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ABSTRACT

We study reward-free reinforcement learning with linear function approximation
for episodic Markov decision processes (MDPs). In this setting, an agent first
interacts with the environment without accessing the reward function in the explo-
ration phase. In the subsequent planning phase, it is given a reward function and
asked to output an e-optimal policy. We propose a novel algorithm LSVI-RFE un-
der the linear MDP setting, where the transition probability and reward functions

are linear in a feature mapping. We prove an 5(H 4d?/e?) sample complexity
upper bound for LSVI-RFE, where H is the episode length and d is the feature
dimension. We also establish a sample complexity lower bound of Q(H3d?/e?).
To the best of our knowledge, LSVI-RFE is the first computationally efficient
algorithm that achieves the minimax optimal sample complexity in linear MDP
settings up to an H and logarithmic factors. Our LSVI-RFE algorithm is based
on a novel variance-aware exploration mechanism to avoid overly-conservative
exploration in prior works. Our sharp bound relies on the decoupling of UCB
bonuses during two phases, and a Bernstein-type self-normalized bound, which
remove the extra dependency of sample complexity on H and d, respectively.

1 INTRODUCTION

In reinforcement learning (RL), an agent tries to learn an optimal policy that maximizes the cumula-
tive long-term rewards by interacting with an unknown environment. Designing efficient exploration
mechanisms, being a critical task in RL algorithm design, is of great significance in improving the
sample efficiency of RL, both theoretically |Azar et al.[(2017); Ménard et al.|(2021) and empirically
Schwarzer et al.| (2020); Ye et al.| (2021)). In particular, for scenarios where reward signals are sparse
and require manually-designed reward functions, e.g.,Nair et al.|(2018)); Riedmiller et al.|(2018]), or
multi-task settings where RL agents are required to accomplish different goals in different stages,
e.g.,Hessel et al.|(2019);|Yang et al.|(2020), efficient exploration of the environments is crucial, as it
can avoid the agent from repeated learning under different reward functions, resulting in inefficiency
and even intractability of sample complexity. However, the theoretical understanding is still limited,
especially for MDPs with large (or infinite) states or action spaces.

To understand the exploration mechanism in RL, reward-free exploration (RFE) is firstly proposed
in Jin et al.| (2020a)) to explore the environment without reward signals. RFE contains two phases:
exploration and planning. In the exploration phase, the agent first interacts with the environment
without accessing the reward function. In the subsequent planning phase, the agent is given a re-
ward function and asked to output an e-optimal policy. RFE has great significance in a host of
reinforcement learning applications, e.g., multi-task RL Hessel et al.| (2019); Yang et al.|(2020), RL
with sparse rewards |Nair et al. (2018)); Riedmiller et al.|(2018)), and systematic generalization of RL
Jiang et al. (2019); Mutti et al.| (2022). The minimax optimal sample complexity O(H?3S?A/e?) of
RFE is obtained in M¢énard et al.[(2021)) for tabular settings where S and A are sizes of state and
action space, respectively. However, this bound is intractable when state and action space are large.

In this paper, we consider the RFE problem in the linear MDP setting, where the transition proba-
bility and the reward function are linear in a feature mapping ¢ (-, -). The linear MDP model is an
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important formulation that provides a linear function approximation for general MDP problems with
large (or infinite) state and action space, and has received much recent attention in RL studies, e.g.,
Jin et al.| (2020b); Zhou et al.|(2021). Existing works in|Wang et al.| (2020a); |Zanette et al.| (2020c);
Chen et al.[(2021)) also study RFE in linear MDPs. The best known sample complexity upper bound
in this setting is O(H*d3/e2) obtained in |Chen et al.| (2021), and the best known lower bound is
Q(max{H?3d, d*}/e?) by combining results obtained in Zhang et al. (2021) and [Wagenmaker et al.
(2022). This means that the following fundamental question still remains open:

Does there exist a computation-efficient and minimax optimal algorithm for RFE in linear MDPs?

We make constructive contributions to minimax optimality by proposing a computationally ef-
ficient algorithm LSVI-RFE, achieving the state-of-the-art sample complexity upper bound of
O(H*d?/e?), which is minimax optimal up to an H and logarithmic factors. The LSVI-RFE al-
gorithm is based on a novel variance-aware exploration mechanism with weighted linear regression
to avoid overly-conservative exploration in prior works. Accordingly, our sharp bound relies on the
decoupling of UCB bonuses during two phases, and a Bernstein-type self-normalized bound, which
remove the extra dependency of sample complexity on H and d, respectively. We summarize the
main contributions of the paper below.

* We propose the LSVI-RFE algorithm for RFE in linear MDPs based on a novel variance-
aware exploration mechanism with weighted linear regression to avoid overly-conservative
exploration in prior works. It also builds the monotonicity of constructed value functions
between two phases, providing new reward-free linear RL techniques.

« LSVI-RFE achieves a sample complexity of O(H*d?/¢2), which relies on the decoupling
of UCB bonuses during two phases. In addition, a Bernstein-type self-normalized bound
and the conservatism of elliptical potentials are utilized to reach optimal dependency of
sample complexity on d, which is potentially a general tool for linear reward-free RL.

« We prove a sample complexity lower bound of Q(H?3d?/e?), showing that LSVI-RFE is the
first computationally efficient algorithm to achieve the minimax optimal sample complexity
in linear MDPs up to an H and logarithmic factors.

Notations Scalars are denoted in lower case letters, and vectors/matrices are denoted in boldface
letters. Denote |x[|% = " Az for vector = and positive definite matrix A, and | - | denotes the
Frobenius norm. Denote {1,...,n} as [n]. a, = O(by,) if there exists an absolute constant ¢ > 0
such that a,, < cby,, holds foralln > 1 and a,, = 2(b,,) for inverse direction. 5() further suppresses
the polylogarithmic factors in O(-). < denotes approximately less than up to constant factors.

2 RELATED WORKS

RL with Linear Function Approximation There are a number of ways to parameterize an MDP
linearly. The first sample efficient algorithm is introduced by Jiang et al.|(2017), where low Bellman
rank MDPs are considered. Subsequent works include|Dann et al.[(2018));/Sun et al.|(2019)). |Yang &
Wang|(2019) develops the first statistically and computationally efficient algorithm for linear MDPs
with generative models, while Jin et al.|(2020b) considers RL settings and proposes the LSVI-UCB
algorithm. Concurrently, Zanette et al.|(2020a) provides a Thompson sampling-based algorithm. [He
et al. (2021);/Wagenmaker et al.| (2021)) provide a gap-dependent regret bound and a first-order regret
bound for linear MDPs, respectively. Subsequently, the minimax optimal algorithm is proposed in
Hu et al.| (2022). More works on RL with linear function approximation include |Zanette et al.
(2020b)) for low inherent bellman error case, [Wang et al. (2020c) for linear Q function case, and
Wang et al.| (2020b) for bounded Eluder dimension case. Another popular linearly parameterized
MDP is the linear mixture MDP, studied in [Modi et al.| (2020); 'Yang & Wang| (2020); Jia et al.
(2020); |Ayoub et al.| (2020); (Cat et al.[(2020); Zhou et al.[(2021).

Reward-Free Exploration in Tabular MDPs Reward-free exploration is studied in [Jin et al.
(2020a); [Kaufmann et al.[ (2021); Ménard et al.| (2021); |[Zhang et al.| (2020). Jin et al.| (2020a)
achieves an O(H®52A/€?) sample complexity in the tabular setting. Subsequently, the RE-UCRL
algorithm in |[Kaufmann et al.| (2021) improves this result by an H factor. |Ménard et al.| (2021)
modifies the Upper Confidence Bound (UCB)-bonus of UCRL and achieves a sample complexity of
O(H?352A/€%), matching the minimax lower bound provided in Jin et al.| (2020a) up to logarithmic
factors. Concurrently, the SSTP algorithm Zhang et al.|(2020) also achieves minimax optimality in
the time-homogeneous setting. Besides, Wu et al.| (2022)) proposes the first gap dependent bound.
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RFE with Linear Function Approximation There are recent works Wang et al.[(2020a); Zanette
et al.[ (2020c); Zhang et al| (2021); |Chen et al.| (2021); Huang et al.| (2022); Wagenmaker et al.
(2022) focusing on RFE in RL with linear function approximation. |Chen et al.{(2021) gives a sample
complexity bound of O(H*d3/e2) which is sharpest result on H, while Wagenmaker et al.| (2022)

gives a sample complexity bound of O(H5d2 /e2), which achieves optimal dependency on d. Our
technical framework, i.e., an aggressive variance-aware exploration mechanism, is very different
from that in Wagenmaker et al.| (2022)), and also achieves an optimal dependency on d and a better
dependency on H. The best known lower bound is 2(max{H?d, d?}/e?) by combining results
obtained in [Zhang et al.| (2021) and |Wagenmaker et al.| (2022). Another line of works Zhang et al.
(2021);/Chen et al.|(2021) focus on RFE in linear mixture MDPs, where the minimax optimal sample
complexity is obtained in (Chen et al.[{(2021)) when d > H but the algorithm is not computationally-
efficient. A detailed comparison of some most related works is shown in Table |1}'| Moreover, low-
rank MDPs, which subsume linear MDPs, are considered in Modi et al.| (2021)); |Chen et al.| (2022)).
In addition, more related work focuses on block MDPs, where the representation ¢ is unknown, |Du
et al. (2019); Misra et al.| (2020); Zhang et al.| (2022)).

Table 1: Comparison of reward-free exploration in episodic RL with linear function approximation.

Setting  Algorithm Computation-Efficient Sample Complexity
Linear UCRL-RFE" [Zhang et al[(2021) No O(H®d(H + d)/?)
Mixture  Chen et al. Chen et al. (2021) No O(H3d(H + d)/e?)
MDP  [ower bound|Chen et al|(2021) Q(H3d?/e?)
Wang et al. [Wang et al.|(2020a) Yes O(HSd3/e?)
. FRANCIS Zanette et al.| (2020c) Yes O(H?d3/e?)
%\‘/I‘g;r Chen et al. [Chen et al (2021) Yes O(H*d*/e?)
RFLIN Wagenmaker et al.|(2022) Yes O(H5d?/€?)
LSVI-RFE (Alg. Yes O(H*d?/e?)
Lower bound (Th.|6.1) Q(H3d?/€?)

3 PRELIMINARIES

We consider an episodic finite-horizon MDP M = {S, A, H, {Py}, {rn}n}, where S is the state
space, A is the action space, H € Z™ is the episode length, P, : S x A — A(S) andrp, : S x A —
[0, 1] are time-dependent transition probability and deterministic reward function. We assume that
S is a measurable space with a possibly infinite number of elements and A is a finite set.

For a time-inhomogeneous MDP, the policy is time-dependent, which is denoted as m =
{m1,...,m}, where 7, (s) is the action that agent takes at state s at the h-th step. We define the
state-action function (i.e., Q-function) and value function as

H
QZ (s,a;'r) =E l Z Th (Sh’vah’) | Sp = S,ap = a,’ﬂ"| y (1)
h=h
H
V};ﬂ' (S7T)_Elz Th (Sh’7a‘h’) |Sh_SaW]7 (2)
h=h
respectively for a specific set of the reward function » = {r,}/L . For any function V(;7) :
S — R, we further denote P,V (s,a;7) = Ey.p,(s,a)V (s';7) and value function variance

[VaV](s,a;r) = PaV2(s,a;7) — [PnV (s, a;r)]*, where V2 stands for the function whose value
at s is V2(s; ). The Bellman equation associated with a policy 7 for reward function r is

Qh(s,a;7) = rn(s,a) + PaVily (s, a57),  Vii(sir) = @ (s, ma(s);7), 3)

for any (s,a) € S x A and h € [H]. Since the action space and the episode length are both
finite, there always exists an optimal policy 7* for the reward function r = {rj,}Z , such that
the associated optimal state-action function and value function are Qj (s, a;r) = sup, Qf (s, a;r)

"For time-inhomogenous case, the bound of UCRL-RFE™ Zhang et al.[(2021) is degraded by an H factor.
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and V;*(s;r) = sup, V;7(s;r), respectively. For any (s,a) € & x A and h € [H], the Bellman
optimality equation for the reward function r = {r;}/L | is

Qh(s.air) = muls,a) + BV (scain), Vi(sir) = maxQif(s,asr), (4
ae

The structural assumption we make in this paper is a linear structure in both transition and reward,
which has been considered in prior works, e.g., Yang & Wang|(2019); Jin et al.| (2020b) as below:

Definition 3.1 (Linear MDP). AMDP M = {S, A, H,{Py}1, {rn}n} is a linear MDP with a known
feature mapping ¢ : S x A — RY, if for any h € [H], there exist unknown d-dimensional measures
wr = (pn(8)ses) € R¥¥ISI over and an unknown vector 8, € R?, such that for any (s,a) € S x A,

Ph(sl | 870’) = <¢(57 a)a uh(sl)>’ ’f‘h(S, a) = <¢(S’ a’)’ 0h>

We make the following norm assumptions: for any h € [H], (i) supy, [#(s,a)[2 < 1, (ii)

|pnv]2 < +/d for any vector v € RIS such that |v], < 1, (iii) |02 < W, where W is a
constant. These assumptions are mild and are common in the existing literature Jin et al.| (2020b).

Reward-Free Exploration (RFE) We consider the following RFE model, which has been con-
sidered in previous literature Jin et al.[(2020a); Kaufmann et al.|(2021)); Ménard et al.| (2021); Zhang
et al.[(2020). Specifically, there are two phases in the RFE paradigm. (i) Exploration Phase: The
agent interacts with the environment for exploration up to K episodes without accessing the reward
function. (ii) Planning Phase: The agent is given a reward function r = {rh}hH:l with the goal of
outputting an e-optimal policy 7 based on learned information from the exploration phase.

We define the sample complexity to be the number of episodes K required in the exploration phase
to output an e-optimal policy 7 in the planning phase for any possible reward function r, i.e.,

Eoop VI (5;7)] = Eonp [V (s57)] < €

where p € A(S) denotes the initial state distribution.

4  ALGORITHM AND MAIN RESULTS

This section presents our LSVI-RFE algorithm for reward-free reinforcement learning in linear
MDPs. It builds upon the procedure of optimistic learning as Wang et al.| (2020a); |[Zhang et al.
(2021), but with critical novelty of introducing an aggressive variance-aware exploration mecha-
nism. The mechanism is inspired by (Chen et al.| (2021); |[Hu et al.| (2022), and LSVI-RFE further
makes critical improvements in variance-aware weights, value function monotonicity, and compu-
tational tractability. In addtion, the mechanism is implemented by an aggressive exploration bonus
br,n and an aggressive reward function 7y p, in the exploration phase: (i) The aggressive explo-
ration bonus guarantees the monotonicity of value functions between two phases and removes the
additional dependency of sample complexity on feature dimension d, due to building a uniform con-
vergence argument by the covering net in prior works, e.g., Jin et al.| (2020b); [Wang et al.| (2020a).
(ii) The reward function is also more aggressive than those in prior works Wang et al| (2020a));
Zanette et al.| (2020c) by an H factor to avoid overly-conservative exploration, which removes the
extra dependency of sample complexity on episode length H.

4.1 EXPLORATION PHASE

Overall Exploration Sketch The observed state-action pairs are collected in each episode for
estlmatmg the parameter {gt, } pe[7] by weighted linear regression. Then, the OptlmIStIC state-action

function Qk n is constructed (Line 9) and the agent executes the greedy policy 7rh with respect to
the optimistic state-action function (Line 11). Two critical steps in the exploration are the variance-
aware exploration mechanism and the weighted linear regression, which are illustrated below.

Aggressive Variance-Aware Exploration Mechanism LSVI-RFE designs a variance-aware
weight & Ok,h» and subsequently builds an exploration bonus by, ;, and a reward function 7, 5, to en-
courage the exploration in Lines 7 and 8 of Algorithm [T} respectively. Our exploratlon mechanism
is variance-aware and aggressive with the following critical differences to prior works:

(1) Variance-aware weights: crk n (Line 24 of Algorlthm contains two terms: wy p, and Wy j.
The motivation to introduce &y, ;, remains that we utilize a Bernstein-type self- normalized bound
(Lemma in Appendix u ) to build the confidence set, and the Bernstein bound contains a
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variance term (02) and elliptical potential term (R). Thus, LSVI-RFE estimates the variance upper
bound of the value function V}, j, by W}, 5, in Line 16, and dynamically adjusts wy, ;, in Lines 19-23
to keep H&,;,ll (s, af)| A A /ak », small. This fine-grained control of wy, 5, is critical for removing
the extra dependency on d Wthh is inspired by |Hu et al.[(2022) for regret minimization in linear
MDPs, and is detailed in step 2 in Sectlonl However ak7h in|Hu et al. (2022)) contains three terms
and the difference is that we abandon the variance upper estimator term concerning the real value
function. Due to the agnosticism of the reward function in the exploration phase, a uniform upper
bound of the value function (concerning the actual reward function) variance is infeasible.

Algorithm 1 Least-Squares Value Iteration - RFE (LSVI-RFE): Exploration Phase

Require: Regularization parameter \, exploration radius B E
1: for ' step h=H,..,1do

2: A1h7A1h<—)\I 1p < 0; Voh() — H;

3: end for

4: Vl,H+1(‘) —0

5: for episode k = 1,..., K do

6: forsteph = H,...,1 // Value iteration do

7: bin(c, ) = 28|, )||A : // Exploration driven bonus

8: (s ) = ben(s,-)/2 //Exploranon driven reward function

9: Qk,h(‘, ) = Tk,h( )+ <Hk,th,h+17 o))+ bio.n (-, -) // Optimistic Q function
10: Vien(-) < min {maxaeA th(-,a),H}

11: 7 (+) < arg maxge4 @hh(',a)

12:  end for

13:  Receive the initial state s%
14: forsteph=1,....,H do

15: af « mr(s¥), and observe i1~ Pr(]sh, aﬁ)
16: Win = min{H - ({fir,n Viens1, d(s5, af)) + B | (sh, GZ)HA;I,L + HVA/2K+/d), H?}
17: U;C B \/maX{H (d2/H)Wk nt
18: Ak+1 ho— Ak h+ O h (s’,§7a’ﬁ)¢(s’fb,a,’j)T
19: if |5, ¢(sf, af)| 31 > 1/d° then
k,h
20: Wk, < \/Hd3
21: else
22: W, p < vH
23: end if
24: Gre,p < max{wp p, Fr,n}
25: Ak+1 B o— Ak n+ O’k h(ﬁ(sﬁ,aﬁ)(b(slﬁb,a’,jf
26: Bht1,h < Ak+1,h Zi=1 U;ﬁQ&(S%, ai)é(sh 1) // Solution to the weighted regression
27:  end for
28: end for _

29: Return {AK+1,h> ﬁK+1,h}he[H]-

(ii) Aggressive exploration bonus by, p,: It is aggressive by a factor of 2 enlargement to ensure the
monotonicity of the estimated value function between the exploration phase and planning phase, i.e.,
ViECr) + Vien () = Vi) (Lemmain Appendix), which is also necessary for removing the
extra dependency of the sample complexity on d. This monotonicity is similar to “over-optimism”
in |Hu et al.| (2022)), but our monotonicity is built between the exploration phase and the planning
phase, which is different from that in|Hu et al.| (2022), which builds monotonicity in each episode.
The reason remains that only the planning phase bonus determines the sharpness of the sample
complexity as detailed in Section[5] such that monotonicity is only required between the exploration
phase and the planning phase, instead of each episode in the exploration phase.

(iii) Aggressive reward function ry, p: It is more aggressive by a factor of H enlargement than
existing works for RFE in linear MDPs, e.g.,|Wang et al.|(2020a)), which sets the reward function as
min{by (-, )/H, 1} so that it belongs to [0, 1]. 745 takes the same order as the exploration bonus,
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i.e., without the 1/H factor. Using a factor of H enlargement to achieve faster learning rates was
firstly proposed in|Chen et al.|(2021) for linear mixture MDPs, achieving minimax optimal sample
complexity, yet in a computationally-inefficient manner. We prove that the H enlargement also
works for our variance-aware exploration mechanism in a computationally-efficient way, and saves
an H? factor in the sample complexity.

Weighted Linear Regression To enable aggressive variance-aware exploration, we employ
weighted linear regression to assemble variance-aware weights in linear regression. Note that the
weighted ridge regression estimator has been built for regret minimization algorithms for RL with
linear function approximations, e.g., Zhou et al|(2021); |Hu et al. (2022). Denote d(s) € RISl as a
one-hot vector that is zero everywhere except the entry corresponding to state s is one, and define
€f =Py (- | sf,af)—d(sk, ). Considering E[e}! | s}, al] = 0, 8(s}, ;) is an unbiased estimate of
Pr(- | sf,af) = ) @(sf, af). Thus, py, can be learned via regression from ¢(sf, af) to 8(sf_ ),
and the sequence {7 1, }ic[x] serves as the weight sequence. The estimated parameter fiy, j, in Line
26 of Algorithm I]is the solution to the following weighted linear regression:

k—1 9
mingegacs Y, |4 @(shsaf) = 8(sh)] 774 | + Alul, 5)
i=1

with solution in Line 26 and the estimated transition probability Py, (- | s, al) = A ,(sk, af).

4.2 PLANNING PHASE

Overall Planning Sketch During the planning phase, the e-optimal policy 7 is the greedy policy
concerning the optimistic value iteration with respect to the estimated transition matrix from the
exploration phase, i.e., parameters {[i K+17;L} he[H]- We introduce a UCB bonus term by, (-, -), which
still takes a variance-aware mechanism by utilizing the covariance matrix A K+1,h, tO ensure opti-
mism of V},(+). In particular, Step 4 in Section reveals that the sub-optimality gap is upper bounded
by the summation of UCB bonus term by, (-, -) in the planning phase, which is small on average and
ensures the near optimality of the returned greedy policy 7.

Algorithm 2 Least-Squares Value Iteration - RFE (LSVI-RFE): Planning Phase

Require: Planning radius 37, parameter {A 41 5, Perc+1,n b hepr)» reward function v = {ry,} e

: Vg () < 0
: forstep h = H, ..., 1 // Value iteration do
) = 1 AP P ~_
bil( y ) mln{ﬂ H¢( ) )HAKlt\lyth}
@Qn() = 7n( ) + Bk 41,0 Virr, @, -)) + bn(:, ) // Optimistic Q function
Vi(:) < min { maxge 4 Qn (-, a), H}

(1) < argmaxgea Qh(’va)
7: end for
: Return 7 = {74} pera

A R o S ey

o]

Remark 4.1. In our analysis, we introduce auxiliary value functions (Definition in Appendix).
Although it is inspired by [Chen et al.|(202 1)), we make critical changes, i.e., building optimism in our
variance-aware exploration mechanism with a computationally-efficient manner. By auxiliary value
functions, we can further decouple UCB bonuses by, 5, and by, of exploration and planning phases,
ie., by p, and by, can take different orders, as revealed in Eq. (9) and Eq. (10). In particular, Step
4 in Section 5 further shows that only the planning phase bonus b;, determines the sharpness of the
sample complexity. This is very different from prior works Wang et al.[(2020a); Zhang et al.| (2021},
which take the same order of bonuses in two phases. Our heterogenous UCB bonuses in two phases
and accompanying auxiliary value functions together are able to reduce an H? factor and a d factor
in the sample complexity, compared to prior work inWang et al.| (2020a)).

4.3 MAIN RESULTS

The sample complexity of the proposed LSVI-RFE algorithm is given below in Theorem .2] with a
proof sketch in Section[5] The detailed proof is given in Appendix
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Theorem 4.2 (Upper bound). Ser 32 = O(dvH) and BF = O(vHd) P|. After collecting
0 (H a2/ 62) trajectories during exploration phase, with probability 1 — 76, LSVI-RFE outputs an
e-optimal policy for arbitrary reward function satisfying Definition[3.1|during the planning phase.
Remark 4.3. Theoremd.2]shows that LSVI-RFE achieves the state-of-the-art sample complexity for
RFE in linear MDPs. Compared to the RFE algorithms in Wang et al.|(2020a)); |Zanette et al.|(2020c);
‘Wagenmaker et al.| (2022) for linear MDPs, our sample complexity is sharper in H, which comes
from the more aggressive reward function. Moreover, the optimal dependency on d is achieved by
our variance-aware UCB bonus such that the extra overhead due to building the uniform convergence
argument in \Wang et al.| (2020a); |Chen et al.| (2021)) is removed. Compared to [Wagenmaker et al.
(2022), which also achieves optimal dependency on d, our technical framework, i.e., an aggressive
variance-aware exploration mechanism, is very different, and gives better dependency on H.
Remark 4.4 (Computational Tractability). LSVI-RFE is a computationally efficient algorithm, i.e.,
it has polynomial space and computation complexities. Besides, it suffices to only analyze the space
and computation complexity of Algorithm [I] in the exploration phase, since Algorithm [2]in the
planning phase is equivalent to a single-episode run of Algorithm[I] The space and computation
complexities (detailed in Appendix of Algorithm|[l|are O(d*H + d|A|HK) and O(d?| A|HK?),
respectively, where K is the number of episodes that Algorlthmlhas run. By Theoremd.2] K can

take the order of O (H a2/ 62) to output an e-optimal policy with high probability.

5 MECHANISM

In this section, we overview the key techniques and ideas used in the analysis of reward-free ex-
ploration and the proof of Theorem 4.2} As preliminary steps in optimistic learning, we construct
the confidence sets C ,;E , and Cj, CP for the exploration phase and planning phase respectively in Steps
1 and 2. Subsequently, we bound the exploration error, i.e., summation of the exploration bonus,
during the exploration phase based on the confidence set Ck} 5, in Step 3. Finally, we bound the

sub-optimality gap of the recovered policy in the planning phase with confidence set CA}? and the
monotonicity of the exploration bonus in Step 4. The full proof is in Appendix [A]

Step 1: Build Confidence Set CA b i, In the Exploration Phase LSVI-RFE estimates the parameter

{#n} hepm Of the transition probability matrix in the exploration phase. The confidence set C;, 2 kp 18
built with a Hoeffding-type self-normalized bound, i.e., Lemma [C.I|in Appendix [C]and a standard
covering net argument, e.g., Lemma B.3. inJin et al.[(2020b)), such that we have for any k € [K], h €

[H], with high probability, R
< BE} : (6)

pn € CLY 1= {H : H(H — Bien) Vi N
k,h
This is detailed in Lemmawith BE = 5(d\/ﬁ ). Consequently, we have (}f"k,h - ]P’h)f/k,hﬂ <
BE|p(sk,ak)| A by the Cauchy-Schwarz inequality. Under confidence set C;,, Vi, (-) is a upper

confidence estimator of the optimal value function with exploration-driven reward, i.e., Vh*(-; rk ),
where 74 = {7k n}ne[ ], Which is detailed in Lemma

Step 2: Build the Confidence Set C ,1; in the Planning Phase We prove that, with high probability,
for any h € [H] in the planning phase,
<}, ™
AK+1 h

where the bonus radius 37 = O(v/dH) is sharper than BE = O(dv/H) in the exploration phase.
Specifically, we build the confidence set CA,ILD by the intersection of two confidence sets CA: ™) and
CA,}; (2), similar to that in|Azar et al.| (2017) for tabular MDPs, where

pn € CL = { H = fK 1) Vit -

é\]f(l) = {IJ’ : ”(/1' - ﬁ’K-&—l,h) Vh*+1”1’iK+1,h, < Bp(l)} )
Cy@ = {mc H(M — HK41,h) (Vhﬂ Vh+1) <pre L
Axcqn

where V}*_, (-) refers to V}*_, (-;7). A couple of remarks are in place here. (i) In particular, since
Vi 1(+) is a fixed function, where 7 is the real reward function given in planning phase, we can

’The exact forms of BE, BP(D, BP(Q) are given in Eq. , and , respectively in Appendix
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build confidence set CA}I:(D with radius BP M = 6(\/ Hd) by Hoeffding-type self-normalized bound
directly without a uniform convergence argument, as detailed in Lemma (i1) When building
the confidence set C }}; @ , the Bernstein-type self-normalized bound (Lemma in Appendix
is applied, where the variance term (c'2) and elliptical potential term () need to be controlled. In
fact, we build the monotoniciti of the estimated value function between the exploration phase and

planning phase in Lemma|A.15 i.e., V,*(-;7) + ‘A/hh (-) = Vi(-) such that the variance term (¢2) can
be bounded by the variance of I7k, 1 (). Moreover, by dynamically adjusting wy, ,, we can keep the
elliptical potential term () small, which is detailed in Lemma This gives BP @ = 6(@)
as detailed in Lemma Consequently, the overhead due to building a uniform convergence
argument by covering net is removed and BP = Bp(l) + BP(Q) = 6(\/@)

Step 3: Bound the Exploration Error The exploration error refers to the summation of the con-
structed optimistic value function in the exploration phase, i.e., IA/;CJ, which is upper bounded by
the summation of the bonus term under the confidence sets (?E , forany h € [H]. It is named
as the exploration error since the summation of the bonus term upper bounds the estimation error
(I@k h— ]P’h)f/k, n+1- In particular, the exploration error is upper bounded in Lemmaby

K K H K H
2 1(s¥) < 4B Ezgzh ZZ m{‘akhd)sa

Il 12

o }< OWd3HAK) (8)

where the second inequality holds since I» can be bounded as 6(\/ Hd) by the elliptical potential

lemma (Lemma | ,and [} = 6(\/ HT) since the enlargement operation in Line 20 of Algorithm
rarely happens due to the conservatism of elliptical potentials according to Lemma and the
summation of W, , is in the order of /T by Lemma

Step 4: Bound the Sub-optimality Gap The sub-optimality gap refers to the expected gap be-

tween the optimal value function V;*(-;r) and the value function V{7 (-;r) associated with the

recovered policy m in the planning phase. Notice that |¢(-, )|z < [@(, )|z~ since
K k,h

K;@’h < XKH’;L for any k € [K]. We thus have
rin(s) = BE1bC M = Veba(,) = VaBT|é( )z ©)

where by, (-, -) is the exploration bonus in the planning phase. Then, we can apply standard analysis
as in|Wang et al{(2020a) to bound E;, -, [V}* (s1;7) — V{" (s1;7)] by

ES1~M [Vl* (31’ ) Vl (817 )] < ESI"M [‘71 (81) Vl (817 )] (10)
K

< By | W (250) | < By |V (s1370) | VA < By | 3 Vmsn} /(Kd),
k=1

where the ﬁrst inequality holds due to optimism under the confidence sets CA}f for any h € [H]
(Lemma , the second inequality is the application of regret composition and ‘71 is an auxiliary
value functlon deﬁned in Appendix, the third mequahty holds by Eq. (9), and the last mequahty
holds due to the optimism under the confidence sets C i for any h € [H] (Lemma|A.7). Indeed,
Eq. establishes the connection between the exploration phase and planning phase. Thus if 7 is
an e-optimal policy, we obtain K > 5(d2H 4/€2) by combining Eq. (8)) and Eq. .

6 LOWER BOUND AND SUB-OPTIMALITY GAP

We provide a sample complexity lower bound for reward-free RL under the linear MDP setting
in Theorem [6.1] We show that there exists an instance of linear MDP, such that any reward-free
RL algorithm requires Q(d?H?/e?) episodes of interaction during the exploration phase to find a
near-optimal policy during the planning phase.

Theorem 6.1 (Lower Bound). Suppose H > 4,d > 2,1/32K < 6 < 1/H. Then, there exists

a linear MDP instance M = (S, A, H,{Py},{rn}), such that any algorithm ALG that learns an

e-optimal policy with probability at least 1—6 needs to collect at least K = Cd? H?/€? episodes dur-

ing the exploration phase, where C' is an absolute constant, and 6 has no dependence on €, H, d, K.
8
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Proof Sketch. Notice that if the reward function is given in the exploration phase, the RFE setting
degrades to Probably Approximately Correct (PAC) RL setting |Dann et al.| (2019). Thus, a lower
bound for PAC RL also serves as a lower bound for RFE since an algorithm for RFE also works
for PAC RL by neglecting the reward function in the exploration phase. The proof of Theorem [6.1]
is inspired by the lower bound of RFE in linear mixture MDPs in (Chen et al.| (2021)). First, we
construct a hard-to-learn MDP M such that any algorithm which runs K episodes will obtain the
regret at least Q(dH+/ H K) as shown in|Zhou et al.|(2021). Then, for any algorithm ALG; running
K episodes to learn an e-optimal policy (/') with probability at least 1 — 4, it suffices to prove
that under the instance M, K > C'd?>H?/e*. We prove this by constructing a new algorithm ALG>
which runs ALG; in the first K episodes and executes the generated policy 7(K) in the rest (c—1) K
episodes, where ¢ > 1 is a positive constant. The regret under M in the last (¢ — 1) K episodes by
executing 7(K) satisfies Q(dHVHK) < Zkl,(jKH Euy oo [Vi¥(21) — Vi (21)] < Ke, where v is
the initial state distribution, the first inequality holds due to the hardness of the constructed MDP, and
the second inequality holds due to 7(K) is an e-optimal policy. Thus, we obtain K > Q(d?H3/e?).
For detailed proof, please refer to Appendix [B] O
Remark 6.2. Theorem [6.1] presents an improved sample complexity lower bound for RFE in linear
MDPs than the results of Q(H?d/e?) in Zhang et al|(2021) and (d?/e?) in Wagenmaker et al.
(2022). The lower bound and Theoremd.2]together show that the sample complexity of LSVI-RFE,
i.e., O(H*d?/€?), matches the lower bound Q(H3d?/€2) except for an H and logarithmic factors.
To our best knowledge, the upper bound in Theorem and lower bound in Theorem are both
sharper than those in existing works |[Wang et al.|(2020a); [Zanette et al.|(2020c); Zhang et al.| (2021));
Chen et al.|(2021)).

6.1 TOWARDS MINIMAX OPTIMALITY _

The sample complexity of LSVI-RFE is O(H*d?/e?), which matches the lower bound up to an
H and logarithmic factors. The factor H between the upper and lower bounds is potentially due
to utilizing a Hoeffding-type bonus instead of a Bernstein-type one for building the confidence set
P, Intuitively, a Bernstein-type bonus based on the variance of the value function, combined with
the Law of Total Variance (LTV) |[Lattimore & Hutter| (2012), can effectively reduce a +/H factor in
the statistical complexity of RL algorithms. This phenomenon has been observed in existing works
Zhou et al.|(2021); |Hu et al.| (2022) for regret minimization in linear MDPs. However, to utilize the
Bernstein-type inequality in building CP(M) we estimate the variance of the optimal value function
Vh’"+1 (-, r) with real reward function. Unfortunately, under the RFE, the agent is unaware of the real
reward during the exploration phase, which brings obstacles to building the variance estimator. In
the Linear mixture setting, Chen et al.|(2021)); Zhang et al.|(2021)) successfully utilize the Bernstein-
type self-normalized bound and presents a nearly minimax optimal algorithm. However, their works
still cannot estimate the variance of the optimal value function. Instead, they build an upper-bound
estimator from a candidate set to avoid estimating the variance, which is computationally inefficient.

Degradation to PAC RL  Our sample complexity upper and lower bounds in Theorem.2]and [6.1]
are also applicable to the PAC RL setting, i.e., the agent is aware of the reward function during the
exploration phase, both upper and lower bounds are sharp, yet there is still an H gap. However, a
direct adaption of the Bernstein-type bonus will not improve the sample complexity under PAC RL
due to policy inconsistency. Specifically, when we apply the total variance lemma (Lemma C.5 in/Jin
et al. (2018)), the exploration policy 7" for episode k is inconsistent with the recovered policy 7 in
the planning phase, since 7" is the greedy with respect to constructed value function by exploration-
driven reward function, instead of the real reward function given in the planning phase. A potential
solution may be bounding the distance between two policies by policy distance measures, e.g., KL
divergence, which helps tabular RFE to reach minimax optimality in Ménard et al.[ (2021}

7 CONCLUSION

This work studies reward-free reinforcement learning with linear function approximation for
episodic MDPs. We propose a novel computation-efficient algorithm LSVI-RFE with O(H*d?/¢?)
sample complexity upper bound for linear MDPs. We also establish a sample complexity lower
bound of Q(H?3d?/e?), showing that LSVI-RFE’s complexity is optimal up to an H and logarith-
mic factors. LSVI-RFE introduces a novel variance-aware exploration mechanism with weighted
linear regression to avoid overly-aggressive exploration in prior works. Our sharp bound relies on
the decoupling of UCB bonuses during two phases, a Bernstein-type self-normalized bound and the
conservatism of elliptical potentials We leave removing the H gap as future work.
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REPRODUCIBILITY STATEMENT

The assumption we make to the MDP structure can be found in Definition The complete proof
of our main theoretical results, Theorem .2 and Theorem [6.1] can be found in Appendix [A] and
Appendix [B] respectively. We also provide auxiliary lemmas required for our complete proof in

Appendix
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A PROOF OF UPPER BOUND (THEOREM [4.2))

A.1 NOTATIONS AND PRELIMINARIES

We summarize the key notations used in our analysis in Table 2]

Table 2: Notations

Symbol Explanation

}'k h o-algebra generated by random states and actions up to stage & of episode k
V(L B) Function class defined in Deﬁnition

Vk, 10 Constructed optimistic value function in exploration phase

Vi () Constructed optimistic value function in planning phase

ViE(s;r) Optimal value function in planning phase

Vik(s) Abbreviation of V;*(s;r)

XN/h* (s;7) Truncated optimal value function in planning phase, defined in Eq. l)
ﬁE 6(d\/ﬁ ), exploration bonus radius built in Lemma

B PQ) 5(\/@), part one of planning bonus radius built in Lemma|A.11
BP®@ 5(\/@), part two of planning bonus radius built in Lemma|A.12

Br O(v/Hd), planning bonus radius built in Lemma

C, f h Confidence set in exploration phase, defined in Eq. ii

(?,1;(1) Part one of confidence set in planning phase, defined in Eq. ll

(:’\,15(2) Part two of confidence set in planning phase, defined in Eq. l)

C; }ILD Confidence set in planning phase, defined in Eq.

vl Episodic optimism event in exploration phase, deﬁned in Eq. 1'

\I!,];j Optimism event in exploration phase, defined in E

148 Optimism event in planning phase, defined in Eq. .i

el Defined as Py, (- | sf,af) — &(sf, ;)

}/I\Dk,h(- | s,a) Estimated transition probability, ﬁ,z_’h(ﬁ(s, a)

Before the formal proof begins, we first start with some necessary definitions of measurable space
and filtration required during our proofs.

Measurable Space Note that the stochasticity in the transition probability of the MDP is the only
source of randomness. Denote P as the gather of the distributions over state-action pair sequence
(S x A)YN, induced by the interconnection of policy obtained from Algorithm 1| and the episodic
linear MDP M. Denote E as the corresponding expectation operator. Hence, all random variables
can be defined over the sample space 2 = (S x A)N. Thus, we work with the probability space
given by the triplet (€2, 7, P), where F is the product o-algebra generated by the discrete o-algebras
underlying S and A.

Definition A.1 (Filtration). For any k € [K] and any h € [H], let F}, j, be the o-algebra generated
by the random variables representing the state-action pairs up to and including that appears in stage
h of episode k.

Measurablllty Tk hs Ok,hs Ak+1 h Ak+1 n are Fj p-measurable, Brt1n is T ,h+1-measurable,
Qk hs Vk h 7rh are Fj_1, g-measurable, yet not 3 _1 ;-measurable due to their backwards construc-
tion.

We provide some necessary definitions of high probability events in Definition [A.2] and Defini-
tion for exploration and planning phases, respectively. In particular, high probability events
for the exploration phase are built in Appendix and those for the planning phase are built in

Appendix [A.3]
Definition A.2 (High Probability Events in Exploration Phase).

14
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* Confidence Set in Exploration Phase

CEy = {u = ) Vena | < BE} L (k) e [K] % [H] ()
k,h
* Optimistic Events in Exploration Phase
P, ={uy € CEL Yh < I < HY, V(k,h) € [K] x [H] (12)
P ={py e CE, Vie [K],VYh < I < H}, Vhe [H] (13)

Definition A.3 (High Probability Events in Planning Phase).

* Confidence Sets in Planning Phase

eyt = {M (e = Brcgan) Vh*HHAKH,h < BP(U} ; Vhe x[H] (14)
e = {u = ) (Vi - Vi) < BP<2>} . Vhe x[H] (5)
K+1,h
e = {HI H(N—ﬁKH,h)‘A/hH - <3P}7 VYhe x[H] (16)
Axi1n
* Optimistic Event in Planning Phase
P = {pp € CLYh < W < H}, Vhel[H] (17)

We also define the optimistic value function class below, which is required to build a uniform con-
vergence argument by the covering net.

Definition A.4 (Optimistic Value Function Class). For any L, B > 0, let f/(L, B) denote a class of
functions mapping from S to R with the following parametric form

V(-) = min {m(?xw—rd)(-,a) + ﬁ\/d)(-,a)TA_lqb(-,a),H} , (18)

where the parameters (w, 5, A) satisfy |w|s < L, 8 € [0, B], the minimum eigenvalue satisfies
Amin(A) = A, and sup, , [|p(s, a)ll2 < 1.

Moreover, we also utilize the truncated optimal value function in the planning phase, which is de-
fined recursively as below. Compared to the definition of V}*(s;r), we take minimization over the

value function and H in each step in this definition. We can similarly define IN/,f(s, T), @Z(s, a;r).
Definition A.5 (Truncated Optimal Value Function). We introduce the value function ‘7,1*(3;7’)
which is recursively defined from step H + 1 to step 1:

‘7§+1(3§ r)=0, VseS

Q% (s,a;7) =7n(s,a) + thhfk+1(s, a;r), V(s,a)eS x A (19)

Vik(s;r) = min{maﬁ(rh(s,a) +Ph‘~/h*+1(s,a;r),H}, Vse S, helH].
ae

Proof Overview We first build the confidence sets C; ,;E p, and C; P for both exploration and planning
phases, respectively in Appendix [A.2]and[A.3] Subsequently, we bound the exploration error, i.e.,
summation of the exploration bonus, during the exploration phase based on the built confidence

set CAE 5, in Appendix Finally, we can bound the sub-optimality gap of the recovered policy

in the planning phase with confidence set é\f and the monotonicity of the exploration bonus in
Appendix [A.5] which also ends the proof of Theorem

A.2 HIGH PROBABILITY EVENTS IN EXPLORATION PHASE

A~

In this subsection, we build high probability events in exploration phase, including confidence set
C ,f 5, and optimism in Lemma and Lemma respectively.
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A.2.1 CONFIDENCE SET IN EXPLORATION PHASE

Lemma A.6. In Algorlthm for any d € (0,1) and fixed h € [ H|, with probability at least 1 —§/H,
we have that for any k € |

M € é\l?,h = {M : H(N — fn) Vient S BE} ;
k,h
where
~ H 8K2v/d 32K2B2
E _ il il o VR 2 o8 TE
BE =vH, |dlog <1+ Hd)\) + log ( 6) + dlog <1+ FTPEE > + d?log <1+ HQ/\Q\/E>
+ HVAd+1
(20)

with Bg satisfying 3313 < Bg.

Proof. (Lemma[A.6)) In Line 10 of Algorithm([l] for any (k, k) € x[K] x [H], we have

Vi () = min {maxfig Vin 1, 6(, @) + 337 |6 (-,a) 51, H |

Moreover,
— k—1 K
~ S A—1 i
HMk,th,hHHQ = ; Sh,ah Vk h+1(5h+1) ) < W Ak,h ;1 ¢(5h7ah) X

where the first inequality holds since ‘A/k.,;H_l ()< Handg;) > VH foranyi € [k], and the second
inequality holds since Ain(Ag,n) = A and sup, , [[¢(s,a)[2 < 1.

Thus, we claim that V}, € lA}(LE,BE) for any (k, h) € [K] x [H], where function set lA}(, -) is
defined in Definition , Lg = K/X and Bp; is a constant satisfying 3% < Bg with 3% given in

Eq. 20

For a fixed function V € ]A}(LE, Bg),letG; = Fip, x; = crl h¢(sh, a}) and

~—1 4 T
N = U@;}Eh V= g, }L(<“hv ¢(shaah)> V(5h+1))

for any i € [k]. Then, z; is G;-measurable and 7; is G;1-measurable, and we have E[7;|G;] = 0.
Since G; 5, = v/'H, we also have ||z;|2 < 1/+/H and |;| < vH.

By Lemma|C.1] for any k € [K] and fixed h € [H], with probability at least 1 — §/H,

k—1
a2 q v T
Z Ui7h¢(827 ap)ey, V

i=1

<VH~/dlog(1 + (k — 1)/(Hd))) + log(H /3)

<VH+/dlog(1 + K/(Hd\)) + log(H/9)

A

Denote the e-cover of function class ]A/(LE,BE) as J\A/'s(LE,BE). For an arbitrary f(-) €
V(Lg, Bg), there exists a V (-) € N, such that [f — V]w < e Since HeﬁlT (f=V)|2 < 2
and HZf - G (s, alel < K+/d/(H+/)), we have

7\71

- 2e K+/d
. HVX

Aeon

Shaah Eh (f— V)

2L

16
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Thus,
k—1 -
G nd(sh, ai)er, f

=t A
k—1 T —

< Z Azh (Shaah)eh \4 Shvah Gh (f—V)
=1 7&;,; =1 ALk (22)
S i T 2 K+/d

< P Uz,hd)(s}wa’h)eh \4 [A\;1h + H\/X

<VHdlog(1 + K /(HdN)) + log(H/6) + log |N.(L, Br)| + Q;ﬁﬁ .

where the first inequality is due to triangle inequality, the second one holds by Eq. (ZI), and the third
inequality follows from a union bound over all functions in A/. (Lg, Bg) with

log |N=(Lg, Bg)| < dlog (1 + 4Lge) + d?log(1 + 8d"/2B%/(A?)), (23)
according to Lemma[C.3]

Moreover, we have

(B,n — 1on) Viehs1| -
Ag.n
k—1
Al A=2 (i i i |
ol 2 Gin® (shoan) €, | Vi
=1 Ak’h
N 24)
< —)\Hth h+1H o ;. G, i (sh,ap) €, V. il
= AL
1 k—1 -
<\ﬂ AV + Z Tih (S;wa;z) €, Vint1 )
= A

where the equality is due to Lemma@ the first inequality is due to the triangle 1nequahty, and the
second inequality holds since || ¢, Vk il < H +/d and the minimum eigenvalue of Ak » 1s no less
than A.

Thus, since ‘A/'k,h,“ € 9, we have that with probability at least 1 — §/H, any k € [K] and fixed
he[H]:

H(ﬁk,h ) ‘A/k,h+1 A

k,h
<\/XH\/E+ Z Sh,ah Eh Vk h+1
=t Ak
K H 8KLgpVd ( 32K2B? >

<VH, |dlog (1+ - | +log | = | +dlog [ 1+ —==) | +d?log (1 + ———E

g( Hd)\) g(é) g( Hv )) S\ T meva

+HVMd+1=j",
where the last inequality follows by Eq. and setting e = H\/)\/(2K+/d). O

A.2.2 OPTIMISM IN EXPLORATION PHASE

Lemma A.7 (Optimism in Exploration Phase). In Algorithm[l] for any k € [K] and any h € [H],
under \I/k n» we have

Vi (s;me) < Vin(s), VseS.

17
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Proof. (LemmalA.7) We first prove the optimism for some fixed episode k € [ K] by induction.

Initially, the statement holds for h = H + 1 since f/k, He1(s) = ‘N/Ij +1(57%) = 0 by definition.
Assume the statement holds for & + 1, which means YA/k’hH(-) = ‘N/h*H(-; ri) under U7, .. Recall
the definitions of @k’h(-, -) and @;‘:(, 5 TE), e,

@k,h('a ) =ren(,) + <ﬁk,h‘7k,h+la () + BEH¢('7 ')Hj\;_}h, (25)
Qi) = min {rin (o) + BaVils (me) H 26)

We have for any (s,a) € S x A that
Qk,h(sva) - @z(&a;ﬁc)
> in(5,@) + i Vit $(5,0) + BEL@(s, ) 31— [1n(s,0) + PuVit s (s, asm) |
— i Vi, 605, @) = pn Vi, $(s,0)) + BZ (s, )5+
+ lP’h\A/k,hH(s, a) — Ph‘N/h*H(s, a;Ty)
1ot allagy + BFl6(s.0
+ Phﬁk7h+l<s7 a) — IP’h‘N/h*H(s, a;Ty)

= ]P)h‘/}k,thl(Sa a) — th};—l (S, a; Tk)
=0.

= - H(ﬁhh — 1) Vi A

|x-1
Akh

Here the first inequality holds by Eq. (26)), the second 1nequa11ty follows from Cauchy-Schwarz in-
equality, the third inequality holds by the assumption that pj, € cE k., under 72 k. p» the last inequality

holds by the induction assumption that Vk7h+1( = Vh * 1(s7%) under UF khi1 and P, is a valid dis-
tribution. Therefore, XA/k,h(-) = min{maxge4 @kh( a), H} > maxgea Qh( a;ry) = Vh*(-;rk).

The lemma follows by applying the above argument to any & € [K]. O

A.3 HIGH PROBABILITY EVENTS IN PLANNING PHASE

In this subsection, we built high probability events in planning phase, including confidence set CA,]LD
and optimism in Lemma and Lemma respectively In particular, confidence set C{ in

Lemma is built based on two confidence set C. ") and CP( )in Lemma and Lemma ,
respectlvely Apart from the optimism in Lemma [A.14] we also build over-optimism between the

exploration phase and planning phase in Lemma In addition, we denote V;*(-) := V;*(:;7)
for convenience, where r = {7} e[# is the real reward function given in the planning phase.

A.3.1 CONFIDENCE SET IN PLANNING PHASE

First, we present a lemma regarding the difference between Ak n, and Kk -
Lemma A.8. In Algorithm[l] for any k € [K + 1] and any h € [H], we have

d3 . Ak,h > Ak:,h

Proof. (Lemma i Since Gy 5, < Vd35} ;, by definition, we have

k—
& Mg — Mg = Z (@in/ V)2 = &2V (sh, ap)P(sh, af,) T =0
i=1
is a semi-positive definite matrix. O
Lemma A.9. In Algorithm([] for any i € [K] and any h € [H], we have
o 1
~—1_ - ~—1 7 RYIA
0y p 1IN {Hoi,hd)(sha ah)“A;}L» 1} < Th

18
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Proof. We discuss two cases that are considered in Algorithm [I]

L If |5, (s, aly)| 31 < 5. then w;, = v/H, such that 5; , = &;,,. Thus we have
? ih

Gond(shoa)| = [Fiohal)| < VB[l ah)| < UV

Ai,h Ai,h Ai,h,

This leads to 3; ! min {Ha;,}d)(sg, ai)la-1, 1} < by &in = VH.
2. 1f |5, (sﬁl,a};)HA;}L > 5, then wy, , = vV Hd?. Then we have
e (e R 1

O’i’; mln{Hai’;dﬁsz,aﬁl)ﬂﬁfl,l} < ‘7‘,11 < wz; = ——.

Hd
O

Lemma A.10. For any i € [K], h € [H — 1], fixed function V. : § — [0,H], and ( =
H/)\/(2K+/d), we have

[Vi(V — Vh*+1)](527a2) -1 {Vh*Jrl -(<V< ‘Z‘,h+1 + Vit + §} -1 {\ijh} < Win, (27)
where W, j, is defined in Algorithmm

Wi, = min {H - ((finVinsr, @(siah) ) + B” [@(sial) |5 +¢) . H? | @8)

Proof. We define Vi=V-— V¥, and £ = {—C <V < ‘A/i7h+1 + C} for brevity. Thus we can

write

(Vi (V = Vi )1 (sh,ap,) - 1 {Vh*+1 -V« ‘A/z',hﬂ + Vi + C} 1{UP,
—[VaV](sh,ah) - 1 {€ n wF, |
= (Pa(V2) (s}, ah) = @uV (s5,03))*) 1{€ n 05, }
<H-(BiV(s},a})) 1 {EnUE},

where the inequality holds by |‘7| < H. Moreover, we can further condition on event En \Ilfh, or
the left term of Eq. 27 will be zero. This leads to

H -V (s} a}) 1 {E A W5, }
<H- (PiVina(shoai) + Q) - 1{E n w5 }
~H - (Vi ¢(sioai) ) + (n = i) Vi, d(siai) ) + ¢) - 1{€ n w5}
% A |b(shsai)la-1 + () 1 {gm \pfh}

<H- <<ﬂi,h‘7@h+1v ¢(52»a2)> + H(#h - ﬁi,h)‘/i,h+1
<H - ((AinVinin @shoah) ) + 87 |o(sh a2 +¢) - 1{En Wb},

where the first inequality holds since we consider event &, the second inequality holds by Cauchy-
Schwarz inequality, and the last inequality holds under event \I!fh. Moreover, the left term of Eq.

is smaller than H?, since |V — V;* || < H. Then we have Eq. holds. O
Lemma A.11. In Algorithm[2} for any k € [K| and fixed h € [H), with probability at least 1 — & /H :
un € CA;}LD(I) = {N (e — Brsin) Vh*+1HAK+1,h < ﬂp(l)} ; (29)
where R
BPW = VHA/dlog(1 + K/(HdN)) + log(H /8) + HVd. (30)
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Proof. (Lemma Fori e [K],letG; = Fin, @i = 5, ,¢ (s}, a},) and
i = 0[562 V;:—l = 8;}1 [<thi:k+1> ¢ 827a2)> - Vhi—l (S;Hl)] .

Since Vh*+1 (+) is a fixed function, it is clear that x; are G;-measurable and 7); is G, +1-measurable. In
addition, we have E [n; | G;] = 0. Since 7, ), > v H, we see that |n;| < v H and |x;[ls < 1/VH.

Then, by Lemma [C.1] with probability at least 1 — 6/H, for all k € [K] and fixed h € [H],

Z‘%h Shaah €h Vh+1

<VH+/dlog(1 + (k — 1)/(Hd\)) + log(1/6)
ALk

<VH/dlog(1 + K/(Hd))) + log(1/5)
Using a similar argument as in Eq. (24), we have

k—1
||(ﬁK+1,h — Hn) Vh*+1HAM < HVAd + Z a;,;fﬁb (S;u GZ) GZTVh*H
i=1

A-1
A

Therefore, with probability at least 1 — §/H, for any k € [K] and fixed h € [H]:
s — 1) Vi |, , < VE/dlog(1 + K/(HaN)) + log(H/) + Hv/Ad = G710,

O

Lemma A.12. In Algorithm 2| for any k € [K] and fixed h € [H), under VF ~ W} |, with
probability at least 1 — 0 /H.:

S 55(2) = {u : H(H - ﬁK+1,h) (Vhﬂ Vh+1)

BP@)} : 31)

AK+1 h

where

~ H K
P(2) _g, | = ekl
B 8\/d log (1+ Hd/\)

A4K2H 8K/ dL 32d3/2 K2 B2
log( 3 )—f—dlog(l—i-\/» P>+d210g(1+P>

HVA H2)\?
H AK?H 8K+\/dLp 32432 K2 B2
44| = |log(—— log |14+ ——Z% 2log (14— ——F
+ d3[0g( 5 )+dog<+ 220 +d og(+ 722 )
+ HVAd +1
(32)

with Lp = W + K /X and an arbitrary Bp > BP.
Proof. (Lemma[A.12) In Line 6 of Algorithm[2] for any & € [H], we have

Vi(s) = min {maﬁ( {rh(s, a) + 1.0 Vier, d(s,a)) + by(s, a)} ,H}

ae

= min {gﬁ( {<0h + B 1,0 Vies, @(s,a)) + BT (s, a)l\;\;él)h} H} .

Moreover, we have
K

Heh + ﬁK+1,h‘7h+1H2 = |6n + K}il,h Z 3Z§¢(327a2)‘7h+1(32+1)
i=1 2
H
<W + AL (s, al)
(VE)? [ ’221 L
<SW+ K/,
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where the first inequality holds by the triangle inequality with [6,]z < W, Vis1(-) < H, and
Gih = V/H for any i € [K], and the second inequality holds since Amin(Ax+1,,) = A and
sup, , [|¢(s,a)|2 < 1. This implies that Vi e V(Lp7 Bp) forany h € [H] with Lp = W + K/X
and an arbitrary Bp > 6 , where function set V(~7 -) is defined in Deﬁmtion

For fixed h € [H], fixed V(-) € V(Lp, Bp) and constant ( = H+/X/(2K+/d), let G; = i s

_~—lgci i
T; =0, (s}, ay,), and

mi =g (V= Vi) 1{Vif = (< V < Vi + Vi + ¢ 1{0F,

for any i € [k]. Note that V}*_, () is a fixed function, \A/i,h+1(~) and \Iffh are G;-measurable. Thus,
x; is G;-measurable and 7; is G, 1-measurable.

Also, we have E[7;|G;] = 0. By Lemma we have 5, min {H&;&q&(sﬁl, ai)|x-1 1} < 1-11d3'
’ ’ ih .
Since |€}, | (V= V5 1) | < H, wehave |n; min{|z;] , -1, 1} < VH/Vd5.
ih

Furthermore, since 83) y = (d?/H)W, p, it holds that

E[n;|G:] =3;ﬁ VAV = ViE D (shsap) - 1 {Vh*+1 -(<V< ‘A/i,thl + Vi + C} S1{wf,
<67 Win < H/d*

where the first inequality holds by Lemma[A 10}

By Lemma|C.2] for fixed h € [H], with probability at least 1 — §/H,

K
| Y ERe(shai)en (V= Vi)
=1

A1
K+1,h

H K 4K2?H H 4K?H
<8y [ =1 1+ —=|log| ——— 47 | = log(————).
8\/d Og( +Hd/\) ( 5 )+ V@ osl—5—)
Denote the {—cover of function class 9(L p,Bp) as A7<, we have
log [N¢| < dlog(1 + 4Lp/¢) + d?log(1 + 8d"/2B%/(A¢?)),
according to Lemma Here Lp = W + K /X and Bp > BP. Then for any k € [K] and fixed

h € [H], with probability at least 1 — §/H, for any V € Ng, conditioned on ¥¥(i.e. 1 {\Il }

for any i € [k]), we can build our argument under Wy, 1 in the following), we have

Vit =SV < Vi + Vi + ¢ -1 {05,

Z o, L (sh, ap)e), (V - Vi) -1 {Vh*+1 —(<SV < ‘A/i,thl + Vi + C}

A
H K AK?H H 4K?H
<8) [ — TN A== —_— :
8\/d log <1+ de\) <1og< 5 ) +10g|./\fg|) +4 B (10 ( 3 )+10g|./\fg|)
(33)
For any f() € )A}(LP,BP), there exists a V(-) € ./\Afg, such
that [f — V] < C. Since HeZT (F=V)l- < 2¢ and
~— i i Ngi | %
S e e ae L {VE — (< V< Vi + Vi ¢} < KVAHVA),
K+1,h
we have "
~ 20K Vd
_ . * _ i *
Za (shoan)eh (F = V) 1{Vif, =<V < Ving + Vil + ¢ S
AK+1,h
(34
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Conditioning on ¥¥, we have

K
Z 3Zh¢(827a2)ef (f=Via) -1 {Vh*+1 —CSV Vi + Vi + C}

i=1

A—1
AK+1,h,

K
2 3, nd(sh, ap)ep, (V - Vi) 1 {Vh*+1 —(<SVEVpm+ Vi, + C}

K+1,h
K
Z b (s, ap)e€j, (f—V)'ﬂ{Vh*H —(<SV < Vip + Vi +C}
=t A
K
T * * > *
Z G (sh, ap)e (V*Vh+1)'H{Vhﬂ*C<V<Vi,h+1+vh+1+f}
=1 A
+2CK\/8
HV/A
H K 4K2H H 4K?H
< —1 1+ —— 1 I 44 | — | L I
8% og (14 5155 ) (10w (2557 ) + 1ol ) + 4y i (1o + oG
+2<K\/&
HVX

(35)

Here the first inequality is due to triangle inequality, the second holds by Eq. (34), and the third
holds by Eq. (33).

We further assume W}, holds. In addition, for any ‘Afhﬂ(-), there exists a V'(-) € J\A/C such that
Hffh+1 - V’H < C. Since ¢ = HVA/(2K+/d), we have
[ee]
V' < Vh+1 +( < ‘/h’:-l + ‘Z,h+1 +¢

for any ¢ € [K| where the second inequality holds by Lemmaunder vh 1N wp +1- On the
other hand, V;*, | — ( < ‘A/;Hl — ¢ < V/, where the first inequality holds by Lemma under

\Ith Thus, ]l{VhH (<V L ‘A/},;H.l + Vi, +C} = 1 for any i € [K] under \IIE 1 m\Ith

Moreover, we have that, with probability at least 1 — 6/H, under \Ilf N \Ilﬁ 41 forany k € [K] and
fixed h € [H]:

H(ﬁKH,h - Kn) (Vh+1 - Vh+1)

AK+1 h

<VAHVd +

K

2 00 iyl ({7 #*
Z 0, 1, (sh, ap)ey, (Vh+1 - Vh+1)
i=1

4K2H 8K dL 32d3/2 K2 B2
log( 5 ) + dlog (1—1— 7\/> P) + d?log (1-1— P)

HVA H2)\2
H AK?H 8K+/dLp 32d3/2 K2 B2
=1 log | 14+ ——=— 2log (1 + 2 — P
+ d3<og( 5 )+dog< + F20) +d og< + 22 )
+ HVMd +1
—3P®).
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Here the first inequality holds similarly as Eq. (24)), and the second inequality holds by Eq. (35) and
¢ = HV /(2K /). O

Lemma A.13. Set BP = ﬁp(l + ﬂp(z in Eq equanon.for any § € (0,1), with probability at
least 1 — 35, WE ~ UL holds, i.e., for any h € [H)] in the planning phase,

<3P}.

pn € Cf = {N : H(M — fircirn) Vi | -

AK+1,n

Proof. (Lemmal[A.T3)) We first prove the following claim:

Under WE, for fixed h € [H] and any k € [K], with probability at least 1 — 2(H — h)§/H, ¥F
holds.

We prove this claim by induction. Firstly, when h = H the result is trivial. Assume the claim holds
for h + 1 < H. Then, for any k € [K], under ¥+, with probability 1 — 2(H — h + 1)6/H, ¥},
holds.

Subsequently, for any k € [K], by Lemma and under ¥ n W}, |, we have with proba-
bility 1 — 26/H that

i € G2V GPO)
By taking the union bound, for any k € [K], under ¥¥, with probability 1 — 2(H — h)§/H, ¥
holds, which means the claim holds for h. Thus, the claim is proved by induction.

Since P{¥¥} > 1 — § by Lemma the conclusion is obtained by setting A = 1 and taking a
union bound. O

A.3.2 OPTIMISM IN PLANNING PHASE

Lemma A.14 (Optimism in Planning Phase). In Alg()rithmE] for any h € [H], under UL, we have
ViE(sir) < Vi(s), Vsed.

Proof. We prove the optimism by introduction. Notice that the statement holds trivially when h =

H + 1since Vi, (7) = Vi a(-) = 0.

Assume the statement holds for / + 1, which means V}* ; (;7) < ‘7h+1 (-) under U 1

Since
Qn(--) =rn(, ) + k41,0 Vi1, () + BY o (-, ')H;\a )

1,h
Q;Z(? E T) = rh('? ) + thh*-!—l(" E T)?
we have for any (s,a) € S x A that

@h(s,a) —Qf(s,a;7)
=ru(s,0) + (ircern Vi, @(s,a)) + 871, a)la = [rals.a) + PaVitys (s, ;)]
= (14 Vi, $(5,0) = (i Visr, d(s,a)) + 71 @(s,a) |3 0
+ Ph‘A/hH(Sv a) = PLVyi 1 (s, a;7)
lé (s )z, + B Id(s )z,
+ Ph‘/}h+1(s a) —PpVi¥ 1 (s, a5r)

> Ph"}thl(Sa a) —PpVi¥ 1 (s, a51)
>0,

= — ”(ﬁKH,h — 1n) ‘7h+1 A

K+1,h

where the first inequality is due to Cauchy-Schwarz inequality, the second inequality holds by p, €
C under P, the last inequality holds by the induction assumptlon Vh+1( ) = V¥ () under

\Ith and P}, is a valid distribution. Therefore, V;(-) = maxaeq Qn (-, a) > maxee4 Qi (-, a;r) =
ViE(sr). O
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Lemma A.15 (Over-optimism Between Two Phases). In Algoirhms[Ijand 2} for any and any h €
[H], under VE ~ WP we have

Vii(s;r) + ‘Z@h(s) > ‘A/h(s), VseS.

Proof. (Lemmal|A.15) We first prove the conclusion by introduction for some k € [K].

Notice that the statement holds trivially when b = H +1 since Vi, (-;7) -HA/k, He1() = Vi (1) =

0 by definitions. Assume the statement holds for i + 1, which means V}*_ , (-;7) + f}k,thl(') =
‘Ath(o) under \I!f+1 N \I/}Ifﬂ.
We see that
Q;I:(v ';T) = Th('? ) + th}f—k—l('a '§T)’
Orn(r) = 1rn(s) + G Vs, @, )+ BEI(, a1
Qh('a ) = rh('a ) + <ﬁK+1,th+17 ¢(3 )> + ﬂP”(b(’ .)HA;({FL}L’
Thus, we have for any (s,a) € S x A that,
Qi (s.a:7) + Qrnls,0) = Qu(s,0)
=rp(s,a) + PRV (s,a;7) + rn(s,a) + @k’h‘/}k’thl(s,a) + BE (s, CL)HK;l}L
— (s @) + Gircs1n Vi, d(s, @) + 57165, @) 3]
— [PaVita(s,) + PaVinia (s, @) = PuVisa(s,0) | + 387195, 0)lz0 — B Io(s, )z
+ Lk Vi, 8(s,0)) — (unVinir, (s, )
+ pnVirr, d(s,a)) — (i 1,0 Va1, @(s, @)
> |PaVita(s,0) + PuVinsa(s,a) = Palhsa(s,0)| + 387165, a)l a1 — B (s, )l |
= e = ) Vi [ 16y~ |(Breonn =) Vi |L o sa)lag,

> [BuVis 00 + Bl (5.0) = Bahoats)] + 335100, 0) |y — A7 0l
B e(s.@)lapy, — B I(s.0) 4

K+1,h

> |[PaVifia(s,a) + a1 (5:) - Balisa (s a)| =0,

where the first inequality is due to Cauchy-Schwarz inequality, the second mequahty holds by Hp €
C n O Ch under E ~ WP the third inequality holds since AK+1 = Ak n and 6E > ﬁP

and the last inequality holds by the induction assumption V;* | (:;7) + Vk7 ns1() = Vg1 (-) under
WP, Wy and Py is a valid distribution. Therefore,

ViE(ir) + Vien() = max Qf (- a;7) + max Qea(-,a) > max Qn(-a) = Vi()

Finally, note that the same argument can be extended to any k € [K]. O

A.4 UPPER BOUNDING THE EXPLORATION ERROR

In this subsection, we bound the exploratlon error in Lemma[A-20} Before that, we provide a simu-
lation lemma in linear MDPs in Lemma|A.17| Besides, we denote the reward function {r 5 }_ | in
Algorlthmlat episode k as ry, forall k € K ]
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Definition A.16 (Trajectory Distribution). For a fixed policy 7 = {m1, 72, ..., 7}, define df (s5)
as the probability measure over trajectory 7, = (Sp, n, Sha1, Qhtls " »SH, aH) induced by fol-
lowing 7 starting at sy, at stage h:

H

dpy (sn)(Th) := H PY (st,ae | se-1,a-1)

t=h-+1
where P (s, at | St—1,a¢—1) means the probability that the probability of stat-action pair transition

from (s;—1,a:—1) to (s¢, at) in a trajectory 7, = (Sp, Qhy Sht1, @ht1, " » SH, G ) started at sy, at
stage h by following policy .

Lemma A.17 (Simulation Lemma). In Algorithm forany k € [K| and any h € [H], under \I/kE w

we have
~ H
Ak,lhl ’

Qn(s) =rn(y ) + FenVins1, 0, ) + BE (-, ')HA;I,

=0 () + Prn Vit (sh, af) + 87, ')HIA\;_E

H
0< Vk7h(8§) < E~r}j~d;{k(s’,§) min{ Z 4ﬂE H(ﬁ(sﬁ/, afL/)
) ) ) h'=h

Proof. (Lemmal|A.17) First, recall that

‘,/\}c,h(') = min {I;leaj( @k,h('a a)7 H}
Thus, for any k € [K] and any h € [H] in Algorithm 1} we have
Vin(s1) < Quon (53 a1) = ren(si a5) + PraVinsa(sf af) + 5719 (sh, ab) I3z,

=367 (s, af)] 5 1'+[thvkh+1@€>ah) th%h+1@ﬁ7ah)]*‘PhV%h+1U€7aﬁ)

[ H
(@) 5O
= }ET}L“’d7r (s ﬁ) hZth; h’Vk; h’+1(52/ ah/) ]PhIVk hl+1(82/ ah/) + 3ﬁE ||¢ Sh/ G/Z/) A )h‘|

= E‘r}’fmzd;;k (Sﬁ) 2 <(ﬁk,h/ — /—l'h’) ‘/v]€7h1+17 (;S(s]fl/, (Zﬁ/)> + 3ﬂE H(ﬁ(sﬁ/, (Zﬁ/) Ak1}/‘|
[ h/=h

h'=h

[ H
2E k k
SEoart o) Z 4B% |p(sy: aly) ’A‘Z,lh,/]’

where the equality (a) holds since we can expand Vi h+1(0) in a recursive way until

\A/k, m+1(+) and the expectation is taken over trajectory distribution d7T (sk) over trajectory 7FF =
(sf,af, sk 1 af . 1,..., sk, a%), and the last inequality holds since pt;y € CF, forany h < b/ <

H under W7, . Since IA/kh(sﬁ) < H and Vi (sF) = Vi¥(sk;rg) = 0 by Lemmaunder U
the conclusion is obtained. O
Lemma A.18. Fixé > 0. In Algorithm under UE we have with probability 1 — 20,

H

K
X Ph Vi1 (sF, af)

(36)

Mm

R K
<4HB®, | >

K H
AN Z min{|¢(sh, af)[3 1 o 1} + (H” + H)\/2T log(H/9).
k=1h k=1h=1 o

1
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Proof. First, we have

Z Z Py Vi1 (55, af)

k=1h=1

1 (SFa1) [th/k’hﬂ(sﬂaﬁ) - ‘7k,h+1(82+1)]

T
D=
t«j:

B
I
—_
>
I
—_

(37

Ak ea(s 1) + Hy/2T log(H/S),

holds with probability 1 — 4, by common Hoeffding inequality, as stated in Lemma[C.3}

||MN
||Mm

Notice that
k,h Shuah }
3BZ(sh, a)lla-t + G Vi1, @5}, ah)), H |

4BP\p(sh, af)llzr + PaVinsn (sh,af), H |

Vk h sh = 1min

min

N

min

{0
{
42
{

min 4BEH¢)5haah)HA*1 + Vs (55 11) + [PaVionea (sFoal) = Vina (s541)], ff}

(38)
where the inequality holds under \f/f . For fixed h, We can recursively use this method and get

K K H
M Vinlsh) <) min{ S 4BP | (ki a5
k=1 k=1 h=h kon

+ [Ph/‘?kyh/+1(sﬁ/, aﬁ/) — Vk7h/+1(sﬁ/+1)], H}

K H

< Z 46Eak,h’ min{H(p(SZHa‘Z’)HA;lh/a 1}
k=1h'=h ’
K H R R
+ 37 D0 PuViwia(shoak) = Vi s (shrin)

k=1h'=h

<4BF
k=1h'
(39

The inequalities above hold with probability 1 — ¢ by Cauchy-Schwarz inequality and Lemma[C.3]
Thus, we have

K H R
Py Vins1(sf, ay)

iD=
M::

Z Z min{|| (s, af)|%- 1h/,1} + HA+/2T log(H/5).

k=1h'=

k=1h=1
K H
<D0 D Vinsa(shyy) + Hy/2T log(H /6) (40)
k=1h=1
R K H K H
SEEADIICINDY Z min{|p(sf, af)|2_. , 1} + (H* + H)~/2T log(H o)
k=1h=1 k=1h=1 o
holds with probability 1 — 24. O

Lemma A.19. In Algorithm under \IIJF, we have

K H
1D 67 <2HT + 12H%d° log(1 + 2d /(AH)) + 2d** H*V/A
k=1h=1
+2d*(H? + H)\/2T log(H /8) + 8d°H(1 + 2H)?(37)?log(1 + K /(Hd)).

holds with probability 1 — 26.
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Proof. (Lemma[A.T9) From Algorithm|[I] we can write the definition of 5y, 5, here,
8kJL:= HHD({thh, 47LVkﬁ

Thus we can write

k=1 h=1 k=1h=1

K H K H P2 E
DDICTED DT ITEDY

i i

To bound ¢, we utilize the conservatism of elliptical potentials, i.e., Lemmal[C.7} Initially, for fixed
h e [H], setxy as 5 o @(sk ak)in Lemma Then for C' = 1/d3 during K episodes, there are at

most 3d log (1 + d/(AH log(1 + C?))) /log(1+C?) episodes that Hakvhqﬁ(sh, ar) > 1/d3 for

X1
k,h

fixed h € [H]. Thus, there are at most 3Hd log (1 + d/(AH log(1 4+ C?))) /log(1 + C?) episodes
that there exists h’ € [H| such that H&,;}] (s’,i,,a’,i,)HK_l > 1/d®. In particular, w , = Hd®

k,h!

during these episodes.
In summary, we obtain

i i i i 3Hd d
. 2 3
1= Wi 1 H+H~Hdlog<1+ >
=2 =2 log(1 + 1/d°) AH log(1 + 1/dS) 41)

<HT + 6H3d" log(1 + 2d" /(\H)),
where the last inequality holds by log(1 + 1/x) < 2z for x > 0.

To bound 77, we can write
d2 K K H N o ~ o
= S =3 min { (i Vit @54, 01) ) + B |o(shy al) 51 + ¢ H |
k 1 h=1 k=1h=1 "
K H

<AHKC+d ), Y min{3”|@(sh, af)lz . H)

k=1h=1

K H
+d> Y, <Nh‘7k,h+17 b (st aﬁ)> + <(ﬁk,h — 1) Vi i1, D(s5, a£)>

k=1h=1

K H LS
<d’HK(+2d° ) Z min{ 37| (sf, a})| 3.1, H} + d* Z th»h+1(5§»“ﬁ)’
— o ]

||Mm

(42)

where ¢ = H+/\/(2K+/d) and the last inequality holds under ¥¥. Moreover, since BE Ok =
H+/d > H holds for any k € [K] and h € [H], we can write

K H K H
24 ) Y min{3% (s}, af) 31, HY < 2d25Ek2 Z enmin{| (s, a) 31,1}

k=1h=1
(43)
R K H K H
S\ PIDICN PIDIEETEC RN
k=1h=1 k=1h=1 o
By Lemma[A-T8] we have
K H R
&? 2 Z P Vins1 (55, ay)
k=1h=1
R K H K H
<dd*Hp" 2 2 2(H? _
BEN 20 20 | 20 25 mindl(sh ab)I3y, 1} + & (H? + H)+/2T log(H 9)
k=1h=1 k=1h=1
(44)
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Thus, combine Eq. [#1] F2] #3] #4] and Lemmal[C.6| we have

D16k <HT +6H3d log(1 + 2d" /(AH)) + d*? H*>N/X + d*(H? + H)~/2T log(H 6)

+2d2(1 + 2H)B"

K H
31> 62 ,v/2Hdlog(1 + K/(Hd)),
k=1h=1

Since forany x > 0,a > 0,b > 0, x < a/x + bleads to x < 2b + a2, we have

D> Gin <2HT + 12H%d"log(1 + 2d /(\H)) + 2d°* H?V/X
k=1h=1

+2d*(H? + H)\/2T log(H /8) + 8d° H(1 + 2H)?(37)?log(1 + K /(Hd)).

which finishes the proof. O

Lemma A.20. In Algorithm under ¥, we have with probability at least 1 — 36,

K K H
Viea(sh) < E b ar (st mm{z 4BF |b(sk, af HA—l ’ }

k=1 k=1 ! h=1 (45)
<0 (VH'#K)
Proof. (Lemmal[A:20)
On the one hand, be Lemma[A17] we have
K K H
Vk71(5]f) < Z Eff~d]“k(s’f) min { Z 4ﬁE H¢ Shvah HA—l ) } > (46)
k=1 k=1 h=1 "
under ¥,
On the other hand, we have
K H
Z mln{z 43F qu Spyap HA 1 ,H}
k=1 h=1
K { H
= > mind 374855, |50k (s ah)| H}
k=1 h=1 7 Ak 47)
K H
<4 2 Z BE(?k’hmin{)&k_}L¢(sﬁ7aﬁ) o ,1},
k=1h=1 Ak:,h
I
where the inequality holds since BE Ok = VHd-~/H > H. To further bound I, we have
K H K H
~p R
SN PIPE {]akh 1}
\ k=1h=1 k=1h=1 k h
(48)

where the first inequality holds due to Cauchy-Schwarz inequality and the second inequality holds
due to Lemrnawith the fact that Hfr;z (s’,ﬁ, aﬁ) H < 1/\/E
' 2
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By setting A = 1/(H+/d), we obtain BE = O(dv/H log(T)) by Lemma where ' = KH. By
Lemma[A.T9] we have with probability 1 — 2§

K H
1) 67, <2HT + 12H%d° log(1 + 2d /(AH)) + 2d*? H*V/A

+2d%(H? + H)\/2T log(H /8) + 8d° H(1 + 2H)?(3%)? log(1 + K /(Hd\)

—O(HT).
(49)
Substituting Eq. (9) in (@8], and combing Eq. (#7), we obtain
K H
2, min { 2487 (st an) |5 H}
k=1 h=1 .
~ K H
<4B®\ | 3 3 62 ,\/2Hdlog(1 + K/(\Hd)) (50)
k=1h=1

~0 (d\/ﬁ log(T'/6) - /Hdlog T - \/ﬁ) <0 <\/H3d3Tlog3(T/6)) :

holds with probability at least 1 — 24. Finally, by Hoeffding inequality(Lemma[C.3)), we have with
probability at least 1 — 36,

K . K H -
2, V() < D Byt oy min { 2. 4B [e(s, ai)| 4. H}
k=1 \h

k=1 h=1
<0 (\/H3d3Tlog3(T/5)> + HA/2T log(H /5)
0 (\/H4d3K) .
That finishes the proof. O

We denote the event that the inequality in Lemma [A.20] holds as ®, which holds with probability at
least 1 — 34.

A.5 PROOF OF THEOREM [4.2]

In this subsection, we bound the sub-optimality gap of the recovered policy in the planning phase
under event ¥ n P ~ = ~ @, which also ends the proof of Theorem

Lemma A.21. Forany 0 < § < 1, with probability at least 1 — 8, we have

i (IESNM [f/l*(s;rk)] — \71* (s’f,rk)) < H+/2K H log(1/6),

k=1

where vy, = {1 1} he[H]-

Proof. (LemmalA.21) Denote A, = E, [‘71* (s; rk)] 7‘71* (s’f, rk). Since s¥ is Fk,1-measurable,
Ay is Fj 1-measurable and E [Ay | Fy—1,5] = 0, ie., Ay is a martingale difference sequence.

Since |Agx| < H by 0 < V*(s;75,) < H forall s € S, we can apply Azuma-Hoeffding inequality
(Lemma [C.3) to this martingale difference sequence and obtain

K
> Av| < Hy/2KHlog(1/6), (51)
k=1

with probability at least 1 — 4. O
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Now we denote the event that the conclusion of Lemma[A-2T]holds as =, which is a high probability
event.

Lemma A.22. Under V¥ n = n ®, we have
E,-, [171* (s; b)] <0 (q/H4d2/K> :

where b = {by, } he[r] is the UCB bonus defined in AlgorithmEl

Proof. (Lemmal[A:22))
Notice that Ag i1 > Agp, BE = O(dVH), and BF = O(vHd), for any k € [K] and any
h € [H]. We have

BE oAz = eVai® oG )laa

-1
k,h h

where ¢ > 0 is a constant, which further implies 74 5 (-, -) = ¢v/dby, (-, -) for in LSVI-RFE. Subse-
quently, we have

VdE,-~, [‘71* (s; b)]
=Eswp [\71*(5; eVd- b)]

K

N
=

s |V (s70) | /K

>
Il
—

@mﬁmwﬂ—wwm»%K

1=
h‘Z
*
o
o
=
_|_
1=

o~
Il
—
E
Il
—_

(sk: )) /K + H+/2H log(1/)/K

M=

N

N
@} N~
D=0
SN
*
2
=
Ed

MM0M+HWHMWWK
(«/H4d3/K) ,

where the second inequality holds by Lemma [A2T] under =, and third inequality holds by
Lemma[A.7under W¥, and the last inequality holds by Lemma under ¥ ~ &. Thus

B, [Vi* (5:0)] < O («/H4d2/K) .

Eel
Il
—

Now we are ready to prove the main theorem.

Proof of Theoremd.2] 1t suffices to prove the conclusion under the event ¥¥ N U A = A & which
holds at probability at least 1 — 7§ by Lemma[A:T3]and Lemma[A-2T]and taking a union bound.

Initially, we have
Egy o [ViF (s157) = VI (s157)]
<Eopa | ils1) = V7 (s137) |
= By min {r1(s1,m(51)) + a1V, (o1, 7(s1)) + (51, (1)), H |
—r1(s1,7(s1)) —Plvzﬂ(slaﬂ(sl);r)]

—Eq s [min {H (i1 Vo, (51, m(s1))) + bi(s1, m(s1)) — Pﬂ/;(sl,w(sl);r)}]
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:Esl~u[min {H, <ﬁK+1,1‘727 ¢(s1,7(s1))) — <M1‘72, @(s1,7(s1))) + by (s1,7(s1))
+ PiVa(s,m(s1);m) - IP1V27T(3177T(81)§7")}]
Arars \\¢(81,7T(s1))|\1g;(1+111 + by (s1,7(s1))

+ Pula(sr, m(s1)s7) = PyVy (s1,m(s1)im) }

<E51~u[min {H,

(ﬁKH,l - Hl) ‘72

<Eq -, [min {H, 2b1(s1,7(s1)) + P1%<51,W(81);T> — ]Pl\/z”(sl,ﬂ(sl);r)}]

By mppspCfosnon)) |0 { H, 261 (s1,7(51) + Va(s2) = Vi (s2i7) }]

H
<E,; 4~ lmin { Z 2by,(sh, m(sn)), H}}

h=1

H
min{ bh(sh,w(sh)),H}l
h=1

< 2]Esl~lt I:f//lﬂ(sla b)] )
where the first inequality holds by Lemma [A.T4] the second inequality holds by Cauchy-Schwarz
inequality, the third inequality holds since pj, € CF¥ under U¥, the fourth inequality holds by
recursively decomposition, and the last inequality holds by definition of V{"(-;b). In addition, we

have

E,-, [\71”(5; b)] <E,o, [171*(5; b)] <0 («/H4d2/K) ,
where the first inequality holds by definition of V;*(s;b), and the second inequality holds by
Lemma|A.22|under ¥¥ N = N &,

<2E; g~

If we ignore logarithmic terms and take K = m(H*d?/e?) for a sufficiently large constant m > 0,

we have R
Eopon [Vi* (s157) = VI (s137)] < O (VHI®/K) < e

Thus, we need K = 5(H 4d? /e?) episodes to output an e-optimal policy 7, when € is small enough.
O

B PROOF OF LOWER BOUND (THEOREM [6.1))

In this section, we provide proof for Theorem [6.1] in the manuscript. Notice that if the reward
function is given in the exploration phase, the RFE setting degrades to Probably Approximately
Correct (PAC) RL setting |Dann et al.| (2019). Thus, it suffices to prove a lower bound for PAC
RL since an algorithm for RFE also works for PAC RL by neglecting the reward function in the
exploration phase.

Our proof is inspired by the proof of Theorem 3 in Appendix C of (Chen et al.|(2021), which provides
a lower bound for RFE in linear mixture MDPs. In particular, we connect the lower bound of RFE
with regret minimization in linear MDPs.

Firstly, we construct a hard-to-learn MDP M = {S, A, H,{Py}1, {rn}s, V}EI in Lemma such
that any algorithm which runs K episodes will obtain the regret at least Q(dH+/ HK) as shows in
Lemma[B.1l

Lemma B.1 (Remark 23 in Zhou et al| (2021)). Let d > 1 and suppose d > 4,H > 3 and
K > max {(d—1)?H/2,(d — 1)/(32H(d — 1)) }. Then, there exists an episodic linear MDP M =

{S, A, H,{Pw}n, {Th}n, v} parameterized by {pun} her), {On Y ne[ ) and satisfy Deﬁnition such
that for any algorithm, the expected regret is lower bounded as follows:

K
By [ Y V(s = V™ (s5)] = QUHVT),
k=1

3v denotes the initial state distribution.
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where T' = K H and the expectation is taken over the probability distribution generated by the
interconnection of the algorithm and the MDP.

Hard MDP Instance M In this MDP, S = {x1, 22, -, 42}, A = {—1,1}4!, and the linear
parameterized of M are specified as

¢(s,a)={g ,Ba’ 0) s=uwxp,he[H+1]

0,071 ) S =Ty

(I—L/a — /B,O)T, s’ =z
o () = (v/a, 1) /B, ) ; s =xp4o
0, otherwise

0, = (OT, 1)

where ¢« = 1/H, A = 1/i/K/(4v2), @ = 4/1/(1 + A(d—1)), and 8 = 4/A/(1 + A(d - 1)).

Under this parameterization, we have

L+<I'Lhaa>a Sl:$H+2
Pr(s'|si,a) = 41— (0 +{pn, @), 8" =mig1
0, Otherwise

and only the transition starting at sy, o generates a reward.

Then, for any algorithm .ALG; running K episodes to learn an e-optimal policy (K1) with prob-
ability at least 1 — 4, it suffices to prove that under the instance M, K1 > Cd*H?/€>.

We prove this by constructing a new algorithm ALGs. ALGs firstly runs ALG; for K episodes,
then ALG; outputs a e-optimal policy 7 (K1) with probability at least 1 — §. Then ALG, executes
(K1) in the following (¢ — 1) K; episodes, which means ALG5 runs Ky = c¢K; episodes.

Note that Lemma[B.2]also gives an upper bound for the regret of every single step under M.
Lemma B.2. Suppose 3(d — 1)A < v. Then, for all k € [Ks], we have

o [12(0) - V(o) < 2\ [

Proof. (Lemma|[B.2) We prove this lemma by computing V;*(z1), following the standard analysis
of this hard-to-learn MDP in [Zhou et al.|(2021)).

By definition of M, we have (d — 1)A = maxge 4{ttn, @) such that

H
Vfr(l"l) =E lz Th(Sh,ah) | S1 = T1,0p = Wh(sh)‘| .

h=1

Since only r(xg42,) = 1, we have V" (z1) = th_ll(H — h)P(N},), where Nj, = {sp41 =
X 42,8k = xp}. We also have

P(sh41 = TH42 | Sh = Th, 51 = 21)

= Y P(shi1 = zmia | sn = 2n,an = )P(an = a | sp = zp, 51 = 71)
aeA

=L+ <N}ua;;>7
where @ = > . 4 P(an = a | s, = x4, 51 = 21)a. Thus

h—1
]P)(Nh) = (L + </’Lhaaz>) n(l —t= <I*Ljaa;'r>)'
j=1
Subsequently, we get

H _
Z ah-l—Lnl—a]—L (52)

h=1
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By definition of V}*, we choose the optimal policy at each stage. Since maxge a{ttp,a) = (d—1)A,
we get

= i (H—-n)((d-1DA+)(1—(d—1)A-)""'<H-H-(dA) (53)
h=1

where the inequality holds by 0 < 1 — (d — 1)A — ¢ < 1 and A > . Since the inequality holds by
all fixed z1, we also have

dH
42

where the last inequality holds by ¢ = 1/H. O

E1;1~;L [‘/1*(371) - ‘/1711" (.131)] < ]EJJ1~M [Vl*(ml)] dHQA

On the one hand, by Lemma [B.1] we have
K> .
N Eiys [vl* (z1) — Vi (1131)] > ¢dH~/HE,,
k=1

where 7% denotes the policy for ALG, in episode k and ¢’ is a constant number.

On the other hand, by Lemma|[B.2] we have

K , dH [H  dH HK1 dH
By | Vi (21) = Vi
2, B [V =V @) < K00 7 = 05 o VHE

By choosing ¢ = max{1/(2v/2¢), 2}, we know that for ALG> under M,

Ko
N Ee [Vl*(ml) e (xl)] > (¢~ 5 JAHVHE, > dH«/HKQ - —dH«/cHKl.

k=Ki+1

Because 7 = 7(K;) in ALG, for K1 +1 <k < Kyand Ky — (K1 +1) +1 = (c — 1)K, we
have

- cd+\/c
Epom [ Vif(20) = V7" (s1)| = 2(6\_[1)dH«/H/K1. (54)
Since ALG; outputs an e-optimal policy 7 (k) with probability at least 1 — §, we also have
S DS IR/ 1 H ca dH H
Bavew [V (00) =W ()| < (0= 8) e 0 005 (1=8)-c+d: 5 2

where the inequality holds by utilizing Lemma[B.2] and the second inequality holds by K> = cK.
Combining Eq. (54) and Eq. (53) gives

5.dH H NG
(1—6)e+ T = dH~\/H/K;.

By setting ¢ satisfying 0 < § < min{1/H, 2\/§cc’/(c — 1)}, we obtains K; > Cd?H?/<? for some
positive constant C, which completes our proof.

C AUXILIARY LEMMAS

C.1 CONCENTRATION INEQUALITY

This subsection gives the encountered concentration inequalities in our proof.
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Lemma C.1 (Hoeffding inequality for vector-valued martingales, Theorem 1 in |Abbasi-Yadkori
et al.| (2011)). Let {gt}le be a filtration, {x,n:},~, be a stochastic process so that x; € R% is
Gi-measurable and 1, € R is Gy 1-measurable.

Denote Z; = NI + Zf=1 x;x] fort = 1and Zo = \L If |z¢|2 < L, and n; satisfies
Elne | G] =0, |m| <R
forallt = 1. Then, for any 0 < 6 < 1, with probability at least 1 — § we have:

t
Z Zini

i=1

< Ry/dlog (1 4+ tL2/(d\)) + log(1/9).
zZ;t

vVt > 0,

Lemma C.2 (Bernstein inequality for vector-valued martingales, Theorem 7.1 in|Hu et al.| (2022)).
Let {Qt};il be a filtration, {x¢,n:},~, be a stochastic process so that x; € R< is G;-measurable
and n; € R is Gy 1-measurable.

If |zt|2 < L, and 0, satisfies
Eln 6] =0, E[7|G] <o

Sforallt = 1. Then, for any 0 < 6 < 1, with probability at least 1 — § we have:

t
Z TiT);

i=1

Nt - min {1, HthZt_—ll }) <R

vt > 0, < 8o4/dlog (1 + tL2/(d))) log (4t2/5) + 4R log (4t%/5)

v/
where Z; = \I + Zle x;x] fort > 1and Zo = AL

Lemma C.3 (Azuma-Hoeffding Inequality). Let {x;}!_, be a martingale difference sequence with
respect to a filtration {G; } "~ ”H such that |x;| < M almost surely. That is, x; is G;11-measurable and
E[z; | Gi] = 0a.s. Thenfor any 0 < § < 1, with probability at least 1 — 6,

2 x; < MA/2nlog(1/5)
i=1

C.2 LINEAR MDP PROPERTY

This subsection gives some indirect results about the estimated parameter fiy 5, in the exploration
phase.

Lemma C.4. In Algorithmll} for any k € [K + 1] and any h € [H], we have:

Nkh—uh—

k—1
)\IJ/h + Z O',L h(b 5h7ah) hT] (56)

Proof. (Lemma|C.4) We start from the closed-form solution of Bih

=S -
= Aih X 8 (shoah) (BaC | shoal) T+l )
A- A P i - ;T
= Rih 2,500 (shoai) (@(sheah) T + i)
]

=A; on® (s}l, ah) o(st,ai) pp + Ay 2 sh, a}L) €},
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e Ayl
:Ak,}l (Ak h — AI) l,l:h + Z Sh7ah) Gh
- i T
=Hn — AA;, hﬂh +A Z & (s, ah) €,
Rearranging the terms gives Eq. (56). O

C.3 COVERING NET

Lemma C.5 (Lemma D.6. in|Jin et al. (2020b)). Let J\A/E be the e-covering of \A)(L, B) with respect
to the distance dist (V, V') = sup, |V (z) — V'(x)|, where V(L, B) is defined in Definition
Then

log | V.| < dlog(1 + 4L/e) + d*log [1 +8d'2B?/ ()\52)] .

C.4 ELLIPTICAL POTENTIALS

In this subsection, we present Lemma@] from |Abbasi-Yadkori et al.| (2011}, which is an important
for establishing the O(+/T) worst case regret for linear bandits or RL with linear function approxi-
mation. Moreover, we also present the conservatism of Elliptical Potentials in Lemma|C.7] from [Hul
et al.[(2022), which states that Elliptical Potentials are usually small.

Lemma C.6 (Lemma 11 in |Abbasi-Yadkori et al.|(2011)). Given A > 0 and sequence {wt}thl c
R with |x¢||, < L for all t € [T, define Zy = \I + Zzzl x;x] fort = 1and Zo = \L. We have

T

TL?
Y min {1, a5 }<2d1 1+ —
t=1mln{ ’HthZz—ll 0g< i dA)

Lemma C.7 (Conservatism of Elliptical Potentials, Lemma D.8 in Hu et al.| (2022)). Given A > 0
and sequence {a:t}ill < R with |||, < L forall t € [T}, define Z; = NI+ Y'_, @;x] fort =1
and Zo = AL During [T'], the number of times Hthijl > cis at most

3d 1 1+ L*
log(1 + ¢2) °8 Alog(1+4¢2) )’

where ¢ > 0 is a constant.

D COMPUTATIONAL TRACTABILITY

In this section, we analyze the space and computational complexity of the LSVI-RFE algorithm. No-
tice that Algorithm[2]in the planning phase only performs a single run of value iteration to compute
the output policy {7} he#], the computational requirement of Algorithm [2|in the planning phase
is equivalent to a single- eplsode run of Algorithm|[I] Thus, it suffices to only analyze the space and
computation complexity of Algorithm [T]in the exploration phase. Though we consider the linear
MDP setting where the size of states |S| might be infinite, Algorlthmlls computationally-efficient,
i.e., the space and computational complexities are polynomial in d, H, K and |.A|, and do not depend
on |S |, where K is the number of episodes that Algorithm has run.

D.1 SPACE COMPLEXITY OF ALGORITHM[]]

Though we give the explicit form of fiy € RIS in Algorithm I we do not need to store it
directly. In fact, we only need to store fiy, th nt1 € R? since only this term is used in computing
the Q-function Qk n(s,a) for fixed s and a. Moreover, we only explore {s¥:he[H]ke[K]}

in Algorithm |1} Thus, Algorithm (1 I only needs to store fij th ht1s Ak by Ok.hy d)(sh, a) for h €
[H],k € [K],a € A. The total space complexity is O(d>H + d\A|HK) where K is the number of
episodes that Algorithm [T|has run.
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D.2 COMPUTATIONAL COMPLEXITY OF ALGORITHM[]]

In Algorithm |1} Lines 6-12 show the methods to calculate the estimated value function XA/k, n and
policy w’,j() Notice that only fij , Vi n+1 and w’,j (5’;) contribute to the observation steps (Line 15)

and calculation of Gy ,, Agt1,, and fig41,, (Lines 16-26). We consider the computational cost of
the following 3 parts for fixed k € [K].

1. Calculating policy 77 (s¥) for sf, h € [H]. Assume that we have already ob-
served slfb for some h € [H] and calculated fif Vi p+1. By definition, ﬂ,ﬁ(sﬁ) =
arg maxae 4 Qp.n(sk,a). We can determine 77 (s¥) by calculating Qy. ,(s5,a) for all
a € A. Notice that Q1 (sF,a) = 387 |¢p(sk, a) HA;% + (g, Vi ns1, d(sF, a)), which
costs O(d?) operations for every a € A. Thus we can calculate 7% (s¥) in O(d?|.A|H) for
every h € [H].

2. Calculating ﬁk+17h‘7k+17h+1 for h € [H]. In Section we show that we only need
to store fiy Vi n+1 forevery k € [K] and h € [H]. Thus, instead of calculating fiy41 5
(Line 26) and V41 5 (Line 10) in the next episode, we can calculate fiy11 , Vit1 5 in the
next episode by

Bi1,0 Vit he1 = Aﬁlyh Z 3;,;391’(5717 ah)Vit1,h(Shy1)-
i=1
Hence we need to calculate ‘A/k+17h(s§'l 41) for i € [k], which means we have to calculate
@k+1’h(82+1, a) for any i € [k] and a € A. This will take O(d?|.A|K) operations. With
known Vi 41 4(sh ), we need O(d?K) operations to calculate the left term. Thus, cal-
culating ﬁk+1,h‘77c+1,h+1 will take O(d?|.A|H K) operations for every h € [H] and fixed
ke [K].

3. Calculating 0y, 5, .//ik+1)h. Notice that we can compute j\k+17h7 Kk—}—l,h by the Sherman-
Morrison formula, which takes O(d?) operations. By Lines 16-24, we know that calculat-
ing 5. , will take another O(d?) operations.

By arguments above, for episode k, we need O(d?|A|HK) operations. Thus, the full algorithm
costs O(d?| A|H K?), which is a polynomial in d, | A|, H and K, and independent on |S|.
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