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Abstract

The imbalance (or long-tail) is the nature of many real-world data distributions,
which often induces the undesirable bias of deep classification models toward
frequent classes, resulting in poor performance for tail classes. In this paper, we
propose a novel two-stage learning approach to mitigate such a majority-biased
tendency while preserving valuable information within datasets. Specifically, the
first stage proposes a new representation learning technique from the information
theory perspective. This approach is theoretically equivalent to minimizing intra-
class distance, yielding an effective and well-separated feature space. The second
stage develops a novel sampling strategy that selects mathematically informative in-
stances, able to rectify majority-biased decision boundaries without compromising
a model’s overall performance. As a result, our approach achieves state-of-the-art
performance across various long-tailed benchmark datasets. Our code is available
at https://github.com/fudong03/BNS_IPDPP.

1 Introduction

Class imbalance naturally arises in real-world scenarios, spanning across such wide applications as
online transactions, medical diagnoses, social networks spam detection, among many others. Such
data in real scenarios usually follows a long-tailed distribution, i.e., a few head classes dominate
the entire dataset while some tail classes account for only a small portion. When encountered
with such long-tailed data, deep neural networks (DNNs) suffer from majority-biased decision
boundaries [31, 53, 24, 57, 13, 41, 16, 42], undesirably favoring frequent classes and leading to poor
performance in tail classes. Misclassifying tail classes may yield catastrophic consequences, e.g.,
failing to identify lung cancer from millions of biomedical images may result in fatalities. To this
end, building functional classifiers with unbiased decision boundaries when tackling the long-tailed
data is critical but remains open.

So far, the mainstream strategies addressing long-tailed recognition primarily fall into two categories:
one-stage learning and two-stage learning methods. One-stage learning approaches include: i) re-
weighting strategies [38, 10, 3, 9, 47], which prevent dominant head classes from overwhelming
the training process by reducing the weight of loss functions for majority samples; and ii) sampling
techniques [4, 21, 58, 25, 15], which create balanced training subsets either by downsampling
majority samples or by synthesizing minority samples. However, such strategies struggle to achieve
effective performance across both head and tail classes due to their limited representation learning
capabilities. On the other hand, two-stage learning methods [28, 51, 11, 62, 30, 39, 34, 35, 27]
decouple the training process into “representation learning” and “classification” stages. The former
stage focuses on learning effective and generalizable feature spaces, while the latter stage aims to
rectify majority-biased decision boundaries caused by highly skewed data distributions.
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However, previous two-stage learning approaches fail to deliver satisfactory performance in long-
tailed recognition, primarily due to the following two limitations. First, in the first stage, conventional
representation learning methods [5, 23, 1, 22, 36] face significant challenges in handling long-tailed
data, resulting in poor feature representations for both head and tail classes. Recent advancements
targeting long-tailed recognition [39, 34, 35, 27] have mitigated these limitations to some extent,
able to produce higher-quality feature spaces. Unfortunately, they struggle to learn effective feature
spaces for securing clear separation between head and tail classes, ultimately limiting their overall
performance. Besides, the second stage is hindered by the absence of effective sampling techniques.
Oversampling methods [4, 49, 58, 25, 15] often suffer from mode collapse, producing synthetic mi-
nority samples with limited diversity. Conversely, undersampling approaches [21, 40, 61] frequently
lead to significant information loss due to the removal of a substantial portion of majority samples,
severely compromising the model’s overall performance.

In this work, we advance two-stage learning through two key contributions: i) a novel represen-
tation learning strategy, namely Balanced Negative Sampling (BNS), able to learn effective and
well-separated feature spaces; and ii) a new sampling technique called Information-Preservable
Determinantal Point Process (IP-DPP), able to balance the training subsets with informative in-
stances, for mitigating the majority-biased tendency. Our key idea involves first training an effective
feature extractor using our BNS method. This feature extractor is then fine-tuned on balanced subsets
sampled through our IP-DPP approach to handle imbalanced classification. Specifically, our BNS
approach constructs an effective and well-separated representation space by maximizing mutual
information between two augmented views of the original data. Formal proof is provided showing
our solution is theoretically equivalent to minimizing intra-class distance. This allows the model to
capture instance-level semantics, ensuring high-quality feature representations, while also learning
class-level semantics to achieve well-separated feature spaces. Besides, our IP-DPP method, inspired
by Shannon information theory, is designed to sample balanced subsets that prioritize mathematically
informative instances. As a result, it excels in rectifying majority-biased decision boundaries while
maintaining the model’s overall performance.

2 Related Work

This work adopts a two-stage learning paradigm, in which Balanced Negative Sampling (BNS) is
designed to learn an effective representation space, while the Information-Preservable Determinantal
Point Process (IP-DPP) is introduced to select mathematically informative samples. We next discuss
how our approaches relate to, and differ from, prior solutions.

Representation learning methods are typically employed in the first stage to construct high-quality
feature spaces. Previous studies include KCL [34], which devises k-positive contrastive learning for
learning balanced feature spaces, TSC [35], which improves the uniformity of feature spaces via
targeted supervised contrastive learning, SBCL [27], which proposes subclass-balancing contrastive
learning for instance- and subclass-balanced feature spaces, among many others [5, 6, 23, 7, 1, 22,
36, 37]. However, conventional representation learning methods result in suboptimal representations
for both head and tail classes, while those specifically designed for long-tailed recognition struggle to
achieve well-separated feature spaces. Differently, our BNS method frames representation learning
from the information theory perspective. This solution is mathematically equivalent to minimizing
intra-class distance, thereby resulting in effective and well-separated feature spaces.

Sampling methods are commonly used in the second stage to rectify biased decision boundaries.
Existing techniques can be roughly categorized into oversampling and undersampling approaches.
Oversampling methods balance class priors by generating minority samples. Traditional methods
[4, 19, 20, 54] apply linear combinations of existing instances to synthesize the minority data, but
they fail to respect the non-linear structure of synthetic data. Recent solutions [49, 17, 58, 50, 25, 15]
leverage deep generative models to capture the non-linear structures in data synthesis. However,
these methods suffer from mode collapse, resulting in synthesized minority samples with limited
diversity. Undersampling approaches [21, 40, 61], by contrast, create balanced subsets by removing a
substantial portion of majority samples. However, this process causes significant information loss,
severely impacting the model’s overall performance. Our IP-DPP method falls into this category. It
addresses information loss by sampling mathematically informative instances, thereby effectively
rectifying biased decision boundaries while maintaining the model’s overall performance.
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3 Preliminary

Mutual Information (MI) refers to a measure of the mutual dependence between two random
variables. It quantifies the amount of information that knowing one random variable reduces the
uncertainty of the other variable. Given two jointly discrete random variables X and Y, for their
mutual information, we have:

MI(X,Y) =
∑
x∈X

∑
y∈Y

pXY(x,y) log
pXY(x,y)

pX(x)pY(y)
. (1)

Here, pXY(x,y) represents the joint probability of X and Y, while pX(x) and pY(y) are the marginal
probabilities of X and Y, respectively.

Information Content (IC), also known as Shannon information or self-information, measures the
degree of “surprise” associated with a particular outcome. Given a ground set X, for any event x ∈ X
with probability p(x), the information content I(·) is defined as follows:

I(x) = − log [p(x)] . (2)

By definition, information content has three key properties: i) an event with 100% probability yields
no information; ii) less probable events are more surprising and contain more information; and iii)
given a set of independent events, its total self-information equals the sum of each event’s individual
self-information, i.e., I(X) =

∑
x∈X I(x).

4 Our Approaches

4.1 Problem Statement

Consider a set of N samples for training, i.e., X = {(xi, yi)}Ni=1, where data point xi is labeled with
yi. Suppose the training set has C classes, i.e., y ∈ {1, 2, . . . , C}, and let Nc (c = 1, 2, · · · , C) be
the number of training data for the c-th class. Without loss of generality, we consider all classes to
be sorted in the decreasing order, i.e., Nc ≥ Nc+1. Naturally, ∀Nc, we have Nc ≥ NC . Here, we
consider a long-tailed setting, i.e., N1 ≫ NC , indicating that head and tail classes are highly skewed.

Deep neural networks (DNNs) struggle with such long-tailed data, where they perform poorly on tail
classes. This can be attributed to two primary factors. First, when using conventional representation
learning methods, the inherent “label bias” in long-tailed data leads to poor feature spaces. Second,
majority class samples tend to dominate the training process, resulting in biased decision boundaries
that unfairly favor the head classes. These two factors call for the development of innovative solutions
in both representation learning and classification stages.

4.2 Stage 1: Representation Learning via Balanced Negative Sampling

Our first stage aims to learn an effective and well-separated feature space for long-tailed recognition.
We resort to maximizing mutual information between instances sharing the same label—a process
mathematically equivalent to minimizing intra-class distances.

Our Objective. Given any image of the ground set x ∈ X, we employ data augmentation modules to
transform it into two different views of the same sample, denoted as xi ∈ XQ and xj ∈ XV . Let
fθ(·) be a DNN parameterized by θ, used for encoding feature representations. Here, we regard
Q(XQ;θ) and V (XV ;θ) as feature spaces corresponding to XQ and XV , respectively. In this work,
our goal is to learn high-quality feature representations for imbalanced classification by maximizing
the mutual information between two feature spaces:

argmax
θ

MI(Q(XQ;θ),V (XV ;θ)). (3)

In the rest of the paper, we abbreviate Q(XQ;θ) and V (XV ;θ) as Q and V , respectively. Then,
given any images of xi ∈ XQ and xj ∈ XV , their representations can be expressed respectively as
qi ∈ Q and vj ∈ V , where qi = fθ(xi) and vj = fθ(xj).

CL-based Representation Learning. However, directly maximizing the mutual information between
two representation spaces Q and V is computationally intractable. Worse still, prior studies [60, 39]

3



have demonstrated that long-tailed data inherently causes “label bias”, resulting in poor represen-
tations for tail classes. In this work, we reformulate Eq. (3) within the framework of contrastive
learning (CL), enabling the efficient optimization of our objective. Meanwhile, employing CL-based
techniques [5, 23, 29, 37, 27] can also effectively mitigate the “label bias” issue, as highlighted in
prior studies [60, 39].

Specifically, our approach leverages a binary classifier to distinguish the target image from noise
samples, drawing inspiration from Noise Contrastive Estimation (NCE) [18]. Given an anchor image
xi ∈ XQ, we have its corresponding target image x+

j,i ∈ XV . Here, xi and x+
j,i are two augmented

versions of the same image. Meanwhile, we sample n noise images (having different labels with xi)
from the dataset XV , denoted as {x−

j }nj=1. Regarding their representations, we have one positive pair
(qi,v

+
j,i) and n negative pairs {(qi,v−

j )}nj=1. Therefore, there is a 1
n+1 chance to pick the positive

pair and a n
n+1 chance to pick the negative pair. Let p(·) be the joint probability of Q and V , and

g(·) represent a binary classifier, where its output d = 1 and d = 0 denote the positive and negative
pair, respectively. Then, we have:

g(qi,vj | d) =

{
1

n+1
p(qi,v

+
j,i), d = 1

n
n+1

p(qi,v
−
j ), d = 0

. (4)

Considering the positive pair only, we arrive at:

g(qi,vj | d = 1) =
p(qi,v

+
j,i)

p(qi,v
+
j,i) + n× p(qi,v

−
j )

. (5)

We assume that the distributions between different classes are independent. Then, for any negative
pair (qi,v−

j ), we have p(qi,v
−
j ) = p(qi)p(v

−
j ). As such, we can rewrite Eq. (5) as follows:

g(qi,vj | d = 1) =
p(qi,v

+
j,i)

p(qi,v
+
j,i) + n× p(qi)p(v

−
j )

. (6)

Taking the logarithm of Eq. (6) and rearranging the terms (see Appendix A.1 for detailed derivation),
we obtain:

log g(qi,vj | d = 1) ≤ log
p(qi,v

+
j,i)

p(qi)p(v
−
j )
− logn. (7)

Taking the expectation of p(qi,v+
j,i) on both sides, we have:

E
p(qi,v

+
j,i)

log
p(qi,v

+
j,i)

p(qi)p(v
−
j )
≥ E

p(qi,v
+
j,i)

log g(qi,vj | d = 1) + logn. (8)

Combining Eq. (1), Eq. (3), and Eq. (8), we have:

MI (Q,V )︸ ︷︷ ︸
maximize MI

≥ E
p(qi,v

+
j,i)

log g(qi,vj | d = 1)︸ ︷︷ ︸
maximize lower bound

+ logn.
(9)

Here, log n is a constant, indicating that maximizing the lower bound in Eq. (9) is equivalent to
maximizing the mutual information between the two feature spaces.

Balanced Negative Sampling (BNS). Inspired by prior studies [18, 48, 52], we train a logistic
regression classifier to maximize the lower bound in Eq. (9). However, log g(qi,vj | d = 1) is
computationally intractable. To address this issue, we approximate the classifier’s output with
sigmoid function σ(·), expressed as below:

g(qi,vj | d) =

{
σ(

q⊤
i vj

τ
), d = 1

σ(− q⊤
i vj

τ
), d = 0

. (10)

Here, τ is the temperature parameter that controls the sharpness of the similarity scores. As such, our
NS-based contrastive learning, designed for learning high-quality representations, is formulated as
follows:

LNS = −

[
log σ(

q⊤
i v+

j,i

τ
) +

n∑
j=1

log σ(−
q⊤
i v−

j

τ
)

]
. (11)

Our NS-based contrastive learning, i.e., Eq. (11), can mitigate “label bias” inherent to long-tailed data,
yielding a higher quality of representations. However, it is ineffective in learning a well-separated
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representation space. This is because positive pairs of head classes dominate the representation space.
We then propose a novel Balanced Negative Sampling (BNS) to learn an effective and well-separated
representation space. That is, for a given anchor image xi ∈ XQ, we sample an additional set of
m images from XQ that share the same label as xi, denoted as {xk}mk=1. Let qk ∈ Q+

i,m denote
representations for the addition set of images. Then, we have m+ 1 positive pairs {(q∗,v+

j,i) | q∗ ∈
{qi} ∪ Q+

i,m} and n(m + 1) negative pairs {(q∗,v−
j ) | q∗ ∈ {qi} ∪ Q+

i,m and j = 1, 2, . . . , n}.
Mathematically, our BNS technique can be expressed as:

LBNS = − 1

m+ 1

 ∑
q∗∈{qi} ∪ Q+

i,m

log σ(
q⊤
∗ v+

j,i

τ
) +

∑
q∗∈{qi} ∪ Q+

i,m

n∑
j=1

log σ(−
q⊤
∗ v−

j

τ
)

 . (12)

In practice, m is set to a small value due to the limited number of samples in minority classes. Eq. (12)
effectively enhances the quality of feature representations by maximizing the mutual information
shown in Eq. (3). This maximization of mutual information directly corresponds to minimizing
intra-class distances, as stated next.
Theorem 4.1. (Intra-Class Distance Mutual Information Theorem) Let Xc

Q and Xc
V be two sets of

images with the same label c, obtained by different data augmentation techniques. Given a feature
extractor fθ(·), we define Qc and V c as the representation spaces for Xc

Q and Xc
V , respectively.

Then, any pair of qc
i ∈ Qc and vc

j ∈ V c is a positive pair. Let MI(·) and D(·) respectively denote
the mutual information and a distance metric, we have:

maxMI(Qc,V c) ∝ minD(Qc,V c), (13)

where D(Qc,V c) can be considered as the intra-class distance because they have the same label.

The proof of Theorem 4.1 is deferred to Appendix A.2.

Instance-Level and Class-Level Semantics. An effective representation space must capture two
key aspects: instance-level semantics to ensure high-quality feature representations and class-level
semantics to achieve well-separated feature spaces. To understand how our BNS technique achieves
this, we decompose Eq. (12) as follows:

LBNS = −
1

m + 1


log σ(

q⊤
i v+

j,i

τ
) +

n∑
j=1

log σ(−
q⊤
i v−

j

τ
)

︸ ︷︷ ︸
instance-level

+
∑

qk∈Q
+
i,m

log σ(
q⊤
k v+

j,i

τ
) +

n∑
j=1

log σ(−
q⊤
k v−

j

τ
)


︸ ︷︷ ︸

class-level


. (14)

According to Theorem 4.1, our BNS approach naturally minimizes distances at both the instance
and class levels. Specifically, the pair (qi,v+

j,i) originates from the same instance, while the pairs
(qk,v

+
j,i) are from the same class. This dual-level minimization naturally encourages the emergence

of both instance-level and class-level semantics within the representation space, leading to improved
representation quality and better separation of feature spaces.

4.3 Stage 2: Information-Preservable Determinantal Point Process

Next, we propose a new sampling solution, namely Information-Preservable Determinantal Point
Process (IP-DPP), aiming to rectify majority-biased classification decision boundaries while main-
taining the model’s overall performance. Specifically, our approach builds on the Determinantal Point
Process (DPP) [33], a stochastic process that captures global negative correlations, as outlined below.
Definition 4.2 (Determinantal Point Process). Given a ground set X with N items, a point process P
in this ground set is a distribution over discrete and finite subsets of X. Let K ∈ RN×N be a real,
symmetric marginal kernel matrix indexed by the elements of X. A point process P is called a DPP
only if, for every random subset Y ⊆ X drawn according to P , we have:

P(Y) = det(KY), (15)

where KY = [Kij ]i,j∈Y is the principle submatrix of K, indexed by elements of Y.

Since P is a probability measurement, i.e., 0 ≤ P ≤ 1, the marginal kernel matrix K must satisfy
specific structural properties, as stated next.
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Remark 4.3 (Properties of Marginal Kernel Matrix). The marginal kernel matrix K for a DPP must
satisfy: i) K is a positive semidefinite matrix; and ii) All eigenvalues of K are bounded in the interval
[0, 1], i.e., 0 ⪯ K ⪯ I .

However, it is very difficult to construct a DPP through the marginal kernel matrix K in real long-
tailed settings. In this work, we follow the prior study [33] by constructing a DPP based on the
L-ensemble framework [2]. Specifically, consider an image xi ∈ X with ground truth label yi, let
p(i) = pϕ(yi|xi) denote the probability of correctly predicting yi given xi, where the classifier is
parameterized by ϕ. For any two distinct elements i, j ∈ X, let p(i, j) denote the joint probability
of correctly classifying both elements. Assuming independence between classifications, we have
p(i, j) = p(i)p(j). Let S be a N ×N matrix, where each element Si,j is defined as follows:

Si,j =

{
p(i)p(j)

N
, i ̸= j

1−
∑

k ̸=j
p(k)p(j)

N
, i = j

. (16)

As such, S is a symmetric stochastic matrix where each row (or column) sums to 1. The symmetric
stochastic matrix S is positive semi-definite, and all its eigenvalues are bounded in [0, 1], as stated in
Lemmas 4.4 and 4.5, respectively.
Lemma 4.4. (Positive Semi-definiteness) Let p(i) = p(yi|xi) represent the probability of yi given xi.
S ∈ RN×N is a symmetric stochastic matrix, where each row (or column) sums to 1. Then, we have:

v⊤Sv ≥ 0, ∀v ∈ RN . (17)

In other words, S is positive semi-definite.
Lemma 4.5. (Bounds on Eigenvalues) Let {λi}Ni=1 be the eigenvalues of the symmetric stochastic
matrix S ∈ RN×N , we have:

0 ≤ λi ≤ 1, ∀λi. (18)

The proofs of Lemmata 4.4 and 4.5 are deferred to Appendix A.3 and Appendix A.4, respectively.

As such, the symmetric stochastic matrix S satisfies the two properties stated in Remark 4.3. Hence,
it can be used to construct a DPP through L-ensemble, expressed as below:

PS(Y) =
det(SY)

det(S + I)
, (19)

where I is an N × N identity matrix. Since PS(Y) is a probability measurement, it needs to be
bounded in [0, 1]. The DPP defined in Eq. (19) is valid, i.e., 0 ≤ PS(Y) ≤ 1, as outlined below.
Theorem 4.6. (Bounded Determinant Probability Measurement) Let X be a ground set with N items
and S ∈ RN×N denote a symmetric stochastic matrix, indexed by elements in X. Here, S is positive
semi-definite and satisfies 0 ⪯ S ⪯ I , where I is the N × N identity matrix. Let SY denote the
principal submatrix of S corresponding to Y, for any subset Y ⊆ X, the following holds:

0 ≤ det(SY)

det(S + I)
≤ 1. (20)

In other words, PS(Y) =
det(SY)
det(S+I) defines a valid probability measurement.

The proof of Theorem 4.6 is deferred to Appendix A.5.

Information-Preservable Property. In the long-tailed settings, our DPP method defined in Eq. (19)
can effectively preserve valuable information, as discussed next.
Remark 4.7 (Information-Preserving Sampling Principle). Let I(x) = − log[p(y|x)] denote the
information content of item x relevant to its correct classification. PS(Y ∪ {x}) denotes the
probability that item x is sampled by our DPP approach, which prioritizes sampling elements with
higher information content, as expressed by:

PS (Y ∪ {x}) ∝ I(x) . (21)

Here, we use a simple example to illustrate how Remark 4.7 holds. Let A = {i, j} be a subset of X
sampled by our DPP approach. For the given ground set, det(S + I) is a constant. Then, we arrive
at (see Appendix A.6 for details):

PS(A) =
det(SA)

det(S + I)
∝ det(SA) = 1− p(i) · p(j). (22)
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Algorithm 1 IP-DPP

1: Input: a ground set X = {xi}Ni=1, its symmetric stochastic matrix S, and sample size k
2: Initialize: standard basis vectors {ei}Ni=1 and pairs of orthonormal eigenvalues and eigenvectors
{(λi,vi)}Ni=1 for S

3: V ← ∅
4: for i = 1, 2, · · · , N do
5: if u ∼ U(0, 1) < λi

λi+1
then

6: V ← V ∪ {vi}
7: k ← k − 1
8: end if
9: if k = 0 then

10: break
11: end if
12: end for
13: Y← ∅
14: while |V | > 0 do
15: for i = 1, 2, · · · , N do
16: p(i)← 1

|V |
∑

v∈V (v⊤ei)
2

17: end for
18: i∗ ← argmax

i
p(i)

19: Y← Y ∪ {xi∗}
20: V ← V⊥ // Update V to an orthonormal basis for the subspace orthogonal to ei∗

21: end while
22: Return: a subset Y

Therefore, we obtain PS({i, j}) ∝ −p(i) · p(j). In this work, we have p(i) = p(yi|xi), implying
that images less likely to be correctly classified are more likely to be sampled by our DPP approach.
According to information content (see Eq. (2) for details), we have I(xi) = − log[p(yi|xi)]. Thus,
PS({xi}) ∝ I(xi).

Balanced Sample Size. To effectively rectify biased decision boundaries, the cardinality of sampled
subsets must be carefully balanced. A subset with a large sample size risks preserving the original
imbalance, whereas an overly small subset may lead to significant information loss. Given a ground
set with N items, we theoretically demonstrate that that the expected sample size of a DPP defined in
Eq. (19) is N(1− ln 2). Due to the page limit, the details of this theorem are deferred to Appendix A.7.

This reduction to roughly one-third of the original size is inadequate for balancing the class priors in a
highly imbalanced setting. To address this issue, we propose Information-Preservable Determinantal
Point Process (IP-DPP) to sample balanced subsets by selecting a fixed cardinality k instances from
each majority class, as defined below:

Pk
S(Y) =

det(SY)∑
|Y′| det(SY′)

. (23)

As such, our IP-DPP approach can effectively sample balanced subsets to rectify decision boundaries
while preserving valuable information.

Effective Sampling Strategy. However, directly applying Eq. (23) for sampling entails signifi-
cant computational costs. Drawing inspiration from prior studies [32, 33], we devise a novel and
computationally efficient sampling strategy for our IP-DPP method. Specifically, given the symmet-
ric stochastic matrix S, its spectral decomposition yields orthonormal eigenvectors {vi}Ni=1 with
corresponding eigenvalues {λi}Ni=1, such that:

S =

N∑
i=1

λiviv
⊤
i . (24)

Let ei ∈ RN denote the i-th standard basis vector, which contains a single 1 in its i-th entry and
0’s elsewhere. U(0, 1) is the standard uniform distribution. Then, Algorithm 1 outlines an efficient
sampling strategy for our IP-DPP approach.
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Table 1: Experimental results on CIFAR-10-LT and CIFAR-100-LT datasets, with the best results
shown in bold

Methods CIFAR-10-LT CIFAR-100-LT

Many-shot Medium-shot Few-shot Overall Many-shot Medium-shot Few-shot Overall

Focal Loss 86.3 60.6 46.3 69.2 71.1 43.9 10.5 43.5
LDAM Loss 85.8 64.8 51.9 71.5 71.4 44.5 11.7 44.1
τ -norm 85.2 64.4 51.7 70.9 60.7 54.4 14.8 44.7
RIDE 86.2 63.6 56.1 73.4 73.1 47.6 16.4 47.2
KCL 83.7 63.8 53.6 71.7 72.3 46.1 14.8 45.8
TSC 81.5 71.9 56.3 71.9 71.3 43.9 10.5 43.5

SBCL 81.6 72.4 57.6 72.6 72.7 48.5 20.0 48.5
OTmix 87.9 67.8 47.3 73.8 73.1 48.0 19.1 48.1
DisA 86.1 68.3 50.3 73.6 72.4 49.3 21.9 49.2

Ours 82.0 76.3 67.2 76.4 62.4 59.7 31.9 52.4

5 Experimental Results

5.1 Experimental Setup

Datasets. We conduct experiments on four artificially induced or real-world long-tailed datasets:
i) CIFAR-10-LT and ii) CIFAR-100-LT: we follow the setting in [3] by sampling long-tailed
datasets respectively from the original CIFAR-10 and CIFAR-100 datasets; iii) ImageNet-LT [43]: a
truncated version of ImageNet [12] with a total of 1, 000 classes; and iv) iNaturalist 2018 [26]: a
naturally long-tailed dataset containing 8, 142 species around the world. The imbalanced factor (IF)
for CIFAR-10-LT and CIFAR-100-LT, if not specified, is set to 100 (i.e., Nmax

Nmin
= 100).

Compared Approaches. We compare our approach to nine state-of-the-arts for long-tailed recogni-
tion: Focal Loss [38], LDAM Loss [3], τ -norm [30], RIDE [59], KCL [34], TSC [35], SBCL [27],
OTmix [15], and DisA [14].

Metrics. We evaluate long-tailed recognition performance using four metrics: many-shot, medium-
shot, few-shot, and overall accuracies. Many-shot, medium-shot, and few-shot assess model
performance in head, medium, and tail classes, respectively. All results are averaged over 5 trials.

Additional experimental settings, including thresholds for defining the above metrics and hyperpa-
rameters, are provided in Appendix B.1 to conserve space.

5.2 Comparisons to State-of-the-Arts

Small-Scale Datasets. We first conduct experiments on two small-scale long-tailed datasets, i.e.,
CIFAR-10-LT and CIFAR-100-LT, to compare our approach with nine counterparts mentioned in
Section 5.1. Table 1 presents comparative results. On CIFAR-10-LT, our approach achieves the
best overall accuracy of 76.4%, outperforming all counterparts by 2.6% at least. This performance
improvement can be attributed to two key aspects. First, our BNS approach effectively captures both
instance-level and class-level semantics, facilitating the learning of high-quality representations and
the creation of well-separated feature spaces, respectively. Second, our IP-DPP method addresses
biased decision boundaries by sampling relatively balanced subsets while preserving valuable in-
formation. This can mitigate the majority-biased tendency while maintaining the model’s overall
performance. On the other hand, although our approach lags behind prior studies in many-shot
accuracy, these methods consistently struggle with biased decision boundaries. They prioritize
performance on head classes, resulting in significantly diminished accuracy for medium and tail
classes. For instance, while our method falls short of OTmix by 5.9% in many-shot accuracy, it
surpasses OTmix with significantly higher medium-shot and few-shot accuracies, improving by 8.5%
and 19.9%, respectively. These results demonstrate that our approach effectively mitigates biased
decision boundaries while maintaining the model’s overall performance.

We observe similar trends on CIFAR-100-LT. First, our approach achieves the highest overall accuracy
of 52.4%, surpassing prior state-of-the-art, i.e., DisA, by a notable margin of 3.2%. Second, while our
approach lags behind OTmix by 10.7% in many-shot accuracy, it achieves improvements of 11.7%
in medium-shot accuracy and 12.8% in few-shot accuracy, as well as an improvement of 4.3% in
overall accuracy. These results further confirm that our approach effectively mitigates majority-biased
tendencies while preserving the model’s overall performance.
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Table 2: Experimental results on ImageNet-LT and iNaturalist 2018 datasets, with the best results
highlighted in bold

Methods ImageNet-LT iNaturalist 2018

Many-shot Medium-shot Few-shot Overall Many-shot Medium-shot Few-shot Overall

Focal Loss 51.4 41.2 16.0 41.7 61.2 62.7 64.4 63.2
LDAM Loss 55.0 46.4 16.7 45.7 65.1 66.8 61.7 64.6
τ -norm 56.6 44.2 27.4 46.7 71.3 65.8 69.1 67.7
RIDE 56.7 46.4 25.7 47.6 67.5 68.6 69.3 68.8
KCL 55.0 42.6 25.4 45.0 61.2 62.7 64.4 63.2
TSC 57.1 45.2 29.3 47.6 66.4 65.7 64.0 65.1

SBCL 55.8 45.7 27.1 47.1 73.4 70.2 69.8 70.4
OTmix 50.9 46.0 25.7 45.1 70.1 70.9 68.6 69.9
DisA 61.0 47.0 25.3 49.4 70.7 70.8 68.4 69.8

Ours 59.7 50.8 32.4 51.7 72.7 72.9 75.7 74.0

Large-Scale Datasets. Next, we conduct experiments on ImageNet-LT and iNaturalist 2018 to
assess the effectiveness of our approach on large-scale, long-tailed datasets. Table 2 provides the
comprehensive results. We make two key observations. First, our approach achieves the highest
accuracies on both ImageNet-LT (i.e., 51.7%) and iNaturalist 2018 ( i.e., 74.0%), outperforming all
competing methods. For instance, on ImageNet-LT, our approach surpasses DisA, the best baseline
method, by 2.3%. Similarly, on iNaturalist 2018, it outperforms SBCL, the best counterpart, by 3.6%.
These results highlight the strong generalizability of our method to large-scale, long-tailed datasets.
Moreover, while our approach lags behind some baseline methods in many-shot accuracy, it achieves
the highest medium-shot and few-shot accuracies across both datasets. This is because prior methods
result in majority-biased decision boundaries, which disproportionately favor head classes.

5.3 Evaluation on Representation Learning

Quantitative Evaluation. Next, we quantitatively evaluate the performance of our BNS method for
representation learning. Specifically, we compare it against three state-of-the-art contrastive learning
methods for long-tailed recognition: KCL, TSC, and SBCL. To assess the quality of the learned
feature representations, we use linear probing accuracy, which involves fine-tuning a linear classifier
on a pre-trained feature extractor with frozen weights.

Figures 1a and 1b illustrate linear probing accuracies on CIFAR-10-LT and CIFAR-100-LT, re-
spectively. On CIFAR-10-LT, our approach achieves the best overall accuracy of 68.2% (see
the pink bar), outperforming KCL, TSC, and SBCL by 7.2%, 4.4%, and 3.5%, respectively.
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Figure 1: Linear probing accuracies on (a) CIFAR-
10-LT and (b) CIFAR-100-LT datasets.

This is because maximizing the mutual informa-
tion expressed in Eq. (3) is equivalent to mini-
mizing the intra-class distance, which, in turn,
enhances the quality of feature representations.
Existing methods for long-tailed data often ex-
hibit an undesirable bias toward head classes,
leading to poor performance on tail classes,
as evidenced by significant disparities between
many-shot and few-shot accuracies: 52.7% for
KCL, 45.1% for TSC, and 43.5% for SBCL.
In contrast, our BNS method enjoys unbiased
representation space, exhibiting similar perfor-
mance on many-shot and few-shot accuracies (i.e., 69.4% vs. 67.6%). Similarly, our approach
achieves the highest linear probing accuracy of 47.1% on CIFAR-100-LT, surpassing KCL, TSC,
and SBCL by 6.7%, 5.7%, and 2.9%, respectively. Furthermore, our approach effectively mitigates
the majority-biased tendency. For instance, compared to SBCL, our method achieves substantial
improvements of 11.5% in medium-shot accuracy and 6.1% in few-shot accuracy, with only a modest
8.5% reduction in many-shot accuracy.

Qualitative Evaluation. To gain a deeper understanding of our BNS method’s role in representation
learning, we utilize t-SNE [56] to visualize the feature spaces learned by SBCL and our BNS
approach. Figure 2 illustrates the feature spaces for the CIFAR-10 training and test sets. The training
representation space learned by SBCL exhibits poor separation for medium and tail classes (see
Figure 2a), leading to overlapping boundaries among these classes in the test representation space
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Training Set

Poor separation 

(a) SBCL

Test Set

Mixed boundaries 

(b) SBCL

Training Set

Better separation 

(c) Ours

Test Set

Clear boundaries 

(d) Ours
Figure 2: t-SNE visualization of CIFAR-10 feature space. (a) and (b): visual representation learned
by SBCL, as well as (c) and (d): visual representation captured by our approach.

Table 3: Experimental results under various imbalanced factors (IF), with the best results shown in
bold

Methods CIFAR-10-LT CIFAT-100-LT

IF=10 IF=20 IF=50 IF=100 IF=200 IF=10 IF=20 IF=50 IF=100 IF=200

TSC 80.6 76.4 72.9 71.9 63.7 57.3 51.1 48.3 43.5 40.3
SBCL 80.5 78.6 74.1 72.6 64.3 58.3 51.8 50.9 48.5 41.4
OTmix 81.3 80.3 74.4 73.8 65.8 59.1 55.7 52.2 48.1 42.7
DisA 82.4 81.0 75.7 73.6 67.2 60.4 53.3 52.3 49.2 42.9

Ours 83.7 82.4 81.9 76.4 73.5 62.6 59.8 55.9 52.4 46.7

(see Figure 2b). In contrast, our approach achieves improved separation for medium and tail classes
in the training representation space (see Figure 2c), leading to clear and well-defined boundaries
for these classes in the test representation space (see Figure 2d). This improvement stems from our
method’s ability to capture class-level semantics, which promotes the development of well-separated
representation spaces. The differences in decision boundaries between SBCL and our approach
elucidate why SBCL achieves poor linear probing accuracies on medium and tail classes, whereas
our approach demonstrates superior performance on these classes (see Figures 1a and 1b for details).

5.4 Performance Results under Various Imbalanced Factors

This section presents performance results under various imbalance factors (IF). Here, we consider
five IF values ranging from 10 to 200. Table 3 shows comparative results on CIFAR-10-LT and
CIFAR-100-LT, where we compare our approach with TSC, SBCL, OTmix, and DisA. On both
datasets, our approach achieves the highest overall accuracies across all IF values. For instance,
when the IF is set to 200, our method achieves an accuracy of 73.5% on CIFAR-10-LT and 46.7% on
CIFAR-100-LT. Moreover, our method demonstrates greater robustness to large imbalance factors.
For example, when the IF value increases from 10 to 200, our approach experiences a performance
drop of 10.2% (i.e., 83.7% vs. 73.5%) on CIFAR-10-LT, whereas baseline methods suffer larger
decreases, with at least a 15.2% drop (see DisA, 82.4% vs. 67.2%).

Additional experimental results are provided in Appendices B.2–B.6. These include adaptability
of our approach, applicability across different model architectures, evaluation of computational
overhead, ablation studies, and hyperparameter sensitivity.

6 Conclusion

This work has addressed the challenging long-tailed data classification problem, by proposing a novel
information-preservable two-stage learning approach. Our key contributions include: i) Balanced
Negative Sampling (BNS), a new representation learning strategy that effectively captures both
instance-level and class-level semantics, facilitating the creation of high-quality feature representa-
tions and well-separated feature spaces; and ii) Information-Preservable Determinantal Point Process
(IP-DPP), a novel sampling technique designed to select mathematically informative instances,
effectively rectifying majority-biased decision boundaries while maintaining the model’s overall
performance. As such, our approach achieves state-of-the-art performance across various long-tailed
datasets by preserving the valuable information within the entire dataset, allowing it to consistently
and decisively outperform its counterparts.
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NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Guidelines:

• The answer NA means that the paper does not include theoretical results.
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• All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility
Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Guidelines:

• The answer NA means that paper does not include experiments requiring code.
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• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).
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• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).
10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [Yes]
Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).
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11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
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Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [NA]
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [NA]
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: LLM is only used for polishing the writing.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.

20

https://neurips.cc/Conferences/2025/LLM


Outline

This document serves as supplementary material to the main paper, providing additional support in
two key aspects. First, Appendix A presents detailed proofs for the theorems and lemmas presented
in the main paper. Second, Appendix B includes additional experimental results that reinforce the
findings. Third, Appendix C discusses both potential positive societal impacts and negative societal
impacts of this work.

A Proofs of Theoretical Results

This section provides comprehensive proofs for the theoretical results discussed in the main paper.
To enhance clarity and facilitate understanding of the mathematical details, we begin by restating the
theoretical conclusions—such as the Theorems and Lemmas from the main paper—and then proceed
with their detailed proofs.

A.1 Detailed Derivation of Eq. (7)

This subsection supports Section 4.2 of the main paper by providing the detailed derivation of Eq. (7),
as outlined below:

log g(qi,vj | d = 1) = log

[
p(qi,v

+
j,i)

p(qi,v
+
j,i) + n× p(qi)p(v

−
j )

]
= log

 1

1 +
n×p(qi)p(v

−
j )

p(qi,v
+
j,i)



≤ log
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n×p(qi)p(v

−
j )
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+
j,i)

 = log

[
p(qi,v

+
j,i)

p(qi)p(v
−
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· 1
n

]

= log
p(qi,v

+
j,i)

p(qi)p(v
−
j )
− logn.

(25)

A.2 Proof of Theorem 4.1

Theorem A.1. (Intra-Class Distance Mutual Information Theorem) Let Xc
Q and Xc

V be two sets of
images with the same label c, obtained by different data augmentation techniques. Given a feature
extractor fθ(·), we define Qc and V c as the representation spaces for Xc

Q and Xc
V , respectively.

Then, any pair of qc
i ∈ Qc and vc

j ∈ V c is a positive pair. Let MI(·) and D(·) respectively denote
the mutual information and a distance metric, we have:

maxMI(Qc,V c) ∝ minD(Qc,V c), (26)

where D(Qc,V c) can be considered as the intra-class distance because they have the same label.

Proof. According to Variation of Information (VI) [46], we have:

D(Qc,V c) = H(Qc,V c)−MI(Qc,V c)

= H(Qc) +H(V c)− 2MI(Qc,V c).
(27)

Here, H(·) represents the entropy. For the given Qc and V c, H(Qc) and H(V c) are two con-
stants. Therefore, we have maxMI(Qc,V c) ∝ minD(Qc,V c). That is, maximizing the mutual
information between Qc and V c is proportional to minimizing their intra-class distance.

A.3 Proof of Lemma 4.4

Lemma A.2. (Positive Semi-definiteness) Let p(i) = p(yi|xi) represent the probability of yi given
xi. S ∈ RN×N is a symmetric stochastic matrix, where each row (or column) sums to 1. Then, we
have:

v⊤Sv ≥ 0, ∀v ∈ RN . (28)
In other words, S is positive semi-definite.
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Proof. According to the basic decomposition of symmetric matrices, we have S = QΛQ⊤, where
Q is an orthogonal matrix QQ⊤ = I , and Λ is a diagonal matrix, with diagonal entities containing
all eigenvalues of S. Given any vector v ∈ RN , we let c = Q⊤v. In other words, v = Qc. Then,
we arrive at:

v⊤Sv = c⊤Q⊤QΛQ⊤Qc = Λc⊤c =

N∑
i=1

λic
⊤c, (29)

where {λ}Ni=1 represents the eigenvalues of S, and we have c⊤c ≥ 0. Let Tr(·) denote a matrix’s
trace. Then, regarding the trace of S, we have:

Tr(S) = Tr(QΛQ⊤) = Tr(ΛQQ⊤) = Tr(Λ) =
n∑

i=1

λi ≥ 0. (30)

Combining Eq. (29) and Eq. (30), we obtain v⊤Sv ≥ 0 for any vector v ∈ RN . Therefore, S is
positive semi-definite.

A.4 Proof of Lemma 4.5

Lemma A.3. (Bounds on Eigenvalues) Let {λi}Ni=1 be the eigenvalues of the symmetric stochastic
matrix S ∈ RN×N , we have:

0 ≤ λi ≤ 1, ∀λi. (31)

Proof. Since S ∈ RN×N is a symmetric stochastic matrix, the following conditions always hold:

Si,j ≥ 0, ∀ 1 ≤ i, j ≤ N ; (32a)
N∑
j=1

Si,j = 1, ∀ 1 ≤ i ≤ N. (32b)

Let λ be an eigenvalue of S, with its corresponding eigenvector denoted as v = [v1, v2, · · · , vN ]⊤.
Then, we obtain:

Sv = λv. (33)

Suppose vk ∈ v has the largest absolute value, i.e., |vk| ≥ |vi| for all 1 ≤ i ≤ N . According to
Eq. (33), for the k-th row of S, we have:

Sk,1v1 + Sk,2v2 + · · ·+ Sk,NvN = λvk. (34)

Combining Eq. (32a), Eq. (32b), and Eq. (34), we arrive at:

|λ| · |vk| = |λvk| = |Sk,1v1 + Sk,2v2 + · · ·+ Sk,NvN |
≤ |Sk,1v1|+ |Sk,2v2|+ · · ·+ |Sk,NvN |
≤ |Sk,1vk|+ |Sk,2vk|+ · · ·+ |Sk,Nvk|

= |vk|
N∑
j=1

Sk,j

= |vk|.

(35)

According to Eq. (35), we obtain |λ| · |vk| ≤ |vk|. Therefore, for all 1 ≤ i ≤ N , we always have
|λi| ≤ 1. Meanwhile, according to Lemma A.2, we obtain λi ≥ 0 for all 1 ≤ i ≤ N . Finally,
combining both scenarios, we arrive at the following:

0 ≤ λi ≤ 1, ∀λi. (36)
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A.5 Proof of Theorem 4.6

Theorem A.4. (Bounded Determinant Probability Measure) Let X be a ground set with N items, and
let S ∈ RN×N denote its similarity matrix. Here, S is positive semidefinite and satisfies 0 ⪯ S ⪯ I ,
where I is the N ×N identity matrix. For any subset Y ⊆ X, let SY denote the principal submatrix
of S corresponding to Y. Then, the following holds:

0 ≤ det(SY)

det(S + I)
≤ 1. (37)

In other words, the value PS(Y) =
det(SY)
det(S+I) defines a valid probability measure.

Proof. Since S is positive semidefinite, both the principal submatrix SY and the matrix S + I are
also positive semidefinite. If a matrix is positive semidefinite, all its eigenvalues are non-negative.
Then, we have det(SY) ≥ 0 and det(S + I) > 0. Therefore, det(SY)

det(S+I) ≥ 0 always holds.

To establish that det(SY)
det(S+I) ≤ 1, we aim to prove the key identity:∑

Y⊆X

det(SY) = det(S + IY). (38)

For any A ⊆ X, Eq. (38) is a special case of the following equation:∑
A⊆Y⊆X

det(SY) = det(S + IĀ), (39)

where IĀ is a diagonal matrix with the following properties: entries are 1 for indices corresponding
to elements in Ā = X−A, and entries are 0 for all other positions. Therefore, if Eq. (39) is satisfied,
it follows that det(SY)

det(S+I) ≤ 1. This result is motivated by Theorem 2.1 in the prior work [33].

Specifically, for the case A = X, Eq. (39) always holds. For the case where A ⊂ X, we assume
Eq. (39) holds whenever Ā has cardinality less than k (where k > 0), i.e., |Ā| = k. Let i be an
arbitrary element of Ā, so i ∈ Ā. By partitioning the ground set X into {i} and X − {i}, we can
decompose the problem as follows:

S + IĀ =

(
Sii + 1 Sīi

Sīi SX−{i} + IX−{i}−A.

)
(40)

Here, Sīi denote the subcolumn of the i-th column of S, restricted to rows corresponding to elements
in ī. Similarly, Sīi represents the corresponding subcolumn but transposed. By leveraging the
multilinearity property of determinants, we observe:

det(S + IĀ) =

∣∣∣∣Sii Sīi

Sīi SX−{i} + IX−{i}−A

∣∣∣∣+ ∣∣∣∣ 1 0
Sīi SX−{i} + IX−{i}−A

∣∣∣∣
= det

(
S + I

A∪{i}

)
+ det

(
SX−{i} + IX−{i}−A

)
.

(41)

By applying the inductive hypothesis to each term separately, we obtain:

det(S + IĀ) =
∑

A∪{i}⊆Y⊆X

det(SY) +
∑

A⊆Y⊆X−{i}

det(SY)

=
∑

A⊆Y⊆X

det(SY).
(42)

We observe that each subset Y falls into exactly one of two mutually exclusive categories: either
Y contains the element i (contributing to the first sum) or Y does not contain i (contributing to the
second sum). According to Eq. (38), Eq. (39), and Eq. (42), we have det(SY)

det(S+I) ≤ 1.

Finally, combining both scenarios, we arrive at 0 ≤ det(SY)
det(S+I) ≤ 1.
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Algorithm 2 Efficient Sampling Algorithm for a Standard DPP

1: Input: a ground set X = {xi}Ni=1 and its symmetric stochastic matrix S
2: Initialize: standard basis vectors {ei}Ni=1 and pairs of orthonormal eigenvalues and eigenvectors
{(λi,vi)}Ni=1 for S

3: V ← ∅
4: for i = 1, 2, · · · , N do
5: if u ∼ U(0, 1) < λi

λi+1
then

6: V ← V ∪ {vi}
7: end if
8: end for
9: Y← ∅

10: while |V | > 0 do
11: for i = 1, 2, · · · , N do
12: p(i)← 1

|V |
∑

v∈V (v⊤ei)
2

13: end for
14: i∗ ← argmax

i
p(i)

15: Y← Y ∪ {xi∗}
16: V ← V⊥ // Update V to an orthonormal basis for the subspace orthogonal to ei∗

17: end while
18: Return: a subset Y

A.6 Detailed Derivation of Eq. (22)

This subsection supports Section 4.3 by providing the detailed derivation of Eq. (22). Given that
A = {i, j} is a subset with two elements, we have N = 2. Then, the derivation is as follows:

PS(A) =
det(SA)

det(S + I)
∝ det(SA) =

∣∣∣∣∣1− p(i)·p(j)
N

p(i)·p(j)
N

p(i)·p(j)
N 1− p(i)·p(j)

N

∣∣∣∣∣ =
∣∣∣∣∣1− p(i)·p(j)

2
p(i)·p(j)

2
p(i)·p(j)

2 1− p(i)·p(j)
2

∣∣∣∣∣
= (1− p(i) · p(j)

2
)2 − (

p(i) · p(j)
2

)2

= 1− p(i) · p(j).
(43)

A.7 Expected Sample Size of a Determinantal Point Process (DPP)

This subsection complements the main paper by presenting the theorem and its corresponding
proof for the expected sample size of a DPP. To facilitate understanding of the theoretical results,
Algorithm 2 presents an efficient sampling method for a standard DPP, i.e., DPP without fixed sample
size k.

Theorem A.5. (Expected Sample Size of a DPP) Let X be a ground set containing N elements. For
any subset Y ⊆ X sampled by a Determinantal Point Process (DPP), the expected size of Y is given
by:

E[|Y|] = N(1− ln 2). (44)

Proof. The size of the sampled subset |Y| from Algorithm 2 is determined by the cardinality of
the selected eigenvector set |V |. This cardinality follows a Poisson-binomial distribution (see
Line 5 in Algorithm 2 for details), where each of the N independent Bernoulli trials succeeds
with probability pi = λi

λi+1 , corresponding to the i-th eigenvalue λi of the kernel matrix. Thus,

|Y| ∼
∑N

i=1 Bernoulli(pi).

According to Lemma A.4, we have 0 ≤ λi ≤ 1,∀λi. Now, we assume that λi is a random variable
distributed over the interval [0, 1]. Denote this random variable as λ. The expected value is given by:

E

[
λ

λ+ 1

]
=

∫ 1

0

λ

λ+ 1
f(λ)dλ, (45)
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where f(λ) is the probability density function (PDF) of λ. Without loss of generality, suppose λ is
uniformly distributed over [0, 1], the PDF is f(λ) = 1 for λ ∈ [0, 1]. The expected value becomes:

E

[
λ

λ+ 1

]
=

∫ 1

0

λ

λ+ 1
dλ. (46)

Let u = λ+ 1, so du = dλ and when λ = 0, u = 1; when λ = 1, u = 2. The integral becomes:∫ 1

0

λ

λ+ 1
dλ =

∫ 2

1

u− 1

u
du =

∫ 2

1

(
1− 1

u

)
du

=

∫ 2

1

1du−
∫ 2

1

1

u
du = [u]21 − [lnu]21

= 1− ln 2.

(47)

Therefore, we have p̄i = E
[

λi

λi+1

]
= 1 − ln 2. Finally, the expected size of the set Y can be

approximated as follows:

E [|Y|] =
N∑
i=1

p̄i =

N∑
i=1

(1− ln 2) = N(1− ln 2). (48)

Notably, we assume a uniform distribution of eigenvalues to simplify the above proof. Although this
assumption is idealized, the empirical results (see Appendix B.7) on the subset sample size after a
DPP demonstrate that it does not substantially distort the practical behavior of the process.

B Supplementary Experimental Results

B.1 Additional Experimental Settings

Metric Threshold. We define thresholds for many-shot, medium-shot, and few-shot accuracies.
Specifically, for CIFAR-10-LT, many-shot refers to classes with more than 500 images, medium-shot
to classes with 200 to 500 images, and few-shot to classes with fewer than 200 images. For other
datasets, many-shot refers to classes with more than 100 images, medium-shot to those with 20 to
100 images, and few-shot to those with fewer than 20 images.

Hyperparameters. ResNet-18, ResNet-34, and ResNet-50 [24] are used for CIFAR-10-LT, CIFAR-
100-LT, and ImageNet-LT (or iNaturalist 2018), respectively. In the first stage, the feature extractor is
trained using the AdamW [45] optimizer with β1 = 0.9, β2 = 0.95, and a weight decay of 0.05. The
training process consists of 1, 000 epochs, including 20 warm-up epochs, with a batch size of 1, 024.
A cosine learning rate decay schedule [44] is applied, starting with a base learning rate of 10e− 3 and
incorporating a layer-wise learning rate decay [8] of 0.75. Data augmentation strategies, including
random cropping, random color distortions, and random Gaussian blur, are used, followed by those
reported in SimCLR [5]. The number of additional positive pairs m was set to 6 by default. In the
second stage, the pre-trained feature extractor is fine-tuned for 100 epochs, including 5 warm-up
epochs, with a batch size of 64. The sample size k is set to 10NC , where NC represents the sample
size of the smallest class. All experiments were conducted on a workstation equipped with an RTX
4090 GPU.

B.2 Adaptability of Our Two-Stage Learning Approach

This work introduces a novel two-stage learning approach, incorporating Balanced Negative Sampling
(BNS) for representation learning in the first stage and Information-Preservable Determinantal Point
Process (IP-DPP) for sampling the balanced training set in the second stage. In this subsection, we
conduct experiments to demonstrate that our BNS and IP-DPP approaches can be easily adapted
by existing studies. Specifically, BNS is combined with re-weighting methods, i.e., Focal Loss and
LDAM Loss, while IP-DPP is combined with prior representation learning approaches, i.e., KCL,
TSC, and SBCL. Table 4 presents the experimental results on CIFAR-10-LT and CIFAR-100-LT,
where the performance outcomes of existing methods are also included for a better comparison.
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Table 4: Experimental results on CIFAR-10-LT and CIFAR-100-LT, with the best results shown in
bold

Methods CIFAR-10-LT CIFAR-100-LT

Many-shot Medium-shot Few-shot Overall Many-shot Medium-shot Few-shot Overall

Focal Loss 86.3 60.6 46.3 69.2 71.1 43.9 10.5 43.5
LDAM Loss 85.8 64.8 51.9 71.5 71.4 44.5 11.7 44.1

KCL 83.7 63.8 53.6 71.7 72.3 46.1 14.8 45.8
TSC 81.5 71.9 56.3 71.9 71.3 43.9 10.5 43.3

SBCL 81.6 72.4 57.6 72.6 72.7 48.5 20.0 48.5

BNS + Focal Loss 82.2 73.6 57.1 72.9 63.6 57.7 27.8 50.8
BNS + LDAM Loss 82.6 71.8 61.9 74.2 63.3 58.7 27.8 51.0

KCL + IP-DPP 79.2 75.7 66.6 74.7 64.2 58.3 26.7 50.8
TSC + IP-DPP 78.9 76.8 63.4 73.8 63.2 58.3 30.1 51.5

SBCL + IP-DPP 80.0 73.5 66.8 74.8 62.7 57.8 29.7 51.2

Table 5: Experimental results on ImageNet-LT and iNaturalist 2018 using various model architectures.
Best results are highlighted in bold

Models ResNet-50 ViT-Base DeiT-Base Swin-Base

ImageNet-LT 51.7 50.1 50.8 51.2
iNaturalist 2018 74.0 72.6 74.3 74.6

Table 6: Comparative analysis of computational overhead. The sampling time, measured in seconds,
is reported.

Datasets CIFAR-10-LT CIFAR-100-LT ImageNet-LT

Random 12.4 14.6 118.2
IP-DPP (w/o efficient sampling) 19.0 36.8 399.8

IP-DPP 13.2 15.8 144.0

Our approach effectively enhances the performance of existing methods. For instance, combining
SBCL with IP-DPP (i.e., “SBCL + IP-DPP”) achieves the highest overall accuracy of 74.8% on
CIFAR-10-LT. Similarly, integrating TSC with IP-DPP (i.e., “TSC + IP-DPP”) yields the best overall
accuracy of 51.5% on CIFAR-100-LT. Furthermore, integrating our approach with existing methods
consistently improves their performance compared to the original methods. For instance, combining
BNS with Focal Loss (i.e., “BNS + Focal Loss”) outperforms “Focal Loss” by 3.7% (i.e., 72.9%
vs. 69.2%) on CIFAR-10-LT and by 7.3% (i.e., 50.8% vs. 43.5%) on CIFAR-100-LT. These results
demonstrate that our BNS and IP-DPP approaches can be effectively integrated into other methods to
enhance performance in imbalanced classification tasks.

B.3 Applicability Across Various Model Architectures

In this subsection, we conduct experiments to evaluate whether our approach can be applied effectively
across different model architectures. Table 5 presents the results on ImageNet-LT and iNaturalist
2018 using four architectures: ResNet-50 [24], ViT-Base [13], DeiT-Base [55], and Swin-Base [41].
Our approach demonstrates consistent performance across different model architectures. For instance,
on ImageNet-LT, it achieves 51.7% accuracy using ResNet and 51.2% accuracy using Swin-Base.
Similarly, on iNaturalist 2018, ResNet-50 achieves an overall accuracy of 74.0%, while Swin-Base
achieves a slightly higher accuracy of 74.6%. These results highlight the generalizability of our
approach to a variety of model architectures, confirming its robustness and flexibility.

B.4 Evaluation of Computational Overhead

This subsection supports the main paper by presenting an evaluation of the computational overhead
introduced by our IP-DPP method. We first examine the additional sampling time incurred by IP-DPP.
Specifically, we evaluate three scenarios: the training set sampled using Random Undersampling [21],
IP-DPP without the efficient sampling strategy, and IP-DPP with the proposed strategy. Table 6
provides a comparative analysis of these methods across three long-tailed datasets: CIFAR-10-LT,
CIFAR-100-LT, and ImageNet-LT. The results reveal two key observations. First, while our IP-DPP
approach introduces additional computational overhead compared to Random Undersampling, the
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Table 7: Analysis of computational overhead. The total sampling time and training time are reported
in seconds. The baseline method does not involve additional sampling, so its sampling time costs are
not applicable.

Datasets CIFAR-10-LT CIFAR-100-LT

Sampling Time Training Time Sampling Time Training Time

Baseline — 537.2 — 781.6
IP-DPP 132.0 484.4 158.0 491.8

Table 8: Linear probing accuracy on CIFAR-10-LT and CIFAR-100-LT, with the best results high-
lighted in bold

Datasets CIFAR-10-LT CIFAR-100-LT

Many-shot Medium-shot Few-shot Overall Many-shot Medium-shot Few-shot Overall

Baseline 66.7 63.5 34.8 56.5 55.1 50.2 10.1 39.9

BNS (w/o additional positive pairs) 68.3 64.7 43.3 60.1 56.7 53.1 20.9 44.7
BNS 69.4 66.0 67.6 68.2 57.2 54.6 26.6 47.1

difference is minimal, with IP-DPP being only 0.8 seconds slower on CIFAR-10-LT, 0.8 seconds
slower on CIFAR-100-LT, and 25.8 seconds slower on ImageNet-LT. Second, the effective sampling
strategy of IP-DPP significantly reduces computational overhead. Compared to its counterparts
without the efficient sampling strategy, IP-DPP achieves speedups of 1.4x on CIFAR-10-LT, 2.3x on
CIFAR-100-LT, and 2.8x on ImageNet-LT.

Next, we conduct experiments to evaluate the impact of our IP-DPP approach on total training time.
Table 7 summarizes the total training time for CIFAR-10-LT and CIFAR-100-LT over 100 epochs,
with the total training cost of Focal Loss serving as the baseline. In practice, the training set is
re-sampled using our IP-DPP approach every 10 epochs, a strategy designed to mitigate overfitting.
Therefore, Table 7 reports the cost of performing ten sampling iterations as the total sampling time.
Although our IP-DPP approach incurs additional sampling time, it results in a lower total training
time compared to the baseline method. This reduction is attributed to the significant decrease in the
sample size of the training set after using IP-DPP.

B.5 Comprehensive Ablation Studies

Ablation Studies on Our BNS Approach. We conduct experiments on long-tailed datasets to evalu-
ate the effectiveness of our BNS approach in representation learning. For this, we use SimCLR [5],
a conventional representation learning method, as the baseline. We examine two variants of our
approach: one without additional positive pairs and another with them. Table 8 presents the linear
probing accuracies on CIFAR-10-LT and CIFAR-100-LT datasets. We make three key observations.
First, the conventional method struggles to learn high-quality feature spaces for long-tailed datasets,
leading to poor linear probing accuracy in tail classes, e.g., 34.8% on CIFAR-10-LT and 10.1% on
CIFAR-100-LT. Second, both variants of our BNS approach significantly outperform the baseline
method. This improvement is attributed to their ability to effectively capture instance-level semantics,
thereby enhancing the quality of feature representations. Third, compared to its variant without addi-
tional positive pairs, our BNS approach with additional positive pairs achieves superior linear probing
accuracy, particularly in tail classes (e.g., 67.6% vs. 43.3% on CIFAR-10-LT). This improvement is
due to the inclusion of multiple positive pairs, which enables our BNS method to capture class-level
semantics, thereby promoting a well-separated feature space.

Ablation Studies on Our IP-DPP Approach. We conduct experiments to evaluate the necessity and
significance of the innovative designs within our IP-DPP approach. In these experiments, Random
Undersampling [21] serves as the baseline method. For our IP-DPP approach, we examine its
variants: IP-DPP without the symmetric stochastic matrix, IP-DPP without the fixed sample size,
and the complete IP-DPP method. Table 9 presents the comparative results on CIFAR-10-LT and
CIFAR-100-LT. We have three observations. First, compared to the baseline method, all IP-DPP
variants achieve better overall accuracies on both datasets. This is because the baseline method incurs
significant information loss due to its random undersampling strategy. Second, removing either the
symmetric stochastic matrix or the fixed sample size results in significant performance degradation.
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Table 9: Ablation studies on our IP-DPP technique, with the best results shown in bold

Methods CIFAR-10-LT CIFAR-100-LT

Many-shot Medium-shot Few-shot Overall Many-shot Medium-shot Few-shot Overall

Baseline 75.5 72.8 61.9 70.8 56.7 56.4 24.1 47.8

IP-DPP (w/o stochastic matrix) 81.4 74.4 57.1 72.7 61.9 57.7 23.0 48.7
IP-DPP (w/o fixed sample size) 82.7 74.7 63.8 75.4 65.5 57.0 26.7 50.8

IP-DPP 82.0 76.3 67.2 76.4 62.4 59.7 31.9 52.4
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Figure 3: Linear probing accuracy on CIFAR-10-LT using different numbers of additional positive
pairs (i.e., m).
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Figure 4: Impact of the fixed sample size (i.e., k) on imbalanced classification, where many-shot,
medium-shot, few-shot, and overall accuracies on CIFAR-100 are reported.

This is because the symmetric stochastic matrix is essential for preserving mathematically informative
samples, while the fixed sample size plays a crucial role in maintaining data balance after applying
IP-DPP. These statistical results validate the importance of the novel designs within IP-DPP in
rectifying majority-biased decision boundaries while preserving the model’s overall performance.

B.6 Hyperparameter Sensitivity

Effects of Additional Positive Pairs. Here, we investigate the impact of the number of positive pairs
in our BNS approach on representation learning. Notably, given any anchor image, we have at least
one positive pair, i.e., two augmented images from the anchor image. Here, we conduct experiments
by gradually increasing the number of additional positive pairs, i.e., m in Eq. (12). Figure 3 illustrate
the linear probing accuracy on CIFAR-10-LT, where m is gradually increased from 2 to 10. As
shown in Figure 3d, when the value of m is small (m ≤ 6), increasing m leads to higher overall
accuracy. However, for larger values of m (m > 6), further increases in m negatively impact overall
accuracy. A similar trend is observed in the many-shot, medium-shot, and few-shot accuracies (see
Figures 3a, 3b, and 3c for details). This occurs because a small value of m enhances the model’s
ability to capture class-level semantics, whereas a large value introduces data imbalance within the
feature spaces. Based on these experimental results, the value of m, by default, is set to 6 in the real
long-tailed scenario.

Impact of Fixed Sample Size. We conduct experiments on CIFAR-100-LT to explore the impact of
fixed sample size (i.e., k) on imbalanced classification. In the experiments, we gradually increase
the value of k from 5 to 100. Note that the value of k can be set to larger than the sample size of
the minority class. In this case, the actual sample size is set to min(k,Nc), where Nc is the sample
size of the minority class. Figure 4 shows the experimental results. It is observed that a large value
of k consistently benefits the many-shot accuracy (see Figure 4a) but hurts the few-shot accuracy
(see Figure 4c). This is because increasing the value of k corresponds to adding additional majority
samples, but it also enlarges the data imbalance between the majority and minority classes. Figure 4d

28



Table 10: Performance results on CIFAR-10 under various temperature parameters, with the best
results shown in bold

Temperature Parameter Many-shot Medium-shot Few-shot Overall

τ= 0.1 65.1 66.2 73.0 67.7
τ= 0.3 69.4 66.0 67.6 68.2
τ= 0.5 72.3 64.7 57.4 66.3
τ= 0.7 73.1 62.6 56.8 66.1

Table 11: Average sample size after DPP sampling across different ground set sizes

Ground Set Size (N ) 100 500 1000 2000 5000

Sample Size of Subset 31.4 147.0 308.5 606.9 1548.4
Percentage of N 31.4% 29.4% 30.9% 30.3% 31.0%

demonstrates that the best trade-off is achieved when the value of k is set to 50, resulting in the
highest overall accuracy of 52.4%. We emphasize that when k is set to 50, the ratio k

NC
= 10,

where NC = 5 represents the sample size of the smallest class in CIFAR-100-LT. Thus, in practical
scenarios, the value of k is typically set to 10NC by default.

Influence of Temperature Parameter. This section investigates the influence of the BNS temperature
parameter τ on representation learning. Specifically, we conduct experiments on CIFAR-10-LT with
an imbalance factor of 100, varying temperature parameters from 0.1 to 0.7 in steps of 0.2. The
results, summarized in Table 10, are reported as linear probing accuracy.

We observe that smaller values of τ (e.g., 0.1) improve performance on tail classes (Few-shot) but
reduce accuracy on head classes (Many-shot). Conversely, larger values of τ increase Many-shot
accuracy at the expense of Few-shot performance. This behavior occurs because larger τ values
soften the contrastive loss, giving more weight to hard negative samples—typically dominated by
head-class instances—thereby favoring head classes during representation learning. The best trade-off
between head and tail performance is achieved when τ is set to 0.3, where the accuracy gap between
Many-shot and Few-shot categories is minimized (i.e., 1.8%).

B.7 The Expected Subset Sample Size after a DPP

This section supports Appendix A.7 by presenting the empirical results on the expected subset
sample size after a Determinantal Point Process (DPP). The Theorem A.5 states that for a ground set
containing N samples, its expected number of elements selected by a DPP under a uniform eigenvalue
distribution assumption is approximately N(1− ln 2) ≈ 30.7%. To empirically validate this claim,
we ran the DPP over the CIFAR-10-LT dataset with its ground set size ranging from N = 100
to N = 5000. Table 11 presents the empirical results (averaging over 10 trials). It is observed
that the resulting subset sizes consistently align with the theoretical prediction, i.e., N(1 − ln 2),
across all tested values of N . These results suggest that the uniform eigenvalue assumption—while
idealized—does not significantly distort the practical behavior of a DPP.

C Broader Impact

Our proposed methods address the challenging problems regarding the long-tailed data distributions,
envisioned to make significant contributions to machine learning (ML) research and advance its
applications across various critical domains. First, real-world data often exhibit long-tailed or
imbalanced distributions, posing significant challenges for conventional ML algorithms. These issues
are prevalent in critical applications such as social network spam detection, online transaction fraud
detection, medical diagnosis, and others. Misclassifications in these domains can lead to catastrophic
consequences, such as undetected fraudulent activities or delayed medical treatments. By effectively
addressing the challenge of long-tail data distributions, our method enables state-of-the-art ML
techniques to perform reliably in critical domains, fostering improved decision-making and delivering
meaningful societal benefits. Second, our proposed two-stage learning framework comprises Balanced
Negative Sampling (BNS) for representation learning and Information-Preservable Determinantal
Point Process (IP-DPP) for rectifying biased classifiers. These components are not only effective
on their own but can also be seamlessly integrated with existing state-of-the-art methods. Our
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experiments reveal that integrating BNS or IP-DPP into existing methods significantly improves their
performance on long-tailed data. This broad adaptability enables a more inclusive application of ML
techniques across diverse datasets and tasks, providing a practical tool for practitioners in various
industries.
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