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Abstract

Post-training paradigms for Large Language
Models (LLMs), primarily Supervised Fine-
Tuning (SFT) and Reinforcement Learning
(RL), face a fundamental dilemma: SFT pro-
vides stability (low variance) but suffers from
high fitting bias, while RL enables exploration
(low bias) but grapples with high gradient vari-
ance. Existing unified optimization strategies
often employ naive loss weighting, overlook-
ing the statistical conflict between these distinct
gradient signals. In this paper, we provide a rig-
orous theoretical analysis of this bias-variance
trade-off and propose DYPO (Dynamic Policy
Optimization), a unified framework designed
to structurally mitigate this conflict. DYPO in-
tegrates three core components: (1) a Group
Alignment Loss (GAL) that leverages intrin-
sic group dynamics to significantly reduce RL
gradient variance; (2) a Multi-Teacher Dis-
tillation mechanism that corrects SFT fitting
bias via diverse reasoning paths; and (3) a Dy-
namic Exploitation-Exploration Gating mech-
anism that adaptively arbitrates between sta-
ble SFT and exploratory RL based on reward
feedback. Theoretical analysis confirms that
DYPO linearly reduces fitting bias and mini-
mizes overall variance. Extensive experiments
demonstrate that DYPO significantly outper-
forms traditional sequential pipelines, achiev-
ing an average improvement of 4.8% on com-
plex reasoning benchmarks and 13.3% on out-
of-distribution tasks.

1 Introduction

The reasoning capabilities of Large Language Mod-
els (LLMs) have become a central focus in artificial
intelligence (Jaech et al., 2024; Guo et al., 2025;
Team et al., 2025). While reasoning-guidance tech-
niques like Chain-of-Thought (CoT) prompting
have significantly advanced model performance
on multi-step tasks (Wei et al., 2022), traditional
prompting methods relying on static templates

struggle with scalability and dynamic adaptabil-
ity. Consequently, the research focus has shifted
toward the post-training stage to enhance robust-
ness and generalization (Wang et al., 2023). Cur-
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Figure 1: The SFT-RL Dilemma: Balancing the high-

bias stability of SFT against the high-variance explo-
ration of RL.

rent mainstream post-training paradigms generally
fall into two categories: i) Supervised Fine-Tuning
(SFT): SFT offers efficient knowledge injection
by learning from high-quality CoT corpora (Sanh
et al., 2022; Wei et al., 2021). Its low-variance
nature ensures stability and rapid fitting, but often
at the cost of limited exploratory capacity and re-
stricted Out-of-Distribution (OOD) generalization.
ii) Reinforcement Learning (RL): Methods such
as RLHF or RLVR allow models to autonomously
explore the reasoning space via reward signals, sub-
stantially enhancing generalization (Ouyang et al.,
2022; Ramamurthy et al., 2022; Schulman et al.,
2017; Shao et al., 2024a). Unlike SFT, RL relies
on the base model’s intrinsic capabilities; conse-
quently, weaker models often struggle to capture
sparse reward signals in complex tasks.

To combine these strengths, researchers
have widely adopted a “SFT-then-RL” training
pipeline (Touvron et al., 2023; Yoshihara et al.,
2025). However, this sequential approach suffers
from bias propagation, where SFT-induced



biases misguide subsequent RL exploration (Lv
et al., 2025), alongside significant computational
overhead. Recent research has thus pivoted to
unified optimization fusing SFT and RL objectives
within a single process (Yan et al., 2025; Fu et al.,
2025; Zhang et al., 2025; Chen et al., 2025), which
aims to leverage SFT’s stability while benefiting
from RL’s exploration.

Nevertheless, existing fusion strategies predomi-
nantly operate at a “surface level” via simple loss
weighting (Lv et al., 2025). This approach over-
looks the fundamental statistical conflict between
the gradient signals: SFT gradients are high-bias
(fitting static data) but low-variance (Wu et al.,
2025), whereas RL gradients are low-bias (reward-
driven) but high-variance (due to sampling stochas-
ticity) (Ramamurthy et al., 2022). Naively ag-
gregating these conflicting vectors is sub-optimal:
RL’s high variance destabilizes training, while
SFT’s high bias constrains exploration.

In this paper, we first provide a theoretical anal-
ysis formally defining this bias-variance trade-
off in SFT-RL fusion. We then propose DYPO
(DYnamic Policy Optimization), a unified frame-
work that introduces structural solutions to con-
currently mitigate both limitations. Specifically,
DYPO comprises three core components:

* Dynamic Difficulty Grading: A mechanism that
dynamically categorizes queries based on group
rollout outcomes. It effectively arbitrates the
optimization pathway: routing complete failures
(Hard) to stable SFT for knowledge injection,
while directing inconsistent attempts (Mid) to
unbiased RL for exploration.

* Bias Correction (SFT): For ‘Hard’” samples, we
employ a Multi-Teacher Distillation mechanism
to correct the fitting bias inherent in SFT by ag-
gregating diverse reasoning paths from different
teacher models.

¢ Variance Reduction (RL): For ‘Mid’ sam-
ples, we introduce a Group Alignment Loss
(GAL) (Rafailov et al., 2023) that leverages in-
trinsic group dynamics.By effectively reinforcing
winning samples while suppressing losing ones,
GAL significantly reduces RL gradient variance
compared to standard pairwise losses.

Theoretically, we prove that our Dynamic Diffi-
culty Grading mechanism minimizes overall vari-
ance by strategically allocating queries based on

reward feedback. For ‘Hard’ samples, the triggered
multi-teacher strategy linearly reduces fitting bias;
for ‘Mid’ samples, the GAL reduces gradient vari-
ance by orders of magnitude compared to GRPO.
Experimentally, DYPO yields 5-10% performance
gains on complex reasoning benchmarks.

2 Preliminaries

In this section, we formalize the reasoning trace
generation problem and review the two foun-
dational paradigms: SFT and RL. We specif-
ically highlight their respective statistical chal-
lenges—fitting bias in SFT and gradient variance
in RL—which motivate our proposed approach.

2.1 Problem Formulation

We model the reasoning task as a sequential
decision-making process. Given an input prompt ¢
sampled from a distribution D, the LLM functions
as a stochastic policy 7y(7|q) parameterized by 6.
Here, 7 = (a1, ag, ..., ar) represents a reasoning
trajectory consisting of a sequence of tokens. The
probability of generating a trajectory is factorized
autoregressively:

T
mo(rlg) = [ molailq, a<r) (1)
t=1

Upon completion, the trajectory 7 is evaluated
by a reward function R(q,7) € R. The
objective is to maximize the expected reward
J(0) = EgpErr,(|q (g, 7)](Ouyang et al.,
2022; Ziegler et al., 2019).

2.2 SFT and Fitting Bias

Standard SFT adapts the policy by minimizing the
negative log-likelihood on a static dataset Dgf; con-
taining gold-standard pairs (g, 7*)(Touvron et al.,
2023; Wei et al., 2021):

Lsrr(0) = E(gr)opy [—logmo(T7|q)]  (2)

While SFT provides stable supervision, it inher-
ently suffers from fitting bias. Since the optimiza-
tion is constrained to the fixed support of Dsg, the
model tends to overfit the specific distribution of
the single teacher or dataset. This mimicry limits
the model’s ability to explore novel reasoning paths
and often leads to sub-optimal local minima where
the policy fails to generalize beyond the training
examples.



2.3 GRPO and Gradient Variance

To enable exploration, we employ GRPO(Shao
et al., 2024a). For each prompt ¢, GRPO sam-
ples a group of trajectories G = {71, 72,..., Tk}
and optimizes the policy using group-normalized
advantages:

Lcrro () = —Eq¢up

Ly (CLIP(pi, A;, e))

— BrLDkr (7o | Tret)

3)
where p; is the probability ratio and A; is the advan-
tage computed by standardizing rewards within the
group GG. Although GRPO provides an unbiased
objective for reward maximization, it introduces
high gradient variance. This instability arises from
the stochastic nature of trajectory sampling and the
reliance on a sparse reward signal. With a limited
group size k, the Monte Carlo estimate of the gra-
dient can be highly noisy, often destabilizing the
training process in complex reasoning tasks.

3 Methodology

In this section, we present DYPO, a unified frame-
work that dynamically balances exploration and
stability by routing queries to the most suitable op-
timization pathway. Formally, the unified objective
of DYPO is constructed as a dynamic mixture of
supervised and reinforcement learning objectives:

Lpyro(0) =Eq| In(q) - vLskr
—_——
Bias Mitigation (Sec. 3.2)

+Im(q) - (@Leorpo + (1 — a)LgaL)

Variance Reduction (Sec. 3.3)

C))
where Iy and I are indicator functions deter-
mined by a difficulty grading mechanism (Sec. 3.1).
The coefficients v and « control the strength of
distillation and the bias-variance trade-off in RL,
respectively. Through the structural separation of
the learning process, Eq. (4) allows DYPO to better
manage the bias-variance trade-off across different
learning stages.

3.1 Dynamic Difficulty Grading

We propose a strategy to distinguish data samples
based on their impact on training variance, termed
Dynamic Difficulty Grading, to optimize the bias-
variance trade-off. Specifically, we aim to filter out

trivial instances yielding negligible gradients and
overly complex outliers that induce high variance,
thereby isolating the informative samples most con-
ducive to robust optimization.

Specifically, given a query ¢, the policy mg gen-
erates a group of k trajectories G = {71, ..., 7k}
Let R(7;) € {0,1} denote the binary correctness
reward. We categorize the training instance into
three levels based on the reward distribution:

¢ Easy (€£): The model solves the problem con-
sistently (V7 € G, R(7) = 1). These samples
provide diminishing returns for gradient estima-
tion and are discarded for efficiency.

e Hard (#): The model fails completely (V7 €
G, R(7) = 0). In this regime, valid reward sig-
nals are unavailable, causing standard RL gradi-
ents to fail. To bridge this gap, we adopt Multi-
Teacher Distillation.

e Mid (M): The group contains mixed results
(3,7 € G,R(1;) # R(7;)). This represents
the critical learning frontier. We apply a hybrid
objective of GRPO and GAL to leverage the
relative feedback.

By accurately categorizing each sample into dis-
tinct difficulty levels, we integrate a refined sample
stratification into our unified optimization frame-
work. This ensures the model prioritizes the most
effective learning signals during training. Subse-
quently, we detail how this framework leverages
such stratification to effectively balance variance
and bias.

3.2 Mitigating Supervisory Bias via
Multi-Teacher Distillation

For instances falling into the Hard regime (I = 1),
the model suffers from insufficient prior knowl-
edge to formulate valid reasoning paths, making
autonomous exploration prone to failure. To re-
solve the issue while mitigating the supervisory
bias typically associated with single-source super-
vision, we introduce a Multi-Teacher Distillation
strategy.

Rather than relying on a deterministic target
from a single source, we maintain an ensemble
of m teacher oracles. For each hard query, we
uniformly sample a target trajectory Tig from the

candidate set {7(1), ..., 7™} derived from these
teachers:
Lspr(0) = Bt ({r ), rm)}) [— log 7T9(Ttgt|Q)]

&)
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Figure 2: The overall framework of DYPO. The system employs a Dynamic Difficulty Grading mechanism to
categorize queries into Easy, Hard, and Mid tiers based on group rollout outcomes, dispatching them to the most

effective optimization pathway.

The theoretical validation for utilizing multiple
teachers lies in the decomposition of supervisory
bias. Let 7* denote the ground-truth optimal rea-
soning path. A single teacher 7 provides a super-
vision signal 7(*) which deviates from the truth
according to the following decomposition:

70 =% 4+ by + by (©6)

Here, by, represents the systematic bias common
to all LLMs (e.g., limitation of language modality),
while b; represents the idiosyncratic bias specific
to the ¢-th teacher model (e.g., preference for spe-
cific formatting or distinct hallucination patterns).

When relying on a single teacher (m = 1), the
student model blindly inherits the full bias vector
||bsys + b;||. However, under the diversity assump-
tion—where different teachers exhibit uncorrelated
bias directions (i.e., E[b;] ~ 0)—the aggregation
of m teachers significantly attenuates the idiosyn-
cratic component. The effective bias of the multi-
teacher ensemble is derived by averaging the indi-
vidual error vectors:

HBiaSmulti H2 =

1|
bsys‘i_izbi
mi:l

, 2o
= [bgysll” +

Idiosyncratic Term

Assuming independence between teacher biases,
the magnitude of the idiosyncratic bias reduces
linearly with m:

m 12
1
2P

i=1

E ®)

Ub as
m. b

Consequently, we can formally establish that the
multi-teacher objective strictly reduces the total
supervisory bias compared to the single-teacher
baseline (m = 1):

=2
: 52
E[||Biasmuii]|%] = |[beys|® + 22 (9)
E[||Biasgingte||*] = [Ibsys||* + G~ (10)
E[||Biasmu|?] < E[|[Biassingel|?] (1)

In essence, aggregating supervision signals cancels
out the idiosyncratic biases inherent to individual
teachers, guiding the model toward the robust in-
tersection of valid reasoning paths. By providing
a stabilized policy prior with reduced bias, Multi-
Teacher SFT enables effective exploration of the so-
lution space, seamlessly bridging the gap between
supervised likelihood maximization and expected
reward maximization.

3.3 Variance-Reduced RL with Group
Alignment

The Mid regime (I = 1) represents the critical
learning frontier where the model exhibits capa-
bility but lacks consistency, producing a mixture
of correct and incorrect responses. We identify
this regime as the target scenario for RL interven-
tion.While Reinforcement Learning is theoretically
ideal for amplifying these correct signals to im-
prove performance, standard RL algorithms often
struggle with high variance in gradient estimates,
which can severely impede convergence stability
and speed. To address this bottleneck, we propose
a novel optimization strategy: Variance-Reduced
RL with Group Alignment.
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Instability of GRPO Gradient. To motivate our
approach, we first examine the gradient of GRPO.
For a group of size k, the gradient is:

k
1 ~
gGrPO = ;Ai Vologmg(tilg)  (12)

Let X, 2 E[||Vglog my||?] be the variance of the
score function. Assuming normalized advantages
(E[A?] ~ 1), the variance of this estimator scales
as:

1
Var(gcrro) ~ %Es (13)

While increasing k reduces variance, the un-
bounded nature of A; induces high variance, lead-
ing to unstable updates during early exploration.

Group Alignment Loss (GAL). To mitigate this,
we introduce GAL. As illustrated in Figure 3, the
current policy first generates a group of rollouts,
which are categorized into positive samples (suc-
cessful trajectories) and negative samples (failed
trajectories) based on correctness. The core intu-
ition is to explicitly widen the gap between these
two groups by “pulling” the policy towards cor-
rect reasoning paths while “pushing” it away from
incorrect ones. Formally, we implement this by
minimizing the following pairwise contrastive loss:

—log o (BgaL-d(7s, Tf))

(14)
where d(7,, 7¢) represents the log-ratio difference
between the successful trajectory 7, and the failed
trajectory 7y, defined as:

LoaL(0) =E - 7ec
R(‘I‘s)>R(Tf)

W@(Tf\Q)
7Tref(7'f|q)

WG(TS‘Q) _

15
7Tref(7's ’q> ( )

d(7s,7f) = log

By applying the chain rule, the gradient of GAL
is:

goaL = —BeaL (1 — o(BgaLd))

|

bounded weight wy

- (Vglogms — Vylogmy)

(16)

Unlike the unbounded A; in GRPO, the weighting
term wy is strictly bounded in (0,1). Let n =
E[(1 — 0)?] represent the discrimination difficulty.
The variance of GAL (averaged over M pairs) is:

25%AL77 D
S

N (17)

Var(gGAL) ~
As the model learns to distinguish correct paths,
o — land n — 0, causing Var(ggar) — 0. Thus,
GAL acts as a gradient variance reducer.
In the RL regime, we combine these objectives
using a mixing coefficient « € (0,1):
gmix = agorpo + (1 — @)gGaL (18)
Assuming independence between the exploration
noise of GRPO and the discrimination noise of
GAL, the variance of the combined gradient is:

Var(gmix) =~ o?Var(ggrpo) + (1 — a)*Var(ggaL)

_ 2 (s 2 (2B&ALnYs
=« <k>+(1—a)< T >
(19)

Since o < 1 and n — 0, it strictly follows that
Var(gmix) < Var(gorpo)-

Summary. Analytically, we establish that the
combined objective strictly bounds the gradient
variance compared to GRPO (i.e., Var(gmix) <
Var(ggrpo)). Crucially, this stabilization is dy-
namic: as the model distinguishes successful tra-
jectories 7, from failed ones 7, the discrimination
difficulty 1 decays to zero, naturally annealing the
variance of GAL. This identifies GAL not merely
as an auxiliary loss, but as an adaptive regularizer
that actively dampens the high-variance noise of
RL exploration.

4 Experiments

4.1 Setup

Dataset Construction. We align our data setup
with LUFFY (Yan et al.,, 2025), utilizing the
OpenR1-Math-220k (Face) subset with prompts
primarily sourced from NuminaMath 1.5 (Jia et al.,
2024). To facilitate multi-teacher distillation, we
employed Qwen3-235B-A3B (Yang et al., 2025) to
generate auxiliary reasoning traces. This ensemble
strategy enriches the supervision signal, mitigat-
ing the policy’s reliance on any single model’s po-
tentially biased reasoning patterns. Consequently,
each prompt in our dataset is paired with two dis-
tinct standard trajectories.



In-Distribution

Out-of-Distribution

Model
AIME 24 AIME 25 AMC MATH-500 Minerva Avg ‘ ARC-¢c  GPQA-D Avg
Qwen2.5-Math-7B 11.5 4.9 31.3 43.6 7.4 19.7 ‘ 18.2 11.1 14.6
Supervised Fine-Tuning
SFT 222 22.3 52.8 82.6 40.8 44.1 ‘ 75.2 24.7 50.0
Reinforcement Learning
RL 25.1 15.3 62.0 84.4 39.3 452 82.3 404 61.4
SimpleRL-Zero 27.0 6.8 54.9 76.0 25.0 37.9 30.2 232 26.7
OpenReasoner-Zero 16.5 15.0 52.1 82.4 33.1 39.8 66.2 29.8 48.0
PRIME-Zero 17.0 12.8 54.0 81.4 39.0 40.8 73.3 18.2 45.8
Oat-Zero 334 11.9 61.2 78.0 34.6 43.8 70.1 23.7 46.9
SFT and RL
SFT — RL 25.8 23.1 62.7 87.2 39.7 47.7 72.4 24.2 48.3
LUFFY 29.4 23.1 65.6 87.6 37.5 48.6 80.5 39.9 60.2
ReLIFT 28.3 229 65.1 87.4 37.1 48.2 74.9 40.9 57.9
SRFT 30.7 26.0 69.8 88.4 39.7 50.9 81.6 404 61.0
DYPO 36.0 (+10.2) 28.7 (+5.6) 67.0 (+4.3) 89.2 (+2.0) 42.4 (+2.7) 52.5 (+4.8) 81.8 (+9.4) 41.4 (+17.2) 61.6 (+13.3)

Table 1: Overall performance on five competition-level mathematical reasoning benchmarks and two out-of-
distribution benchmarks(Qwen2.5-Math-7B). Best results are bolded and second-best are underlined.

Implementation Details. Experiments were ex-
ecuted on a computing cluster equipped with 2
nodes, each containing 8 x NVIDIA A800 GPUs
(80GB memory). To ensure fairness, we generate
8 trajectories (rollouts) per prompt for all trained
models, with a maximum response length of 8,192
tokens. The learning rate is fixed at 1 x 1076,
Our training pipeline is built upon the verl frame-
work (Sheng et al., 2024). For the inference and
rollout phases, we utilize vVLLM (Kwon et al., 2023)
to ensure high-throughput generation. All models
were trained using bfloat16 precision to ensure nu-
merical stability and efficiency.

Benchmarks. Our method is evaluated on
five in-distribution (ID) benchmarks, includ-
ing AIME 2024/2025, AMC (Li et al., 2024),
MATH-500 (Hendrycks et al., 2021), and Min-
erva (Lewkowycz et al., 2022), as well as two out-
of-distribution (OOD) tasks: ARC-c (Clark et al.,
2018) and GPQA-Diamond (Rein et al., 2024).
Performance is measured using pass@32 for the
AIME/AMC subsets and pass@1 for the others.
All inference is conducted with a temperature of
0.6 and option shuffling to prevent data leakage.

Baselines. We employ Qwen2.5-Math-7B (Yang
et al., 2024) and Qwen3-4B-Base (Yang et al.,
2025) as our base models and compare against
three categories of baselines: (1) Standard Su-
pervised Baseline, specifically the vanilla SFT;
(2) Zero-shot RL methods, including SimpleRL-
Zero (Zeng et al., 2025), OpenReasoner-Zero (Hu

et al., 2025), PRIME-Zero (Cui et al., 2025), and
Oat-Zero (Liu et al., 2025); (3) Post-SFT Optimiza-
tion methods, covering SFT — RL, LUFFY (Yan
et al., 2025), ReLIFT (Ma et al., 2025), and
SRFT (Fu et al., 2025).

4.2 Main Results

4.2.1 Performance on Reasoning Benchmarks

As presented in Table 1 (Qwen2.5-Math-7B) and
Table 2 (Qwen3-4B-Base), DYPO demonstrates
consistent superiority across varying model archi-
tectures. On the Qwen2.5 benchmark, DYPO
achieves an average in-distribution score of 52.5,
setting a new state-of-the-art.

Comparison with SFT. DYPO significantly out-
performs the SFT baseline, achieving a +8.4% av-
erage improvement on Qwen2.5-Math-7B and a
substantial +18.8% on Qwen3-4B-Base.
Comparison with Zero-shot RL Methods. DYPO
demonstrates superior stability over pure RL ap-
proaches like SimpleRL-Zero and Oat-Zero, sur-
passing the latter by a combined +19.4 points on the
challenging AIME 24/25 benchmarks. While zero-
shot methods often suffer from the high-variance
"exploration trap," DYPO mitigates this by dynam-
ically balancing the exploitation of priors with the
exploration of new solutions, ensuring a more sta-
ble policy optimization process.

Comparison with Multi-stage Pipelines. DYPO
maintains a clear lead over complex pipelines (Re-
LIFT, LUFFY, SRFT), notably outperforming the



In-Distribution Out-of-Distribution

AIME 24/25 AMC MATH-500 Minerva Avg‘ARC-c GPQA-D Avg

Model

Qwen3-4B-Base  93/5.3 400  66.8 279 299| 494 141 318
SFT 333273 629 738 430 48.1] 738 288 513
RL 406373 718 910 463 574| 767 293 530
SFT —RL  433/393 754 774 449 56.1| 774 278 526
DYPO 59.3/44.0 860 946 504  669| 925 444 685

Table 2: Overall performance on mathematical reason-
ing benchmarks (Qwen3-4B-Base). Best results are
bolded and second-best are underlined.

previous SOTA, SRFT, by +4.8 points on AIME 25.
This advantage is echoed in Qwen3 results, where
DYPO outstrips the SFT—RL pipeline by +10.8%.
Unlike the uniform optimization strategies in stan-
dard pipelines, DYPO employs a dynamic mech-
anism that mitigates gradient vanishing on both
trivial and extremely hard samples, thereby maxi-
mizing sample utilization. Furthermore, the integra-
tion of multi-teacher distillation and GAL ensures
a robust and stable training trajectory, avoiding the
collapse often seen in complex pipelines.

4.2.2 Generalization to Out-of-Distribution
Tasks

Table 1 demonstrates that DYPO avoids the gener-
alization degradation typically associated with in-
domain optimization, achieving a top average OOD
score of 61.6. On the PhD-level GPQA-Diamond
benchmark, it outperforms both the standard SFT
baseline (+16.7%). This indicates that DYPO tran-
scends simple template memorization; by refin-
ing the reasoning policy rather than overfitting to
surface-level patterns, it successfully transfers logi-
cal capabilities to diverse scientific domains.

4.3 Ablation Study

As shown in Table 3, we presents an incremen-
tal analysis of the DYPO framework. While SFT
establishes a strong foundation, the addition of
Multi-Teacher Distillation significantly enriches
the model’s reasoning patterns, evident in the sharp
rise in GPQA-D scores (+8.6 points). Crucially,
the transition to the RL stage highlights the effi-
cacy of our proposed mechanisms. While stan-
dard RL brings marginal gains, the incorporation
of Dynamic Difficulty Grading results in a decisive
improvement (AIME 24: +6.0 points), validating
that improved sample utilization prevents learning
stagnation. The final integration of GAL further
stabilizes the policy update, culminating in state-
of-the-art performance across all benchmarks.

Model AIME 24 AIME 25 AMC GPQA-D
Qwen2.5-Math-7B 11.5 49 31.3 11.1
+ SFT 222 22.3 52.8 24.7
+ Multi-Teacher 26.6 233 61.4 333
+RL 273 26.6 64.1 34.8
+ Dynamic Difficulty Grading 333 28.7 63.6 36.4
+ GAL (DYPO) 36.0 28.7 67.0 41.4

Table 3: Ablation study on the effectiveness of different
components.

4.4 Offline Data Ratio, Reward and Entropy

To characterize the learning dynamics of DYPO,
we monitor the Offline Data Ratio, Training Re-
ward, and Policy Entropy across optimization steps.

Unlike static mixing (e.g., LUFFY), DYPO ex-
hibits a self-evolving curriculum (Figure 4, left).
The Offline Data Ratio transitions from full super-
vision (1.0 at ¢ = 0) to a stable exploration-heavy
state (= 0.35). This positioning suggests that
DYPO treats offline demonstrations as a dynamic
anchor: it autonomously de-leverages teacher sig-
nals as reasoning proficiency grows, yet retains a
supervision floor to prevent distribution drift. The
middle and right panels reveal the trade-off be-
tween convergence and diversity. While GRPO
achieves rapid optimization, it suffers from pre-
mature mode collapse. In contrast, DYPO equili-
brates reward maximization with policy stochastic-
ity, maintaining robust entropy (0.2 ~ 0.6). This
sustained diversity prevents the model from memo-
rizing narrow reasoning templates, serving as the
primary driver for its superior OOD generalization.

4.5 Empirical Analysis: Gradient Stability

A core theoretical contribution of DYPO is struc-
turally resolving the bias-variance trade-off. We
validate this empirically by analyzing the gradient
norms of the policy network. As shown in Figure 5,
standard GRPO (red) suffers from extreme volatil-
ity, implying a rugged landscape that complicates
convergence. In contrast, DYPO (blue) maintains
a significantly smoother trajectory. These results
confirm that our offline component acts as an effec-
tive control variate, smoothing gradient estimates
to allow for more aggressive learning rates.

S Related Work
5.1 Post-Training Paradigms for LLM
Reasoning

Enhancing the reasoning capabilities of LLMs
has shifted from inference-time guidance (e.g.,



-
(=3
o

o
'-g —— DYPO
1::0_75 ---- LUFFY
® offline ratio decreases
0 0.504
2
EO.ZS
o
0005130 260 3060 400 500 035 160
Steps

>
Q.
o
e .
GRPO k=
—— LUFFY w
—— DYPO
200 300 400 500 0 100 200 300 400 500
Steps Steps

Figure 4: Left: Offline data ratio over steps.Mid: Training reward; Right: Policy entropy.

41 [DYPO: p=0.1043, 0=0.0644
GRPO: p=0.2702, 0=0.2864

— DYPO
—— GRPO

Zoom: Steps 100-200

— DpYPO
| — GRPO

S
a

Gradient

oS

Gradient
N

50

100 150

Steps

200 250

Figure 5: Gradient Norm Comparison.

CoT prompting (Wei et al., 2022)) to robust post-
training strategies (Wang et al., 2023). Current
mainstream paradigms generally fall into two cate-
gories: SFT and RL. SFT effectively injects knowl-
edge and stabilizes training by fitting high-quality
demonstrations (Sanh et al., 2022; Wei et al., 2021),
yet it suffers from high fitting bias and limited
OOD generalization due to its reliance on static
templates (Lv et al., 2025). Conversely, RL-based
methods (e.g., RLHF or RLVR) encourage mod-
els to explore the reasoning space and maximize
rewards, significantly boosting performance on
complex tasks (Ouyang et al., 2022; Guo et al.,
2025; Team et al., 2025). However, RL gradients
are inherently high-variance and unstable, partic-
ularly when valid reward signals are sparse for
weaker base models (Ramamurthy et al., 2022;
Shao et al., 2024b). To combine these strengths, the
traditional "SFT-then-RL" pipeline (Touvron et al.,
2023; Yoshihara et al., 2025) is widely adopted
but incurs multi-stage computational overhead and
risks propagating SFT-induced biases into the ex-
ploration phase (Lv et al., 2025).

5.2 Unified Training and Optimization
Trade-offs

To overcome the limitations of sequential pipelines,
recent research focuses on unifying SFT and RL
into a single-stage optimization process. Early at-
tempts utilized simple loss weighting or fixed co-
efficients to balance stability and exploration (Fu

et al., 2025; Yan et al., 2025). More advanced
approaches employ dynamic scheduling or dual-
control mechanisms (e.g., CHORD, HPT) to adjust
the contribution of on-policy and off-policy data
during training (Zhang et al., 2025). While recent
theoretical works have explored the unified view of
these objectives (Lv et al., 2025), a rigorous formal-
ization of the gradient-level bias-variance trade-off
in SFT-RL fusion remains underexplored. Existing
unified methods largely operate at a "surface level"
by re-weighting scalar losses, failing to structurally
resolve the statistical conflict between the high-
bias SFT vector and the high-variance RL vector.
Unlike these approaches, our DYPO framework
efficiently harmonizes SFT and RL via dynamic
difficulty grading, while structurally reducing RL
variance through GAL and mitigating SFT bias via
multi-teacher distillation.

6 Conclusion

We address the inherent conflict between SFT fit-
ting bias and RL gradient variance through DYPO,
a unified framework that structurally mitigates
this trade-off. Unlike static weighting approaches,
DYPO employs Dynamic Difficulty Grading to
adaptively route queries, leveraging Multi-Teacher
Distillation to correct supervisory bias and GAL to
suppress gradient variance.

Theoretically, we substantiate that DYPO
achieves a linear rate of bias reduction while main-
taining optimal variance control. Extensive em-
pirical evaluations reveal that DYPO surpasses ex-
isting baselines, particularly in out-of-distribution
scenarios. Beyond performance gains, the frame-
work exhibits exceptional sample efficiency and
architectural adaptability, proving effective across
a spectrum of modern open-weights models. Ul-
timately, by dynamically governing the interplay
between exploration and exploitation, DYPO estab-
lishes a unified and scalable paradigm for the next
generation of reasoning-enhanced LLMs.



7 Limitations

Despite the promising performance of DYPO,
we acknowledge certain limitations in our cur-
rent study. First, our evaluation is primarily
concentrated on logic-intensive domains, specif-
ically mathematical reasoning tasks. While DYPO
demonstrates superior stability in these objective-
driven contexts, its efficacy on open-ended scenar-
ios, such as creative writing or general chit-chat,
remains to be fully explored. Second, regarding
training efficiency, our method requires generating
8 trajectories per prompt to ensure robust dynamic
estimation and fair comparison. This extensive on-
line sampling inevitably introduces higher compu-
tational overhead and lower sample efficiency com-
pared to offline baselines, representing a trade-off
between optimization stability and training cost.
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A Mathematical Derivations and
Theoretical Analysis

This appendix presents the rigorous mathematical
formulations of the proposed loss functions and
provides a theoretical analysis of their properties,
specifically focusing on gradient variance compar-
isons and bias reduction mechanisms within the
DYPO framework.

A.1 Loss Function Definitions
A.1.1 Conditional SFT Loss (Hard Regime)

In the Hard regime, where the policy fails to gen-
erate valid signals (i.e., all generated trajectories
receive zero reward), exploration becomes ineffi-
cient. The framework strictly applies supervised
fine-tuning using a Multi-Teacher strategy:

Lser(0) = E, (-, .. romyy [~ 108 70 (Tigt| )]

(20)
where {7(1), ... 7™} are candidate solutions
generated by m distinct teacher models, and U/
denotes the uniform distribution over these candi-
dates.

A.1.2 GRPO Loss

The Group Relative Policy Optimization (GRPO)
loss optimizes the policy via reinforcement learn-
ing by leveraging relative feedback within a group
of sampled trajectories. Formally, for a query
q ~ D (where D denotes the training data dis-
tribution), we sample a group of k trajectories
G ={m,..., 7} from the current policy my. The
objective is defined as:

k
1 A
[,GRpo(a) = _EqND []{3 Z (CLIP(pZ, Ai7 6))
i=1
— B Dk (7o ]| rer)
2y
where p;(0) = ;Zf((:fi'@)) denotes the probability ra-

tio between the current policy and the reference
policy met. The function CLIP(-) represents the
standard clipping mechanism with hyperparame-
ter € to constrain policy updates. The term Dgy
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denotes the Kullback-Leibler divergence used to
prevent mode collapse, weighted by the coefficient
BKL. R

The advantage function A(7;, G) is computed
using group-based standardization:

R(7i,q) — pa
oG +¢
where p and o represent the mean and standard
deviation of rewards within group G, respectively,
and £ is a small constant added for numerical sta-

bility.

A.1.3 Group Alignment Loss (GAL)

To mitigate the high variance associated with pure
RL in the Mid regime, we employ a contrastive
objective. We leverage the intrinsic quality differ-
ences within the sampled group G by construct-
ing pairwise comparisons. For a tuple (¢, 75, 7f)
drawn from G where R(7;) > R(7s) (implying
R(15) = 1and R(7y) = 0 in binary settings):

A(r;,G) = (22)

LoaL(0) =E - rec | —logo <5GAL'
R(Ts)>R(Tf) (23)
7o(Ts|q) m(77|q)

( 7rref<7_s‘Q) Wref(Tf‘Q)
Here, o (-) denotes the sigmoid function, and SgaL
is the inverse temperature parameter controlling the
discrimination margin.

A.1.4 Unified Objective and Difficulty
Grading

The core of DYPO is the dynamic dispatching of
queries based on the rollout outcome G. We define
three mutually exclusive indicator functions based
on the set of rewards { R(7)|T € G}:
* Indicator for Easy (I¢): I(V7 € G, R(7) = 1).
The loss is set to O to discard trivial samples.
* Indicator for Hard (I): I(V7 € G, R(7) = 0).
This triggers the SFT fallback.
 Indicator for Mid (In): I(3m,7; €
G, R(1;) # R(7;)). This triggers the variance-
reduced RL.
The final unified training objective is formulated
as:

Lpyro(0) = Egup | I3 - YLsFT
————
Hard

+Inm - (aLarro + (1 — @) Lgar)

Mid

(24)



Note that when [¢ = 1, the gradient contribution is
effectively zero, implementing the sample discard-
ing strategy.

Hyperparameters:

* «a € [0,1]: Weighting coefficient balancing the
summation-based RL (GRPO) and contrastive
alignment (GAL).

* v > 0: Scaling factor for the supervised loss
component.

A.2 Detailed Derivation of Multi-Teacher Bias
Reduction

In this section, we provide the formal derivation for
the bias reduction property of the Multi-Teacher
Distillation strategy discussed in Section 3.2. We
base our analysis on the bias decomposition formu-
lation provided in the main text.

A.2.1 Definitions and Assumptions

Let 7* € R? be the optimal reasoning path (ground
truth). The reasoning path generated by the i-th
teacher, T(i), 1s modeled as:

7 =7 L by + by (25)
where byy; is the systematic bias and b; is the id-
iosyncratic bias.

To facilitate the derivation, we formalize the
properties of the idiosyncratic bias term b;:

Assumption 1 (Zero-Mean Idiosyncratic Bias).
We assume that the idiosyncratic biases from differ-
ent teachers are independent and centered around
zero in the semantic space. That is, for any teacher
1

E[b;] =0 (26)
Assumption 2 (Variance Definition). We define
the magnitude of the idiosyncratic noise for a sin-
gle teacher as 6§ias. Formally, this is the expected
squared Euclidean norm of the bias vector:

[Hb ” ] - Jblas (27)

A.2.2 Derivation of Squared Bias

We compare the expected squared bias (estimation
error) between the single-teacher baseline and the
multi-teacher ensemble.

1. Single-Teacher SFT (m 1). When su-
pervision is provided by a single randomly se-
lected teacher k, the bias is simply Biasgjzgle =
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)

is:

— 7% = bgys +by. The expected squared norm

IE'[HBiaSsingle||2] = E[|[bsys + by?)

= |[bsys | + E[|[by]|*)

+ 2b E[by]

——

=0
= ”bSyS||2 + 6t2>ias

2. Multi-Teacher SFT (m > 1). In the Multi-
Teacher strategy, the effective supervision con-
verges to the expectation over the sampled teach-

ers, which is equivalent to the ensemble mean
7= L% 7. The effective bias vector is:

Biasyyi = (; ZT(Z)> -7 = 9}’9+ Zb
=1

(29)
The expected squared norm of the multi-teacher
bias is:

(28)

E[||Biasmu||*] = E

N
bsyg—i_iZbZ
mi:l

2
2 1 -
= byl +E || > bi
1=1

1 m

+2bl E

sys

B (30)

We focus on the variance term (the second term).

Due to the independence of by, the cross-terms
E[b, b] for i # j are zero. Thus:

m 2 m
1 1
E[]=) bl | == E[bi?
2 o 2 Ellbil
1 72 (31)
:m2 T * Opjas
:Ulzias
m

Substituting this back into Eq. (30), we obtain
the final expression presented in the main text:
=2
Obias

E[||Biasmulti”2] = HbsySH2 + (32)

A.2.3 Conclusion

By comparing the two results, we formally estab-
lish the reduction inequality:

=2
O,
Iboys I + =2 < [Ibasll” + Fhiag~ (33)

~
E[||Biasmu [|2] E[|Biassingte||]



This confirms that increasing the ensemble size m
strictly reduces the stochastic component of the
supervisory bias.

A.3 Gradient Variance Analysis

We analyze the variance of the gradient estimators
to theoretically justify the stability properties of the
DYPO framework. We define the scalar variance of
a gradient estimator g as Var(g)

A.3.1 Variance of GRPO Loss

Consider the gradient of the GRPO loss for a single
query g with group size k. In practical optimization,
gradients are averaged over the group. The gradient
is defined as:

k
1 .
z E Vo log me(7ilq) - A;

=1

JGRPO = (34)

Let s; = Vglogmy(7i|q) be the score function.
Assuming sample independence and normalized
advantages (E[A?] ~ 1), the variance is:

k
1 72
Var(gereo) = 13 Z [lls3l|*] - E[A7]
i=1 (35)
1 X
where ¥, = E [HV(; log mg(7i|q)|| } This shows

Val‘(gGRpo X 1/k‘.

A.3.2 Variance of Group Alignment Loss

For the GAL objective, we construct M preference
pairs. The gradient is averaged over these pairs:

M
JGAL = M Z (1 —0(dj)) - Boar(Ss,j — S¢5)

(36)
Assuming independence between pairs, the vari-
ance is bounded by:

2861155

i (37

Var(ggaL) ~

where 7 = E[(1 — o(d))?] represents the discrimi-
nation difficulty.

A.3.3 Variance of the Combined Gradient

In the RL regime (Mid), we combine these objec-
tives using a mixing coefficient o € (0, 1):

gmix = gcrro + (1 — @)ggaL (38)

=E[lg - E[g]l?)-
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Assuming independence between the explo-
ration noise of GRPO and the discrimination noise
of GAL, the variance of the combined gradient is:

Var(gmix) =~ o?Var(ggrpo) + (1 — a)*Var(ggaL)
Y, 262115
> +(1-a)? < BGaLn >

2
“ <k M
(39)
We observe that as the policy improves, the dis-
crimination task becomes easier, causing n — 0
(since o(d) — 1). Furthermore, since o < 1 im-
plies a? < 1, the contribution of the GRPO term
is strictly reduced. Therefore, under the condition
that 7 is sufficiently small, it strictly follows that:

Var(gmix) < Var(ggreo) (40)

This inequality proves that the mixed objective
yields a more stable gradient estimator than using
GRPO alone, facilitating smoother convergence.

B Qualitative Analysis and Case Studies

In this section, we provide a qualitative analysis
of our pipeline. We first illustrate our data con-
struction strategy, which leverages the complemen-
tary strengths of multiple teacher models. We then
present specific case studies for the SFT stage and
the RL stage to demonstrate how DYPO enhances
mathematical reasoning.

B.1 Data Construction: Leveraging Diversity

Our data construction method creates a high-
quality, diverse dataset by distilling reasoning
capabilities from multiple teacher models (e.g.,
DeepSeek-R1, Qwen3-235B-A3B). As illustrated
in the example below, different teachers may ap-
proach the same problem via distinct but valid rea-
soning paths (e.g., algebraic vs. geometric). This
diversity prevents the student model from overfit-
ting to a single reasoning pattern and improves
generalization.



:= Problem Statement

Question: Given a rectangular billiard table with sides
1 and /2. A ball is shot from one of its corners at an
angle of 45°. Will it ever fall into a pocket?

N2

£ Our Data Construction Method

= Teack.ler A (DeepSeek-R1) [Baseline] .
Reasoning: The problem reduces to finding

integers m, n such that m - 1 = n.- /2. This
implies 7* = V/2. Since v/2 is irrational, no
such integers exist.

Answer:

& Teacher B (Qwen3-235B) [Complementary]
Reasoning Process: /. Unfolding: Mirror-

ing implies trajectory line y = z. 2. Com-
mensurability: Ratio 1 : v/2 is irrational. 3.
Conclusion: Never hits a vertex.

Answer:

B.2 Case Study I: Multi-Teacher Distillation
(SFT)

Following the data construction methodology de-
scribed above, the SFT stage trains the student
model to recognize multiple solution paths. Here,
we visualize the reasoning process for a constrained
optimization problem. As shown below, Teacher
A employs the method of Lagrange Multipliers
(calculus-based), while Teacher B utilizes a coor-
dinate transformation approach (algebraic/geomet-
ric). The student model benefits from exposure to
both high-quality trajectories.

= Prompt / Input

Find the greatest value M that the expres-
sion 7x + 10y + z can take when x, y, z are
real numbers satisfying z2 + 2z + %y2 +
72> = 6. In which cases is this value
achieved?

14

Trajectory 1: Teacher A (Lagrange Mul-
tipliers)

— Internal Reasoning

Okay, so I need to find the maximum value of
the expression 7x + 10y + z given the con-
straint... Let’s check the constraint equation
2422+ (1/5)y*+72% = 6. Using Lagrange
multipliers:

Vf=AVyg

Which gives us the system: 1) 7 = A(2z + 2),
2) 10 = A(2/5y), 3) 1 = A(142) ... [Middle
reasoning omitted for brevity] ... Therefore,
the maximum value is 55.

Final Response:

To find the greatest value M, we apply the
method of Lagrange multipliers... The max-
imum value is achieved when:

13 175 1
r=—=0, =257 = =5
62 31 62
The value is | 55 |.

Trajectory 2: Teacher B (Coordinate

Transformation)

— Internal Reasoning

Using Cauchy-Schwarz inequality... Let u =
r+1,v= y/\/g, w = z/7. The constraint
becomes u? 4+ v? +w? = 7. ...

Final Response:
The solution is derived via coordinate trans-
formation... Result is | 55 |.

\\

B.3 Case Study II: Group Alignment via RL

/

While SFT establishes fundamental reasoning, the
RL stage enables the exploration of complex solu-
tion paths. To ensure stability, the Group Align-
ment Loss reduces gradient variance by contrasting
trajectories within a sampled group. We demon-
strate this using a functional equation problem.
Here, the Group Alignment Loss reinforces the
rigorous application of the chain rule (Trajectory
71) while suppressing heuristic failures (Trajectory

).



\.

= Prompt / Input

For arbitrary integers n, find the continu-
ous function f(x) which satisfies the fol-
lowing equation:

h—0 h

lim ! /x+nh f@®)dt = 2f(nx)
z—nh

Note that = can range over all real numbers
and f(1) = 1.

Group Rollout Summary (K = 8):

ID | Final Answer | Reward Status
|| flz) == 1.0 Successful
T || f(z)=1 0.0 Failed
T3 | | flzx) == 1.0 Successful
T4 || f(z) =nx 0.0 Failed
75 | | flx) == 1.0 Successful
76 || f(z) =0 0.0 Failed
|| flx) =1 0.0 Failed
15 || f(z) = 2" 0.0 Failed

Successful Trajectory (71): Correct

Chain Rule Application

— Internal Reasoning

Let the given equation be:

1 x+nh
L =lim — / ft)de

h—0h J,_n
This limit represents the derivative of the inte-
gral function with respect to h at h = 0. Let

F(t) be the antiderivative of f(¢). Then the
integral is F'(x + nh) — F(x — nh). ...

= f(z +nh)-n— f(z —nh)-(-n)
As h — 0, this becomes:
f(@)-n— f(z)-(—n) =2nf(z)

... By continuity, f(z) = x for all real x.

Final Response:
The function is f(xz) = z. The answer is

15

Failed Trajectory (72): Missing Boundary

Derivative

— Internal Reasoning

We need to evaluate the limit on the LHS...
Let’s assume the standard result where

o ;j: f)dt — f(z). ... Wait, let me re-
consider. If I define G(h) = ;f:: (t)dt.

G'(h) = f(x + nh) — f(x — nh) (using
standard Fundamental Theorem). At h = 0,
G'(0) = 0. This implies f(z) = 0... or
flx)=1.

Final Response:
The function satisfies f(z) = 1. The answer

is|f(x) =1}

Analysis: The Failed Trajectory (o) attempts to
derive the limit but fails to apply the chain rule
to the integration bounds (G'(h) = f(x + nh) -
n — f(z — nh) - (—n)), leading to an erroneous
constant solution.

C License and Artifacts Usage

We utilize the Qwen models and standard reasoning
datasets (e.g., AIME, MATH), which are publicly
available under the Apache 2.0 or MIT licenses.
Our use of these artifacts for academic research and
post-training optimization is strictly consistent with
their intended usage policies. We release our code
and the trained DYPO model checkpoints under
the MIT License to promote reproducibility. This
licensing is compatible with the original access
conditions of the base models and datasets used in
this work.
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