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Abstract

We study the problem of computing an optimal policy of an infinite-horizon dis-
counted constrained Markov decision process (constrained MDP). Despite the
popularity of Lagrangian-based policy search methods used in practice, the oscil-
lation of policy iterates in these methods has not been fully understood, bringing
out issues such as violation of constraints and sensitivity to hyper-parameters. To
fill this gap, we employ the Lagrangian method to cast a constrained MDP into
a constrained saddle-point problem in which max/min players correspond to pri-
mal/dual variables, respectively, and develop two single-time-scale policy-based
primal-dual algorithms with non-asymptotic convergence of their policy iterates to
an optimal constrained policy. Specifically, we first propose a regularized policy
gradient primal-dual (RPG-PD) method that updates the policy using an entropy-
regularized policy gradient, and the dual variable via a quadratic-regularized gra-
dient ascent, simultaneously. We prove that the policy primal-dual iterates of
RPG-PD converge to a regularized saddle point with a sublinear rate, while the
policy iterates converge sublinearly to an optimal constrained policy. We further
instantiate RPG-PD in large state or action spaces by including function approx-
imation in policy parametrization, and establish similar sublinear last-iterate pol-
icy convergence. Second, we propose an optimistic policy gradient primal-dual
(OPG-PD) method that employs the optimistic gradient method to update pri-
mal/dual variables, simultaneously. We prove that the policy primal-dual iterates
of OPG-PD converge to a saddle point that contains an optimal constrained policy,
with a linear rate. To the best of our knowledge, this work appears to be the first
non-asymptotic policy last-iterate convergence result for single-time-scale algo-
rithms in constrained MDPs. We further validate the merits and the effectiveness
of our methods in computational experiments.

1 Introduction

Constrained Markov decision process (Constrained MDP) is the classical model for constrained
dynamic systems in the early stochastic control literature (e.g., [1, 2, 3, 4, 5]) and the recent con-
strained reinforcement learning (RL) literature (e.g., [6, 7, 8, 9, 10, 11]). It is applicable to many
constrained control problems by integrating other system specifications in constraints, and admits
a natural extension of constrained optimization and Lagrangian in policy space. Lagrangian-based
policy search methods, especially policy-based primal-dual methods that work simultaneously with
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primal/dual variables, lie at the heart of recent successes of constrained MDPs, e.g., navigation [12],
autonomous driving [13, 14], robotics [15], and finance [16]; see [17, 18, 19, 20] for more examples.

Despite the popularity of policy-based primal-dual algorithms, classical asymptotic convergence as-
sumes that primal-dual updates are in two-time-scale!type [21, 6, 22, 16, 9] (and/or work in two
nested loops?), and considerable global non-asymptotic convergence guarantee is measured via an
average of past objective/constraint functions [23, 24, 25, 26] or a mixture of past policies [27, 28].
These results are unfavorable in constrained dynamic systems, especially safety-critical ones, due
to three reasons: (i) Average and mixture performance of non-asymptotic convergence conceals os-
cillating (or even overshooting) objective/constraint functions of immediate policy iterates [29, 30],
and oscillation-incurred constraint violation impedes a policy iterate being optimal; (ii) Asymptotic
convergence is not instructive, because arbitrarily slow convergence, and oscillation and overshoot
in any finite time can happen; (iii) Two-time-scale algorithms including algorithms with nested loops
are sensitive to hyper-parameters and are therefore typically difficult to tune [16, 9]. Thus, we ask
the following question in constrained MDPs:

Can the policy iterates of a single-time-scale policy-based primal-dual algorithm
converge to an optimal constrained policy with non-asymptotic rate?

By “single-time-scale”, we refer to the classical methods [31, 32, 33] that iterate primal/dual vari-
ables concurrently (with the same constant stepsize). Only partial answers to this question are pro-
vided in recent studies [34, 35, 36] since they either do not work in the single-time-scale scheme
or they do not have non-asymptotic convergence guarantees. In this work, we provide an affirma-
tive answer in two methodologies. First, we initiate the design and analysis of single-time-scale
policy-based primal-dual algorithms via regularization, while previous works [24, 28, 34] rely on
two-time-scale schemes. Second, inspired by convex minimax optimization [37, 38, 39], we pro-
pose a new optimistic policy gradient for a single-time-scale policy-based primal-dual algorithm that
solves a class of non-convex minimax problem. While preparing our work, we noticed a contempo-
raneous work [40], which has empirically validated the effectiveness of other optimistic methods in
constrained MDPs, has further inspired the pursuit of our contributions, as outlined in detail below.

Contributions. To compute an optimal policy of an infinite-horizon discounted constrained MDP,
we employ the Lagrangian method to cast it into a constrained saddle-point problem in which
max/min players correspond to primal/dual variables, propose two single-time-scale policy-based
primal-dual algorithms, and prove global non-asymptotic convergence of their policy iterates.

e Nearly dimension-free sublinear last-iterate policy convergence. We propose a regularized pol-
icy gradient primal-dual (RPG-PD) method that updates the policy using an entropy-regularized
policy gradient, and the dual using a quadratic-regularized gradient ascent, simultaneously. We
prove that the policy primal-dual iterates of RPG-PD converge to a regularized saddle point with
a sublinear rate, and the policy iterates converge to an optimal constrained policy sublinearly.

o Sublinear last-iterate policy convergence with function approximation. We generalize RPG-PD
for constrained MDPs with large state/action spaces by including function approximation in pol-
icy parametrization. We prove that the policy primal-dual iterates of an inexact RPG-PD converge
to a regularized saddle point with a sublinear rate, but up to a function approximation error, and
the policy iterates converge sublinearly to an optimal constrained policy when the error is small.

e Problem-dependent linear last-iterate policy convergence. We propose an optimistic policy gra-
dient primal-dual (OPG-PD) method that employs the optimistic gradient method to update the
primal/dual, simultaneously. We prove that the policy primal-dual iterates of OPG-PD converge
to a saddle point that contains an optimal constrained policy with a problem-dependent linear
rate.

While last-iterate convergence is of importance in its own right, by adding proper conservatism in
the constraint, both methods can ensure no constraint violation for the last policy iterate, which
perhaps is best for safety-critical tasks [10, 20]. As far as we know, this work shows the first non-
asymptotic and policy last-iterate convergence for single-time-scale algorithms in the constrained
MDP literature. We further exhibit the merits and the effectiveness of our methods in experiments.

!One update has relatively very large/small (fast/slow) stepsize than the other.
2We view an algorithm with two nested gradient-based loops as a two-time-scale algorithm.



Technical comparisons with prior art. Although global asymptotic last-iterate convergence has
been established for single-time-scale algorithms very recently [36, 40], and value-average or policy-
mixture non-asymptotic convergence have been established for other algorithms [23, 24, 25, 27, 28,
41, 42, 26], these studies did not investigate global non-asymptotic and last-iterate convergence for
single-time-scale algorithms. Our results not only strengthen these prior guarantees, but also set up
a new framework for analyzing policy-based primal-dual algorithms via the distance of primal-dual
iterates to a saddle point that contains an optimal constrained policy. Our RPG-PD and OPG-PD
keep the simplicity of single-time-scale primal-dual methods and output a nearly-optimal policy in
the last iterate, which is more convenient than the history-average policies [28, 24] or the policies
from subroutines [34, 35]. Compared with the policy-based methods [40], our OPG-PD is a pro-
jected policy gradient method that enjoys policy last-iterate convergence with linear rate. Compared
with the constrained saddle-point problems [38, 39], our minimax optimization that results from
constrained MDP is non-convex. Hence, our OPG-PD extends the last-iterate convergence guaran-
tee from convex minimax optimization to a class of non-convex ones, while preserving a linear rate.
Compared with the analysis in the two-player zero-sum Markov game [43, 44], there is no reduction
from constrained MDPs to per-state bilinear games. Please see more details in Appendix A.

2 Preliminaries

We consider an infinite-horizon discounted constrained Markov decision process [3, 5, 8] —
CMDP (S, A, P,r,u,b,v,p) — where S and A are state/action spaces, P is a transition kernel that
specifies the transition probability P(s’|s, a) from state s to next state s’ under action a € A, r, u
: S x A — [0,1] are reward/utility functions, b is a constraint threshold, v € [0, 1) is a discount
factor, and p is an initial state distribution. A stationary stochastic policy 7 : S — A(A) determines
a probability distribution over the action space A based on current state, i.e., a; ~ (- | s;) at time
t, where A(A) is a probability simplex over A. Let IT be the set of all possible stochastic policies.
A policy m € II, together with the initial state distribution p, induces a distribution over trajecto-
ries 7 = {(s¢, at, e, ut) 15, Where sg ~ p, ap ~ (- |s¢), ¢ = r(st,a¢), up = u(s¢, ar) and
St41 P( | St, at) forall £ 2 0.

Given a policy m, the value functions V,™, V.7 : § — R associated with the reward function 7 or the
utility function u are given by the expected sums of discounted rewards or utilities under policy 7:

Vi(s) = E Z'ytr(st,atﬂso:s and V] (s) = E Z'ytu(st,atﬂs():s
t=0 t=0

where the expectation [ is over the randomness of the trajectory 7 induced by w. Their expected
values under p are V,7 (p) := E; . ,[ V7 (s)] and V] (p) := E, . ,[ V.7 (s)]. It is useful to introduce
the discounted state visitation distribution, dZ (s) = (1 — ) >_;— ,¥"Pr(s: = s|m, so) which adds
up discounted probabilities of visiting s in the execution of 7 starting from sq. Denote d7 (s) :=
Es, ~ o[ d7, (s) ] and thus d (s) > (1 —~)p(s) for any p and s. Furthermore, for the reward function
r, we introduce the state-action value function Q7 : S x A — R when the agent begins with a state-
action pair (s, a) and follows a policy 7, and the associated advantage function A7: S x A — R,

Qr(s,a) = E Zytr(st,atﬂso:s,ao:a and Al (s,a) = QF(s,a) — V[ (s).
t=0

Similarly, we define Q7 : S x A — Rand A7 : S x A — R for the utility function w.
In this work, we aim to find a policy solution 77* of a constrained policy optimization problem,

maxh%ize V' (p)  subjectto V,j(p) > b (1)
e

where the objective is the reward value function V" (p) and the constraint requires that the utility
value function V.7 (p) is above a given threshold b. For notational simplicity we assume a single
constraint, but our algorithms are readily generalizable to the problems with multiple constraints, as
well as our subsequent last-iterate convergence theory. Since V,"(p) and V" (p) € [0,1/(1 — )],
we assume b € (0,1/(1 — )] to avoid trivial cases. Let g: S x A — [—1,1] be g := u — (1 — 7)b.
We, equivalently, translate the constraint V,7(p) > b into V,7(p) > 0 that is our focal constraint.
The optimal constrained policy 7* depends on the initial state distribution p; see Appendix B.1.



By the method of Lagrange multipliers [45], we dualize the constraint in (1) and present a standard
Lagrangian L(m, \) := V,"(p) + AV (p), where 7 € Il is the primal variable and A € [0, o0] is
the dual variable or the Lagrangian multiplier. Introduction of the Lagrangian L(m, \) interprets
Problem (1) as a max-min problem: maximizer, ¢ ;1 minimizey ¢ [o,o0] L(m, A), and thus we can
view the Lagrangian L(7, \) as a value function with a composite function r + Ag,
maximize rr)l\lgﬁl;oz]e ag (P)- (2)
However, it’s defective to view Problem (2) as a standard MDP problem by fixing a dual variable
A, even the optimal one; also see [9, 46, 47, 30]. This is often referred to as the scalarization
fallacy [46]; see Appendix B.2 for the detail. From the perspective of game theory, we instead view
ag(p): I x [0,00] — R as a payoff function for a two-player zero-sum game in which max-

player is the policy = € II and min-player is the dual variable A € [0, 00], and study its saddle
points. To proceed, we assume feasibility for Problem (1) throughout our analysis.

Assumption 1 (Feasibility). There exists a policy ™ € Il and £ > 0 such that Vg’?(p) > &

Feasibility mirrors the Slater condition in the duality analysis of constrained optimization [45]. It
can be verified by solving an unconstrained MDP problem with respect to V" (p).

A saddle point (7', \') satisfies VT, \/,(p) < V;ixg(p) < V;i/\g(p) forall # € II, A € [0, o0],
or equivalently, 7’ is the max-min point, i.e., 7" € argmax, c; V", (p) and X’ is the min-max
point, i.e., \' € argmin, ¢ o o Vji g(P). To view Problem (2) as a saddle-point problem, we
denote V5 (p) = inf) ¢ 0,00) V7 »,(p) as the primal function which takes V,"(p) when V" (p) > 0
and —oo otherwise, and V3 (p) = max. e VT, ,,
variable be \* € argminy ¢ g o] V2 (p). For Problem (1) under Assumption 1, strong duality holds

in policy space [12, Theorem 3] and optimal dual variables are bounded [48, Lemma 3].

(p) as the dual function. Let an optimal dual

Lemma 1 (Strong duality/Saddle point existence and boundedness). Let Assumption I hold. Then,
(i) strong duality holds for Problem (1), i.e., Vg* (p) = VB‘* (p); (ii) optimal dual variables are
bounded, i.e., \* € [0, (V™" — V) /€]

Let the set of max-min points be II* := argmax, ¢y miny ¢ [0,00] V7 1, (p) and the set of min-
max points be A* := argmin, ¢ o o] MaXrz e V,7 5, (p). From Lemma 1 (ii), A* is contained in

a bounded interval A := [0,1/((1 — v)&)]. Lemma 1 (i) shows that any pair (7*, \*) € II* x A*
solves the following constrained saddle-point problem,

maximize minimize V; g(p) = minimize maximize V, g (P)- 3)
Any saddle points associated with the set A* are captured by Problem (3) due to the invariance of
saddle points, and searching for any pair (7*, A*) € IT* x A* is sufficient by the interchangeability
of saddle points; see Lemmas 8-9 in Appendix B.3 for the properties of saddle points. Thus, we
view the policy (primal) as max-player and the dual as min-player in a zero-sum game.

Three structural properties from constrained MDPs distinguish Problem (3) from recent last-iterate
convergence for learning in zero-sum games (e.g., [37, 38, 43, 39, 44]): (i) Two players are asymmet-
ric. One plays a stochastic policy that affects the transition dynamics and the other selects an action
in a continuous interval that only changes the payoff; (ii) Problem (3) is a non-convex game, because
of the non-concavity of the payoff V7, , g(p) in policy 7 (e.g., [49, Lemma 1]); (iii) A saddle-point
policy for Problem (3) cannot be uniformly max-min optimal, i.e., being optimal across all states,
since an optimal policy often depends on the initial state distribution p in a constrained MDP; see
Appendix B.1. Hence, known last-iterate results in zero-sum convex games or symmetric Markov
games that admit uniformly optimal policies can’t be applied and new techniques are required to
address this non-standard saddle-point problem, which warrants our contributions in this work.

Warm-up: Indirect policy search in occupancy-measure space. Finding a saddle point of a non-
convex game is hard in general [50]. Nevertheless, Problem (1) can be rewritten as a linear program
regarding the occupancy measure [5], which permits indirectly searching for a saddle point of a bilin-
ear Lagrangian [51, 42, 36]. These asymptotic or average-iterate convergence results can be easily
strengthened by applying last-iterate convergence results for bilinear games (e.g., [38, 39]) to be



non-asymptotic and last-iterate. By doing so, we state an optimistic primal-dual (OPD) method (18)
in Appendix B.4. Compared with a contemporaneous work [40], OPD is free of projection to an
occupancy measure set, and enjoys strengthened linear convergence.

OPD is an indirect policy search method that iterates using occupancy measure-based gradients, not
policy-based gradients. It is crucial to develop direct policy search methods that are widely-used in
RL, which is our focus. We propose two such methods in Section 3 and Section 4, respectively.

3 Policy Last-Iterate Convergence: Regularized Method

Towards achieving policy last-iterate convergence, a practical strategy is using regularization [52] to
“convexify” Problem (3). We present a regularized method — Regularized Policy Gradient Primal-
Dual (RPG-PD) — that converges to a saddle point that yields an optimal constrained policy.

3.1 Regularized policy gradient primal-dual method

We introduce a regularized Lagrangian L, (7, \) := N q(p) + 7(H(m) + %)\2) by adding a reg-
ularization term H(7) 4+ 3A? onto the original Lagrangian V", | ,(p), where 7 is a regularization
parameter, and H(rw) := E[>.;7 ; —'logm(a;|s;)] is an entropy-like regularization term [52].
‘We now introduce a regularized constrained saddle-point problem,
maximize minimize L.(w,\) = minimize maximize L,(m,\). 4
mell AEA AEA mell
Problem (4) is well-defined, since there exists a saddle point for L, (7, \) over IT x A and it is unique;
see Appendix C.1 for proof. A saddle point (7%, AY),i.e., 7} = argmax, o miny e L (7, A) and
Af = argmin, ¢ , max, ¢ L, (7, A), satisfies a sandwich-like property,
* Tr T T
Vineg(o) = TH(T) < Vi (0) < Vi, (0) 4 52 forall (r ) €TTx A (5)

that states that (77, A7) is a saddle point of the original Lagrangian V,™, , /(p), up to two 7-terms. We

thus propose a regularized policy gradient primal-dual (RPG-PD) method by maintaining a sequence
for policy and dual variables each: {7}, > o for the policy-player, and {\; }; > o for the dual-player,

1
m1(-|s) = argmax {Zﬂ(als)Q%tﬁwt(s,a)—KL(W(~S),m(-|8))} (6a)
m(-1s)eA@) | a n

1
A = argmin{ A V™ (p) +7A ) + — (A=A 2}, 6b
t+1 /\geA { (g (p) t) 277( t) (6b)

where the gradient direction Q7 -, (s, a) is the state-action value function under a composite
function r 4+ A¢g + 74 in which ¢ (s, a) := —logm(a|s), KL(p, p') := >, pa log %7 is the Kull-

back-Leibler (KL) divergence, A(A) := {n(-|s) € A(A)|n(a|s) > e € A} is a restricted
probability simplex set with parameter €y € (0, 1), 7 is the stepsize, and (7o (- | 5), Ag) € A(A) x A
is an initial point. Projecting the policy iterate to the simplex set A(A) ensures the boundedness
of the gradient. Primal update (6a) works as the classical mirror descent with KL divergence [53]

with a projection onto the set A(A). Dual update (6b) performs typical projected gradient descent.
Hence, RPG-PD is a single-time-scale method. RPG-PD simplifies the two-time-scale method [34]
to be single-time-scale and generalize the single-time-scale methods [23, 54] with regularization.

3.2 Policy last-iterate convergence

In Theorem 2, we show that the primal-dual iterates of RPG-PD converge in the last iterate; see
Appendix C.2 for proof. We characterize the convergence via a distance metric ®; = KL;(p) +
L(A:=X)% where KL, (p) := (1/(1—=7)) >, dp™ (s)KLq(s) and KLy (s) := KL(7%(-| 5), (- | 5)).
Theorem 2 (Linear convergence of RPG-PD). Let Assumption 1 hold. If we set the stepsize n <
1/Cr ¢.ey» then the primal-dual iterates of RPG-PD (6) satisfy

Dot € €O+ L max ((Cre)? (Che)?)

where .oy = (1+1/((1 = 7)€)+7log |A]) /(1 =)~ 7 log(eo/|A]). Ol := (1+7/€)/(1=7).




Theorem 2 states that the primal-dual iterates of RPG-PD converge to a neighborhood of (7, AX) in
a linear rate. The size of neighborhood scales with /7 +n7(1+ log® €o) and the convergence rate is
n7. Even if € is very small, the log eg-term is almost a constant. If we take n = min(er, 1/Cr ¢ )
and ¢y = ¢, then after O(1/¢) iterations the RPG-PD’s primal-dual iterate (7, ;) is e-close to
(%, X%), ie., @ = O(e) for any t > (1/(e7?))log(1/€). For small 7, we can translate the policy
convergence for the value functions in Corollary 3; see Appendix C.3 for proof.

Corollary 3 (Nearly-optimal constrained policy). Let Assumption 1 hold. For small ¢ > 0, if we
take n = O(e*), T = O(e?), and ey = ¢, then the policy iterates of RPG-PD (6) satisfy

« 1 1
VT (p) = V™ (p) < € and —V](p) < € foranyt=Q <610g2 >
€ €
where (-) only has some problem-dependent constant.

Corollary 3 states that the last policy iterate of RPG-PD is an e-optimal policy for Problem (1) after
Q(1/€%) iterations. Compared with the single-time-scale methods [23, 54], RPG-PD improves the
convergence from average-value (or regret-type) to last policy iterate. Not just being theoretically
stronger, the last-iterate convergence is more appealing since it captures the stability of trajectories
of an algorithm [29, 40]. Compared with the two-time-scale methods [28, 24, 34, 35], RPG-PD is
free of nested loops, and uniform ergodicity and exploratory initial state distribution. We notice that
the dual methods [28, 24] yield history-average policies and the dual methods [34, 35] return policies
from a subroutine. In contrast, RPG-PD outputs a nearly-optimal policy in the last iterate, the first-
of-its-kind in the constrained MDP literature, albeit the rate is worse than the average ones [23, 54].

To get zero constraint violation, i.e., ng (p) > 0 at some t, it is straightforward to employ a conser-
vative constraint V7 (p) > 0 with g’ := g — (1 — )4 for some § > 0. When e is small enough, there

always exists some & such that the policy iterates of RPG-PD (6) satisfy V. (p) — V.7 (p) < ¢ and
Vg (p) > 0 for large ¢; see Appendix C.4 for proof. Our zero constraint violation ensures the last
policy iterate of RPG-PD to satisfy the constraint, which is not the zero average constraint violation
in the episodic setting [55, 56]. Compared with the zero constraint violation of a policy induced by
an average of past occupancy measures [42], RPG-PD’s zero constraint violation directly settles the
policy iterates down, which appears to be the first policy-based zero constraint violation.

Last but not least, the iteration complexity of RPG-PD is nearly-free of the MDP dimension, except
for an log | A|-term, which inherits the dimension-free property of the NPG methods [49, 57, 23].
Hence, it is ready to view RPG-PD as a variant of NPG methods and generalize RPG-PD to con-
strained MDPs with large state spaces in the function approximation setting.

3.3 Linear function approximation case

To deal with large state spaces, we use a parametrized policy my with § € R¢ for RPG-PD (6) without
restricting A(A), where d is much smaller than the size of state/action spaces. To introduce function

approximation, we begin with a tabular softmax policy m(a|s) = % forall (s,a) €

S x Aand 0 € RISIAI Connecting NPG to mirror descent [49, 58], we express RPG-PD (6) as a
NPG method with the following update; see Appendix C.5 for proof,

01 = 0 + (1 —7)F,(0)" - VoL (ma,, \) (7a)

M1 = Pa((L=nm)Ae —nVy " (p)) (7b)

where F,(0;)" - VoL, (mg,, \) is a NPG direction, and F,(6) is the Fisher information ma-
trix for a policy mg, i.e., F,(0) := Eq < are Eq~ (15[ Vo logmg(a|s)(Velogmg(a| sNT]. A
useful property of (7a) is that NPG can be related to a linear regression. For any policy 7y

and a state-action value function )™, the associated compatible function approximation error is
Eq(w,0,v) := E(sa)~o[(wViogmg(a|s) — Q™ (s,a))?], where v(s,a) = dj’(s)mg(als)

is a state-action distribution. It is known that (7a) is equivalent to 6,y; = 0: + nw}, where
w} € argmin, ¢pa Eg(w,0,v¢) in which Q™ (s,a) = Q:itAthrwt(s,a) and v4(s,a) =

dp™ (s)me, (a| s) (e.g., [59, Lemma 1]). In practice, only an approximate minimizer w} is avail-
able if a sample-based algorithm is used, e.g., w; ~ argmin,, < w Eq(w, 0, 1), where W > 0.



A useful generalization of the softmax policy to large state spaces is the log-linear policy based on
linear function approximation. Let ¢ , € R? be a feature map with ||¢; o || < 1 for each state-action

pair (s, a). A log-linear policy my: S — A(A) is parametrized by a parameter § € R<,

exp(¢g,0)
Sowexp( @], 0)

which takes the tabular softmax policy as a special case, i.e., ¢ q is an indicator function. We notice
that Vg logmg(a|s) = ¢s.a — Eq/ ~ry(.|5) [@s,ar ]. Since the log-linear policy is invariant to any
action-independent term, it is convenient to replace Vg log wg(a | s) by @5 . and we introduce a sim-
plified compatible function approximation error, £ (w, 0,v) = E(s )~ o[ (¢4 ,w — Q™ (s,a))?].
Tit/\tg‘i‘ﬂ/)t
vi(s,a) = dp" (s) g, (a|s) to update 0,11 = 6; + nwy. Using the log-linear policy class, we
replace the primal gradient direction of RPG-PD (6) by its linear function approximation ¢Iaw§ ,

mo(a|s) forall (s,a) € S x A

Thus, we can take w; € argmin,, ¢ ga Eg(w, O, v¢) in which Q™ (s,a) = Q (s,a) and

To,p. (]8) = argmax {Zﬂ(alswlawi—;KL(W(-IS)met(-IS))} ®)

7(-|s) € A(A)

which, together with Dual update (6b), leads to a general version of RPG-PD. The set A(A) en-
sures bounded true gradient direction Q:fbt . (s,a). When there is no function approximation
error, (8) reduces to Primal update (6a). In practice, we can only compute w; approximately via
wy ~ argmin Eg(w, b, d;,)
lwl <W

which leads to an inexact RPG-PD: Primal update (8) in which w} is replaced by w; and Dual
update (6b), where di, = (1 — V)E(sp,a0) ~v 2oreo V' Pr(se = s,a = almg,,s0,a0) is a
state-action distribution starting from any distribution v. Noticeably, d;, is more general than
4. To control the function approximation error, we divide Eq(wy, 0:, d¢ /) into a statistical error
Eo(wy, 0y,dy,) — Eg(wy, 0, dy ) that is similar to the excess risk in supervised learning, and an
approximation error £q (wy, 6y, d; ,,) that captures how well a linear function (w;) ' ¢ . approx-
imates the true value function under d;,. If the on-policy distribution d; , in Eg(w},0;,d;,) is
replaced by v*(s,a) = df.f: (s) Unif4(a), we define a transfer error Eg (wy, 04, v*). Let the covari-
ance matrix of ¢, , in any state-action distribution v be ¥,, := E(S,a) ~vl ¢s,a¢la |, and the relative

wTEV*w
w'S,w *

condition number between ¥, and X+ be K, := max,, ¢ gd

We make an assumption on the statistical error, the transfer error, and the relative condition number.

Assumption 2. (l) There exist €stat> Ebias > 0 such that ]E[ SQ (wta oty dt,l/) - EQ (w:7 eta dt,u) ] < Estat
and E[Eq(wi, 0;,v%) ] < e€vias; (ii) The relative condition number is finite, i.e., K, < oo.

We assess the convergence of inexact RPG-PD via the distance metric E[®,] := E[KL:(p)] +
%E [(/\”; — )2 ] , where the expectation E is over the randomness of computing w; via a sample-
based algorithm. We state the convergence in Theorem 4 and delay its proof to Appendix C.6.

Theorem 4 (Linear convergence of inexact RPG-PD). Let Assumptions 1-2 hold. If we take the
stepsize n < 1/Cy, then the primal-dual iterates of inexact RPG-PD satisfy

E[®11] < e "E[®] + gmax((cw)z,(C;,EF) + %(\/|A|€bias+ \/|A\f‘”w€s:a:)
where Cy :=2W/(1 —~) and C} == (1 +7/§)/(1 — ).

Theorem 4 states that the primal-dual iterates of inexact RPG-PD converge to a neighborhood of
(m¥,A%) in a linear rate. The convergence rate is 77 and the size of neighborhood scales with a
sum of an n/7-term and an 1/7-term that amplifies the effect of function approximation (€, €bias)-
We note that, Theorem 4 does not require the strong duality in the parametrized policy class, and
the function approximation error includes the duality gap caused by the inexpensiveness of function
class and the policy representation error caused by the restricted policy set A(A). When there is no
function approximation error, Theorem 4 has a similar result as Theorem 2. It is important to control



(Estat, €bias) to be small: (i) Application of stochastic gradient methods to the linear regression leads
to egar = O(1/VK) or O(1/K), where K is the number of gradient steps, and thus, it is easy to
control eg,; (i) When ¢ is very small, the parametrized policy iterate can be contained in A(A),
and thus epi,s becomes zero in some cases, e.g., tabular softmax case [49] or low-rank MDPs [60, 61]
with d > | A|; it can be made very small if the function class is rich, e.g., wide neural networks [62].
When the errors are small, it is ready to establish Corollary 5; see Appendix C.7 for proof.

Corollary 5 (Nearly-optimal constrained policy). Let Assumptions 1-2 hold and ey, €pias = O(€)
for small €, eg > 0. If we take the stepsize 1 = O(e*) and 7 = O(€2), then the policy iterates of
inexact RPG-PD satisfy

. . i 1 )
E[Vrﬁ (P)—Vret(p)} < e andE[—Vg"t(p)] < ¢ foranytzﬂ(éslog:)

where (-) only has some problem-dependent constant.

Corollary 5 states that the iteration complexity in Corollary 3 holds in the function approximation
case. When ¢ is small enough, we can design a conservative constraint such that the policy iterates of
inexact RPG-PD satisfy V™ (p) — Vi"** (p) < e and V, " (p) > 0 for large ¢; see Appendix C.8 for
proof. Compared with the zero average constraint violation [63], this appears to be the first policy-
based zero constraint violation result in the function approximation setting. Moreover, we extend
inexact RPG-PD to be a sample-based algorithm and provide its sample complexity in Appendix C.9.

4 Policy Last-Iterate Convergence: Optimistic Method

Having established sublinear policy last-iterate convergence via regularization, we turn to the opti-
mistic gradient method [37] for a faster rate. We propose an optimistic method — Optimistic Policy
Gradient Primal-Dual (OPG-PD) — that converges an optimal constrained policy at a linear rate.

4.1 Optimistic policy gradient primal-dual method

We propose an optimistic policy gradient primal-dual (OPG-PD) method by maintaining two se-
quences for policy and dual variables each: {m;},>1 and {#;};>1 for the policy-player, and

{At}t>1 and {Xt}t >1 for the dual-player,

T 1 .
m(-]s) = argmax <Y w(a|s)Qr (s,a) — o= |7 (-|s) = #ul-]s)]
(s eam G 21 (9a)
A _ T 1 ~ 2
Fepa(]s) = Jrgmax Zﬂ:ﬂ(GIS)QTHtg(S,a) = gy ImCl8) =19l
1 ~
N = argmin{/\ Vit (p) + 5= (A= )\t)Q}
AEA 1277 (9b)
Ap1 = argmin{/\ Vit(p) + o= (A= ;\t)2}
AEA 2n

where 1) is the stepsize and (7, 5\0) = (mp, Ao) € II X A is the initial point. OPG-PD concurrently
works with two primal iterates and two dual iterates, and each two are updated consecutively to stabi-
lize the algorithm dynamics. The “optimistic” in optimization, e.g., [64] views (7¢41, S\tﬂ)-update
as a real policy gradient step and (7, \;)-update as a prediction step that generates an intermediate
iterate (¢, \¢). Not policy gradient at (7, \;), the real step uses a policy gradient at (¢, \¢) from
prediction, exhibiting the optimism towards the prediction. Specifically, Primal update (9a) works
as the projected (Q-ascent [58, 65], an application of the classical mirror descent with Euclidean
distance [53], where the projection onto a probability simplex can be solved efficiently [66]. Dual
update (9b) performs standard projected gradient descent. We note that OPG-PD is different from
the one-step multiplicative weights update in the policy-based ReLOAD [40].

When there is no MDP transition dynamics, i.e., constrained bandit [40], last-iterate convergence
of OPG-PD to a saddle point is known in the minimax optimization [67, 68, 38, 39], because Prob-
lem (3) reduces to a bilinear zero-sum game in this case. However, it is prohibitive to apply such



bilinear game results to the Lagrangian VT, | g(s) in every state s, as has been done for zero-sum

Markov games [43, 44]. The main reason for this is that there may not exist an optimal constrained
policy that is uniformly optimal across all states; see Appendix B.2.

4.2 Policy last-iterate convergence

We define the distribution mismatch coefficient over p as k, := sup, ¢ Hd;r / pHOO, which is the
maximum distribution mismatch of policy 7 relative to p, where d7 /p is divided per state. Hence,
||dg/dg* o < kp/(1 —y) for any policy 7 € Il and k, < 1/pmin Where ppin := ming p(s). The
projection operator Px on a closed convex set X defines Px (z) := argmin,, ¢ y ||’ — z||.

We state the policy last-iterate convergence of OPG-PD (9) in Theorem 6.

Theorem 6 (Linear convergence of OPG-PD?. Let Assumption 1 hold. Assume the optimal state
visitation distribution be unique, i.e., dj = dj; for any m € I1*, and pwin > 0. If we set the stepsize
n < min (1/(4v2), (1 —7)3/(4|A]), (1 = 7)*/(2k,)), where v > 0 is defined in Appendix D.1,
then the primal-dual iterates of OPG-PD (9) satisfy

) S (Pl 1) = 7+ 5P - 3° < ()

where C :=min(7(1 —7)/8, (1 — 7)*(Cp.¢)? pmin/ 6k 5 )?) in which C,, ¢ and k5, ., are given
by Cpe = cpmin/(2V/IS[IA])/(1 +1/((L = )§)), kpy = max(k,/(1 —7),1), and c > Oisa

problem-dependent constant from Lemma 26.

Theorem 6 states that the primal-dual iterates of OPG-PD converge to IT* x A* in a linear rate,
or putting it differently, (9) is contracting to a set of optimal primal/dual variables. The rate is
governed by a problem-dependent constant. Proof of Theorem 6 is provided in Appendix D. A
key to our analysis is to bridge the per-state policy gradient update and the policy improvement for
Vg (p) that is non-convex in policy 7, which departs from the convex last-iterate analysis [38,
39]. In addition, we address two technical difficulties. First, the lack of uniformly optimal policies
prevents learning an optimal policy from per-state bilinear games in zero-sum Markov games [43,
44]. Instead, we characterize the proximity of primal-dual iterates to a saddle point supported by
an optimal state visitation distribution dg*. Second, Problem (3) is an asymmetric game since one
plays a stochastic policy over a finite set of discrete actions and controls the transition dynamics,
but the other selects an action in a continuous interval. Thus, our dual-player analysis handles the
long-term effect of the policy-player, which did not appear in the symmetric game [43, 44].

A direct corollary of Theorem 6 is stated below; see Appendix D.3 for the proof.
Corollary 7 (Nearly-optimal constrained policy). Let Assumption I hold and the optimal state visi-

tation distribution be unique, i.e., d% = d™ for any = € II*, and pyin > 0. If we use the stepsize 1)
from Theorem 6, then the policy iterates of OPG-PD (9) satisfy

N . N 1
VT (p) = V" (p) < € and =V (p) < € foranyt=Q (1og2 )
€
where Q(-) only has some problem-dependent constant.

Corollary 7 states that the last policy iterate of OPG-PD is an e-optimal policy for Problem (1) after
an almost constant number of iterations, which improves the sublinear rate in Corollary 3. OPG-
PD also improves the average-value convergence of the single-time-scale methods [23, 54] and the
two-time-scale methods [28, 24, 34, 35], and matches the last-iterate convergence rate of the two-
time-scale methods [34, 35]. We stress that our last-iterate convergence indicates the stability of
whole primal-dual iterates, which is not the last policy iterate from a subroutine [34, 35]. Again,
when ¢ is small, we can design a conservative constraint such that the policy iterates of OPG-PD

satisfy V™" (p) — V7t (p) < € and V7t (p) > 0 for large t; see Appendix D.4 for the proof.

S Computational Experiment

We validate the effectiveness of RPG-PD (6) and OPG-PD (9) by comparing them with typical
primal-dual methods in Figure 1. A few observations are in order. The initial oscillation of RPG-PD



(--) is damped, and OPG-PD (—) is almost free of oscillation as PID Lagrangian (----). However,
oscillation of NPG-PD (--) causes its last-iterate policy violating the constraint Vg"(p) > 0. OPG-
PD (—) reaches the maximum reward value in four methods and RPG-PD (--) converges to a
slightly smaller value due to regularization, while both meet the constraint at the end. However, PID
Lagrangian (----) is highly sub-optimal. Hence, our methods OPG-PD and RPG-PD can overcome
oscillation and approach a nearly-optimal constrained policy in the last-iterate fashion.

Reward value
Utility value

Iteration Iteration

Figure 1: Convergence performance of RPG-PD, OPG-PD, and primal-dual methods. Learning
curves of our RPG-PD (- -) and OPG-PD (—), and NPG-PD [23] (—-) and PID Lagrangian [29] (----)
methods. The horizontal axes mean the policy iterations {m; }; > ¢ that are generated by each method
and the vertical axes mean the value functions of the policy iterates {7}, > o: reward value V;™* (p)
(Left) and utility value V™ (p) (Right). In this experiment, we use the same stepsize n = 0.1 for all
methods, the regularization parameter 7 = 0.08 for RPG-PD, and the uniform initial distribution p.

We showcase the linear convergence of OPG-PD (9) with three constant stepsizes in Figure 2. Three
policy optimality gaps decrease linearly in the logarithmic scale plot, which verifies the linear last-
iterate convergence of OPG-PD’s policy iterates in Theorem 6. Noticeably, there is no oscillation
behavior in OPG-PD’s policy iterates, which perhaps is best for learning constraints [29, 10]. We
also see that a large stepsize n = 0.2 improves the convergence, which is reflected by our rate.

Policy optimality gap

0 250 500 750 1000 1250 1500 1750 2000
Iteration

Figure 2: Convergence performance of OPG-PD with stepsize n: (n = 0.05, ----), (n = 0.1, —-),
(n = 0.2, —). The horizontal axis represents the policy iterations {m;};> o that are generated by
OPG-PD and the vertical axis means the policy optimality gap that measures the distance of the
policy iterates {7¢ }+ > ¢ to an optimal policy 7*: Y _ ||m(-|s) — 7*(- | s) ||%. In this experiment, we
take the initial distribution p to be a uniform one.

Please see Appendix E for more details of this experiment, more baselines, and sensitivity analysis.
6 Concluding Remarks

We have presented two single-time-scale policy-based primal-dual methods for finding an optimal
policy of a constrained MDP, with global non-asymptotic and last-iterate policy convergence guar-
antees. Our first regularized method enjoys a nearly dimension-free sublinear rate, while our second
optimistic method possesses a linear rate that is problem-dependent. Our work stimulates a num-
ber of compelling future directions: (i) Our problem setting circumvents the exploration difficulty,
which leaves online exploration open; (ii) Our convergence rates are not as sharp as solving convex-
concave minimax optimization problems, regarding the order or instance-related constant; (iii) Last-
iterate convergence is under-examined in constrained MDPs with other constraints, and unexplored
for other gradient methods.
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Supplementary Materials for
“Last-Iterate Convergent Policy Gradient Primal-Dual Methods
for Constrained MDPs”

A More Comparisons and Additional Related Works

In this section, we discuss more comparison details and other related works.

Iterate Type Method Single-time-scale Complexity

Saddle flow dynamics [36] Yes asymptotic

Oceupancy ReLOAD [40] Yes asymptotic
OPD (18) Yes Q (log” )

Dual descent [34] No Q (log® 1)

Cutting-plane [35] No Q (10g3 1)

Policy Policy-based ReLOAD [40] Yes —

RPG-PD (6) Yes Q(Flog”t)

OPG-PD (9) Yes Q (log” 7 )

Table 1: Iteration complexities of our methods and representative algorithms for solving a con-
strained MDP problem: maximize, V;"(p) subject to V"(p) > 0 with reward/utility functions

r € [0,1], g € [-1,1]. The iteration complexity is the number of gradient-based updates for an
algorithm to output the last policy-iterate 7; that satisfies V,*(p) — V,7*(p) < eand -V (p) < e.

Last-iterate and value-average (or policy-mixture) performance in constrained MDPs. There
has been a flurry of research activities in studying convergence behaviors of direct policy search or
policy gradient-based algorithms for constrained MDPs in the infinite-horizon discounted setting.
There are two main streams: (i) Lagrangian-based policy search and (ii) Approximate constrained
policy search.

(1) Lagrangian-based policy search. In the Lagrangian-based framework, last-iterate perfor-
mance has been established as asymptotic convergence for several policy-based primal-dual
algorithms, e.g., naive policy gradient-based primal-dual method [21] and actor-critic vari-
ants of policy gradient primal-dual methods [6, 22, 16, 9]. These studies rely on modeling
primal-dual updates in two separate time scales and/or two nested loops as continuous-time
gradient flow dynamics, and their asymptotic convergence is often restricted to some sta-
tionary points. We notice that recent global asymptotic convergence results [36, 40] are in
terms of occupancy measure iterates instead of instantaneous policy iterates, as highlighted
in Table 1. In contrast, our first method: OPD strengthens the asymptotic last-iterate con-
vergence to non-asymptotic and last-iterate convergence with a linear rate.

To provide efficiency and optimality performances, it is crucial to develop algorithms with
global non-asymptotic convergence guarantees. Several recent policy-based primal-dual al-
gorithms have been proved to converge with non-asymptotic convergence rates, e.g., policy
gradient primal-dual method [69], natural policy gradient-based or policy mirror-descent
style primal-dual methods [23, 27, 54], accelerated natural policy gradient-based primal-
dual methods [24, 25, 28], actor-critic version of natural policy gradient-based primal-dual
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(i)

method [26], and anchor-changing natural policy gradient-based primal-dual method [70].
These studies characterize non-asymptotic convergence to an optimal constrained policy
regarding the average of value functions, except for [27] in which the convergence is for
a mixture of past policies and [28] in which the convergence is for a policy induced by
a history-weighted occupancy measure. Similar non-asymptotic convergence can also be
found in an occupancy measure-based primal-dual method [42], where the convergence is
in terms of the average of occupancy measures. Besides, sublinear non-asymptotic con-
vergence can be found in generative model-based methods [71, 41], regarding a mixture of
past policies. In contrast, our two policy-based methods: RPG-PD and OPG-PD strengthen
the sublinear non-asymptotic convergence of average value functions or a mixture of past
policies to sublinear and linear non-asymptotic convergence of policy iterates. In particu-
lar, we exploit the regularization technique [52] and the optimistic gradient method [72, 37]
to augment typical policy-based primal-dual methods with novel identification of decreas-
ing distances of policy iterates to an optimal constrained policy, which allows for stronger
convergence.

Instead of working with policy primal and dual variables both, Lagrangian-based dual
method formulates a constrained MDP as a convex dual problem that enables classical
dual ascent method [12]. Despite guaranteed convergence in dual space from convex opti-
mization, it is challenging to compute an optimal constrained policy in primal policy space
even if we use an optimal dual variable [9, 47, 30]. Recently, regularization [52] has been
used in dual ascent methods [34, 35] in which policy last-iterates of natural policy gradient-
based subroutines can be nearly-optimal. These dual-based algorithms [34, 35] work with
two nested loops and their non-asymptotic last-iterate convergence relies on tuning loop
parameters optimally. In contrast, our two policy-based methods: RPG-PD and OPG-PD
remove the double loop requirement as listed in Table 1, which permits outputting the last-
iterate policy as a nearly-optimal constrained policy. In Table 1, we see that our RPG-PD
method has a worse rate while OPG-PD achieves a linear rate which is similar as the dual-
based methods [34, 35]. Importantly, our non-asymptotic convergence characterizes the
stability of primal-dual iterates generated by the algorithms, which is theoretically stronger
and more appealing in practice.

Approximate constrained policy search. Approximation of constrained MDPs with sur-
rogate functions has been shown to be effective, e.g., constrained policy optimization [8],
successive convex relaxation [73], projection-based constrained policy optimization [74],
first-order constrained optimization [75], and conservative policy update [76]. These stud-
ies have shown impressive empirical performance by iteratively solving an approximated
constrained optimization problem and such performance is characterized in the worst-case
policy improvement, except for [73] in which local asymptotic convergence is established,
which leaves non-asymptotic convergence of policy iterates open. A related approach is the
primal method [77] that treats a constrained MDP as an unconstrained one and corrects pol-
icy iterates whenever constraint violation happens. Non-asymptotic convergence of primal
method has been established in terms of mixture of past policies. Another approximation
method is the interior-point policy optimization [78] that solves an unconstrained MDP
by adding a logarithm barrier function into the objective function, while convergence of
this method is unknown. In contrast, we have supported our methods with non-asymptotic
last-iterate convergence. Since Lagrangian-based methods are typically used to solve an
approximated constrained optimization problem [8, 74, 75, 76], our methodologies can be
applied to these methods for better convergence, which we leave as future work.

For constrained MDPs in the finite-horizon episodic setting and the total or average-reward settings,
there is a rich line of works that have developed learning algorithms with non-asymptotic conver-
gence guarantees in terms of the average of value functions [79, 80, 81, 82, 83, 84, 85, 55, 86, 87, 88,
89, 56, 90, 91, 92, 93, 94, 95], except for [96] in which global asymptotic convergence of a policy
gradient method has been established in the finite-horizon constrained MDP setting. Although being
not directly comparable, their non-asymptotic and last-iterate convergence are not established yet,
to the best of our knowledge.

Lagrangian-based policy gradient methods in constrained MDPs. Our methods are closely per-
tinent to Lagrangian-based policy gradient methods for solving constrained MDPs in the infinite-
horizon discounted setting, e.g., policy gradient-based primal-dual methods [21, 6, 22, 16, 9, 69],
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natural policy gradient-based or mirror-descent style primal-dual methods [23, 27, 28, 24, 54, 25,
26], dual descent methods [97, 34, 35, 12]. Regarding algorithm implementation, primal-dual meth-
ods [21, 6, 22, 16, 9, 23, 27, 28, 24, 54, 25, 26, 69] work with primal-dual iterates simultaneously in
a single loop, which is similar to the classical gradient-based primal-dual methods in constrained op-
timization [31, 32, 33], while diminishing stepsizes in different speeds is often required in many of
them [21, 6, 16, 9]; dual descent methods [97, 34, 35, 12] intermittently operate the dual iterate only
after a sufficient number of primal iterations, which often adds difficulty of tuning hyper-parameters
of nested loops in practice. It is worth mentioning that, it is convenient to view such dual descent
methods as primal-dual methods that update primal variable faster than iterating dual variable. With
respect to convergence analysis, stochastic approximation has been widely used to establish asymp-
totic convergence of several primal-dual methods [6, 22, 16, 9] by analyzing the stability of limiting
gradient flow dynamics, while recent methods [28, 24, 54, 25, 26, 69, 34, 35] exploit the connec-
tion between policy gradient and mirror-descent in convex optimization to prove non-asymptotic
convergence. However, non-asymptotic convergence of primal-dual methods only characterizes the
average of value functions [23, 54, 25, 26, 69] or a mixture of past policies [27, 28, 24] because
of the dual update that results from regulating constraint violation. For the dual descent meth-
ods [34, 35], non-asymptotic convergence is characterized in terms of last-iterate policies that are
computed by approximately solving unconstrained RL problems with fixed dual variables. There-
fore, designing Lagrangian-based policy gradient methods that enjoy the single-loop simplicity and
the non-asymptotic convergence of policy iterates is challenging, because of the oscillation and
overshoot issues of updating primal-dual variables simultaneously [29, 40]. In this work, we have
established non-asymptotic and last-iterate convergence of two single-loop Lagrangian-based policy
gradient methods via the regularization and optimistic gradient techniques and our analysis builds
on the mirror-descent analysis for policy gradient methods [49, 98, 65, 99] while focusing on the
distance of policy iterates, which is stronger than the prior art. Compared with recent efforts [40, 36]
as shown in Table 1, our algorithms are simpler and our theoretical guarantees are stronger.

Gradient-based methods with last-iterate convergence for learning in games. Since the
Lagrangian-based approach for constrained MDPs can be viewed as solving a constrained saddle-
point problem, another line of related work is gradient-based methods for solving saddle-point (or
minimax optimization) problems with last-iterate convergence. Last-iterate convergence of gradient-
based methods has been established in several scenarios, e.g., linear rates of extragradient meth-
ods for strongly convex problems [100, 101], asymptotic convergence of optimistic multiplicative
weights updates for convex problems [67, 68], linear rates of optimistic gradient methods for convex
problems [43], and lower bound-matching rates of extragradient and optimistic gradient methods
for convex problems [39]. These studies focus on convex-concave saddle-point problems except
for [102, 103, 104] in which non-asymptotic last-iterate convergence is achievable for saddle-point
problems with special non-convexity structure. In contrast, our constrained saddle-point problem
that result from constrained MDP is non-convex in policy primal variable, which prevents direct ap-
plication of these last-iterate results. A slightly twisted exception is that our constrained saddle-point
problem can be reformulated to be convex in occupancy measure instead of policy, which leads the
second and third methods in Table 1. To solve our Lagrangian-based constrained saddle-point prob-
lem in policy space, our first policy-based method: RPG-PD relaxes the non-convexity by adding
regularization into the objective function and we provide sublinear last-iterate policy convergence
guarantee using the distance analysis for policy primal-dual iterates. To improve the convergence
rate, we further develop another policy-based method: OPG-PD that extends the optimistic gradient
method [37] for a class of non-convex constrained saddle-point problems. This extension departs
from previous extensions for zero-sum Markov games [43, 44], because lacking of uniformly opti-
mal policies prevents learning an optimal policy from per-state bilinear games. Instead, we provide
a new distance analysis of policy primal-dual iterates of an optimistic gradient method for solving
a new class of constrained non-convex saddle-point problems, with linear last-iterate policy conver-
gence.

Non-asymptotic last-iterate (or non-ergodic) convergence in constrained optimization. Re-
duction of constrained optimization to saddle-point problems is a classical idea to solve con-
strained optimization problems by developing primal-dual algorithms, e.g., primal-dual interior-
point methods [105], Uzawa and Arrow-Hurwicz algorithms [31, 106, 107], and Lagrange mul-
tiplier methods [108, 45]. Inspired by the Lagrange multiplier methods, many recent studies
on constrained optimization have significantly advanced primal-dual algorithms with last-iterate
convergence, e.g., accelerated augmented Lagrangian method [109], accelerated universal primal-
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dual gradient method [110], Douglas-Rachford alternating direction method [111], inexact aug-
mented Lagrangian method [112, 113], alternating proximal augmented Lagrangian algorithm [114],
augmented Lagrangian-based decomposition method [115], faster Lagrangian method [116], and
prediction-correction-based primal-dual method [117]. However, all these studies build on aug-
mented Lagrangian methods to solve the classical convex optimization problems with linear con-
straints. In comparison, we have studied a class of non-convex constrained optimization problems
that result from constrained MDPs using the standard Lagrange multiplier method. We notice
that a Lagrangian-based two-player game has been used to study general non-convex constrained
optimization problems with average performance analysis [118]. Our two policy-based primal-
dual methods with sublinear and linear last-iterate convergence appear to be the first global non-
asymptotic and last-iterate convergence result in non-convex constrained optimization.

B Proofs in Section 2
In this section, we make some helpful observations and provide proofs of the claims in Section 2.

B.1 Lack of uniformly optimal stationary policies in constrained MDPs

In unconstrained MDPs, there always exists an optimal policy that is optimal simultaneously for all
states (e.g., see [119] and [120, Chapter 6]). In contrast, this is not true anymore for constrained
MDPs. To see this, we adopt a counter-example from [46] and investigate it in the constrained MDP
setting.

(L,0,0) (R/L,1,1)

OIS0

Figure 3: An example of a constrained MDP that has the objective function V,"(p) and the con-
straint set {m € II|V"(p) > 0}. The pair (a,r,g) associated with a directed arrow represents

(reward, utility) received when an action « at a certain state is taken.

We introduce a constrained MDP with two states: Left (L) and Right (R), in Figure 3. In each state,
there are two actions { L, R}. The MDP transition dynamics is deterministic. In state L, if the agent
chooses action L, then the next state is L and the reward/utility (0, 0) is received; otherwise, action
R leads to next state R and reward/utility (1, —1). In state R, no matter which action the agent takes,
the next state is R and the reward/utility (1, 1) is received.

Since the state R is trivial, a stationary policy 7 can be represented by the probability of taking
action L in state L denoted by p. With a slight abuse of notation, we use notion p to represent the
probability of starting off from state L. Thus, we can compute the value functions as follows via the
Bellman equations, i.e., V(s) = >, m(a]|s)(r(s,a) + 7>, P(s'|s,a)V(s)) for all s.

V(L) = px (045(Vo(L) x 1+ Vo(R) x 0)) + (1~ p) (1 +7(Vi(L) x 0+ Vi (R) x 1))
take action L take action R
1
Vi(R) = T
and
Vo(L) = px(0+~(Vy(L) x 1+ Vy(R) x 0)) + (1 —p) (=1 +y(Vy(L) x 0+ Vy(R) x 1))
take action L take action R
1
Vy(R) = m
or, equivalently,
1—p 1 1
V(L) = — ViR = ——
() L=y 1-7n (7) L=~



1- 2y —1 1
B xSl V(R) =
I—wp 1-v

and V,(L) =

(1) Itis easy to check a basic case: v = 0 [46]. We can compute the value functions as follows,
VP(p) = (L=plp+ (1-p)

Vilp) = —(1=p)p+ (1 —p).

Feasibility of the policy p requires that VP(p) > 0, i.e.,

2p—1

1
p > forany p € {2, 1] . (10)

Hence, the maximum V,?(p) within the feasible region can be reached at the optimal policy,

2p—1
P

*

Therefore, the optimal policy p* depends on the initial state distribution p. Moreover,
except that p = 1 or %, the optimal policy p* is a stochastic policy and is unique.

(i1) A slightly more general case is given by v = i. Thus, we can compute the value functions

as follows,
4 1-p 4
%3 = - X ——— X - x(1-—
2 (p) 3 TP 3 (1—p)
2 1-p 4
|74 = —— X X - x(1-p).
4 (P) 3 TPt 3 (L-p)

Feasibility of the policy p requires that V’(p) > 0, i.e.,

3p—2 1
p > 2><3Z_1 foranyp€<3,1}

In particular, if we take p = %, then p > % In this case, the maximization of VP (p) yields
an optimal policy p* = %, which is a uniform policy and is unique.

B.2 Scalarization fallacy in constrained MDPs

In constrained RL, scalarization is often used to reduce a constrained MDP problem to a standard
unconstrained one, which might permit many unconstrained RL algorithms [8, 9]. Unfortunately,
as pointed out in the literature (e.g., [46, Part 4] and [30]), such a reduction does not necessarily
provide a solution to the original constrained MDP problem. It is easy to see this from the previous
examples in Figure 3. In the basic case: v = 0, if we take p = %, then from (10) the optimal policy

is given by p* = %, which is a stochastic policy; we see a uniform optimal policy when v = i. By
shaping a composite function r + A\g with some fixed A € [0, o], the scalarization method aims to

solve the following unconstrained MDP problem,

ma;(énﬁize ag (P)- (11)
However, by the optimality of dynamic programming [120, Chapter 6], an optimal policy is given
in a deterministic form which has been widely used in theory and practice. Therefore, solving the
above scalarized version of a constrained MDP problem does not necessarily provide an optimal
solution for the original constrained MDP problem. We also notice that this phenomenon is reported
in recent empirical studies [9, 30] and a more formal statement [47, Lemma 1]. Hence, it can be
infeasible for dual descent methods [12, 30] to find an optimal constrained policy, because solving
Problem (11) often yields a deterministic policy, which can be sub-optimal for a constrained MDP
with a unique stochastic optimal policy, e.g., constrained MDP examples in Appendix B.1.
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B.3 Properties of saddle points

First, we state the invariance property of saddle points [121] for our constrained saddle-point prob-
lem (3). By the invariance property of saddle points, we can restrict the problem domain without
changing the saddle-point property when the original saddle points are contained in the restricted
domain. Let the set of max-min points be IT* := argmax, ¢  miny ¢ (0,00) V,; 5, () and the set of
min-max points be A* := argmin, ¢ o o) maxz e V7 5, (p)-

Lemma 8 (Invariance of saddle points). Let (7%, A\*) € II* x A* be a saddle point of V", ,(p) over
IT x [0, +00). For any subset A’ C [0, +00], if (n*,A*) € IL x A/, then (7*, \*) is a saddle point of

g (p) over ILx A,

Proof. From the saddle-point property of (7*, \*), we have

T € argmaXVJr,\* (p) and \* € argmin V+/\g( )
el A€ [0,400]

It is straightforward to see that

r‘:»)\*g(p) S TTS:)\*g(p) for any 7 eIl (12)

Since A’ C [0, 4+00] and \* € A, Vri)\*g(p) = miny ¢ A/ VH/\Q( ). Hence,

Toaeg(p) < Viag(p) forany A e A, (13)

Finally, combining (12) and (13) defines (7*, \*) as a saddle point of of V7 , /(p) over I x A’. [

We next show the interchangeability of saddle points in two-player zero-sum games [122] for our

non-convex game.

Lemma 9 (Interchangeability of saddle points). Let (7*,\*), (7*,\*) € II* x A* be two sad-

dle points of V[, \ ,(p) over 1L x [0, +00]. Then, both (7*, \*) and (7*, \*) are saddle points of
ag(p) over I1 x [0, 4-00].

Proof. By the definition of saddle points (7*, \*) and (7*, \*),

7‘7T+/\*g(p) < TTE;)\* (p) < riz\g(p) forall m € ITand A € [Oa OO]

Viiseg(p) < Vr:_/\* (p) < :j:)\g(p) forall 7 € Il and A € [0, 00].
Then, B B .
Visg(p) < Visglp) < Viag(p)
Ti)\*g(p) < K«i}*g(p) < ‘/TT;)\* (p)
Therefore,
Vr:-,\* ( ) ‘/r:-)\* ( ) S Ti)\*g(p) S V;;-X*g( ) er:-,\* ( ) S rTr)\*g(p) S r+/\g(p)

for all 7 € Il and A € [0, 00|, which shows that (7*,\*) is a saddle point of Vi sy (p) over
IT x [0, 4o0].

Similarly, we can prove it for (7*, \*). O

B.4 Constrained MDPs in occupancy-measure space

In the analytic approach [123, 5], the value functions in Problem (1) are bilinear in the occupancy
measure V7 (p) = (o, q) for o = r or u, where ¢": S x A — R is an (un-normalized) occupancy
measure over the state-action space,

q"(s,a) = Y _A'Pr(s; =s,a, = a|m 50 ~ p) (14)
t=0
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which adds up discounted probabilities of visiting (s, a) in the execution of 7. Furthermore, we
let the operator P: RISIAI — RISI be (PTq)(s) := >, ., P(s]s',a')q(s',a’), and the operator
ET: RISIAL — RIS be (ETq)(s) := 3, q(s,a) or simply g(s). With a slight abuse of notation,

we denote p = [p(s1),...,p(ss))]". A valid occupancy measure g™ € RISIAL satisfies the the
Bellman flow equations,
Q= {qeRFIMETg=yPTg+pandg>0}. (15)

It is known that the Bellman flow constraint is necessary and sufficient for any ¢ € R!S!I4l to be a
valid occupancy measure (e.g., [124, Lemma 1]).

Let the concatenation of 7(s,a), u(s, a) for all (s,a) be r, u € RISII4I respectively. In the occu-
pancy measure space, the goal of a constrained MDP is to find a solution ¢* of a linear program,

maxinglize (r,q) subjectto (u,q) > b. (16)
q€

Denoting g: S x A — [-1,1] as g := u — (1 — ~)b, we simplify the constraint (u,q) > b as
(g,q) > 0. By the method of Lagrange multipliers, we dualize two constraints in (16) and introduce
a standard Lagrangian,

Lig,\p) = (r+Xg.q) +u' (p—(E—+P)"q)

where 7 € II is the primal variable, A € [0, oo] is the dual variable for the constraint (g,q) > 0,
and p is the dual variable for the equality constraint in Q. Since the strong duality holds for any
feasible linear program, the boundedness of \* in Lemma 1 holds for L(q, A, it). Thus, any saddle
point (¢*, A*, u*) is also a max-min and min-max point, i.e., ¢* is the occupancy measure associated
with the optimal policy 7*, and (\*, u*) € argmin, 5, , max, >0 L(g, A, ). Boundedness of ¢*
is straightforward from (14),

1
q* c Q = {q € R‘SHAl |O < q(57a) < :,V(s,a) €S x A}

which allows us further restrict ¢ € Q C Q. We next show boundedness of (A*, ©*) in Lemma 10.
Lemma 10 (Boundedness). Let Assumption 1 hold. Then, \* € A and p* € M, where A is stated

below (3) and M := {:u| ‘/“L(S)l < fhmax, Vs € S} where pimax = 1(_1’):[;%5

Proof. From the saddle-point property of (¢*, \*, u*), we have

q* € argmax L(g,\*,p*)
qeqQ
(A, pu*) € argmin L(¢", A, u)
A>0,p
equivalently, for any ¢ € Q, 9,L(¢*,\*,i*)"(¢ — ¢*) < 0, and for any g and A > 0,
OuL(q* N, w*) T (w — p*) + OxL(q*, A, u*) (A — X*) > 0. Hence, for any g € Q,

(r+ (P —-E)u*+Xg,q—q) < 0.

Arbitrary ¢ € @ demands the inequality r + (yP — E)u* + X\*g < 0. By the definition of occupancy
measure, we know that for any s € S there exists an action a € A such that ¢*(s,a) > 0. Thus, the
equality 7 + (vP — E)u* + A*g = 0 must hold at such state-action pairs in which we represent the
associated reward and transition by (7, P). Hence,

17+ M9l

|(vP = E)p*||

Y

(L= -
Thus, (1 —7) ||p*| < 1+ A*. However, by Assumption 1, L(g, \*, u*) < L(g*, A*, *). Hence,

(r,g*—q) + X (9,¢"—q) >0

which, together with the feasibility of § and the optimality of ¢*, imply that 0 < \*¢ < (r,¢* — q).
O

Hence, 0 < A* < ﬁ which further yields a bound on ||z | .
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We now obtain a constrained saddle-point problem in terms of the g-based Lagrangian,

maximize minimize L(q, A — minimize maximize L(a.)\ a7
xitize mMAImize (q,A, 1) juinimize maxi (g, A, 1)

where we take bounded polytopes Q and A x M such that they contain ¢* and (A*, u*), respectively.

For notational brevity, we introduce z = (¢, A\, 1), Z := Q X A x M, and Z* := Q* x A* x M*
which contains all saddle points z* := (¢*, \*, u*). Let the gradient of L(g, A, 1) be

- Vt]L(Q7 >\a :u’)

Vo L(g, A\ 1)

Due to the bilinearity of L(q, A, 1) over a compact domain, L(g, A\, 1) has a gradient Lipschitz
constant Ly. Let Px be the projection operator onto a set X, i.e., Px (x) := argmin,, ¢ x ||z’ — z||.
Since the g-based Lagrangian L(g, A, 11) is bilinear and the domains are polytopes, Problem (17)
satisfies the metric subregularity condition [38, Theorem 5].

F(q,\ p) =

Lemma 11 (Metric subregularity condition). Let Assumption 1 hold. Then, the gradient function
F(z) satisfies that for any z € Z/Z* with z* = Pz (z2),
F T )
sup M > Oz — 2|
vez  |lz=7

where C > 0 is a problem-dependent constant.

Hence, application of the optimistic gradient method [38] to Problem (17) yields an Opti-
mistic Primal-Dual (OPD) algorithm that begins with two initial tuples of primal/dual variables
(o, Ao, o) = (g1, A1, 1) € Z, and performs two gradient steps for each primal/dual variable at
timet > 1,

Pz (2 — nF(z-1))
Ziv1 = Pz (2 — nF(2))

where 7 is the stepsize. Let the squared distance of a point z € Z to the set Z* be dist2(z, zZ*) =
|z — Pz (2)||*. It is straightforward to employ [38, Theorem 8] to claim last-iterate convergence
guarantee of OPD (18) below.

Theorem 12 (Linear convergence of OPD). Let Assumption I hold. If the stepsize 1 in OPD (18)

satisfies n < ﬁf, then the iterates {z; }+> ¢ converge to the set of saddle points Z* linearly,

2t

(18)

. . IR
d1st2(zt7Z ) < Oy (1+02>

where Cy = 64 dist* (21, Z*) and Cy = min( 16%2102 , ) for a problem-dependent constant C' > 0.

Theorem 12 shows that the primal-dual iterates of OPD converge to the saddle point set Z* in
linear rate. Compared with a contemporaneous work [40], OPD is free of projection to a occupancy
measure set, and enjoys non-asymptotic and last-iterate linear convergence. If the underlying policy

is recovered via m(a|s) = % for all (s,a), these policy iterates m; associated with the

occupancy measure iterates g; also converge to an optimal constrained policy 7*.

Corollary 13 (Nearly-optimal constrained policy). Let Assumption 1 hold. Assume ppin =
ming p(s) > 0 and re-define Q := {q € RISIAI0 < ¢(s,a) < 1/(1 —7),q(5) > pmin/(1 —
v),V(s,a) € S x A}. If we set the stepsize n in a similar way as in Theorem 12, then the recovered
policy iterates {m+},  , of OPD (18) satisfy

N 1
VE ()= V(o) < € and —Vi(p) < e foranytzsz(log?)
€

q:(s,a

where Ti(a]s) = S~ ars.an Jor all (s, a), and Q(-) only has some problem-dependent constant.
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Proof. The key to our proof is to connect the occupancy measure iterates g; with associated policy
iterates m;. It is straightforward that Theorem 12 continues to hold, with a further restricted the
domain Q. If we set the stepsize 7 in a similar way as in Theorem 12, then for any ¢ = Q(log %),

mac { [Pa- () = aul, Pas ) = Ml IPars (o) = ull® } = Oe).

Let 7} be a policy that is associated with the occupancy measure qm = P+ (g) and 7, be a policy

that is associated with the occupancy measure iterate g, i.e., m(a|s) = % for all (s,a).

We denote (A}, i}) := (Pax(Ae), Par~(1)). Thus,

S5 ) 1) =319
- Y| u - w=

< Zdw: [ae(s ,'qt(szf;;fz; || g (s) N Zdw, llge (s (ZL|(|3;2(_5)QW:(S)|
. ZHqts, ,,; ( 2l |AZ|Qt s)|

< QZ:(%( ) =g H+|Qt s)—q" ()I)

< ‘A' ﬁ\/z o) = 6. 4 VST [ o) i
- 2@;” H

= W la: — Po-(ar) |

where the first inequality is due to triangle inequality, we use the fact: (1 — ~)q™ (s) = dg‘* (s),

d:,rt* (s) < 1, and ||gt(s,-)|| < —Vl_ in the second inequality, the third inequality is due to that

q™ (5), q¢(5) > pmin,» and puin > 0, we apply Cauchy-Schwarz inequality in the fourth inequality,
and finally we combine two square root terms by relaxing the first one in the last inequality.
First, we have

1

Vi (p) = Vi (p) = m d”‘()(m*(al s) —mi(als)) QF (s, a)

< 2de 7 (- | s) = mel- | 8)]ly
(1_“71)2 S dpi (s) (| s) — -1 9)]

where the equality is due to performance difference lemma in Lemma 28, we use Cauchy—Schwarz
inequality in the ﬁrst inequality, and the second inequality is due to ||ar:H1 <d H33||2 for z € RY,

which shows V™ ( ) — V7 (p) < O(y/€). By the optimality of 77, V;™* (p) = V™ (p). Therefore,
VT (p) = VT (p) < O(VVe).

Second, we have

“VEp) = Ve (o) + Vet () = Vit ().
N—— —
@ (i)

Similar to bounding v (p) — V™t (p), we can show that (ii) < O(y/e). By the optimality of 7}, we
have V" (p) > 0. Therefore, =V, (p) < O(\/€).

Finally, we replace the accuracy /€ by € and combine all big O notation to conclude the proof. [J
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Corollary 13 states that after an almost constant number of iterations a policy induced by the last oc-
cupancy measure iterate of OPD is an e-optimal constrained policy for Problem (1). We notice that
recent last-iterate convergence result for convex-concave saddle-point problems [39] is also appli-
cable to Problem (17), which provides the optimal rate without problem-dependent constants. It is
worth mentioning that direct application of such last-iterate convergence results in convex minimax
optimization to constrained MDPs with general utilities [125, 126] and convex MDPs [124, 47] in
occupancy-measure space is also straightforward. We omit these exercises in this paper, and focus
on the design and analysis of algorithms in policy space.

C Proofs in Section 3

In this section, we provide proofs of the claims in Section 3.

C.1 Existence and uniqueness of regularized saddle points
Lemma 14 (Existence and uniqueness). There exists a unique primal-dual pair (7,)\) € II x A

such that L. (7,\) > L, (7,\) > L,(m, ) forany m € Hand \ € A.

Proof. We first re-write the regularized Lagrangian L. (m, \) in terms of occupancy measure ¢ € Q,
1
LimA) = {4 da) + 7 (MG + 33

H(m) = —Z s,a)log Za/(Z(:)a) = H(q).

We next use notation L, (g, \) to represent L, (7, A). We first check that #(¢) is a concave function,

H(agr + (1 — a)gz)

= —§3amsa (1= a)ga(s, a)) log —e 2010 @) + (1= O)a3(5,0)

aza’ Q1(Sval) + (1 - Oé) Ea’ QQ(S,QI)

aq (s, a) (1 —a)ga(s,a)
_ Zaql s,a)log ——""— 0SS 01 (5, ) S’Za(l — a)ga(s,a)log A—a)S, 005, @)

= aM(q)+ (1 —a)H(g2)

\Y)

for any ¢1, g2 € Q and o € [0,1], where the inequality is because of the log sum inequality

(>-;ai)In % ZL < >_; aiIn §* for non-negative a; and b;, and the equality holds if and only if

Q1(57a) o QQ(S,Q)

Za’ q1(87 a/) - Za’ q2(87 CL/)

Therefore, L,(g, A) is concave in ¢ € Q and strongly convex in A € A. We notice that Q is a
polytope and A is a bounded interval. By Sion’s minimax theorem [127], L, (g, A) has a saddle
point (7, A) € Q x A. From the one-to-one correspondence between policy and occupancy measure,
q induces a policy 7 and (7, \) serves as a saddle point of L, (7, \), which proves the existence of
saddle points.

for all s, a.

To show the uniqueness of (7, \) (or (g, \)), it is sufficient to show that L, (g, A) is strictly concave
in ¢ and strictly convex in A. The second argument is straightforward from the strong convexity of
L(g, ) in \. We next show the first argument that L. (g, \) is strictly concave in ¢ for any A € A.
Assume that there are two (different) policies 7; and 7o and the associated two occupancy measures
are ¢ and go. From the concavity of H(q), there is another occupancy measure «g; + (1 — «)go
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that satisfies
Lr(aqi + (1 —a)g, A)
1
= (r+Ag,aq +(1—a)g)+7 (H(afh +(1—a)g) + 2)\2)

=« ((r +Ag @) + TH(q) + %V) +(1-a) (<7" + A9, q2) + TH(q2) + g)\Q)

al (g1, A)+ (1 —a)Ll (g2, \)

where the inequality > has to be strict since 7, and 7o differentiate by at least one state-action pair
(g? a/)’
— | = QI(‘§> ZL) QQ(ga @) = | =
m(als) = = # — = m(als).
Yo 01(5,a") Yo @2(5,a")
Hence, a new policy associated with aq; + (1 — «)g2 can achieve a strictly higher value of the

convex combination of two objective functions, unless g1 = ¢o or « equals either O or 1. Therefore,
L, (g, \) is strictly concave in ¢ € Q for any A € A. O

Let a saddle point of L,(m,A) be 7y = argmax, cgminyea L-(m,A) and \f =
argmin, ¢ , max, ¢ 1 L+ (m, A). Existence of saddle points in Lemma 14 ensures that,

Lo(m,\Y) < Ly(ns,\*) < Lo(r*,A) forall (m,\) € I x A

in which the first inequality implies that for any 7 € II,

Foxsalo) 47 (M) + 5002

T 1 *
2 r+)\:g(p)+7—2()‘ )2

Vi) + 7 (M) + 5002

v

and the second inequality implies that for any A € A,

*

Vi) +r (Hm)+ 532) = V(o4 (MG + 5007)
> V() + A

Combination of two implied inequalities above leads to (5), i.e., (72, \X) is a saddle point of the

original Lagrangian V,™, , /(p), up to two 7-terms.

C.2 Proof of Theorem 2
Proof. We begin with the standard decomposition of the primal-dual gap,
Lo(n7, M) = Lr(me, A7) = Ly(77, M) — Lo (e, Ae) + Lo(me, ) — Lo (m, A7) (19)
® (ii)

and we next deal with (i) and (ii), separately. We notice that

o
H(r) = E Z —~'log 7(ay | st)] = ——— Z d’ (s s)logm(als).
t=0
We note that Q7% y ., (8, @) is a sum of a soft @ value function associated with a composite func-

tion r + A\;g — 7 log 7¢, and —7 log 7;. Because of the boundedness of the soft @ value function and
the eg-restriction on the policy domain A(A), |Q7 5 4., (5,0)] < 2= (1 + T 7)5 +7log|A|) —
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7log (%1 := Cr.¢,¢,. For the term (i),

LT(ﬂ-*a )‘t> - L.,—(7Tt7 At)
= V;-‘:Atg( ) V::iktg( )
T

1—~ > dy(s)mi(al s)logm(als)

s,a

|s)logmr(als) +

= ‘/T‘:f)\tf]‘i‘Td)t (p) - ‘/T:S\tf]‘i‘ﬂl)t (p) B TVJ)‘;T( ) + TVTZrt( )

-1 | s)log7r(a] 1 — s)mi(a|s)logm(als)
1 71'; * T
= ﬁ dp (s) (WT(aIS)—Wt(GIS))QTHtgH%(S?a)
1_ | s)logmi(als) 1_ s)me(als)logmi(als)
i mx(a] s)logi(als) + 1i,y;d?(S)m(aIS)logm(a\S)
= Zd [5) = mo(a ) Q% x g, (5: Zd $)KLi(s
KL, ( KL S
S Zd ( t ) t+1( )> + 77(07-75750 Zd KLt
n(1 =)
—n7)KLi(s) — KLt+1(S)> 2
= d o 8 ( + 77 C(T, € )
zs: ’ n(l—7) (Cré
(1 —n7)KL¢(p) — KLi1(p) 2
= +n CT, €0) ¢
n(l—7) (Creco)
where the first two equalities are because of the entropy regularization H(7), we apply the per-
formance difference lemma in Lemma 28 and :(s,a) = —logm:(a]s) to the third equality,
the first inequality is due to an application of Lemma 27 with z* = 7x(-|s), z = m(-]s),

g = _Q:fkkthrth (s,a)/(1 —7),andn < 1/07'75760'

Similarly, for the term (ii),
L (e, At) — Lz (74, AT)
s Tt 1 1 *
= Vr-ﬁktg( ) ‘/7‘4-,\* ( ) iT(At)Q - 57()‘7)2

* Tt 2 1 *\2
(At - A7')‘/9 (p) + 57()%) - 57—()\7)

1
=X (Vo) +700) = 5700 = A1)
Ar =) = (Af = Ae1)® | L

1
< - ! 2 _ = A _)\* 2
= 277 + 277< 7,5) 27-( t ‘r)
_ (L =n7)(Af = A)* = (M5 = Aer)? + 1 (")
277 277 3

where the inequality is due to the standard descent lemma [128] and V" (p) +7); < ﬁ (1+%) =
Cl ..
3

Using the definition ®; := KL;(p) + (A — \;)?, we combine the two inequalities above to show
that,

IN

(1= nm)®e — (L (77, Ae) = Le (1, A7) + n* max ((Cree0)?, (Cre)?)

(1=n7)®; + 12 max ((Creen)?, (Cpe)?) -

(I)tJrl

IN

31



where the second inequality is due to Lemma 14. If we expand the inequality above recursively,
then,

D < (1—n7r)®@ + n®max ((Cree) ( 4_’5)2)
< (1=07)?®1 + (PP +0°(1 — 7)) max ((Cree) (Cre)?)
<
< (L=gn)' @+ (1 (L4 (L= n7) + (L= n7)* + -+ ) ) max ((Cree)? (Cre)?)
< (=)@ + Lmax ((Cree) (Cre)?)
< eTMtP, + gmax ((07,5760)2,(04’5)2)
which completes the proof. O

C.3 Proof of Corollary 3

Proof. According to Theorem 2, if we take 7 = O(€), n = O(e?), and ¢y = ¢, then &1 = O(e)
for any ¢ = Q(Z% log 1), where Q(-) hides some problem-dependent constant. We next consider a
primal-dual iterate (;, A¢) for some ¢t = Q(Z log ). It is straightforward to check that

KL:(p) = O(e) and %()\:f/\t)Q = Ole).

First, we have
VI (p) =V (p) = VT (p) = Vi (p) + Vi (p) = V™ (p) - (20)
@ (i1)
For the term (ii), because KL;(p) = O(€), we have

.. 1 ﬂ': * Tt
(i) = ﬁgdp (s) (m7(als) —mi(a]s)) Q7 (s,a)

1 o X

< ngdp*(S)H?TT(-IS)—m(-IS)Ill
1 mt

< Wzs:dp (s)v/2KLy(s)

<

1 *
———— 2 dy7(s)KLy(s)
u~m¢¥” il
1
= W vV 2KL(p)
where we use Cauchy—Schwarz inequality in the first and third inequalities, and the second inequal-

ity is due to Pinsker’s inequality, which shows Vi (p) — V™t (p) < O(+/€). For the term (i), if we
take m = 7* in (5), then,

VI (p) = TH(m) < V() + A (Vi () = Vi ()

Meanwhile, if we take A = 0 in (5), then )\:V;: (p) < 0. We notice that the feasibility of 7* yields
V" (p) > 0. Hence, )
i) = V7(p)=Vi"(p) < H().

We now substitute the upper bounds of (i) and (ii) above into (20) to obtain V™ (p) — V.7 (p) <
O(+/€), where we take 7 = O(e).
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Second, we have

— Vo) = Vo (p) + Vi (p) = Vi (p). e2))
(iii) (iv)
Similar to bounding v (p) — V;7t(p), we can show that (iv) < O(y/€). Let Apax := ﬁ For
the term (iii), if we take A = Apnax in (5), then,
* 7": T
*()‘max - )\T)Vg (P) < §(>‘maX)2-

By the definition A} := argmin, ¢ 5 {)\Vgﬁ (p) + %AQ}, there are three values for \X to take:

.
Vg " (p)
—=2—2, 01 0, or Apax as follows

(1) When 0 < — Y@ <\ xr = —YoT®) which shows that Apax — A% > 0;

T

(2) When —Vg%(p) < 0, AX = 0 which shows that A\pax — AX

T

= /\max > O;

(3) When —@ > Amax> Ar = Amax. In this case, using (5) with 7 = 7* leads to
)‘maX(ng* (p) — VgWT (p) < Vi (p) — Vrﬂ* (p) + TH(7]). (22)
Meanwhile, for any saddle point (7*, A\*) € II* x A*, v (p) = V™" (p) < NV (p) —
Vy" (p)), which in conjunction with (22) and V" (p) > 0 yields,

_()‘max_/\*)vgm(f)) < TH(7]).

It is easy to see that we can always take \* < Ap.x. In fact, except for A\* = 0, we know
that )\*Vg”* (p) < 0leads to ng* (p) = 0. By the definition \* € argminy ¢ 5 V;j:)\g(p),
any \* < Apax is a min-max point. Therefore,

(i) < H(r?).

T
()\max - )\*)

By combining three cases above, we conclude that (iii) < O(7) = O(e).

We now substitute the upper bounds of (iii) and (iv) above into (21) to obtain —V*(p) < O(\/e).
Finally, we replace the accuracy /¢ by € and combine all big O notation to conclude the proof. [J
C.4 Zero constraint violation of RPG-PD (6)

Corollary 15 (Zero constraint violation). Let Assumption 1 hold. For small €, there exists 6 > 0
such that if we instead use the conservative constraint Vi (p) > 0 for g = g — (1 — )0, and take

n = 0(e*), 7 = O(e2), and €y = ¢, then the policy iterates of RPG-PD (6) satisfy
x 1 1
VI (p)=V,™(p) < e and =V (p) < 0 foranyt=Q <€6log2 6)
where €(-) only has some problem-dependent constant.

Proof. We apply the conservatism to the translated constraint Vg’r(p) > 0 in Problem (1). Specifi-
cally, for any § < min(&, 1), we let ¢’ :== g — (1 — )¢ and define a conservative constraint,

Vo= Vi(p)—6 > 0.

It is straightforward to see that Assumption 1 ensures that V;t (p) > 0 is strictly feasible for a new
slack variable ¢’ := £ — §. We now can apply RPG-PD (6) to a new regularized Lagrangian,

Lm ) = Viag() + 7 (Wi + 33 )
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and Corollary 3 holds if we replace g in RPG-PD by ¢’. Thus,
7k 1 1
Vi (p) = V™ (p) < e and =V (p) < e foranyt=Q (610g2 )
: € €

where €)(-) hides some problem-dependent constant, and 7} is an optimal policy to the J-perturbed
constrained policy optimization problem,

maxierﬁize V'(p)  subjectto V[ (p) —d > 0. (23)

We notice that the above (-) has £’-dependence and we denote it by =Z(¢’), where Z: Ry — Ry
is a positive function. Thus, we select § such that § > €=(¢’), which is always possible for small

enough e, for instance, § = % and ¢’ = % Hence, if we take § = % and such small ¢, then,

€

Us iy — 1 1
VI) = V) 40 < m@)hmwtzaﬂg%Q)

which shows that V™ (p) > 0 for some large ¢.

The rest is to show that V™" (p) — V;7*(p) < O(e). We notice that 7* is an optimal policy to
Problem (23) when 6 = 0. Let ¢* and ¢} be associated occupancy measures of policies 7* and 7}. In
the occupancy measure space, Problem (23) becomes a linear program and it has a solution gj. Thus,
we can view ¢ as a d-perturbed solution of a convex optimization problem in which all functions
are continuously differentiable and the domain is convex and compact. It is known from [129,
Theorem 3.1] that the optimal solution ¢j is continuous in , which implies that for any € > 0, there
exists &' > 0 such that |(r, ¢*) — (r, ¢%)| < O(e) forany § < &'. Thus, |V,™" (p) — V;"* (p)| < O(e)
for small enough €. Therefore,

VI (p) = Vi (p) < Vi (p) = VI (p) + [V (p) = Vi (p)] < O(e)

for some large ¢. Collecting all conditions on ¢ leads to our final choice of § = min(%, 1,9").

Finally, we combine all big O notation to complete the proof. O

C.5 Reduction of RPG-PD (6) as a NPG variant (7)

We introduce some useful notation in the regularized MDP [52]. Let V.7 (p) := V,", ,(p) + TH ().
We introduce the soft-() value function Q7: S x A — R and V.: S — R via Bellman equations,

Q:(Sv a) = T(S7 a) + )\g(s, a’) + ’VES’ ~ P(-]|s,a) [Vrﬂ(s/)]
V‘rﬂ—(s) = ]Ea~7r(<|s) [—TlOgT((a|S) +Q:(Sva)] :

We also define A7 (s, a) := QT (s,a) — Tlogm(a|s) — V."(s). Hence,

Q:+Ag+7¢(57a) = Qﬁ(&a) - TlOgTF(CL | S)
A:—‘r)\g-‘rTw(S’ a’) = Q:—‘,—)\g-‘m'w (87 a) - V;"TEI—)\Q-&-Td) (S)

where 1(s,a) := —logn(a|s) forall (s,a) € S x A.

Setting €9 = 0, it is easy to show that RPG-PD (6) is a case of (7) in the tabular case by introducing
the softmax policy that is widely used in policy optimization. A softmax policy 7p: S — A(A) is
parametrized by a parameter 6 € R!S!I4 via a softmax function,

exp(fs.q)
> o exp(0s.ar)

With a slight abuse of notation, we also use notation 7y as a vector in RISIAL

mo(a|s) forall (s,a) € S x A.

Lemma 16. Set ¢y = 0. Under the softmax policy parametrization, RPG-PD (6) is equivalent to (7).
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Proof. Dual update (7b) is straightforward. We next show the equivalence for the primal update by
applying the softmax function to both sides of Primal update (7a).

We first notice that F,(6;)" - VoL, (mg,, \e) = F,(0;)" - VoV (p). Thus,

exp(et-‘rl,s,a) = exp(et,s,a) €xXp (77(1 - fy)(Fp(at)T : VQLT(WQH)\t))s,a)

= exp(fs,s,0) exp (nAT" (s, a) +nc(s))

where ¢(s) is an action-independent constant, and the second equality is the property of natural
policy gradient (e.g., Lemma 29). Hence, after normalization over actions and some re-arrangement,
we have

7T9t

eXp(nAr s )+TIC( )

(s,
Y ow o, (a (77 a’) +ne(s ))
exp (nQT (s, ) mlogm (a]s))

> o 7o, (a | s) exp (nQ7" (s, ') — nrlog e, (a' | 5))
exp (anf:Atgwt (s,a)

> o, (@] s) exp (nQ:_’:/\tﬁwt (s, a’))

mo,.,(als) = 7, (als)

= m(als)

= mp,(als)

which is an explicit form of the policy update in (6). Since the above derivation holds in both
directions, the proof is complete. O

C.6 Proof of Theorem 4

Proof. We utilize the decomposition of the primal-dual gap as in (19) and analyze the term (i) and
the term (ii), separately.
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For the term (i), we have

LT<7T*7 >\t) - LT(ﬂ-eﬁ )\t)

= V,,;Atg(p) — Vﬁxg(p)

ﬂ‘gt

s)log i (a| s)mg, (a]s)logmy, (a]s)

= Vv:ﬁ—)\tg+‘r1/1t (p) - Vl“f;\tg+71bt <p> - TVWT( ) + TV Gt( )

s)log mx( +7Zd7r9t s)my, (a]s)logme, (a]s)

= ﬁ Z dZE* (3) (m5(a ] 5) — 70,(a]5) QL% g ru (5:0)

s)logmg, (a|s) s)mg, (a|s)logmg, (a|s)
1 s)log 7} (a | 5" (s)mg, (a| s)log g, (a] s)
1 *
= T2 dp ()(WT(G|S)—W0,,(GIS))¢S@ wy — Zd

A—ﬂMWWWWW%WHmM

KL(s) — KL¢11(s)
Zd ( n(1—7) ) +n(Cw’

fqzﬁﬂgmmmfmmmwmhﬁm<>—%wo
- ngi(s) <(1 — n7)KLi(s) — KLt+1(5)) + n(Cw)?

IN

$)KLy(s

n(l—7)
+——Zd 15) = 70, (a]5)) (@ g7 (5:0) = 00t
(- WT)KLt(P) KL:11(p) 2
B n(1—7) + (Cw)

1 Ty * )
F s Do () (i (al5) =m0, (] ) (QT1 g (5:0) = 9L

where the first two equalities are because of the entropy regularization H (7), we apply performance
difference lemma in Lemma 28 and v;(s,a) = —log 7y, (a | s) to the third equality, the inequality
is due to an application of Lemma 27 with 2* = 75(-|s), = 7, (-|5), g = —¢, ,wy, and
n < 1/Cw, where ¢/ ,w; /(1 — )| < 2W/(1 —5) := Cw. Moreover, the cross term has the

following decomposition,

Zd >—MMMMMAHWQ®—@w0
::Zd (@19 (@ g (0:8) = 91507 ) + 35 () )0 . o — )
(a) (b)

+ 3 di ()il 8L, (w ﬂw+zd $)70,(a]5) (9Law7 = QT gr(5:0))

(c) (d)
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We now deal with the four terms (a), (b), (c), and (d), separately. For the term (a),

@ < D dy (9w (al ) [ Q7L gar, (5:0) = L guf

IN
=
<3

A
Vo)
3

3
IS
V2]

N—

[ V)

QL

* . T, 2
o ($)Unif 4 (a) (Qri”,\mﬁwt (s,a) — ¢;—,aw?>

dy’ (s)m%(al ) . .
Z Unif 4 (a) EQ(wtvetvy )

IN

3

= J|Algg (w6, 0),
where we recall the definition of g (wy, 0, v*). Similarly, we can bound the term (d) by |(d)| <
\/|A|SQ(w;‘, ¢, v*). For the term (b),

O < Y dy (s)mo, (al )6, (we —wp)|

(dp” (s)ma, (a]5))? 7 (s)Unif 4 (a wg —w
- Za: 7 (s)Unif4(a) ;dp (s)Unifa(a) (¢, (wr — w}))
_ (A5 (s)mo,al ) | o
B Z dy” (s)Unif 4 (a) lwe = wills,.

3 dy (s)me, (] s)

< : Jeoe — w13,
v Unif4(a)
2
< Al —wi]l%,
<

2
\/|A|,‘<,U ||wt - w;”Edt,,,’

where we recall the definition of x, to obtain the last line. Similarly, we can bound the term (c)

by [(c)] < \/|A| |lwe — wt*||2zu*. Moreover, the optimality of w; € argmin,, c g Eg(w, b4, dt,)
yields,

(w —w}) " VEo(wy,0:,ds,) > 0, forany |lw| < W
which further implies that for any ||w|| < W,

Eq(w, b1, dy,) — Eq(wy, 0, dy )
= Egay~a,, [ ¢s,aw — Ol aWi 05w = QY5 gty w)ﬂ — Eo(w}, 0, dy,)
@ = 0l,wt)’ ] + 2w = ) By ma, [ B0 (81007 = QT g (5:0)) |
= B~ | (6100 = 0] awt)z} + 2w = w)) Voo (wf, by, dy)
@]

> IE(s a)~dy,

= [w—w; Ilzdt,u :

Therefore,

) < 1Al o= w3, < /1Al (Eq(we, 01, duy) — Eqlwf, 00, dr))-
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With a similar reasoning, we can bound the term (c) by

@ < \/1Alm (Eq(we. br.dry) — Eq(wi.br.dr)).

By applying the upper bounds above to the cross term, and then taking expectation over the random-
ness in w;, we have

E [LT(TF:, /\f) - LT(T(F)w)‘t”

< (=mERL()] ~ERLi (D] | oo +2E{\/|A5Q(w;,9t,u*)
+9E [\/|A|ny (Eo(wr, 4, dy ) — gQ(w;,et,dt,y))]
o (L= mmE[KL(p )]—E[KLm(p)] +(Cw)? + 2\/|A|]E[5Q(wt*,9t,y*)]
+2,/|AlsE[€ <wt,et,dw> Eqwf,01d1.))
< (1—777') [KL:(p)] — E[KL41(p)] () + 2 Ao + 23/ Ao

n

Similarly, for the term (ii),

LT(ﬂ-et? At) - LT(WQM)\:)
. . 1 1,
VIt 0) = Vilylo) + 27N = 2r(A0)?
w 1 1
= =AY () + TR — Sr(?

= (Vgﬂef + T/\f) — %T()\t — \5)?

>\* /\ 2 (M A 1 1 X
< A Sl et g? - Griu- Xy
O AR O A L

where the inequality is due to the standard descent lemma [128] and V;, ** (p)+7); < ﬁ (1+%) =
C;, ¢- By taking expectation over the randomness in wy,

(L= mmE [X; =22 —E [ = Ae)?] | Lo

E[Lr(ma, M) — Lo(mo, X)) < 5 ,

Using the definition E[®;] := E[KL(p)] + $E [(Af — A\)?], we combine the two inequalities
above to show that,

E[®11] < (1=nnE[®] = nE[L (7}, \) — L (e, A7)] + 1° max ((Cw)?, (Cr.¢)?)
+277 V ‘A|5bias + 27] V ‘A|"{u€stat
< (1—nm)E[®;] + n* max ((Cw)2,( e ) + 20/ | Alevias + 20/ | Alky€star,
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where the second inequality is due to Lemma 14. If we expand the inequality above recursively,
then,

E[®i1] < (L=97E[®¢] + n*max ((Cw)* (Cr¢)*) + 20v/[Alevias + 20V | Al st

A

< (L=n7)’E[®1] + (" +n*(1 — 7)) max ((Cw)?, (Cr¢)?)
20 (1 4+ (1= 7)) (VT ATeoa + 2/ AT o)

<

< (1=nn)E[®1]+ (* (1+ (1 —nm)+ (1 —n7)*+...)) max ((Cw)?, (Ch)?)
+2p(1+(1—nr)+ (1 —n7r)2+...) <\/|A|ebias n \/|A‘f<;,,esm>

< (- B8]+ Lmax (Cw)? (Ce) + = (VAT + VAT

2
< e TE[D] + gmaX((Cw)2,( 1)) + - (\/|A|€bias+ \/\A|Hv€swt)

which completes the proof. O

C.7 Proof of Corollary 5

Proof. The proof is similar to the proof of Corollary 3, except that we take the expectation over the
randomness of computing w; via a sample-based algorithm.

According to Theorem 4 and €y = O(e?), ey = O(€?), if we take 7 = O(e) and = O(€?), then
E[®;41] = O(e) forany ¢t = Q (% log £). We next consider a primal-dual iterate (7g, , A¢) for some
t =Q (% log1). Itis straightforward to check that

E[KL(p)] = O() and E[(\ ~A)?] = O(0)
First, we have
E[V7(0) =V 0] = V() =VT ) +E[V () -V (). s
) (i)

For the term (ii), because of KL;(p) = O(¢), we have

E

(i)

1 o * To,
172%@wmw—mmm@<mﬂ

IN
Bl

T L G |9) =70, )]

1 T

< Wzsjdp (s)v/2E[KL(s)]
1 g

< T 2§S:dp (s)E [KLy(s)]
1

= W QE[KLt(p)}

where we use Cauchy—Schwarz inequality in the first and third inequalities, and the second inequal-
ity is due to Pinsker’s inequality and Jensen’s inequality, which shows E {fo (p) — Vi (p)} <
O(y/e). For the term (i), if we take 7 = 7* in (5), then,

VI (p) = TH(mn) < V(o) + N (Vi () = Vi (0).
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Meanwhile, if we take A = 0 in (5), then )\:Vgﬂi (p) < 0. We notice that the feasibility of 7* yields
th”*(p) > 0. Hence,

@ = V() =V (p) < TH(m).
We now substitute the upper bounds of (i) and (ii) into (24) to obtain E [ V™ (p) — V" (p)] <
O(y/€), where we take 7 = O(e).

Second, we have

E[-V7"(0)] = —Vi () +E[V57(0) = Vi (0) ] - (25)

Similar to bounding E [ v (p) = Vir’ (p) } , we can show that IE [(iv)] < O(4/e). For the term (iii),
we can show that (iii) < O(7) = O(e) in a similar way as dealing with (iii) in (21).

We now substitute the upper bounds of (iii) and (iv) above into (25) to obtain £ [—ngt (p)] <
O(Ve).

Finally, we replace the accuracy /¢ by € and combine all big O notation to conclude the proof. [J

C.8 Zero constraint violation of inexact RPG-PD

Corollary 17 (Zero constraint violation). Let Assumptions 1-2 hold and €y, €vias = O(€) for small
€ €9 > 0. For small €, there exists § > 0 such that if we instead use the conservative constraint
Vi(p) = 0forg =g — (1 — )4, and take the stepsize n = O(e*) and T = ©(€?), then the policy
iterates of inexact RPG-PD satisfy

* Y e 1 1
E [Vf (p) — Vg et(p)} < eand E[-V]"(p)] < 0 foranyt=0Q (6log2>
€ €
where §(-) only has some problem-dependent constant.

Proof. We apply the conservatism to the translated constraint Vg”(p) > 0 in Problem (1). Specifi-
cally, for any § < min(&, 1), we let g’ := g — (1 — ~y)§ and define a conservative constraint,

Vo= VJi(p)—4d = 0.

It is straightforward to see that Assumption | ensures that VgT,” (p) > 0is strictly feasible for a new
slack variable £ := £ — §. We now can apply inexact RPG-PD (8) to a new regularized Lagrangian,

Lm0 = Vo) + 7 () + 302

and Corollary 5 holds if we replace g in inexact RPG-PD by ¢’ and €, €pias = O(es) for small
€ > 0. Thus,

Ty T oy 1 1
E[ 7o (p) = Vi (p) | < € and E[—V,G‘(p)} < e foranyt:Q(EC)log2 )

9 €
where Q(-) has some problem-dependent constant, and 75 is an optimal policy to the J-perturbed
constrained policy optimization problem,

maxinl_}ize V.™(p)  subjectto V"(p) —d > 0. (26)
e
We notice that the above €2(-) has £’-dependence and we denote it by =Z(¢’), where =: Ry — Ry

is a positive function. Thus, we select § such that § > €=(¢’), which is always possible for small
enough e, for instance, § = % and ¢’ = % Hence, if we take § = % and such small ¢, then

m ™ — 1 1
E [—Vg,e‘ (p)} = E[-V,"(p)] + 0 < €E(¢) foranyt=Q (661og2 6)

which shows that E [ngt (p)] = 0 for some large t.
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The rest is to show that E [Vf* (p) — Vi (p)] < O(e). We notice that * is an optimal policy
to Problem (26) when § = 0. Let ¢* and ¢ be associated occupancy measures of policies m*
and 73. In the occupancy measure space, Problem (26) becomes a linear program and it has a
solution ¢5. Thus, we can view ¢} as a d-perturbed solution of a convex optimization problem
in which all functions are continuous differentiable and the domain is convex and compact. It is
known from [129, Theorem 3.1] that the optimal solution g} is continuous in §, which implies
that for any e > 0, there exists ¢’ such that [(r,¢*) — (r,¢})| < O(e) for any 6 < §’. Thus,

V7" (p) — Vi (p)| < OC(e) for small enough e. Therefore,
B[V () =V ()| < B[V o) =W ()| + IV () =V (p)] < 0

for some large ¢. Collecting all conditions on ¢ leads to our final choice of § = min(%, 1,4").

Finally, we combine all big O notation to complete the proof. O

C.9 Sample-based inexact RPG-PD algorithm

We generalize the inexact RPG-PD to be a sample-based algorithm that only takes sample-based
estimates. We propose a sample-based RPG-PD with linear function approximation as follows,

T, (-]s) =  argmax {Zﬂ(alswlawt1KL(7T(-|8)me,,(~|S))} (27a)
n(1s)eA@) | Tq ' n

~x 1
Mp1 = argmin{A(Vg o (p)+mt) + (A—At)2}, (27b)
AEA 2n

where w; and ng (p) are the sample-based estimates of NPG directions and value functions. It is
standard to assume that there exists a policy simulator that generates policy rollouts for any given
policies [49]. At time ¢, we can estimate w; by solving the regression problem Eqg(w, 8;,d;,) =
E(s,a) ~ ds.., [( Iaw — Q™ (s,a))?] with Q™ (s,a) = Q:i‘/\thrwt (s, a) via a projected stochastic
gradient descent (SGD) method,

k+1 k k
wyt = Pluj<w (wf —aGy)

where k£ > 0 counts the number of SGD iterations, and Gf is a sample-based estimate of the
population gradient V,,Eq (w, 8¢, dy ,.),

k T wk—Qr
Gi = 2 (¢s,awt - Qrikthr’”/’t (S’a)) Ps.a-

From the projected SGD result [130], we use a weighted average m EkK:_é (k + 1)w? as our

w. We note that Q:j_”/\t -, (s,a) is a sum of a soft-) value function associated with a com-
posite function r + \;g — 7logmy,, and —7logmy,. Thus, we can estimate the value function

Q:it/\t R (s, a) using policy rollouts in Algorithm 2, which provides an unbiased estimate and it

has bounded variance [131],

AT
E [er-t)\tg-ﬂ—-rwt (87 a‘)

where the expectation E is taken over the randomness of drawing (s,a) ~ d;,. Another value

sa] = QU (s0) and B[GE] = Vuqluk,iduy)

function V" (p) can be estimated using policy rollouts in Algorithm 3, E [V;et (p) } =V, (p),

which is also unbiased and has bounded variance [23]. Hence, simply replacing all population
quantities in inexact RPG-PD by their sample-based estimates leads to a sample-based inexact RPG-
PD that is detailed in Algorithm 1.

We are now ready to establish the sample complexity of Algorithm 1 by exploiting the projected
SGD result [130].

Corollary 18 (Sample complexity of inexact RPG-PD). Let Assumptions 1-2 hold. Assume %, =
Es,a)~w [gi)s,agb:’a] > kol for any state-action distribution v and some ko > 0. If we take the
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Algorithm 1 Sample-based inexact RPG-PD algorithm with log-linear policy parametrization

1: Input: Learning rate 1, number of SGD iterations K, SGD learning rate «.
2: Initialize 8y = 0, A\g = 0,

3: fort=0,...,7T—1do

4:  Initialize w) = 0.

5 fork=0,1,..., K —1 do
6: Estimate Q:ﬁ/\tﬁwt (s, a) for some (s,a) ~ d;,,, using Algorithm 2 with policy 7, .
7 Perform projected SGD step with oy, = m

wf+1 = Pluj<w (wf — 20 ( ;rawf — Q:fﬁ)\tg+wt(s,a))¢s)a) .

8: end for K1
9: Setwt:ﬁzkzo(kﬁ’l)wf

10:  Estimate V, ** (p) using Algorithm 3 with policy g, .
11:  Perform inexact RPG-PD update,

R 1
To, ("]s) = argmax {ZW(alleawt—KL(?T(-IS),M(-IS))}
m(-1s)eA@) | g n
A = Pa((L=nmA =0V (0) ).
12: end for

Algorithm 2 Unbiased estimate ()

1: Input: Initial state-action distribution v, policy 7, dual variable ), regularization parameter 7,
discount factor ~.

2: Sample (sg, ag) ~ v, execute the policy 7 with probability ~ at each step h; otherwise, accept
(Sh,ap) as the sample.

3: Start with (s, ay), execute the policy 7 with the termination probability 1 — /7. Once ter-
minated, add all composite values v*~)/2(r + \g + 71)) from step k = h + 1 onwards and
—1logm(an | sn) as QL/\ngw(sh, ap).

4: Output: (s, ap) and Q:+Ag+‘r'¢)(sh’ ap).

Algorithm 3 Unbiased estimate V'

1: Input: Initial state distribution p, policy 7, discount factor ~.
2: Sample sy ~ p, execute the policy 7w with the termination probability 1 — «. Once terminated,

add all utilities up as V" (p).
3: Output: Vg“ (p).
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stepsize 1 < 1/Cyy, then the primal-dual iterates of sample-based inexact RPG-PD in Algorithm 1

satisfy

OW,{,T,EO |A‘K/u
T K+ 1

where Cyy :=2W/(1 —7), Cwie r.e, := 8(W +2/(£(1 — 7)?) + 7(21log | A| + | log 60\)/((1 —

V)?€)) /Ko, and C ¢ := (1 +7/€)/(1 = ).

E[®i1] < e "E[®1] + L max ((Cw)? (CLe)?) + [Aletis

Proof. The proof is based on the proof of Theorem 4. Additionally, we have to take the randomness
of sample-based estimates into account and bound the statistical error €y, using the projected SGD
result [130]. We first check all conditions of the projected SGD [130] are indeed satisfied by the
SGD step in Algorithm 1: (i) The domain ||w|| < W is convex and bounded; (ii) The gradient G
is an unbiased estimate of the population gradient; (iii) The minimizer of £q(w, 04, d,,) is unique,
since g, , > Kol for some kg > 0; (iv) The squared norm of the estimated gradient G,’f is bounded
or the gradient has bounded variance. To show (iv), it is sufficient to check that

E[[[o]utnaut]’] < E[Jolubul” [ofl] < w2

] E [ (e ))2 ||¢>s,a||2}
| (@srn 50|

where we use the boundedness of ||wf|| < W and ||¢ 4| < 1. We notice that |r 4+ \yg| <
By [131, Lemma 3.5], we know that

@] < (R () o(et)

where the first two terms in the upper bound is due to the variance of soft-() value function, and
the last term is due to |logmg,| < |log ‘%M for m5, € A(A). Hence, the estimated gradient G¥

has bounded second-order moment (or variance), which verifies (iv). From the projected SGD re-
sult [130], if the SGD stepsize o, = then

IA

AT
E |: Her-tktg"rth (87 a)¢s,a

IA

(€13 ’v)&

2
k+2°

2
2 7(2log |Al+|logeo))
6 (W+ =7 T (- )% )

N _ % <
E[gQ(wt79t>dt,u) 5Q(wt79tudt,u)] > Ho(K—Fl)

which leads to |/€g < AWH2/(60— ﬁ)QHIf b(g;illt‘ log EOI)/((17W)2£)). Substituting the bound
Ko
of /€t into the proof of Theorem 4 yields our desired result. O]

Corollary 18 states a similar result as Theorem 4. The effect of using sample-based estimates to
update inexact RPG-PD appears as the number K of SGD steps at each time ¢t. Thus, we can
interpret the iteration complexity in Corollary 5 in terms of the number of SGD steps by taking
st = O(€8), i, K = Q( ). Thus, whenever ey, = O(€®) for small € > 0, if we take (n, 7) in

Corollary 5 and K = (%) for Algorithm 1, then,
* Uy s 1 1
VT (p) = Vr et(p)} < eand E[-V;"(p)] < € foranyt=Q <6log2 )
€ €

where €)(-) only has some problem-dependent constant. In other words, the total number of policy
rollouts or sampled trajectories tK = (2 ( 14) is required for Algorithm 1 to output an e-optimal
constrained policy. Furthermore, the zero ‘constraint violation in Corollary 17 can be interpreted
similarly. When e is small enough, we can design a conservative constraint such that the policy
iterates of Algorithm 1 satisfy V™ (p) — V™ (p) < e and V" (p) > 0 for some ¢, K that sat-
isfy tK = Q) ( E%) This appears to be the first sample-based zero constraint violation result for
constrained MDPs in the function approximation setting. We leave achieving the optimal sample
complexity as future work.
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D Proofs in Section 4

In this section, we provide proofs for the claims in Section 4.

D.1 Preliminary last-iterate analysis of OPG-PD (9)

To measure the proximity of the primal-dual iterates of OPG-PD (9) to the optimal pair (7*, A*), we
introduce the following two distance metrics O, and (; at time ¢ > 1,

et Zdﬂ' |7Tt ) - PH* (frt( | S))||2 + 1(;\,5 - PH* (5\0)2
Zdﬂ )7 [8) = me—a (-] )H + T6()\t Ni—1)?

G Zd ) lresaCls) = ()P + 5 Ghes = A

. 1 3
=) 2O () lImele) = Rl + 50 = 30
and a problem-dependent constant ¢,

22|41 89%V/]A 1 4
L = max<( P 7 \/ﬁfﬁp (1+ (1_7)2€2>7 ( ) (28)

1—7)5" (1—79)S 1—7)3

Lemma 19. Let the optimal state visitation distribution be unique, i.e., dj = d;)r* Sfor any ™ € 1I*.
If we set the stepsize n < 1/(4+/1), then the primal-dual iterates of OPG-PD (9) satisfy

@t+1 < @t — T’76Ct forallt Z 1. (29)

Proof. We begin with the standard decomposition of the primal-dual gap at time ¢ > 1,
r7r+)\tg( ) V:l)\* ( ) = rTjr)\tg( ) ‘/;"7{0:)\,51( ) Vr:t)u,g( ) V:l)\* (p) (30)
() (i)

and we next deal with (i) and (ii), separately.

For the first term (i),

Vr’fmg( ) = Viiag(P)

= ﬁ S d (5)(m*(as) — mla] $)QT (5 0)
- 1% Z dy (s)(m*(a]s) = Fesr(a]$)QTy, (s, a)
Zd )(Tet1(als )_Wt(a|5))Q::>\lt,lg(37a)

Zd (Fa(al9) = mia]9) (Qny (s, 0) = QT ()

IN

1 - N R 2 . 2 .
+Wzs:dp (s) <||7Tt+1(~|8)—7rt('\8)|| = [1Fea (- [8) = me(- [ )7 = Nlme(-]s) — 7e(:s)]

Zd )(Fi1(als) —m(als)) (Qrﬂfg(s a) — ijrxlt 1g(5 a))
(€29
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where the first equality is due to performance difference lemma in Lemma 28, the second equality
is because of some re-arrangement, the inequality is from an application of Lemma 24 to 41 (- | $)
and (- | 5):

Y (@ (als) = fira(al $))Q (5, a)

a

=< 2177 (Hw (18) = 7)1 = 117 (C18) = Fegr (1912 = [1Fesn (-] s) — ﬁt(.|s)”z>

S (resa(als) - mlal QT4 (5.0)

< %(Hﬁﬂrl("s) — #1(19)|1° = [[Fe1 Cls) — me(-]9) |7 = [Ime(-|s) — 7o (|9)| )

Similarly, we deal with the second term (ii) with some re-arrangement, and apply Lemma 24 to 5\t+1
and )\,

Vi e = Vi, (p) = A=AV (p)
= A=A )V 7 (0) + (Ao — A1) (VI (p) — Vg4 (p)
+ A1 — AV (p)
3 (G =0 = (s =202 = O = 3?)
(/\t A1) (Ve (p) = V= (p))

o (OF A0 = O = A = (er A2

IN

2n
(32)
On the other hand, from Lemma 25, we have
[FeaC1s) = mC Il < 0@ (s = QT (33)
and .
(A=Al < nlVy(p) = Vit (). 34
Hence,
Zd (Feealals) = milal9) (QF, (5 @) = QL ,(5.0))
2
< ”Z dﬁ HQH-MQ ) - Qr-t‘r_/\ltqg(s’ )Hoo
* s 2 Tt — 2
< WX o (o -re0e t<s7~>\!m + H@M W)= Q)
< e M) 1+ mas (- |5) — 7 - )2
= (1=q)2 252 < ¢ 1
2n 2 4777 Hp 2
< W(At_)\t_l) 1+ = 252 Zd s) me(-|s) = m—1(-| )3
4n 3 \2 3 2
< =2 (()\t — )"+ ()\t —Ai-1) )
8my* VI Alk . 3 A
L (14 524576 (It 19) = AL+ 0l |5) = mams L))
where the first inequality is due to Cauchy—Schwarz inequality and (33), we subtract and add
Q:_i ;g and apply the inequality (x+y)? < 22242y in the second inequality, the third inequality
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is due to Lemma 22 and the boundedness of value functions and dual variables, the fourth inequality
comes from the property of r,, and the last inequality is due to the inequality (z +y)? < 222 + 2y?

and the inequality ||p — p'|[; < /|A]|lp — p'||, for two probability distributions p and p’. Mean-
while, using a similar reasoning, we can derive that

(At — )\t+1)(Vﬂ’() Vit p)

(V’”( )~ v;”*(p)f

IN

IN
/P—ﬂ\
Q.

5
|
3
L
&
F
~—

(V)

IN

i GZ( ) I 5) = miaC )L )
K A
2" "o 'Zd’f (nm [8) = 7 LI+ e[ 8) = mea [ 8)]7)

IN

where the first inequality is due to Cauchy—Schwarz inequality and (34), the second inequality is
due to Lemma 22, the third inequality is an application of Cauchy-Schwarz inequality, and the
last inequality is due to the inequality (z 4+ y)* < 222 + 2y? and the inequality ||p — p'[|, <

V|Alllp — p'||, for two probability distributions p and p'.

We set notation,

o 2K2|A| 872MH 1 4
om0 () )

(T=7)0" (1=9)° =)

After applying the established inequalities above to (31) and (32), we combine them into (30) as,

Viing(P) = Vit (0
3= 2 O (17 C19) = R = 19) = FesaC I = W 15) = et 1))
a3y 28 O (119 = R = e 19) = mC [ = It 1) =l 1)
+ 30 (e =302 = G =207 = = 407?)

3 (O = A0 = O = A = G = op?)
Fme = A% 4 (A = A1)

F S  6) (Iret19) = 7+t 19) = 9IF).

We notice that V)7, )\ s(p) = Vil 5.,(p) = 0 and non-expansiveness of projection operators Pr-,

r4+A*g
,PA*y
[P (o1 (-19)) = Fea ([l < [l7(-[s) — Feqa (- [ 9)]
petion—sua < [
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for any 7* € II* and A\* € A*. If we take 7% = P+ (74(- | 5)) and \* = Py« (\;), then after some
re-arrangement, we have

Zdﬂ IPa- (e 19) = 7t (1P + 5(Pas Gas) = Aesa)?
37 2o 56 P e 0) = a9+ 5P ()= e
Zd’f )IPa- G 19) = FaCI)IE + 5 (Pas () = 3o)?

37 2 (1) = w9 = 50 = AP
- <2< ) S @19 R~ (5 o

+nLZd" VA 18) = mema 1)) + 72 = o)’

where we also use the assumption dg* = dj forany m € II*. By taking n?L < % and using notation
@t and Ct, we have ®t+1 < @t — %Cﬁ O]

To show the convergence, we next relate (; with ©;,1. An intermediate step is to show that (; has
the following lower bound.

Lemma 20. Let K, = max(;=%, 1). If we set the stepsize n < min((ZX‘)g, (12; ), then the
primal-dual iterates of OPG-PD (9) satisfy

PILAC () (lIme(- 1) = 7ul- [ )]

|
: V() = VS (0)]

1 1s) = ml 1)) + (1A= M+ 1A = A )
2

2 9:2 x 3 Jor all (777)\) a (7ATt+175\t+1)-

o7 (maxs (- 18) = Fpa (- [)ll+ A = Ao

Proof. From the optimality of 7,1 (- | s) in OPG-PD, we know that for any = € II,

(@1 (-[8) = Tl 8), 7(-[8) = Fuga (-] 5))
M@ ix,g(8,), ([ 8) = Fuga(-]9))
= Q1 (5,7 [8) = Feaa(-8) + mQT o (5,7) = QTR o(5,), 7 | 8) = Fera (-] 9))

Y

r+At+19
QI (5.~ QT (5,.7(-18) = Fupa -] )

(35a)
Similarly, from the optimality of 7; 11 (- | s) in OPG-PD, we know that for any 7 € II,

(Ti41(-18) = Fer1 (| 8), w(- | 8) = meg1 (- [ 5))

Y

Q7 ag(8:),m(-[8) = miga (-] 5))

= QN g (5 ) 18) = maa([9)) + QT4 (5,7) = Qi (s,), ([ 8) = miga (-] 5))

QI (8,) = QE5 (50,7 8) = maa (-] 9))-
(35b)
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On the other hand, from the optimality of 5\t+1 in OPG-PD, we know that for any A € A,

Aep1 = A)A = A1) = gV (p)(Aegr — A)

= Vg () esr = A) + (Vg () = Vg (0)) her = A)
(36a)
and the optimality of A\;;; in OPG-PD yields,

Mt = M)A = A1) > V7 (p)(Aer — A)

= Vg ()N = A) + (VT (0) = V5 (0) Aer = A)
(36b)

First, we take the expectation of (35a) over some state distribution dg on both sides and add it
to (36a),

Zd )(Fera(-|s) = (- [8),7(- | 8) = Fipa (- [8)) + (Mg — M)A = Aiga)

> 15 D@L, ) ) = R ]9)

T+>\f,+1g
zyr HQE y o (5:7) = QEitl (5,), (| 8) — Faga (-] 5)
ZW WQTA (5,0 = Q7 (5,),7(|8) = Fesa (-] 5))

r+At+19

+WT“@MMH—AM+mwwm—VT“@m&H—A>

T Tet1
| (VHMIQ(p) - Vrmﬂg(p))
n s e Tiq1 ~
- %@MQHNA&)ngxA&ﬂLJﬂ¢$waﬂW$m
"7 Tt41 ﬁ't 1 ~
e IAC] CATHERRTAVINED [LADEE BT
0V (0) (Aerr — A) — 0V (p) — VI (0)| Avsr — Al
> (Vi) = VI ) + 0V (o) (e = A)
A A
—d7ﬁ;ngxwx>—mﬂ NS 1) = FraaC 191

Zd” YA = Aega| (- | 8) = 7ea (-] 9)l
nF‘-/P\/ ‘A Zdﬂ

Y7 (-[8) = Fea (-] s)]| ‘/\t-i-l )\‘

(37
where the second inequality is due to performance difference lemma in Lemma 28 and Cauchy-
Schwarz inequality, and the last inequality results from Lemma 22 and the inequality ||p — p'||;

V|Alllp = p'||, for two probability distributions p and p’. By using the inequality ac + bd <

AN
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(a+b)(c+d)fora>0,b>0,c>0,and d > 0, with some re-arrangement, we have

(max 17 5) = Fga(-[9)] + [A = Avsa]) %

L“ ) (2 Il 19) = A 19+ 22 vt 9) — w19
et = Al T Al
> max|m(-|s) = Fea(-|5) l?vzdz%s)x
(125 el =t >+(’”'v')3||m1<| ) = w19+ s A= Al
+|i_xt+1l<|&t+1 it|+”"pmzdr ) e (- 5) = (- | 9)]
> maxlt-19) ~ a9 24500

1. n7| A .
(1_Wllm+1(-|5)—7r( |'s )H+( ) max |1 (- 8) = (- | 5 )H+( )QIAt At+1|)

. “ H\/A
A= Aea] | A1 — )\t|+np | Zdﬂ ) 7 (- )—Wt('|5)||>

> (Vi 00 = Vi)
where the second inequality comes from the property of x, and the last inequality is straightforward

from (37). We take n > 0 such that max ((1 |:?)|3 , (1"'{7)3) S 7, )

If we take the square of both sides of the inequality above, then the second product argument has
the following upper bound,

2
@dz*(s) (I 19) = e 191+ 222 i 19) = 9 + e =l + (1”_"“’;)3|Atit+1|>

2
< (Z a5 (5) (Iesa19) = 1)+ 5 e 19) = me 1)) + Bews = el + 51 - Mn)
° 2
< (Zd” ) (119 = 791+ 3 T >m<~|s>||)+|itit|+‘;’|xt&+1|>
2
< ( Zdﬂ (lme(- )frt<~|s>+||frt+1<~|s>m<-|s>||>+‘;’(|At&t|+|AtXm))

IN

9Zd’“ ) (el 19) = 71 9) 4+ 1 ([ 8) = 7ol [9)7) +9 (1A = Al + e = Ao )
where we use the inequality (x + y)? < 222 + 2y? and Jensen’s inequality. [

Recall the definition of x, and k, < 1/pmin, Where pyin := ming p(s).
Lemma 21. Assume pyin > 0. For any t > 1, the primal-dual iterates of OPG-PD (9) satisfy

T frt+1
V7.+5\t+1g(P) - Vr-‘,—)\g(p)

up i .
melxeA max, |[m(-|s) = A1 (-] 5)]] + A = Apqa]

= Cpe <Zd ) 1741 18) = Pree Fean ([ ) + [Aer = 7’A*O\t+1)|>
where Cp ¢ := cpmin/(24/|S||A])/(1 + 1/((1 — ¥)&)) in which ¢ > 0 is described in Lemma 26.

49



Proof. Denote V* := ﬁ:»g(P) and Doy 1= MaXy /e AN ea(maxg [|7(-|s) —7'(-]s)[| +
|A — X'|). We observe that if we can prove that there exist constants c¢;, c2 > 0 such that

max V7 (0) = VT2 1A st — Pas (i) (38a)
V- mnin VIS; 2 szd $) 1741 (-[8) = Pux (Feqa (- [ 9))]] (38b)

then,

T T4
Vr+5\t+1g(p) - Vr+/\g(p)

sup ~ -
melAeA maxg ||7(-[s) = Fp1 (-] s)]| + [A = Aesa]
1

> T _ 1T
R S Vs = Vi35 ()

_ 1 * 1 Tt41
=5 (?&%w(p)‘v) * o (V- i 00)

max

min(c ,c - o \ A
> A <Zd MAee1(15) = Pre (Fear ([ )] + [Adegr — Pas ()‘t+1)|>

max

min(cy,c2)

which proves the lemma by taking C), ¢ := —5—

We next prove (38) using the bilinear game result in Lemma 26. By the linear program formulation
of constrained MDP, we can express the value function in terms of the occupancy measure ¢”, e.g.,
V% 5g(p) = (¢", 7+ Ag), where ¢™ is the occupancy measure that lives in a polytope Q that is given
by (15). Hence, the constrained saddle-point problem (3) reduces to,

maximize minimize (¢",r + A\g) = minimize maximize {(¢",r + A\g).

aximize minimize (¢, 9) nimize maximize (", 7+ Ag)

We notice that the game value keeps the same as V'* that is achieved at (q“* , A¥), where q" is the
occupancy measure under the policy 7*. Let the set of occupancy measures associated with IT* be
Q*. According to Lemma 26, we know that there exists a constant ¢ > 0 such that

mgxg(q”, r+Ag) —V* > A —=Pa(N)] (39a)
e

V= min(¢", 7+ Ag) > cllg” —Po- (¢l (39b)
It is more straightforward to see (38a) from (39a) if we take A = 5\t+1 and ¢c; = c. We next

show (38b) using (39b) by taking 7* (-

Zd” ) Im(-1s) =7 (-|s)]l

s) to be the policy associated with Pg- (¢™),

Zdw*(s)”qﬂ(s") —q" (5 )|am ) S dr(s) g™ (s, )| lg™(s) = 4™ ()]

= 24 ) % TG o)
=55 lrte) el pIRACEC )

< S (|- s e -0 o)

< m\/gnqw(s,»—qﬂ*(s,~>||2+W >l (s.0) = ()P
_ 2VISIALY ~

- Wuq”—%wqm
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where the first inequality is due to triangle inequality, we use the fact: (1 — 4)g™ (s) = dl’;* (s),

d;’* (s) <1,and Hq”* (s,-) H < 1 in the second inequality, the third inequality is due to that ¢™ (s) >
Pmin, and we apply Cauchy-Schwarz inequality in the last inequality. Hence, we can further lower
bound (39b),

. - > T (o™
1% /{ng/{(q T+ Ag) > cllg" —Po-(q")]l
C,omln
> s) —m*(-|s)]|
IS Al Z
cpmln
. Z )l 1) = P (- )

|S]IA]
which yields (38b) usin, = —Chmin_
y (38b) g C2 ov/I5]1 4]
Finally, we combine all selected constants and take Dy = 1 + W to conclude the proof. [
Lemma 22. For any policies © and 7', we have

|@rc. —Q:’<-,->Hm .

T

e RACIL DRIy

max 7(-[s) —="(- )|,

Ve (p) = Vi (o)l

Proof. By the Bellman equations, for each pair (s, a),

Qr(s,a) = r(s,a) + 4y P(s'|s,a)m(a’ | s)QF (s, a)
s’ a’

QF (s,0) = r(s,a) + > P(s'|s,a)7'(a'|8)QF (s',a).
s’ a’

Hence, for each pair (s, a),

Qi(s,0) = QF (sa)l < 7Y P(s'[s,0) (@ [8)QF(',0') — 7'(a'| Q] (+',)

s’,a’
< 7Y P80 n(@]s) - 7@ )] QF (')
s’,a’
+’VZP "Is,a)w (d'|$')|QF (s, a') — QT (s, d)
s’,a’
’y T 7T/
< g maxnls) =Ll + v [Qre ) - Qr e
which yields the first inequality.
To show the second inequality, we employ the performance difference lemma to show that,
/ 1 u '
Ve (o) = Vi ()l < m dg(s)lm(als) —n'(a] s)||lQg (s, a)|
Zd” )l (-[s) = 7'(-1 )y
Zd” )l (-1s) = 7'(- [ s)lly
where we replace d7 by d7" using the inequality ||d7 /d7"|| < k,/(1—~) for any policy 7 €
1L O
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D.2 Proof of Theorem 6

Proof From the non-increasing relation (29) in Lemma 19, we have
1 ¢ 16 16

Zd ) 1Fe41(ls) = me(-ls) 1 + 5()\t+1—)\t)2 < G < 7@t < 7@1-
Meanwhile, from Lemma 20, we obtain that
1 .
G = *Zd M (1s) = [9)I + 7 (e = A)?

i ;dﬁ*@) (o1 18) = 7 19 + el ) = -1 9)]1)

+% ((3\t+1 M)+ (A — 5\15)2)

1 ~
Z = Zd Ve (-1s) = me(-| S)||2 + Z(Atﬂ —M\)?
g1 2
772 sup |:V;“+S\t+1g(p) - ‘/;"+)\g(‘0):|+
36K2  » . R 2
Kp~ymellLAe A (maxs Ilm(-|8) — 7epr (-] 8)|| + |X— /\t+1|>
1 ~
2 ’Zd ) 1Tt (-] )—7w,(~|s)||2 + Z(Atﬂ—)\t)Q

36 2 (Z dy () 1Ae+1 (-1 8) = P (Fea ([N + (Aer — Pae (5\t+1))2>

20/
> 1-— in (2
> 7) min ( 92 ) O 41

Py

where the third inequality is due to Lemma 21, the inequalities: (z + y)? > 22 +y% for z, y > 0,
and dl’;* (s) > (1 — 7¥)Pmin, and C;7£ =(1- ’Y)Cz,gpmin- Hence, the relation (29) reduces into,

7 77720/
@t+1 < @t—( W)mln 8 36/{2 @t+1

which implies that ©; is decreasing to zero at an exponential rate. O

D.3 Proof of Corollary 7

Proof. According to Theorem 6, if we take the same stepsize 1), then for any ¢t = Q(log %),

3=y 20 P (el 1) = &I = O(0) and SPaGo) = A = 0.

Let #7(-|s) := Pr«(#:(-|s)) and A} := Pa+(\). Because of the interchangeability of saddle
points from Lemma 9, (7}, A}) is a saddle point in the set II* x A* for any ¢ > 0.

First, we have

VI (p) Vi) = Zd’“ (77 (als) = Fi(a] ) Q7' (s, 0)

< i Qde 7y (-] s) — 7 (-[s)ll;
< %Zdzws)nﬁzus)ffrt<~|s>u
<

M ¢Zd ) =] 9)1?
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where we use Cauchy—Schwarz inequality in the first and third inequalities, and the second inequal-
ity is due to ||z|, < Vd|z|, for z € R?, which shows v (p) — VT (p) < O(\/€). By the
saddle-point property of (4}, A}), 77 is also an optimal constrained policy, i.e., v (p) =V (p).
Therefore, V;* (p) — V7 (p) < O(y/e).

Second, we have

Vi) = V) + Vi ) = V).
N—— —_—
@ (i)

Similar to bounding Vi (p)— V7t (p), we can show that (i) < O(,/€). By the saddle-point property
of (&1, AF), Vgt (p) > 0. Therefore, —Vi(p) < O(Ve).

Finally, we replace the accuracy /€ by € and combine all big O notation to conclude the proof. [J

D.4 Zero constraint violation of OPG-PD (9)

Corollary 23 (Zero constraint violation). Let Assumption 1 hold and the optimal state visitation
distribution be unique, i.e., dj = d;“* Sfor any w € 1I*, and ppyin, > 0. For small €, there exists § > 0
such that if we instead use the conservative constraint V., (p) > 0forg =g— (1—7)d, and take
the stepsize n from Theorem 6, then the policy iterates of OPG-PD satisfy

. N N 1
VI (p) =V,"(p) < e and =V (p) < 0 foranyt= <log2 6)
where §(-) only omits some problem-dependent constant.

Proof. We apply the conservatism to the translated constraint Vg”(p) > 0 in Problem (1). Specifi-
cally, for any § < min(&, 1), we let ¢’ := g — (1 — ~y)d and define a conservative constraint,
Vg = Vi(p)—6 > 0.

It is straightforward to see that Assumption 1 ensures that V;,” (p) > 0is strictly feasible for a new
slack variable £’ := £ — §. We now can apply OPG-PD (9) to a new Lagrangian,

L/(ﬂ-v )‘) = V;‘Tzr)\g’(p)
and Corollary 7 holds if we replace g in OPG-PD by ¢'. Thus,

71_* ~ ~ 1
Ve (p) = V™ (p) < O(e) and — V7' (p) < O(e) foranyt = <log2 )
€

where €)(-) hides some problem-dependent constant, and 7} is an optimal policy to the J-perturbed
constrained policy optimization problem,

maxienﬁize V.™(p)  subjectto V'(p) —d > 0. (40)

We notice that the above €2(-) has some problem-dependent constant Y > 0. Thus, we select § such
that § > €Y, which is always possible for small enough e, for instance § = % and ¢’ = % Hence, if
we take § = % and such small ¢, then,

. . 1
~Vo'(p) = —=Vj(p) +6 < €Y foranyt=Q <1og2 )
€

g

which shows that V7 (p) > 0 for some large ¢.

The rest is to show that V™" (p) — V,7*(p) < O(e). We notice that * is an optimal policy to
Problem (40) when 6 = 0. Let ¢* and ¢; be associated occupancy measures of policies 7* and
m5. In the occupancy measure space, Problem (40) becomes a linear program and it has a solution
g;. Thus, we can view ¢j as a J-perturbed solution of a convex optimization problem in which
all functions are continuous differentiable and the domain is convex and compact. It is known
from [129, Theorem 3.1] that the optimal solution ¢j is continuous in §, which implies that for any
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¢ > 0, there exists ¢’ such that |(r, ¢*) — (r, )| < O(e) forany § < &'. Thus, [V;™ (p) — Ve (p)| <

O(e) for small enough €. Therefore,

VI () = Vi) < VT () = Vi () + [V (p) = Vi ()] < O(e)

for some large t. Collecting all conditions on § leads to our final choice of § = min(%, 1,4").

Finally, we combine all big O notation to complete the proof. [

E Other Computational Experiments

In this section, we report details of our experimental setup and additional experimental results that
verify merits and effectiveness of our methods: RPG-PD (6) and OPG-PD (9). We implement

RPG-PD in the form of NPG [49] and the restricted probability simplex A(A) by restraining policy
parameter to be bounded.

To properly assess the convergence performance, our experiment is a tabular constrained MDP with
a randomly generated transition kernel, a discount factor v = 0.9, uniform rewards € [0, 1] and
utilities g € [—1, 1], and a uniform initial state distribution p. The constraintis V" (p) > 0. To check
feasibility, we employ the standard policy iteration procedure to solve a standard MDP problem with
respect to V7 (p). If feasible, we then solve a linear program in occupancy-measure space to find the

optimal reward value V,,.”* (p) at an optimal policy 7* induced by the optimal occupancy measure.

Throughout all experiments, the random seed is fixed and VT,”* (p) takes the value 8.16 at an optimal
policy 7*.

We compare our methods RPG-PD and OPG-PD with three typical learning algorithms in the con-
strained MDP literature: (i) primal-dual methods [23, 29]; (ii) dual methods [28, 24, 34]; and (iii)
primal method [77]. We have reported our comparison for primal-dual methods in Section 5 and
Figure 1. We now report our comparison experiments on other two baseline methods: (ii) dual
methods [28, 24, 34] and (iii) primal method [77], in Section E.1. In addition, we showcase the
last-iterate zero constraint violation performance of our methods in Section E.2, and conduct sensi-
tivity analysis of our methods to regularization and stepsize in Section E.3 and Section E.4, together
with a variant of OPG-PD and policy-based ReLOAD [40]. All the experiments were conducted on
an Apple MacBook Pro 2017 laptop equipped with a 2.3 GHz Dual-Core Intel Core i5 in Jupyter
Notebook.

E.1 Last-iterate convergence comparison with other baselines

We report our comparison for dual methods in Figure 4. We notice that dual methods [28, 24, 34]
work in a double-loop fashion, where a (regularized) NPG subroutine is executed to perform the
dual update. To make a fair comparison, the number of dual updates and the number of NPG steps
are set to be 53 and 20 to ensure that dual methods take the same number of policy gradient updates:
1060, as RPG-PD and OPG-PD, and we evaluate all policy iterates inside the NPG subroutines of
dual methods.

In Figure 4, RPG-PD (--) and OPG-PD (—) outperform PMD-PD [24] (- -), AR-CPO [28] (-—-),
and Accelerated Dual [34] (----) in several aspects. First, we see that the known oscillation behavior
in primal-dual methods also shows up in these dual methods, which could result from that we can’t
exactly evaluate the search direction of the dual update via a NPG subroutine. Thus, dual methods
can be viewed an instantiation of two-time-scale methods in which the primal update performs faster
than the dual update. Regarding this, RPG-PD and OPG-PD show outstanding performance in
suppressing oscillation behavior. Second, since RPG-PD and OPG-PD are single-time-scale primal-
dual methods, it is easy to tune algorithmic parameters compared with double-loop dual methods.
For instance, in Accelerated Dual, it is relatively difficult to find a set of algorithmic parameters that
avoid the sub-optimal performance in Figure 4. Third, OPG-PD reaches the maximum reward value
8.16 and RPG-PD converges to a slightly smaller reward value because of regularization, while
both methods enjoy the utility constraint satisfaction in the last-iterate fashion, which seems to be
difficult for dual methods because of oscillating utility values. Hence, using the same number of
policy gradient updates, we have verified that OPG-PD and RPG-PD also can outperform several
dual methods by yielding an optimal constrained policy in the last-iterate fashion.
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Figure 4: Convergence performance of RPG-PD, OPG-PD, and dual methods. Learning curves of
our RPG-PD (--) and OPG-PD (—), and PMD-PD [24] (- -), AR-CPO [28] (--), and Accelerated
Dual [34] (----) methods. The horizontal axes represent the policy iterations {7 }; > ¢ that are gener-
ated by each method and the vertical axes mean the value functions of the policy iterates {m; }; > o
reward value V™t (p) (Left) and utility value V™ (p) (Right). In this experiment, for RPG-PD and
OPG-PD, we use the stepsize n = 0.1 and the regularization parameter 7 = 0.08 for RPG-PD,
and the initial distribution p is uniform. For PMD-PD, AR-CPO, and Accelerated Dual, we use the
stepsize n = 0.1 for the dual update, the regularized NPG stepsize a = 1, and the regularization

parameter 7 = 0.08, and the uniform initial distribution p.

We report our comparison for a primal method in Figure 5. In Figure 5, RPG-PD (- -) and OPG-PD
(—) outperform CRPO [77] (—-). We notice that although CRPO [77] works in a single-time-scale
fashion as RPG-PD and OPG-PD, the policy has to be updated by alternatively using the gradient
directions of reward/utility value functions. To ensure constraint satisfaction, CRPO often switches
between the gradient directions of reward/utility value functions depending on the amount of con-
straint violation. As a result, we see that CRPO reaches a slightly lower reward value than OPG-
PD’s, and the constraint satisfaction is relatively conservative and has mild oscillation behavior. In
contrast, OPG-PD achieves the maximum reward value 8.16 and RPG-PD converges to a slightly
smaller reward value because of regularization, while both methods enjoy the utility constraint satis-
faction in the last-iterate fashion. Last but not least, we have supported RPG-PD and OPG-PD with
a policy last-iterate convergence theory, while such theory is unknown for CRPO as far as we know.
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Figure 5: Convergence performance of RPG-PD, OPG-PD, and primal methods. Learning curves
of our RPG-PD (--) and OPG-PD (—), and CRPO [77] (-—) methods. The horizontal axes repre-
sent the policy iterations {7, }+ > o that are generated by each method and the vertical axes mean the
value functions of the policy iterates {;}; > o: reward value V;™(p) (Left) and utility value V" (p)
(Right). In this experiment, for RPG-PD and OPG-PD, we use the stepsize = 0.1 and the regu-
larization parameter 7 = (.08 for RPG-PD, and the initial distribution p is uniform. For CRPO, we
update the policy via the NPG step with stepsize 17 = 0.1 and the uniform initial distribution p.
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E.2 Last-iterate zero constraint violation comparison

In this experiment, we continue our previous tabular constrained MDP with a random transition,
a discount factor v = 0.9, uniform rewards » € [0, 1] and utilities g € [—1, 1], and an uniform
initial state distribution p. Instead of the nominal constraint V;"(p) > 0, we use a conservative
constraint V7 (p) > 0 in RPG-PD and OPG-PD, where ¢’ := g — (1 — 7)d is a conservative
utility function and § is the conservative parameter. To get zero constraint violation regarding the
nominal constraint, we apply RPG-PD and OPG-PD to the conservative constraint V,"(p) > ¢
where we take the conservative parameter ) = 0.1. As above, we compare conservative RPG-PD
and OPG-PD with three typical learning algorithms in the constrained MDP literature: (i) primal-
dual methods [23, 29]; (ii) dual methods [28, 24, 34]; and (iii) primal approach [77]. We report
our comparison for primal-dual methods in Figure 6, for dual methods [28, 24, 34] in Figure 7, and
for primal approach [77] in Figure 8. We observe that conservative RPG-PD and OPG-PD achieve
similar performance regarding the oscillation suppression and the optimality of reward values as
shown in Figure 1, Figure 4, and Figure 5. Interestingly, in Figure 6, Figure 7, and Figure 8, RPG-
PD and OPG-PD converge to a utility value that is strictly above zero, i.e., V™ (p) > 0 for large ¢,
which is not guaranteed in many of other methods. To sum up, we have confirmed that RPG-PD and
OPG-PD can ensure zero constraint violation of instantaneous policy iterates in a finite number of
training time.
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Figure 6: Convergence performance of RPG-PD, OPG-PD, and primal-dual methods. Learning
curves of our RPG-PD (--) and OPG-PD (—), and NPG-PD [23] (--) and PID Lagrangian [29]
() methods. The horizontal axes represent the policy iterations {m;};>( that are generated by
each method and the vertical axes mean the value functions of the policy iterates {m; }; > o: reward
value V,™(p) (Left) and utility value V" (p) (Right). In this experiment, we apply RPG-PD and
OPG-PD to a conservative constraint Vg7r (p) > 0, and we take the conservative parameter 6 = 0.1,
the same stepsize 7 = 0.1 for all methods, the regularization parameter 7 = 0.08 for RPG-PD, and
the uniform initial distribution p.

E.3 Sensitivity of RPG-PD (6) to regularization and stepsize

In this experiment, we use our previous tabular constrained MDP with a random transition, a dis-
count factor v = 0.9, uniform rewards r € [0, 1] and utilities g € [—1, 1], and an uniform initial state
distribution p. The constraintis V" (p) > 0. We recall that when we set the regularization parameter
7 = 0, RPG-PD becomes a policy-based primal-dual method [23] that often suffers the oscillation
issue as shown in Figure 1. However, larger regularization usually bias regularized methods more to
sub-optimal solutions. Hence, it is important to reveal how the last-iterate convergence of RPG-PD
depends on the regularization parameter 7 and the stepsize 7).

We first repeat executing RPG-PD with a fixed stepsize = 0.1, but varying three different reg-
ularization parameters 7 € {0.1,0.05,0.01}. In Figure 9, RPG-PD damps initial oscillations suc-
cessfully for 7 = 0.1 and 0.05, and oscillates for 7 = 0.01. When we decrease 7 from 0.1 to 0.05,
the reward value RPG-PD converges to becomes higher, and the utility value’s oscillation is slightly
amplified initially, but damped eventually. When 7 is further reduced to 0.01, although the reward
value reaches a value around the optimal reward value 8.16, the utility value behaves oscillating.
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Figure 7: Convergence performance of RPG-PD, OPG-PD, and dual methods. Learning curves of
our RPG-PD (--) and OPG-PD (—), and PMD-PD [24] (- -), AR-CPO [28] (--), and Accelerated
Dual [34] (----) methods. The horizontal axes represent the policy iterations {7 }; > ¢ that are gener-
ated by each method and the vertical axes mean the value functions of the policy iterates {m; }; > o
reward value V™ (p) (Left) and utility value V" (p) (Right). In this experiment, we apply RPG-
PD and OPG-PD to a conservative constraint Vg“(p) > 0, and we take the stepsize n = 0.1, the
conservative parameter § = 0.1, the regularization parameter 7 = 0.08 for RPG-PD, and the ini-
tial distribution p is uniform. For PMD-PD, AR-CPO, and Accelerated Dual, we use the stepsize
1 = 0.1 for the dual update, the regularized NPG stepsize & = 1, and the regularization parameter

7 = 0.08, and the uniform initial distribution p.
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Figure 8: Convergence performance of RPG-PD, OPG-PD, and primal methods. Learning curves of
our RPG-PD (- -) and OPG-PD (—), and CRPO [77] (—-) methods. The horizontal axes represent
the policy iterations {m;};>¢ that are generated by each method and the vertical axes mean the
value functions of the policy iterates {7 }+ > o: reward value V;™*(p) (Left) and utility value V,"*(p)
(Right). In this experiment, we apply RPG-PD and OPG-PD to a conservative constraint V" (p) >4,
and we take the conservative parameter 6 = 0.1, the stepsize n = 0.1, the regularization parameter
7 = 0.08 for RPG-PD, and the initial distribution p is uniform. For CRPO, we update the policy via
the NPG step with stepsize 17 = 0.1 and the uniform initial distribution p.

A reason for this is that RPG-PD with a relatively small regularization parameter (compared to the
stepsize) works as usual un-regularized single-time-scale primal-dual methods. Hence, increasing
the regularization parameter, 7 = 0.1 can accelerate the convergence and attenuate the oscillation
more effectively, although it makes the reward value more sub-optimal, which is also clearly shown
in Figure 10.

To demonstrate the convergence of RPG-PD’s policy iterates, we measure the policy optimality gap
via the squared norm distance of policy iterates to an optimal policy 7* that is obtained from an
occupancy-measure-based linear program. From the optimality gap in Figure 10, we see that three
policy optimality gaps decrease sublinearly to some constants in the logarithmic scale plot, which
verifies the sublinear last-iterate convergence of RPG-PD’s policy iterates in Theorem 2. Hence, we
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conjecture that it is impossible to improve the order of RPG-PD’s sublinear rate, without introducing
new algorithmic design.

To reduce the oscillation behavior, we repeat this experiment with a smaller stepsize n = 0.01 as
suggested by Corollary 3. We report our result in Figure 11 and Figure 12. The oscillation in the
utility value previously happened for 7 = 0.01 becomes less frequent, and the best reward value is
achieved in this case. A noticeable loss is that the convergence has been slowed down, apparently
in Figure 12. Hence, we have shown that balancing the stepsize and the regularization parameter
(e.g., Corollary 3) is important for RPG-PD to achieve better oscillation attenuation and last-iterate
convergence in practice.
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Figure 9: Convergence performance of RPG-PD with regularization parameter 7: (7 = 0.1, —),
(r =0.05,--), (r = 0.01, ----). The horizontal axes represent the policy iterations {m; }; > ¢ that are
generated by RPG-PD and the vertical axes mean the value functions of the policy iterates {7, }; > o:
reward value V;™(p) (Left) and utility value V" (p) (Right). In this experiment, we fix the same
stepsize n = 0.1 and take the regularization parameter 7 among 0.1, 0.05, and 0.01, and the uniform
initial distribution p.
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Figure 10: Convergence performance of RPG-PD with regularization parameter 7: (7 = 0.1, —),
(t = 0.05, —-), (r = 0.01, ----). The horizontal axis represents the policy iterations {m; }; > ¢ that
are generated by RPG-PD and the vertical axis means the policy optimality gap that measures the
distance of the policy iterates {7 };> ¢ to an optimal policy 7*: > _||m¢(- | s) — 7*(- | 5) ||%. In this
experiment, we fix the stepsize n = 0.1 and take the regularization parameter among 0.1, 0.05, and
0.01, and the uniform initial distribution p.
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Figure 11: Convergence performance of RPG-PD with regularization parameter 7: (7 = 0.1, —),
(tr = 0.05, --), ( = 0.01, ----). The horizontal axes represent the policy iterations {m; }; > ¢ that are
generated by RPG-PD and the vertical axes mean the value functions of the policy iterates {7 }; > o:
reward value V™ (p) (Left) and utility value V™ (p) (Right). In this experiment, we fix the same
stepsize 7 = 0.01 and take the regularization parameter 7 among 0.1, 0.05, and 0.01, and the
uniform initial distribution p.
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Figure 12: Convergence performance of RPG-PD with regularization parameter 7: (7 = 0.1, —),
(r = 0.05, --), (t = 0.01, --). The horizontal axis represents the policy iterations {7}, > o that
are generated by RPG-PD and the vertical axis means the policy optimality gap that measures the
distance of the policy iterates {7 }; > o to an optimal policy 7*: 3" _ ||m;(-| s) — 7*(-| s)[|*. In this
experiment, we fix the stepsize 7 = 0.01 and take the regularization parameter among 0.1, 0.05, and
0.01, and the uniform initial distribution p.

E.4 Sensitivity of OPG-PD (9) to stepsize

In this experiment, we use our previous tabular constrained MDP with a random transition, a dis-
count factor v = 0.9, uniform rewards r € [0,1] and utilities g € [—1,1], and an uniform initial
state distribution p. The constraint is V;"(p) > 0. We repeat executing OPG-PD by varying three
different stepsizes € {0.05,0.1,0.2}. To demonstrate the optimality of OPG-PD’s policy iterates,
we measure the policy optimality gap via the squared norm distance of policy iterates to an optimal
policy 7* that is obtained from an occupancy-measure-based linear program. To demonstrate the
optimality of OPG-PD’s policy iterates, we measure the policy optimality gap via the squared norm
distance of policy iterates to an optimal policy 7* that is obtained from an occupancy-measure-based
linear program. From the policy optimality gap in Figure 2, we see that three policy optimality gaps
decrease linearly in the logarithmic scale plot, which verifies the linear last-iterate convergence of
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OPG-PD’s policy iterates in Theorem 6. Furthermore, in Figure 13 we show the optimality of OPG-
PD’s policy iterates by plotting the optimality gap |V, (p) — V,™*(p)| and the constraint violation
[Vt (p)|, where V™" (p) = 8.16. We see that the optimality gap and the constraint violation both
decay asymptotically in linear rates in spite of some oscillations, and larger stepsize enjoys faster
convergence. It is worth mentioning that, these descending oscillations actually show that value
functions are approaching the optimal ones. Hence, we have verified the linear last-iterate conver-
gence of OPG-PD’s policy iterates in Theorem 6 using a range of constant stepsizes.
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Figure 13: Convergence performance of OPG-PD with stepsize n: (n = 0.05, ----), (n = 0.1, —-),
(n = 0.2, —). The horizontal axes represent the policy iterations {7}, >( that are generated by
OPG-PD and the vertical axes mean the optimality of the policy iterates {7, }; > ¢: optimality gap of
reward value |V (p) — V™ (p)| (Left) and constraint violation of utility value [Vt (p)| (Right). In
this experiment, we take the stepsize n among 0.05, 0.1, and 0.2, and the uniform 1nitial distribution

p-

Last but not least, we extend this experiment for a variant of OPG-PD that is based on the multi-
plicative weights update (MWU). We call this variant as an optimistic multiplicative weights update
primal-dual (OMWU-PD) method which maintains two sequences for policy and dual variables

each: {m;};>1 and {7y }; >1 for the policy-player, and {\;};>1 and {S\t}t > 1 for the dual-player,

Teo1 1 .
m(-|s) = argmax <Y w(a|s)Qr)  (s,0) — —KL(r(-|s),7i(:|9))
w(-|s) € A(A) a n (41a)
1
T -ls) = argmax m(a|s)Qr! s,a) — —KL(7(-|s), (- | s
t+1(-]s) [ Cremax za: (a]5)Q7 5, 4(s ) p (m(-15), 7e(- | ))}
. 7, 1 {2
Ae = argmin AV (p) + — (A= \)
AEA 277 (41b)
. 1 .
Aty1 = argmin{/\Vgﬂt(p) + (/\_/\t)z}
AEA 2n

where 7 is the stepsize and (g, A\g) = (7o, Ao) € II X A is the initial point. OMWU-PD con-
currently works with two primal iterates and two dual iterates, which is similar to OPG-PD. The
only difference is that Primal update (41a) works as the NPG or MWU updates [23, 54], instead
of the projected (Q-ascent [58, 65], which is also different from the one-step optimistic MWU in
policy-based ReLOAD [40].

To further investigate the applicability of optimistic gradient methods, we execute OMWU-PD in the
same setting and report our result in Figure 14 and Figure 15. We see that the policy optimality gaps
decay sublinearly in Figure 14, and the optimality gap and the constraint violation asymptotically
decay in sulinear rates in Figure 15. As a comparison, we repeat the same experiment for policy-
based ReLOAD [40], which is different from our OMWU-PD in using one-step optimistic gradient
updates. In Figure 16 and Figure 17, we observe sublinear decay of policy optimality gap, optimality
gap and constraint violation, where are similar as shown in Figure 14 and Figure 15.
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The empirical results from two MWU-based optimistic primal-dual algorithms are suggestive. First,
MWU-based optimistic algorithms can also have policy last-iterate convergence to an optimal pol-
icy. Second, convergence rates of MWU-based optimistic algorithms look slower than OPG-PD’s
under the same constant stepsize, which we leave as an immediate future work to establish sublinear
convergence rates for MWU-based optimistic primal-dual algorithms.

o
<
&0
2 104
b=
<
g
B=!
o,
S
>
Q
8
o
[a W
100 4

0 250 500 750 1000 1250 1500 1750 2000

Iteration

Figure 14: Convergence performance of OMWU-PD with stepsize : (n = 0.05, ---), (n = 0.1, —-),
(n = 0.2, —). The horizontal axis represents the policy iterations {m;};>( that are generated by
OMWU-PD and the vertical axis means the policy optimality gap that measures the distance of the
policy iterates {7 }; > ¢ to an optimal policy 7*: > KL(7*(-|s), (- |s)). In this experiment, we
take the stepsize 17 among 0.05, 0.1, and 0.2, and the uniform initial distribution p.
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Figure 15: Convergence performance of OMWU-PD with stepsize 7: (n = 0.05, ----), (n = 0.1,
—-), (n = 0.2, —). The horizontal axes represent the policy iterations {7}, > o that are generated
by OMWU-PD and the vertical axes mean the optimality of the policy iterates {m; }; > ¢: optimality

gap of reward value |V™ (p) — V,7(p)| (Left) and constraint violation of utility value Ve (o)l
(Right). In this experiment, we take the stepsize 77 among 0.05, 0.1, and 0.2, and the uniform initial
distribution p.

F Supporting Lemmas

In this section, we collect some lemmas that are helpful to our analysis.

61



o
<
en
2 1014
p—
<
g
=
o
)
>
Q
5
o
[aW}
100 4

0 250 500 750 1000 1250 1500 1750 2000

Iteration

Figure 16: Convergence performance of policy-based ReLOAD [40] with stepsize 7: (n = 0.05,
), (n = 0.1, =), (n = 0.2, —). The horizontal axis represents the policy iterations {7 }; > ¢ that
are generated by ReLOAD and the vertical axis means the policy optimality gap that measures the
distance of the policy iterates {7 }; > o to an optimal policy 7*: > KL(7*(-|s),m(-|s)). In this
experiment, we take the stepsize 17 among 0.05, 0.1, and 0.2, and the uniform initial distribution p.
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Figure 17: Convergence performance of policy-based ReLOAD [40] with stepsize n: (n = 0.05,
), (n = 0.1, —-), (n = 0.2, —). The horizontal axes represent the policy iterations {7}, > ¢ that
are generated by ReLOAD and the vertical axes mean the optimality of the policy iterates {7; }; > o:

optimality gap of reward value |V™ (p) — V™ (p)| (Left) and constraint violation of utility value
[V7t(p)| (Right). In this experiment, we take the stepsize 7 among 0.05, 0.1, and 0.2, and the
uniform initial distribution p.

F.1 Lemmas in optimization

For any convex differentiable function ¢): X — R, the Bregman divergence of z, ' € X is given

by Dy (2',z) = ¢(2') — ¢¥(z) — (Vip(x), 2" — x). When ¢ is o-strongly convex, Dy (2', z) >

Z |l — ||? for any 2/, x € X. Specifically, when t(z) = 3 (e Dy(z',z) =1 2" — z||%.

Lemma 24. Let X be a convex set. If v’ = argming ¢ x (%, g) + Dy (Z, x), then for any x* € X,
<$/ - x*ag> < Dw(l'*,x) - D¢($*,I,) - Dw(x',x).

Proof. See [38, Lemma 10]. ]

Lemma 25. Assume that Dy (z,2') > 1 ||z — x’||§for some Y andp > 1. If

x1 = argmin (Z, g1) + Dy(Z,2) and xo = argmin (T, g2) + Dy(Z, z)
TEX zEX
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then
o1 =22, < llgr = g2ll,
1 1 _
where > + i 1.

Proof. See [38, Lemma 11]. O

Lemma 26. Let X C R™ and Y C R" be polytopes and M € R™*™ be a matrix. Then, there
exists a problem-dependent constant ¢ > 0 such that

max z' My' —V* > cl|lz — Px-(2)]

y' ey
* : NT
V= min (2') My = clly —Py-(y)]
where V* is the game value,
V* := minimize maximize ' My = maximize minimize 2' My
reX yey yey reX

and (X*,Y™) is the set of minimax optimal strategies.

Proof. See [38, Theorem 5]. O

Lemma 27. Let X C A(A) be a convex set and g be a bounded vector in R4l If 2/ =
argming ¢ x (Z,9) + %KL(:E7 x), then for any x* € X,

KL(z*,x) — KL(z*, z)

(x—2%,g) < +n Z xa(ga>2
n acA
where 1 satisfies ng, > —1 for a € A.
Proof. See [132, Theorem 2]. O

F.2 Properties of policy gradient

Lemma 28 (Performance difference lemma). For any two policies  and 7', and any state sy,

™ w’ 1 i
Vv (50) -V (50) = ﬁESNd%EaNW(-H) |:A (S,CL):|

Proof. See [49, Lemma 3.2]. ]

Lemma 29 (Regularized PG and NPG under softmax parametrization). Let an entropy-regularized
value function be V" (p) := V.7 (p) + 7H(w), and define QF: S x A — Rand V': S — Rvia
Bellman equations,

Q:(s,a) = T(S7a)+)‘g<saa)+7Es’~P(-|s,a)[VTW<S/)]

VTﬂ—(S) = EaNTr(-,\s) [—TlOgﬂ'(a‘S) +Q:(s,a)]
Let a parametrized policy be Ty for some parameter 6 € R, If the policy my is differentiable and
Y amolals) =1, then,
VI (p) 1

= o . . ATe
9054 1_7dp (s)-mo(als)- AT(s,a)

1
— () malal9) (@F(s,) ~ Tlogma(al )
forall (s,a) € S x A, where AT?(s,a) := QT (s,a) — Tlogmg(a|s) — V. (s). Moreover, if the
policy 7y is in form of the softmax function mg(a | s) = %for all (s,a) € S x A, then

(O VoV ()] = AT () + <)

s,a 1-— Y
where c(s) is an action-independent constant.

Proof. See [52, Lemma 6]. O]
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