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Abstract— The tensor completion problem is to fill-in unob-
served entries of a partially observed tensor. However, past ap-
proaches to tensor completion either achieved the information-
theoretic rate but lacked practical algorithms, or proposed
polynomial-time algorithms that require an exponentially-larger
number of samples for low estimation error. In this paper,
we develop a novel tensor completion algorithm to tackle
this challenge by achieving both provable convergence (in
numerical tolerance) in a linear number of oracle steps and
the information-theoretic rate. We formulate tensor completion
as a convex optimization problem constrained using a gauge-
based tensor norm and provide proofs of properties of this
norm including its computational complexity and tensor rank
surrogacy. We formulate this norm such that linear separation
problems over the gauge unit-ball can be solved using integer
optimization. This enables the use of Frank-Wolfe variant
to build our algorithm. We demonstrate effectiveness of our
method using experiments with simulated data and with an
application towards providing low-computation predictions of
battery storage flows that may be beneficial in billion-device-
scale integration of electromobility systems with the grid.

I. INTRODUCTION

A tensor is a multilinear operator, and it can be represented
as an array of numbers referenced by multiple indices.
For a tensor ¢y € R of order p, we use , :=
Uxy....x, 1O refer to an entry corresponding to the indices
x = (x1,...,xp), where x; € [r;] and [s] := {I,...,s}.
Furthermore, we define parameters: p = >;r;, ©# = []; ri,
and R = [r{] X --- X [r,]. Though matrices are special cases
of tensors, problems like computing rank, singular values,
and nuclear norm for tensors with p > 3 are np-hard [1].

In this paper, we address one such difficult problem called
tensor completion. Here, a small subset of tensor entries are
observed — possibly with noise. Under an assumption of low-
rankness, the problem is to fill-in the remaining, unobserved
entries — and remove noise, if any. Some applications of
tensor completion include recommendation systems [2], [3],
information diffusion [4], nonparametric regression [5], com-
puter vision [6], [7], [8], bioinformatics [9], [10] and control
systems [11], [12].

A. Related Work

The information-theoretic rate for estimation error in ten-

sor completion is +/k - 3,; r;/n, where: k is tensor rank, r;
is the i-th dimension of the tensor, and n is the number
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of samples [13], [14], [15]. Past work has studied tradeoffs
between computational complexity and this rate. [16].

Initial work on tensor completion used decomposition
methods based on cp and Tucker decomposition [17]. Other
approaches accounted for robustness to outliers and data
corruptions [18], [15], or imposed fixed-rank constraints
[19]. Alternative approaches used various tensor norms as
a convex surrogate for tensor rank [14], [20], [21]. Our
approach falls into this last category, where we give a new
construction of the nuclear-co norm [22] using a gauge
function to allow the use of integer optimization.

Past approaches to tensor completion are computationally
efficient without achieving the information-theoretic rate
and rely on heuristics to compute non-certifiably optimal
solutions for NP-hard problems, where optimal solutions (if
found) theoretically achieve the information-theoretic rate
[19], [20], [15]. Some specialized tensor completion algo-
rithms have successfully achieved the information-theoretic
rate in practical computation time, such as rank-1 nonneg-
ative tensor completion formulated as conic optimization
with exponential constraints [5], symmetric tensor com-
pletion using a variant of the Frank-Wolfe algorithm [23]
and two-stage non-convex optimization [24], and first-order
optimization methods leveraging integer optimization for a
weak separation oracle in nonnegative tensors [25], [26].

B. Contribution

Our algorithm does not assume tensor properties like non-
negativity or symmetricity and works for general tensors.
It is guaranteed to reach a global optimum in a linear
(in the required accuracy as represented in bits) number
of oracle calls, where the oracle solves a weak separation
problem using integer optimization and a heuristic. More
importantly, it attains the information-theoretic rate, i.e., data
efficiency, while finding optimal solutions on instances of
general tensors of sizes up to 10*7 within minutes.

The main idea behind our algorithm is to define the tensor
completion problem using a gauge norm constructed using a
convex polytope with its vertices as rank-1 tensors. We relate
the gauge norm to tensor rank and analyze the norm’s compu-
tational and statistical complexities in relation to Np-hardness
and low Rademacher complexity, respectively. Consequently,
the tensor completion problem using gauge norm is also Np-
hard to solve to arbitrary accuracy. Nevertheless, since the
formulation is a convex optimization problem, we design an
algorithm using a Franke-Wolfe-like first order method called
Blended Conditional Gradients (BCG) [27]. We construct
a weak separation oracle for BCG using an integer linear
optimization formulation and deploy an additional heuristic
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to accelerate the computation of oracle calls.

C. Going from Nonnegative to General Tensors

This paper extends an approach for nonnegative tensors
[25] to general tensors, which we explain below is a nontriv-
ial generalization. The key idea in [25] was to define a gauge
norm using a 0-1 polytope representing the convex hull of
rank-1 nonnegative tensors with {0, 1} entries. The polytope
was such that linear separation problems over it could be
written using integer linear constraints. For illustration con-
sider the set {£ = [1;_, vk : v € {0,1}}. Its linearization
{:0< ¢ < v, v +(1 —p) < v € {0,1}} is easily
possible since ¢ = 0 if any single vy = 0, and ¢ = 1 if
all v = 1. The natural generalization of this idea, pursued
in this paper, is a gauge norm using a polytope that is the
convex hull of all (general) rank-1 tensors with entries +1.

However, for the new set {¢ = [I{_ vk @ v € {1, +1}}
satisfies ¢ = +1 if an even number of v = -1, and ¢ = -1
if an odd number of vy = —1. Hence, the linearization is

fundamentally different, more challenging, and requires new
computational design and theoretical analysis.

General tensors also have well-posedness issues that do
not occur for nonnegative tensors. In particular, the best low-
rank approximation problem is not well-posed for tensors
[28]. In contrast, the best low-rank approximation problem
is well-posed for nonnegative tensors [29]. Given these
phenomena for general tensors, there is a technical challenge
in determining whether a specific gauge norm, as defined
above, can act as a convex surrogate for the rank of tensors.

D. Applications to Electromobility and Battery Storage

Increased use of renewable energy and the rapid growth of
electric vehicles (EVs) has introduced new complexities in
energy grid management, namely integration of consumers
who store surplus energy to share with the grid [30]. This
has resulted in a bidirectional and dynamic energy flow,
making grid management more intricate. EVs serve as a
prime example, as they both consume significant energy and
can store and reinject surplus energy into the grid [31].

Making predictions of electricity demand, generation, and
storage is beneficial to optimal operation of the grid, but
scaling model estimation and predictions to billion-device-
scale systems is challenging because of the high computa-
tional burden of typical nonparametric models (e.g., random
forests, neural networks). Here, we propose the use of tensor
completion to construct nonparametric models because they
have extremely low computation requirements for prediction.
Indeed, these use of tensor completion for regression has
been previously considered for bioengineered systems [5].
Here, we use household energy storage data from Ireland
[32] to demonstrate a proof of concept in this direction.

II. PRELIMINARIES

By definition, a rank-1 tensor can be written as the tensor
product of vectors, that is ¢ = ®£:1 %), where %) ¢
R"¢. Equivalently, each tensor entry is ¢x = Yy, ... x, =

Z:l Hgi), where 9&’? is the xi-th element of vector #%) for

any index value x; € [rx]. When obvious, we will use 6,
instead of 6’5(]?. Let 8, be the set of rank-1 tensors such that
each entry of the tensor has absolute values less than or equal
to 1 e R;:

Bi={Y ¥y =A-TI}_, x> O, € [=1,1] for x € R}. (1)
Then, the rank of a tensor is defined as:

rank(y) = min{q | ¥ = ZZ:I yk ke B, for k € [q]},

and its cp decomposition is given by = folf(w) k.

The tensor completion problem we consider begins with
n observations of the tensor, which are denoted by the pairs
(x(i),y(i)) € R xR for i € [n]. Here, y(i) is the (possibly
noisy) observation of the tensor entry ;. We note that
the x(i) are assumed to be independent and identically
distributed in our model, which means that any given entry
of the tensor may be observed multiple times within the n
observations. Our approach is to solve the tensor completion
problem using a least squares formulation:

¥ € argmin ; 3 (¥ = ) @)
st [Ylle < 4

where the constraint uses a gauge norm ||y || defined below.

III. GAuGE NorM FOR TENSORS

We construct a norm for general tensors using a gauge
function [33], [34], [25]. Let S, be the set of rank-1 tensors
such that each entry of the tensor has an absolute value of
some A € R,:

Sy={y ¢y = A-TIE_, Ox,. Oy, € {~1.1} for x € R}. (3)

Proposition 1: The convex hulls of the sets 8, and C,
are the same, i.e. Cy := conv(B,) = conv(S,).

Proof: The proof for this proposition is similar to that of
Proposition 2.1 of [25], but where a multilinear optimization
problem is formulated by restricting the entries to [—1,1]
instead of [0,1] as in (4). We proceed by showing two set
inclusions conv(S,) C conv($B,) and conv(B,) C conv(S,).
The first inclusion is immediate by definition since we
have S, ¢ B,. The second inclusion can be proved by
contradiction. Suppose instead that conv(B,) ¢ conv(S,).
Then there exists a tensor ¢’ € By with ¢’ ¢ conv(S,). By
the hyperplane separation theorem, there exists ¢ € R *"p
and § > O such that (¢,y") = (@, y)+0 for all ¥ € conv(S,),
where (-,-) is the usual inner product that is defined as the
summation of elementwise multiplication. Now consider the
multilinear optimization problem

max (¢,¢)
sty =A-[I7_, 0x, forxeR 4)
Oy, € [-1,1], for x e R

Proposition 2.1 of [35] shows there exists a global optimum
W of (4) with ¢ € S,. By construction, (¢, ") = (¢, ¥,
which implies {¢,¥"") > (@, ¢¥) + ¢ for ¥ € conv(S,). This
statement is a contradiction since ¥’ € S; C conv(S,;). H
Remark 1: Note By = 181, S) = A4S, and Cy = AC;.

4016

Authorized licensed use limited to: Stanford University. Downloaded on May 12,2026 at 01:55:23 UTC from |IEEE Xplore. Restrictions apply.



C, is useful because it is a convex polytope with its vertices
as the points in S,, and we use it to define a gauge norm.
Proposition 2: The function defined as

¥+ == inf{1 =0 | ¢ € AC1} o)

is a norm for all tensors y € R"*" >,

Proof: We use the result from Example 3.50 of [36] to
conclude that || - ||= is a norm. To apply the result, we check
that the required conditions on C; hold.

By definition C; is convex, closed, and bounded. C; is
also symmetric since for every a € Cy, —a € C; is also true.
To see this, let a = }; A;0; where ; € Sy, A; € [0,1] and
2iAi = 1 and notice —y; € 8§;. Symmetry and convexity
also ensure 0 € C; since for any a € Cy, % (a+(-a))=0.

The final, non-trivial condition required is that C; has a
non-empty interior. To prove this, we use Theorem 2.4 of [37]
that the dimension of C; is the maximum of dimensions of
simplices included in it. We construct a simplex in C; that
has dimension 7 = II;r;, and hence C; has a dimension of
at least 7. But the flattened vector space of tensors also has
dimension 7; so, the dimension of C; is at most . Hence, C;
has a dimension 7, which is the full dimension of the space,
implying that the set C; must have a non-empty interior.

The rest of the proof constructs such a simplex of dimen-
sion 7. Consider a polytope D = conv(0 U {d*},cg). Here,
for any x = (x1,---,xp) € R, consider d* = i:l B*k with
each vector % € R’* defined as g = 1 if xx = 1 and
B = fy, if xx # 1, where 1 is a vector of one’s and f;
is a vector with —1 in position j and one’s elsewhere. One
can verify that {8}, ¢[,] are linearly independent vectors
and make a complete basis for R™. Since the tensor product
of linearly independent vectors gives linearly independent
tensors, the tensors {d*}yeg are all linearly independent.
Consequently, {d* — O},eg are linearly independent and
{d*}xeg U 0O are affinely independent. By definition, the
polytope D, which is a convex hull of |R|+1 = 7 +1 affinely
independent points, is a simplex of dimension 7. Note that
all the points are in C;, and hence so is the simplex.

With this, C; is shown to satisfy all the required condi-
tions, which means that the proposition holds. [ ]

To develop a practical algorithm using this norm, our next
result provides an alternative characterization of the vertices
of C, using linear inequality constraints of (binary) integer
variables. This is unlike, say, the nuclear norm under the ¢
norm that has a nonlinear (c/pntinuous) feasible region.

Proposition 3: We have S = S, for the set

..’S\,l:{z[/:wxzxtyx,] xeR
Yk = (=0x, —Vxis1 —1) ke[p-1lxeR

Yak = (Ox +yxpe1=1)  ke[p-1lxeR
ik < (Oxg —Yxps1+1)  ke[p-1lxeR
Yak S (=0x +yxpke1+1) ke[p-1lxeR
Vx,p =9xp xeRrR
Oy, € {-1,1} xeR
6 e R'™, y, 1 €R k €[pl.x € R}.

Proof: We show the constraints defining sets S, and S, 2
are equivalent. Consider some x € R. From the definition of
Sq in (3), we have y = AT[7_, 6, . Define yx = [17, 0x,
for k € [p] so that Y, = Ay, 1. Or equivalently, in a recursive
relationship, yy x = Ox, Yxk+1 for k € [p—1] and y, ), = 0x,.
The recursive constraints can be thought of as a negated-XOR
relation, and linearized by transformations for conjunctive
and disjunctive statements (see Section 2.5 of [38]). These
linearized constraints correspond to constraints 2-5 in the
definition of S, as given above. So for each x € R, the
tensor i, is defined the same in both S, and S,. |

Remark 2: The norm defined in (5) is equivalent to the
nuclear-co norm by Proposition 4.3 of [22].

A. Relation between Gauge Norm and Tensor Rank

The underlying issue is related to the fact that the best
low-rank approximation problem is not well-posed for tensors
[28], which is in sharp contrast to the case of nonnegative
tensors for which the best low-rank approximation problem
is well-posed [29]. We impose a regularity condition to
eliminate such pathological behavior of tensors.

Assumption I (Regularity Condition): Consider a class
of tensors defined by the set

I'= {zp : 3 cp decomposition of ¥ with terms zpk s.t.
16 * lax < 11 llmax for & € [rank(y)]}.  (6)

This class is such that each tensor ¥ has its largest entry at
least as large as the largest entry of each cp term Y.

Remark 3: A cp decomposition always exists for a finite-
valued tensor, but it may not be unique. The class defined
above asks that the regularity condition holds for at least one
cp decomposition, but does not make any statement about
holding for all the possible cp decompositions.

The following proposition suggests that the norm |||+,
which is convex, can be a useful surrogate for tensor rank.

Proposition 4: For any ¢ € T that satisfies Assumption 1,
we have [ llmax < [[¢/]l+ < rank(y) - ||¢/[lmax-

Proof: By the cp decomposition and the triangle in-
equality: ylle < SEY Iyl = 0 108 . where
Yk € B.,. The last equality follows from [[/*]ls = [|¥*|lmax
when y* € B,,. Using [[¥*|lmax < || |lmax from Assumption
1 gives the right-side inequality.

The proof of the left-side inequality is similar to Propo-
sition 2.4 of [25]. For any 4 > O, if ¢ € S,, then by
definition |[{/|lmax = A. By the convexity of norms we
have that: if ¥ € C,, then |[{/|lmax < A. This means that
VA >0 wehave Cy € Uy = {Y : |¥|lmax < 1A}, and thus
inf{d | ¥ € AU} < inf{A | ¥ € AC,}. But this is equivalent
to ||¥|lmax < ||¥]l+, which proves the left-side inequality. B

Remark 4: Tensor rank surrogacy is not always possible.
It does not hold for a gauge norm defined using the [;-ball.

B. Complexity Analysis of Norm

We show that calculating the norm || - || is Np-complete.
Proposition 5 (Computational complexity): It is in fact
Ne-complete to determine if |||l < K for ¢ € R"1*%p,
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Proof: Note that [[¢llo = sup{[{e.¥)| | [l < 1} =
sup{{p,¥) | ¥ € Ci} is the dual norm for || - ||.. The
approximation of || - ||, can be reduced to approximation
of the norm || - |l in polynomial time from theorems 3
and 10 of [39]. Our main idea is to give a polynomial-
time reduction of an ~p-Hard problem to an approximation
of || - |lo. In particular, we prove that calculating the oo, 1
subordinate matrix norm is polynomial-time reducible to
sup{{p,¥) | ¥ € S1}. Without loss of generality, assume p =
2 and d := r| = rp. The decision version of sup{{p,y) | ¥ €
S} is: Question: Does there exist 0y, € {—1,1} for all
xr € [d] with k = 1,2 such that for a given L we have
Z)‘flzl Z;{z:l Ox,x,0x,0x, = L? From Proposition 1 of [40],
we have [|[Wllw,1 = {max }; ; Wijx;y; | xi,y; € {~1,1}} for
a matrix W. The decision version of the oo,1 subordinate
matrix norm for the special case of M-matrices can be
written as: Question: Does there exist x;,y; € {—1,1} for all
i € [d] such that for a given L’ > 0 and a symmetric, positive
definite matrix W € R4 satisfying wij <0 foralli # j and
Zil Z}i:l wijx;y; = L'? Clearly, setting L = L’ and ¢ = W
is a valid polynomial time reduction. Since C; = conv(S))
and {@,¥) is linear, ||¢|lo = sup{{p,¥) | ¥ € S;}. The
result now follows since approximately solving any oo,p
subordinate matrix norm, where p € [1,00), to arbitrary
accuracy is Np-hard [41]. In particular, Theorem 5 of [40]
shows that it is an ~p-hard problem for M-matrices. When
combined with Corollary 3.2 in [25], this establishes -
completeness. [ ]

Rademacher complexity, from computational learning the-
ory, is used to characterize the richness of a class of functions
[42], [43]. Roughly speaking, function classes with lower
Rademacher complexity can be learned using less samples.
From the following proposition, one can check that the norm
| - |l+ has an exponentially smaller Rademacher complexity
than the max and Frobenius norms for tensors.

Proposition 6 (Stochastic Complexity): We have the rela-
tion R(Cy) < W(Cy) < 2/1\/%, where R(-) and W(-) are the
Rademacher and worst case Rademacher complexities.

Proof: The proof is similar to Proposition 3.3 of
[25]. By definition, R(Cy) = Eo‘(supq’ecﬁ %| Z?:] i "/’x(i}l)
and W(Ci) = supy R(Ca), where o; are independent and
identically distributed (i.i.d.) Rademacher random variables
(i.e., o7 = +1 with probability 1) [42], [43]. Hence, R(Cy) <
W(C,). Recall that C; = conv(S,) by Proposition 1. This
means W(C,) = W(S,) [44], [42]. Next, observe that

W(Cy) = W(S,)
supBor( sup | XL, 0 - )
X YeSa

(7

Supx Eg(max(,,egl % i i ¢X<i>)

supry2log#Sa/n
b

where in the last line since the set S, is finite, we used the
VEE Wx@iy)? <
Avn, and replaced the supremum with a maximum. This
inequality on r is because S, consists of tensors whose

IA

Finite Class Lemma [45] with 7 = maxyes,

entries are from {—A,4}. Thus W(C,) < 24/(210og2) - p/n <
A-2+/p/n. [ |

IV. ALGoriTHM FOR TENSOR COMPLETION
A. Complexity Analysis of Tensor Completion

By interpreting the tensor completion problem (2) as a
convex aggregation problem [46], [47], [48] for a finite set
of functions, one can arrive at the generalization bound for
the solution. Interestingly, these generalization bounds are
the same in the special case of nonnegative tensors [25]. We
believe this is because the proof for nonnegative tensors did
not exploit the non-negativity, and hence could have led to
non-tight generalization bounds. For completeness, we state
these statistical guarantees in the following two results:

Proposition 7 ([48]): Suppose |y| < b almost surely.
Given any 6 > 0, with probability at least 1 — 46 we have
that E((y —¢x)?) < mingec, E((y — ¢x)?) + co - max [b%,2%] -

log(1/6
s og(n/ )]

max [ , where c¢( is an absolute constant and

z if 22 < Vn
Jhlog (&), it 27> ya

Corollary 1 ([25]): Suppose ¢ € T is a tensor (satisfying
Assumption 1) with rank(¥) = k and ||{/||max < g Under
an additive noise model, if (x(i), y(i)) are independent and
identically distributed with |y({i) — v ()| < e almost surely
and Ey(i) = ). Then given any é > 0, with probability
at least 1 — 46 we have

E((y - #x)?) < €+ co - (uk +€)? - max [, 21D (9)

where ¢, is as in (8) and ¢( is an absolute constant.

Remark 5: The above result achieves the information-
theoretic rate when the rank k = O(1).

Unsurprisingly, the tensor completion problem (2) is Np-
hard, because approximating the norm || - ||+ is Np-hard and
there is a polynomial-time reduction of the problem (2) to
the np-hard weak membership problem [25].

Proposition 8: Tensor completion (2) is np-hard to solve
to arbitrary accuracy, and its decision version is Np-complete.

Proof: The proof for this proposition is similar to the
proof of Proposition 4.4 of [25]. Define the ball of radius
¢ > 0 centered at a tensor ¢ to be B(,6) = {¢ : |l¢—¥||lr <
0}. Next define W(C1,0) = Uyec, B(Y,6) and W(Cy,-96) =
{¥ € C| : B(y,6) C Ci}. The weak membership problem
for C is that given a tensor ¢ and a 6 > O decide whether
W € W(Cy,6) or ¢ W(Cy,—6). Theorem 10 of [39] shows
that approximation of the norm || - || is polynomial-time
reducible to the weak membership problem for C;. Since
Proposition 5 shows that approximation of the norm || - ||«
is NP-hard, the result follows if we can reduce the weak
membership problem to (2).

Suppose we are given inputs ¥ and ¢ for the weak
membership problem. Choose x(i) for i = 1,...,7 such that
each element in R is enumerated exactly once. Next choose
¥{i) = ¥y and A = 1. Finally, note if we solve (2) and the
minimum objective value is less than or equal to ¢, then we
have ¢ € W(Cy,d); otherwise, we have y ¢ W(C,—6). The
result follows since this was the desired reduction. [ ]

s = 8
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B. Numerical Algorithm

Despite being ~p-hard, the optimization problem (2) is
convex. This enables application of various first-order convex
optimization algorithms. In particular, we use a variant of the
Frank-Wolfe algorithm called Blended Conditional Gradients
(BCG) [27]. The main alternative approaches for iterative
optimization seem to run into issues inherent to the implicit
description of the feasible region; for instance, we do not
have an effective barrier function available for interior point
methods, nor do we have an efficient projection oracle that
can be leveraged in projected gradient descent.

BCG makes iterate updates based on the gradient of the
objective function at the current iterate. It needs a weak
separation oracle to find a new vertex that reduces a gradient-
based linear objective. The weak separation oracle is given
in Algorithm 1. The output of the oracle should either give
a vertex that accomplishes separation, or a certificate that
separation is not possible. We design our weak separation
oracle using two algorithms, an integer optimization problem
in (10) and an alternating maximization heuristic.

Since integer optimization is likely to be more com-
putationally expensive than the alternating heuristic, we
first try the latter several times with different randomized
initializations. The heuristic adapts Algorithm 2, where
solutions are explored by toggling between +1 [25]. The
following (nonlinear) separation objective is minimized over
binary 6, given a BCG-generated parameter c: zp7(0) :=
Sixer{CxstUx — A - I—[f::1 Ox.). The heuristic considers one
dimension at a time, setting the corresponding entries of 6
to optimize within the local neighbourhood defined by the
given dimension (which can be done by simply considering
the signs of c¢). It runs in polynomial time (linear in the
size of 8) and has been seen to speed up the computation in
our simulations by reducing calls to the integer optimization
solver. However, the heuristic is merely that and cannot in
general give a certificate for the non-existence of separation,
which requires global optimization. Indeed, even for a matrix
(p = 2), zpr represents a generic form of np-hard Quadratic
Unconstrained Binary Optimization (QUBO) [49].

If the heuristic cannot yield a separating cut, we implement
the following integer optimization. Note (.,-) is the dot
product of tensors obtained by flattening them into vectors.

max{c, ¥ — ¢)
.0,y

S.t. @y = AYx 1 xeR
Vak 2 (=0x —Vxpr1—1) ke[p—1lLxeR
Yxk 2 (Oxp + Yxkr1 — 1) kelp-1,xeR (10)
ik S Ox, —Yyxhe1+1)  ke[p-1LxeR
Vak S (=bx +yxpr1+1) ke[p-1lxeRr
Yx.p = Ox, xeR
Oy, € {-1,1} ke[pl,.xeR
Note that, in principle, for some binary variable g € {—1,1},
one can directly branch on the disjunction: g = -1V g = 1.

However, in implementation we choose instead to reformulate

Algorithm 1 Weak Separation Oracle for C,

Input: linear objective ¢ € R "*p point y € Cy,
accuracy K > 1, gap estimate @ > 0, norm bound A
Output: Either (1) vertex ¢ € S, with (¢, — ¢) > O/K,
or (2) false:

(e, — ) <@ for all ¢ € Cy

Algorithm 2 Alternating Maximization

Input: linear objective ¢ € R "*"» point ¢ € Cy, norm
bound A, incumbent solution § e S,, objective function
zm(0) 1= Yxer(cx¥x — A H;::l O )-
Output: Best known solution 6
00
7z «— z2m(0)
fori=1to p do
for k=1 to r; do
60 — ~1-6
if z37(0) > z then
Z — zm(0)
else )
6\ ~1-6"
end if
end for
end for

via 0-1 auxiliary variables, o := (¢ + 1)/2, as enforcing
o € {0,1} obviates the need for imposing ¢ € {-1,1}.
Integer optimization solvers typically can only handle 0-1
binary variables by default instead of {—1, 1} due to the more
extensive set of techniques developed for 0-1 variables.

Since we are looking for weak separation, the integer
optimization solver is made to terminate when a solution
with an objective greater than ®/K is found. In case of no
such solution, the dual bound z from the solver serves as a
no-separation certificate satisfying {(c,iy — ¢) < z < @.

Proposition 9: Using BCG, the tensor completion prob-
lem in (2) can be solved in a linear (in the required accuracy
as represented in bits) number of calls to the Weak Separation
Oracle that is presented in Algorithm 1.

Proof: By Theorem 3.1 of [27], BCG converges linearly
when the feasible set is a polytope and the objective function
is smooth and strongly convex. Note the feasible set |||+ <
A in Problem (2) is a polytope. The objective is smooth and
it can be made strongly convex by projecting the feasible
space onto the set of unique, observed tensor entries U [25].
Specifically, we use the equivalent reformulation in which
we change the feasible set from {¢ : |[y]ls < A} = Cy
to Proj;;(C1) where the projection is done over the unique
indices specified by the set U. Strong convexity of the
objective results from strict convexity and quadraticity of the
objective on the compact projected space. Since the condi-
tions for linear convergence are satisfied by our problem, our
algorithm terminates in a linear number of calls to Algorithm
1. ]

In fact, we find the BCG algorithm to be practically
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efficient for our problem since the weak linear separation
oracle can accept (sufficiently good) suboptimal solutions
that may be found at early termination of a global solver.
When we design our weak separation oracle calls to an
integer optimization problem, we explicitly define a toler-
ance for early termination. This works out well as integer
optimization solvers usually discover near-optimal solutions
fast and subsequently work hard to certify them.

V. NUMERICAL EXPERIMENTS

We perform numerical experiments to demonstrate scal-
ability and efficacy of our tensor completion algorithm!.
We compare its performance with benchmark algorithms,
including the often-called ‘workhorse’ for numerical tensor
problems, alternating least squares (ALS) [51], and two state-
of-the-art algorithms implemented in the PyTen?, known
as the simple low-rank tensor completion (SiLRTC) algo-
rithm [53] and the trace norm regularized cp decomposition
(TNCP) algorithm [54].

A. Experiments on Simulated Tensor Data

We use simulated data to demonstrate the scalability of
our algorithm with increasing tensor dimension and tensor
order. The true tensor ¢ is constructed by taking a random
convex combination of a random set of ten points from
S; so that ||¢|l+ < 1 and rank(y) < 10. To minimize
the influence of hyper-parameter selection in the results, we
use these ground truth values for the value of A in our
algorithm and the value of k£ in ALS and TNCP. Since ALS
tends to perform better under L2 regularization [55], we
chose its corresponding hyperparameter to make it favorable
to its accuracy. Each experiment was performed with 100
repetitions, and the normalized mean squared error (NMSE),
ie., |l — wll2/Iwll? was calculated. NMSE is a stricter
measure than the error metric used in Corollary 1 because
the statistical guarantee is not normalized.

In Figure 1, we use tensors of order p = 3 with dimensions
increasing from r = 10 to r = 100. In each experiment, we
observe n = 1000 samples, allowing for repetition in indices.
Our approach yields greater accuracy in a lower size of r
while all algorithms do not perform at a satisfactory level
(NMSE below 1) as r increases close to 100.

In Figure 2, we consider tensors of increasing order p
with dimension r; = 10 for i = 1,...,p. We observed n =
10,000 samples, again randomly sampled with replacement.
we observe that our algorithm achieves consistently higher
accuracy as compared to the other methods. In these plots,
while our algorithm takes more computation time, it still
converges within minutes even for tensors with 107 entries.

In Figure 3, we construct tensors of sizes 10%7. In each
experiment, the sample size is increased by one order of

'Experiments were performed on a computer server running a Linux OS,
with 16GB of RAM and an Intel Xeon Processor E5-2650L v3 (30M Cache,
1.80 GHz) that has 12 cores and became available in the year 2014. The
algorithm was implemented in Python 3, and Gurobi v9.1 [50] was used as
an integer optimization solver for the separation oracle (10).

2 PyTen is available at https://github.com/datamllab/pyten pack-
age [52] under a GPL 2 license.

magnitude as the percentage of total tensor entries, starting
from 0.01% (using random sampling with replacement). The
results show our algorithm achieves much higher accuracy
while requiring greater computation time. Yet our algorithm
converges within minutes for most cases, except for the case
where the sample percent is 1072% (i.e., about three hours).

B. Experiments on Household Energy Storage Data

We run experiments on local weather and energy data
from residential households in Ireland for the year 2020 [32].
Using tensor completion, we construct a nonparameteric
model to predict how much energy (in kWh) is charged into
storage batteries in an hour in one household. The inputs
of this model are local temperature (in °C), percentage of
battery charge, day of week (Monday-Friday) and hour of
day (0-23). We map values of these inputs into 10, 5, 5,
24 uniform buckets, respectively, so that our nonparametric
model is a 10 X 5 X 5 x 24 tensor. This model structure is
beneficial for integration of model predictions for billion-
device-scale systems because predictions have extremely
low computational burden since model predictions simply
become lookups into a table: the point at which a prediction
is to be made is mapped to a set of indices based on the
defined buckets, and the model prediction is simply the
completed tensor value at that corresponding set of indices.

We randomly divide our dataset into non-overlapping
train and test sets comprising 20% and 80% of total data,
respectively. To run the experiments, we randomly sample
(with replacement) s = 1% to s = 10% of total tensor
entries in the nonparameteric model (i.e. s X 10 X 5 x5 X
24 = 6000 x s entries). For each case of sample percentage
s, we obtain the completed tensor {p\ and calculate the
root mean square error (RMSE) on the test set X, i.e.

\/ Y xeXey 10« — |2 /#Xiest. To tune the hyperparameters
of our and other algorithms, we do a grid search over the
values in [0.5 ||y [lmax, 1.5+ |1 [lmax], where || |lmax
is the maximum entry in the training set. The results plotted
in Figure 4 show that our model outperforms other models
at low sample percentages ranging from 1 to 10%, although
with a slightly larger computation time for model training.
However, we recall that model predictions have extremely
low computational load, as described above.

VI. CoNncLUSION

We developed a (general) tensor completion algorithm by
defining a tensor norm using the gauge of a specific polytope.
The method balances computation and information-theoretic
limits: it provably converges in a linear number of integer
optimization oracle calls while achieving the information-
theoretic sample complexity rate. Numerical experiments
confirm its scalability and accuracy, and an application
to household energy data shows its potential for building
nonparametric models of battery charging. Unlike other non-
parametric models (e.g., random forests, neural networks),
our approach is extremely efficient at prediction, although
computationally intensive to train, making it promising for
billion-devicescale energy grid management. Future work
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will focus on accelerating training to further enhance per-
formance.
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