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ABSTRACT

Learning is often imagined as a descent along a smooth surface, where each step steadily
lowers the energy. Decision-focused learning (DFL) challenges this picture. Instead of
optimizing prediction error, it optimizes the quality of downstream decisions, which re-
quires surrogate losses to approximate decision regret. The gradients of these surrogates
are not exact: the ideal gradient of the surrogate vanishes at its optimum, while the com-
puted directions are noisy and misaligned. In practice, this breaks the energy-dissipative
nature of learning, producing unstable training curves and erratic decision quality.

We reinterpret this difficulty through the lens of energy dissipation. If training is viewed
as the evolution of a dissipative system, then instability arises precisely when inexact
gradients violate the energy law. To restore this structure, we introduce EDO (Energy-
Dissipative Optimizer), which reformulates updates as implicit descent steps that guar-
antee monotone energy decrease even under gradient inexactness. EDO integrates simple
stabilizing mechanisms—scaled weight decay, parameter averaging, and adaptive momen-
tum—without altering the modeling pipeline. We show that three widely used surrogate
families admit valid subgradients under this formulation, and provide theoretical guar-
antees of monotone energy descent with uniform error bounds. Across four benchmark
tasks, EDO produces smoother training trajectories, lower regret, and more reliable deci-
sions than existing methods.

1 INTRODUCTION

Learning algorithms are often imagined as dissipative systems. At each step, the learner descends along an
energy surface, reducing a potential that measures how far the system is from equilibrium. Gradient descent
embodies this idea: the gradient points to the steepest direction of decrease, and the process guarantees
monotone reduction of the underlying energy. This perspective has underpinned many successes in end-to-
end learning, where raw inputs are directly mapped to outputs without hand-crafted intermediate stages (He
et al.||2016; Vaswanil [2017)).

When learning is coupled with decision-making, however, this picture breaks. Applications such as au-
tonomous driving (Hu et al.,[2023b), healthcare allocation (Wang et al.,2023), and climate planning (Harder
et al.|[2023)) highlight that predictive accuracy alone does not suffice—the ultimate measure is decision qual-
ity. In such problems, optimal decisions depend on uncertain or latent parameters like costs or demands,
which must be inferred from features. Traditional “predict-then-optimize” pipelines train a predictor first
and then feed its outputs into an optimizer, but small prediction errors can still lead to poor downstream
decisions (Elmachtoub & Grigas, [2022} (Geng et al., | 2024)).
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Decision-Focused Learning (DFL) was proposed to close this gap (Demirovic et al., 2019; Elmachtoub &
Grigas, 2022). Instead of training for accuracy, predictors are updated with awareness of the downstream
optimization problem. However, decision regret is typically non-differentiable, preventing direct backprop-
agation. To enable gradient-based training, researchers design surrogate objectives—convex relaxations,
differentiable approximations, or upper bounds—that serve as proxies for regret (Mulamba et al., 2021}
Niepert et al.,|2021} |Ferber et al., 2023).

These surrogates make end-to-end training feasible, but they bring a fundamental challenge. The gradients
they provide are not exact. A smooth, well-aligned surrogate would have a vanishing gradient at its optimum,
while the approximated surrogates used in practice do not. Their gradients are structurally different from the
ideal decision gradient, which leads to persistent bias rather than unbiased stochastic noise. The consequence
is visible: training curves oscillate, regret sometimes increases rather than decreases, and decision quality
varies sharply across epochs. In short, the energy-dissipative nature of learning is broken.

Existing optimizers such as Adam (Kingma, [2014) and RMSProp (Schaul et al.l 2013) assume gradients
are either exact or unbiased estimates. They are not designed for structurally biased surrogates, and as
we later show, applying them directly can cause parameter drift, oscillations, and poor convergence—even
when surrogate error is small. Recent studies of optimization under inexact gradients (Yang & Li, 2023}
Barré et al.| 2023)) shed light on this issue in classical settings, but their insights have not been connected to
decision-focused training, where inexactness arises from model structure rather than sampling.

We build on this gap by turning to the energy perspective. If learning is understood as an energy dissipa-
tion process, then instability in DFL can be read as the violation of this law: biased surrogate gradients
inject energy instead of dissipating it. Our contribution is to restore the missing structure. We propose
the Energy-Dissipative Optimizer (EDO), which reformulates updates as implicit descent steps anchored in
local proximity, thereby guaranteeing monotone energy decrease even under gradient misalignment.

The contributions of this paper are threefold. First, we formalize instability in DFL as a breakdown of
dissipative dynamics and recast training as implicit energy descent. Second, we develop EDO, a general
optimizer that restores dissipation through implicit updates and prove uniform error bounds together with
monotone descent guarantees across three surrogate families. Third, we validate EDO on four benchmarks,
showing smoother learning trajectories, consistent regret reduction, and more reliable decision outcomes
than existing methods.

2 THE HIDDEN COST OF SURROGATE GRADIENTS IN DFL TRAINING

2.1 SURROGATE GRADIENTS: CONVENIENT, BUT INEXACT
Decision-Focused Learning (DFL) replaces prediction error with decision regret as the training signal:
R(&)=c"z*(e) — c"z%(c),

where z*(¢é) is the optimal decision under predicted costs. Because z*(+) is non-differentiable, most methods
introduce a surrogate R with gradients

VoR(¢) = VaR(e) - Voé(0).

This makes backpropagation possible, but the price is bias: the surrogate gradient g is not the ideal gradient
of regret, and the gap rarely vanishes.
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2.2  ERROR PROPAGATION IN ITERATIVE UPDATES

To see the effect, consider a simple gradient descent update. Let g; be the ideal gradient of L(#) and g; the
surrogate gradient with error ;. The update follows

Ot+1 = 0r —ng: = 0 — nge — ner.
Hence the deviation from the ideal path grows as
€t+1 = €t — T)E.

Even when ||g;|| < 0 is tiny, the deviation accumulates over time: after 7" steps, |er|| can scale linearly
in 7T'. This explains the empirical symptoms: training curves oscillate, regret may rise rather than fall, and
decision quality drifts unpredictably. One may shrink 7 to slow down error accumulation, but too small a
step size leads to underfitting; too large, and bias dominates. This tradeoff is not an implementation bug but
a structural limitation of gradient-based updates under biased surrogates.

2.3 A STRUCTURAL PROBLEM, NOT A TUNING ISSUE

The picture is clear: standard SGD-style updates accumulate surrogate bias unchecked. From an energy
perspective, each update should reduce a potential. However, with inexact gradients, the system is free to
inject energy back, causing unstable dynamics. To prevent this drift, the update rule itself must change. In the
next section, we show how implicit descent restores dissipative behavior, transforming error accumulation
from linear growth into a bounded effect.

3 ENERGY-DISSIPATIVE OPTIMIZER

3.1 COMPOSITE ENERGY AND LEGAL DESCENT DIRECTIONS

The difficulty isolated in Section [2|is structural: surrogate gradients are biased and the bias accumulates.
Our first step in EDO is therefore to make explicit the energy we want to dissipate and the legal directions
along which dissipation is measured. We anchor the predictor output ¢ by a strongly convex reference and a
surrogate regret term,

F(e) = f(¢) + R(e),  f(e) = 3le—c|?,
where f plays the role of a quadratic potential well and R encodes decision regret through a differentiable or
subdifferentiable proxy. Throughout we assume f is L-smooth and p-strongly convex (0 < p < L), while

R is convex, proper, and lower semicontinuous. Let g; := V f(¢;) + g¢ with ¢g; € 8R(ét) be the exact
composite gradient; the algorithm only observes an inexact surrogate g; with ||g; — g;|| < ¢.

To use F' as a discrete Lyapunov function, the surrogate families that appear in practice must deliver valid
subgradients for R. This is where the energy view begins to constrain design: a direction is “legal” if it lies
in OR(&) so that progress along —V f(¢) — g indeed decreases F'. We verify this property for three widely
used classes, which we will also use in experiments.

Convex upper bounds. Let W C R™ be a nonempty polyhedral set and w*(c) € argmingew c' w.
Consider
Lypper(€;c) = — mi‘%(Qé —¢)'w + 2¢"w'(c) — c"w(c).
weE
The map ¢ — Lypper(€;€) is convex as a support function composed with an affine form. Any w* €
arg miny cw (2¢ — ¢) ' w yields a subgradient Gupper = 2W*(c) — 2W* € 0z Lupper(€; ¢). Thus the “push”

given by the difference between the ideal and surrogate argmin is a legal descent direction for R.
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Perturbation/entropy-based surrogates. Let A be the log-partition of an exponential family with mean
map pu = V A. A perturbation/entropy view leads to the convex Bregman energy

Ll (&) = A€) — A(c) — VA(e)T (& —c),
which is convex in ¢ and satisfies VéLLert(é; c) = pu(€) — p(c). Equivalently, writing gper, := p(c) — p(€)

N

pert (€; ). This matches the gradient signals implemented by noise-injection and log-

gives —gpert € Ol
partition relaxations and supplies a valid subgradient of R in the optimization variable c.

Contrastive surrogates. Given a finite comparison set I' C W with w*(c) € T, define

Lcontr(é; C) - # Z éT (W*(C> — W) .
It =1 weD\ {w* (c)}

This is a convex function of ¢ as an average of linear forms, with subgradient geontr =
\l“l%l > wer\ {w(e)} (W (€) = W) € JeLcont:(€; ). It encodes a structured margin that prefers the decision

w*(c) against competitors in I.

These constructions have a common consequence for EDO: each surrogate family is convex in the optimiza-
tion argument and provides a subgradient that we may combine with V f(¢) to form a legitimate composite
descent direction. In particular, the energy F' = f + R can be used as a Lyapunov function even when the
actual direction fed to the algorithm is an inexact g;. The legality of the underlying subgradient prevents
the update from “pushing uphill” in a way that would invalidate dissipation. Formal statements and proofs,

including the cases where R is represented via a stochastic estimator of g+ or via a finite oracle for Ly pper,
are deferred to Appendix [C.1]

3.2 LOCALIZED GRADIENT STABILIZATION

Once we know that surrogate gradients are biased but still provide legal subgradients, the next question
is how to prevent their error from accumulating over time. Suppose at iteration ¢ the algorithm observes
an inexact surrogate gradient g; satisfying ||g: — g:|| < §, where the exact composite gradient is g; =
Vf(¢) + g with g € OR(¢;). If one were to apply a plain first-order step, the bias e, = g; — g; would
shift the iterate linearly and produce the unbounded drift discussed in Section[2] The central idea of EDO is
to replace this fragile rule with a local re-minimization that reanchors each update within a quadratic energy
well. Formally, we let the next iterate solve the quadratic subproblem

eupn = arg min { &/ (0= &)+ 3 u = & + R(w) }. )

This construction has two effects. The quadratic term enforces a trust region that penalizes large deviations,
preventing the iterate from drifting too far even if g; is misaligned. At the same time, the surrogate structure

R remains embedded in the subproblem, so that the update is still sensitive to decision regret. Together,

these forces transform each step into an implicit descent on the composite energy F' = f + R. Although
solving equation [I]exactly would be costly, it admits an equivalent implicit update form.

Lemma 3.1 (Implicit update form). If f is convex and differentiable and R is convex, the solution of equa-
tion[]satisfies .

€1 = —nVf(€) — nge, gt € OR(€141)-
This equation shows that EDO does not simply follow g;; rather, it enforces consistency between the surro-
gate subgradient and the new iterate. In other words, the update is implicitly defined by the energy landscape
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itself. All auxiliary components of the optimizer—momentum, adaptivity, or regularization—are layered on
top of this unified descent vector V f(€;) + ;.

The benefit of this implicit construction is captured by two guarantees. First, each step decreases the com-
posite energy, up to a small residual that scales with the error magnitude §. Second, the cumulative deviation
from the ideal trajectory remains uniformly bounded, in stark contrast to the linear drift of plain gradient
descent.

Theorem 3.2 (One-step energy decrease). If f is L-smooth and p-strongly convex and n € (0,1/L], then
F(¢11) < F(&) — (ﬁ - %) €1 — €% +no2.

In particular, if 5% < p?/(4L), the gain term dominates and F strictly decreases.

Theorem 3.3 (Uniform error bound). Let e; = ¢, — ¢} denote the deviation from the ideal proximal trajec-
tory. If n € (0,1/L), then forallt > 0

lec < (1 =np)*[leol| + 22

As t — oo, the deviation converges to ||ex|| < O(5/L).

These results make the contrast with SGD explicit. Whereas standard updates accumulate error indefinitely,
EDO contracts error geometrically and then stabilizes at a bounded bias level. This restores the dissipative
nature of training: the system may never be perfectly noiseless, but its energy consistently decreases and
the long-term deviation remains under control. This is the structural reason why the trajectories observed in
practice become smoother and decision quality more reliable once EDO is applied.

3.3 STRATEGIES FOR ROBUST UPDATES IN EDO

To make EDO effective in practice, we introduce stabilizing mechanisms that work in concert with the
proximal update. A first consideration is weight decay. Traditional optimizers such as AdamW apply a
fixed decay rate, independent of step size. This design is harmless when gradients are unbiased, but with
inexact surrogates it becomes problematic: early steps may be under-regularized, while later steps may be
overly penalized, distorting the trajectory. EDO addresses this imbalance by coupling decay strength to the
effective step size. Formally, we introduce a pre-scaled weight decay factor

1 _ .
T (6~ mom).
where )\ is a decay coefficient, 7, is the adaptive step, and ¢, is a smoothed parameter vector defined below.
The contraction factor 1/(1 + «)) ensures that larger steps—where gradient noise is more likely—are au-

tomatically regularized more strongly. This coupling between step size and decay introduces a stabilizing
friction term in the energy dynamics, one that adjusts itself to the uncertainty of each update.

Cip1 =

A second mechanism is temporal averaging. Rather than using exponential moving averages only at test
time, we integrate them directly into the update rule:

Ct =7C—1 + (1 — )¢,
This averaged parameter acts as a low-pass filter on the trajectory. Where surrogate errors induce high-
frequency oscillations, temporal averaging damps their impact before they propagate forward. In the energy

picture, it is as if the system carries an inertial memory that smooths sudden perturbations, preventing tran-
sient noise from accumulating into long-term bias.

On top of these new components, EDO retains the familiar stabilizers from adaptive methods. First-order
momentum accumulates the gradient history, second-moment estimates track variance across coordinates,
and bias correction ensures accurate scaling in the early stages (Kingma, 2014; |Redd: et al., [2019).
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Combining all pieces, the full EDO iteration becomes

Ciy1 = T+ ax (ét —ﬁtQIﬁt), ¢t =C—1 + (1 — )¢y,
with m; and 7, defined by the adaptive moment scheme. This form makes explicit how energy dissipation

is reinforced by contraction, smoothing, and adaptivity at once.

The convergence properties of this enriched update can still be established under convexity and bounded-
gradient assumptions. The following theorem summarizes the result.

Theorem 3.4 (Convergence of EDO with robust strategies). Assume f is convex and differentiable, R is
convex and possibly nonsmooth, and all gradients are bounded by a constant G . Suppose the momentum

2
parameters 31, B2 € [0,1) satisfy % < 1, and let the learning rate o« > 0 and decay coefficient A > 0 be

fixed. Then for any horizon T, the cumulative regret satisfies

T ) . D2 d _ aG?
Z (F(e;) — F(e")) < 2a(l=51) ; Ui + (1= 8121 = B2) T,

t=1

where 0y ; is the corrected variance estimate and D bounds the parameter distance.

This result shows that the additional strategies preserve convergence and control cumulative regret. Even
when surrogate gradients remain persistently biased, the error does not accumulate without bound.

3.4 GLOBAL CONVERGENCE AND LONG-HORIZON STABILITY

The guarantees established so far concern the local behavior of EDO: each step decreases the composite
energy up to a controlled residual, and the error relative to the ideal trajectory remains bounded. However
deep learning is not a short-horizon procedure. Training typically runs for thousands of iterations, where
even small biases can accumulate into significant deviations if not properly controlled. The crucial question
is whether the dissipative structure introduced by EDO extends globally, ensuring that learning remains
stable as t — oc.

From an optimization perspective, surrogate gradients introduce a persistent bias rather than stochastic vari-
ance. Classical adaptive methods such as Adam are designed under the assumption that gradients are un-
biased, and their convergence proofs hinge on the cancellation of noise in expectation. In our setting this
assumption is violated: the error ¢; = g; — g; is structural, not random, and no amount of averaging can
eliminate it. What EDO achieves instead is to transform this bias into a bounded steady-state deviation. The
Lyapunov function F' = f + R ensures that the system cannot drift indefinitely; it converges toward an
equilibrium corridor whose width is proportional to ¢, the magnitude of surrogate error.

This intuition is captured by the following result, which combines the proximal stability with the adaptive
update strategies.

Theorem 3.5 (Global convergence of EDO). Suppose f is convex and differentiable, R is convex and pos-
sibly nonsmooth, and gradients are bounded by G .. Let the momentum parameters 31, B2 € [0, 1) satisfy

\5;% < 1, and set the coordinate-wise step n; = o/ (\/V¢ + €) with o > 0 and decay A > 0. Then for all

horizons T > 1,

T
) (1
730 (@) - Fe) = 0 ) + 00,

where ¢* denotes the minimizer of the exact composite energy.
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The theorem states that EDO achieves the same sublinear convergence rate as classical adaptive methods,
but with an additional O(4) bias floor. This bias is unavoidable: no optimizer can recover the exact decision
gradient when only surrogates are available. What matters is that the error does not grow with 7". Instead, it
saturates at a constant level, so that long-horizon training remains stable and predictable.

From the energy viewpoint, the picture is that of a dissipative system driven by a weak external force. Each
step reduces energy, but the biased gradients re-inject a small amount back. EDO balances the two effects:
dissipation dominates injection, and the system settles into a bounded orbit around the true equilibrium.
This explains why, in practice, learning curves under EDO no longer oscillate or drift, but approach a stable
regime with low regret. It is not the absence of error that makes the process robust, but the fact that error is
prevented from accumulating indefinitely.

4 EXPERIMENTS

Our analysis suggests a simple prediction: when gradients are structurally inexact, optimizers that enforce
dissipation should train more steadily and reach good decisions with less effort. We now examine whether
this picture holds in practice. The emphasis is not only on final optimality, but also on the trajectory of
training—how quickly energy drops to a useful level, and how much the iterates oscillate en route.

4.1 EXPERIMENTAL SETUP

We evaluate the Energy-Dissipative Optimizer (EDO) on four decision-focused benchmarks that exhibit
different combinatorial structures and gradient behaviors. The Sales (0—I1 Knapsack) task selects real-estate
projects under a budget to maximize profit; Portfolio Optimization allocates weights subject to budget and
risk constraints; Shortest Path finds a minimum-cost path on a directed graph from predicted edge costs;
Energy Scheduling assigns jobs to machines over time while respecting capacity and timing constraints.
All tasks follow a unified predict—optimize pipeline so that differences arise from the optimizer rather than
modeling idiosyncrasies. Formal problem statements and dataset statistics are given in Appendix [C.3]

To probe behavior under gradient inexactness, we train with five surrogate regret formulations. Three are
convex and supply valid subgradients—IMLE (Niepert et al., 2021), CMAP (Mulamba et al.| [2021), and
SPO+ (Elmachtoub & Grigasl [2022)—and two are non-convex (DBB (Poganci¢ et al., 2020), NID (Sa-
hoo et al.)), included to test generalization beyond our theory. For each task—surrogate pair, we keep the
predictive architecture fixed and replace only the optimizer.

Baselines include AdaGrad (Duchi et al., [2011)), RMSProp (Tieleman & Hinton, [2012), AdaDelta (Zeiler,
2012), Adam (Kingma, 2014), and AdamW (Loshchilov & Hutter, 2017). All methods share the
same initialization, early-stopping rule, and hyperparameter budget. Learning rates are selected from
{1075,107%,1073} on a validation split; early stopping uses patience = 10 based on validation perfor-
mance. Unless otherwise noted, we report the mean over 10 independent runs with seed = 2024 and include
standard errors. The codebase is implemented in PyTorch (Paszke et al., [2019) with Gurobi (Gurobi Opti-
mization, LLC, 2023) as the solver backend, and differentiable integration follows PyEPO (Tang & Khalil,
2022). Experiments run on a single workstation (Intel i7-13700K, 32GB RAM, RTX 4070 Ti).

4.2 EVALUATION PROTOCOL AND METRICS

Our theory speaks in the language of energy dissipation. Accordingly, we complement standard endpoint
metrics with measurements of training dynamics derived from the same logs.
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Time-to-target. To compare efficiency fairly across methods that differ in per-epoch cost, we report the
wall-clock time needed to reach a target accuracy, either as an energy threshold F(¢;) < F* 4+ c oras a
decision metric threshold gap < e. This single figure captures both the number of updates and their cost.

Decision quality. We report the final optimality gap gap = % where z(-) is the downstream objec-
tive under predicted and ground-truth parameters. Alongside means and standard errors, we include paired
nonparametric significance tests (Wilcoxon signed-rank across 10 runs) when comparing optimizers within

the same task—surrogate.

4.3 CONVERGENCE AND TRAINING EFFICIENCY

We begin with effi-
ciency. Theory predicts
that an implicit, dissi-

Task | Optimizer  Epochs () Time/Epoch (s) (}]) Time-to-Target (s) (J)

. Adam 28.40 25.65 728.46
pative update should % | AdaDelta 30.80 35.76 1102.61
reduce the number s anGrvabd %471§8 421471(5)3 l6678140192
am . . .
of steps needed to RMSProp 2380 38772 921.54
reach a useful energy EDO (Ours)  19.85 33.87 672.32
level, without incurring o |Adam 37.80 227.29 8591.56
prohibitive per—step = ﬁala(D}eltjl %ggg %g(l)éllg iggggg
h= aGra . . .
overhead. ~ To com- E | AdamW 3320 22887 7596.82
pare methods fairly & | RMSProp 31.40 23014 722640
when their per—epoch EDO (Ours)  20.62 151.98 3130.88
costs differ, we report g | AquD 5380 05 09538
; . < apelta . . .
time-to-target: the wall- & | AdaGrad 22.60 3930 891.70
clock time to reach the 2 éﬁf&w %42128 %%Zlﬁf g%%?g
_ . g = TOp . . .
early-stopping criterion S |EDO (Ours) 872 2070 180.50
, alongside the usual 2 ~d 3390 578 63290
am . . .
number of epochs and 2 | AdaDelta 22.60 3953 89238
per-epoch time. = AdaGrad 22.60 39.50 891.70
B AdamW 22.60 27.48 621.65
Table [ summarizes < | RMSProp 14.60 2241 327.19
@ | EDO (Ours)  7.84 20.70 16229

results across  four

ks. ED . . .
:ﬁse snumber ?)f r:;l:)l(c:ﬁ: Table 1: Efficiency measured by epochs, per-epoch time, and time-to-target

8 . (wall-clock to early-stopping threshold). EDO attains the target with fewer steps
l/)%)iia?r)r? (666% rlgilﬁvg 7t(2) and lower total time on three of four tasks; on Sales it ties the best baseline in
vs. 23 20'g‘]7-3nergy 7' 84 total time while using fewer epochs than Adam.

vs. 23.20), and this

translates into clear time-to-target gains on three tasks. On Portfolio, EDO attains the target in 3,131s, a
31% reduction vs. the best baseline (Adagrad at 4,549 s), and > 60% vs. Adam. On Path and Energy, where
surrogate noise is most pronounced, EDO roughly halves the time-to-target relative to the strongest baseline
(RMSProp). On Sales, EDO is on par with the best baseline (Adagrad), differing by < 0.2% in total time,
while still using markedly fewer epochs than Adam. These patterns are consistent with the dissipative
picture: fewer oscillations and less drift mean fewer effective steps to threshold.

4.4 COMPONENT ABLATION ANALYSIS

The final step is to disentangle which parts of EDO are responsible for the observed stability. The implicit
energy step (IES), adaptive scaling, momentum, and pre-scaled weight decay are intertwined in the full
update rule. Removing them one at a time helps to clarify their role. We stress that this is not a search for the
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Table 2: Ablation study: average regret of EDO and its variants across convex (IMLE, CMAP, SPO) and
non-convex (DBB, NID) surrogates. Parentheses denote relative increase (%) in regret compared to full

EDO. Red indicates the largest degradation per row.

Benchmark | Variant IMLE CMAP SPO DBB NID
EDO (ours) .34 0.32 0.22 0.34 .34
Sales Nolmplicit 0.62 (182%)  0.64 (1100%)  0.36 (164%) | 0.47 (138%) 0.62 (182%)
NoAdaptive 0.51 (150%)  0.36 (113%)  0.28 (127%) | 0.42 (124%) 0.36 (16%)
NoMomentum | 0.49 (144%)  0.62 (194%)  0.38 (173%) | 0.43 (126%) 0.61 (179%)
NoDecay 0.53 (156%) 0.34 (16%) 0.33 (150%) | 0.39 (T15%) 0.61 (179%)
EDO (ours) 0.05 0.11 0.02 0.17 0.18
Portfolio Nolmplicit 0.18 (1260%) 0.29 (T164%) 0.18 (1800%) | 0.19 (112%)  0.18 (10%)
NoAdaptive 0.16 (1220%) 0.13 (118%)  0.17 (1750%) | 0.17 (10%)  0.18 (10%)
NoMomentum | 0.18 (1260%)  0.10 ({9%)  0.12 (1500%) | 0.18 (16%)  0.19 (16%)
NoDecay 0.15 (1200%) 0.13 (T18%)  0.03 (150%) 0.17 (10%)  0.18 (10%)
EDO (ours) 0.15 0.09 0.11 0.33 0.28
Path NolImplicit 0.40 (1167%)  0.14 (156% 0.13 (118%) 0.35 (16%)  0.40 (143%)
NoAdaptive 0 16 (17%)  0.31 (1244%)  0.12 (19%) 0.36 (19%) 0.34 (121%)
NoMomentum | 0.31 (1107%)  0.12 (133%) 0.11 (T0%) 0.35 (16%) 0.32 (T14%)
NoDecay 0.28 (187%)  0.10 (T11%) 0.11 (T0%) 0.33 (10%)  0.29 (14%)
EDO (ours) 0.14 0.13 0.10 0.25 0.24
Energy NolImplicit 0.32 (T129%)  0.22 (169%) 0.21 (1110%) | 0.29 (1T16%) 0.31 (129%)
NoAdaptive 0.26 (186%)  0.28 (T115%)  0.18 (180%) | 0.33 (132%) 0.30 (125%)
NoMomentum | 0.28 (1100%) 0.17 (131%)  0.12 (120%) | 0.28 (T12%) 0.29 (121%)
NoDecay 0.23 (164%)  0.16 (123%)  0.11 (T10%) 0.26 (T4%)  0.26 (18%)

“best tweak” but an empirical test of the structural claim: training under biased surrogate gradients requires
error-damping mechanisms at every step.

When the IES is removed (variant NoImplicit), the regret values explode across all benchmarks, in some
cases by more than 200%. This is consistent with the theoretical analysis: without the implicit step, error
behaves like a linear drift, and early misalignment is never corrected. The uniform bound in Theorem [3.3|
disappears in practice, producing large variance and poor decision quality.

Suppressing coordinate-wise adaptivity (NoAdaptive) results in clear fragility on non-convex surrogates such
as DBB and NID. With adaptivity, EDO can absorb these shifts smoothly, avoiding divergence. Removing
momentum (NoMomentum) destabilizes training whenever gradients are highly irregular. In CMAP and
DBB, where local slopes switch signs frequently, regret grows by 30-90% compared to the full EDO. Mo-
mentum plays a dual role: it accelerates convergence and acts as a temporal smoother against oscillations.

Finally, eliminating weight decay (NoDecay) produces smaller but consistent increases in regret, especially
near convergence. The effect is less dramatic than IES or momentum, but it confirms that contracting
parameters proportionally to the step size reduces late-stage wandering caused by surrogate mismatch.

5 CONCLUSION

This paper introduces the Energy Dissipation Optimizer (EDO), a framework that interprets decision-
oriented learning as an energy dissipation process and achieves training stability through implicit descent.
By reconstructing dissipative dynamics, EDO effectively mitigates the impact of biased proxy gradients,
achieving smoother convergence and more reliable decision outcomes across diverse benchmarks. While
the findings validate this perspective’s practical value, the theoretical foundations of learning under struc-
turally biased gradients warrant further exploration, opening extensive avenues for future research.
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6 REPRODUCIBILITY STATEMENT

We have taken several measures to ensure the reproducibility of our work. The theoretical results are pre-
sented with explicit assumptions, and complete proofs of all claims are included in the appendix. Experi-
mental details, including benchmark tasks, hyperparameters, and evaluation metrics, are documented in the
main text and further elaborated in the appendix.

7 ETHICS STATEMENT

This work adheres to the ICLR Code of Ethics. Our study does not involve human subjects, sensitive personal
data, or applications with foreseeable harmful consequences. The benchmarks used are publicly available
and widely adopted, and all experiments comply with standard practices in decision-focused learning and
optimization research. We are committed to transparency in code release, proper attribution of prior work,
and the integrity of reported results.
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A USE OF LLMsS

Large language models (LLMs) were used in the preparation of this manuscript to assist with translation,
language polishing, and stylistic refinement. The scientific contributions, results, and interpretations are
entirely the authors’ own.

B RELATED WORKS

Decision-Focused Learning Decision-Focused Learning (DFL) addresses a class of parametric optimiza-
tion problems in an end-to-end fashion: a predictive model estimates the problem parameters, and the loss
depends on the quality of the downstream decision. The main challenge is that decision regret is typically
non-differentiable with respect to the predictions, making direct backpropagation infeasible.

Two main research directions have emerged. One develops differentiable layers for specific optimization
problems, embedding the solver inside a neural network. Examples include stochastic optimization (Donti
et al.| 2017), quadratic programming (Amos & Kolter, [2017), integer programming (Mandi & Guns| 2020),
and constrained optimization (Donti et al.,[2021;Hu et al.,[2023a). The other line constructs surrogate objec-
tives to obtain approximate gradients, using techniques such as convex upper bounds (Elmachtoub & Grigas,
2022), dynamic programming relaxations (Stuckey et al., 2020), decision-tree surrogates (Elmachtoub et al.|
2020), black-box differentiation (Poganci¢ et al.l [2020), perturbation methods (Berthet et al., [2020), rank-
based formulations (Mandi et al., 2022), contrastive optimization (Mulamba et al.l |2021), and linearized
relaxations (Ferber et al., | 2023)).

These studies provide ways to obtain gradients, but the update process that follows has received much less
attention. Unlike standard end-to-end learning where gradients are exact (or unbiased stochastic estimates),
the gradients produced by surrogates are structurally biased. This inexactness poses new challenges for
optimization dynamics.

Inexact Gradient Methods The optimization community has studied inexact gradients in various classical
settings. Early work by (Schmidt et al.l |2011) analyzed inexact proximal-gradient methods for convex op-
timization and established convergence rates. Subsequent work extended this to online and distributed con-
texts, including inexact updates for time-varying convex programs (Ajalloeian et al.,[2020) and distributed
online optimization (Bastianello & Dall’ Anesel, 2021). More recent studies explored principled analyses of
inexact proximal operators (Barré et al., |2023)) and convergence guarantees in nonconvex and nonsmooth
settings via the Kurdyka—t.ojasiewicz property (Yang & Lil 2023)).

These results show that optimization can remain stable under certain forms of inexactness. However, the
sources of error in DFL differ fundamentally: they arise not from numerical approximation or sampling, but
from the structural misalignment between surrogate gradients and ideal decision descent directions. Existing
analyses do not directly explain or address the instability observed in DFL training.

Optimizer Stochastic gradient descent has inspired many adaptive variants designed for large-scale learn-
ing, such as AdaGrad (Duchi et al.|[2011), RMSProp (Tieleman & Hinton, 2012), AdaDelta (Zeiler, 2012),
SFO (Sohl-Dickstein et al., 2014), vSGD (Schaul et al.,|2013), and Adam (Kingma, [2014)). These methods
assume access to exact or unbiased stochastic gradients. More recent work has studied extensions to spe-
cialized settings, such as federated learning (Hanzely et al.| |2020), decentralized training (Wang & Chen|
2024), or biased stochastic gradients (Demidovich et al.| 2023)). While these methods broaden the scope of
optimization, none are designed to cope with the persistent structural bias inherent in surrogate-based DFL
training.

To summarize, prior work has mainly advanced two fronts: (i) designing surrogate objectives to obtain gradi-
ents in DFL, and (ii) analyzing inexact optimization in classical settings. However, the critical issue remains

13
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unresolved: how to stabilize training when surrogate gradients are inherently inexact and systematically
misaligned. Existing optimizers treat such gradients as if they were exact or unbiased, which breaks the
energy-dissipative structure of learning and causes unstable dynamics. Our work closes this gap by intro-
ducing an optimizer, EDO, that explicitly restores dissipative dynamics under inexact surrogate gradients.

C THEORETICAL RESULTS AND PROOFS

C.1 PROOF OF SUBGRADIENT IN SURROGATE FAMILIES

Lemma 1 (Convexity and subgradients of APROX surrogates). Let W C R™ be a non—empty polyhedral
set and w*(c):= arg miny cw c' w (the ideal optimal decision). Define the three surrogate losses

Lypper(€;c) = — mi\Ii\l/'(Zé —¢)'w+2¢"w'(c) — c"w'(c),
wE
Lpert (C; é) = Eiwq(z;é) [A(C) - <27 C>:|,
. 1 T (< x
Leontr(€;¢) = =1 Z ¢ (w'(c) —w),

wel'\{w*(c)}

where T' C W s finite and contains w*(c), and A is the log—partition function of an exponential-family
model with mean map p(c) := VA(c). Set

Gupper = 2W*(c) — 2w™, w* € arg Vgéin (2¢ —c)'w,

Gpert = N(C) - H(C)a

YJeontr = |F|%1 Z (W* (C) — W) .

wel'\{w*(c)}
(@) Lupper(-; €) and Leonir(+; €) are convex in €, while Lyeri(c; €) is convex in c.

(b) Gupper € aE:Luppelr(é; C): Gpert € 8chert(C§é); Geontr € 8(:Lcontr(é; C)-
Proof. Upper-bound surrogate. Because — miny, (2¢—c)’ w = maxy — (26 —¢)" W, Lypper is the sum of
(i) a point-wise maximum of affine maps in € (convex) and (ii) an affine term 2¢" w*(c). Hence Lypper(*; €)
is convex. For any maximiser w*, the gradient of the active affine terms gives gupper = —2W* + 2wW*(c).
By the definition of support functions, Lupper(€/,€) > Lupper(€;€) + glpper(€/ — €) for every &, so
gupper S aéLupper-

Perturbation surrogate. The log—partition function A is convex in ¢, while (2, c¢) is affine in c. Taking an
expectation w.r.t. ¢(-; ¢) preserves convexity, giving convexity of Ly (c; €) in c. Differentiating under the
expectation yields Ve Lpers = p(c) — p(€) = gpert, and convexity of A implies the subgradient inequality,
hence Ypert € achert-

Contrastive surrogate. Each summand &' (w*(c) — w) is linear in ¢€; their average is therefore linear and
thus convex. Its gradient with respect to ¢ equals w*(c) — w, and averaging the gradients gives gecontr. FoOr
any él: Lcontr(é/§ C) - Lcontr(é; C) = g—crontr (é/ - é)a eStabliShing Jcontr € a(A:Lcontr-

All claims in parts (a) and (b) are proved. O
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C.2 PROOF OF LEMMA [3.1]

Proof. By the definition of the proximal operator, we have:

€41 = prox, 5 (9),

where
v =¢ —nVf(ér).
This means that ¢, is the minimizer of the following optimization problem:
. 54 L. 2
€141 = argmin ¢ R(¢é) + o lle—o|" ¢ .

From the first-order optimality condition for convex functions, we have:

~ 1 .
0e 6R(Ct+1) + ; (Ct+1 — 1)) R

where OR(¢é,41) denotes the subdifferential of R at & ;.

Substituting © = &, — nV f(é;), we get:

0 € OR(Ern) + }] (41 — (& — 1V F(&1)).

Simplifying the expression inside the parentheses:

Crp1 — & +nV[(&) = 1 — &+ 1V f(E).
Therefore, the optimality condition becomes:

~ 1
0c 8R(ét+1) +

1

(41 — e+ 1V f(&)) .

Multiplying both sides by 7:

0 € NOR(€r41) + (€11 — & + V(1)) .

Rewriting the equation:

éry1 =€ —nVf(é) —nge,
where gt S 6R(ét+1).

This demonstrates that the proximal gradient descent update can be expressed as a standard gradient descent
step on f followed by a subgradient step on R.

O
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A.2 PROOF OF THEOREM [3.7]
Proof. The L-smoothness of f gives the descent lemma

fler1) < F(&) +(V (&), 8) + 5llsell. (S1)
By definition of the proximal operator,

R(&) > R(é)+ 55 (e — (& —ngo) > = llse +ngell?),
which rearranges to
R(é11) < R(é)+ +{Ges80) + %Hst”? (S2)

Add equation [ST}-equation[S2]and substitute V f = g, — &, with &, := g, — gy:

F(éi11) < F(é) + (% - %)(gt, 8t) — (€1, 81) + (ﬁ + %) 8¢

The first bracket vanishes, leaving

Fér) < F(&) = (e s + (4 + &) si]%

Young’s inequality yields |(es, s¢)| < d|s¢] < 16> + 4177 15,2 Substituting and collecting coefficients of
||s¢||? gives
; (ét+1) < F(ét) - (ﬁ - %)”StHQ |’77(52.

Because f is p-strongly convex, ||g:|| > wl/s¢||/n, while ||s¢]| < n||g:||. Combining gives ||s:|| > (u/L).
Hence the model-gain term is at least (3 — L) (u/L)?, which dominates nd* whenever 6 < p?/(4L). O
O
A.3 PROOF OF THEOREM

Proof. For any proper l.s.c. convex function g : R™ — (—o0, +0oc] and any i > 0, its proximal operator
prox,, (v) := arg min, {g(u) + ﬁ”u — v||?} is firmly non-expansive:

Hproxng('v) - proxng(w)H2 < (v — w, prox,, (v) — prox,,(w)) Vv, w. )

Because f is L-smooth and p-strongly convex, its gradient is %-cocoercive and p-strongly monotone:
IVf(u) = V)] < Llju—| (Lipschitz) 3)
(Vf(u) = Vfv),u—v) > pllu—o|? (strong convexity). “)
Define G,y (u) =u — nV f(u). A classical inequality states that for any n € (0, 7],
1Gy(u) = Gy(v)|| < (1 —np)llu—of. ()
Thus G, is a (1 — nu)-contraction.

Let
Grir = prox, p(Golé) —ner), &y = prox, (Gol(&),
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where |le;|| < § by assumption (A3). Set e; := ¢; — &; and denote v; = G, (&) — ney, wy = Gy (€}).
Applying equationwith g=R,v=v;, w=w, yields

lectrl] < llve —wif| = [[Gy(ér) — Gy(E7) —nell.

Using equation[5|and ||| <4,

lec1ll < (1 —mnp) lle]| +nd. (6)
Unfold equation [6}
t—1
lex]l < (1 = nu)'lleol| +n8 Y (1 —nu)*.
k=0

t

Because > j_ (1 — nu)* = %

lecll < (1 —nu)" leoll + 2 [1 — (1 = np)'],
which implies the uniform bound equation ?? and, letting ¢ — 00, ||€ex|| < %‘s.

If 6 =0 (exact surrogate gradient), equation [f] reduces to [le;11]| < (1 — nu)|le¢||, so APROX recovers the
optimal O((1 — nu)?) rate for strongly convex objectives. When § > 0 the lower term 1 is unavoidable: it

matches the bias of a single inexact step and therefore cannot be improved without reducing ¢ itself. Hence
the bound is tight up to constants.

O O

A.4 PROOF OF THEOREM [3.4]

Lemma 2 (Convexity). For any «,y € R%:

fly) = f(x) + V(@) (y — @)

Proof This is a fundamental property of convex functions. O

Lemma 3 (Subgradient Inequality for R). For any x,y € R% g, € OR(x), where g, = g', + 0., and
1022 < d:

Ry)> R(x)+gl(y—=x)— 6. (y — =)

Proof Since R is convex, for any g, € OR(x):

Given g, = é’x + 0y
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Lemma 4 (Bound on the Sum of Scaled Gradients). For each coordinate i, if ||V f (¢x)]co < Goo [|Gk]lo0 <

G oo, and v, > (1 — Ba)d3 ;

97 G2

) o0

2 i ST i

Proof

Since 0 ; = max(¥4—1,i, V) > Vg, and:

Ve = Pavy_1,; + (1 — [32)937,; > (1- 52)9?,7:

Therefore:

Ut’b (1 _62)9157,

Then, Substituting the lower bound of 9y ;:

9752,1' . |gt,i|

gtz
W V(1 = B2)|gsi VI=B

Since |g;,;| < 2G, we have:

Z gtz G
M \/1—/52

Furthermore, since 2G o, < G2 /+/T — B3 for G, > 1, we can write:

T 2 2
Z gtz S G T
= Vi~ (1= B2)V1 =P

Lemma 5 (Bound on the Sum of Adaptive Learning Rates). For each coordinate i, given mivy, = {7

(1 4)? G?,
; i S A-BR1-F)

Proof
From the definition in Algorithm 1:

o My
meq =

) 1_5{

Since my ; = Bimy—1,; + (1 — B1)ge,i, unrolling:
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t
mei=(1—=p1) > B gr
k=1

Then:
t
_ 1 — B1)lgs,il
1< (1= =k | < (1= (# < (1= B,)2mel
el < ( ﬁl);ﬁ lgr.il < (1= B1)——— 5 = (1=51)q — 5
Therefore:
‘mt | |gk,1|
T T 1B

From Lemma A.3, we have:

Vg 2 (1 - 62)9157,
So:

Ui > /1 — B2lge.il
After, bounding the ratio:

gl |2

(rii)® _ (1*51> _ |9t.:
Vi~ V1T=[B2lgil (1= 61)2V1 =52
Summing Over ¢:
i mt,z)Z < Z| | 2GooT
= gtz =
= Vi 2V1 ] (1=751)*V1- 52

Since |g:,i| < 2Goo
Recognizing that /1 — 5 < 1:

AM)Q 2G T
15:21\/@ (1—p1)*(1 = B2)

For the purposes of an upper bound, we can write:

m“)Q G2,
> Vo S O-BP0- )

t=1 t,l
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Theorem 6. Assume that the function f : R — R is convex and differentiable, and that the subgradient Ris

a convex, potentially non-smooth function. For all iterations k, the gradients and subgradients are bounded,

and there exists G, > 0 such that |V f (€x)]|co < Goo and ||gk|lco < Goo. Assume (1, B2 € [0, 1), and they
2

satisfy 512 < 1, with a learning rate o > 0 and weight decay coefficient A > 0. 0y ; = max(¥4—1,;, V),

lé: — é*||2 < D. The cumulative regret R(T) satisfies:

T ) N D2 d _ CkG2
RIT) = 3 (R0~ FE < g~y Vo (gt 3

Proof

From Lemma A.1 and Lemma A.2, and considering the inexactness of subgradients, we have:
F(é)—-F(€) < (g9: — (St)T (& —¢")
Assuming ||8;¢]|2 < &, we can write:

F(&)— F(&) < g/ (& — &)+ 6llen — &2

Since ||é — &*||2 < D, the error term due to inexactness is bounded.

From the update rule, we have:

Ci1 =@ (6 —m ©My),

where ¢ = 1—5—#

Compute the squared distance:

e — &[5 = ¢*l& — & —m © i3

Expanding:

€41 — &°)15 = &% (l&y — &*[|3 — 2(& — &) (ne © 1) + ||y © T |3)

Then, subtract ||é&; — &*|3:

€41 — &[5 — [|& — &°[|3 = (¢* — D)l|&r — €13 — 207 (& — &) (e © 1h0y) + &7 || ;e © 7|5
From above, we have:

F(&) - F(&) < g/ (& —&)+D

We can relate (&; — é*)T (n; © 1) to F(&;) — F(&*). Assuming n; and 772, are aligned with g;, we have:
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d d . d 4 N
(@ — &) (e ome) =3 (i — &) i) = Y (éei — &) (‘“”) — oy G

i=1 i=1
To proceed, we can use Cauchy-Schwarz inequality:

(& — &) (m @ 1) < ||€ — €|2]|me © 1e]|2 < D|my © |2

Using the bound on 772; ; from Lemma 8 and the definition of 7;:

S\ e )
=3 (o) <oy
K

i=1 Ut t€ i=1

Applying Lemma A.4, we have:

T T s N2 2032
© 1|2 < o2 (”:Lt.,z) < b dT
tzzl ||7lt t||2 ; tzzl bt (1 . ﬁl)g(l . 62)
Combining the above:
T d
D? aG?
Fé&)—-Fé) < —— Ui + e dl'+46DT
> (P60~ F@) < 5o S Vimi+ T =5

Note that (¢* — 1) < 0 since ¢ = 175 < 1.

Assuming that ¢ (the subgradient error) is small, the cumulative regret R(7") grows sublinearly with T,
implying that the average regret R(T")/T converges to zero as T — oco.

This completes this proof.

A.5 PROOF OF THEOREM

Proof. For analysis, we study the following weighted proximal-implicit update (which matches EDO up to
constants and captures its AMSGrad weighting and weight-decay):

R . R . ~ 1 . A
erer € argmin { (Vf(&r), u— &) +R(u) + 5-[lu— &3, + 5 ul}. ™
u \—/_/

linearization of f

Define the strongly convex proximal potential

1 . A
Vi(u) = —[u—&l, + 5 ul3.
2x 2

Letgiy1 € 6R(ét+1) be a subgradient at the new iterate. The first-order optimality condition of equation
yields

0 Vf(e)+8git1+ VVi(Cry1)- (8)
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Using convexity of R and strong convexity of V;, the three-point inequality gives, for any x,
(Vf(€) + g1, €p1 —x) < Vi(x) = Vi(Coy1) — Vi(Cig1; ), 9

where Vi (u;v) := Vi(u) — Vi(v) — (VVi(v), u — v) is the Bregman divergence of V;. Set x = ¢* and
rearrange:

(V&) + g1, € — €%) < Vi(€") = Vi(Ciz1) + (V () + 8141, € — €i41) —Vi(€41;€).  (10)
T

From equation[8] V f(€;) + g1 = —VVi(€;41). Hence
Ti = (=VVi(€r41), € — 1) = V() — Vi(Cq1) — Vi(Cs; Crpn).
Plugging this back into equation [10|yields
(Vf(€) + g1, € —¢%) < Vi(er) = Vi(er) — [Vt(étJrl; ¢¢) + Vi(Cs; €ep1) } . (11
—_———
telescoping term

Because V; is quadratic,

. . A A 1. . . .
Vi€ryr; €) + Va(Cr; Cepr) = —ll€r41 — &, + Mlern — &ll3.

By convexity of F = f + R,
F(e;) — F(e*) < (Vf(&)+g, & —¢"), g, € OR(¢&y). (12)
Relate g; and g1 and incorporate the observable g, = g; + £4:
(Vf(er) +gt, € —¢) = (Vf(C)+ g1, & —€") + (&8 — &it1, & — &%),

and with ||¢; —¢&*|| < D on a bounded domain (standard in DFL settings) together with bounded inter-iterate
subgradient variation (id for polyhedral/finite-comparison/entropy families), we obtain

(Vf(cr)+ g, ¢ —¢*) < (Vf(€)+8ig1,¢ —¢)+Cpd,

absorbing the inexactness ||e;|| < & into a constant C')pd. Combining this with equation[11]and equation [12]
gives

Fle) = F(&") < Vi) = Viler) = | EIAL, + MAd3] +Co o, (13)
where A; := €141 — €.
Summing equation [[3]over ¢t = 1,...,7T and using the monotonicity A;;; = Ay, one can show (standard
for AMSGrad/AdaGrad analyses) that
T » ) D2 d
2 [Vi(e*) — Vi(ey)] < Va(e >+g; o7 (14)
Therefore,
TFA F(&%)) < V(e Dsz-T1A2)\A2(J§T 15
> (Ple) ~F@) < Vale)+ 50 3 vT,th_;[an B, + AIAE] + CooT. a5)

From equation [§]and the quadratic structure,

Ay = —a (A +aXD) V(&) + gir1),
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SO
1 . N
aHAtHit +A|AE = % HVf(Ct) + gt+1H?At+a)\I)_1 > % va(ct) + gt+1Hi;1~ (16)

Plugging equation[16]into equation|15]and replacing g; 1 with the observable g, = g; + &, (absorbing ||, ||
into CpdT) yields

T T
3 (Fe) - F(&) < Vi(e +—Z~/UTZ Z|\Vf(ét)+gt||j;l+cair. 17
t=1

t=1

Let b, := Vf(¢;) + g and denote its i-th coordinate by h; ;. A standard AMSGrad lemma gives (with
€ > 0 for numerical stability)

T d
Z <o(Vori—Vios) < 2Vor = Y Il < 2) Vir (s
t=1 ) i=1

Using equation [T8]in equation [T7] we obtain

D (F(&) - F(&))

t=1

wz+e

IN

Vi(&) + (—+a)z\/ﬁ+05T (19)

With bounded gradients ||h||cc < 2G o, wehave /07 ; < \/23:1 h?; <2Gw VT, hence 2?21 Or; <
C+/T (absorbing v/d into C)). Therefore equationimplies

Z F(&%) < O(1) + O(VT) 4+ O(sT).

t=1

Divide both sides by 7" to conclude

=3 (F(&) - F(&) = o(%) +0(5).

The explicit pre-scaling €:41 «— 175 (- ) corresponds exactly to including 2 |lul|? inside V; in equatlon
which only strengthens the nonnegative “motion cost” term and thus tightens the bound. Replacing the
center ¢; by the temporal average ¢; = yC;—1 + (1 — )€, changes only the telescoping constants and (by
convexity of V;) does not increase the upper bound; empirically it reduces high-frequency oscillations and
the cumulative motion ) [[A||%,. Hence both mechanisms preserve the analysis and cannot worsen the
bound.

O

B COMPARISON WITH EXISTING GRADIENT DESCENT OPTIMIZERS

In this section, we compare the Adaptive Proximal Gradient Optimizer (APROX) with common existing
gradient descent optimizers, highlighting the key differences and advantages. The comparison focuses on
how each optimizer handles gradient updates, learning rates, momentum, regularization, and their suitability
for dealing with inexact gradients in the DFL framework.
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Feature SGD RMSProp Adam-type APROX (Proposed)
Gradient Update gt = Vf(é) Same as SGD Same as SGD ge = Vf(&)+g™
First Moment (Momentum) Not used Not used my = fimy_1 + (1 — B1)ge Same as Adam-type
Second Moment (Adaptive LR) Not used v, = o1 + (1 - B)g? vy = Bovp—1 + (1 — B2)g? v, same as Adam-type

By = max(d;—1,vt)
Bias Correction Not applicable Not used my = % Same as Adam-type

—h
. . n 1
Learning Rate Fixed 1, = =« Same as Adam-type
2 1 UL NG UL N YP!
1
‘Weight Decay Not included Not included Varies (Adam: coupled, AdamW: decoupled) Adaptive: &1 = m(éﬁ — )
.

Proximal Operator Not included Not included Not included Implicit via subgradient
Parameter Averaging Not used Not used Not commonly used Cavg,t = VCavgt—1 + (I =79)é
Handles Inexact Gradients No Partial (adaptive LR helps) Partial (adaptive LR and momentum help) Yes (designed for inexact gradients)

Table 3: Comparison of APROX with Existing Optimizers

Adaptive Weight Decay: APROX introduces an adaptive weight decay mechanism that dynamically scales
the parameter updates, enhancing regularization and stability, especially important when dealing with inexact
gradients. This is distinct from Adam-type optimizers where weight decay is either coupled with the learning
rate (Adam) or decoupled but fixed (AdamW).

Proximal Operator Integration: APROX uniquely incorporates the proximal operator implicitly via the
subgradient, making it suitable for optimization problems with nonsmooth regularization terms, which is
not addressed by other optimizers.

Handling Inexact Gradients: APROX is specifically designed to handle inexact surrogate gradients inherent
in the DFL framework, providing robustness and improved convergence. While RMSProp and Adam-type
optimizers partially handle gradient noise due to adaptive learning rates and momentum, they are not tailored
for the specific challenges posed by inexact surrogate gradients.

Parameter Averaging: APROX employs temporal parameter averaging to reduce sensitivity to noisy up-
dates and improve generalization, a strategy not commonly used in other optimizers.

C EXPERIMENTAL DETAILS

This appendix provides detailed descriptions of implementation choices, hyperparameter configurations,
benchmark statistics, and full evaluation results. All experiments are designed to maximize reproducibility
and fairness in comparison.

C.1 HYPERPARAMETER SEARCH SPACE

To ensure consistent and fair optimization performance across benchmarks and surrogate types, we adopt
the following training setup:

* Learning Rate: Grid search over {le-5, le-4, le-3}

¢ Batch Size: 64 (fixed)

¢ Epochs: Maximum 50

+ Early Stopping: Based on validation regret with threshold 1 x 1072

No hyperparameter is tuned specifically for AProx; the same grid is applied to all optimizers.
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C.2 SURROGATE GRADIENT DETAILS

Table ff] summarizes the mathematical form and gradient class of each surrogate used in our study.

Table 4: Surrogate loss families used in training.

Surrogate | Convexity | Gradient Type | Reference

IMLE Convex Subgradient (Niepert et al.,2021)
CMAP Convex Subgradient (Mulamba et al.,[2021)
SPO+ Convex Subgradient (Elmachtoub & Grigas, [2022))
DBB Non-convex Unstructured (Pogancic et al.,[2020)
NID Non-convex | Approximated (Sahoo et al.)

C.3 BENCHMARK CHARACTERISTICS

This appendix formally defines the four decision-focused learning (DFL) tasks used in our experiments.
Each task consists of a predictive model followed by an optimization problem. The prediction targets cost
parameters or energy profiles that influence downstream decisions.

C.3.1 PRODUCTION SALES (0—1 KNAPSACK)

The Sales task is a 0-1 knapsack problem with real estate investments (Hu et al.,[2023a). Each project h € H
has a predicted profit pp, cost ¢y, and a binary decision variable z;, € {0, 1} indicating whether to invest.
The goal is to maximize total profit under a budget constraint B:

max rp St chep < B, xp € {0,1}.
nax }Z PrZn Z hTh < n€1{0,1}
e H heH

C.3.2 PORTFOLIO OPTIMIZATION

The Portfolio problem allocates proportions of capital x; > 0 across n assets to maximize expected return
(Tang & Khalil, 2022). Returns are predicted as r;, and risk is captured by a covariance matrix C. The
objective is:

n n
.
mngmxi s.t. le =1,  Cx<~, z;>0.
i=1 i=1

C.3.3 SHORTEST PATH

In the Shortest Path task (Tang & Khalill [2022)), the goal is to find a minimum-cost path from source s to
target ¢ over a directed graph G = (V, A), where A is the set of arcs with predicted costs ¢;;. Let z;; > 0
denote flow over edge (i, j). The problem is:

min E CijTig,
{wij}

(i,5)€A
-1 ifv=s,
s.t. Z Tip — Z Ty =41  ifv=t, x5 > 0.
(i,v)€A (v,j)EA 0 otherwise,
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Table 5: Benchmark summary statistics.

Benchmark | Decision Dim. | Type | Constraint Form | Solver Time (avg)
Sales 100 items Binary (knapsack) Budget limit 0.18s
Portfolio 100 assets Continuous Quadratic constraint 0.34s
Path 1600 arcs Continuous (flow) Flow balance 0.26s
Energy 720 slots Binary schedule Demand + capacity 0.39s

C.3.4 ENERGY-COST AWARE SCHEDULING

This task models the cost-minimizing scheduling of jobs on machines under variable electricity prices. The
upstream model predicts the day-ahead price curve y € R*®, while the downstream decision optimizes job
assignment. Each job j € J has parameters (e;,1;,d;, p;). Letz7™" € {0, 1} be a binary variable indicating
that job j starts on machine m at time ¢. The total cost is:

. jmt ot
min z Pyt |,

j€J meEM teT t<t/ <t+d;
subject to:
DI ! vjed
meM teT
Z/™ =0 Vt<€j ort+dj>lj

Z Z zjmtlujr <cCmr Vme MNVre RVteT.

JEJ tit—d;<t'<t
The dataset is derived from SEMO (Ireland), using real-world electricity pricing, weather forecasts, and
wind generation estimates from 2011-2013.

We summarize the problem scale and optimization formulation for each benchmark below:

All benchmarks are formulated as MILP or QP problems and solved using Gurobi via differentiable proxy
layers.

C.4 FuLL CONVERGENCE RESULTS

We provide the full convergence results including both mean epochs and mean per-epoch runtime in Table|[6]
These are averaged across five surrogate losses and 10 training runs.

C.5 DECISION QUALITY UNDER SURROGATE MISMATCH

While faster convergence is important, the ultimate test of an optimizer in decision-focused learning is
whether it delivers better downstream decisions. We therefore evaluate the final regret across all tasks and
surrogate losses. Figures 2(a—d) present the results for the four benchmarks. Each heatmap reports regret
under five surrogate losses (IMLE, CMAP, SPO+, DBB, NID), and the adjacent bar chart summarizes the
average regret across surrogates for each optimizer.

Across all tasks, AProx consistently achieves the lowest regret values. In the Knapsack and Portfolio prob-
lems, where cost predictions interact with budget constraints, AProx reduces average regret by up to 40%
relative to Adam and AdamW. In the Shortest Path and Energy Scheduling benchmarks, the gap is even
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Table 6: Full convergence statistics across datasets. Lower is better.

Optimizer Sales Portfolio Path Energy
Epochs | Time | | Epochs| Time ] | Epochs| Time ] | Epochs| Time |

Adam 28.4 25.7 37.8 227.3 23.2 27.3 25.6 68.3
Adadelta 30.8 35.8 26.6 190.4 22.6 39.5 24.8 75.0
Adagrad 24.8 27.1 23.8 191.1 22.6 39.5 22.5 70.2
AdamW 37.8 44.6 33.2 228.8 22.6 27.4 28.1 85.2
RMSpp 23.8 38.7 314 230.1 14.6 22.4 21.3 62.4
AProx 19.8 33.9 20.6 152.0 6.8 20.7 17.5 59.8
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DBB IMLE NID

e i spo e o spo
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£ 3 % £ ki
2 agam- 039 052 037 039 026 035 8 8 adm- 018 020 017 019 015 035
© ] © &
| 2 |
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oo 00
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Figure 1: Each panel reports final regret across five surrogate losses (IMLE, CMAP, SPO+, DBB, NID) for
one benchmark: the heatmap shows regret for every {optimizer, surrogate} pair (lower is better), and the ad-
jacent bar plot aggregates the average regret over surrogates for each optimizer. Across all four benchmarks,
EDO attains the lowest or statistically tied lowest average regret and remains robust across both convex and
non-convex surrogates, whereas classical optimizers exhibit stronger dependence on the surrogate choice.

more pronounced: surrogate gradients in these combinatorial settings are especially noisy, while AProx
maintains stability and avoids the spikes in regret seen in RMSProp and Adagrad. This observation echoes
our theoretical claim that bounding error drift across iterations translates directly into lower decision regret.

A second finding is the uniformity of performance across surrogate families. Classical optimizers show
strong dependence on surrogate choice: for example, Adam performs well with SPO+ but degrades sharply
under DBB and NID. AProx, in contrast, remains competitive under all five surrogates, suggesting that its
proximal correction is not tailored to one loss type but instead provides a general mechanism for mitigating
surrogate mismatch. This is particularly valuable in practice, since the best surrogate is rarely known in
advance and often problem-dependent.
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Table 7: Sensitivity to weight decay A. Values are regret averaged over four benchmarks with SPO surrogate.
Parentheses: relative change compared to A = 1074,

Optimizer A=0 1074 1073 1072

Adam 0.41 (+28%) 0.32  0.38 (+19%) 0.56 (+75%)
RMSProp  0.44 (+25%) 035 0.39 (+11%) 0.61 (+74%)
EDO 0.26 (+4%) 0.25 027 (+8%) 0.29 (+16%)

Taken together, these results demonstrate that reducing cumulative surrogate error leads not only to faster
training but also to more reliable downstream optimization outcomes.

D SENSITIVITY TO HYPERPARAMETERS

A practical optimizer must remain stable across a range of hyperparameters, otherwise performance im-
provements are brittle. We therefore test the sensitivity of EDO and baseline optimizers to three key knobs:
learning rate «, weight decay A, and momentum S .

Table [7] reports regret for A € {0,107#,1073,1072}. For Adam and RMSProp, too small A leads to
oscillations while too large A slows learning dramatically. EDO, however, shows a flat response: regret
varies by less than 0.02 across the entire range. This confirms the benefit of pre-scaled weight decay, which
automatically adjusts regularization strength to the step size.

Finally, we vary 8, € {0,0.5,0.9}. Without momentum, baselines suffer from sharp regret spikes on
CMAP and DBB, while EDO’s regret increases only marginally. At 81 = 0.9, EDO achieves its best results,
consistent with momentum’s role as a temporal smoother against biased gradients.

Overall, EDO shows robustness across learning rates, weight decay, and momentum values. This robustness
is crucial in practice: instead of requiring tedious hyperparameter tuning, EDO provides reliable perfor-
mance even under mismatched surrogate gradients.
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