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ABSTRACT

In reinforcement learning policy evaluation, classic on-policy methods often suffer
from high variance when estimating policy performance. To mitigate this issue,
behavior policy search has been proposed to learn data-collecting policies tailored
to reduce online evaluation variance. However, these approaches do not account
for uncertainties in the transition functions. In practice, simulator transitions often
differ from real world due to modeling errors or approximation limitations. As a
result, behavior policies trained in simulation may still yield high variance when
deployed in real environments, leading to costly reliance on real-world evaluation
samples. In this work, we propose a double-loop gradient-based algorithm for
learning behavior policies that are both efficient and robust to transition uncertainty.
Theoretically, we derive novel transition-variance gradient expressions and establish
global convergence guarantees for the algorithm. Numerically, we demonstrate that
our method is less sensitive to transition perturbations than existing approaches,
providing supportive evidence for its practical utility.

1 INTRODUCTION

Reinforcement learning (RL) has achieved remarkable success in recent years across domains such
as robotics, healthcare, recommendation systems, and natural language processing (Mnih et al., 2015;
Silver et al., 2017; Jumper et al., 2021). A central component in these advances is policy evaluation,
the task of estimating the performance of a policy. The most direct approach is the on-policy Monte
Carlo method, which collects trajectories from the target policy and estimates its value by averaging
the observed returns. Although conceptually simple and widely used, this method often suffers from
high evaluation variance, limiting the reliability of the resulting estimates.

To improve efficiency, a growing body of work has investigated learning a separate data-collecting
behavior policy to reduce evaluation variance via off-policy evaluation (Hanna et al., 2017; Zhong
et al., 2022; Liu and Zhang, 2024; Liu et al., 2025a). This line of research, known as behavior
policy search (BPS), optimizes a variance-reducing behavior policy so that the collected trajectories
yield more informative evaluations. With an appropriately chosen behavior policy, BPS has been
shown to achieve lower variance than naive on-policy evaluation. By contrast, in the standard
formulation of off-policy evaluation (OPE), the data are assumed to be pre-logged by a fixed behavior
policy and the focus is on designing improved estimators. In comparison, BPS explicitly optimizes
the behavior policy itself to reduce variance and is broadly applicable across different off-policy
evaluation estimators.

Despite this progress, existing BPS methods generally optimize behavior policies under prespecified
transition functions, without accounting for underlying uncertainties. In practice, the true transition
functions often deviate from the assumed model due to approximation errors, adversarial perturbations,
or partial observability. Such discrepancies can compromise evaluation reliability: a behavior
policy optimized under simulator transition may still yield high variance when deployed in the
real environment. Consequently, prior methods may continue to require a large number of costly
real-world samples to achieve accurate evaluation.

To address these two challenges—variance reduction and transition mismatch—we propose an
efficient and robust policy evaluation framework that explicitly accounts for transition uncertainty.
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Our method formulates BPS as a minimax optimization problem, where an adversarial transition
model seeks to maximize the evaluation variance while the behavior policy is optimized to minimize
it. Our contributions are summarized as follows: (1) We introduce a novel adversarial framework for
robust behavior policy search in policy evaluation (Section 3.3); (2) We derive analytical transition-
gradient expressions for both on-transition and off-transition settings, and provide convergence
guarantees for the inner-loop adversarial optimization (Section 4); (3) We propose a double-loop
robust gradient algorithm and provide global convergence guarantee for variance-minimizing behavior
policy search (Section 5); (4) We numerically demonstrate that our method is less sensitive to
transition perturbations than existing approaches (Section 6), verifying the utility of our theoretical
results.

2 RELATED WORK

Behavior Policy Search

Reducing the variance of policy evaluation in reinforcement learning has been widely studied, with a
growing line of work known as behavior policy search (BPS), which optimizes the data-collecting
policy to directly reduce variance. Hanna et al. (2017) formulate the task of searching for a variance-
reducing behavior policy as an optimization problem. They use stochastic gradient descent to update
a parameterized behavior policy, demonstrating that properly chosen behavior policies can achieve
lower variance than the on-policy Monte Carlo method. Zhong et al. (2022) further advance this idea
by proposing adaptive behavior policies that emphasize under-sampled regions of the state space,
thereby improving evaluation efficiency. However, both approaches do not consider the robustness
of their learned behavior policy against transition uncertainties. As a result, even if their methods
achieve low evaluation variance in the simulator, they might still yield high variance under real-world
transition functions. By contrast, our method explicitly accounts for transition uncertainty, ensuring
that the learned behavior policy remains effective even under perturbed dynamics.

Liu and Zhang (2024) also study the variance reducing problem, deriving a closed-form, offline-
learnable behavior policy with theoretical guarantees. However, their formulation relies on pre-logged
data with prespecified and fixed transition probabilities, and cannot adapt when these probabilities
shift at deployment, leaving it vulnerable to modeling errors and sim-to-real mismatches. Our method
fills this gap by integrating adversarial transition modeling into behavior policy search, combining
efficiency with robustness to transition shifts.

Robust Policy Evaluation

Recent work has begun addressing robustness in reinforcement learning policy evaluation. For
example, Katdare et al. (2023) and Voloshin et al. (2021) propose techniques to improve robustness
under simulator mismatch via estimator modification or robust model learning. However, these
methods either rely on access to real-world data or focus on minimizing worst-case prediction errors,
and do not directly address the high-variance issue central to policy evaluation. In contrast, our work
proactively reduces variance by designing behavior policies that are robust to adversarial transition
shifts, without requiring target-environment data.

While robust MDP (RMDP) frameworks (Iyengar, 2005; Nilim and El Ghaoui, 2005) also consider
robustness under transition uncertainty, they are typically designed for reward maximization and rely
on linear programming techniques. These approaches (e.g., Wang et al. (2023a; 2024)) do not apply
to our setting, where the goal is to minimize the variance of policy value estimators, a fundamentally
non-linear objective. We fill this gap by proposing a novel adversarial transition variance gradient
method that explicitly targets variance reduction under transition uncertainty.

3 BACKGROUND

3.1 MARKOV DECISION PROCESS

We study a finite horizon Markov Decision Process (MDP, Puterman (2014)), which contains a finite
action space A, a finite state space S, a transition probability function p : § x A — A(S), a reward
function r : S x A — [0, 1], an initial state distribution pg : S — [0, 1], and a fixed horizon length T".
To simplify notations, we consider the undiscounted setting without loss of generality. Our method
naturally applies to the discounted setting as long as the horizon is fixed and finite (Puterman, 2014).
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We define A(X) for a finite set X' as the probability simplex over X, i.e., A(X) ={p: X — [0,1] |
> wcx P(x) = 1}. Then, the policy 7 : & — A(A) is the function mapping states to probability
distribution over the action space .A. We consider the parameterized policies 7y, where the parameters
0 € O is a vector with © C R” for some constant n. Likewise, we parameterize the transition
function p,, : S x A — A(S) by a parameter w € 2, where 2 C R™ and is compact. Unless stated
otherwise, all norms used in this work are Euclidean (i.e., ||z| = ||z||,).

The MDP process begins at time step 0, where an initial state Sy is sampled from py. At each time
stept € [T — 1], an action A; is sampled based on 7 (- | St). Then, a finite reward R; 1 = r(S¢, At)
is given by the environment and a successor state .Sy is obtained based on p(- | S, 4;). After T
steps, the agent’s interaction with the environment terminates. If the agent reaches any terminal state
before time step 7', it stays there and receives zero reward.

We use h = {Sp, Ao, R1,51, A1, ...57—1, Apr_1, R} to denote the trajectory of this MDP. We

then define the return of h as g(h) = T:_Ol R, ,. For any policy, we have a distribution over the
trajectory as Pr(H = h|r), where H is a random variable used to denote the trajectory. Lastly, we
define the value of a policy as v(7) = Ex-[g(H)].

3.2  VARIANCE REDUCTION IN POLICY EVALUATION

We consider the task of reinforcement learning policy evaluation, where the goal is to estimate the
value of an interested policy 7, called the farget policy. The traditional on-policy Monte Carlo
(MC) method estimates v(7.) by repeatedly executing the target policy 7. online and averaging the

observed returns. That is, MC(m,, H) = % Z?;ol g(H;) for all H; ~ .. However, in practice, this
straightforward method can induce high evaluation variance, leading to less reliable results (Liu and

Zhang, 2024; Liu et al., 2025b;a; Chen et al., 2025).

To mitigate this challenge, recent work has proposed to use off-policy evaluation method to reduce
variance, where we execute a different policy 7y (the behavior policy), to collect data. For wide
applicability, we consider a general off-policy estimator OPE(7., 7y, H), which estimates the value
of 7. using trajectories H from my. A standard example is importance sampling, IS (7., 79, H) =

g(H) HtT:_Ol %. Prior work has shown that with a properly designed behavior policy 7y, one
can achieve lower evaluation variance with an off-policy estimator than the traditional on-policy MC
method (Hanna et al., 2017; Zhong et al., 2022). This is known as the Behavior Policy Search (BPS)

problem, where we aim to solve mingeg Vg r, [OPE(7,, 79, H)].

3.3 ROBUST BEHAVIOR POLICY SEARCH

Standard behavior policy search methods typically assume fixed transition probabilities, but in
practice there are often discrepancies between simulators and real environments. After learning a
variance-reducing behavior policy in simulation, practitioners typically deploy it to evaluate the target
policy in the real system. However, because robustness to dynamics shifts is not considered during
the behavior policy search phase, the resulting policy may still induce high variance when collecting
real-world data. Consequently, achieving reliable evaluation often requires a large amount of costly
real-world samples, motivating a robustness-aware formulation.

To address this, we formulate the robust behavior policy search problem as a minimax optimization:
IeI.lgi({)l rur}leagVHNPWﬂe [OPE(7,, 79, H)], (D
where the inner maximization identifies worst-case transition perturbations, and the outer mini-
mization seeks a behavior policy that mitigates this adversarial effect. Such min—max formulations
are standard in the robust RL literature for modeling adversarial dynamics (Katdare et al., 2023;
Voloshin et al., 2021). To further analyze the min-max problem in (1), we can write it as the following
equivalent problem
min{®(0) = max Vi, x, [OPE(me, ma, )]}, @)
which minimizes the worst-case evaluation variance (Jin et al., 2020). Notably, the function & is not
differentiable, and is neither convex nor concave. Thus, we are unable to solve the problem through
direct gradient descent on the function ®, which motivates our double-loop approach (Algorithm 2)
in Section 5 with global convergence guarantee.
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4 SOLVING THE INNER LOOP

In this section, we study the inner loop of the optimization problem (1), which identifies adversarial
dynamics that maximize evaluation variance. We derive analytical gradient expressions of the variance
with respect to the transition probability, considering both on-transition and off-transition cases,
in analogy to on-policy and off-policy settings. In the on-transition case, the simulator transition
can be modified, so trajectories are sampled directly from the evolving p,, at each iteration. In
the off-transition case, the simulator transition is fixed at p,,,, and trajectories are collected under
this fixed transition probability while reweighted toward the target p,,. We introduce Algorithm 1,
which adapts p,, to maximize evaluation variance, serving as the adversarial player against the robust
behavior policy 7y (Section 5). We provide theoretical convergence guarantees for this algorithm. To
the best of our knowledge, this is the first work to develop adversarial transition-gradient methods for
variance objectives in reinforcement learning.

4.1 ON-TRANSITION GRADIENT OF THE VARIANCE

We begin with the on-transition case, analogous to the on-policy setting, where the simulator transition
can be directly modified to follow the target transition p,, at each iteration. Given a fixed behavior
policy g, we look for the variance-maximizing adversarial transition p,,. Formally, we need to solve

maé( VHn~py,mo [OPE(e, 19, H)] .
we

In the following theorem, we give a gradient expression of the evaluation variance. Importantly, this
analytical form is general and applies to any off-policy evaluation estimator, forming the foundation
of our transition-gradient method.

Theorem 1 (Transition Gradient of the Variance). For a fixed behavior policy my,

0
ainHpr77T9 [OPE(WCa 7T9? H)]

Bt ns |OPE(Te, mo, H)? 1501 2 108(pu(S1411S1, A1)

= 2B 1y [OPE (e 0, H)E i my | OPE(e, mo, H) Y202 5 10g(p (S14110, A1) |-

Its proof is in Appendix A.2. This gradient expression is in expectation forms and can be estimated
unbiasedly from sampled trajectories without additional structural assumptions on the OPE estimator.
Building on Theorem 1, we now present the On-transition Variance Gradient method in Algorithm 1.
We instantiate our algorithm with the importance sampling estimator (IS), but our framework is ready
to accommodate any off-policy evaluation estimator.

To discuss the convergence property of Algorithm 1, we impose the standard Robbins-Monroe
step-size condition Y ;- o; = co and Yo a? < co (Robbins and Monro, 1951). We assume the

ZZEZ'@ exists and is bounded above for all s, a, and & (Hanna et al., 2024).

Besides, we require the transition p,, to be twice-differentiable with respect to w with uniformly
bounded first- and second-order derivatives. These conditions for p,, hold, for example, when it
is parameterized by a neural network with smooth activations and a softmax output layer, and are
commonly adopted in policy gradient literature (e.g., Hanna et al. (2017; 2024)). Then, we have the
following lemma for the convergence of Algorithm 1, whose proof is in Appendix A.3.

importance sampling ratio

Lemma 1 (Transition Gradient Convergence). For a fixed behavior policy gy, Algorithm I converges.
That is, V i,~p,,. r [1S(7e, mo, H;)| converges to a finite value and

Mmoo 25V i, mpy, g 1S (e, 70, H)]) = 0.

In practice, although discrepancies often exist between the transition probability in the deployment
environment and the original simulator, the simulator typically remains a reasonable approximation.
Thus, to ensure the learned adversarial transition remains realistic rather than overly pessimistic, we
also offer an optional Kullback-Leibler (KL) divergence penalty that discourages large deviations
between p,, and the initial simulator transition p,,,. Given a behavior policy 7y, we consider the
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Algorithm 1: On-Transition Variance Gradient.

1: Input: an initial transition parameter wy, a target policy 7., a fixed behavior policy 7y, a number
of iteration n, a batch size k, a step-size «; for each &
Output: a final adversarial transition parameter wy,
Forall: €0,...,n —1do
Sample £ trajectories H ~ 7y, p,,,

Wi41 :wl+%{z (IS(’]TSJTg,HJ) t 0 81” IOg(pwl(St+1|St>At))> —

k . 9
22].2=1 IS(’ITE,WQ,HJ) Z?:%—O—l (IS(We,’ﬂ'g,H]) ? 01 B log(pwl(StJrl'Stht)))]
End for

7: Return: w,,

S

following inner-loop optimization problem under KL regularization:
AX Vi p,, mg [OPE(me, o, H)] — 0Dy (Pr(H |po )| Pr(H |pw, ),

where n > 0 is the regularization coefficient and the KL-divergence term is defined as

Dxr,(Pr(H|py,)|| Pr(H|pw,)) = Ermpy,mo {log m} To simplify notations, we define

by, = tT:_Ol log(pw (Se+1|St, Ar)). We provide the gradient expression of this regularized op-
timization problem in the following theorem.

Theorem 2 (Transition Gradient of Variance with KL). For a fixed behavior policy my and a
regularization coefficient 1 > 0,

9

Oow
=EHp,,m [OPE(T"ea o, H)Q%Epw]

— 2B o pormg [OPE (e, g, H)E f o my [OPE (e, 9, H) 20, ]

_nEHprﬂrg [(Owg w)(1+€ Epwo)].

It proof is in Appendix A.4. This regularization balances robustness with realism, ensuring that the
learned adversary remains close to plausible dynamics.

ViHrpm [OPE(me, w9, H)| — nDkr (Pr(H|po)|| Pr(H|p.,))

4.2 OFF-TRANSITION GRADIENT OF THE VARIANCE

In the off-transition case, analogous to the off-policy setting, simulator transitions are fixed at p,,,
and may differ from the target transition p,,. This situation arises naturally when using black-
box simulators that permit data collection but do not allow modifying transition probabilities (e.g.,
Komorowski et al. (2018)). In this case, we introduce a transition importance sampling ratio to
reweight the collected trajectories, mirroring the familiar correction used in off-policy evaluation for
policies. For a general off-policy estimator OPE, we overload the notation as
Ht 0 ! P (Seg1lSe,Ar)
OPE(7e, mg, pu, H) = T s (SeralSeAn) OPE(ﬂe,Wg,H).

We omit the input p,,, in OPE(r., 79, p.,, H) to simplify notations. Similar to Theorem 1, we first
give an analytical gradient expression of the evaluation variance.

Theorem 3 (Off-Transition Gradient of Variance). When p,, # p.,,, for a fixed behavior policy y,
0
%VHNPMU T [OPE(’/Te, T,y Py H)}
=2EpHp,, o (OPE? (e, T, puo, H) 7250y,

- 2EH~pu0,7r9 [OPE(Wea 65 Pw H)] : EHpro,ﬂs [OPE(Wev 705 Puw, H)%fpw} .

Its proof is in Appendix A.5. In the next theorem, we incorporate a KL-divergence term to penalize
large deviations of p,, from the simulator’s transition p,,,, with the KL direction chosen so that the
expectation aligns with the available sampling distribution p,,,. This design ensures the realism of
the learned adversarial transition.
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Theorem 4 (Off-transition Gradient of Variance with KL). For a fixed behavior policy g and a
regularization coefficient n > 0,
0

3 Hrpug o [OPE(Te, 70, pur, H)] — 1 Dxcw (Pr(H|pw, || Pr(H p.))

=2y, 7o (OPE? (e, T, puo, H) 250y, |
- QEHNpWO \TTO [OPE(Wev T Puws H)]EHNpWO , o [OPE(W& T Puws H)%Epw]

- UEHNPWO o [_%gm} :

Its proof is in Appendix A.6. Note that the gradient expression in the off-transition setting (Theo-
rem 4) differs from that in the on-transition case (Theorem 2), reflecting the distinct data sampling
mechanisms.

5 SOLVING THE OUTER LooOP

In this section, we propose a behavior policy search (BPS) method that is robust to potential dis-
crepancies in the environment. Specifically, we adopt a policy gradient approach to search for a
variance-reducing behavior policy under an adversarial transition probability. We first introduce
this algorithm, theoretically analyzing its global convergence guarantee. Then, in Section 6, we
demonstrate its empirical robustness under perturbed transition probabilities.

5.1 DOUBLE-LOOP ROBUST VARIANCE GRADIENT

To begin with, recall that in (1), our goal is to solve the min-max objective

reneiél I‘FggVprwﬂe [OPE(7,, w9, H)] .

In Section 4 and Algorithm 1, we present methods to solve the inner maximization problem by
performing gradient ascent on the transition parameter w. In this section, we focus on performing
gradient descent for the variance objective on the policy parameter 6. This is also known as the
behavior policy search problem in off-policy evaluation (OPE) community (Hanna et al., 2017; 2024),
which aims at finding a variance minimizing behavior policy to collect data through gradient based
methods. In Lemma 2, we present the gradient expression for variance with respect to the behavior
policy adopted from Hanna et al. (2017).

Lemma 2 (Variance Gradient Expression). With a fixed transition probability p,,, V0,

GV Heap o 18(me, w0, H)) = Bop,, [~ 1S(me, o, H)? Y-y —g" & log mo(Ar|S)))-

Importantly, this lemma shows that we can estimate the gradient with trajectories sampled from the
behavior policy my. With this analytical expression, we are now ready to present our double loop
algorithm, named Double-Loop Robust Gradient for Variance (DRVG).

Algorithm 2: Double-Loop Robust Variance Gradient (DRVG)

1: Input: a target policy parameter 6., a number of iteration n, a batch size k, a step-size «,
tolerance sequence {¢; }
Output: a final robust behavior policy parameter 6*
Forall: =0,....,n —1do
Find po, s.t. Vigep, ro [IS(7e, o, H)] > maxy, Vip, r,, [1S(7e, mo,, H)| — €
gi = %VHNZ)W \To, [Is(ﬂ-e, TG, » H)}
0iy1 = Projg[0; — aGi
End for _
Return: § = 1 """ 19,

A A Ol

The double loop algorithm DRVG iteratively takes gradient steps on the evaluation variance objective
to solve the min-max problem in (1). Specifically, the inner loop of DRVG returns a worst-case
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transition probability p,,, up to a precision ¢;, which can be obtained through Algorithm 1. Such a
sequence {¢; } introduces more flexibility to this double-loop algorithm, allowing for quick policy
updates without hurting the global convergence property. This choice is also adopted by some prior
work in the robust MDP community (Ho et al., 2021; Wang et al., 2023a).

In the outer loop, DRVG takes a projected gradient step to minimize evaluation variance within the
feasible parameter set ©. A well-known proximal representation of projected gradient in Bertsekas
(1995) is 0,41 € argmingcg(G;,0 — 6;) + %HH — 0;]|* = Proje [0 — aGi], where Projg is the
projection operator onto ©. In other words, it is identical to taking a plain gradient step, and then
using the closest feasible point in Euclidean distance within the feasible set. Notably, when the
feasible set © is convex, this projected gradient step can be implemented by a convex optimization
solver with a quadratic objective (Wang et al., 2023a). Together, this double-loop algorithm yields a
robust behavior policy for off-policy evaluation under environment uncertainty.

5.2 GLOBAL CONVERGENCE ANALYSIS

In this subsection, we present the global convergence analysis for Algorithm 2. For the widely-studied
policy gradient methods in reinforcement learning policy improvement, the objective function is
the performance of a given target policy. In our policy evaluation setting, however, in order to
minimize the ultimate online samples needed in the real-world evaluation, the objective function is
the performance’s variance,

VHepo g [OPE(7e, o, H)] = Exp, 7 [OPE(7e, 9, h)?] — Efp, o [OPE (7, 79, h)]2.

The non-linear nature of this variance objective introduces additional difficulties, making the min-max
optimization problem (1) nonconvex-nonconcave, which is widely known to be challenging (Jin et al.,
2020; Nouiehed et al., 2019; Lin et al., 2020). Besides, the objective function ®(6) in the equivalent
expression (2) is generally non-differentiable and nonconvex, making the theoretical analysis to our
Algorithm 2 even more challenging. In fact, even without the inner minimization problem, finding
the global optima of such nonconvex objectives is already NP-hard in the worst case (Jin et al., 2020).

In policy improvement regime without robustness consideration (i.e., a single-loop performance
maximization problem), recent work has shown that some algorithms are guaranteed to converge
to a globally-optimal policy with a non-convex objective function in tabular MDPs (Agarwal et al.,
2021; Bhandari and Russo, 2021). When robustness is introduced via a min—max formalization,
only recently was the first generic algorithm with global convergence proposed (Wang et al., 2023a).
However, since their inner maximization objective (policy performance) reduces to a linear program
in each update, the setting is considerably simpler than our variance-based objective.

In Section 6, we demonstrate the empirical performance of our Algorithm 2 under a neural network
policy parameterization. While in this section, for the theoretical analysis of Algorithm 2, we adopt
. . . . . . exp(8,) ¢(s)
a linear-softmax parameterization for the behavior policy 7y, mg(a|s) = SR Exp o i ®))
¢:s— R4 is a state feature function, and 6, € R? is the parameter associated with action a € A. In
this section, we assume that the parameters’ feasible set O to be closed and convex with a diameter D
(i.e., V0,0 € ©, || — 0'|| < D), and assume the linear feature to be bounded (i.e., Vs, ||¢(s)| < B
for B € R) . This choice enables generalization across states through shared features, and makes the
variance objective convex in . This assumption has been widely adopted in recent theoretical work
on policy gradient (Agarwal et al., 2021; Yuan et al., 2022; Cayci et al., 2024).

, where

With the smoothness of this linear-softmax parameterization, we first establish Lemma 3, which
characterizes the behavior of the objective function V with respect to the policy parameter 6. This
lemma then helps to derive the Lipschitz continuity and convexity of the otherwise non-convex and
non-differentiable objective function ® in (2).

Lemma 3. Under Ilinear-softmax policy parameterization, the objective function
VHrpy, o 1S(7e, mg, H)| is Lo-Lipschitz, Lg-smooth, and convex in 0 with Lg = V2BC?*TT3 and
le = B2C?TT3(5 + 8T'), where C denotes a uniform upper bound on the individual importance
sampling ratio with Z=\%2) < O, Y(s,a),v0 € O©.

mo(als)

Its proof is in Appendix A.7. While the theoretical constants scale with horizon 7', this dependence is
intrinsic to importance sampling—based approaches and has also appeared in prior OPE analyses (Liu
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Figure 1: Relative variance increase of each method under its tailored adversarial transition, compared
to the variance under the original simulator transition. All values are normalized by the variance
increase of the on-policy Monte Carlo (MC) method in the same environment. More details are
provided in Appendix B.

et al., 2018; 2020). Our result further shows that global convergence still holds with explicit finite-
sample guarantees despite this scaling. With Lemma 3, we can further obtain the desired properties
of ®, which serve as key building blocks for establishing the global convergence of Algorithm 2.

Lemma 4. The function ®(0) = max,, Vy~p, ., 1S(7e, g, H)| is Lo-Lipschitz and convex in 6.

Its proof is in Appendix A.8. Equipped with Lemma 3 and Lemma 4, we are now ready to establish
the convergence analysis despite the inherent nondifferentiability. The following theorem provides a
finite-sample convergence guarantee for our double-loop algorithm.

Theorem S (Double loop global convergence). With a constant step size o = ﬁi/ﬁ’ we have

n—1
- . DL@
o(0) — min o) < Z €.

Its proof is in Appendix A.9. This result shows that Algorithm 2 converges to an e—optimal solution
at a rate of O( —), where 7 is the number of iterations. This rate matches the optimal rate of

projected gradlent descent in convex optimization, although our min—-max variance objective is
more challenging than the performance-based objectives studied in prior work (Agarwal et al., 2021;
Bhandari and Russo, 2021; Wang et al., 2023a). The error bound consists of two parts: the first term
D \%) reflects the convergence rate of projected gradient descent, while the second term + Z" '

accounts for the chosen precision in the inner maximization. To our knowledge, this is the ﬁrst global
convergence guarantee for variance-minimizing behavior policy search under adversarial transitions,
filling an important gap between classical off-policy evaluation and robust reinforcement learning.

6 NUMERICAL RESULTS

In this section, we provide numerical results to validate the utility of our proposed efficient and robust
evaluation framework. Our primary goal is to examine two key questions: (1) Is our method robust
to adversarial transition perturbations? (2) Does it give lower evaluation variance under perturbed
transitions compared with standard on-policy Monte Carlo?

We evaluate these questions on two environments. Garnet MDPs (Archibald et al., 1995) provide a
class of randomly generated abstract MDPs that allow controlled investigation of robustness properties.
A Garnet instance G(|S]|, |Al, b) is parameterized by the number of states
and a branching factor b that controls the connectivity of transitions. Owing to this flexibility, Garnets
are a standard setting for analyzing robustness in controlled MDP studies (Tarbouriech and Lazaric,
2019; Wang et al., 2023a;b). Inventory management (Porteus, 2002; Ho et al., 2018) is a classical
stochastic control problem where a retailer makes ordering decisions under uncertain demand. It
provides a natural testbed for evaluating policy performance under transition uncertainties.
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Figure 2: Relative variance of each method under the same perturbed transition. All values are
normalized by the variance of the on-policy Monte Carlo (MC) method in the same environment.

To contextualize the results, we compare our approach with several representative methods:the
on-policy Monte Carlo estimator (MC), the behavior policy gradient estimator (BPG, Hanna et al.
(2017)), and the robust on-policy sampling estimator (ROS, Zhong et al. (2022)). All methods are
trained with the same initial transition function to obtain their behavior policies. We parameterize our
behavior policy with a neural network and use the final iterate behavior policy from Algorithm 2 to
collect evaluation data. Further experimental details are provided in Appendix B.

6.1 VARIANCE INCREASE UNDER TAILORED ADVERSARIAL TRANSITIONS

To answer the first question, we examine the robustness of each behavior policy when exposed to
its own most adversarial transition. For each method, we run Algorithm 1 to obtain the transition
that maximizes its evaluation variance. Then, we use each behavior policy to collect data under its
method-specific adversarial transition. We report the relative variance increase compared to the
original simulator transition, highlighting each method’s vulnerability to adversarial perturbations.
As shown in Figure 1, our method (DRVG) exhibits the smallest variance increase, illustrating its
robustness to adversarial transitions. Notably, although designed for variance reduction, BPG and
ROS incur larger variance increases than the on-policy Monte Carlo baseline when the deployment
transition is perturbed, underscoring the necessity of our robustness-aware behavior policy search
framework.

6.2 VARIANCE COMPARISON UNDER SHARED AND PERTURBED TRANSITION

To address the second question, we evaluate all methods under a shared adversarial target transition
identified by Algorithm 1 for the on-policy baseline. We compare the variance of all four methods
under this same perturbed transition. This setup contrasts with Section 6.1, where each method
faced its own tailored adversary. As shown in Figure 2, our method (DRVG) indeed achieves lower
evaluation variance. This demonstrates that explicitly accounting for transition uncertainty enables
more reliable policy evaluation under perturbed environments.

7 CONCLUSION

In this work, we present an efficient and robust behavior policy search framework that tackles
two central challenges in real-world policy evaluation: variance reduction and transition mismatch.
Our method learns variance-reducing behavior policies while explicitly accounting for transition
uncertainty through a minimax formulation over adversarial dynamics. Theoretically, we derive novel
transition-variance gradient expressions, establish convergence guarantees for the adversarial inner
loop, and prove global convergence of our proposed double-loop algorithm. Numerically, our method
demonstrates increased robustness under transition perturbations. Taken together, these results unify
variance reduction with robustness to transition shifts, offering a promising step toward reliable policy
evaluation under uncertainty.



Under review as a conference paper at ICLR 2026

REFERENCES

Agarwal, A., Kakade, S. M., Lee, J. D., and Mahajan, G. (2021). On the theory of policy gradient
methods: Optimality, approximation, and distribution shift. Journal of Machine Learning Research,
22(98):1-76.

Archibald, T. W., McKinnon, K., and Thomas, L. C. (1995). On the generation of markov decision
processes. Journal of the Operational Research Society, 46(3):354-361.

Bertsekas, D. (1995). Nonlinear Programming. Athena Scientific.

Bertsekas, D. P. and Tsitsiklis, J. N. (2000). Gradient convergence in gradient methods with errors.
SIAM Journal on Optimization, 10(3):627—642.

Bhandari, J. and Russo, D. (2021). On the linear convergence of policy gradient methods for finite
mdps. In Banerjee, A. and Fukumizu, K., editors, Proceedings of The 24th International Conference
on Artificial Intelligence and Statistics, volume 130 of Proceedings of Machine Learning Research,
pages 2386-2394. PMLR.

Cayci, S., He, N., and Srikant, R. (2024). Convergence of entropy-regularized natural policy gradient
with linear function approximation. SIAM Journal on Optimization, 34(3):2729-2755.

Chen, C., Liu, S., and Zhang, S. (2025). Efficient policy evaluation with safety constraint for rein-
forcement learning. In Proceedings of the International Conference on Learning Representations.

Hanna, J. P., Chandak, Y., Thomas, P. S., White, M., Stone, P., and Niekum, S. (2024). Data-
efficient policy evaluation through behavior policy search. Journal of Machine Learning Research,
25(313):1-58.

Hanna, J. P, Thomas, P. S., Stone, P., and Niekum, S. (2017). Data-efficient policy evaluation through
behavior policy search. In Proceedings of the International Conference on Machine Learning.

Ho, C. P, Petrik, M., and Wiesemann, W. (2018). Fast bellman updates for robust mdps. In
International Conference on Machine Learning, pages 1979-1988. PMLR.

Ho, C. P, Petrik, M., and Wiesemann, W. (2021). Partial policy iteration for 11-robust markov
decision processes. Journal of Machine Learning Research, 22(275):1-46.

Iyengar, G. N. (2005). Robust dynamic programming. Mathematics of Operations Research,
30(2):257-280.

Jin, C., Netrapalli, P., and Jordan, M. (2020). What is local optimality in nonconvex-nonconcave
minimax optimization? In International conference on machine learning, pages 4880—4889.
PMLR.

Jumper, J., Evans, R., Pritzel, A., Green, T., Figurnov, M., Ronneberger, O., Tunyasuvunakool, K.,
Bates, R., Zidek, A., Potapenko, A., et al. (2021). Highly accurate protein structure prediction with
alphafold. Nature.

Katdare, P., Jiang, N., and Driggs-Campbell, K. R. (2023). Marginalized importance sampling for
off-environment policy evaluation. In Conference on Robot Learning, pages 3778-3788. PMLR.

Komorowski, M., Celi, L. A., Badawi, O., Gordon, A. C., and Faisal, A. A. (2018). The artificial
intelligence clinician learns optimal treatment strategies for sepsis in intensive care. Nature
medicine, 24(11):1716-1720.

Lin, T, Jin, C., and Jordan, M. (2020). On gradient descent ascent for nonconvex-concave minimax
problems. In III, H. D. and Singh, A., editors, Proceedings of the 37th International Conference on
Machine Learning, volume 119 of Proceedings of Machine Learning Research, pages 6083—-6093.
PMLR.

Liu, Q., Li, L., Tang, Z., and Zhou, D. (2018). Breaking the curse of horizon: Infinite-horizon
off-policy estimation. In Advances in Neural Information Processing Systems.

10



Under review as a conference paper at ICLR 2026

Liu, S., Chen, C., and Zhang, S. (2025a). Doubly optimal policy evaluation for reinforcement learning.
In Proceedings of the International Conference on Learning Representations.

Liu, S., Chen, Y., and Zhang, S. (2025b). Efficient multi-policy evaluation for reinforcement learning.
In Proceedings of the AAAI Conference on Artificial Intelligence.

Liu, S. and Zhang, S. (2024). Efficient policy evaluation with offline data informed behavior policy
design. In Proceedings of the International Conference on Machine Learning.

Liu, Y., Bacon, P.-L., and Brunskill, E. (2020). Understanding the curse of horizon in off-policy
evaluation via conditional importance sampling. In International Conference on Machine Learning,
pages 6184-6193. PMLR.

Mnih, V., Kavukcuoglu, K., Silver, D., Rusu, A. A., Veness, J., Bellemare, M. G., Graves, A.,
Riedmiller, M. A., Fidjeland, A., Ostrovski, G., Petersen, S., Beattie, C., Sadik, A., Antonoglou,
L, King, H., Kumaran, D., Wierstra, D., Legg, S., and Hassabis, D. (2015). Human-level control
through deep reinforcement learning. Nature.

Nilim, A. and El Ghaoui, L. (2005). Robust control of markov decision processes with uncertain
transition matrices. Operations Research, 53(5):780-798.

Nouiehed, M., Sanjabi, M., Huang, T., Lee, J. D., and Razaviyayn, M. (2019). Solving a class of
non-convex min-max games using iterative first order methods. In Wallach, H., Larochelle, H.,
Beygelzimer, A., d'Alché-Buc, F., Fox, E., and Garnett, R., editors, Advances in Neural Information
Processing Systems, volume 32. Curran Associates, Inc.

Porteus, E. L. (2002). Foundations of stochastic inventory theory. Stanford University Press.

Puterman, M. L. (2014). Markov decision processes: discrete stochastic dynamic programming. John
Wiley & Sons.

Robbins, H. and Monro, S. (1951). A stochastic approximation method. The Annals of Mathematical
Statistics.

Silver, D., Schrittwieser, J., Simonyan, K., Antonoglou, I., Huang, A., Guez, A., Hubert, T., Baker,
L., Lai, M., Bolton, A., et al. (2017). Mastering the game of go without human knowledge. nature,
550(7676):354-359.

Sutton, R. S. and Barto, A. G. (2018). Reinforcement Learning: An Introduction (2nd Edition). MIT
press.

Tarbouriech, J. and Lazaric, A. (2019). Active exploration in markov decision processes. In The 22nd
International Conference on Artificial Intelligence and Statistics, pages 974-982. PMLR.

Voloshin, C., Jiang, N., and Yue, Y. (2021). Minimax model learning. In International Conference on
Artificial Intelligence and Statistics, pages 1612—-1620. PMLR.

Wang, Q., Ho, C. P., and Petrik, M. (2023a). Policy gradient in robust mdps with global convergence
guarantee. In International Conference on Machine Learning, pages 35763-35797. PMLR.

Wang, Q., Xu, S., Ho, C. P, and Petrik, M. (2024). Policy gradient for robust markov decision
processes. arXiv preprint arXiv:2410.22114.

Wang, Y., Velasquez, A., Atia, G., Prater-Bennette, A., and Zou, S. (2023b). Robust average-reward
markov decision processes. In Proceedings of the AAAI Conference on Artificial Intelligence,
pages 15215-15223.

Yuan, R., Du, S. S., Gower, R. M., Lazaric, A., and Xiao, L. (2022). Linear convergence of natural
policy gradient methods with log-linear policies. arXiv preprint arXiv:2210.01400.

Zhong, R., Zhang, D., Schifer, L., Albrecht, S. V., and Hanna, J. P. (2022). Robust on-policy sampling
for data-efficient policy evaluation in reinforcement learning. In Advances in Neural Information
Processing Systems.

11



Under review as a conference paper at ICLR 2026

A  PROOF

A.1 DEFINITIONS

In this section, we show the standard optimization definitions used in our work. Consider an
optimization problem

min f(x)

reX

where X C R? is nonempty and closed, and f : R? — R. We have the following definitions for
Lipschitz continuity and smoothness.

Definition 1 (Lipschitz Continuity). The function f : X — R is L—Lipschitz if Vz1, 22 € &,

1f(z1) = fla2)]| < Lllzy — 22].

Definition 2 (Smoothness). The function f : X — R is {—smooth if Vx1,z5 € X,

IV (1) = V(@) || < £y — wal|.

With these definitions in hand, we are now ready to present the proofs.

A.2  PROOF OF THEOREM 1
Theorem 1 (Transition Gradient of the Variance). For a fixed behavior policy Ty,

0
ainHmpw,ﬂ'g [OPE(W€7 779? H)]

=Er~pom [OPE(”ea o, H)? tT:_o1 > log(pw(st+l|5t7At)):|

= 2B 1y [OPE (e, 0, H)E i my | OPE(e, mo, H) Y202 5 10g(ps (S141]0, A1) |-

Proof. To prove Theorem 1, we aim at decomposing the term Pr(H = h | p,,) into two parts: one
that depends on p,, and one that does not. Let

T—1
mp,, (h) = H Pu(St11]St, At) 3)
t=0
and
. Pr(H =h|p.)
h)y= —— "~ 4
p(h) () (4)
then we have
Pr(H = h | p,) = p(h)my, (). (5)
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Next, we manipulate the term %mpw (h).

0 0 1
%mm ~ow H (Stt1Sk, Ar)
T-1
Opw (St4+1|St, A
=3 [T ne(Sinls, an 2BretlSe 24
t=0 £t w
:TZI i=0 " P (Siga|Si, Ai) Opw (St+1]St, Ar)
i—o w(St41]Se, Ay) Ow
:T 1 1185, Ai) - Ti( 1 Bpw(SmlSt,At)>
pin St 2\ pu(Se4115h, Ar) O
T-1 T-1
(a) 1 8logpw(5t+1|5t,At)>
= w(Sit1]5i, Ai) - — 1, (St41|Se, A
1=0p ( +1| ) ot (pw(St+1|St7At)p ( t+1| t t) aw
T-1 -1, 5
= [ po(Sis1]S:, 4)) (8 10gpw(5t+1|5t7At)>
=0 t=0 w
-1, 5
=my,, (h) 2 (&u logpw(st+1|5taf4t)>
-1 4
=my,, (h) % log(pw (St+11St, Ar)) (6)
t=0
Here, (a) follows from the fact that
0 1 Of(x)
Oz log f(w) = f(z) Ox
of(z) _ dlog f(x)
= B f(z)- B
Then, we decompose the variance objective
0
O ~—ViHp, [OPE(7, mg, H)]
0
767(EHNI)“ e [OPE(W"’WH’ )2] - EHprvﬂ—e [OPE(T"ea o, h)]z)
_ _ 2
_% zh: Pr(H = h|p,)OPE(n., 79, h)
0
= 21wy [OPE(me, 7o, H)) =~ > Pr(H = h|p,)OPE(r,, mg, h)
“
0
—Zp YOPE(7,, g, h)? &ump“(h)
0
— 2B Hpy mg [OPE (e, w9, H)] >~ p(h)OPE(rre, o, h) 5=y, (h) (By (5))
h
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=

6

——10g(pw (St+1[S1, Ar))

Z h)OPE(r., T, h)*m,, (h) (%J

h t

]

i
=

!

0
p(h)OPE(me, mg, h)my,, (h) ~— log(pe, (Si11]St, At))

— 2]EH~pw,7T9 [OPE(W& o, H)} . Ow
(By (6))

:M

Il
<

ﬂ
L

~ 9

=Ef~p,.mg [OPE* (9, H) 50

t

log(pw (St+11St, Ar))]

i
<

T-1
d
— 2By, 2o [OPE(7e, w9, H) B op, xo | OPE(me, mg, H ZaTJ 0g(Pw (Si11]Se, Ar)) |-
t=0

A.3 PROOF OF LEMMA 1

Lemma 1 (Transition Gradient Convergence). For a fixed behavior policy gy, Algorithm I converges.
That is, V i,~p,,. r [1S(7e, mo, H;)| converges to a finite value and

Wm0 225V H,mp,, o 1S (e, M9, Hi)] = 0.

Proof. The proof leverages Proposition 3 in Bertsekas and Tsitsiklis (2000), for which we have to
show that Algorithm 1 satisfies the following conditions:

V[IS(7g, pu,, Hi)] is continuously differentiable w.r.t. w

2. The gradient of the variance objectives, 5~ V[IS(mg, p.,,, H;)], is Lipschitz continuous w.r.t.
w.

3. The variance of the gradient estimate used by Algorithm 1 is bounded.

The other conditions of Proposition 3 in Bertsekas and Tsitsiklis (2000) are satisfied because of the
unbiasedness of the gradient estimates in Algorithm 1. Additionally, since the gradient objective,
as a variance, is bounded below by zero, we can avoid the case of converging to —oo according to
Proposition 3 (Bertsekas and Tsitsiklis, 2000).

Wr

By assumptions, we have p, is twice-differentiable, and quotient _*= and the estimator
o

IS(mg, p.,, H) always exist. Therefore, by the gradient expression in Lemma 1, we conclude that
2Vt mp 7o [1S(ma, pus, H)] is continuously differentiable, verifying condition 1.

Next, we show the Lipschitz continuity of 2 Vy.p,, x, [IS(7g, pu, H)] by verifying the boundedness
of its second derivative.

82
9w

0 _
=5 BH~po.mo [IS(%, 79, H)? Y1y 1og(pu(Se41]St, At))}
- 2EHNPW77T9 [IS(T(Ea g, H)]EHNPWJTB IS(T{.PJ e, H) Z?:Bl log(pw(st-‘rl |St7 At)>:|
:% (Eh (p(h)mpu (h)IS(TrEﬂT@vH)Q ? 0 dw log(pw(st+1|5t"4t))>
=232, (p(h)my,, (h)IS(7e, mo, H))
S ( (h)ymp,, (R)IS(me, o, H) tT 01 3 log(pw(StH\St,At)))) (By Lemma 1 and (5))

VHpr,Tre [IS(?TQ, DPw, H)]
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=2 (3 (p(R)ymy,, (R)IS(me, o, H)? 22 log my, ()

-2 Zh (p(h)my,, (h)IS(7e, mg, H)) - Zh (p(h)mpw (h)IS(7e, o, H)% log m,,, (h)))
=2 (20 (P, (S (e, o, HY? o oy ()

=23, (p(h)my, (WIS (re, 70, H)) - 52y, (p(RYmy, (WIS (e o, H) by s, (1) ))
=2 (3, (p(WIS (e, 7o, H)? g5y, ()

—2%, (p(R)my, (WIS(me, ma, H)) - 3, (p(A)IS (e, o, H) oy, ()
— th(h) IS(me, o, H)2 az—wmpw (h)

(1) ("2)
— 2.2 [, (p(hymy, (R)IS(me, 7o, H)) - 32, (p(R)IS(me, w9, H) 25 my, ()]

We further decompose the term in the square brackets.

QJ‘Q.)

Z h)ymy,, (h)IS(me, mg, H Z < h)IS( We,WHaH)aawmpw(h))]
h

h

=[]

p(h)%(mpw( )IS(me, w0, H)) - > ( h)IS wemg,H)a‘imm(h))

_|_

h
0
(p(h)my,, (h)IS(7e, w9, H IS(e, mo, H)=——my,, (h)
» 0 1) 5000 3 (1805, ) o ()

>

=[]

p(h) | IS(we, 7o, H) 88 myp,, (h) Zp (IS We,ﬂg,H);JJmpw(h)>
)

—I—Zp(h) My, (h) IS(me, w9, H) -Zp(h)(IS(ﬂ'e,ﬂ'g,H)aimpw(h)).

h )

Notice that since p(h) is defined as “"UT=H™) in (4), where Pr(H = h) is trivially bounded
and w,(h) is always positive. Thus, p(h) is bounded. We then analyze the boundedness of
%VHNPMM [IS(7g, pu,, H)] through the above 5 terms.

For (1) and (3), the quotient ::EZB is bounded above by assumption. Besides, since the reward is
bounded, so is g(h). Therefore, both (1), IS(7., mg, H)? and (3) IS(7,, 7g, H) are bounded.

For (5), it is bounded because m, (h) = H;T:_Ol P (St+1|St, At) < 1. Then, for (4),

0

8
%mpw(h) % Pu(St111St, At)
T

~ H/L‘T::f Pu(Sit1]Si, Ai).
pw(5t+1\5t7 At)

Pu(St41(St, Ar)

Q’\Qn J‘:::'

t=0
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Here, 7 D 1 (Si11|St, Ay) is bounded by construction and H’p‘; (ps“:illg: ‘j“)A ) < 1. Thus, (4) is
bounded. Lastly, for (2)

32

52, M. (1)

0= 0 [T Po(Sisa]Si, Ai)
_ 7 — ., A i=0 FMw 1+ 79 41

B — 8wp (St+1|St, t) pw(5t+1\5t,z4t)

0 = 0
=—— > ——pu(Ser1|Se, Ar) [ [ puo(Siva]Ss, Ai)

Ow t=0 O i#£t

T-1 g2 P
=D 5z Po(S11180 A) [ [ pu(Si11]Si, Ai) + 5 -pu(Seal Si, Ar)

t=0 i#£t

0
'Zaprw(swﬂsiw‘l pr j+1157, Aj)s
i#t JF#t,

which is bounded because p,, is constructed to be twice differentiable with bounded first and second
derivatives.

Therefore, we conclude that the gradient objective 22 Vi, . x, [IS(7g, p,, H)] is Lipschitz continu-
ous w.r.t. w, verifying condition 1.

Finally, we show that the variance of the gradient estimate used by Algorithm 1 is bounded. According
to Algorithm 1, we use the unbiased estimate as

6‘
87 (pw(St+1|St7At))

M |

%VHNPW,M [IS(mg, pw, H)] =1S(mg, P, H)2
t

Il
=]

A

T-1
0
— 2087, P, H)IS(m9, p, H) D 5~ 108(ps(S141[S1, Ar))
t=0

Sy}

Then, the variance of the estimate is decomposed into
V[A] + V[B] 4+ 2Cov|A, B],

where Cov[A,B] < +/V[A] - /V[B] by the Cauchy-Schwarz inequality. Thus, it is suf-
ficient to show the boundedness of V[A] and V[B]|. For V[A], since the variance of a
bounded random variable is bounded, we aim to demonstrate that for any trajectory &, the term

1S(76, poy H)? 3 10g(pw(St+1]Se, Ayr)) is bounded.

S

&l

IS(W97pwaH)2 Og(pw(5t+1|5t,14t))

R
Ly

=IS(7p, po, H)? 08(Pew (St41]St, Ar))

&l

~
Il
=3

:IS(W9>pw7H)26 IOngw (h)

2 %mpw (h)

:IS(WG»ZDMH) m (h)
Pw

)

The boundedness of I1S(7g, p.,, H)? and %mpw (h) is shown by the argument above for term (3) and
T 1 :
(4). And the boundedness of T ) = T po(Se1]50.A0) comes from the fact that p,, is always

nonzero by construction. Thus, we conclude that V[A] is bounded.
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Next, we decompose term B into two parts because of the different samples used to estimate them:

IS(ﬂ-@apwa H) IS(Tr97p0J7 H) Z:_O1 % log(pW(St-‘rl |St7 At)) .
C D

We then have
V[B] = V[CD] = E[C*]V[D] + E[D?|V[C].

We show their boundedness term by term.

E[C?) = Etmpy my [1S(m0, D H)?] = > _ p(h)my, (h)IS (e, o, H)?, (8)
h

where each term is shown to be bounded above. Next, by the derivation from (7),
5 2
~ h
BID?) = 3 plh)mg, (1S (e ma, 12 220210}
h mpw (h)
where the boundedness follows from the analysis of (8) and (7).

As for the two variance terms, V[C] and V[D], we show the boundedness of the random variable C
and D for each trajectory h, where IS(7g, p,,, H) is shown to be bounded in term (3) above, and the
boundedness of Z;T:_Ol % log(py, (St+1|St, At)) is incorporated in (7).

Therefore, we conclude that the variance of our estimate is bounded. By far, we show that the

three conditions of Proposition 3 in Bertsekas and Tsitsiklis (2000) are satisfied, demonstrating the
convergence of Algorithm 1.

O

A.4 PROOF OF THEOREM 2

Proof.

Theorem 2 (Transition Gradient of Variance with KL). For a fixed behavior policy my and a
regularization coefficient 1 > 0,

0
3V Hrpome [OPE(Te, mo, H)| = nDxr,(Pr(H [po)|| Pr(H [pu, ))

=Etp, ry |OPE(me, w9, H)? 20, |
— 2E ey mo [OPE (e, 79, H)|E g p,, xo [OPE(me, w0, H) 20, |
—NEH~p, 7 [(a%em) (1 + Ly, — gpwo)] .

We begin by manipulating the KL-divergence term.

Pr(Hl|p,,
D (Pr(H|po)|| Pr(H|pay)) =Esio mo [bg (H]p.) }

Pr(H |pu,)

my,, (H)
Mpy, (H)

=Enp, mo [log my,, (H) —log My, (H)} .
Next, we decompose the following gradient:

=Enp, . m llog By (5))

0
3 losmy. (H) ©)

T

1
log pu, (St41(S¢, At)

I
|

W

Tl
L4

log(pw (St+1[St, At))- (By definition)

&l

o~
Il
=)
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Then, we take the gradient of the KL-divergence with respect to w:

0
5 D (Pr(H po) | Pr(Hlpu, ) (10)

0
8

:aTJ > Pr(H = hlp,,)[log my,, (h) — logmy,, (h)]
h

—Exp, e [log my,, (H) —log M., (H)]

:% Zp(h)mpu (h) [log Mp,, (h) —log Mp,,, (h)] (By (5))
= Zp [mpw (h)logmy,, (k) —logmy,, (h)%mm (h)}

0 0
_ Zp [log My, h)%mm (h) +myp, (h)a log m,,, (h)

—logmy,, (h)my,, (h Z 8(Pw(Sit1[St: Ar)) (By (6))
t=0
T— 8 T-—1
=2hjp<h) [bgmp Ymp,, (h Z 0 108 (Pu (S|S0, Av)) + my, (h ; 8(pu(Si+1]St, Ar))
T—-1
—logmy,, (h)my, (h Z 8(Pus(Se+1]St, Ar)) (By (6) (9))
t=0
T—1 a
:;P(h)mm ; % 2(pus(St41|St, Ar)) [log my,, (h) + 1 — log My, (h)]
T—-1 o
= Z Pr(H = hlpy) [&u log(p, (St+1]St, At))] [logm,,, (k) + 1 —log Moy (h)] By (5))
h t=0
=EH~p,,m {( Cp,, (1 + Ly, pw(, )] . By (3))

Thus,

9
Oow
=En~p.,mo [OPE(%’ o, H)? 3o log(pe, (Se41]Se, At))} = 2EH~p,, ,my [OPE(me, w9, H)]

Etpama | OPE(e, mo, H) Y12 1og(p(Sia[S1, An)) | = 0 D, (Pr(Hp.,) | Pr(Hlp.,))
(By Lemma 1)
=E tmpory [OPE(me, w9, H)2 20y, | — 2B, o [OPE(me, o, H)E gy, ry [OPE(e, mo, H) 20, ]

VHnp,.mo [OPE(me, w9, H)] — nDxr (Pr(H|pe)|| Pr(H|p.,))

— Bty o [ (5 lpe ) (14 by — L)) - (By (10))

O
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A.5 PROOF OF THEOREM 3

Theorem 3 (Off-Transition Gradient of Variance). When p,, # p..,, for a fixed behavior policy ,

0
%VHNPWO ,To [OPE(WE’ 9 Pw H)}

:2]EH~pw0 o [OPEQ (7r€7 765 Pw H)a%gpw]
- 2EHNpW0 , o [OPE(ﬂ-ea 705 Puw; H)] . ]EHN;DW0 , T [OPE(Wev 705 Puw, H) %Epw} .

Proof. For simplification, we define w, (h) = Ht o ' 7(A;|S;) under trajectory h. Then,

0

Ow

0
a (IEHNpu [OPE (7'['@7 70, Puw, H)] - EHpr/ [OPE(Wea 70, Pws H)}Q)

2
aﬂ (EH%, — by, [mp“’(H)OPE(we, 0, H)] )

Mp (H)
9 my, (H)
:72 <PI‘(H h|pw0)m7()OPE (71—8371—97[—[)) - ZEHNPW/ [OPE(ﬂ}i,WGapwvH)}
h Puwg

VHN]MO ;6 [OPE(W€7 TGy Pws H)]

m: (H
— Lo OPE* (e, mo, H)
m

) m,, (H)
I ry, |22 OpR(r, 7y, H
o lmp%(H)O (e 1)

=> (p(h)mpl(H)OPEQ(ne, To, H)a%mgw (h))

0 h
— 2B, [OPE(Te, Mo, s H)] 5= > (p(h)mpwo(m o ((h)) OPE(we,wo,H)) (By (5))
h Puwg

=2 Z < o (h)) OPE?(m,, g, H)a(zmpw(h)>

= 2Bty [OPE (e, 7, ) S (WOPE (e, 1) . (1)) (By (5)
h

22 ( OPE 775,7797H) mpwo (h,) My, (h‘) awgpw

9
— 2By, [OPE(me, 79, puy H) Y (p(h)OPE(ﬂe, o, H)ym,,_ (h) &/pw) (By (6))
h

m?2 (h) 0
_QZ( ), (h m;’w 0 OPEQ(we,wg,H)a—wépw

Puogy

- 2]EH~pw/ [OPE(ﬂ-ev 705 Puw; H)]

T—1
¥ <p<h>mpwo () 22D 0P, o, ) S Tog(p (e[S, At>>> By ©)

h mpwo (h) t=0

)
=23 (Pr(H = h|pw,)OPE? (7., 79, Do, H)awe,,w>
h

- 2]EHpr/ [OPE(T(e, 7T97 pb-)? H)]
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T-1
0
! § (PI‘(H = h|pwU)OPE(ﬂ'eaﬂ'9apw; H) E Ow log(pw(st+l|st7 At))) (By (5))
h t=0

G,
=2Epp_, {OPEz(ﬂe, 79, P, H) &uem}

0
—2Eg~p_, [OPE(me, 79, puo, H)|Eprp, |:OPE(7T57 9,y Doy H)awfpw} .

A.6 PROOF OF THEOREM 4

Theorem 4 (Off-transition Gradient of Variance with KL). For a fixed behavior policy g and a
regularization coefficient 1 > 0,

0
35 Y Hpug o [OPE(Te, 70, pusy H)] = Dicr (Pr(H pu, ) || Pr(H p.s))

=2E i ~p,, mo [OPE?(7e, 9, pu, H) 250y, |
- Q]Eprm0 JTTo [OPE(T(ea TG, Pws H)]Eprwo , T [OPE(’]Tea TG, Pws H)a%gpw]
- nEwao,m [_%g;ﬂw} :

The KL-divergence between two probability distribution p and ¢ is defined as Dxy,(pllq) =
Ex~p {log %}. Therefore, the KL-divergence between the trajectory distribution of the target

transition p,, and the simulator’s transition p,,, is given by

Pr(H|py,
D (Pe(Hlpay) || Pr(H1po)) =Esrp. [log (] 0’]

Pr(H|p.,)

_Ey [mg D (H)} (By (5))
oo Mp,, (H)

:EHN,,WD o [log M., (H) —logmy,, (H)] .

We take the gradient of the KL-divergence with respect to w:

1o} 0
== D1, (Pr(H |pu, )| Pr(H|pw)) =2—Ewnp,, mo 108 My, (H) —logm,,, (H)]
ow ow

[ 8

0T

=Erp,,.mo Z log pu, (St+1/St, At)

(1)

=0

=En~p.,,mo Z 8(Pew (St+1]St, Ar)) |-
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Thus,

0
3 Y Hr g o OPE(e, 70, oy H)] = 0Dy (Pr(H o) | Pr(H]p.,))

=2Epp_, [OPE? (e, 79, Py, H) 20, ]

—2Ep~p,, [OPE(7e, 79, pw, H)|Err~p,, [OPE(TFG’ 76, Puss H)%gpw]

— &nDkr(Pr(H|p., )|| Pr(H]p.,)) (By Lemma 4)
=2Epp_, [OPE? (e, 79, pus, H) 24, ]

— 2Exp, [OPE(me, 79, Doy H)|E g, [OPE(me, mo, pu, H) 24, |

W g |~ Lot 25108 (S111]S0, A1) . (By (1))

A.7 PROOF OF LEMMA 3

Proof. By Lemma 2,

2V Hpy o [1S(me, mo, H)) =JEHNPW,M[ 1S(re, o, H Z logma(A¢|Se)|.  (12)

t=0
To prove the Lipschitz property, we bound each term in the RHS. First, we aim to bound
|| 2 log 7 (A;|S;)||. Remember that we define

exp (0, ¢(s))
Za’eA €xp (0;—,¢>(s)) ’
where we assumed the linear features ||¢(s)|| to be bounded by a constant B. Here, 8 = {0, }4c.4 is

the whole parameter matrix, and 6, is the column for action a specifically. From Wang et al. (2023a),
we know that

mo(als) =

2 2

0
log mp(als) log mg(als)

|7

a’ EAHae

Further decomposing, we get

5 3
Hao log mg(als) =l||¢(s)§<1 —2mg(als) + Z W@(G’ISY")]
a’e A
<V2B.
Thus, we have
T—1 8
> 5 08T (Ad S| < V2BT. (13)
t=0

We also make the standard assumption that the quotient :ZEZ‘IZ; is bounded above by a constant C' for

all s, a, and 6.

T e (Al Sy)
IS(7e, mo, H)?|| = ||| 2= 2 2207
H | ot H (Ht=0 mo(Ae|St)

since we assume the reward is bounded above by 1.

Then,

2
g(H)) <2 (14)

0
00
Thus, the objective function V., x, [IS(7e, 7o, H)] is Le-Lipschitz in § with Lg = v/2BC?T'T3.

7 VE~p, mg 1S(Te, T, H)] H < V2BC?"T8.
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Next, we aim to show that the objective function Vg p,, r,[IS(7e, 79, H)] is £o-smooth in 6.

Under trajectory h, define wy,(h) = HtT;()l mo(At, St) , and p(h) = PTEUH;&')”). For a fixed
™

transition p,,, we have the following decomposition as also shown in Hanna et al. (2024):
82
00?

0
:%]EHNPL‘,,TK‘Q [ IS 7Te77T97 Z an 0g7T0 At‘St)

VHprJTe [IS(W% Puw; H)]

(By (12))

:% ;ﬁ(h)wm; (h) (_IS(TFe, o, H)2%wﬂ9 (h))

:Z—ﬁ(h) QIS(w s H)22w (h) +IS(me, mo, H)? aQw (h)]. 15)
- 89 € 97 89 o € 97 829 o

For the terms here, we have

—2g(h)?*w,, (h)? 0

- 2 — -
IS(WQ,W97H) wny (1)? aewm(h),

00
T—1 o T—1
wm, Za* At\St H 7T9(At’|St/)7
t=0 =0,t/#t
and
o2 P T—1 o T—1
%wm(h):% 86 (At|St) H mo(Ay|Str)
t=0 0,t/#t

t#t t#t At
(16)

Denote 8, = 0 + aqu, where « € R, u € RAUAl with d being the linear feature dimension.

By chain rule, we have, for a fixed transition p,,,

o2
2a 5= Vi, p, 1S(me, T, , H)] o
T 0

= 3V H~o p, 1S (e, Mo, H)lu

0 0
T § : ~ 2 T 2
=Uu h _p(h) |:80IS(7T6’7T9’H) %wﬂe (h) +IS(7T€77T0,H) =

) 9 o 02
:zh:—p(h) Kaelswe,m,ﬂ)?, ><89wﬁ9(h) >+IS(7re,7rg,H)2uTa29wﬂg(h)u}.(17)

22

-1
0? 0 0
= Z (829 At|St H ﬂ-e At/|St/) 69 (At|St) Z %ﬁ@(AtdSt/) H 7T9(At//|st//)

).
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We analyze the bound term by term. First, for < 5915(me, mo, H )2, u> note that

9 2
H%IS(?TC,?TQ,H)
29(h)*wn, (h)* 0
| wm<h>3 o'
<272 wm,( Z log(mg(A¢]St)) || (By (21) of Hanna et al. (2024))
=0
— 2
<27?C*" Z 8010g(7r9(At|St))H
t=0
<2V2BT3C*". (By (13))
Thus,
‘<§HIS(7T6,7T9,H)2,U> < 2V2BT3C |y, (18)
Next, for < 55 W (), >, recall that
[pene
T-1
W, Z 50 log 7T9(At|5’t))H
<1-v2BT.
Thus,
13
(5gtms () w)| < V2BTull,. (19)

As for the second term IS(r,, g, H)?u " a%w,r@ (h)u, remember that by (14),
1S (e 7o, 12| < CPTT2.
Besides, by (16),

T 82 -1 82
u azgwﬂe(h)uzzu 5257 7o (A St) U,HTFQ Ay |Sy)
t=0 £t
(a)
— /0 )
+ 3 (gmaaise,u) - - (gpme(AvlSi)u) ] mo(AwSin)@0)
t=0 tt! t11 8
(b)
To bound term (a) and (b), notice that
Omg(a
Omolals)  woals) (1o’ = a} — mo(a]s)o(s).

where 1 is the indicator function. Recall that we denote. Now we also define a state-wise logit
direction v, € R with each component v,(a’) = (uq/, ¢(s)).
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Then, for the first derivative,

Oy, (als) _ <37rga(;z|s)7u>’

IoJe"
m(als) - (vs(a) - ZM(CL’lS)Us(a')) ’

<my(als) <|vs )+ ZM

<2mo(als)]|vsll,
<2]lvsll,

<2]6(s)]lyllull,
<2B]ul),, @D

a=0

> (Triangular Inequality)

where Hu||2F = uca ||ua||§ Similarly, for the second derivative,

0wy, (als) |/ 9%mg(als)
902 la=0 _’< 00° ”S’“S>
=|mg(a | s) [(1 —mo(a | 8))vs(a)? — Z mo(a’ | s)(vs(a) —vs(a’)) gt Zﬂ'e a' | s)*vs(a)?
a’'#a
<5Jvs
<5B%||u|2 (22)

Now, getting back to (a) in (20), we have

= Egu %m (Ad|Sp)u I ] mo(Aw|Se)

t£t
T-1 o2
S ZU —W@(At|5t)u
— 020
<5TB?||ull3. (By (22))
As for (b) in (20),
-1 5 9
|(b)] = <@770(At\5t)7u>'Z<%7T9(At'|5t' > H mo(Ap[Ser)
t=0 t£t! £t
-1 5
= <ae (ArfSi) )| < o(AvlSe) )| 1
t£t!
ngBHuH2 2T Bl|u|| » By (21))
=47 B2 |ul[3.
Thus, looking back at the (20), we have
T 0
u %wm(h)u
<[(a)] + |(b)]

<5TB?||ul; + 4T B?|[ul ;.
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Therefore,

2
IS, HYP T g (1)

2

§|IS(7T677T07 H)Q‘ ’ uTiwﬂs (h)u

920
<C¥I'T3B||u|3(5F + 4T). (23)
Putting these all together,
62
%VHNPwWea [IS(WGJT@O‘?H)] a0
_ 5 9 2 9 o 1 0
_ 2}; #(h) KOWIS(WE,W@,H) ,u><89wm(h),u> + 18 (me, w0, H)?u" 55w, (W)u
By (17))
) ) ) , T 02
< <%IS(7@,7T9,H) 7u><%wm)(h),u> + (IS(me, mg, H)“u %wm(h)u
< (2\@BT302T||U||2) . (\/iBT||u||2> + C2T T3 B2||u|| 2 (5F + AT) (By (18)(19)(23))

=4B*C*'T|lull; + C*'T* B2||ul3 - (5 + 4T)
=B2C?T T3 ||u3(5 + 8T).

Thus,
82 22T 3 2
| g 1S, 10| = sup BCHTTulfs +5T)
0 op llull,=1
=B2C*'T3(5 + 8T),

where |||, denotes the operator norm. Therefore, we conclude that the objective function
V Heopy, mo I1S(7e, m9, H)| is Lo-smooth in 6 with lg = B2C?TT3(5 + 8Td).

Lastly, the convexity of the objective function follows directly from Lemma 2 of Hanna et al.
(2024). O

A.8 PROOF OF LEMMA 4

Proof. We first show that ®(f) is Le-Lipschitz in §. By Lemma 3, we know that
V Hropy e 1S(Te, mg, H)] is Le-Lipschitz.

Vo1, 02 € O, define p,, = argmax, Vp.p,x, [IS(7e, 70, H)] . pu, =
argmax,, Vp~p, ry, IS(7e, mo,, H)|. Then,

D(01) — () :Hzl)axVHNpmﬂel [IS(me, 7o, , H)] — rrlljaxVHN:,,MM2 [IS(me, mg,, H)]
:VHprl N [IS(TF@, 615 H)] - VHNPwQ o, [IS(T‘-G’ ey H)]
SVHNpul o, [IS(T‘—& o5 H)] - VHN;DM 0y [IS(WEﬂ O35 H)]
<Le||01 — 02]|. (By Lemma 3)
By symmetry, with also have
(02) — @(01) < Lel|01 — 02
Thus,
|(01) — ©(62)] < Le |01 — b2,

which shows the Lipschitz property.
Next, from Lemma 3, we also know that Vg, x, [IS(me, w9, H)] is convex in 6 under the linear
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softmax parameterization of the behavior policy 7. Thus, V61, 2 € © and ¢ € [0, 1],
(I)(t91 + (1 - t)92) = Hzlji‘x VHNPW:W(t61+(1—t)92) [IS(TFE, T(t61+(1—1)02)> H)}
< rrzljax[tVHpr’,Tg1 [IS(me, o, H)] + (1 — )V Hrp,, mo, (IS (e, o, , H)]

(By Lemma 3)
<t H;l,aX[VHNPwv”ﬁ [IS(me, 7o, , H)] + (1 —t) Ig)lax VHnp, mo, [IS(me, 7o, H)]

—t®(01) + (1 — 1) (6,).

Therefore, we show that ®(0) is convex in 6. O

A.9 PROOF OF THEOREM 5

Proof. To begin with, we define §* = argmin,cg ®(#). Since the set © is closed and convex, the
Euclidean projection is nonexpensive. That is, Vu € R?, z € ©,

[Proje (u) — 2[|* < [ju— 2||.
With v = 6; — aG;, z = 0*, we have
Projg(u) = 6;41.
Thus,
1641 — 6°[|* < [16; — aGi — 6%
= 16: = 07” — 204G, 0: = 07) + o®| Gy (24)

From here, we first bound the last term, ||G;||*. By Lemma 3 we know that the objective function
VH~py 7o IS(me, Mo, H)] is Lo-Lipschitz and convex in §. Thus we have

IG: < Le = 1IGilI” < L?. (25)

Next, since the gradient objective Vip, x, [IS(7e, mg, H)] is differentiable and convex in 6, we
have the subgradient inequality that

(G6s0: = 0" ) = Vgm0, 1T, T, H)) = Vi g,y 18(me o-, ).

Remember that we defined

®(0) = max Viyp, = IS(7e, mg, H)].

Po
Thus,
Ve, moe [IS(7e, mo~, H)] < ®(0%),
and by Algorithm 2,
mgtx VHp,m, [IS(7e, mo,, 0, H)] = ®(0;) < VHnpe, mo, [IS(7e, mo,, H)] + €;.
Therefore,

<gi,9i—9*> > B(0;) — ¢ — D(0Y). (26)
Putting it all together, by (24), (25), and (26), we have
1001 — 071> <[16: — 07 1* — 2a(®(0;) — & — B(67)) + o>L.
Rearranging the terms, we get

20[®(6;) — D(0%)] < [|6; — 0% ||* — |01 — 0% ||° + 20ve; + 2L,
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Taking the summation over ¢,

n n—1
200 D(0;) — D(0%) < |0 — 0°[° + 22 Y _ € +na’Ly.

=0
Since 6, 8* € O, and we defined diam(0) < D where
diam(©) = max ||6 — 6|,
0,0'ce

we have
160 — 6%||* < D*.
Thus,
12 . D* ali 13
5;¢<9i>—¢(9>sﬁ+ : +E;ei. 27)

According to Algorithm 2,

By Lemma 4, <I>(7rg) is convex in 6. Thus, by induction with the basic convex property, with the
nonnegative wei ght L and the fact that ) 0 = 1, we obtain

n—1 n—1
_ 1 1
=0l =) 0, <—) P(F
Subtracting ®(6*) form both sides, we get

B(@) — d(67) < %Z 6).

Plugging it into (27),

n—1

_ D? aL2 1 «
P(0) —P(0*) < — + i
(©) ( )_Qan Jrn;E

With the definition 6* = argminy.g ®(#) and o = we then have

_D
Lovn’

27



Under review as a conference paper at ICLR 2026

B NUMERICAL STUDIES
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Figure 3: Supplementary figure for Section 6.1. Relative variance of each method under its tailored
adversarial transition. All values are normalized by the variance of the on-policy Monte Carlo (MC)
method (under its tailored adversarial transition) in the same environment.

In our numerical studies, we leverage a wide range of target policies ranging from completely
random to highly deterministic. Specifically, a policy my,in 1S computed as the optimal policy of
the MDP model, and 7yyngom 1S randomly generated. Then, the target policies 7. are set to be
(1 = B)Tuain + BTrandom With B € {35, %, ..., 1}. For each of the 30 target policies, we have 30
independent runs, resulting in a total of 900 runs for each value.

In Section 6.1, we generate method-specific adversarial transitions by running Algorithm 1 separately
for each method, yielding one adversarial transition per behavior policy. For ROS (Zhong et al.,
2022), which adapts its behavior policy, we generate the adversarial transition by treating the target
policy as the nominal behavior policy in Algorithm 1. We first measure each method’s variance under
the original simulator transition pg, and then under its method-specific adversarial transition p,gy.
Note that p,qy differs across methods. We report the relative variance of each method under its own
Dagy in Figure 3, where each value is normalized by the variance of MC (also under its p,qy) for the
same environment. Finally, we report the variance increase for each method in Figure 1, defined as
the difference between its variance under p,g, and under pg. In Section 6.2, we evaluate all methods
under a shared adversarial target transition. This transition is constructed by applying Algorithm 1 to
the on-policy Monte Carlo baseline. We then report each method’s variance under this transition in
Figure 2.

B.1 GARNET EXAMPLES

A Garnet environment (Archibald et al., 1995) is represented by three integers (|.S], | 4|, b), denoting
the number of states, actions, and the branching factor, respectively. By varying b, one controls the
degree of stochasticity: small b yields sparse transitions, while large b approaches fully connected
transitions. This flexibility makes Garnets particularly suitable for stress-testing reinforcement learn-
ing algorithms across a wide spectrum of transition structures (Tarbouriech and Lazaric, 2019; Wang
et al., 2023a;b). We evaluate the four methods on three Garnet instances—G(5, 3, 3), G(10, 5, 5),
and G(30, 15, 10)—which span increasing environment sizes and connectivity levels.

B.2 INVENTORY MANAGEMENT

Inventory management (Porteus, 2002; Ho et al., 2018) is a classical stochastic control problem under
transition uncertainty. The state corresponds to inventory levels, actions represent order quantities,
and stochastic demand drives the state transitions. In our inventory management example, we adopt
radial-type basis functions as introduced in Sutton and Barto (2018), defined for state s and feature

_ ls—eil?
o2

index i as ¢;(s) = exp( ) , where ¢; and o; denote the deterministic center and scaling

parameter of the i-th feature, respectively. This nonlinear parameterization captures variations in
state representation while controlling the expressive capacity of the model under uncertainty.
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