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Abstract

Muon orthogonalizes a weight matrix’s momentum before each step, and on neural networks this
simple preconditioner beats entry-wise optimizers by a wide margin. Most existing analyses, how-
ever, work in a very abstract problem class, from which it is hard to see why orthogonalization
should be particularly suited to neural networks. This work analyzes Muon’s preconditioner in
three concrete neural-network settings. The layer-wise Hessian of a neural network is known to be
diagonally dominant within its row blocks. While Muon’s implicit preconditioner has the matching
Kronecker form (VV T)/2® I. The two align exactly when V'V T is itself diagonal, which raises
a concrete question: when is V'V T (approximately) diagonal? To answer it, we compute E[GG "]
(equivalently E[V'V '] at initialization) in closed form under Gaussian init, for three standard set-
tings: symmetric matrix factorization, deep linear networks, and two-layer ReLU networks. In
each case, the diagonal entries dominate the off-diagonal ones as the width grows. Hence V'V T is
asymptotically diagonal: Muon’s preconditioner aligns with the Hessian’s row-block structure.

1. Introduction

Muon [14] optimizes a matrix-shaped weight W; € R™*" by orthogonalizing the momentum
buffer instead of using it directly. From a stochastic gradient G,

V,=BVii+(1-B)G:, D, =NS3(V)) ~ (V;V,")"Y2V;, Wy =W, —nDy, (1)

with Vj = 0 and NSj a fixed-point iteration for the orthogonal polar factor: if V; = PEQ" is
a thin SVD then D; = PQT = (V;V,T)"'/2V,. A growing body of work studies Muon as a
general optimization algorithm: momentum steepest descent, or a non-Euclidean trust-region step,
in a spectral-norm geometry, with convergence rates and an implicit spectral-norm constraint on the
iterates [1-4, 6, 15-17, 21, 24].

All of this works in an abstract problem class, and that is exactly its limitation: it cannot explain
why Muon, a simple matrix preconditioner, dramatically outperforms entry-wise optimizers on neu-
ral networks specifically. The few network-specific results [9, 19, 26-28, 32] sharpen the picture in
particular regimes but leave the basic structural question open: what makes the orthogonalization
preconditioner suited to a neural network’s curvature?

Preconditioner shape versus Hessian shape. Take a single step from initialization, where Vj =
Gy and hence V;V,' = GG/ . Vectorizing (1) row by row gives vec(D;) = ((VtVtT)*l/2 ®
I,,)vec(V;), so Muon descends in the metric

Hywon = P @I,  P=VV," e R™™ )
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Figure 1: Muon’s implicit preconditioner Hyfyon = Ptl/ 2 ® I, next to the layer-wise Hessian.
When P; = Vt'V;T is close to diagonal, Hyryon matches the dominant row-block pattern
of the neural-network Hessian.

a Kronecker shape determined entirely by P;. On the other side, the layer-wise Hessian of a weight
W € R™*" unfolded into m x m blocks of size n x n along the m row directions, is row-block
diagonally dominant [8, 33, 34]; since the Hessian is the ideal preconditioner under a quadratic
model, that block pattern is the shape a good preconditioner should have. By (2), Hnpyon takes
exactly that block-diagonal form precisely when P, is diagonal (Figure 1). So the question reduces
to a clean property of the gradient.

Question. Is V;V, (equivalently, G;G/ at initialization) diagonally dominant for
neural-network weight matrices?

For neural networks the answer is yes, in the limit of large width. In practice this has been
verified empirically along the entire training trajectory of GPT-2 and LLaMA [7]; here we give a
theoretical answer at initialization in the three settings most used in neural-network theory, with the
diagonal-versus-off-diagonal orders summarized at the end of Section 4. Two facts come out of the
analysis.

1. The orthogonalization preconditioner aligns asymptotically with the neural-network Hes-
sian: P, = V}V;T becomes diagonal as the width grows, so Hyruon becomes block-
diagonal in the Hessian’s row-block structure.

2. Orthogonalization is asymptotically the row-wise normalization used by several recent
stateless optimizers: when V; V" is diagonal, (V;V,)~1/2V} is exactly each row of V;
divided by its own ¢ norm. (Appendix D)

2. Related Work

Theory of Muon. One line analysis Muon in a general optimization setup (such as nonconvex
smooth). Li and Hong [17], Shen et al. [24] give non-convex convergence rates for momentum
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steepest descent in the spectral norm and its practical variants; Kovalev [15] reads gradient or-
thogonalization as a non-Euclidean trust-region step; Bernstein and Newhouse [2, 3], Chen et al.
[4], Pethick et al. [21] describe Muon through norm-constrained linear minimization oracles and
modular duality, with Chen et al. [4] extracting an implicit spectral-norm constraint on the weights;
An et al. [1], Lau et al. [16] fit Muon into a wider family of matrix-gradient preconditioners; and
Davis and Drusvyatskiy [6] asks when spectral updates help. None of this depends on the network,
so none of it addresses why orthogonalization matches neural-network curvature. A smaller line
does look at the network: Fan et al. [9], Vasudeva et al. [27] characterize the margin bias of spec-
tral descent and its generalization benefit on separable or imbalanced data; Wang et al. [28] studies
Muon on associative-memory learning; Zhang et al. [32] ties layer-wise preconditioning to prov-
able feature learning; Su [26] asks whether orthogonalization is optimal under an isotropic curvature
model; and Ma et al. [19] raises, in a matrix-factorization setup, the very question of how gradient
orthogonalization meets the curvature of training. We answer it through the diagonal structure of
E[GG"] across the three settings.

Row-wise normalization optimizers. A separate line drops optimizer state by normalizing the
gradient row by row. Zhang et al. [34] groups learning rates by Hessian block, motivated directly
by the row-block structure of the Transformer Hessian; Glentis et al. [10], Ma et al. [18], Scetbon
et al. [23], Wen et al. [29] replace Adam’s state with a row-wise {5 normalization (plus a second,
cheap normalization); Gu and Xie [11], Xu et al. [31] look at the manifold-optimization and width-
scaling sides of row/column normalization; Pethick et al. [21] reach a row-wise normalization from
norm-constrained steepest descent; and Deng et al. [7] make the link to Muon explicit, showing row-
momentum normalization matches Muon at scale. Our analysis explains the common thread: once
V,QV,;T is diagonally dominant, row normalization and orthogonalization are the same operation.

3. Preliminaries

We study, at a Gaussian initialization, the m x m matrix E[GG ] for a weight W € R™*" with
population loss £ and gradient G = 0L/0W this is the expected value of Py = VOVOT in (2). We
use three settings, each stated with its own network and assumption. Throughout, I is the identity,
tr the trace, ||-|| the Frobenius norm, o(z) = max(z,0) the ReLU with ¢/(z) = 1[z > 0], ® the
Kronecker product, and a,, = O(b,,) means cb,, < a,, < C'b,, for fixed 0 < ¢ < C as the relevant
dimension grows.

Symmetric matrix factorization. For positive integers d, k, r with k& > r, the over-parameterized
loss is L(U) == 1 ||UU" — M*Hi with U € R%* and a fixed target M* € R¥*? that is
symmetric positive semidefinite of rank r; the gradient is G = (UU" — M*)U € R%*, The
width is k.

Deep linear network. For L > 1 and layer dimensions dy, . . . , d,, the network f(x) = W, --- Wiz
with W; € R%*%-1 Jearns a fixed linear target ® € R X% under £ = JE, | f(x) — o’
Write B; = i1 Wi (with By := 1), A; .= Wp--- W41 (with A ;= 1I),and R :=

W, --- Wy — ®; the layer-i gradient is G; = 9L/OW; = A R B]'. The widths are the inner
dimensions dy, ...,dr_1.
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Two-layer ReLU network. For positive dy, d1, do, the network f(x) = Woo(Whx) with Wy €
Réxdo 17, € R%2% Jearns a fixed linear target ® € R92*% under £ = IE, || f(z) — d||?; write
h(zx) := o(Whx), w, for the a-th row of Wy, and G; := 9L/OW,. The hidden dimension is d.

Assumption 1 (Gaussian initialization) All weight entries (U; every W;; W1 and Ws) are i.i.d.
N(0,1); in the deep linear and ReLU settings the input is  ~ N (0, 1,,) and is integrated out in
L; the target (M™ or ®) is deterministic and independent of the weights. Expectations are over the
weights.

4. Main Results

We state the closed form of E[GGT] in each setup, read off the dominance, and defer the proofs to
Sections A to C.

Symmetric matrix factorization.

Theorem 1 Under Assumption 1 (matrix factorization), with W :=UU " ~ Wa(k, I;) Wishart,
E[GG"] = a3 I; — 200 M* + k (M*)?, (3)

where ag = k(k+d+1) and az = k* 4+ 3(d+ 1)k? + (d? + 3d + 4)k are the (isotropic) diagonal
entries of E[W?| and E[W?3).

Reading off entries with d, M* fixed: the diagonal is a3 — 200 M + k(M*)% = O(k?) and the
off-diagonal is —2as M5 + k(M*)fj = O(k?) whenever M # 0, so the ratio is ©(k/M).
As the width k grows, E[GG "] is diagonal up to a factor &, and the large isotropic ©(k3) part is
exactly what orthogonalization strips away, leaving the target-aligned M ™.

Deep linear network.

Theorem 2 Under Assumption 1 (deep linear network), for every layeri € {1, ..., L},

L-1 T .
T d )PP 1= 1,
BGiGT] =Visi Iy, + T,  Ti= {(H”‘l ) ’ | “
(Iizi1<jcra di) 1@l5 Lay, 1<i< L,
where V;, s; are positive dimension-only scalars given by two-step recursions in (dy, . ..,dr) (Sec-
tion B), with Vi,sp, < dj,_1 (HJL:_(? dj)2.

For a hidden layer (¢ < L) the off-diagonal block T; is a multiple of I, so E[GiGZT] is exactly
diagonal: linearity together with the sign symmetry W; — DW;, W, > W, 1D~ for diagonal
D kills every off-diagonal expectation. At the output layer the diagonal noise V7, s;, grows with the
inner widths while the off-diagonal stays proportional to (I] <L dj)(<I)<I>T)ab, so the ratio still
diverges.
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Two-layer ReLU network. Let § := Z(u,v) for independent u,v ~ N(0,1I4,), and set the
E[sin2 0+(7m—0)? + sin 6 cos O(r—0) _ E[sinf(7—0)]
4m2 2m2 - 272

dimension-free constants xk; :=
1 1 1
OO,H1—>H+TGandH2—>T

] and Ko ;as dg —

Theorem 3 Under Assumption 1 (two-layer ReLU network), with H := E,[h(x)h(x)"] and o :=
Ew, [tr(HQ)]’
E[G2Gy ] = aly, + 400",  a=0(ddd}),

and E[G1G/ ] is permutation-invariant in the hidden index with diagonal entries

2
E(G1G )a] = %42 + doda[(dr — D)rr + 3] + 15
and off-diagonal entries E[(G1G{ )ac] = dodz ko + O(d2/do) for a # c.

For G; the diagonal is G)(dod% + dodidz) against an off-diagonal of ©O(dpdz), a ratio of O(d;),
so G1G{ is asymptotically diagonal; for G5 the target-free o = O(d2d?) beats the off-diagonal
%(@@T)ac by ©(d3d;). The one nonzero off-diagonal, of order ©(dydz), comes from a single
term in the proof and traces back to ReLU’s lack of odd symmetry, which is why the dominance
here is asymptotic rather than exact. Simulations match every formula (Section C).

Summary and proof sketch. In all three settings the diagonal of E[GG ] outgrows the off-
diagonal as the width grows (table below), so P, = V{tVt—r is asymptotically diagonal, Hyiyon =

1/ ® I, is asymptotically block-diagonal in the Hessian’s row-block structure, and (Section D)
orthogonahzatlon is asymptotically a row-wise normalization.

Orders of E[GG "] at a Gaussian initialization

Model Diagonal Off-diagonal Width
Matrix factorization O(k?) O(k?) k

Deep linear, hidden layer i~ ©(V}s;) 0 dy,...,dp—1
Deep linear, output layer O(Visr) @(Hj<L dj) di,....dp—
Two-layer ReLU, layer Wi  ©(dod3 + dod1d2) ©(dodz) dq
Two-layer ReLU, layer Wo ~ ©(d3d?) O(dy) dy

The proofs all run the same way. We expand E[(GG ")) by Gaussian (Wick/Isserlis) moments;
a diagonal entry (¢ = b) and an off-diagonal one (a # b) differ in how many of the underlying i.i.d.
Gaussian coordinates the surviving pairings tie together. On the diagonal the relevant quantities
(gradient rows, columns of U, hidden neurons) share an index and are strongly correlated, so many
pairings survive and their contributions accumulate over the width; off the diagonal the correlations
are weak, since independent Gaussian vectors are near-orthogonal in expectation, so the cross terms
cancel or contribute only lower order. This is the same effect that makes a Gaussian vector’s self-
inner-product grow with its dimension while its cross inner-products do not. For the deep linear
network the off-diagonal cancellation is exact at hidden layers because of the sign symmetry; ReLU
breaks that symmetry and leaves an O(1)-per-pair residual, which still loses to the ©(d;) diagonal.
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Appendix A. Symmetric Matrix Factorization

A.1. Setup

Let d, k, r be positive integers with k£ > r. The over-parameterized symmetric matrix-factorization

loss is
2

LU) = L |vUuT - M|, U e Rk, (5)
F

with target M* € R%*?¢ symmetric positive semidefinite of rank . A direct computation gives the
gradient
G = VL(U) = (UU" - M*U e R¥>* (6)

and the object of interest is the d x d matrix E[GG].

A.2. Standing assumption

Assumption 2 The entries U;; are i.i.d. N'(0, 1), and M* is deterministic and independent of U.
Hence W := UU " is Wishart with k degrees of freedom and identity scale, W ~ Wy(k, I,).

A.3. Main results restated

Theorem (Theorem 1, restated). Under Assumption 2,
EGG'] = as(d,k)I; — 2as(d, k) M* + k(M*)?, (7)

where the scalars are the diagonal entries of the first three Wishart moments,

a1<d7 k) = ka (8)
ao(d, k) = k(k+d+1), )
as(d, k) = k> 4+ 3(d + 1)k* + (d* + 3d + 4)k. (10)

Corollary 1 Under Assumption 2, E[GG'"] is invariant under any orthogonal change of basis
fixing M*, with

E[(GGT)H] = Qa3 — QOZQM;Z + ]{J(M*)Q (11)

[

E[(GG")ij] = —20oM}; + K(M*)?, (i # j). (12)

For fixed d, M* as k — oo, E[(GGT);;] = O(k®) and E[(GG");;] = O(k?) whenever M5 # 0,
so the dominance ratio is ©(k/M;).
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A.4. Preliminary lemmas

Lemmal Ler X € R™ ™ have i.i.d. N(0,1) entries. Then for deterministic M € R™ "™ and
N € Rmxm
EXMX'] =tr(M)I,,, E[X'NX]=tr(N)IL,. (13)

Proof. Using E[X ), X4 = 0ap0pgs

E(XMX ")op) =Y Mg 6ab0pg = b tr(M),
P,q
which is the first identity; the second follows by applying it to X " (entries i.i.d. A'(0, 1)). ]

Lemma?2 Let W = UU " withU as in Assumption 2. For everym € N there is a scalar c,, (d, k)
with
E[W™ = am(d,k) Lo, am(d, k) = 3 E[tr(W™)]. (14)

Proof. For Q € O(d), QU U, hence QWWQ—r W™ and

EW™ = QEW™ Q"  forall Q € O(d).
By Schur’s lemma E[W™] = a,, I4; taking the trace gives da,,, = E[tr(W™)]. ]
Lemma 3 (Wick/Isserlis) Let X1,..., X, be jointly centered Gaussian. Then

E[X:Xon] =Y ] E[XiX)] (15)

P {ijtep

the sum over all pairings P of {1,...,2n}; odd moments vanish [12, 30].
Proof. Differentiate Elexp(t' X)] = exp(3t'Xt)int,. .., ts, att = 0; cf. Janson [13, §1.4]. m
A.S. Proofs
Lemmad WithW :=UU" and B := W — M*,

GG' =BWB=W?_-W>M* - M*W?+ M*W M*. (16)
Proof. Since B = BT,

GG' = BU(BU)' = BUU'B'" = BWB,

and substituting B = W — M™* and expanding gives (16). [
Lemma 5 Under Assumption 2, E]W| = k I, hence oy (d, k) = k.

Proof. Let u, denote the a-th column of U. Then

= E[zk: uauﬂ = ZE[ua N=k1,
a=1

10
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Lemma 6 Under Assumption 2, E]|W?2] = k(k + d + 1) I, hence as(d, k) = k(k +d + 1).

Proof. By Lemma 2, E[W2] = a,I,. With columns u, 5 N(0, I,),

k

w? = Z (Ug, up) uaul—,r.
a,b=1

Split into the k terms with @ = b and the k(k — 1) with a # b. By Lemma 3 and independence,
E[[luall* wary ] = (d +2) Ly,
E[(tq, up) uquy | Z E[tq ptta] Elup puy | Z epe

Summing, E(W?2] = k(d + 2)I, + k(k — 1)I; = k(k + d + 1)I,. n

Lemma 7 Under Assumption 2, E[W3] = [k3 + 3(d+ 1)k* + (d* 4 3d + 4)k] I, hence a3(d, k)
as in (10).

Proof. By Lemma 2, a3 = E[tr(W?)], and with W = Y u,u, and cyclicity of the trace,
tI‘(WS) = Z<ua7ub> <ub7 uc> <u07ua>~
a,b,c
Partition (a,b,c) € {1,...,k}3 by multiplicity pattern:
#la=b=cl=k: E[|ud’] =d(d+2)(d+4),
#{{a.b, e} =2} =3k(k —1):  Ell|ual® (ua, ue)’] = Ef|ual'] = d(d + 2),
#{a,b,cdistinct} = k(k —1)(k —2) : > p.gr Opropgdgr = d,

where for the middle pattern, e.g. a = b # ¢ gives |[uql|® (¢q, u.)? and, conditioning on g,
(g, ue) | Ug ~ N(0, ||uq|*); the other two cases are symmetric. Hence

dag=kd(d+2)(d+4) +3k(k—1)d(d+2) + k(k —1)(k — 2)d,
o3 =k(d+2)(d+4) +3k(k —1)(d+2) + k(k — 1)(k — 2) = k> + 3(d + 1)k* + (d® + 3d + 4)k.
]
Proof of Theorem 1. Take expectations in (16). Since M™* is deterministic, Lemma 2 gives
E[W?3] = as1y,
E[W2M*| = E[M*W?| = ap M*,
E(M*W M*] = M*E[W]| M* = k (M*)?,
so summing gives (7); the values of a1, ag, g are Lemmas 5 to 7. Corollary 1 follows by reading

off entries: with d, M* fixed, ag = O(k?), ag = O(k?), k(M™*)2 = O(k). ]

Remark 1 This computation answers the question raised by Ma et al. [19] of how gradient orthog-
onalization meets the curvature of training: the ©(k) gap between the diagonal and off-diagonal
scales is the regime in which orthogonalization, which suppresses the isotropic ©(k3)I; part, acts
as a real preconditioner relative to the target-aligned signal M*.

11



ORTHOGONALIZATION AND THE NEURAL-NETWORK HESSIAN

Appendix B. Deep Linear Networks
B.1. Setup
Let L > 1 and dy, . .., d, be positive integers. The depth-L linear network
fx) =W Wi_ - Wiz,  W,;e RG> (17)

learns a deterministic linear target ® € R?2*% under the population squared loss

LW,...,WL) = LE,|WL - Wiz — ®z|. (18)
Define the layer-i forward, backward and residual factors
B;:=W;_1---W; € Ri-1xdo, A;=Wp - Wiy, e Riexdi R:=W - W,—-®,
(19)
with By := I, and Ay, := I;, . The layer-i gradient is
G; = ;fo@- = A/RB/ ¢ Ré>*di-1, (20)
The closed form below uses two pairs of dimension-only scalar sequences. For the backward factors
{Bi},
" v =d2, @1
ri = vi—1 + (di—1 + 1)d;—ori—1, vi = d? qvi1 +2d;_1di_oriy (i >2); (22)
for the forward factors { A;},
sp =1, ur, = d2, (23)
si—1 = u; + (di—1 + 1)d;s;, wi—y = d?_ju; +2d;1d;s; (i < L); (24)

and the composite Frobenius coefficient is

2

Vi = diyr = IE[HBZ-BZ-T 1 (25)

B.2. Standing assumption

Assumption 3 The entries (W;)qp are i.i.d. N (0,1) across all i,a,b; © ~ N(0,14,); and ® is
deterministic and independent of W1, ..., Wp. Expectations E[-] are over W1, ..., W, (x has
been integrated out in L).

B.3. Main results restated

Theorem (Theorem 2, restated). Under Assumption 3, for every layeri € {1,..., L},

(M= ;) @, i=1L,
EGiG/]|=Visily, +T;, Ti={, , (26)
(M= ds) @I Loy 1< < Ly

with V;, s; from (21)—(25).

12
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Corollary 2 Under Assumption 3, the diagonal entries of E|G;G ] are

2 .
Visi+ (I 0,1<j0-19) 1@, 1<i<L,

E[(GiG] )aa] =
[ ) Vs + (I1721 d5) (27 ) aa, i=L,

@7

and, for a # b, the off-diagonal entries are E[(G;G )op] = 0if 1 < i < Land (Hf;ll d;) (@2 ")

ifi = L. In particular E[GiGiT] is a scalar multiple of 14, for every i < L, and unrolling (21)—(24)

gives Vis; < d;j—q (H;;% dj)Q(Hf:Hl dj)z‘

B.4. Preliminary lemmas

Lemma 8 Same as Lemma 1.
Lemma 9 (Wick/Isserlis) Same as Lemma 3.

Lemma 10 Let X € R™*™ have i.i.d. N(0,1) entries and let M € R" ", N € R™ ™ pe
deterministic symmetric. Then

E[XMXTXMX"] = (te(M)*+ (m+ 1) | M|[3) Ln, (28)
E[X"TNXX"NX] = (tr(N)*+ (n+ 1) |N|3) L. (29)
Proof. We prove (28); (29) follows by applying it to X '. For a,b,c,d € {1,...,m}, Lemma 9

gives
]E[Xaprchers] = 5ab5pq50d5rs + 5a05p7‘5bd5qs + 5ad5p55bc(5qra

and contracting against M, M, with M = M T,
E(XMX ") (XMX)ed] = Sapdea tr(M)* + (acdba + Saadpe) | M |5 -

Summing over b = c,

E[(XMX 'XMX")o] = > E[(XMX")o(XMX ")ye] = dac(tr(M)>+(m+1) | M|7).
b

Lemma 11 Let X € R™*™ have i.i.d. N'(0, 1) entries and M € R™*™ be deterministic symmetric.
Then

E[tr(XMX")?] = m? tr(M)? + 2m | M |[3. (30)
Proof. Expanding,
tr(XMX " = Y XopMpXag Xay My g Xorg;
a,a’,p,¢:p’ ¢’

by Lemma 9 the three pair contractions of E[ X, XXy X o] contribute (after summing over
M M) m?tr(M)?, m | M|g and m tr(M?) = m || M|z, which sum to (30). m

13
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B.5. Proofs

The proof of Theorem 2 has three steps: a W;-expansion; recursive moments of B; BZ-T and AiT A
and the target-dependent term.

Lemma 12 Under Assumption 3, for every i,
E[G:G] | A;,B;| = tx((B;B/)?) (Al A;)> + A ®B/ B;®" A,. (31)
Proof. Substituting R = A;W; B; — ® into (20),
GG = (A] A)Wi(B;B, B;B/ YW, (A] A;) + (cross) + A ®B B;®" A;,

where (cross) collects the two terms linear in W;; since W 4 —W, is independent of (A;, B;),
E[(cross) | A;, B;] = 0. By Lemma 8 with K = B;B; B;B,',

Ew, [W.KW,' | A;, B;] = tr(K) I, = tr((B;B; )*) 1,
which yields (31). [ |
Lemma 13 Under Assumption 3, for everyi € {1,...,L},

E[(B;B;)*] = r:i I, E[tr(B;B;)?] = v, (32)

i—17

with (r;,v;) from (21)—(22).

Proof. Ati = 1, By = I, so (B1B])? = I, and tr(B;B])? = d3, matching r; = 1,
vy = d3. Fori > 2, B; = W;_1B;_1 with W;_; € R%-1*di-2 independent of B;_1, so B;B, =
W,_1MW, | with M := B, 1B, ;. By Lemma 10,

E[(B;B/)* | Bi-1] = (tr(M)* + (di—1 + 1) | M ||3) I

i—17

and taking E over B; 1 with E[tr(M?)] = d;_or;_1 gives 7; = vi_1 + (di_1 + 1)d;_ori_1.
Likewise, by Lemma 11,

Eltr(B;B/)? | Bi-1] = d2_ tr(M)? + 2d;_1 | M |3,
S0 v; = df_lvz‘q + 2d;_1d;_or;_1. [
Lemma 14 Under Assumption 3, for every i € {0,..., L},
E[(A] A)?] =si I,  E[tr(A] A;)%] = u,, (33)
with (s, u;) from (23)—(24).

Proof. At i = L, A;, = I;,, matching s;, = 1, u;, = d%. Fori < L, A; = A;11W;41 with
Wi € Ri+1%di independent of A; 1, so AiTAi = W/JrleH with N = AZ-THAiH. By
Lemma 10 (right identity),

E[(A] Ai)* | Aipa] = (00(N)* + (di + 1) | N[7) La,,
SO S; = Uj41 + (dz + 1)di+18i+1; the recursion for w; is that of v; with d;—1 <> d; and d;—92 <> d;1,

giving u;—1 = d?_lui + 2d;_1d;s;. [}

14
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Lemma 15 Under Assumption 3, IE[AI‘I’BZTBZ@TAJ =T, with T; as in (26).

Proof. By independence of A;, B; and Lemma 8 iterated through B; = W;_; --- W7,
i—1 i—1
E[B] B;] = (H dj)Id0 —  E[A/®B/ B3 A} = (H dj) E[A] 33" Aj]
j=1 j=1

(the empty product is 1 when i = 1). Let h;(M) := E[A] M A;] for symmetric M € R4z,
Then hy,(M) = M, and for i < L, by Lemma 8,

hi(M) = E[tr(A], ;M A; 1)1y, = tr(hiy1(M)) 1.

(3

Iterating,
M, 1=1L,

(Tl dy) tr(M) Iy, i< L,

with [/Z/ d; = 1. Taking M = ®® (so tr(M) = ||®|}) and multiplying by []}_} d; gives T:.
]

hi(M):{

Proof of Theorem 2. By Lemma 12,
E[G,G/] =E[tr((B;B;])*) (A] A;)?] +E[A]®BB;®"A;.
Since A;, B; depend on disjoint sets of W}, they are independent, so by Lemmas 13 and 14,
E[tr((B;B; )?) (A} A;)?] = E[tr((B; B )})| E[(A] A)?] = di—17; - s; Iy, = Vis; Iy,

and the second term equals 7; by Lemma 15. Corollary 2 follows by reading off entries of (26):
for ¢ < L, T; is a multiple of I, so the off-diagonal vanishes; for i = L, T}, contributes (<I>'1>T)ab
entry-wise. The leading order of V;s; follows by unrolling (21)—(24). |

Appendix C. Two-Layer ReLLU Networks

C.1. Setup
Let dy, d1, ds be positive integers. The two-layer ReLU network

f(z) = Wyo(Whx), Wy e Rhxdo 1y, ¢ Rézxd1 (34)

acts on z € R% via 0(z) = max(z,0), o/(z) = 1[z > 0]. Write h(z) := o(Wiz) € R%
and w, € R% for the a-th row of W;. The population loss against a deterministic linear target
P € R2xdo jg

LW, Wa) = LE, |Wao(Wiz) — &z, (35)

and G; := OL/OW;, i € {1,2}. Forindependent u,v ~ N(0, I,) letd := Z(u,v) = arccos({u,v)/(||ul |v]])) €
[0, ], and define

sin? 0 + (7 — )2 N sin @ cos O(m — )
472 272 ’
E[sin (7 — )]

Fy = = (37)

k1 =E (36)

15
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C.2. Standing assumption

Assumption4 (W1);; and (Ws);j are i.iid. N(0,1); x ~ N(0,14,); © is deterministic and
independent of Wy, Wy. Expectations E[-| are over W1, Wy (x has been integrated out in L).

C.3. Main results restated

Theorem (Theorem 3, restated). Under Assumption 4, with H = E [h(z)h(2)"] and o :=
By, [tr(H?)],

E[G2Gy ] =aly, + 400",  a=0(did}) asdy,di — oo, (38)

and E[G Gﬂ is permutation-invariant in the hidden index with, as dy, dy — oo,

E[(G1G] )aa] = d04d% +doda[(dy — 1)Ky + 5] + %, (39
E[(G1G] )ac] = doda ko + O(dorn/dy)  (a # o). (40)

1 1 1
Asdo—>oo,/£1—>m+1—6and/i2—>@.

C.4. Preliminary lemmas
Lemma 16 Same as Lemma 1.
Lemma 17 (Gaussian integration by parts) Let x ~ N(0,1,) and f : R" — R be locally

absolutely continuous along almost every line parallel to the j-th axis, with weak derivative 0; f,
and Elx; f(x)| < oo, E|0; f(x)| < co. Then

Elz; f(x)] = E[9;f (2)]. D
In particular this holds whenever f is Lipschitz.

Proof. A standard identity [20, 25]. The standard Gaussian density ¢ satisfies 0;p(x) = —xj¢(z),
so by Fubini and one-dimensional integration by parts in x; (the boundary term vanishes by inte-
grability),

Blasf (@) = - [ fo50= [ 01 o =Bl
The Lipschitz case follows from Rademacher’s theorem. ]

Remark 2 z — o(2) is 1-Lipschitz, so f(x) = o(w'x) falls under Lemma 17 with 0; f(x) =
1w'z > 0w, a.e. By contrast g(z) = 1[w'x > O)h(x) with h not vanishing on {w'x = 0}
is discontinuous across that hyperplane and is not covered by Lemma 17; for such integrands we
use a half-space argument (Lemma 21) or differentiate a separately established Lipschitz identity
(Lemma 19).

Lemma 18 For Z ~ N(0, %) with s > 0,

Elo(2)] = Elo(27)=5,  EW(2)=. @)
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Proof. Direct computation: E[o(Z)] = [° z¢s(2) dz = s/v2m; Elo = [y Fps(2)dz =
s2/2;Elo’(Z)] = Pr(Z > 0) = 1/2. m

Lemma 19 (Cho-Saul kernel) Ler u,v € R™\ {0}, z ~ N (0, I,,), 0 := Z(u,v). Then [5]

Elo(u'z)o(v' z)] = ||Ug o] (sinf + (7 — ) cos ), (43)
™
—0
Elo' (v z)o' (v )] = 7 (44)
27
Proof. Both quantities depend on (u'z,v '), blvarlate Gaussian with variances ||u/|?, ||v||* and

correlation cos. Equation (44) is Pr(u'2z > 0, v'x > 0), the angular measure of the cone
{Z1 > 0, Zy > 0} for a standard bivariate Gaussian with correlation cos #, namely (7 — 6)/(2m).
For (43), by Price’s theorem [22],

S Blo(uo(v"a)] = ful o] Elo'(u"0)o’(0 ")) = Lm0,
at p = —1 (i.e. § = ) the product vanishes a.s., and integrating d, from —1 to cos 6 gives (43). =
Lemma 20 (Wick/Isserlis) Same as Lemma 3.
Lemma 21 Let x ~ N(0,1I,) and u € R™\ {0}. Then
Elzz" 1u'z > 0]] = 1 L. 45)

Proof. Write A := E[zz 1[u'z > 0]] and # = (u" 2/ ||ul|*)u + x, with 2, the projection onto
u. In an orthonormal basis containing u/ ||u||, the off-diagonal entries of A vanish by the reflection

symmetry of = ; the entry along u/ ||u/| is E[(u z/ |lull)*1[u’z > 0]] = 3 (u'z symmetrlc) and
each remaining diagonal entry is %E[ 3] 5 by independence of | from u'x and Pr(u'z >
0) = % Hence A = %In. ™

C.5. Proof of the gradient self outer-product of W,

Lemma 22 Gy = WoH — ®C", where H := E [h(x)h(z)"] € R4"*% and C .= E [h(x)z"] €
Rdl ><d0.

Proof. Differentiating (35) in W,

Go = B, [(Wah(z) — ®x)h(x) "] = Wo By[h(x)h(x) "] — ®E,[zh(z) ] = WoH — ®CT.

Lemma 23 C = %Wl.

Proof. C,; = E,[o(w, z)x;], and f(z) := o(w] x) is Lipschitz with 9; f(z) = 1[w, z > 0](wg),
a.e. By Lemma 17 and Lemma 18,

Caj = Ex[0; f(2)] = (wa); Ealo’ (wg )] = 5(wa);.

17
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Proof of (38). By Lemma 22,
GoGy = WoH*W, —WoHC®" —dCTHW, +oCTCD'.

Since E[W5] = 0, the cross terms vanish under Eyy,[- | W3], and by Lemma 16 (left identity,
M = H?),
E[G2Gq | W1] = tr(H?) I, + ®CTCDT. (46)

By Lemma 23, CTC = W' W1, and Lemma 16 (right identity, N = I ,) gives Eyy, [W, W3] =
d114y, 50 Ey, [CTC] = 41, Taking Eyy, of (46),

E[G2Gy | = Ew, [tr(H?)] Iy, + 400" = aly, + 4007

For the order of «, write tr(H?) = Y, H2, + >, 4, H2,. By Lemma 18, Hy, = 5 [ we||* with
[wall® ~ X3, s0
dido(dog + 2
ZE[Hg — 10(40—’_) O(d2dy).

By (43), Hap = ||wa| ||ws|| 9(6ap) with g(0) = (sinf + (m — 6) cos 0)/(27) and Oy = Z(wa, wp)
independent of ||wg ||, [|wsl], so E[HZ] = d% E[g(0)?]; since E[g(0)%] — g(7/2)* = 1/(47?) > 0,

> E[H2) = di(dy — 1) d3 E[g(h)?] = ©(dpd?).
ab

The off-diagonal term dominates, so o = ©(d2d?). u

C.6. Proof of the gradient self outer-product of W
By the chain rule, with residual r(z) := Wao (Wiz) — ®x and D(z) := diag(c’(Wix)),
Gi=G6Y-c® GV =E D)Wy Wao(Wr2)2T], G = E,[D(x)W, daaT].
47)
Ggl) is quadratic in W5 and G 52) is linear, so the cross terms in Gy GI are odd in W5 and vanish
under EWQ[- | Wl]:
Euw, [G1G | W] = Ewa[G1(GY)T | WA] + Ew [G17(G1) T | ). (48)
2
Lemma24 G\* = LWy ®, and By, (PGP | W) = Ble 7,
Proof. Let v, := @' (W3)., € R%, so (W, ®)4 = (va)p. Then, by Lemma 21,
(G?))ab = Ew[l[w;x > 0] zp (;UTva)} = (Ex[l[w;x > 0] :U:L‘T} Ua)b = %(va)b,
so G = 1, ® and G (GP)T = LW, &7 Wy; Lemma 16 (right identity, N = ®® ) gives
EWQ[WJ‘P‘FTWz} = | @[ L, u

18



ORTHOGONALIZATION AND THE NEURAL-NETWORK HESSIAN

Lemma 25 Define Fy(u,v) := Ey[o’(u"2)o(v z)ap]. Then Fy(u,u) = iuy, and for u ¢
span(v),
Fy(u,v) =u lv]in 6 ™0 0 := ZL(u,v) (49)
b ’ = Up 27_‘_ HUH b 27T ) T ) .

Proof. For u = v, o'(u'z)o(u'z) = o(u'z) ae., so by Lemma 17 (applied to the Lipschitz

z — o(u'x)) and Lemma 18, Fy(u,u) = E lo(u' z)xp] = Eg[o’(u' 2)]uy = Lup. Foru # v,
f(z) = o'(u"z)o(v z) is discontinuous across {u'z = 0}, so we differentiate the Cho—Saul
kernel instead. With K (u,v) := E;[o(u' 2)o (v x)], dominated convergence (since o is Lipschitz
with linear growth) gives

g—K(u,v) =E.[o'(u" z)zpo (v 2)] = Fy(u,v).
uy,

By Lemma 19, K(u,v) = W(sin@ + (m — 6)cos @), smooth for u ¢ span(v); differen-

tiating with O ||u|| /Ouy = wup/ ||ul|, Ocos@/Ou, = m(vb/HUH — cosOup/ ||ul|), 00/0u, =
1

— g0 cos 6 /0uy, and simplifying yields (49). u

Lemma 26 EWQ[(WQTWQ)ak(WQTWQ)CZ] = d% OakOcl + d2 0qcOrr + do 0g10ck-

Proof. (I/VQ—r Wa)ak = Z?il(Wg)w(Wg)ik, and applying Lemma 20 to the four Gaussian factors
(W2)ias Wa)ik, (W2)je, (W2) 4 (summed over 4, j) the three pairings give Sak0cids + SacOride +
5aléckd2- ]

Proof of (39)—(40). Permutation invariance follows from the exchangeability of the rows of W;

2
and columns of W5. The G?) contribution to (48) is ”(I;”FIUZ1 by Lemma 24. For Ggl), write

(Ggl)%b = iL1(W2TW2)aka(wmwk), SO

Ew, [(GY (G Nae | W1] = Y Eyws (W Wa)ar (W Wa) ] Fy(wa, wye) Fy(we, wy),
b,k,l

and substituting Lemma 26 gives T\ + T3 + 7" with

Tl(ac) = d% Zb Fb(wa; U}a)Fb(wm U)C), (50)
T = dy e S5y 5 B0, 00, b
Tg(ac) =dy Zb Fb(wa, wc)Fb<w67 wa)~ (52)

dod3

d; Tw,, giving IE[Tl(aa)] = -

Term Ty. By Lemma 25, Fy(wa, wa) = 3(Wa)p, SO Tl(ac) = Zw,
and E[T\")) = 0 for a # c.

Term Ts. For u # v, writing A :=

Sin 0 9. :
H;}JT"‘TL,HH ,B:= ”2—;) in (49) and using v v = |ju| |[v|| cos 6,

_sin? 0+ (m — 9)2+sin9(:os O(m —0)

Y Fy(u,0)® = A% ul*+2AB(u"0)+ B |[v]* = [|o]* ¥ (6),  (6):

472 272
b
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In Tgaa) the term k = a contributes Y, F}(wq, wq)? = 1 l|wa||* (expectation %0), and each k # a
contributes E[||wy, | *|E[¢(041)] = dok1, s0

E[Téaa)] =dy %0 + (di — 1)d0/41] = doda [(dy — 1)k1 + 1],

and T,* = 0 for a # c.
Term Ts. Fora = ¢, >, Fy(wa, wa)? = % |wal|?, so E[Téaa)] = Db For q # c, expanding
Fy(wg, we) Fy(we, wg) via (49) (with 6 := 0,.) and summing over b,

Z Fy(wg, we) Fy(we, wg) = W {cos@(sin2 0+ (m— 9)2) + 2sinf(m — 0)]
T
b
Here ||w,|| ||we|| is independent of 6,. with E[||wg]| ||we||] = do + O(1); as dg — o0, 04 concen-

trates at 7/2 with E[cos 0,.] = 0 and Var(cosfy.) = 1/dg, so |E[cos Ouc q(0ac)]] = O(1/+/dp)
for bounded ¢, while E[sin 0,.(7m — 04.)] = O(1). The cos 6(-) part contributes O(d2+/dp) and the

2sin 0(m — ) part gives dodako + O(dz), so E[Tg(ac)] = dodaka + O(d2v/dp).
Combining. For a = c, adding the three terms and the G(lz) contribution and merging the two

2 2
E[(G1G] )aa] = %2 + dods [(d1 — 1)y + 4] + 12

for a # conly Téac) survives, B[(G1GY )ae] = dodaka +O(d2y/dp). Finally ¢ (m/2) = 1+(m/2)% _

4m2
Tz + 15 and sin(w/2) (7 — 7/2) /(27%) = ;= give the high-dimensional limits of £1, K. ]

C.7. Numerical verification

End-to-end simulations match the formulas above without analytical shortcuts: sample Wy, Ws
with i.i.d. M'(0, 1) entries and a large batch X with x; ~ N (0, I,), compute G1, G5 by automatic
differentiation on the empirical loss, average G; GiT over many initializations, and estimate «;, k1, K2
by Monte Carlo (never via C' = %Wl, G§2) = %W; ®, or the Cho-Saul kernel). At dy = 25,
dy = 20, dy = 12, ;; ~ N(0,9) (s0 [|@||7 = 3211.10), niniy = 4000, 1, = 8000:

Quantity Simulation  Theory  Ratio
G5 diagonal mean 11541.18  11549.25 0.999
G, off-diagonal projection coefficient ¢ 4.50 5.00 0.900
(51 diagonal mean 2372.19 2364.78 1.003
G off-diagonal mean 24.64 23.38 1.054

Figure 2 sweeps one of dy, d1, do at a time; the empirical slopes track the predicted exponents
(for instance (G; off-diagonal vs d; has slope = 0, vs dy and ds slope = 1, while (G; diagonal vs d;

. . 2 |2 . .
is sublinear at moderate d; because the d‘{% + % constants still dominate the dgd;dskq term).
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End-to-end simulation: gradient self outer-product entries vs layer widths
Pure backprop, W ~ A0, 1) i.i.d., single x-batch of size ny, averaged over nin;; initializations

G, vs do Gi1vs do
10% 4
10° 4
10 4
10 4
-@- diagonal (sim) -@- diagonal (sim)
10° 4 < - diagonal (theory) < diagonal (theory)
- off-diag coef. ¢ (sim) - off-diagonal (sim)
/A~ off-diag coef. di/4 (theory) A off-diagonal (theory)
2 ] 2 |
10 101 A
104 -______!_\-__’—!/.
A
2x10* 3x10! 4x10! 6x 10! 2x 10! 3x10* 4x10* 6x10!
do do
Gy vs di Givs di
o] .__—_/——0/.
10 4 107 4
=@~ diagonal (sim) -@- diagonal (sim)
S < diagonal (theory) < diagonal (theory)
107 5 -l off-diag coef. ¢ (sim) -l off-diagonal (sim)
/A~ off-diag coef. di/4 (theory) 44 off-diagonal (theory)
102 4
10% 4
. ./!/!/./!
10* 102 10* 10?
dh d1
G, Vs dy G1vs d>
10 ——————————————o—@ =@~ diagonal (sim)
< - diagonal (theory)
10 { 4l off-diagonal (sim)
A\ off-diagonal (theory)
10° 4
-@- diagonal (sim) 1074
- diagonal (theory)
102 4 - off-diag coef. & (sim)
A off-diag coef. du/4 (theory)
102 4 A
10* 4
A i i |
10 4
10* 10*
d2 d;

Figure 2: End-to-end simulation of the two-layer ReL.U network. Rows: vary dg (d1=20, do=12);
vary di (dp=25, do=12); vary dsy (dy=25, d1=20). Left: Go; right: G;. Diagonal entries
(circles, simulation) match theory (crosses); off-diagonal entries (squares, simulation)
match theory (triangles).

C.8. Discussion

At initialization the gradient of W5 is mostly target-independent: the ©(d2d?) leading order of
E[(G2G3 )aa] comes entirely from tr(H?2), which depends only on Wi, while the target term
%(@@T)aa is dominated unless || ®||3 is exceptionally large. The nonzero ©(dods) off-diagonal of
E[G1G] ] comes from T3 and reflects ReLU’s lack of odd symmetry: in a deep linear network the
symmetry Wy — DW;, Wo — WoD for D = diag(+1) preserves the loss and forces off-diagonal
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expectations to zero (cf. Section B), whereas o(—z) # —o/(z) breaks it. The dominance is therefore
asymptotic in d; rather than exact.

Appendix D. Orthogonalization Is Asymptotically a Row Normalization

What does diagonal dominance say about the orthogonalization step itself? Suppose V; V; ! is diago-
nal. Then V;V,T = diag(V;V,"), so (V;V,T)~1/2 = diag(V;V,T)~1/2, and since diag(V;V, " );; =

1(Va)i:|I5,

Ty\—1/2 _ (Vt)i,s

(Vv = vy 3
That is, when V,;Vt—r is diagonal the orthogonalization in (1) is just each row of the momentum
divided by its own ¢ norm, which is exactly the row normalization used by several recent state-
less optimizers [7, 10, 18, 21, 23, 29]; equivalently, its implicit preconditioner is diag(Pt)l/ 2 1,,
which equals Hyryon When P, is diagonal. Putting (53) together with Theorems 1 to 3: at a Gaus-
sian initialization, as the width grows, Muon’s ©(mn min(m,n)) orthogonalization collapses to a
©(mn) row-wise {2 normalization with the same preconditioner shape. Deng et al. [7] check that
this equivalence holds throughout the training of GPT-2 and LLaMA, and that the dominance ratio
grows with model size, in line with the width dependence in Theorem 3. Carrying the analysis past
initialization, and to deep nonlinear networks, is left for future work.
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