)C)
where
V= / C(f £)df,
plz, ') /c ) cos (f(x — 2'))df.

Proof. Firstly, since for fixedz € R, [ R(f)U(f)e"/*df is a mean-zero Gaussian distribution with
variance V := [ C(f)K(f, f)df. The mean of I(z) which can be seen as a mean over Truncated
Gaussian dlstrlbutlon 1s as follows:
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and we can decompose ReLU activation into sum of Z and @ So, we get the following:

I
. { (S RO dr +| [ REOUDE ) ( JREOT e df + | [ RIOT()e*" df ) }
B 4

(f S F (ERGRUEU DU +EREREVTET S f riyopeisearsal
FERDES DTN i gy agsal) +El| [ ROV ]| [T dfh)
— (= (0 - K )+ VE(VIZF 4 parcsing) )

= % (2V/1= 9% + plm + 2axcsinp) ).

It is clear that E[H (z)] = 3 and the result for E[H (z)H (2')] follows directly from the second

equation of Lemma 6. Finally for the last equation, we have the following equation:
E[R(f)U(f)F(1(x))]
= FE[R(f)O)(f) ().

since [ R(f)U(f)e/*df is mean-zero the second line of following equations holds,

FER(T(S) /R P 10y0)

=F5 E[f HRURNTSUA)]

1

_ 577—11& (f)RHUU))]

= 2007 = YK £)OW).

O

Now, consider the Fourier transform 7 (&) {u}) in the case of scale invariant activation. We have

FEO{u)) = (o — B) / ReLU( / RO a;eidf)eTedz + B(RV ;).

then

E|F(& {u) F(&O{u})] (£. 1)
éE{(Ozf B)? / ReLU( / RV ;e df e dx / ReLU( / RV ajeifedf)elt * du

+ (a—ﬁ)ﬁ(jomj)/ReLU(/ RVl df e~ dx o

+(a - BBRY ) / ReLU( / RO eirzdf)e ' da’ + 3(RVa;) (R y)
(o — // (24/1 — p? + p(m + 2 arcsin p)) —ifetif e g da!
(a=B)BS(f = YCHKS, 1) + B26(f = [HC(HK(S, [)-

And from the fact that [(fxg)(x)dz = ([ f(z)dx)([ g(x)dz) we can calculate the total integration
of kernel over the two-point frequency domaln by transformmg the convoluted terms into geometric

20
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terms:

[ [ E[Fe anF @O an] . i
zE[(a—m%n( [k @n)on( [ a;m @) + @~ [3/ R e ([ 480 @)

(a— ,3/ R (df ) / R df + 2 /R” RY) (f)aj,(f')dfdf’]
= / (F&O {up}, F& ! ’{uo}mmuo}(f, 7ydrdy’

_a’+p 0
=2 [u0 (.

From Eq. (23), if o # [, the first term survives which mixes all the components in positional
domain. Then this term makes the kernel not to vanish over the truncated frequencies. And now we
consider the parallel susceptibility. For that we first consider the following term:

(F(206""|2,), F(&Y2)) {w0}) ko fuo) (£, 1)
= FoFur (2080 20, 62, b gy ) (F 1)
= FoFor (120 H(20)(2), 802, (2') ) (£, )
= FoFur (602, (2), 6 z,(a) ) (. £):

So, for parallel susceptibility we get the following simple result:

x| (f, )

Cran ((F(208'0)2,), F6D | 20) {0} i fuy + (FED]2,) F(Z06V 20))kcv fuo)
2KW {ue}

KO (1, 1)
~ KO

And for the reduced perpendicular susceptibility:
Xo(fs f1) = (F(&"V{uo}), F(&"{wo}))ic fug.uo}
- ]:t]:xl ( l ((a B B)H(I) + ﬂ) HIC(U{uo.,uo})

= FoFur (% (1 + %arcsinp) + aﬁ).

F DERIVATION OF THEOREM 3

The recursive kernel for residual connection architecture is modified as follows:
KD u, v} (f) = (FRUV (@D {u}) + 520 {u}), ARV (S {v}) + 720 {v}))cw
Then, for single input data, we get the following recursive formula:
D La}(f) = Craen [|F(SD{u}) o +F(F(EZQ{u}), FRED (SO {u}))) co
+A(FREV (@D {u})), FEED{u}) ko + FIF(EZD{u}) | cw

then for analytic activation case, we have the following kernel recursive formula:

Cran IFSV{ul)lcw +HFED{u}), F R (&Y {u}))cw
+HFRTV (@D {u}), FED{ub) o + A INFED ()]l cw
=a(r -5 W{u}( )

oo

n CR(L+1) Z n([) Z M(H(l))*"k 1., (H(l))*”k,l (f))

k=1 nkY1+~-+nkY1:k (k—1)!
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= ’C(Hl){u}(f» fy=06(f - fl)((U%CRuH)(f) + ’V)/C(l){u}(f)
- 02 negi1) ...n !
k=2

Ng,1++ng, 1=k

where we set v = 2. For the susceptibilities, we proceed analogously; the parallel case is omitted
for brevity:

(F(&" M {uo} +71), F(&"{uo} +71))ict (ug o)
— (F(&'V {u10}), F(S {00} g o) + 2F(E D {1101), 1) 0 (g0} + 70()3(S)

> 0'2 Ne1)...\N !
e S ARty

k=1 ng a1t ng=k—1
+29010(£)6(f') +73(£)(f).

Here1 = (1,...,1)T € R,

G ON THE COMPACT PERIODIC DOMAIN

As noted above, when the domain is the entire real line, the formula in Lemma 2 yields a §(0)
term—i.e., a divergent value. In practice, however, we implement the FNO on a finite periodic
domain, and in this setting the §(0) in equations in previous sections equals to % where L is size
of the domain, so the divergence disappears. Consequently, the kernel evolution equations and
criticality conditions in Sections 4.1, 4.2, and 4.3 can be rewritten as follows:

Corollary 1 With the analytic, origin passing activation specified in Eq. and a Fourier Neural
Operator defined by Eq. (@) under the initialization ensemble Eq. (5), the kernel and the susceptibil-
ities are given by the following recursion relations:

SmnCratn () — o3 ng,1) o (ng)! e .
K:(lJrl)(m’n) _ RLz+1 ( )Z (n(l)gck_l Z (1) o (1) (7—[(”) k,1 --~(’H(”) ki (n)
= g1t tng =k
(24)
_ b SE: ()L ()t ()50 (M)t ()
almn) = =5 Croen ) ) ames 2 (k1)1 KOfuol(m)
k=1 ng, 1t tng =k
(25)
- = o7 ng1)! ... (ngg)! e n
XL(m’n)zém’"ZW Z W(H(Z)) B (HOYRL (). (26)
k=1 ng,1t+tng =k—1

Corollary 2 With the scale invariant activation specified in Eq. and a Fourier Neural Operator
defined by Eq. (@) under the initialization ensemble Eq. (5), the kernel and the susceptibilities are
given by the following recursion relations:

]C(l+1)(m n) = (a — /@)2w

L

@ ) .
/ ‘;— (21 /1= (p®)2 + p® (7 4 2 arcsin p(l)))eﬂmz“m dxdz’ (27)

7r
+ a/B 6m,nCRI(/l+1) (n) H(l)(n)7

KDy = C B0
Z (n) = — Z (n) (28)
KD (m, n)

22



Under review as a conference paper at ICLR 2026

_ 2 . Ly
x1(m,n) = / (% (1 + %arcsin p<l)) + a/B) e mEt i gy dy’ (30)

where V) =S KW (n), VOO (z,2") =3 HO (n) cos(n(z — 2)).

Corollary 3 With the analytic, origin passing activation specified in Eq. and a Fourier Neural
Operator defined based on Eq. (@) and modification of Fourier layers by Eq. (I6) under the initial-
ization ensemble Eq. (3)), the kernel and the susceptibilities are given by the following recursion
relations:

KD fa} (m,n) =

2 (01 Cpan () + 1)K {u} ()

= ot .. (niy)! o o (3D
+CR(Z+1)(H)ZW Z W(H(l)) /k,l.,.(H(l)) 'k,L(n)).

Om
g

k=2 ng 1+t =k
x| (m,n)
6mn
= ——(7+ Crasn(n)
i 071% Z E(ng1)! ... (ng)! (HO)mea ..,(H(l))*nk,z(n))
))k—1 T ; .
el CLOD L Y (k—1)! KO {uo}(n)
X1(m,n)
=4 (i ”7’% Z w(q_{(l))*nk,l (H(l))*nkyl(n)>
m,n (n(l))k—l (k} _ 1)| (33)
k=1 ng 1+t =k—1
95
+ %b}m,oém,o-

H SUPPLEMENTARY EXPERIMENTS AND ABLATIONS

Figure [2|compares the statistics of networks with and without a nonlinear activation. In every run we
set Cr = 1 and examined two width—depth pairs, {4, 64} and {2, 4}. Inputs were sampled from the

mean-zero Gaussian random field with covariance C(z,y) ~ e lle=vl*/K? "and the spectral trun-
cation wavenumber was fixed at 16. For each configuration we initialized 100 independent models.
We then plotted, on a logarithmic scale, the kernel value at each frequency, i.e., the squared magni-
tude of the Fourier transform of the output layer. Each dot represents a single model, while the thick
line is the log of the kernel averaged over all 100 models. Upper left figures shows the case with the
quadratic activation o(z) = 22 + x. When the activation is absent the kernel drops to zero—within
numerical error—exactly after the truncation frequency, but once the activation is applied non-zero
energy remains up to twice the truncation frequency, a direct consequence of the second, double
convolution term in the recursion formula. Upper right uses tanh, an analytic function, and because
every term in its Taylor series contributes, the frequency coupling effect survives at much higher
wavenumbers. Lower left employs the non-analytic ReLU; here the kernel decays only slowly be-
yond the truncation point even if residual connection is absent, which is explained by the theory: the
next layer kernel is the Fourier transform of p() (z,vy), and the strong weight of p® near zero in po-
sition space spreads energy across the entire frequency axis. Lower right adds a residual connection
with tanh activation; to prevent kernel blow-up the weight variance is scaled by 1 — . With a small
~ the kernel decays rapidly as depth increases, whereas a large v leaves much of the high frequency
energy intact, exactly as predicted by the residual—criticality analysis. Across all four figures two
patterns are evident. First, increasing the channel width pulls the kernels of individual models ever
closer to the ensemble mean, confirming the theoretical ﬁ suppression of the four-point vertex.
Second, larger widths also reduce the absolute kernel magnitude at frequencies beyond the trunca-
tion threshold, again in quantitative agreement with the recursion formula. Now for the comparison
between theory and empirical observation, the experimental setup is the same as in Figure[2] We ran
separate tests for the tanh, cubic, ReLU and ResNet cases, fixing the channel width at 32 throughout
the results are shown in Figure [3] The shaded region in each plot marks one standard deviation
across 100 independent runs, and in almost every plot the theoretical curve stays well inside that
band. For the tanh and cubic activations we report results at Fourier layer depths O and 2; for the
ReLU and ResNet cases we show depths O, 1, 2 and 3. To demonstrate that the agreement is not
a coincidence that arises when only a single term is present, we performed ablation tests in which
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individual terms were removed from the activation and the theoretical kernel was recalculated. The
plots make clear that agreement with the measurements is achieved only when all relevant terms are
included in the theory. Lower right figures demonstrate that our theoretical predictions hold not only
when Cp, is constant with truncation (a step function) but also for more general spectra. To this end
we ran an experiment with Cr(f) = % (with truncation), keeping all other settings identical to

the constant-Cr case and using the activation function o(x) = x + %xg + %x? The top panels in
lower right figures show results without a residual connection, and the bottom panels with a residual
connection. As the plots indicate, the theoretical curves agree closely with the empirical kernels.

X2+ x, width=4, 1=2 X2+ x, width=64, 1=2 tanh, width=4, 1=2 tanh, width=64, 1=2

]
logi)
logi)
logi)

Frequencies Frequencies

2+ x, width=4, 1=4 2+ x, width=64, 1=4

log(]
log(k1
log(k1
log(&1

Frequencies

RelU, width=64, =2 fanh, width=32,1=2, y=0.1

)
log()
log()

Frequencies Frequencies Frequencies

ReLU, width=d, I=4. RelU, width=64, I=4 tanh, width=32, 1=6, y = 0.1

ogl)
m:;ul‘)
mlg(i';
wzg(i'; .

Figure 2: Reduced kernel (log scale) across activations, widths, depths, and residual settings. Top
two rows: quadratic (left pair) and tanh (right pair), no residuals, widths n € {4,64} at depths
L =2 (row 1) and L = 4 (row 2). Bottom two rows: ReLU (left pair, n € {4,64}) with L = 2
(row 3) and L = 4 (row 4), and tanh + residual (right pair, n = 32) withy = 0.1,0.9 at L = 2 (row
3)and L = 6 (row 4). All runs use knax = 16 and Cr = 1. Dots: individual runs (N = 100); solid
line: ensemble mean.
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tanh, width=32, 1=0 tanh, width=32, 1=2 ReLU, width=32, 1=0 ReLU, width=32, 1=1

Frequencies Frequencies Frequencies Frequencies

x4 12 + 1, witth=32,1=0

RelU, width=32, 1=2 ReLU, width=32, 1=3

Frequencies Frequencies

+ 16+ 03 with resdicual connection,

V=005, width=32, 1=1 $0 + 320, width=32, 1=2. Ca ~

Frequencies

iaual connection,

1oe idual connection. X374 30 with rescl
V=005, width=32, 1=3 ¥=0.05, width=32, 1=2, Ca ~ 1/

Figure 3: Empirical vs. theoretical reduced kernels (log scale) across activations, depths, and resid-
ual settings (width n = 32, truncation kp,,x = 16). Row 1: tanh at L = 0,2; ReLU at L = 0, 1.
Row 2: cubic at L = 0,2; ReLU at L = 2,3. Row 3: cubic + residual (v = 0.05) at L = 0, 1;
cubic with Cr(f) o 1/|f]| (truncated at knax) at L = 0,2. Row 4: cubic + residual (y = 0.05)
at L = 2,3; cubic + residual with Cr(f) o 1/|f| at L = 0, 2. All non-“decay” panels use a step
profile Cr(f) = 1{|f|<kma.}- Pink shading: mean +1 s.d. over N = 100 initializations; solid
curve: theory; dots: measurements.
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